Vector

13.01 Introduction

As we knows that many useful physical quantities in nature are of two types, scalars and vectors.
Scalars are those quantities which are completely determined by a single real number when the units of
measurement of that quantity are given. Scalars are not related or assigned to any particular direction in
space. For example, mass, volume, temperature, density etc are scalars. Scalars depend only on the
points in space but not on any particular choice of the coordinate system. Vectors are those quantities
which are completely determined if their lengths (also called magnitude) and their directions in space are
given. For example displacement, velocity, acceleration, force, weight, momentum, electric field intensity
etc. are vectors.

In this chapter, we will study basic concepts about vectors, various operations on vectors and their
algebraic and geometric properties.

13.02 Basic Concepts

Let L be any straight line in plane or three dimensional space. This line can be given two directions
by means of arrow heads. A line with one of these directions prescribed is called a directed line. Now
observe that if we restrict the line L to the line segment AB, then a magnitude is prescribed on the line L
with one of the two directions, so that we obtain a directed line segment (Fig). Thus, a directed line
segment has magnitude as well as direction.

Fig. 13.01
Each directed line segment has following properties:

(i) Length: The length of directed line segment AB is the length of line segment represented by AB

or | AB|

(ii) Support: The base of a directed line segment AB is a line L. whose segment is AB

(iii) Sense: the point A from where the vector AB starts is called its initial point, and the point B

where it ends is called its terminal point. A directed line segment BA is from A to B where as

for it is from B to A

[370]



Note: Although AB and EA have same length and base yet they are different vectors as AB

—

and BA are opposite senses.
Vector Quantity : A quantity that has magnitude as well as directionis called a vector notice that

—

directed line segment is a vector, denoted as AB or simply as a , and read as vector AB or vector d
Magnitude of the Vector: The distance between initial and terminal points of a vector is called

the magnitude (or length) of the vector, denoted as |d | or |ﬁ;| where a thus the magnitude of vector

=|d|=a
Note : |é|20
13.03  Various Types of Vectors

(1)  Unit vector : A vector whose magnitude is unity (i.e. 1 unit) is called a unit vector. The unit vector
in the direction of a given vector 4. We denote the unit vector in the direction of vector a, b, ¢ as

A

a, b, ¢ and it is given by

a is read as a cap.
(2)  Zero or Null Vector: A vector whose initial and terminal points coincide, is called a zero vector

(or null vector), and denoted as O . Zero vector can not be assigned a definite direction as it has
zero magnitude. Or alternatively otherwise, it may be regarded as having any direction. The vectors

—_ —
AA, BB represent the zero vector.

also |al=0

re. if | AB |: 0
then A and B coincides.
(3) Like Vectors: If two vectors have same direction or senses then they are called

Like Vectors. _‘tD ‘f
- : . b
(4) Equal Vectors: Two vectors a and p are said to be equal, if they have the same 4c 4F
magnitude and direction regardless of the positions of their initial points, and written 1g ?——E
A

as a,b . - A

— |

In the fig : (13.02) the initial and terminal points of vectors A—B) , C—D) ,ﬁi) represented ~ Fig. 13.02

by da,b and ¢ are different but their length is same therefore they are equal vectors.

ie.  AB=CD-= EF

If G and p are equal vectors then we write them as ;5 =}
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(5) Unlike Vectors: If the direction of the vectors are opposite then they are called unlike vectors.

(6) Negative Vector: A vector whose magnitude is the same as that of a given vector (say, g4 1is
negative of the vector 2p, and written as g4 — _ApB
- If G=AB then BA=-d

Position Vector
From a rectangular coordinate system consider a point P, having coordinates (x, y) with respect to

the origin O(0, 0). Then the vector a; having O and P as its initial and terminal points, respectively, is
called the position vector of the point P with respect to O. Using distance formula (from Class XI), the

magnitude of OP (or 7 ) is given by N
P

o= (77 “
For Example : Represent graphically a displacement of 40 km, 30° east @\5
of North. 305
Solution : The vector OP , represents the required displacement (Fig: W< o >E
13.03) M
13.04 Addition of Vectors Fig. 13.03

(A): Addition of Two Vectors

If there are two vectors AB and CD ina plane whcih are denoted by @ and 5 then we add

the two vectors by two methods.

I.  Triangle law of Vector Addition: A vector OE simply means the F
displacement from a point E to the point F. Now consider a situation that a+b
a girl moves from O to E and then from E to F (Fig. 13.04). The net
displacement made by the girl from point o to the point F is given by the _ B
a

vector OF and expressed as Fig. 13.04

Sy

OE + EF = OF
d+b=OF where OE =g and EF =b
This is known as the triangle law of vector addition. In general, if we have two vectors a and

b (Fig. 13.04), then to add them, they are positioned so that the initial point of one coincides

with the terminal point of the other. According to this law, "If two vectors in same order represents

the two sides of a triangle then their sum is represented by the third e
B >

side of triangle in opposite order".

II. Parallelogram law of Vector Addition: We have two vectors d

and p represented by the two adjacent sides of a parallelogram in

magnitude and direction (Fig. 13.05), then their sum G +p is represented O él, A

in magnitude and direction by the diagonal of the parallelogram through
their common point.
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Let OA=d and OB=bh

Now OACB is a Parallelogram and OC is the digonal of OACB Here! OA=BC=4 and
OB=AC=b .

In triangle OAC using triangle law of addition OC = QA + AC =g +b

So, if two vectors are represented in magnitude and direction by two adjacent sides of a parallelogram,
then their sum is represented by diagonal of parallelogram which is cointial with the given vectors. This
is known as 'parallelogram law of vector addition'.

(B) Addition of more than two Vectors:

For addition of more or more than two vectors the triangle law of addition can be used. This addition

of vectors is known as Polygon law of vector addition.

Example : Suppose we have to add vectors g, b ,C, d . Let us take point O in a plane. Draw O—A> =as,

also draw E — p similarly draw B—C> =¢ . Now by triangle law of vector addition p d C
1

we have fj -
_ — — L — fg ‘
OA+AB=0OB=a+b=0B N
_ — —> _ E— 0] B
OB+BC=0C=a+b+c=0C
_— — — = - —_— A

and OC+CD=0D=G+b+¢+d =0D Fig. 13.06

sNow vector 0—15 denotes the sum of vectors &,I; ,C ,(f . Polygon OABCD is called as Polygon of

vectors.
Note : If the initial point of first vector and terminal point of last vector coincides then the sum of
the vectors is always zero.

13.05 Properties of Vector Addition:

Vector addition has the following properties:

(i) Commutativity: Addition of vectors follows the commutative law i.e. for any two vectors ¢ and p
d+b=b+a
Proof : Let OA=d and AB=b
By Triangle law of addition we have

O_B):O_A)+E3):&+I; - (D) -
Complete the parallelogram OABC, such that

CB=0A =a

and OC=AB=b

In triangle OCB,
OB=0C+CB=b +d ... (i) Fig. 13.07
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From equation (i) and (ii),
G+b=b+a
Thus addition of vectors is commutative.

(i)  Associativity: Addition of vectors obeys the associative law 1.e. let g, p and ¢ are three vectors then

(a+5)+5=a+(5+5)

Proof : Let vectors a, b and ¢ are denoted by O_A),ES) and B—C), thus O_A) = @Eg) —p and
B_C) = ¢ . Using triangle law of vector addition in triangle OAB and OBC

O—B):O—A)+§3):a+l;

and OC=O0B+BC=(d+b)+¢ (1)

Similarly triangle law of vector addition in triangles ABC and OAC
A_C) = ES)+ ﬁ =b+7¢

and &:O—A>+A—(f=a+(5+6) 2)

from equation (1) and (2)

(Zz+l5)+6 =5+(5+6)
Thus the addition of vectors is associative.

Note: It is clear from the above rule that addition of vectors g ,]; ,¢ does not depend in the order

in which they are added. Thus the above addition can be expressed as G +b +¢ .
(iii) Identity:
For every vector d@ , g+0=a=0+d , where 0 is a zero vector is known as identity vector for

addition
Proof : From definition of addition of vectors

_ — —

OA =OA+AA=G+0

(iv) Additive inverse : For every vector d, there corresponds a vector —a such that g + (-g) = (-ad)+d = 0

—

Proof : Let vector d = OP then by definition of Negative Vector, (—Zl) will be denoted by pQ

Now a+(—a)=0P+PO=OO=() 0] > P
a
similarly (-d)+d=PO+OP = PP = 0 Fig. 13.10

thus from (1) and (2) d+(-d)=(-d)+a=0
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13.06 Subtraction of Vectors
Let @ and , are two vector quantities and let AB=a and BC =b . Now if we have to find

G—b then at point B draw a line BD opposite in direction and equal in length to BC which represents

the directed line segment as BD = —p C
Join A and D. Now using triangle law of addition in triangle ABD b
AD=AB+BD=d+(-b)=d—b A B
Similarly if we have to subtract @ from p i.e. we have to find (G—b) then
add the negative of vector 4 i.e. (—d) to vector p Fig. 13_1%

13.07 Multiplication of a Vector by a Scalar

Let a be a given vector and A a scalar. Then the product of the vector a by the scalar A is
denoted as Aa , is called the multiplication of vector a by the scalar A Note that, A4 is also a vector,

collinear tot he vector a . The vector, Aa has the direction same (or opposite) to that of vector a
according as the value of A is positive (or negative). Also, the magntiude of vector A4 is |/1| times the
magnitude of the vector a , i.e.,

[4a| =|2]lal

A geometric visualization of multiplication of a vector by a scalar is given in Fig. 13.10,

o 24

7 z

Fig. 13.11

What A =-1, then Ad =—a which is a vector having magnitude equal to the magnitude of a .

The vector —a called the negative (or additive inverse) of vector a and we always have

i+(-d)=(-d)+a=0.

Also, if A =%, provided a #0, ie. a isnot a null vector, then
a
- TR
= 2l = lal =1
al

So, Aa represents the unit vector in the direction of a

L

" g
a

a=
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13.08 Components of a Vector
Let us take the points A (1, 0, 0), B(0, 1, 0) and C (0, 0, 1) on the x-axis, y-axis and z-axis
respectively. Then, clearly

|OA|=1,|0BI=1 and |OC =1

The vectors 5A, JB and 0_)C , each having magnitude 1, are called unit vectors along the axes
OX, OY and OZ respectively and denoted by ;, j and k respectively
Let P (x, y,. z) is a point whose position vector is 5P . Therefore

JL =xi Nf

OM =LO=y}

- -

00=0L+L

At

=xi+y] AL

N

again op = 0Q + QP oo

:(xf+y})+z1€

=xi+yj+zk Fig. 13.12

Thus with respect to O we get the position vector of Pi.e. OP=xi+7y j+ 7k .

This is known as the component form of the vector where x, y and z are the scalar components
of oP and xi,yj and 2k are the vector components of QP Some times x, y and z are also termed
as rectangular components.

If O—P:?:xiA+y}+zl€ then

O—P=|17|:\/)cz+yz+z2
13.09 Vector joining two points

If Pl(xl,yl,zl) and P,(x,,y,,z,) are any two points, then the vector joining P, and P, is the

vector PL_P; (Fig. 13.12). Joining the points A, and P, with the origin O, and applying triangle law, from

Z
the triangle OP P, OP+ PP, = OP, we have Il P2 (4 32 2)
Using the properties of vector addition, the above equation becomes
BP, =OP,-OF, kt
142 2 1 k P, (x, v, )
1e. P1P2Z(le'+y2j+22k)—(xzi+ylj+11k) o 6" Ji >Y
:(x2—xl)f+(y2—yl)}+(zz—zl)k X
Fig. 13.13
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The magnitude of vector P1—P; is given by

g 2 2 2
BB (5= 5) + (3= 9) +(22-2)
13.10 Section Formula
Let P and O be two points represented by the position vectors OP and 0Q with respect to the

origin O. Then the line segment joining the points P and Q may be divided by a third point, say R, in two
ways-internally and externally. (Fig. 13.10 (a) and Fig. 13.10 (b)). Here, we intend to find the position

vector OR for the point R with respect tot he origin O. We take the two cases one by one.
Casea I: When R divides PQ internally

Let R, divides PQ internally in the ratio m : n (Fig. 13.13(a))

PR _m
RO n
nPR =mRQ P
nPR = m@ Fi.g 13.14 (a)

n (position vector of R —position vector of P) = m (position vector of Q —position vector of R)

n(F—-a)=mb —7)

Y

(m+n)F =mb +na

. mb+na
y = —

U

m+n
Here, the position vector of the point R which divides P and Q internally in the ratio of m : n is
given by
OR = mb + na
m+n

Cases II: When R, divides PQ externally:
Let the position vector of the point R which divides the line segment PQ externally in the ratio
m :n (Fig. 13.14(b) then

PR m

OR n
= nPR =mQR
= nPR = mQR

=n (Position vector of R —Position vector of P) = m (Position vector
of R — Position vector of Q)

Fi.g 13.14 (b)

= n(F-a)=m(i-b)
= mb —nd = mi —n¥
. mb-na
= r=
m-—n
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Note: if R, is the midpoint of PQ, then m : n. And therefore, from Case I, the midpoint R of P—Q> ,

. . " —— a+b
will have its position vector as OR =

Ilustrative Examples
Example 1. Find the sum of the vectors a = f—2}+l€, b= —21°+4}+3I€ and ¢ = 5—6}'—712 .

Solution : The sum of the vectors b+¢
-2

4 25+4j+51€)+(f—6}'—71€)

=d+b+¢
(F-2]k)+(

( it /2)+( i +47- 6k)+(f+5j—712)
=0-i-4j-k=-4]—k

Example 2. If vectors a = Xi+2]+z k and b =21+ yJ +k are equal then find the value of x, y and z.

Solution : Two vectors are equal if their scalar components are equal.

Thus if ¢ and p are equal if x=2, y=2, z=1
Example 3. Let d=i+2] and b =2{+ ] thenis |G||b|? Are vector @ and j equal?
Solution : Here |a=v1?+22 =5 and | =22 +1% =5

Therefore | | b | But the given vectors are not equal becase their corresponding components

are not equal.

Example 4. Find the unit vector in the direction of the vector @ =2 +3 ]+ k.

‘ -

Solution : The unit vector along vector @ is d=—a .

now |a=~22+3%+1% =414

Ql

d—L(21’+3j’+I€)— 2 p 35y
therefore \/ﬁ \/ﬁ \/ﬁ \/ﬁ

Example 5. Find a vector in the direction of vector d =i —2 j which has magnitude 7 units.

L ;

. . N 1 - 1 ~ A 1 ~ 2 A
Solution : The unit vector along vector d is d=—ad =—(z —2]) =—Ii——F]
la| 5 5 45
1 o 2 ~ 7 ~ 14 A
therefore the vector along 4 having magnitude 7 unit 74=7| —=i——j |=—F—=I———J
5 5 5 5
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Example 6. Find the unit vector in the direction of the vector @ =27 +2 -5k, b=2{+ j+3k.

Solution : The sum of the given vectors

G+b=¢ (let) . ¢=47+3]-2k

and |G |= 42 +32 +(-2)" =29

Required unit vector

1 1 A A Al 4 ~ 3 45 2 =
—C=——=(41+3]-2k|= [+ J- k
€] @( ) 29 V297 V29
Example 7. Find the vector directed from point P to Q joining the points P(2, 3, 0) and Q(-1, -2, —4).
Solution: As P is the initial point and Q is the terminal point, therefore

c=

p—Q) =Position vector of Q—Position vector of P
PQ =—i—2j—4k—(2i+3))
PQ=(-1-2)i+(-2-3)j+(-4-0)k

= PQ=-3{-5]-4k

Example 8. Find the position vector of a point R which divides the line joining two points P and Q in

— .

ratio 2 : 1 whose position vectors are OP =3g—2b and OQ =a +b .

Solution : (i) the position vector of a point R which divides the line joining two points P and Q in the
ratio 2 : 1 internally is

i 2(a+5)+(3a—215) _si
3 3

(i1) the position vector of a point R whcih divides the line joining two points P and Q in the ratio 2 : 1

externally is

i 2(a+5)2—_(135—25) iz

Example 9. Show that the points A(Zf—f+/€), B(f—3j—5]€), C(3f—4}—4/€) are the vertices of a
right angled triangle.

Solution : We have Eé:(1—2)5+(—3+1)}+(—5—1)1€=—f—2j’—6l€

—

BC =(3-1)i +(~4+3)j+(-4+5)k=20-j+k

A

and CA=(2-3)i+(-1+4) j+(1+4) k=~ +3]+5k

Further, note that |A—B)|2:41=6+35 =|B—C)|2 +|C—A)|2

Here, the triangle is a right angled triangle.
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A

10.

11.
12.

13.

14.

Exercise 13.1

Compute the magnitude of the following vectors:

— o o) ~ - o ~ ~ — 1 o 1
a=i+j+k; b=21-7j-3k; c =

Write two different vectors having same magnitude.
Write two different vectors having same direction.

Find the vlaues of x and y so that the vectors 2{ +3 and Xi+y are equal.

Find the scalar and vector components of the vector with initial point (2, 1) and terminal point
(_59 7)

Find the sum of the vectors a = f—2}+l§; b= —2?+4]A'+512 and ¢=1—-6]—7k.
Find the unit vector in the direction of the vector ¢ =i + j + 2%k .

Find the unit vector in the direction of vector ﬁ where P and Q are the points (1, 2, 3) and
(4, 5, 6), respectively.

For given vectors, d=2i — j + 2k and b =—i + ]A—Ig , find the unit vector in the direction of the
vector d@+b .

Find a vector in the direction of vector 5i — j + 2k which has magnitude 8§ units.

Show that the vectors 2i —3 +4k and —47 + 67— 8k are collinear.
Find the position vector of a point R which divides the line joining two points P and Q whose
position vectors are P(f+ 2}—/2) and Q(—iAJr j+ 12) respectively, in the ratio 2 : 1

(1) internally (i) externally.

Find the position vector of the mid point of the vector joining the points P(2, 3, 4) and
Q4, 1, -2).

Show that the points A, B and C with position vectors, d :3f—4}'—4l€, b :25—}+I€ and

c=1-3]- 5k respectively form the vertices of a right angled triangle.

13.11 Product of Two Vectors

So far we have studied about addition and subtraction of vectors. An other algebraic operation

which we intend to discuss regarding vectors is their product. We may recall that product of two numbers
is a number, product of two matrices is again a matrix. But in case of functions, we may multiplication of
two vectors is also defined in two ways, namely, scalar (or dot) product where the result is a scalar, and
vector (or vectors is also defined in two ways, namely, scalar (or dot) product where the result is a
scalar, and vector (or cross) product where the result is a vector.

@

Scalar product: In this the product of two vectors is a Scalar.

(II) Vector product: In this the product of two vectors is a vector.
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13.12 Scalar or dot Product

Definition : If product of two vectors is a scalar quantity then it is called 'scalar or dot-product
of vector'.

The scalar product of two non zero vectors @ and , denoted by d b (read as d dot ) is defined
as:

a-b=|al||b|cosd=abcost
(|a|=a and |];|:b are the magnitudes of ad and l;)
Note: When both the vectors are Unit vectors, i.e. | |=1, |b|=1
ab = (D) cos@=cosb
13.13 Geometrical interpretation of Scalar Product

Let OA=d and OB=p are two vectors, inclined at an angle @, the scalar product is given by
d-b=abcosf

=|a||b|cos@ (1)

Now from point A and B drop perpendicualr AM and BN on
OB and OA then from AOMA and AONB

OM = OAcos@ i.e. projection of OM in the direction of OB

ON = OB cos@ i.e projection of OB in the direction of OA O

> A
From equation (1)
a-b=|a|(b]|cos®)=|al|(ON)
= (magnitude of ad ) (projection of b on d ) 2)
Similarly from equation (1)
a-b=|b|(ad|cos@)=|b|(OM)
= (magnitude of b ) (projection of @ on b ) 3)
Thus the scalar product of two vectors is the product of modulus of O A
either vector and the project of the other in its direction.
. . ab_a - , -
Note: from (2) Projection of 5 on a= a] ZE‘b =a-b
and from (3) Projection of @ on b= % =a lZTl —d-b
13.14 Some Important Deductions from Scalar Product of Vectros
We know that
d-b=abcosb ey
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Observeations:

o)

(ii)

(iii)

(iv)

When vectors G and b are parallel: In this condition the value of 8 =0°, thus from (1)
a-b=|al|b|cos0 =|a||b|=ab
When vectors d and b coincides: In this condition the angle between the two vectors is zero i.e.
0 =0°, thus from (1)
d-a=|d||d|cos0° =|a||d|=aa=d
When vectors ¢ and p are linear: In this condition the angle between the two vectors is 180°
i.e. 8=180" thus from (1)
a-b=|allb|cos180° = ab(~1)=—ab
When vectors ¢ and ) are mutually perpendicualr: In this condition the angle between the
two vectors is 90°i.e. @ =7 /2 thus from (1)
5-l;:|5||l;|cos%:|ﬁ||l;|0:o
thus if two vectors are perpendicualr then
ib=0
Converse: If the scalar product of two non-zero vectors @ and b is zero then the vectors are
perpendicular let

let i-b=0

= |@||b|cosO=0

= cos@=0 ['.'|é|¢0,|13|¢0]
= O=m/2 = alb

So a-b=0 & Glb

A A A

Note: In view of the observations, for mutually perpendicualr unit vectors i, j,k we have

Pj=jk=ki=0

and ii=j-j=k-k=1

The above result can be expressed in the form of a table also
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13.15. Properties of Scalar Product
(i) Commutativity: Thus scalar product of two vector sis commutative.
Proof : We know that

G-b=abcosf

=bacos6 (ab=ba,)
=b-a

(ii) Associativity: If G and b are two vectors then let m be any scalar
(mé)-b=a-(mb)=m(d-b)

(iii) Distributivity: If 5,1; and ¢ are three vectors then
a-(b+¢)=d-b+a-¢c

similarly (b+¢)-a=b-da+¢-a
13.16 Scalar Product of Two Vectors in terms of the Components

Let d=ai+a,j+ak and b=bi+b,j+bk, are two vectors

a-b :(alf+a2}+a312).(b1f+b2}+b312)
=ab (i -0)+ab,(i-])+aby(@-k)+ab,(j-)+ab,(j-))
+a,b,(]-k)+apb (k-1)+ab,(k-})+ab,(k-k) (from property (ii) and (iii))
= ab, + a,b, +asb, (Article 13.15)
d-b=apb +ab,+ab,
Note: Zl'a"=(aliA+a2]A'+a3l€)‘(alf+a2j+a3lg)
=aqa, +a,a, +a,a, =a,’ +a,” +a;’ =a’
@°’=a
13.17 Angle Between two Vectors:
We know by the definition of scalar product

G-b=abcosh
a-b (ay(b) .~ - . . o ; .
or cosf@=——-=|—| E =a-b, where a,b are the unit vectors in the direction of @ and p
a a

again if a =alf+a2f+a3lg and l;:blf+b2}+b3l€ then
a-b=(ai+a,]+ak)-(bi+b,]+bk)

=ab, +a,b, + ab, (Article 13.16)

[383]



a
COSH: b - 2 2 2 2 2 2
a \/al +a,” +a, \/bl +b,” +b,

Note: if vectors @ and p are mutually perpendicualr then a,b, + a,b, + ab, =0

a,b, +a,b, +a.b,

13.18 Components of any Vector , along and perpendicular to a Vector a
Let OA=a,0B=b and BM 1 OA.
~. by triangle law of addition in AOBM b= OB =0OM +MB, where OM and MB are the
perpendicualr vectors of vector 5 along vector d

Now OM = (OM)é = (bcos0)d

=b Ei_l; a .
ab (Article 13.17)

i (a.]}]# Fig. 13.17

Thus components of vector p in the direction of vector g and perpendicular along g are (a b j a

2
and E—[a'zbja
a

a
Example 10. If a = [+2]+3k and b = 3{ +2j+k then find the value of d@-b .

Ilustrative Examples

Solution: G.p = (7 +2]+3k)- (3 +2] +k)
=B +(2)(2)+B)1)=3+4+3=10

Thus the value of d-b is 10.

Example 11. For what value of A are the vectors 2i + 4 + S5k and —i + ]+ k mutually perpendicular?
Solution: the vectors are perpendicular if their product is zero
i+ Aj+5k)-(—i+ j+k)=0
or @)ED+ DM +G)D) =0
or 2+A+5=0
or A=-3

Thus at A =-3 the vectors are perpendicular to each other.
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Example 12. Find the angle between the vectors 3i+ }'+ 3k and 2i+ 2}' —k.

Solution: Let a=3i+ }'+3l§ and b= 22+2}—/2 and let 6 be the angle between a and b.
d-b=abcos0

a-b_ (Gi+j+3k)-Q2i+2j-k)

ab VO+1+9V4+4+1

_B®Q)+MH2)+B)ED S

— cos0 =

19 N
(5%)
=  COs T
Example 13. Show that-
() (a+b)=a*+2a-b+b’
and (i) (a+b)-(@a—-b)=a-b
Solution: () (G+5)’ =(G+b)-(d@+b)
—d-d+d-b+b-d+b-b
=a>+d-b+ad-b+b [d-b=b-adl

Example 14. If 6 is the angle between the two vectors @ and b then prove that

sin(0/2)=~|a-b|

1
2
Solution:  |a—b[=(G-b)-(a—b)

A A A A A A AA

=aa—ab-b.a+bb
=|af —2ab+|b| [rab=bha)

A~

=1-2a-b+1 [
=2-2(1)1)cosB =2(1—cosO)

=2-(23in2 QJ
2
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N A

a-b

A~ A

a-b

. 6 . 6
=2sin— or Ssin—=—
2 2 2

=

Example 15. (i) If a, h,C are mutually perpendicualr vectors with equal magnitudes, then prove that vector
d+b+¢ makes equal angle with vectors d,b and €.
G a .b, are the vectors of magnitude 3, 4, 5 resp. If every vector is perpendicular on the sum of the
other two then find the magnitude of vector a+ b+¢.
Solution: (i) d ,b,C are mutually perpendicualr therefore ab=bc=ca=0
again the magnitude of vectors d,b,c are equal a=b=c
- - =\2 - - = - - =
and (a+b+c) :(a+b+c).(a+b+c)
=a-a+a-b+a-c+b-a+b-b+b-c+c-a+c-b+c-c
=a’+b*+c’=3a’ [-.-azbzcwa.ézéézé-&:omﬁc ]
= Ja+bed=vaa
(@+b+c¢)-a=a-a+b-a+c-a=a’
Let 6, be the angle between d+b+¢ and @
(G+b+¢)-d=|da+b+¢||ad|cosb,

— a* = (\3a)(a)cos 6,

cosf, =

N

N 6, =cos ™' (%}

Similarly if vector a+b+c makes angle 6, and 6, with b and ¢ then it can be proved that

1 1
6, =cos™ [—] and @, =cos™’ [—] :
? NE) ’ NE)

i.e. vector a+b+c makes equal angle with the vectors a,b and c
@ a(b+)=0, b-(a+)=0 and ¢-(a+5)=0
adding all the three 2(21-I;+l;'2+2~21)=0

and a-a=a*=9, b>*=16, ¢* =25
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10.

11.

(a+b+c)-(a+b+c)=a-a+h-b+e-c+2(abrbc+ea)

= |G+b+¢[P=9+16+25+0=50
= ‘5+E+E‘=@=5\5 units

Exercise 13.2

If the magnitude of two vectors is 4 and 5 units then find their scalar product if the angle between
the two vectors is
(i) 60° (i1) 90° (iii) 30°

Find the value of ab if a and b respectively are

() 2+5):3i-2] (i) 4 +36:7—j+k (i) 57+ j—2k; 20~ 3]

Prove that (q-b)* <|a|* |b [

If the coordinates of P and Q are (3, 4) and (12, 9) respectively. Find the value of Z/POQ where

O is the origin.

For what value of 4 are the vectors @ and b mutually perpendicular.

() a=2i+Aj+k; b=4i-2j-2k (i) a=2i+3j+4k; b=3i+2j—Ak

Find the projection of vector 4;— 2}' +k on the vector 3j + 6}' —2k.

If a=2i- 16}' +5k and b=3i+ }'+ 2k then find a vector ¢ where a,b, ¢ denote the sides of right
angle triangle.

If ‘ZI +l;‘ = ‘Zz —b|, then prove that a and b are mutually perpendicular to each other.

If the coordinates of the points A, B, C and D are (3, 2, 4), (4,5, 1), (6, 3,2) and (2,1, 0) respectively
Then prove that lines AB and CD are mutually perpendicular.

For any vector a prove that G = @-)i+@-j)j+@-kk

Using the vector method Prove that sum of the diagonals of the parallelogram is equal to the sum
of square of its sides.

13.19 Vector or Cross Product of two Vectors

as

Definition : The vector product of two non zero vectors a and b is denoted by axb and defined

axb=|a||b|sin6n . (1)

If the angle between a and b is 0(0 <6< n) and 7 is a unit vector perpendicular to both @ and

b such that G,b and 7 form a right handed screw system i.e., the right handed screw system rotated from

d to b moves in the direction of 7 .
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In terms of vector product, the angle between two vectors @ and , may be given as

I T : |axb |
axb|=|a||b|sin@ = sinf = —
|axb|=|al|b]| alg| )
from (1) jo—dxb _ _axb
|al||b|sin@ |daxb|
B, ixb
thus the unit vector perpendicualr to vector ¢ and p is = lfxgl 3)
ax

13.20 Geometrical Interpretation of Vector Product
Let OA=a,0B=b are two non parallel and non-zero vectors, the angle between them is @ and
n is the unit vector perpendicular to vectors a and § then,
‘Zl X l;‘ = ‘Zl‘ ‘l;‘ sin @
=(0A)(OB)sin 0 (1)
Area of OACB

Cosnidering OA and OB as the sides of the parallelogram OACB,
Area of OACB =2 (Area of AOAB)

:2(%OA-OBsinQJ:OA-OBsin9 (2)

from (1) and (2) the magnitude of axb =|ax] Fig. 13.18

13.21 Some Important Deductions from Vector Product
(i) The product of two parallel vectors is always zero:

Proof : If a and b are two parallel vectors and let @ be the angle between them then 6 = 0° or@ = °
thus in both the situations the value of the sin@ will be zero.
axb=absinOn =0y =0 [zero vector]
Converse : If the product of two vectors is zero then the vectors are parallel as
axb=0, = absinn=0 = sin0=0 [a#0,b#0]
i.e. @ and p are parallel vectors
Note: (i) axa=0, (i) ixi=jx j=kxk=0
(ii) The magnitude of product of two vectors is equal to the product of the two magnitude of the
two vectors.
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Proof : If ¢ and } are two perpendicualr vectors then 6=90".
axb= (absin90°);1
= (ab) n
= ‘Zl X l;‘ =ab
Magnitude of vectors axb= (magnitude of Zl) (magnitude of l;u)] Here n , 1S a unit vector along

a and b and obeys the left hand rule.
Special Condition :
ixj=01)sin90°k = k

A

similarly }‘ﬂ%:f and ]2><f=j

again }‘xf=_]2 (opposite to ; x }‘) Fig. 13.19
similarly ]2><}‘=_f and fx]2=_}'

This can be understood by the fig. 13.19.
13.22 Algebraic Properties of Vector Product

(i) Commutativity: Vector product is not commutative i.e.
axb #bxi
(i) Associativity: Vector product is associative with respect to any scalar m i.e.
m(@xb) = (md)xb =ax(mb)
(iii) Distributivity: Vector product obyes the distributive law:
ax(b+¢)=dxb+axé
13.23 Vector Product of two Vectors in Terms of Components
If a= ale'+ a2}+ a312 and b= blf+ b2}+ bSIQ are two vectors then
axb= (a1§+ a2}+a312)x(b1§+b2}'+b312)
=ab, (gxf) +a,b, (zA'x }') +a,b, (zA'x 12) + azbl(}' x;)
+a2b2(}' X }') + azbS(}' X 12) +ab, (12 x;) +a,b, (12 X }') +a3b3(l€ X lg)
= ab, (0) + a,b, (k) + ayb, (= ) + a,b, (=k) + a,b, (0) +a,b, (i) + ab, () + a,b, (=i) +asb, (0)
= (ayb, —ab,)i +(ash, —ab,) ]+ (ab, —a,b))k

ij ok
axb= a a, a,
bl b2 b3

which is a determinant form of a xb .
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13.24 Angle between two Vectors
If 6 is the angle between a and b

lel;zabsiné’;a

= |axb|=|absin®||n|=ab|sin0||n|
. _|Zi><l_?.|2
- (@®)(b?)

_ (a,b, —a;b,)’ + (ab, —ab,)’ + (a,b, —a,b)’
(@’ +a, +a,)b’+b’+b})

13.25 Vector area of a Triangle
i) If g and b are the sides of the triangle

then dxb =absinOn

S

let OA=&d and OB=

U B
Now area of (AOAB) = ab31n0n=§(a><b),

| =

here 7 is the unit vector
1= - L1y~ -
Note: Now area of AOBA = E(b X a) = —E(a X b)

(i) If the position vectors g, b and ¢ of triangle ABC are given
The sides of AABC, AB and AC

>
|-
>

AB=b-d and AC=c-a B

Area of triangle AABC = l(ﬁ% X R)

(B=a)x(c=a)] g

()
NS

| =

. ~ _ _ _ _ _ - a
bxc—bxa—axc+axa] Fig. 13.20

N | —

bxcraxbroxa]  [waxa=0]

| =

axb+bxc+cxa}

N | =
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13.26 Condition of Collinearity of Three points
If points A, B and C are collinear then the Area of triangle will be zero. (g )
Let the position vectors of AABC are d, b and ¢ , therefore area fo AABC =0

N %(*x5+5x5+axa)=o

= Gxb+bxé+éxd=0 @a — B ()
Ilustrative Examples Fig. 13.21

Example 16. Find the value of (2?—3}'+412)>< (3§+4}'—4]2).

ik
Solution : (2i—3j+4k)x(3i+4j—dk)=[2 -3 4
3 4 -4

=(12-16)i+(12+8) j+(8+9)k =—4i+20j+17k
thus required value i + 20}' +17k

Example 17. If a=3i+ } +2k and b= 2i— 2}' +2k then find the unit vector 7 perpendicular to vectors

g and b.
Solution : By the definition of vector product
. axb
n=———=
|axb |

G+ j+2k)x (20 —2)+2k)
(3i+ ] +2k)x (21 =2 +2k)

l
again  (3j+ j+2k)x(2i -2 +2k) =3
2

=(2+4)i+(4-6)j+(-6-2)k
=6i-2j-8k

5o 6-2j-8k
61 —2 - 8k|

_6i-2j-8k 6i—2j-8k
J36+4+64 V104
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3i-j—4k . |
:T, which is the required solution

Thus the required perpendicular unit vector is L(32 - } - 412) .

V26
Example 18. If Gxb=¢xd and @x¢=bxd, then Prove that d—d and b—¢ are parallel.
Solution : (G—d)x(b—¢)=(axb—adx¢)—(dxb—dx¢)
=axb-ax¢+bxd+(~¢)xd
= (Gxb—¢xd)+(bxd —ax?)
=0+0=0
. G—d and b—¢ are parallel vectors

Example 19. If Gxb=cxb then Prove that a—c = Ab , where A is a scalar

Solution: Gxb=¢xb

G—¢ and b are parallel therefore a—c¢ = M;, where A is a scalar
Note: (i) If @—¢ and p are in the same direction then A is positive
(i) If @—¢ and b are opposite then A is negative
Example 20. If A(1,2,2), B(2,-1,1) and C(—1,—2,3) are any three points in a plane then find a vector
perpendicualr to the plane ABC whose magnitude is 5 units.

Solution : AB = (position vector of B) — (position vector of A)
=(2§—}'+/§)—(f+2}+2/§)
=i-3j—k
and AC = (position vector of C) — (position vector of A)
=(—f—2}'+3l§)—(f+2}'+2]€)
=—2i-4j+k
AB and AC both are in plane ABC thus vectors ABx AC is perpendicualr to the plane

therefore EXR=(2—3}'—IE)><(—2§—4}'+/;)
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ik
=[1 -3 -1
2 -4 1

=—7i+ 10k
Unit vector perpendicualr to the plane ABC

s Tivj-10k _
J49+1+100 /150

magnitude of the vector with 5 in the direction perpendicualr to it is

-5| g (7= 3 4108)| - (77T

(7?—}'+1012)

l— —
Example 21. Prove that the Area of rectangle ABCD is EAC x BD where AC and BD are the diagonals.
Solution: Area of rectangle ABCD = Area of AACD + Area of AABC

:%R’XE+%E><R

_ 1 [ACxAD-ACxAB
Al ]

:%[RX(E—E)} :%R’xﬁ) Fig. 13.22

l— —

Thus Area of Rectangle = E‘AC x BD
Exercise 13.3
1.  Find the vector product of 3i + }—IQ and 2i+ 3}' +k.

2. Find the unit vector perpendicualr to the vectors i—2j+k and 2i+j—3k.

a.a

a
ab b.

S

3. For vectors @ and b Prove that (5 x];)z -

S

4. Prove that 5x(5+2)+5x(2+5)+2x(5+1§)=0,

5. If a,b, ¢ are the unit vectors such that a-b=a-c =0 and the angle between ) and c is 7/6 then

prove that a= J_rZ(I; X E) .
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10.

Find the value of ‘Zl X l;‘ if ‘ZI‘ =10,

B|=2 and a-b=12.
Find the vector with magnitude 9 units whcih is perpendicular to the vectors 4i— } +3k and —2i + } —2k.

Show that (& - l;) X (Zt + l;) = 2(21 X l;) . Also explain geometrically.

2 - A2 12
+‘a><k =2‘a‘ .

L
+‘a><]

For any vector d prove that ‘21 X i

If the two sides of the triangle are given by i+ 2}' +2k and 3i— 2}' +k then find the area of the triangle.

13.27 Product of Three Vectors

@

(i1)

(i)

(iv)

™)

(Vi)

The product of three vectors can have the following six conditions:

(@) a(b-c) (ii) a-(b-c) (iiiy ax(b-c)
(iv) Zz(ExE) (v) a-(bxc) (vi) sz(ExE)
By observation the following facts are to be considered

Zz(l; : 2) is meaningless, because b -¢ is a scalar quantity, thus here @ is a vector whose magnitude
is a product of (l; -C ) , but this condition does not specify the product of three vectors.

Zz(l; : 2) is meaningless, because b -¢ is a scalar whereas to find the scalar product with @ a vector

term is required.

ax (b . c) is meaningless, because b -¢ is a scalar and to get the vector product with @ , a vector

term is required.

a(b X c) is meaningless, because b x ¢ is a vector term and a is also a vector, but there is no sign
of () or (x) so nothing can be predicted about the result.

a- (bxc) is meaningful, because bxc isa vector and & is also a vector and the product of these
two vectors is possible and the result is a scalar. This is known as the scalar triple product.

ax(bxc) is meaningful, because bxc is a vector and G is also a vector, the vector product of

these terms is possible and the result is also a vector, this is called as vector triple product.
Thus from the above analysis only the product of two types of vectors is possible.

13.28 Scalar Triple Product

Definition: If the vector product of two vector quantities is again multipled with the scalar quantity

then this product is known as scalar triple product.

As both vector and scalar product are found in this triple products so it is also known as mixed product.
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If a, b, ¢ are any three vectors then a- (bXC) is known as scalar triple product of vectors a, b, ¢

and is also written as [a b ¢], also [a b ¢]=d-(bx¢) and [bacl=b-(Gx7) |
Note: It is also known as Box Product, it is to be noted that the terms inside the box should not
be seperated by comma.

13.29 Geometrical Interpretation of Scalar Triple Product
Let OA=a,0B=b and OC =¢ . Draw a rectangular parallelopiped with concurrent edges a,b,c
Now the vector area of parallelogram OBDC = bxc

é-(l;xé) =|d||bx¢|cosH, where 0 is the angle between @ and p x ¢

=|bxc|(|a|cosO)
= (area of parallelogram OBDC)

(height of rectangular parallelopiped)
= (area of base x height)

= G-(b x&)= volume of rectangular parallelopiped whose concurrent edges X Fig. 13.23

are g, p and ¢
similarly we can show l;(; X Zz) = E(Zl X l;) the concurrent edges of rectangular parallelopipped
a(Bxc)=bexa)=cfaxh)
or [a b cl=[bcal=[cab]
is equal to volume of rectangular parallelopiped whose concurrent edges are given.

13.30 Properties of Scalar Triple Product

6) a-(bxc)=b-(cxa)=c-(axb) (1)
again a-(bxc)=(bxc)-a )
similarly b-(cxa)=(cxa)-b 3)
and c-(axb)=(axb)-c 4)

from equation (1) and (4) Zl-(BxE) =E.(E¢><13) =(E¢><13)~E
e, a-(bx)=(axb) ¢

If the cyclic order remains unchanged then dot and cross signs can be changed.
(i) If the cyclic order changes then the sign of scalar triple product changes.

(bx&)=—(Cxb)
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G-(bx¢)=—a-(¢xb)
[ab c]=]a ¢ b]
(i) In scalar triple product if two vectors are parallel then the product is zero.
Let a,b,c are three vectors and b and ¢ are parallel then b = Ac, where A is a scalar,
[ab¢]=a-(Bxc)=a-(2exc)=2(a-0)=0 +[exc=0]
Note: If two vectors are same then also the result is zero.

13.31 Volume of a Tetrahedron

Let in tetrahedron OABC, O be the origin and A(Zl), B(l;) and C (2) are other vertices.

1
Volume of Tetrahedron (V) = § (area of base) x (height)

:l[l s ]*:l i
3 2( I 6[a ‘] T g 1324

Thus Volume fo Tetrahedron = (1 / 6) (Volume of rectangular parallelopipped whose three concurrent

edges are a,b,c )

Note: If the four vertices of a tetrahedron are A(Zl), B (l;), C (C) and D(E) then the volume is

1 - -
=—[d-b da-c¢ ad-d
6[ ]

13.32 Necessary and sufficient condition for the three non-parallel and non-zero

vector 4 b,c to be coplanar is [a b c]:o

Necessary Condition : Let @, b and ¢ are three non-zero non-parallel coplaner vectors then 5 x ¢

is a vector perpendicular to the plane i.e. Zl(l;xz) =0

(. a isina plane and bxcNis perpendicular to the plane and scalar product of two vectors is
always zero)

I e
Sufficient condition : Let
labecl=0 =  a(bxc)=0
= al (l;xz), But bxc, is perpendicular to vectors 5 and ¢ i.e. vector a lies in the plane of

vector b and ¢ therefore a,b and ¢ are coplaner.
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Ilustrative Examples
Example 22. Prove that [; } l;} + [} k ;} + [12 i ﬂ =3.

Solution : ;;k =§~(}'><I§)=§-§=1

-G

A A = A ~ A

1 -2 1
Solution : a -(bx C) =t b 1=0 (- first and third columns are same)
1 2 1
1 2 1
(a xb).c - c-(a Xb) I -2 1=0 (- first and third columns are same)
1 1 1

() =(axb) <

Example 24. Prove that [a +b b+c c +a} = Z[a b c}
Solution : since (l; + Z‘) X (E + Zl) = b x (Z‘ + ;;) +0x (E + 5) (distributive law)
:(bxc) (bxa) (cx )+(c><a) (distributive law)

=(bxc)+(bxa)+(cxa (0

)
)

[a+b b+c c+a]=(a+b){(b+c)x(c+a)
=(a+b).{(bxc)+(bxa)+(cxa)l (from (1))
:(a+b).(13x2)+(a+b).(bxa) ( )(cx&) (distributive law)
=5.(Ex2)+1§.(15x2)+21.(13xa) b(bxa)+acxa)+b(cxa)

+0+0+0+0+ [b c a} (-.- property of triple product)

I
—

QY

@‘l
Lo
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_ofabc]

Example 25. For what value of 4 are the vectors a= 22—}'+ /2, b= 2+2}'—3I€ and ¢ =3i+ l}'+5/€

coplaner.

Solution : Condition of three vectors Zz,]; and ¢ to be coplaner is [a b c] =0

2 -1 1 3 45
Le. 1 2 -3=0 or2 -1 1(=0
3 45 1 2 -3
= 3(3-2)+A(1+6)+5(4+1) =0 =3+71+25=0
= A1=-4

thus for A =—4 the three vectolrs a,b and ¢ are coplaner.

Example 26. Prove that the points A(4,8,12), B(2,4,6),C(3,5,4), D(5,8,5) are coplaner.

Solution : If the points BA, BC, BD are coplaner, again by the codnition [BA BC BD} =0
now ﬂ:(4§+8}+121§)—(2§+4}+61€) —2i+4)+6k
EJ:(3§+5}'+41€)—(2§+4}+612)=§+ G2k

ﬁ)=(52+8}+51€)—(2§+4}+6/€)=3§+4}'-/€

2 4 6
| BABCBD |=|1 1 -2[=2(7)+4(-5)+6(1)=0
34 -1

Thus the four points are coplaner.

Example 27. If four points A(Zl), B(l;), C(E) and D(E) are copaner, then prove that

[abe)=[pcd|+[cad]+[abd]
Solution : Four points are coplaner thus vectors AB, AC and AD are are coplaner.

= (4B A€ AD]-0

= (B-a)fexd-cxa—axd+axal=0

[398]



:>b'(cxd)—l;'(cxa)—b(glxg)—a (Exﬁ):o
[abe)=[pcd|+[cad]+[abd]
Example 28. Find the volume of the rectangular parallelopipped whose concurrent edges are
2%i-3j+4k,i+2j—kPand 2i—j+2k .

Solution : Let a = 2;—3}' + 412, b=i+ 2}' —k and ¢=2i— } +2k , volume of parallelopipped = [ZI b c]

2 3 4
=1 2 —1=2(3)+3(—4)+4(-5)=6-12-20=-26 unit
2 -1 2

Since Volume is positive, hence the result is 26 units.

Example 29. Find the volume of tetrahedron if the vertices are 0(0,0,0), A(1,2,1),B(2,1,3) and
C(-1,12).
Solution : Here 0(0,0,0) is the origin and the position vector are a=i+2j+kb=2i+j+3k and

E=—f+}'+2]§.

1 2
Ir- -7 1
volume of tetrahedron =—[a b c]=— 2 1 3
6 6 1 1 2

- é[l(—1)+ 2(=7)+1(3)]=—2 unit
Since the volume is positive thus the result is 2 units.

Exercise 13.4

1. Prove that

() [ j 1+ k j1=0 (if) [2i j K1+[i k j1+0k j 2i1=—1
2. Ifa=2i-3j+4k.b=i+2j-k and ¢=3i-j+2k then find [abc].
3. Prove that the vectors —2;—2}'+4I€,—2§+4}'—2]2 and 4?—2}'—2]2 are coplaner.
For what value of A are the vectors copalner
() a=2i—j+k,b=i+2j—3k and ¢=3i+Aj+5k
() a=i—j+k,b=2i+j—k and ¢=Ai— j+Ak
5. Prove that the following four points are coplaner

()  A(-14,-3),B(3,2,-5),C(-3,8,-5), D(-3,2,1)
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() A(0,-1,0),B(2,1,-1),C(1,11),D(3,3,0)

6. Prove that a=2i— } + 12, b=i- 3}' ~5k and ¢ =3i- 4}' — 4k are the vector sides of a right angle
triangle.

7.  Find the volume of the rectangular parallelopipped whose three concurrent edges are given by the
vectors:

() a=4i-3j+k,b=3+2j—k and c=3i— j+2k
(i) a=2i-3j+kb=i—j+2k and E=22+}'_]2
13.33 Vector Triple Product

Definition : The product of vector with the vector product of two vectors is known as vector triple
product.

If @ b, ¢ are three vectors then their vector product will be ax (l; X 2) ) (l; X E) xa, (Zl X 1;) xC etc.

Geometrical Proof:

Here ZlX(l;XE), is perpendicular to vector a and vector (l;x 2)
le(l;xg) = M;+/,12 where 4 and p are scalar
Note: It is clear from the vector triple product ax (l; X 2) # (Zl X l;) x ¢, it is not associative.
13.34 For vectors a.b,c Prove that
ax(Bxé)=(a-¢)p—(a-B)c
Let a= a1§+ a2}+a3lz,l; = b1§+b2}'+b3l€ and ¢ = c1§+ c2}+c312
i j k

now le(l;xz):(alf+a2}+a3lz)xbl b, b,

€ G G

a1§+ a2}+ a312) X {(b2c3 —b3cz)lA' +(b3C1 —b1c3)}'+(b1c2 _bZCI)]z}

—

> {a, (be, ~byc,) - a, (bye, —bc, )i

> b (aye, +aye,) ¢ (ayb, + asb, )} i

= {(aic, + aye, + a,e,) b, — (ab, + b, + ab) .} i (adding and subtracting a, b, c)
Z{(&E)bl —(24~13)c1}§=(&~2)13—(&~5)2

ax(bxc)=(a-c)b~(a-b)c
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miarty  (axB)xc =—cx(axB)=—{(¢-B)a=(c-a)b} = (c-a)b—(c-B)a
Ilustrative Examples
Example 30. If a=3i+ 2}'+l€,5=f—2?j+2/€ and ¢ = 22+}'—/2 then find the value of Gx (b x )

Solution : le(Z)xE):(Zz.E)I;—(Zz.l;)E

(i) =
=7(§—2}+2/§)—1(2§+}—1§)=5§—15}+151€

Example 31. Prove that (a Xl;) xc=a x(l; X 2), if and only if (cxa)xl; =0

Solution : Let (5 xl;) xc=a x(l; X 2)
o (a-d)b=(b-c)a=(a-c)p-(a-b)
S (5-&)a=—(a-5)¢

~  (p-Q)a-(b-a)e=0
(éxa)xb=0

Example 32. Prove that the vectors @ % (bx¢).bx(cxa) and ¢x(axb) are coplaner.
Solution : Let = ax(5xc),0=hx(¢xa) and R=cx(axh). then
P+ R=(-0)p—(a-B)7) +{(-a)(B-2)al +{(7-B)a—(-a)5] O
~ P=(-1)0+(-)R
— P,Q and R are in one plane

— P,0Q,R are coplaner
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Exercise 13.5
Find the value of le(l;xz) it
(1) Zz=32—}'+12,l3=f+3}—12 and E=—f+}'+3]§
(i) a=2i+j-3kb=i-2j+k and ¢ =—i+ j—4dk
Prove that sz(l;xz);&(axlg)xzit
()  a=2i+5j-Tk,b=-3i+4j+k,c=—i—2j-3k
() a=2i+3j-5k,b=—i+j+\2k c=4i-2j+3k
Verify the formula le(l;xz):(ag)l;—(al;)z where
G) a=i+j—2kb=2i—j+k,c=i+3j—k
() a=i-2j+k,b=2i+j—k,c=3i+5]+2k

For any vector g prove that

N

;x(ax§)+}'x(21x}')+l€x(;1xk):2gl

Prove that

le(l;xz)+l;x(zxa)+zx(glxl;)=0
Prove that Zz, B,E are coplaner if and only if ax l;, b x E, cxa are coplaner
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Prove that

(axb)x(cxd)=[abe]c-[acd]d

8.  If the magnitude of two vectors @ and p are /3 and 2 and d -b =6 then find the angle between
vector ¢ and b .
9.  Find the angle between the vectors i —2+3k and 3 - 2}' +k.
10. Find the projection of vector i+ } on ;—} .
11.  Fidn the projection of vector i+ 3}' +7k on 7i- } +8k .
12.  Find the valueof (3G —5b)-(2d +7b) -
13. Find the magnitude of the two vectors a¢ and b if there magnitude is same and the angle between
them is 60° and their scalar products is 5
14.  For a unit vector &, if (¥—a)-(X+d)=12 then find the valeu of | ¥|.
15. Ifa=2i+2j+3kb=—i+2j+k and ¢ =3} + 3] are such that a+ Ab is perpendicular to vector
¢ then find the valeu of A.
16. 1If a,b,c are unit vectors such that a+b+c¢ =0 then find the value of a-b+b-c+c-a.
17. If the vertices of triangle ABC are (1, 2,3)(-1,0, 0)(0,1,2) then find ZABC.
, { Important Points ] \
1. Zz-#zabcose, Zl-EzO@&LI;(Zl#O;tl;)
ik
.. it oo
cos@ = ab s 01 0
ab {
k{10 0 1
2. Ifa=qi+a,j+ak and b=hi+bh, j+bk then ab=ab +ab, +ab,
3. axb=(absin6)n

o X| i jk
axb v h 2 Ao
sin0=‘ and = ilez 0 ko
a ‘axb } —k 0 lA
ixj=k, jxk=ikxi=] klJj -0
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11.

12.

13.

14.

ik

a=a1§+a2}'+a312 and l;zb1§+b2}'+b312 and axb=la, a, a,
bl b2 b3

Area of Parallelogram of two vectors is = a xl;, where a and b are the adjacent sides of the

parallelogram.

Areaof AABC =Qy= % axb+bxc+cxal, where a,b, c, are position vectors of vertices of triangle.

The collinearity of three vectors a, b and ¢ is given by axb+bxc+cxa=0

- D N
Area of parallelogram whose diagonals are ¢ and p = E‘a xb‘

We represent the scalar or dot product of three vectors a,b,c is a (l;xz) and [Zl b E] .

A

. Ifa=aji+a,j+ak, E=blf+b2}+b312,
a a, a
E:clf+c2}'+c3lz, then [a b c]: b b, b
G 6 G

Volume of rectangular parallelopipped = [5 b E], (where a, b, c denoted its concurrent edges).

Volume of Tetrahedron = g[a b C} where a, b, ¢ are its concurrent edges.

The triangular product of three vectors a, b, c is ax (l;xz) = (Zl . E)l;— (gl . 13)2

In vectors, vector product does not follows associative property i.e. aXx (bx c) # (a X b) Xc
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Answers
Exericse 13.1

(1) |a|=3;|b |=/62;|¢ =1 (2) any two vectors (3) any two vectors (4) x=2, y=3
o Ao : T+ ]+2k . (f+}+l€)
(5) -7, 6 rFkk -7i, 6 (6) 4j—-k (7) \/g (8) \/g
9 ik 10 8(5i—j +2k) 11) ~47 +6] -8k =—2(2f =3 + 4k)
9) \/5 (10) @ ( —4l +0j —ok = 1=3)
. 1/_\ 4 A 1~ R A _7 4/\' ]2 N N
(12) Ozt 2 Jj, 3k (i) 3743k (13) 3i+2j+k (14 IR 50k
3 373 3
(15)(3, 2, 1)
Exercise 13.2
(1) () 105 i) 05 GiD) 1083 (2) (i) —4 5 (i) 7 ; (i) 7 4) 9=C0s1[%j
2 ~ A~ A
(5) () 3 ; (i) 3 (6) = (7) 5i—-15j+7k
Exercise 13.3
A A A i+ j+k A A A 5J5
(1) 4i-5j+7k @) 6) 16 () gie6joh (1) 22
Exercise 13.4
(2) -7 (5) (1) —4; a1 (8) (1) 30 ; (i) 14
Exercise 13.5
(1) (i) —2i -2 +4k ; (ii) 8i—19j—k
z o5 60 L
GOy (9) €08 {5 (10) 0 (11) 4 (12) 6|a| +11da-b—-35|b |
- 3 4 10
(13) a| =1 ]b =1 (14) V13 (15 -4 (16) =5 (17) s | 7=
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