Chapter 6: Differential Equations

Exercise 6.1 | Q 1 | Page 193

Determine the order and degree of the following differential equation:
d? d

Y + x &y +y=2sinx

dx? dx

The given D.E. is

&’y dy .
—E—I—X(E) +y=2sinx

dx
y
This D.E. has highest order derivative E with power 1.
.. the given D.E. is of order 2 and degree 1.
Exercise 6.1 | Q 2 | Page 193

Determine the order and degree of the following differential equation:

dv\? a2
i+ () ===
dx dx?

SOLUTION

The given D.E. is

“ 9 9
i () _dy
dx d:{g

On cubing both sides, we get

() - (52)
dx B dx?




2

This D.E. has highest order derivative Ej.’i with power 3.

.. the given D.E. is of order 2 and degree 3.

Exercise 6.1 | Q 3 | Page 193
Determine the order and degree of the following differential equation:
dy 2sin x + 3

dx dy
dx

SOLUTION

The given D.E. is

dy 2sinx+3

dx dy
dx

d 2
(d—i) =2sinx+ 3

This D.E. has highest order derivative &y with power 2.

- the given D.E. is of order 1 and degree 2.
Exercise 6.1 | ( 4 | Page 193

Determine the order and degree of the following differential equation:

dzy dy dgji'
v v —1/l1 v
o + dx + X + o



SOLUTION

The given D.E. is

d2 d d?
_§+_E+X=\/l+_}r

dx* dx dx®
On squaring both sides, we get
2

d’y d d*
(_ﬁg +_y+x) 1+ Y

dx dx dx

d*y

This D.E. has highest order derivative E with power 1.

.. the given D.E. has order 3 and degree 1.

Exercise 6.1 | ( 5 | Page 193

Determine the order and degree of the following differential equation:

d2y d}r 2
E‘I‘(E) —|—7}{+5=U

SOLUTION

The given D.E. is

dy | (dy\’
— 4 (= 7x+5=0
e + (-::b:) + 7X +
. | &y
This D.E. has highest order derivative E with power 1.

~. the given D.E. has order 2 and degree 1.

Exercise 6.1 | Q 6 | Page 193

Determine the order and degree of the following differential equation:

(;s,;rnr:}2 + 3y +3xy/ + 5y =0



The given D.E. is
{3-.nw)2 + 3yM + 3xy! + 5y = 0
This can be written as:

2

d d? d

(d—y) +3§5+3}f(£) 5y =0
b4

3

This D.E. has highest order derivative E}; with power 2.

. the given D.E. has order 3 and degree 2.

Exercise 6.1 | Q 7 | Page 193

Determine the order and degree of the following differential equation:

9 2
(H) —I-COS(E) =0
dx? dx

The given D.E. is

2
d’y dy
(E) —|—EDS(E) =10

This D.E. has highest order derivative

)
dx®
- order = 2

Since, this D.E. cannotbe expressed as a polynomial in differential coefficients, the
degree is not defined.



Exercise 6.1 | Q 8 | Page 193

Determine the order and degree of the following differential equation:

3
o2
1+(£) gy
dx dx?

The given D.E. is
3
2] 2 2
1+ (ﬂ) _ &y
dx dx?
On squaring both sides, we get
3
(3] - (3)
dx B dx?
2

This D.E. has highest order derivative E}; with power 2.

- the given D.E. has order 2 and degree 2.
Exercise 6.1 | @ 9 | Page 193

Determine the order and degree of the following differential equation:

o) &) =%

The given D.E. is

dx® N\ dx N



3
S d_XE dx
dE

'Ifb{:;

This D.E. has highest order derivative with power 3.

- the given D.E. has order 3 and degree 3.

Exercise 6.1 | Q 10 | Page 193

Determine the order and degree of the following differential equation:

a2 v\’
H_z:¢+(y)
dx? dx?

SOLUTION

The given D.E. is

42 a2y \ >
B (4)
dx dx

On squaring both sides, we get

2 2
d? d2
(x+—3;) =1+( g)
dx dx

2 2 2
.-.x2+2xﬂ+(d}r) =1+(d}r)
dx? dx? dx?

d?
cxyaxs Y 1.0
dxﬂ

This D.E. has highest order derivative

with power 1.
dxﬂ

- the given D.E. has order 2 and degree 1.



EXERCISE 6.2 [PAGE 196

Exercise 6.2 | Q 1.01 | Page 196

Obtain the differential equation by eliminating the arbitrary constants from the
following equation:

x3 +y3 = 4ax

x> +y3 =dax  ...(1)

Differentiating both sides w.r.t. x, we get
3x°+3 2 dy —=4a x 1
x> = 4a
Y

2 dy
dx

Substituting the value of 4a in (1), we get

» 3x% + 3y =4a

xg—l—yg = (3}(24—33? )

X0 —|—},I = 3x° —|—3xy

d
L 2x° + 3}(};2% — 3? =0

This is the required D.E.

Exercise 6.2 | Q 1.02 | Page 196

Obtain the differential equation by eliminating the arbitrary constants from the
following equation:

Ax2+By?=1



SOLUTION
AxZ + By? =

Differentiating both sides w.rt. x, we get

d
A><2:{+B><2y£=0

d
-~ Ax+ Byd—i

Differentiating again w.r.t. x, we get

d [ dy dy dy
Ax1+Bly— | — — - — | =0
el (@) ol

’y

d dy \ 2
SA4+Bly—=+ (=) =0
i [ydxﬁJr(dx)]

d2 dy \ 2
e (8)
dx? dx

Substituting the value of Ain (1), we get

a2 dy \ 2 d
y §+(F)]+By—y 0

0 ..(1)

~A=-B

—Bx

dx dx dx N

d*y dy\” dy
cex|ly—= 4+ (=) | +vy=L =0
x[ydxg (dx) .de

This is the required D.E.



Exercise 6.2 | Q 1.03 | Page 196

Obtain the differential equation by eliminating the arbitrary constants from the
following equation:

y = A cos (log x) + B sin (log x)

SOLUTION

y = A cos (log x) + Bsin (logx) ..(1)
Differentiating w.r.t. x, we get

dy
dx
—A sin(log x) N B cos(logx)

d d
= —A sin(log x) - 3 (log x) + B cos(log x) - E{]Dg X)

X

x X

x—}r = - Asin (log x) + B cos (log x)

Differentiating again w.r.t. x, we get

d’y dy —Asin(l B cos(1
y . dy _ sin(log x) N cos(log x)

X

dx? dx X X
LS A [A cos (log %) + Bsin (log¥)] = -y ....[By (1)]
dx? dx
d? d
- x2 dxj; + xdi + y = 0 is the required D.E.

Exercise 6.2 | Q 1.04 | Page 196

Obtain the differential equation by eliminating the arbitrary constants from the
following equation:

V2= (< + o)’



ye=(x+c)? ..(1)

Differentiating w.r.t. x, we get

d
Eyd—i —3(x+c)? (1) = 3(x + ¢)?
. 2_ 2%y &y
s(xte) = 3 dx

| o (2v dy\’
..[x—l—c] a ( 3 ) d:{)

8y /dy)\°®
L () = 2_3;_ . (E?) [By (1)]

dy 3
=27yt =8yt [ —
y f(.h)

dy 3
s 2Ty = 81 —
(&)

3
dy
L8 — —2Tv =10
(dx) Y

This is the required D.E.
Exercise 6.2 | Q 1.05 | Page 196

Obtain the differential equation by eliminating the arbitrary constants from the
following equation:

y = Ae®> + Be™>
SOLUTION
y = Ae™ + Be™* (1)

Differentiating twice w.r.t. x, we get

d
E}I = Ae”™ x 5+ Be ™ x (—5)



s —— — 5Ae™ — 5Be ¥

a2
and =2 — Ae® x 5 + Be 5% x (—5)
C]J(E
— 25Ae”™ + 25Be ™™
— 25(Ae’™ 4+ Be ™) = 25y ...[By(1)]
32
L 25y =0
dx
This is the required D.E.
Exercise 6.2 | Q 1.06 | Page 196

Obtain the differential equation by eliminating the arbitrary constants from the
following equation:
(y - @)* = 4(x - b)
SOLUTION
(y - a)° = 4(x - b)

Differentiating twice w.r.t. x, we get

2(y-a) -~ (y-a) = 4 (x-b)
. 2(y-a) - (ﬁl—‘i —'D) =4(1—-0)
= 2(y - a)% =4

. dy _
..{}r—a,]dx =2 ..(1)

Differentiating again w.r.t. x, we get

d /dy dy d
(F-ﬂ}g(E) t o V-2 =0



2 42 dy \ 2
;—~——+(£J:ﬂ .[By (1)]

d2 dy \ *
.J—£+C£)=ﬂ
dx

This is the required D.E.

Exercise 6.2 | Q 1.07 | Page 196

Obtain the differential equation by eliminating the arbitrary constants from the
following equation:

y=a+alx
SOLUTION

a
y=a+— ..(1)
X

Differentiating twice w.r.t. x, we get

8oL oo 5)

dy  a
dx  x2
a = —)(2ﬁ

dx

Substituting the value of a in (1), we get

dy 1 dy

2 2

= - —_l__ — -

/ Xd:{ :{(de)



o dy dy

LY =X — —X—
dx dx
(x?—l—x)% +y=0

dy

Axx+ 1) == +y=0
dx

This is the required D.E.

Exercise 6.2 | Q 1.08 | Page 196

Obtain the differential equation by eliminating the arbitrary constants from the
following equation:

y = c1e? + c2e5%
SOLUTION
y = e+ e (1)

Differentiating twice w.r.t. x, we get

d}r o 5x

— =" X 2+ o %D

dx ! 2
d

2 906 g™ (2)
dx

2
and —}; — 2¢;6% X 24 5ce™¥ x 5

dE
LY dee® 4 2500e™ ()
dx

The equations (1), (2) and (3) are consistent in c1e2’{ and CEEEK

.. determinant of their consistency is zero.



vy 1 1
& 2 5| =0
Ty 4 95
d d? d d?
2y60-200-1(255Y 58 ) 1 (4 28V )
dx dx? dx dx?
dy d?y dy d?y
- 30y - 25 5 15 _,8Y
i dx2+ dx  gx?
d?y dy
.-.3——21—+3I]3r—l]
dx? dx
-dz 7d + 10y =0
Cdx? dx

This is the required D.E.

Exercise 6.2 | Q 1.09 | Page 196

Obtain the differential equation by eliminating the arbitrary constants from the
following equation:

cix®+ c2y?=5
e+ eyl =5 .. (1)
Differentiating twice w.r.t. x, we get

c1 X 3x* +¢ x2y£=0
1 2 1=

d
- 3¢,x2 + 2c2y§ —0..2)

Differentiating again w.r.t. x, we get

d /d dy d
3cy X2K+2Cg[}".a(£) +d—y'£] =10
X



d*y dy \°
- 6 2 —_— — =0
C1X + 2¢o de?Jr(dx)

The equations (1), (2) and (3) in ¢4, c; are consistent.

.. determinant of their consistency is zero.
x° y2 D

[3x? 2y L 0

3 2
6x 2yii+2(8) o

2 2
~x*0—0)—y2(0—0)+5 lﬁxgyd—y + 6x° (%) — 12xy:l] —0

d d
6xy 'Z—i—ﬁxg(ay) 12 y§=0
d’y dy\> _ dy
R (d_) R

This is the required D.E.

Exercise 6.2 | Q 1.1 | Page 196

Obtain the differential equation by eliminating the arbitrary constants from the
following equation:
y = e (A cos x + B sin x)

SOLUTION

y =e 2 (Acosx+ Bsinx)

ne®y=Acosx+Bsinx ..(1)
Differentiating twice w.r.t. x, we get

d
. Y +y-e™® x 2= A(—sinx) + Bcosx

dx



d
2x ¥ .
Se — + 2 =-Asinx+ Bcosx
(dx F)

Differentiating again w.r.t. x, we get

d? d d
21( 3’+2 3’)_‘_(_-?4_2?) 2x><2:—Acosx+B(—5inx)

dx? dx dx
d’y _d d
(34_2%4-2%4—43:) - (A cosx + Bsinx)
d? dy
d’y  dy
— 44— + 4y = —
dx? N dx e
Cdly | dy

2 +4dx +5y =0

This is the required D.E.

Exercise 6.2 | Q 2| Page 196

Form the differential equation of the family of lines having interceptsaand b on the
coordinate axes respectively.

The equation of the line having intercepts a and b on the coordinate axes respectively,
IS

X ¥
—+ = =1 .1
- (1)

where a and b are arbitrary constants.

Differentiating (1) w.r.t. x, we get

e () -0



(l\dy 1
“\b/dx  a

dy b
& a
Differentiating again w.r.t. x, we get
d?y
dx®
This is the required D.E.
Exercise 6.2 | Q 3| Page 196

=0

Find the differential equation all parabolas having a length of latus rectum 4a and axis is
parallel to the axis.

SOLUTION

//_.
k

!

Let A(h, k) be the vertex of the parabola whose length of the latus rectum is 4a.

Then the equation of the parabola is
(y - k)2 =4a(x - h), where h and k are arbitrary constants. Differentiating w.r.t. x, we get



2(y- k) -~ (y- k) = da(x-b)
z(}r-k}(% - 0) — 4a(1 - 0)
z(y—k)% — 4a

;(y—k)g£==2a (1)

Differentiating again w.r.t. x, we get

d [ dy dy d
k) — (-2 )+-L. —(y-k)=0
(v )dx&h)+d1(hw )

d’y dy [(dy
(v-k : —0)=o0
(}r }d}t2 - dx (dx )

dﬂy d}" 2
.'.(}r—k}dxg—i—( ) =0

d2 dy \ *
.-.ZadJ; —I—( F) =10

This is the required D.E.

Exercise 6.2 | Q 4 | Page 196

Find the differential equation of the ellipse whose major axis is twice its minor axis.

SOLUTION

Let 2a and 2b be lengths of major axis and minor axis of the ellipse.
Then 2a = 2(2b)

~a=2b

~ equation of the ellipse is



2 2

a2 ]'_!'2

Le. + =1
2 2
X
4b b
o X2+ dy? = 4b?
Differentiating w.r.t. x, we get

dy
2x+4x2y— =0
}de

dy
Sx+4y—L =0
X ].de

This is the required D.E.

Exercise 6.2 | Q 5| Page 196
Form the differential equation of family of lines parallel to the line 2x + 3y + 4 = 0.

The equation of the line parallel to theline2x + 3y + 4 =0 s
2x + 3y +4 =0, where c is an arbitrary constant.

Differentiating w.r.t. X, we get

ax1+3%¥ 0_0
Lo-

dy
L3 —+2=0
dx

This is the required D.E.

Exercise 6.2 | Q 6 | Page 196
Find the differential equation of all circles having radius 9 and centre at point (h, k).

Equation of the circle having radius 9 and centre at point(h, k) is



(x-h2+(y-k?=81, ... (@B
where h and k are arbitrary constant.

Differentiating (1) w.r.t. X, we get
2(x-h) - ~(x-h) + 2(y-K) -~ (y-K) = 0
YT R
.'.{x—h](1—0}+{y—k](d—y—ﬂ) =0
dx

d
.-.{x—h]+|[y—k]|d—y=0 ..... 2
X

Differentiating again w.r.t. x, we get

S (x-h) +(r-K)- d(dy)ﬂy 4 -k =0

dx dx dx
_ B dy d}r' dy_ B
S0+ (k) (dx 0)_0
2
Ly k}d—+(dy) +1=0
dx dx
d%y dy \ 2
o [(2) ]
2
(@)
y-k= ; (3)
d’y
dax?

dy
From (2), x- h = - (y - k) ==
rom (2), x (v - k)

Substituting the value of (x - h) in (1), we get

(y-k)?(%)zw-k}%m



dE
dy \* 81- o5
—~ ) +1=
dx dy '\ 2 12
[(E) ‘1
9 43

This is the required D.E.

Exercise 6.2 | Q 7 | Page 196
Form the differential equation of all parabolas whose axis is the X-axis.

SOLUTION
r‘f’
T [5) (h, 0 i
-"Il(f
i
L
The equation of the parbola whose axis is the X-axisisy2=4a(x - h), ...(1)

where a and h are arbitrary constants.

Differentiating (1) w.r.t. X, we get

2y (%) =4a(l1—0)

dy
rele

Differentiating again w.r.t. x, we get

Y 2a



d /dy +dj,r dj,r_u
Vi \ax ) T dx ax

By v\
dx? dx

This is the required D.E.

EXERCISE 6.3 [PAGES 200 - 201

Exercise 6.3 | Q 1.1 | Page 200

In the following example verify that the given expression is a solution of the
corresponding differential equation:

| + dy y

xy = lo o =

y=logy G G = T o

SOLUTION

xy = logy +c

Differentiating w.r.t. x, we get
dy 1 dy

X-—+yxl=—-—+40
dx Y y dx
d 1 d
dx y dx

cifxy # 1

dx xy — 1 T 1o Xy
Hence, xy = log y + c is a solution of the D.E.

d 2
y __Y ifxy # 1,
dx 1—xy




Exercise 6.3 | Q 1.2 | Page 200
In the following example verify that the given expression is a solution of the

corresponding differential equation:

d? d
y = (sin_lx)2+c; (1—}:2) Y x& o
dx? dx
SOLUTION
y = (sin_l x)2 +c .. (1)
Differentiating w.r.t. x, we get
dy d 1. 0\2
— = —sin "x) +0
dy d
o — =2(sin"'x) - — (sin"'x
- = 2( ) )
.1 1
= 25D X X ———
V1 —x2
1 —x2 L =2sin 'x

- (1-x?) (E)E — 4(sin 1 x)’

2
(- (%) — A(y-c) ..[By(1)]

Differentiating again w.r.t. x, we get

(1-x2). i(ﬁ)ﬂ ¥ (ﬁ)ﬂ L a-x) = ay-o)

dx \ dx dx dx
dy d2 dy \ 2 d
(1-x)-2-0- =% —2x( 2 ) =4[5 -0
X dx dx dx

d
Cancelling ZEY throughout, we get



d’y  dy

1 —x — X = 2
(1-x)—5 x5
Hence, y = (sin”1 x)2 + c is a solution of the D.E.
da’ d
(1 — :{2) Y _ X Y =2
dx? dx

Exercise 6.3 | Q 1.3 | Page 200
In the following example verify that the given expression is a solution of the
corresponding differential equation:

2

d
y:e'“+A:{+B;ex—'Z=1

dx
y=e*+ Ax + B;

Differentiating w.r.t. x, we get

dy «
— =e " x(-1)+Ax1+0
= (-1)
dy x
L—=e 1A
dx
Differentiating again w.r.t. x, we get
d’y X
—— =—e " x(—-1)+0
122 (—1)
d?y 1
dxg o ex
42
=Y 1
dxﬂ
Hence, y = e™ + Ax + B is a solution of the D.E
q2
S Slb A



Exercise 6.3 | Q 1.4 | Page 200

In the following example verify that the given expression is a solution of the
corresponding differential equation:

d? d
y=x"; :{E—d:; - mxa}: +my =0

SOLUTION
y =x"

Differentiating twice w.r.t. x, we get

dy :
I dx{x ) = '
2
and % = %(mm'l) = ﬂl% (x™ 1) =m(m — 1)x™?
d’ d
XEE:; —md—y—l-my

This shows that y = x™ is a solution of the D.E.

d? d
XEE:E — mxd—y + my = 0.
X

Exercise 6.3 | Q 1.5 | Page 200

In the following example verify that the given expression is a solution of the
corresponding differential equation:

b diy dy
y:a—l—;;xdxg +2dx =0




b
y=a+ —
X

Differentiating w.r.t. x, we get

d /d dy d
2 y ¥ a
* dx(dx)+dx <) =

d?
22T+ Y x2x =0
dx dx
d? d
Rl A e A
> dx
b :
Hence, y = a + — is a solution of the D.E.
b
d* d
X y + 2 Y =0
dx” dx

Exercise 6.3 | Q 1.6 | Page 200

In the following example verify that the given expression is a solution of the
corresponding differential equation:

dy

y = E‘“;:{E =ylogy



ax

y=¢

= logy =log e™ = axlog e

~logy=ax .. (1) ...[v loge =1]
Differentiating w.r.t. x, we get
1 d
=2 _axi
y dx
dy

s E = ay

d

d
xa}r — ylogy ..[By (1)]

Hence, y = e™ is a solution of the D.E. xa}r = vlogy.

Exercise 6.3 | Q 2.01 | Page 201
Solve the following differential equation:

dy (1+y)*
dx (1 +x)?

SOLUTION

dy (1+y)°
dx  (1+x)°

1 1
dy = dx
1+ y? 1+ x2

Integrating both sides, we get




[ 1 dx=[ 1 dx
1+ y? 1+x?

-1 1

~tan 'y =tan "X+ cC

This is the general solution.

Exercise 6.3 | Q 2.02 | Page 201

Solve the following differential equation:

d
log (Ey) =2x+ 3y

SOLUTION

d
log (—F) = 2x + 3y
dx

dy
e e?x+3y _ e?xleﬂy
dx

. 1 2x

Integrating both sides, we get

fe_gydy = [ehi dx
/e_gyd}r = /ehdx

e 3y Eﬂx

—3 2 !

S 2e % = —3e% 4 6y

~2e7% 4 36 — ¢, where ¢ = 6¢4

This is the general solution.



Exercise 6.3 | Q 2.03 | Page 201

Solve the following differential equation:

dy
—x— —0
y X

SOLUTION
x> =0
Y Y

d
e A y

dx

1 1
o —dx = —dy
X ¥

Integrating both sides, we get

1 1
f—dx = /—d}r

X y
- log |x| = log |y|] + log ¢
- log [x] = log |y

S =Y

This is the general solution.

Exercise 6.3 |  2.04 | Page 201
Solve the following differential equation:

sec’x - tan y dx + secgj,r -tanxdy =0

sec’x - tan y dx + seczy -tanxdy =10

3 ECEX sec 2}’

dx +

g dy =0
tan x tan y Y

Integrating both sides, we get



2 2
sec”x sec
[ dx + f y dy = ¢;
tan x tan y
Each of these integrals is of the type

f% dx = logl|f(x)| +c

.. the general solution is

log |tan x| + log |tan y| = log ¢, where ¢y = log ¢,

- log|tanx - tany| = loge
~tanx-tany =c

This is the general solution.

Exercise 6.3 | @ 2.05 | Page 201

Solve the following differential equation:

cosX-cosy dy — sinx - sin ydx = 0

cosX-cosydy — sinx - sin ydx = 0

Cos y sin X
——dy —
sin y COS X

dx =10

Integrating both sides, we get

fcotydy—/taude(:cl

- log|siny| — [ log|cos x|] = log ¢,where ¢; = log ¢

- log|siny| + log|cos x| = logc



- log|siny| + log|cos x| = logc
- log|siny - cosx| = logc

. 8SINy-cosX =CcC

This is the general solution.

Exercise 6.3 | Q 2.06 | Page 201

Solve the following differential equation:

d

el = —k, where k is a constant.
dx

dy

— =k

dx 7

~ody = - kdx

Integrating both sides, we get

[d},r=—kfdx

.'.‘}J’:—lO(-I-C

This is the general solution.

Exercise 6.3 | @ 2.07 | Page 201

Solve the following differential equation:

C032 ¥ CDSQI{

dy +
X ¥y

dx =10




2 9
CcOS COS“X
Y dy +

X y

dx =10

-y cos?y dy + x cos® x dx = 0

1 — cos2 2
.-.x(—‘;ﬂs X)dx+y(1+ msz Y)dy:

= %(1 + cos 2x) dx + y(1 + cos 2y)dy = 0
~xdx+ xcos2xdx+ydy +ycos2ydy =0

Integrating both sides, we get

[xdx—l—fydy—l—fxmstdx—l—fchsZyd}r:cl

Using integration by parts

[xccstdx-x[costdx /[ x}fcns?xdx]dx
:X(5m2x) _/’1. 51112de
2 2

X sin 2x 1 cos2x X sin 2x cos 2X

2 2 2 2 4
Similarly,
in 2 2
f}rcus2ydy=y5m }r—l—m5 Y
2 4
- from (1), we get
2 2 . .
X X sin 2x cos 2x sin 2 cos 2
LIRS A + TRk At P
2 2 2 4 2 4

Multiplying throughout by 4, this becomes

2x° + 23;2 + 2% 5in 2x + cos 2x + 2y sin 2y + cos 2y = 4¢;



2 2%+ yz} +2(xsin2x +ysin2y) +cos2y +cos2x+c=0
where ¢ = - 4¢4

This is the general solution.

Exercise 6.3 | Q@ 2.08 | Page 201

Solve the following differential equation:
d d

v = ¥ _ Y
dx dx

SOLUTION

M
dy | 2dy

3
Ly =L+
A L

}rg = (1 +X2)%

1 1
dx = —dy
1+ x2 y?

Integrating both sides, we get

1
dx = -4
/11—|—}c:2 f}f Y

—2
tan 'x = I + ¢
1
tan ! x = —— + ¢
2y

2y2 tanTx=-1+ 2(:1}-'2
~2y?tan x + 1 = cy?, where ¢ = 2¢;

This is the general solution.
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Solve the following differential equation:
26 T Wdx — 3dy = 0

2¢* T W dx — 3dy = 0

~2e%-e¥dx — 3dy =0
. 2e*dx 3d =0
] —E ¥ =

Integrating both sides, we get

2/exdx—3[e_23"d}r=c1

_E}r
e
- 2e*— 3.

~4e* + 307 = 2¢

- 4e* + 3¢ — ¢, where ¢ = 2¢4.
This is the general solution.

Exercise 6.3 | 2.1 | Page 201

Solve the following differential equation:
dy
dx

= e~ 7Y 4 x%¥

Cdy

g ex-ef‘r—l—xﬂ-e"’:ef”(ex—l—xﬂ)
X

E—ljrdy = (e* + x*)dx

Integrating both sides, we get



3

~3e8 + 3eY + %7 = - 3¢y

~3e%+3eY +x° =c wherec = - 3c4

This is the general solution.
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For the following differential equation find the particular solution satisfying the
given condition:
3eXtany dx + (1 +eX)sec?ydy =0, whenx=0,y=Tr.

SOLUTION

3e¥tany dx + (1 + ) sec? ydy = 0, whenx = 0,y = 1.

3e* dx + sec’y

dy =0
1+ e* tany

Integrating both sides, we get

e* sec?
3] dx—l—f yd}f = C1
1+ e® tany

Each of these integrals is of the type

fr(x)
[@ = logl|f(z)| + ¢

~. the general solution is




3log |1 + €¥ + log |tan y| = log ¢, where ¢4 =log ¢

~log|(1+ e *tany| = log c
~(1+e%tany=c

Whenx =0, y = m, we have

(1 + :3~C'}3 tanm=rc
nc=0
». the particular solution is (1 + €¥)> tany = 0

Exercise 6.3 | Q 3.2 | Page 201
For the following differential equation find the particular solution satisfying the
given condition:

(x —yzx)dx — (}r—l- xgy)d}r = 0,whenx=2,y=0
SOLUTION

(:{ — ygx)dx — (3? + X?F}d}f =0,whenx=2,y=0

o 2x 2y
T 14x2 1+y?

Integrating both sides, we get

2 —2
f x dx—l—/ yd}?zcl
1+ x2 1—y?

Each of these integrals is of the type




f1(x)
f ) dx = log|f(x)| + ¢

- the general solution is

log |1 + x%| + log |1 - y?| = log ¢, where cq=logc
~log |(1 +x3)(1-y%)| =log c

A1 +x)1-yd) =c

When x = 2,y = 0, we have

(1+4)(1-0)=c

nc=5

.. the particular solution is (1 + x2)(1 - yz} = 5.

Exercise 6.3 | Q 3.3 | Page 201

For the following differential equation find the particular solution satisfying the
given condition:

dx
y(1 —I—]ogx)d— —xlogx =0,y =e®, whenx = e
¥

SOLUTION

dx
y(1+ lﬂgx}g —xlogx =10

141
At loexy, by
X log x N

0

Integrating both sides, we get

1+1 d
ﬁfjjgh_iz

1 .f1)
x log x y

Putxlogx=1t



Then {x : %(log x) + (logx) - %(x)] dx = dt

g [E + (lc:-gx)(l)] dx = dt

f l+lﬂgxdx ] = log|t| = log|xlog x|

x logx

- from (1), the general solution is

log |x log x| - log |y|] = log ¢, where ¢q = log ¢

x log x
= log =logc
x log x
: —c
¥
soxlogx = cy

This is the general solution.

Now, y = e, whenx = e

~eloge=ce?
1=ce
1
= —
e

1
- the particular solution is x log x = (—) y
e

-y = exlog x.

Exercise 6.3 | Q 3.4 | Page 201
For the following differential equation find the particular solution satisfying the

given condition:

d
(e¥ +1)cosx + e:'rs,i]:l:w:d—"jr = 0, whenx = g,y =0
X



SOLUTION
dy
ey +1)cosx+e¥sinx— =10
( ) ]

COSX e¥
: dx +

sin x ey +1

dy =0
Integrating both sides, we get

COS X ey
dx + dv = ¢
[ sinx [ef—i—l Y !

d d
Now, E(sinx} = COS X, E(ef +1)=e"and

f—ff(x}d — log [f63)] +
f(}::} x =109 | {X]| C

- from (1), the general solution is
= log |sin x| + log |e¥ + 1] = log ¢, where ¢; = log ¢
~sinx- (e +1)=c

When x = E,y = 0, we get

(Sizﬂ)[e%r 1) —c

.'.c:%(l—l-l):\/i

. the particular solution is sin x-(e¥ + 1) = v/2

Exercise 6.3 | Q 3.5 | Page 201
For the following differential equation find the particular solution satisfying the
given condition:

d
(x+ I)Ejr —1=2e ¥,y =0 whenx=1



dy
)= —1=2e"7
(x+ }dx e

. dy 2 B B
..(X+1)E—§+1—(2+e Y)

et 1

dy =

G — dx
24+ e x+1

Integrating both sides, we get

ef 1
/‘7dy= dx
24+ e7Y x+1

~log|2+e¥]=logx+ 1]+ logc

~log |2 +e¥] =loglc(x+ 1)
L2+el=cx+1)

This is the general solution.
Now, y = 0, when x = 1

n2+el=c(1+1)

L3 =2c
3
L C= —
2

d
oo —(24+e')=e" and
dy

. L 3
~. the particular solution is 2 + e¥ = E(x—l— 1)

S22+ )= 3(x+ 1)

Exercise 6.3 | Q 3.6 | Page 201

f1(y)

f(y)

dy = loglf(y)| + ¢

For the following differential equation find the particular solution satisfying the

given condition:

. i
cos(—y) =a,ac R,y(0) =2
dx



- dy = (cos™! a) dx

Integrating both sides, we get

fdj,r = (cos_l a) [dx

~y=(cosTa)x+c

.-.y:xcos'1a+c

This is a general solution.

Now, y(0) = 2,ie.y =2, whenx =0
n2=0+c

LCc=2

.. the particular solution is

1

y =XcCos 'a+2

.-.y—Z:xcos'1a

¥y —2 1
: —cos a
X

-2
CDS(L) = a.
X

Exercise 6.3 | Q 4.1 | Page 201

Reducethe following differential equation to the variable separable form and
hence solve:

d

v cos(x +y)

dx




Put:-(+},»':u.Th|e~r11+ﬂ = E
dx dx
_ dy du_l
Cdx dx
du
=~ (1) becomes, = 1=rcosu
du
g E =1+ cosu
" ;du = dx
1+ cosu

Integrating both sides, we get

1
f—du=/dx
1+ cosu
1
.-.f—du=fdx
2(:052(%
—/‘sec2 du=[dx
1 tan

E
2

S =X+c

2

j —

ml;:

hs-ll—'

~tan (("x+y)/2) =x+cC
This is the general solution.

Exercise 6.3 | Q 4.2 | Page 201

Reducethe following differential equation to the variable separable form and
hence solve:

d
S LU



(x-v) G 2
Putx-y=u
X-u=y
g du_dy
dx dx

du
u? —u?— = a2
dx
du
st —at=uwr—
dx
2
u
sodx = ﬁdu
u< —a

Integrating both sides, we get
{u2 — a,z) + a?
fdx = [ NCR du

d
.'.x:fldu—I—a,?f?—uQ-l—Cl
u‘ —a

1 u-a

—1lo +c
2a g11+a !
a X-y-a
X=X-y+ —log|—— | + ¢
Y 2 gIXﬂ?+a !
a X-y-a
n-C1+v= —log| ——
1y 2 gx&y—%a




X-yV-a
n-2cq + 2y = alog Y

X-y+a
X-y-a

~c+2y=alo
/ & X-y+a

, where ¢ = - 2¢;

This is the general solution.

Exercise 6.3 | Q 4.3 | Page 201

Reducethe following differential equation to the variable separable form and
hence solve:

X+ y% = sec(xﬂ + 3?2)

d
X+ }*d—i = sec(}:2 + }*2) (1)

Put x2 + yz =u

oy s dy du
SN+ yd:{_dx
_ dy 1 du
”x+ydx_2.dx
1 du
=~ (1) becomes, 7 dx secu

dx
1

secu

= 2.dx

Integrating both sides, we get
| cosudu=2 [ dx
Lsinu =25+ ¢

2

cosin (X +y2] =2x +cC

This is the general solution.
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Reducethe following differential equation to the variable separable form and
hence solve:

d
cos®(x-2y) =1 — il

dx
SOLUTION

dy
2 ‘ :
-2y)=1—-2— .. 1
cos”(x - 2y) I (1)
dy du
Putx-2y=u.Then1-2— = —
utx - 2y = u. Then Ix o
0 d.u
=~ (1) becomes, cos"u = —
dx
~dx = L du
cos? u

Integrating both sides, we get
[ dx = [ sec?u du

LX=tanu + c

Lx=tan (x-2y) +c

This is the general solution.

Exercise 6.3 | Q 4.5 | Page 201

Reducethe following differential equation to the variable separable form and
hence solve:

(2x -2y +3)dx- (x -y + 1)dy =0, whenx=0,y=1.



(2x-2y + 3)dx - (x-y + T)dy =0
Sx-y+ Ndy = (2x- 2y + 3) dx
dy 2(x-y+3)
Cdx (x-y)+1

Putx—y:u.Thenl—d—yzﬂ
dx dx
4y _,_du
dx dx
du 2u—+3
= (1) becomes, 1 — I = ——
~du 2u+3 u+1—2u—3
"E: a u+1 - u-+1

_du_—u—Z_ u—+ 2
dx u+1 u+1
u-+ 2

" du = - dx
u+1

Integrating both sides, we get

2
f‘” du=—/1dx
u-+1
.-.f(u+2}_ldu=—[1dx
u-+ 2

.-.f(l— u—1|—2)du=_/1dx

~u=loglu+2|=-x+c

ax-y-loglx-y+2|=-x+c

L(2x-y)-logx-y+2|=c



This is the general solution.
Now,y =1, whenx =0
~(0-1)-log|0-1+2|=c
~-1-0=c

ne=-1

. the particular solution is

(2x-y)-log|x-y+2|=-1

n(2x-y)-loglx-y+2|/+1=0

EXERCISE 6.4 [PAGE 203

Exercise 6.4 | @ 1 | Page 203
Solve the following differential equation:

cen(2)is - [ran() - i

X
SOLUTION
xsiﬂ(z)dy= [ysin(z) — }d}:
X X
dy ysin(%] — X
g I AU (1)
X xsm(;)
Puty = vx
d d
d—i ="s.r—|—:-{EWr and % =V

dv VX sinv-X
~ (1) becomes, v + x =

Xsinv

dv  vsin(v — 1)
LX— = - —v
dx sin v




dv vsinv-1l-vsinv —1
X = =
dx sinv sin v

1
~Lsinvdv = ——dx
X

Integrating both sides, we get

1
fsinvdvz —f—-::h:
X
s-cosv=-logx-c
.. COS (E) =logx+c
X

This is the general solution.

Exercise 6.4 | (0 2 | Page 203

Solve the following differential equation:

x° + y9)dx - 2xy dy = 0

SOLUTION

(X2 + y9)dx - 2xy dy = 0

= 2xy dy = (x2 + y2)dx

o dy x? + y? o
Cdx 2xy
Puty = vx

d
d_i = v + xdu/dx

du x? + v2x?
~ (1) becomes, v + x =

dx 2x(vx)
du B 1+ v2
dx  2v

VX



dv 1+ v2 1+ v2—2v?
X = — v =

dx 2v 2v

dv 1—v2
"X —

dx 2v

2v 1
i dv = —dx

1 — v2 X

Integrating both sides, we get

/ dv:/—dx
1 — v2 X
-2 1
—/ v dv= | —dx
1—v2 X

d fr
s -log|1-v¥=logx +logcy .. [ T (1 — VQ) = —2v and / f({;;]

1
1—v?2

- log =logc;x

= log = logc;x

2
1—(%

(%)

X

g = logc;x

o=~ L 3{2 = ¢x, wherec = —

C1

This is the general solution.

dx = log|f(x)| + c]



Exercise 6.4 | 3 | Page 203

Solve the following differential equation:

(L+%?)+mﬁ(y—f)ﬂi=ﬂ}
y / dx

(1 + 26-%) + 2e

i
N
=
|

| 4
R
=&
|
=

a@+%ﬂ+%?1—f — _—o
v dy
dx
dx .
0+2m)——+2ﬁ(1——)=0 (1)
dy y
Put — =nu
y
X = uy
_ dx _ad du

- (1) becomes, (1 + 2e") (u + }r?) +2e"(1—u)=0
y

d
u+ 2ue" + y(1+ 2e“]d—u + 2e" — 2ue" =0
¥y

du
w(u+2e")+y(1+42e")— =0
(u+2e") +y(L+ 26" =

Integrating both sides, we get



1+ 2e
—d du =
f y+ fu+2e“ =

e

s log |yl + log Ju + 2e

i u+ 2e") =1+ 2e" and
d
1

log ¢, where ¢y =log c ......
fr(u)

f) ——du = log|f(u) + ¢

~log ly (u + 2eY)| = log ¢

~ylu+2eY) =c¢
}r(E + 267:) =c
y
X+ Eytﬁ =

This is the general solution.

Exercise 6.4 | O 5 | Page 203

Solve the following differential equation:
(%2 - yA)dx + 2xy dy = 0

SOLUTION

(x2 - y9)dx + 2xy dy = 0

- 2xy dy = (x2 - y9)dx

o dy x> —y? )
Cdx —2xy
puty = vx

dy dv
“ax VTR

dv x2 — vix?

~(Mb LV o+ —
(1) becomes, v + x . ox(vx)




dv 1 —v2

dx —2v
dv 1 —v2 1— v2 4+ 2v2
" x e —_— V —_—
dx —2v -2v
dv 1+ v2
VoK =
dx -2v
—2v 1
dv = —dx
14+ v2 X

Integrating both sides, we get

9
/ ‘rdv_[ B
1+ v2

log|1 +v | = logx +logc,

d frix
o (1Lv2)=2v and [ de{z
dx f(x)
1 1 1
S 10D = 10F C1X
St +
= log | = logcyx
o (5)
bl 1
~log|———— | =logex
g X2+}T2 g 1
2
——— =X
x2 + y2 !
1
-'-x2+y2=—x
C1
1
x> +y2 =cxwherec= —
C1

This is the general solution.

log|f(x)| + ¢



Exercise 6.4 | Q 6 | Page 203

Solve the following differential equation:

d -2
AR A
dx 2x-y
dy x-2y
+ =0 ..(1
dx 2x-y ()
o dy X -2y
Cdx 2X -y
Put y = vx
dy du
— — v+ x—
dx | dx
d —2
=~ (1) becomes, v + x—u = — (u)
dx 2xX - vX
du (l—2v)
SV X— = —
dx 2—v

_ dv_ 1—2v
..xdx— P v

dv. —1+ 2v — 2v + v2

dx 2—v
dv v:—1

dx 2—v
2—v 1
: dv = —dx
v:—1 x



Integrating both sides, we get
2—v 1
[ 5 dv=[—dx
ve—1 X
1 1 2 1
2[ dv——f M dv=f—dx
vi—1 2) v2-1 X

v-1

v+1
[ 4 (v* —1) =2v and f if((j)) dx = log|f(x)| + ¢

1
n2x —lo
2 g

1
‘ — Eln::ghr2 — 1| = log|x| +logc; ..

dx

v-1 1
- lo —log|(v? — 1)?| = loglcx
gv+1‘ g|( ) glcix]
v-1 1
= log . = log|c; x|
v+1 Jy2 -1
v-1 1
. =C1X
v+1 v _1
y
5 1
X = 01X
41 =
-
V-X X ~erx

y+Xx ' /y2 — x2
o= =C»1"*..-’.‘rri}—1‘i2

.}I-l-x

V-X
=Clv}"1'(}’+x]
v+ X

3
LAY -x=caly+x)?
3
Ly-x=cix+7y)

Ly -x=cx+y)?, wherec = ¢}

Ly =clx +y)R X



This is the general solution.

Exercise 6.4 | @ 7 | Page 203

Solve the following differential equation:

d
Xa}r —y—l-xsin(%) =0

SOLUTION

d
x— —y+xsin(£) —0 (1)
X

dx

Puty = vx

ﬁ =1a.r—|—:-:E and L — v
dx dx X

d
- (1) becomes, x(v + xd—v) —vx+xsinv=10
X

g AV .
LVE+HF X — —vx+xsinv=10
dx

gdv .
X — 4+ xsinv=20
dx
1 1
——dv+ —dx =10
sin v X

Integrating, we get

1
.-.fcosecvdv—l—f—dx=-::1
X

~. log|cosec v - cot v| + log|x| = log ¢, where ¢; = log ¢

- log|x(cosec v — cot v)| = logc



~. log|x(cosec v — cot v)| = logc

1 COSV
SoX - — — = C
sinv sinv

SX[(1-cosv)=csinv

x[1- cos(L)] = cain(2)

This is the general solution.

Exercise 6.4 | Q 8 | Page 203

Solve the following differential equation:
(16 Jax+eF (12 ay —o
y

SOLUTION
(1—|—e$)cb:+e? (1— —)d}’:
y
X d_]( X
. (1+e?)—+e?(1—f)d}f= (1)
dy y
Put — =u
y

X = uy

. dx —at du
I ydy

= (1) becomes, (1 4 e") (u + y%) +e"(1—u)=0
y
u i du 1] 1
~u+ue"+y(l+e )d— +e" —ue" =10
y

d
c(ute’)+y(1+ e“)d—; =0



dy 1+ e
u -+ et

y
d 1+ e"
.-./l+f C du=c; .(2)
v u+ et

fr(u)
f(u)

du=20

di(u—i— e") =1+e" and / du = log|f(u)| + ¢
u

. from (2), the general solution is

log |y| + log |u + e"| = log ¢, where ¢ = log ¢

~logly (u+eY)| =logc
~ylu+e)=c
X X
}r(— —I—EJ') = C
y
SOX ye% =c
This is the general solution.

Exercise 6.4 | Q9 | Page 203

Solve the following differential equation:

dy dy
2 2
X' — = Xy—
Y x Y ax
dy dy
2 2_: el
Y 7 dx
dy dy
2 2
X +xXy— =
dx ydx Y
d 2



dx x? + xy
Puty = vx
d N dv
dx dx
dv vix? v2
= (1) becomes, v + X = =
dx x2+x-vx 1+4v
dv v2 vZ—v—v?
X = — v =
dx 1+v 1+v
dv —V
X —
dx 1+v
1 1
g +vd‘v= ——dx
v X

Integrating, we get

Integrating, we get

f1+vdv=—[ldx
v X
[(l—l—l)d‘arz—fldx
v X
1 1
.-.f—dv+f1dv=—f—dx
v X

~log vl +v=-log|x| +c

= log ‘I‘ + ¥ = —log|x| +¢
X X
o y _
~logly|-log x|+ = =-log|x| + ¢
X
2 +logly| =¢
X

This is the general solution.



Exercise 6.4 | O 10 | Page 203

Solve the following differential equation:

d
X},EF =x"+2y°,y(1) =0

dy 9 9
— —x®+2y%,y(1) =0
Fa ¥y, y(1)

~dy x? + 2y?

Tdx Xy 1)

Xy

Put Then ¥ _ 4 x &Y
Ll = VX, en — =%V Xx—
Y dx dx

dv x? 4 2vix? 1+ 2v2

=~ (1) becomes, v + x = =

dx X - VX v
dv 1+ 2v 1+2v: —v2
”de: v VT v
- dv 1+v2
"de: -
P dv=ldx
1+ v2 X

Integrating, we get

1
f v dv=[—-::h:
1+ v2 X
1 2v 1
.-.Efl_l_vﬂdxr:f;dx—l—lngc]

1
Elﬂg|l + v2| = log|x| + log ¢,

lﬂg|1 + v2| = 210g|x2| + 2log ::f

where ¢ = ¢?

lﬂg|1 + v2| = ]u::-g|m«:2

?



R +\.:‘:'-:c:rc'2
2
.-.1—|—F—2=cx2
X
X2+}'2 9
Ly =X
X

~ X2+ }r2 = cx?

This is the general solution.

Now, y(1) = 0, i.e. whenx = 1,y = 0, we get
1+0=c(1)

=1

- the particular solution is x2 + yg — x*

Exercise 6.4 | Q 11 | Page 202
Solve the following differential equation:

xdx + 2y dx =0, whenx =2,y =1

SOLUTION

xdx +2ydx =0

soxdy = -2y dx

1 —2
oo—dy = —dx
y X

Integrating, we get

1 1
f—d}*z —Zf—cb:

y X
~logly]l =-2log x| + log c

~log ly| = - log || + log ¢



L XY = C

This is the general solution.
Whenx =2,y = 1, we get
41) =c

nc=4

.. the particular solution is
)-:Ey = 4,

Exercise 6.4 | Q 12 | Page 203

Solve the following differential equation:

d
x?—}r =:1c2-|—:n£j,r—|—}r2
SOLUTION
dy
2 2 2
X'— =x"+Xxy+
dx Xy ¥y
_ d}'_XE—I-X}r-I—}’E ()
' x 2
Puty = vx
d d
P A v+ x "
dx dx

dv X2+ x-vX+ v2x

~(Mb .V + =
(1) becomes, v Xd:{ 2



dv 93
SVHEX—=14+v+v

dx
dv |42
S — = v
dx
1 1
dv = —dx
1+ v2 X

Integrating, we get

1 1
f dv=/—dx
14 v2 X

~tan-1v =log [x] + ¢

» tan’] (i) = log|x| + ¢
X
This is the general solution.

Exercise 6.4 | O 13 | Page 203

Solve the following differential equation:
(9% + 5Sy) dy + (15x + 11y)dx =0

(9% + S5y) dy + (15x + 11y)dx =0
S (9% + 5y) dy = - (15x + 11y) dx

dy  —(15x+11y) ,
"dx  9x+ 5y -()
Puty = vx
dy dv
SIPE
dv.  —(15x+ 11y)

- (1) becomes, v + x =
) dx 9x + by



N dv. —(15+ 11v)
LVHX =
dx 9+ 5v
dv.  —(15+ 11v) —15 — 11v — 9v — 5v?2
LV X = — vV =
dx 9+ Hv 9 + 5v
L v o5V -20v—15 5V 4 20v+15
o dx 9+ 5v 5v + 9
v+ 9 1
L dv=——dx ..(2)
ove + 20v + 15 X
Integrating, we get
1 ov+9 1
_] dv = —]—dx
5J vi+4v+3 X
Lot awv+9 5v+ 9 A B
v 4 4v+ 3 (v+3)(v+1) v+3 v+1

SOv+9=Av+1)+Blv+3)
Putv+ 3 =0 iev=-3 weqgwr
- 15+ 9 = A(- 2) + B(0)

LB =-2A

~A=3

Putv+1=0ie.v=-1 weget

-5+9=A0) + BQ)

. 4=2B

~B=2

. Bv+9 3 N 2
T v244v+3 v4+3 v41

- (2) becomes,



1 3 2 1
5 v+ 3 v+ 1 X
3 1 2 1 1
—[ dv—I——f dv=—/—u:b:
H v+ 3 D v+1 X

3 2
Elﬂgh’ + 3| + Elﬂghr + 1| = —log|x| + ¢

~3loglv+3]+2log|v+1]=-5logx+ 5cq
log‘(v + 3)3‘ + lc:-g‘(v + 1)2‘ = — lﬂg|:{5| + log c, where 5¢; = log ¢

log‘(v +3)%(v + 1)2‘ = log

C
X2

(43 (v+1)? = %

3 2
(E+3) ($+1) ==
X X x?
S(x+y)’Bx+y)’ =c
This is the general solution.

Exercise 6.4 | Q 14 | Page 203

Solve the following differential equation:
(2 + 3xy + y2)dx - x° dy = 0

SOLUTION

(x2 + 3xy + y2)dx - x2 dy = 0

= x2dy = (x2 + 3xy + y2)dx

_ dy_x2+3xy—|—y2 ()

S dx x2




dv x2 4+ 3x-vx + v°
5 (1) becomes, v + x =

2

dx x2

d
.-.1.r—|—:nc—v=1—|—3‘5.r+1'.r2

X

dv 2 2
— =V 4ov+l=(v+1
Xd_}[ s v (v )
(v+1) X

Integrating, we get

f(v—l— 1)_2-::'[1.?: f%dx

v+ 1)t
L loglx| +
— = log|x| + ¢
v+ 1 & !
L jogx| +
— = log|x| + ¢
l—|—]_ g 1
X
X
— = log|x| + ¢
e glx| + ¢
X
log|x| + = —¢
X+y
X
- log|x| + = ¢, where ¢ = - ¢4
X+y

This is the general solution.



Exercise 6.4 | Q 15 | Page 203

Solve the following differential equation:

(x? + y9)dx - 2xy dy = 0
SOLUTION

(X2 + y9)dx - 2xy dy = 0

= 2xy dy = (%2 + y2)dx

d x2 + y?
. d.‘f _ y )
X 2Xy
Puty = wvx
d
d_i = v + xdu/dz

du x? 4+ v2x?2
- (1) becomes, v + x =

dx 2x(vx)
du 1+ v2
LV X =
dx 2v
dv 1+ v2 1+ v2—2v?
X = — v =
dx 2v 2v
dwv 1—+v2
X =
dx 2v
2v 1
dv = —dx
1—v2 X

Integrating both sides, we get

1—v2 X
-2 1
—f v dv = | —dx
1—v2 X
-log |1 - v?| = log x + log ¢ [ —(l—vz)=—2vand /

dx = log|f(x)| + c]



1
5 lo = logc x
g T 'V? e T
1
log = logc;x
1- (%)
%2
2
X
- log Z 5 =logc;x
X2
}{2 — yg =X
1
; y2 = —X
C1
1
P y2 — ¢cx, where ¢ = —
C1

This is the general solution.

EXERCISE 6.5 [PAGES 206 - 207

Exercise 6.5 | Q 1.01 | Page 206

Solve the following differential equation:

d
T Y 83

dy ¥y 9
— 4+ 2 _x*_3 .1
dx+x X (1)

This is the linear differential equation of the form

d 1
—‘Y—I—P-y=Q,whereP:—andQ:XE—l’-
dx X

o IF. = of Pdx _ of 3dx

_ elﬂgx —




.. the solution of (1) is given by
y(LF.) = [ Q. (LF.)dx + c4

.'.}r-}{:[(:{g—S)de—I-cl

LXY = [(x‘l — 3X)dX + ¢

x? x?2
LXy=— —3-— +¢
¥ 5 5 1
x2 3x2

w— — —— — Xy =c,wherec=-c¢
5 2 y 1

. This is the general solution.

Exercise 6.5 | Q 1.02 | Page 206

Solve the following differential equation:

cos’ x - il +y = tanx
dx

SOLUTION
9 ¥

COos“X-— +v=tanx

dx Y
dy 1 tanx
) + -y =

dx cos?x cos? x
d

&y + sec’ X - y=tanx- sec’ x (1)
dx

This is the linear differential equation of the form

d
&y +P.y=Q, where P = sec’x and Q = tanx - sec’ x

dx

S
R I Edex — E‘rﬁ’ec xdx _ etanx

.. the solution of (1) is given by



y - (LF.) =fQ(I.F.]d}{—I-c
.-.}r-etamz[tanx-secix-emnxdx+c

Puttanx =t

-~ secixdx = dt

.-.}r-etaﬂxzft-etdt+c

d

2, =t[etdt— /[—(t)fetdt] dt + ¢
dt

=t-er’—[l-etdt+c

—t-ef —e +c

=e'(t-1)+c

Ly-e™ X =" X(tanx — 1)+

This is the general solution.

Exercise 6.5 | Q 1.03 | Page 206

Solve the following differential equation:

d
(x + 2}{3) E}r =y
SOLUTION

d
(x = 23?3) E}r =Yy
. EEF 2}?3 1

T (&)



y dy

d 1

2 x—2? )
dx vy

This is the linear differential equation of the form

dx 1
— +P-x=Q whereP = —= and Q= 2y?
dy y

- LF = ede:'r — e.f—;d,‘f

. the solution of (1) is given by

-x-(LF.) [Q(I.F.)d}r te

1 1
.'.x(—) — f23r2 x —dy +c¢
y y

X
.-.—=2f3rdx—l—c
y
2
st 2. 4o
v 2
.-.x:y{c+y2]|

This is the general solution.

Exercise 6.5 | Q 1.04 | Page 206

Solve the following differential equation:

dy
— +y-secx =tanx

dx

SOLUTION



dy
— +y-secx = tanx

dx

.-.ﬁ—l-(secx]-y:tanx ..... (1)

X

This is the linear differential equation of the form

d
§+P-y=Q,wherePzgecxandQ:tanx

s LF = edeI = Efsecxdx — elﬂgl[secx—tanx}

—seck + tanx

- the solution of (1) is given by

Y(F) = / Q- (LF.)dx + ¢
Sy (secx +tanx) = [ tan x (sec x + tan x) dx + ¢
- (secx + tanx) y = [ (sec x tan x + tan®x) dx + ¢

{sec:{+tanx}y:]{secxtanx+5ec2x—1)dx+c
S(secx+tanx)y =secx +tanx-x+c
Ly(secx+tanx) =secx +tanx-x+ ¢

This is the general solution.

Exercise 6.5 | Q 1.05 | Page 206

Solve the following differential equation:

d}' 9
— +2y=x"-1
X v=x" -logx



d

XE'Y +2y =x%-logx
d 2

c F—l—( )-y=x-]0gx (1)
dx X

This is the linear differential equation of the form

d 2
—y—|—P-y=Q,whereP=— and Q =x-logx
dx X

L IF = efPax o xdx _ g2[dx

3
_ E?lﬂgx _ Elngx _ XE

.. the solution of (1) is given by

y- (LF.) = fQ (LF.)dx +c
.'.}r-xzzf(xlogx}-xﬂdx—i—c

.'.Xg-j.f=f][3-]0g][ dx +c

= (log x) [xgdx— [[%(logx)/xgdx]dx—i— c

4 1 4
= (logx) - ——[— XIEL‘{—I—::

=—x *logx — —[ x*dx + ¢

2
SoXS - =—}: 41lo x——
y 1 g

x*
4 4
4 2
5 x logx x
XSy = — +c
T4 16

This is the general solution.

+c




Exercise 6.5 | Q 1.06 | Page 206

Solve the following differential equation:

d
(x+y) o> =1
dx

dy
— 1
(X+3’)dx
-dx—x—l-
'd_*,r y
dx
S
dy y
dx
jp— —1lx = 1
d}r+( JX=y (1)

This is the linear differential equation of the form
dx

— +P-x=Q,whereP=-1andQ-=y

dy

2R zelPW —of 71y _ oy

.. the solution of (1) is given by

x.(L.F.) = /Q -(LF.)dy + ¢
LX-e ¥ = [y-e‘ydy+c

e ¥.x=y [e_:”d_}r — f[% (¥) fe"‘rdy] dy +c

e ¥ E_Fd
—y-— — | 1-—dv+c¢
¥ 1 / 1 y

= —ye ¥ + [e_f'rd}r—l—c



e_:’r-x=—ye_:’r—|—e_—_:+::
e V.x+ye Y +e ¥ =c
ce¥(x+y+1)=c
ax+y+1=ce

This is the general solution.

Exercise 6.5 | Q 1.07 | Page 206

Solve the following differential equation:

dy 5
+a)— — 3y = +
(x+a) L — 3y — (x+a)

SOLUTION

(x—l—a}d—y—3y=[x—|— a)’

dx
’ gi " (le—ga )}I a0
This is the linear differential equation of the form
‘?l—ii +P-y=0Q, whereP = x_—l—ga, and Q = (x + a)*

“LF = edex _ ijfadx _ E—Elfxl}adx

2
_ 9_3 log|x +a] __ elog{x + a)

1

—(x+a) = —
=(x+a) (:{—I—a)g

.. the solution of (1) is given by



v (LF.) — fQ (LF.)dx +

1 1
ny-————= [ (x+a) ———dx+c
9 3
(x +a) (x + a)
{Ty)g Z/(X‘I‘ﬂ-)d}[‘l‘c
X+ a
_ y —X—I_aﬂ—l—c
B {x—l—a}3 2

s2y = (x4 a}5 +2c(x+ 5}3
This is the general solution.

Exercise 6.5 | Q 1.08 | Page 206

Solve the following differential equation:
dr + (2rcot 6 + sin28)d6 =0

SOLUTION

dr + (2rcot 8 + sin 28) d8 = 0

d
d—; + (2rcot + sin20) = 0
&L 2cot)r— —sin20 (1)
AT cotf)r = —sin28 ..
This is the linear differential equation of the form
dr

E—I-P'1‘=Q,Wher{?P=2CGT85HdQ2-Siﬁ28

“|F. = Efl:' dé __ efecatﬂdg

_ e?fcc:t 8de __ e?lﬂgsmﬂ

L2
_ elug[bm 8 _ 5'1]12 0



.. the solution of (1) is given by
r-(LF.) = f-(I.F.}dEr' +c
~r-sin’f = f— sin 260 - sin® 6d@ + ¢

~T-sinf = /—251]19::059 .sin #df + ¢

~T-sin?f = —2/sin3£'c059d9—l—c
PutsinB =t

- cos B dB = dt

. T-sin’f = —2[t3dt—|—c

4
. 9
~Tr-sin“f=-2-— +¢c
4

.'.r-sinﬂffi:—isindﬂ—l—c
< 4
sin~#@
~T-sin?@ + 5 =

This is the general solution.

Exercise 6.5 | Q 1.09 | Page 206

Solve the following differential equation:

ydx+ (x-y9)dy =0



ydx+ (x-y9)dy=0

~ydx = - (x - y?) dy
o dx (K‘.‘f?)

This is the linear differential equation of the form

dx

1
— +P-x=0Q whereP=—andQ-=y
dy y

IF = ol Pdy _ ofydy _ Jlogy _ y

. the solution of (1) is given by

x- (LF.) — /Q (LF.)dy + ¢

.xy=/y-3rd3r+-::1
.K}T=/}*2d}T+C1
3
.X}T=%+C1
v
Y = xy + ¢, where c = -¢4

This is the general solution.

Exercise 6.5 | Q 1.1 | Page 207

Solve the following differential equation:

(1 — 12)% + 2xy = x(l — 12)%



(1_:{2)3_? + 2xy =x(1—xﬂ)%
X

dy ( 2x ) X
S A y=— ——
dx 1—x2 (1-x2)7

This is the linear differential equation of the form

d 2
—y+P-y=Q,whereP= :.[galndQ:L1
dx 1 —x (1—x2)2

.. the solution of (1) is given by

y- (LF.) = fQ (LF.)dx + ¢

1 f X 1 q
LY = : X + C
Y 1 — x? (1_}:}% 1 —x?

.L_/%dﬁc

(1-x2) 1—XE)%
Put1-x% =t

xdxz—%

1—‘1}(}.:2 _fi* _—dt—i_c




1 x? —

1
Y _ +c

1 x2 (1_}(2)31

ty=vV1-x2+c(l—x)
This is the general solution.

Exercise 6.5 | Q 1.11 | Page 207

Solve the following differential equation:

(1+x%) '?l—‘i +y =elal X

(1+xﬂ)d—y 4y = efan 'x

dx
. dy . 1 B elan 'x -
ax 1+ Y 14w 7
This is the linear differential equation of the form
dy 1 atan 'x
— +P-y=0Q,whereP = and Q =
dx y=Q 1+ x? 1+ x2

1
CLF zefPix _ of oadx

1
_ etan X

.. the solution of (1) is given by

y-(LF.) = [Q (LF.)dx +c

. etanlx )
L y-edt x=f1+ g-et‘m *dx + ¢
X




tan 'x tan 'x el X
Ly e = (e ) 22 dx+c

Pute®® * — ¢

otan 1x
g dx = dt
14 x2
.'.y-etaﬂ]x=ftdt—|—c
; t2
tan 'x
Ly-e = —+c
Y 2
.'.}r.etaﬂ ’x=% (etan 11)2+C
1 tan1x —tan 'x
LYy = —e + ce

This is the general solution.

Exercise 6.5 | Q 2| Page 207

Find the equation of the curve which passes through the origin and has the slope x + 3y
- 1 at any point(x, y) on it.

SOLUTION

Let A (%, y) be the point on the curve y = f(x).

d
Then slope of the tangent to the curve at point A is —}r.

According to the given condition,



This is the linear differential equation of the form

d
Ey—ku:Q,whereP:—BandQ:xW

~LF = edex _ Ef—i}dx _ e—:]x

.. the solution of (1) is given by

WHFJ=[Q{MU@+E

= f(:{— 1)-e ¥dx +c

S e X, vy =(x- lf f[ (x-1) [e_gxdx]dx—i—cl
[1 e X, L dJ(—l-Cl

1 1
ey = _E(X_ 1) - + 3 ]e_gxdx+ﬂ1

M

Le Ty =(x-1)-

1 1 e %

_3}[ —EK

e cv=——(x-1)e + — +c

¥ 3( ) 3 —3 1
1 1

ey = _E(X_ e ™ — —e ¥ 4 ¢

~ 9y =-3(x-1)-1+9c -e~x
2Oy +3x-1)+1=9c -eF
9y +3x-3+1=0c - e
3(x+3y) =2 +9c; - %
L3x+3y)=2+c- e where ¢ = 9¢ ...(2)
This is the general equation of the curve.

But the required curve is passing through the origin (0, 0).



.. by putting x = 0 and y= 0 in (2), we get
D0=2+c

LCc=-2

. from (2), the equation of the required curve is
3(x + 3y) = 2 - 2%

ie. 3(x + 3y) = 2(1 - ).

Exercise 6.5 | Q 3 | Page 207

3
Find the equation of the curve passing through the point (7, v@) having a slope of the tangent to the curve at
2

, . 4x
any point (x, y) is -—.
9y

SOLUTION

Let A(x, y) be the point on the curve y = f(x).
Then the slope of the tangent to the curve at point A is —y.

According to the given condition

dy 4
dx 9y

4
.-.ydy:—ax dx

Integrating both sides, we get

2 Oy% = - 4% + 18¢4



~ 4%% + 9y? = ¢, where ¢ = 18¢;  ....(1)
This is the general equation of the curve.

3
But the required curve is passing through the point (7, \/E) .

3
- by puttingx = — andy = V2in (1), we get
V2

3 \? 2
-'-l(ﬁ) —I—Q(\/E) =cC
~18+18=¢c
soc=36

- from (1), the equation of the required curve is Ax% + 93»*2 = 36.

Exercise 6.5 | Q 4 | Page 207
The curve passes through the point (0, 2). The sum of the coordinates of any pointon
the curve exceeds the slope of the tangentto the curve at any pointby 5. Findthe

equation of the curve.

SOLUTION

Let A(x, y) be any point on the curve.
Then slope of the tangent to the curve at point A is E}r

According to the given condition

dy
- 15
X+y +
dy
n— —y=x-5 _(1
x YX (1)

This is the linear differential equation of the form



d
Ey—FP-y:Q,whereP:WandQ=x—5

S LF = el Pidx — gf ~ldx _ ox
.. the solution of (1) is given by

y-(LF.) = /Q (LF.)dx + ¢

Lyce T = [{}: -5)e *dx+c

Le Y.y = (x—5)[e_xdx—f[%(x— ﬁ}fe"‘dx] dx + ¢

—X —X
ne .y=(x-5)- el —/1- ° _dx+ec

e_x-yz—(x—B]-e_I—I—[e_xdx—l—c

—X

e Ty = —(x— 5)6_1 + ¢ 1

ny=-(x-5-1+ce*

Ly =-x+5-1+cet

Ly=4-x+ce® L(2)

This is the general equation of the curve.

But the required curve is passing through the point (0, 2).
- by puttingx =0,y = 2in (2), we get

2=4-0+c

LC=-2



- from (2), the equation of the required curve is

y =4-x-2e

Exercise 6.5 | Q 5| Page 207

If the slope of the tangentto the curve at each of its point is equal to the sum of

abscissa and the product of the abscissa and ordinate of the point. Also, the curve
passes through the point (0, 1). Find the equation of the curve.

Let A (%, y) be any point on the curve y = f(x).
Then the slope of the tangent to the curve at point A is EF

According to the given condition

dy
" = +
X + Xy

dy
L XY =X 1

ax YT (1)
This is the linear differential equation of the form
dy
— + Py = Q, where P = - dQ-=

y = Q, where X an X

S IF = o Pdx _ f-xdx _ E_KT?

- the solution of (1) is given by

y-(LF.) = [Q (LF.)dx +c

2
= =/x-e_de—|—c

I‘\:lle

Ly-e

=
e 2

=
-y=fx-e_Td:{—|—c



Put —— =t
-x dx = dt
xdx =-dt

x t
e ?.y=—e +c

_x

: =
e T .y=—e 2 +¢

2

~y=-T+ce?
x2
L1 +y=ce? el 2)
This is the general equation of the curve.

But the required curve is passing through the point (0, 1).

. by puttingx =0and y = 1in (2), we get
1T+1=c

=2

.. from (2), the equation of the required curve is

=
2

T+y=2e7,
EXERCISE 6.6 [PAGE 213

Exercise 6.6 | Q 1| Page 213

In a certain culture of bacteria, the rate of increase is proportional to the number
present. If itis found thatthe numberdoublesin 4 hours, find the number of times the
bacteria are increased in 12 hours.



Let x be the number of bacteria in the culture at time t.

dy

Then the rate of increase is O which is proportional to x.

Cdx

E oC X
dx
- — = kx, where k is a constant
dt
dx
oo — = kdt
X

On integrating, we get

dx
f—=k[ldt—|—ﬂ
X

~logx=kt+c

Initially, i.e. whent =0, let x = xg
wlogxg=kx0+c

- ¢ =log xy

~ log x = kt + log xq
o log x - log xp = kt

lﬂg(xiﬂ) =kt ..[1)

Since the number doubles in 4 hours, i.e. when t = 4,

X = 2X%g

2
lﬂg(ﬂ) = 4k
X



1
k=~ 1log2
1 09

X0

= (1) becomes, ]Dg(i) = & log 2

When t = 12, we get

12
lng(i) = —log2=3log2
X 4

log(i> = log 8
Xo
X

S = 8xg

. number of bacteria will be 8 times the original number in 12 hours.
Exercise 6.6 | Q 2| Page 213

If the population of a country doubles in 60 years; in how many years will it be triple
(treble) underthe assumption that the rate of increase is proportional to the number of

inhabitants?
(Given log = 20.6912, log 3 = 1.0986)

SOLUTION

Let P be the population attime tyears. Then dP/dt, the rate of increase of population is
proportional to P.



dP

LJ— P
a
dP
.. — = kP, where k is a constant
dt
dP
o — = kdt
P
On integrating, we get
dP
? e k fdt— + C
logP=kt+c

Initially, i.e. whent =0, let P = Py
. logPy=kx0+c

.. c=log Py

. log P =kt + log Py

.. log P - log Pg = kt

lﬂg(Piu) =kt ..(1)

Since the population doubles in 60 hours, i.e. when t = 60, P = 2P

2P
~log( =2 ) = 60k
Dg( Py )

1
k= —log?2
60 J

P t
~(Mb .1 — ) = —log?2
(1) becomes Dg( P, ) P 0og

When population becomes triple, i.e. when P = 3P, we get



1 3P, B t |
og P = og 2
0 60

t
mlog3 = — ) log2
. (50 ) .
log 3 1.0986
St =60 = 60
log 2 0.6912

= 60 x 1.5894 = 95.564 = 95.4 years

.. the population becomes triple in 95.4 years (approximately).

Exercise 6.6 | Q 3| Page 213

If a body cools from 80°C to 50°C at room temperature of 25°C in 30 minutes, find the
temperature of the body after 1 hour.

Let 8° C be the temperature of the body at time t minutes. Room temperature is given to
be 25°C.

Then by Newton’s law of cooling, d®/dt the rate of change of temperature, is
proportional to (6 - 25).

i.e.ﬁ x (6 — 25)

dt

de
E = - k(B -25), wherek > 0
do = - kdt

#— 25

On integrating, we get

1
a6 — —k [ dt
fa—za / e

s log (B-25)=-kt+c

Initially, i.e. whent = 0,6 = 80
~log(B80-25)=-kx0+c . c=logh5



- log (0 - 25) = - kt + log 55
~log (0 - 25) - log 55 = - kt

log(g _ 25) — —kt ..(1)

55
Now, whent =30, 0 =50

o0 — 25

1 5
tk=——log =
30 Dg( 11)

# — 25 t 3]
~(Mb 1 — 1 -
(1) becomes Dg( T ) 20 Gg( 11)

When t = 1 hour = 60 minutes, then

L (6-25) 60 (5N (5
6\ s5 ) " 30 ®\11) "%\ 11
~ lo (9_25)—10(5)2
%8\ s B\ 11

6-25 (5\® 25
Cos5  \11/) 121

23 125

-8 — 25 =55 x =
121 11

125 400

s 8 =25+ = = 36.36
11 11

~. B the temperature of the body will be 36.36° C after 1 hour.

Exercise 6.6 | Q 4 | Page 213

The rate of growth of bacteria is proportional to the number present. If initially, there
were 1000 bacteria and the number doublesin 1 hour, find the number of bacteria after

2— hours.
2



[Take V2 = 1.414]
SOLUTION
Let x be the number of bacteria at time t.

dx
Then the rate of increase is X which is proportional to x.

_ dx
S X X
dx
- — = kx, where k is a constant
dt
dx
o — =k dt
X

On integrating, we get

[Tk fatre
X

~logx=kt+c

Initially, i.e. when t = 0, x = 1000

~log 1000 =kx0+c . c=log1000
~log x = ly + log 1000

. log x - log 1000 = kt

X
o (—) _kt (1
J 1000 )
Now, whent=1,x =2 x 1000 = 2000

2000
log| —— ) =k ~k=log2
Dg(mon) o9

. (1) becomes, log'("x"/1000) = t log 2



1 ]
lft=2— = —, then
2 2

X 51 5
| ( )=—1 2 — log(2)*
°9( 7o 5108 0g(2)

( 1;]0) — (2)7 =4V2 = 4 x 1.414 = 5.656

- X = 5.656 x 1000 = 5656

1
- number of bacteria after ZEhDurs = 5656.

Exercise 6.6 | Q 5| Page 213

The rate of disintegration of a radioactive elementat any time t is proportional to its
mass at that time. Find the time during which the original mass of 1.5 gm will
disintegrate into its mass of 0.5 gm.

SOLUTION
Let m be the mass of the radicactive element at time t.

m
Then the rate of disintegration is I which is proportional to m.

dm
— xXm
dt
d
am = - km, where k > 0
dt
d
S8 et
m

On integrating, we get

1
—dm=—k/dt—|—c

m
~logm=-kt+c

Initially, i.e. whent =0, m = 1.5



1
—dmz—kfdt—i-c

m
~logm=-kt+c

Initially, i.e. whent =0, m = 1.5

~log(1.5)=-kx0+c .'.C:|Dg(§)

3
~logm = -kt + log (E)

3
s logm-log— = -kt
g 92

2m
Sloe| L2 ) = -kt
”g(3)

1
When m =05 = E,then

2x 5 o
log 3 = —kt
1
o] — | =-kt
(5)

~ log(3)™" = - kt
.. -log 3 = -kt
1= 11 3
S og

.. the original mass will disintegrate to 0.5 gm when t = Elﬂg?.

Exercise 6.6 | Q 6 | Page 213

The rate of decay of certain substancesis directly proportional to the amountpresent at
that instant. Initially, there is 25 gm of certain substance and two hours later it is found

that 9 gm are left. Find the amountleft after one more hour.



Let x gm be the amount of the substance left at time t.

Then the rate of decay is T which is proportional to x.

dx
SL— X X

dt
dx

= - kx, where k > 0

1
so—dx = - kdt

X

On integrating, we get

1
[—dx=—k[dt+c
X

wlogx=-kt+c

Initially i.e. whent =0, x = 25
~log25=-kx0+c . c=log25
- logx = -kt + log 25

~logx-log 25 =-kt
X

|og(ﬁ) — kt ..(1)

Now, whent=2,x=9

9
=1 — | = -2k
o( 35 )
2
3 3
w2k =log( =) =2log( =
05(5) Dg(ﬁ)
3
k= - —
o)



X 3
< (1)b log(—-) = tlog( =
(1) becomes, log o5 Dg( 5)

When t = 3, then

x 3 3\’
log(ﬁ) = 310g(g) = log(g)

X 27 = 27

25 125 B 5
27

. the amount left after 3 hours = = gm.

Exercise 6.6 | Q 7 | Page 213

Find the population of a city at any time t, given that the rate of increase of population is
proportional to the population at thatinstantand that in a period of 40 years, the
population increased from 30,000 to 40,000.

SOLUTION
Let P be the population of the city at time t.

Then T the rate of increase of population, is proportional to P.

dP

. — x P
a
dP
- —— = kP, where k is a constant.
dt
dP
so— =k dt
P

On integrating, we get

1
deP=k/dt+c

~logP=kt+c
Initially, i.e. when t = 0, P = 30000
-~ 1log 30000 =kx0+c . ¢ = log 30000



- log P = kt + log 30000
- log P - log 30000 = kt

p
-1 —kt
o8 ( 30000 ) "

Now, when t = 40, P = 40000

40000
log( ) =k x 40
30000

1 4
k=—1 —
40 Dg( 3 )
P t 4 4\ @
. (1) becomes, ]Dg(E’-OUUD ) = E]Dg(g) = log(g)
L

P 4 a0
" 30000 (E)

&
a0
- P = 30000 (E)
3

4
.. the population of the city at time t = 30000 (E)

L
40

Exercise 6.6 | Q 8| Page 213

A body cools according to Newton’s law from 100° C to 60° C in 20 minutes. The
temperature of the surrounding being 20° C. How long will it take to cool down to 30° C?

SOLUTION

Let 8°C be the temperature of the body at time t. The temperature of the surrounding is
given to be 20° C.

According to Newton’s law of cooling



de

— ox 6 —20
dt
4o _ —k(6 — 20), wherek > 0
dt
dé
= —kdt
g — 20

On integrating, we get

1
a0 = —k [ dt
f&—m] / e

~log(B-20)=-kt+c

Initially, i.e. whent =0,0 = 100

~log (100-20)=-kx0+c .. c=log80
- log (0 - 20) = - kt + log &0

- log (8 - 20) - log 80 = - kt

105( f ;020) — —kt ..(1)

Now, whent = 20, 8 = 60

60 — 20
lﬂg( ) = —k x 20
80

40
~log( — ) = —20k
”g(sn)
1 1
s des g =
20 Dg(z)

8 — 20 t 1
~ (N b 2l = ] s
(1) becomes Ug( =0 ) n::-g(

When 6 = 30, then



L (30-20\ (1
6\ 780 ) 20 %B\>3

t
1 1™

“log =) =log( =
Dg(s) Dg(z)

fW— =3
20
. the body will cool down to 30° C in 60 minutes, i.e.in 1 hour.

Exercise 6.6 | Q 9| Page 213

A right circularcone has height9 cm and radius of the base 5 cm. It is inverted and
water is pouredintoit. If at any instantthe water level rises at the rate of (11/A) cm/sec,
where A is the area of the water surface A at that instant, show thatthe vessel will be

fullin 75 seconds.

SOLUTION

. 3

Let r be theradius of the water surface and h be the height of the water at time t.

- area of the water surface A = 1rr2 sg cm.

Since the heightof the rightcircular cone is 9 cm and radius of the base is 5 cm.



2
5
. area of water surface, ie. A = 11 (Eh)

257h?
A=

81 ~{1)

dh
The water level, i.e. the rate of change of h is — rises at the rate of (1) cm/sec.

dh T T % 81

— = — = ..[By (1
%A gz By
~dh 81
~dt 95K2

81
~ h%dh = —dt

25

On integrating, we get

81
[h%h:Edec

h® 81 .
8 L.
3 25

Initially, i.e. whent=0,h =0

~0=0+c nc=0
h® 81
S— = —1
3 25
When the vessel will be full, h = 9
2
9 21
( ) = % 1
3 25
81 9 x 25
t= =Th
3 x 81

Hence, the vessel will be full in 75 seconds.



Exercise 6.6 | Q 10 | Page 213

Assume that a spherical raindrop evaporates at a rate proportional to its surface area. If
its radius originallyis 3mm and 1 hour later has been reduced to 2 mm, find an

expression for the radius of the raindrop at any time t.

SOLUTION

Let r be theradius, V be the volume and S be the surface area of the spherical raindrop
at time t.

4
ThenV = EME and S = 4mr?

The rate at which the raindrop evaporates is dV/dt which is proportional to the surface
area.

dVv
dt

ﬂ = - kS, wherek >0 ..(1)
dt

Now, V = E:rrr3 and S = 4mr?

C—_— = — r"— =4dar—
it 3 dt O dt
=~ (1) becomes 4m2ﬂ = —k(f:hrrﬂ)
‘ dt

d
Sy

dt
sodr=-kdt

On integrating, we get

/dr=—k/dt—|—c

Lr=-kt+c

Initially, i.e. whent=0,r =3



~3=-kx0+c ~c=3
r=-kt+3

Whent=1,r=2

n2=-kx1+3
k=1
“r=-1t+ 3

~r=3-twhere0<t<3.

This is the required expression for the radius of the raindrop at any time t.
Exercise 6.6 | Q 11 | Page 213
The rate of growth of the population of a city at any time tis proportional to the size of

the population. For a certain city, itis found thatthe constant of proportionality is 0.04.
Find the population of the city after 25 years, if the initial population is 10,000. [Take e =

2.7182]

Let P be the population of the city at time t.

Then the rate of growth of population is T which is proportional to P.

dP

. —x P
at >
dP
. — = kP, where k = 0.04
dt
dP
. — = (0.04)P
m (0.04)

. Lap — (0.04)at
P

On integrating, we get

f%dP _ (0,04)fdt+c



- log P = (0.04)t +c

Initially, i.e,, whent = 0, P = 10000
. log 10000 = (0.04) x 0 + ¢

.. ¢ = log 10000

- log P = (0.04) t + log 10000

. log P - log 10000 = (0.04) t

|Dg( P ):(0.04)1;

10000
When t = 25, then

P
| — (0.04) x 25 =1
9 (10000) (0-04)

log ( lﬁﬁﬂﬂ) =loge ..[vloge=1]
P
10000
- P =27182 x 10000 = 27182

=e = 2.T182

.. the population of the city after 25 years will be 27,182,
Exercise 6.6 | Q 12 | Page 213

Radium decomposes at the rate proportional to the amountpresent at any time. If p
percent of the amountdisappears in one year, whatpercent of the amount of radium will
be left after 2 years?

SOLUTION

Let x be the amount of the radium at time t.

Then the rate of decomposition is T which is proportional to x.



o0 X

dx
dt
dx
oo — = - kx, wherek > 0
dt
1
so—dx =-kdt

X

On integrating, we get

1
[—dx=—k[dt
X

slogx=-kt+c

Let the original amount be xg, i.e. x = xg, when t = 0.
~logxg=-kx0+c . c=logxg
- log x = - kt + log xq

- log x - logxg = -kt

1.:.g(£) -kt (1)
X

But p% of the amount disappears in one year,

.-.‘n.-'urher"nt:1,>'::><|:1—pE’fé:{::fl-(,:},i.e-.::c:)-(,:}—ﬂ

100
Xy
X0 — Ton
~. log — ) - kx1
Xq

P 100 —p
. I( = —]_ (1 — —) — —]_ - =
5" 7 100 Dg( 100 )

100 —
. (1) becomes, ]Dg(i) = tlﬂg(—P)
Xp 100



When t = 2, then
2
X 100 — 100 —
log| — | = 2log b log P
X 100 100
x  (100-p)\°
T xp 100
100 — p 2 (1 P )2
o _— Nn = - =
100 0 100/ *°

100 x (1 — 2-)’x
- % left after 2 years =

+—100(1 - I%ﬂ)z — |10(1- Fﬁg)r

2
- (m - £)
10

p

2
Hence, = (11] — E) % of the amount will be left after 2 years.

MISCELLANEOUS EXERCISE 6 [PAGES 214 - 216

Miscellaneous exercise 6 | ( 1.01 | Page 214

Choose the correct option from the given alternatives:

2
The order and degree of the differential equation \/l + (ﬁ) = (—

dx
2, 1

1,2
3,2
2,3

SOLUTION
2,3

dgy

dx?

2
2
) are respectively.



Miscellaneous exercise 6 | Q 1.02 | Page 214

Choose the correct option from the given alternatives:

c
The differential equation of y = A4+ —is
X

4 d}' ’ d}’
Nax )  Tax Y
d’y  _dy
— +x—=+y=0

dy 2 dy
3 _— _— =
X(dx) —I—:{dx N
d’y dy

— 2 4+ < _y—0
dx?+dx Y

SOLUTION

Y RN
dx dx

Miscellaneous exercise & | Q 1.03 | Page 215

Choose the correct option from the given alternatives:

x? + y? = a® is a solution of
d’y d
dx? dx




dy dy \*
=y 1 -
y wa\/ (%)

Hint:
d
>':2+'_s,r2:a'2 2x+2y—y={l
dx
_ d_‘,r X
y

d}f
— 1
. X —I—a\/ + -::1:{

X x2 x2 a
=x( )+a 1+—2=———|—a,><—
y y y y

Miscellaneous exercise 6 | Q 1.04 | Page 215

Choosethe correct option from the given alternatives:
The differential equation of all circles having their centres on the liney = 5 and touching

the X-axis is
y2(1+%) — 25
v 2
(;;-5)2[1+ ({:’) ] =25
dx
d 2
1+ (Ey) ] — 25
d 2
@-5)2[1— (Ey) ] — 25

(y-5)° +




SOLUTION

(y-5)°

dy 2
+(=) | =25
()]
Hint: Equation of the circle is

x-h2+(y-52=5 ..(1)

2m-m+2@-mg£
 (x-h)2 = (y - 5 (d—y)

2 _ ¥
L 25-(y-52=(y- 57 (d—) [By (1)]

2
dy
1+ (=) | =25
(dx)] ’

Miscellaneous exercise & | Q 1.05 | Page 215

=0

- [y - 5)?

Choose the correct option from the given alternatives:

d
The differential equation yay + x = 0 represents family of
circles
parabolas
ellipses

hyperbolas
SOLUTION

circles

Hint:

d
yi—k}i:lﬁ .-.[}rd}*—l—fxdx:c



2

2
2 2

- x> + y* = 2c which is a circle.
Miscellaneous exercise 6 | Q 1.06 | Page 215

Choose the correct option from the given alternatives:

1 d
The solution of — - & _ tan ' xis
X
x2tan ! x
— +c=10
2
xtan 'x+c=0
::{—tar'n'1 N=C
x2tan 1 x 1( - )+
=— — —(x—tan "X c
y 2 2
SOLUTION
x*tan 'x 1 1
}r:—2 —E{:{—taﬂ X)+C

Miscellaneous exercise 6 | Q 1.07 | Page 215

Choose the correct option from the given alternatives:

d
The solution of (x + y}zi =1is

x:tan'1{x+y}+c

X
y”[;:m'1 (—) =cC
y

y:tan'1(x+y}+c

y+tan'1[x+y]++:



y:tan'1{x+y}+c

Hint:
d
2 Ay
B
(x+y) I
dy du
Put —u nlb =L = —
utx+y=u I T
d
.-.uﬂ(—“—1)=1
dx
du
9 )
— —u?41
udx u

.-.fuzuj_ldu=fdx
f (uu—lg__il_]l_ldu=fdx
.-.f(]—%)duzfdx

1

~u-fan 'u=x+c
.-.:;f;+5r—1cr:1r~.'1 x+y)l=x+c
LY = tan”! (x+y) +c
Miscellaneous exercise 6 | Q 1.08 | Page 215

Choose the correct option from the given alternatives:

dy B y + /x2 — y?2 .
X

sin " (l) = 2loglx| + ¢
X

The solution of

5i11_l(£) = log|x| + ¢
b'e



dx X
Put v _
uty = vx S —— =V 4 x—
Y dx dx
d P
vitx v _ v+ VxP—vikx vt VI
dx X
d
xizvl—vz

1 1
.-.f—::hr= —dx
VvV1—v2 x
~sinTv=log|x +c

~sinly (1) = log|z| + <.
X

Miscellaneous exercise & |  1.09 | Page 215

Choose the correct option from the given alternatives:

d
The solution of a}r +y =cosx —sinx

ye* = cosx + ¢
ye* + ¥ cosx=c
yeX = eXcosx + ¢

y2e* = e¥ cos x + ¢



ye* = eXcosx + ¢
Hint:

d}r—l— = COSX — sinx
dx Yy

LF. = e/ 1dx — ¢~
- the solution is y - e* = [(cns X —sinx)e® + ¢

~ye* =efcosx+c

Miscellaneous exercise 6| Q 1.1 | Page 216

Choose the correct option from the given alternatives:

d
The integrating factor of linear differential equation :{—y + 2y = x° logxis

SOLUTION

x2

. 2
Hint: |F. = o) ¥dx — g2logx 2



Miscellaneous exercise 6 | Q 1.11 | Page 216

Choose the correct option from the given alternatives:
The solution of the differential equation Ey = secX — ytanx

ysecx+tanx==c
ysecx=tanx + c
secx+tytanx=c

secx=ytanx + c

ysecx=tanx + ¢

Hint:
d

&y secX —ytanx

e + ytanx = secx

i
LE. = ej'tanxd:x _ elﬂgsecx — sec

~. the solution is

y - secx = [secx- sec xdx + ¢

Lysecx=tanx + cC

Miscellaneous exercise 6 | Q 1.12 | Page 216

Choose the correct option from the given alternatives:

d
The particular solution of EF =xe¥ ¥, whenx=y=0is

e~ Y =x+4+1

e Y = x+1
e“ +e¥ =x+1

e T =x-1



eV =x+1

Hint:
d

RaVANON £

—e ¥ = —xe* + +c
y X 1
e ' =—+——c
et  ef

etV =x+41—ce*
When x = y = 0, we get
1=1-c ~c=0

-, particular solution is
etV =x+1

Miscellaneous exercise 6| (0 1.13 | Page 216

Choose the correct option from the given alternatives:

%2 2
— ? = 1 is a solution of
a
2 2
y dy \*
—5 tyx+ (E) =0




and_ﬂ__[ (2] -+

Equations (1), (2) and (3) are consistent

x2 —}*2 1
X —y% 0

d%y d}r) dy
L X ——I—x —y—=— =10
v dx? (cbc Y

Miscellaneous exercise 6 | Q 1.14 | Page 216

Choosethe correct option from the given alternatives:



The decay rate of certain substances is directly proportional to the amount present at
that instant. Initially there are 27 grams of substance and 3 hours later it is found that8
grams left. The amountleft after one more houris

52
— grams
3 g

-1

H— grams
3 g

5.1 grams

5 grams

1

D— grams
3

Miscellaneous exercise 6 | Q 1.15| Page 216

Choosethe correct option from the given alternatives:
If the surrounding airis kept at 20° C and a body cools from 80° C to 70° C in 5 minutes,
the temperature of the body after 15 minutes will be

51.7° C
54.7° C
52.7° C
50.7° C

54.7° C

P wnh P

MISCELLANEOUS EXERCISE 6 [PAGES 216 - 218

Miscellaneous exercise 6 | Q 1.1 | Page 216

Determine the order and degree of the following differential equation:

d’y _dy 5
+ 5 +y=xXx
dx? dx




The given D.E. is

d’y _dy 5
5 —
-::1:-:2 + dx +y=X

2
This D.E. has highest order derivative E}g with power 1.

.. the given D.E. is of order 2 and degree 1.

Miscellaneous exercise 6| Q 1.2 | Page 216

Determine the order and degree of the following differential equation:
2
day s n dy
dx dx

SOLUTION

The given D.E. is

2
d? g d
avy)y _ 1Y
d:{g 'I:b{

dgy 2xh L. y
( dj{g ) N dx
dg};r 10 L y
( d:{z ) B dx
. | o dly
This D.E. has highest order derivative E with power 10,

.. the given D.E. is of order 3 and degree 10.



Miscellaneous exercise 6| Q 1.3 | Page 216

Determine the order and degree of the following differential equation:

2 2
14 () _ 4y
dx dx2

SOLUTION

The given D.E. is

|'
o () Ay
dx ) dx?
On cubing both sides, we get

' ( )2 ( 2 )3
dx dx?
d?

This D.E. has highest order derivative —3; with power 3.
dx

. the given D.E. is of order 2 and degree 3.

Miscellaneous exercise 6 | Q 1.4 | Page 216

Determine the order and degree of the following differential equation:

dy 1 dy .
LA | 145 ——
iy ﬁ\/ﬂ(dx)

The given D.E. is




dy * dy )
| — —3 =1+5
( dx }r) ( dx
. . o dy
This D.E. has highest order derivative I with power 4.

.. the given D.E. is of order 1 and degree 4.
Miscellaneous exercise 6 | O 1.5 | Page 216

Determine the order and degree of the following differential equation:

4
H —|—sm(d}r) =0
dx* dx

SOLUTION

The given D.E. is

d*y N -::ly 0
—— +sin =
dx* dx
| . - dYy
This D.E. has highest order derivative ——.
Cb[i
- order =4

Since this D.E. cannotbe expressed as a polynomial in differential coefficient, the
degree is not defined.

Miscellaneous exercise 6 | Q 2.1 | Page 217

In the following example verify that the given function is a solution of the
differential equation.

xg—l—}r =T x——l—\/l—l— =5y




SOLUTION

+yr=r2 .. (1)
Differentiating both sides w.r.t. x, we get
d
2% + 2y =L — 0
dx
dy
V2y— = —2x
Y dx
_ d_‘,r X

- x2 y —|-X
¥y
2
-5 5 By
x2 r2 —
_= —— —l— _— =
¥ ¥ y
3,2
L —y
Yy
Hence, X% + yz = 12 is a solution of the D.E.



dy dy \°
X— +rq/l+ | — | =

dx \/ ( dx ) Y
Miscellaneous exercise 6 | Q 2.2 | Page 217

In the following example verify that the given function is a solution of the
differential equation.

y = €™ sin bx; % — Eaﬁl—‘i + (32 + bg)y =0
y = €™ sinbx
; ‘f—é - %[e“ sin bx)

d d
e ax W A h + : b P ax
e (sin bx) + sin bx (e™)
d

d
= "™ x cosbx - E[bx] + sin bx - ™" - E(a}c]

= e®cosbx x b+ e*sinbx x a

— e™*(b cos bx + asin bx)

d’ d
and gjg = E[eﬂ[bcos bx + asin bx)]
ax d : I : d ax
— ™. —(bcosbx + asinbx) + (bcosbx + asmbx)-g(e )
. d d y d
= e**|b(—sinbx) - —(bx) + acosbx - —(bx)| + (b cos bx + asin bx) - e** - — (ax)
dx dx dx

= e™[—bsinbx x b+ acosbx x b] + (bcosbx + asinbz) - e™ x a
= ea‘x(—b2 sin bx + ab cos bx + ab cos bx + a’ sin bx)

— g™ [(a,g — bz) sin bx + 2ab cos bx}



-. i‘: —2a ji + (a2 + b?)y

— e™*[(a® — b?)] sinbx + 2abcos bx — 2a - e™(bcos bx + asinbx) + (a’ + b?) - e sinbx
— e**[(a® — b®) sinbx + 2ab cos bx — 2ab cosbx — 2a’sinbx + (a® + b?) sinbx|

= ¢™[(a® — b?) sinbx — (a’ — b?) sinbx|

Miscellaneous exercise 6 | Q 2.3 | Page 217

In the following example verify that the given function is a solution of the
differential equation.

d’ d
2CY xSy —0

d_'}[E

y = 3cos(logx) + 4sin(logx); x 1
X

SOLUTION

y = 3cos(logx) + 4sin(logx) ..(1)

Differentiating both sides w.r.t. x, we get

dy d d .
el EE [cos(log x)| + 43 [sin(log x)]

= 3[— sin(logx)| % (logx) + 4 cos(logx) % (logx)

1 1

— —3sin(logx) x — + 4cos(logx) x —
x X

dy

= —3sin(logx) + 4 cos(log x)

Differentiating again w.r.t. x, we get,

= (3—1) + () = —3-C fsin(log )] + 4 [cos(log )



2
x% + '?l—‘i x 1 = —3cos(logx) - %(logx) + 4[— sin(log x)] - %(log x)

dg}r dy 1 1
X—— + — = —3cos(logx) x — — 4sin(logx) x —
2 g (logx) x — (logx) x —
d’y _dy
2 -
+ = —13 1 + 4 sin(] = — ..[By (1
X5 T xge = ~Beos(logx) + dsinflogx)] =~y .[By (1)
d’y | _dy
2
+ +y=0
x—5 +x y
d? d
Hence, y = 3 cos (log x) + 4 sin (log x) is a solution of the D.E. Xg_}’ +X—y +y=0
dx? dx

Miscellaneous exercise 6 | Q 2.4 | Page 217

In the following example verify that the given function is a solution of the differential equation.
d? d

xyza,ex—i—be_x—l—xg;x—y +25 4 =xy + 2
o dx

SOLUTION

xy — ae* + be ¥ + x?
LXy —x° =ae*+be * _.(1)

Differentiating both sides w.r.t. x, we get

d d
Xay +y- E(X] —2x = ae* + be ™ x (—1)

—X

dy
L X—— 4+ v —2x = ae® — be
dx y

Differentiating again w.r.t. x, we get

x%(%)—l—% d (X]-l—'?l—ii—Q}{l:aex—bE_I{—l)

dx
d2 d d
'x—}r+—yx1+£—2=aex—l—be_x

SX I



d’y _dy )

X —— +2— —2=xy—X ..[By (1
FaC E y [By (1)]
d? d
.-.x—}r —|—2—}r + x° =Xy + 2
dx*  dx
Hence, xy = ae® — be ™ + x2 is a solution of the D.E.
d d
X 'T’T—I—Q y+x2=};}r+2
dx? dx
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In the following example verify that the given function is a solution of the differential equation.

dx
e 23,?2 logy, x> + yz =Xy—
dy

x? =2y’logy  ...(1)

Differentiating both sides w.r.t. y, we get

2x =2 c; (}rg log j;,r)

_ 9 }r?di}r(log}r) + (logy) - %(3’2)]

1
=2 }rgx;+(]0g}r)><2y

dx
L X— =y + 2ylogy
dy

dx
XY — = 3?2 + 23?2 logy

dy
=y? +x%  ..[By (1)]
dx
L x4 yﬂ = Xy —

dy



2 2 dx
X" +y =xy—
dy
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Obtain the differential equation by eliminating the arbitrary constants from the
following equation:

y? = a(b-x)(b + x)
SOLUTION
y> —a(b-x)(b+x) = a,(l::r2 — XE)

Differentiating both sides w.r.t. x, we get

d

2},rd—;}; = a(0 — 2x) = —2ax
d

}ri = —ax ..[1)

Differentiating again w.r.t. x, we get

d /dy dy dy
— = . _ax1
y dx(dx)+dx ax =

d? dy \ 2
5 (8) -

dx? dx

d’y  dy
X}dez +de = —ax

d’y  dy dy

— ..[By (1

X}Idxz—l_xd}[ YV ix [By (1)]

d2 d d
Xy y+x Y ‘Y=D

This is the required D.E.
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Obtain the differential equation by eliminating the arbitrary constants from the
following equation:
y=asin (x+b)
SOLUTION
y =asin (x + b)
dy d
L — =a—|sin(x+ b
— = a—_[sin(x + b)
(x+b) < (x+b)
= acos(x — — (X
dx
—acos(x+b)x(1+0)

=acos(x+ b)

2
and j;; —a d‘i [cos(x + b)]
— al-sin(x + b)) - (x4 b
= a[—sin(x + b)] - = (x +b)
— —asin(x + b) x (1+0)
d%y
P A By (1)]
dx*?
d’y
—=+y=0
dx?

This is the required D.E.
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Obtain the differential equation by eliminating the arbitrary constants from the
following equation:
(y - @)*=b(x +4)

SOLUTION



(y-a®=bx+4) ..(1)

Differentiating both sides w.rt. x, we get

2(y-a) -~ (y-a) = b (x + 4)
2(y-a)- (% —l]) = b(1+0)

2(y - a)— =b

d ~ 2
2(y—a)di - (f; f’i [By (1)

d
Z(X—I-éi)d—i:y—a,

Differentiating again w.r.t. x, we get

dy
4) 4 —~
{(x—l— ( ) (x—l— ]] I
2 (:--:+4)—3'r+—1““;r 1+0)| =W
2 dx dx
d’y _dy dy
2 H—L 192 2 _
(x + )dxg—'_ I dx
d’y dy

This is the required D.E.
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Obtain the differential equation by eliminating the arbitrary constants from the
following equation:

y = x/a cos(log x) + bsin(log x)



y = \/a cos(logx) + bsin(log x)

yz =acos(logx) + bsin(logx) ..(1)

Differentiating both sides w.r.t. x, we get

2}?% = a% [cos(log x)]| + b% [sin(log x|

= a[—sin(logx)] - %(lﬂg x) + bcos(logx) - %(log X)

= —asin(logx) x L + b cos(log x) x L
X X

dy ,
ZX}TE — —asin(log x) + b cos(log x)

Differentiating again w.r.t. x, we get

d [dy dy d
Z{Xﬁ"a(a) +a'a("“f}]
~ —a [sin(log )] + b~ [cos(log )]
= —a——[sin(logx g Lcos(logx

d’y dy [ dy
-~ 92 1
[xydx2+dx(xdx—l—y><)

= —acos(logx) - %(lﬂg x) + b[—sin(logx)] - d;i(log x)

I-- ‘2“:“}'“ [Ildll hzllyll}fﬂdxllﬁz + 2“:{“ {Ildy";“dxll] Jﬂ'lz + ”2},“ ||d}’||‘l‘|’||dxll
1 1
= — 1 — — bsin(l —
a cos(logx) x = sin(log x) x =
d’y dy \’ dy

. 2 2
S 2Xy—5 +2x (—) + 2xy—
— —[acos(logx) + bsin(logx)] = —y° ....[By (1)]



d2 dy \ 2 d
B 2"“2(%) oy 4y

This is the required D.E.
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Obtain the differential equation by eliminating the arbitrary constants from the
following equation:

y = Ae®™! 4 Be 31

SOLUTION

y = Ae®*1 4 Be L (1)

Differentiating twice w.r.t. x, we get

d d d
E}r = AEh+l . E(gj{‘l‘ 1) + BE_EGH_] - a(—Sx + ].)

= Ae™ x (3+1+0)+Be ! x (-3 x 1+ 0)

_ 3191&31_1 o 3Be—3x+1
d’ d d

and —% — 3Ae 1. —(3x+1) — 3Be 1. —(—3x+1)
dx? dx dx

— 3Ae*™ % (3x1+40) —3Be ™ x (-3 x1+0)

_ Q{AEBX+1 + BE—Ex—l)

9y ..[By ()]
2
AV a0 o
dx?

This is the required D.E.
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Form the differential equation of all circles which pass through the origin and whose
centers lie on X-axis.

Let C(h,0) be the center of the circle which passes through the origin. Then the radius
of the circle is h.

- equation of thecircle is (x - h)? + (y - 0)? = h?

s X2-2hx+h+y?=h2

s X2+ h?2=2hx ...(1)
Differentiating both sides w.r.t. x, we get
d
2% + 2y =Y — oh
dx

Substituting the value of 2h in equation (1), we get

d
x* + yg = (2): + Zy—y)x
dx

2 2 2 dy
DXy =2x" 4 2xy—

dy 2 2
L2xy— +x"—y =0
X}r-::]:{ y
This is the required D.E.
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Form the differential equation of all parabolas which have 4b as latus rectum and whose
axis is parallel to the Y-axis.



SOLUTION

Let A(h, k) be the vertex of the parabola which has 4b as a latus rectum and whose axis
is parallel to Y-axis. Then the equation of the parabola is

(X -h)?>=4b(y -k) ... @
where h and k are arbitrary constants.

8]

Differentiating both sides of (1) w.r.t. x, we get
d d
2(x-h)- —(x-h) =4b— (v -k
(x-h) - ——(x-h) = 4b—(y- k)

~2(x-h) x (1—0) = 4b(dl —0)

dx
dy
~(x-h)=2b—
(x - h) .
Differentiating again w.r.t. x, we get
2
1—0-2 LY
dJ'[E
q2
=L _1-0
C]J(E

This is the required D.E.
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Find the differential equation of the ellipse whose major axis is twice its minor axis.

SOLUTION

Let 2a and 2b be lengths of major axis and minor axis of the ellipse.
Then 2a = 2(2b)

~a=2b

~ equation of the ellipse is

}[2

2
y
2 B2
2
i.e. Xg—l—yg:l

(2b) b

X2 }rﬂ
=1
4h®  b?

= %% + 4y? = 4b?

Differentiating w.r.t. x, we get

dy
2x +4 % 2v— =0
x ydx

dy
LX+4dy— =0
y dx
This is the required D.E.
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Form the differential equation of all the lines which are normal to the line3x +2y +7 =
0.



—3 3
Slope of the line 3x -2y + 7 =0is =3

2
~. slope of normal to this line is 3

Then the equation of the normal is
2

y = _EX + k, where k is an arbitrary constant.

Differentiating w.r.t. x, we get

vy __2 140
dx 3
dy
~3—L42=0
dx

This is the required D.E.

Miscellaneous exercise 6 | Q 4.5 | Page 217
Form the differential equation of the hyperbola whose length of transverse and

:{2 FE B
conjugate axes are half of that of the given hyperbola 16 36
SOLUTION
The equation of the hyperbola is
2 2 2 2
X X
* Y ke S A
16 36 16 k 36k
XZ },2
Comparing this equation with — — 5 = L weget
a b

a® = 16k b? = 36k
sa= 4\/1]3 — 6vk

-~ |{transverse axis) = 2a = 8vVk



and I(conjugate axis) = 2b = 12v'k

Let 2A and 2B be the lengths of the transverse and conjugate axes of the required
hyperbola.

Then according to the given condition
2A=a=4vVk and 2B = b = 6Vk
~A=2VkandB = 3vVk

.. equation of the required hyperbola is

- 9x? - 4y? = 36k, where k is an arbitrary constant.

Differentiating w.r.t. x, we get

dy
9 x2x — 4 % 2v— =10
* 'Y-::]x
dy
SO —Adv— =0
}{-:i}(

This is the required D.E.

Miscellaneous exercise 6 | 5.1 | Page 217

Solve the following differential equation:

dy
| ) =2x+3
°g(dx) X+ 3y



d
log (_}F) = 2x+ 3y
dx

Cdy
S dx

_ e?x+3}f _ Ex.eﬁy

e

. 1 2x
Ve Ed}'—e dX

Integrating both sides, we get

fe_gydy = [eﬁ dz
/e_gyd}r = /eﬂxd:{

E—E}f Eﬂx N
: = C

-3 2 7
2E_EF = —.?.eﬂx + ﬁﬂ]_

~2e % 4+ 3% — ¢ wherec = b6y
This is the general solution.
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Solve the following differential equation:

dy 5

— =Xv+
dx yry
dy 9

— =Xy +
dx y+vy
dy

A 2
i }r(x —I—l)



- Ldy = (2 + 1)dx
y

Integrating both sides, we get

[id}f = /(xﬂ +1)dx

3
X
- logly| = 5 +x+c
This is the general solution.
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Solve the following differential equation:

xdy=(x+y+ 1)dx

xdy = (x+vy+ 1) dx
~dy x+y+1 x+1 vy

S dx X X X
d 1 x+1
d—y _Z.y= (1)
X X X

This is the linear differential equation of the form

d 1 x+1
—Y+P}F=Q,whereP:—— and Q =
dx X X
2R zelPax — of 3
_ o logx _ elag[%] _ l

X

- the solution of (1) is given by

g (LF.) — ]Q  (LF.)dx + ¢




1 +1
. fx x—dx—i—c

LY —
X

.Ezf

i

.-.£=f( )dx—l—c
X

.-.£=/ dx—l—f x 2dx +c
X

¥ 10g|x|—|———|—c

X —1

sy=xlogx-1+cx
This is the general solution.
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Solve the following differential equation:

dy 9
— +ycotXx =x"cot Xx + 2x
dx

SOLUTION

ﬁ +vyvcecotx = x’cot X + 2x ...(1)
dx

This is the linear differential equation of the form

d
§+P}F= Q, where P = cot xand Q = x% cot x + 2x
.'.|F_Efpdx j'catxdx

= nelﬂ'g':s'ml x) _ sin X.

- the solution of (1) is given by
g (LF.) — fQ  (LF.)dx + ¢

LY sinx = [(xzcot x+ 2x)sinxdx +c



LY sinx = [(f cotx-sinx + 2xsinx)dx +c

LY sinx = fxgcc:-sxdx—k Z/XSinde—l—c

d
.-.Fsinxzngcosx dx—/[d—(xg)fmsx dx]dx+2[x5inxdx+::
X

— x?(sinx) — /2X(SiﬂX}dJ[+ 2[1 sinx dx+c

=nginx—2]xsiﬂxdx+2fxsiﬂxdx—l—c

2

Lysinx=x"sinx +c

Y= 3{2 + C CosecC X
This is the general solution.
Miscellaneous exercise 6 | Q 5.6 | Page 217

Solve the following differential equation:
logy = (log y? - X) —
ylogy = (log y= - x) dx

dy
logy = (log y° - x) ——
ylogy = (logy*-x) —

I ]Dg}rg—:{
dy ylogy
dx
~dx  2logy-x
dy ylogy
dx B 2 X
dy y ylogy
_ dx X 2

. + == ..M
dy ylogy ¥




This is the linear differential equation of the form

dx
— + Px = Q where P = and Q = —
dy ylogy y

1

IF. = el PO — of iy dy

1/y
_ o mydy _ glogllogy] _ log y

. the solution of (1) is given by

x-(LF.) = fQ -(LF.)dy + ¢

2
.-.x-]c:-g}r=]—-lngydy—|—c
¥

[log}r)-x=2f lﬂg‘?d}r—I—c
Putlogy =t
1
o —dy =dt
y
[log}r]-x=2ftdt+c

2
.-.xlogy:Z-E—l--::

= xlogy = (logy)* + c
This is the general solution.
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Solve the following differential equation:

d
X 8x=he ¥

dy



SOLUTION

dx
d_}i' + 8x = he 3y
dx 51
L 4 2x= —e ¥ (1

This is the linear differential equation of the form

I

dx
— +Px=QwhereP=2and Q = e
dy 4

IF.=elPdy — g2y _ o2

.. the solution of (1) is given by

x-(LF.) = fQ (LF.)dy + ¢

4
D
XEEY—Z e dy + c;
5 e ¥
2y _
xew =—--—+¢
4 -1 7

s Axe? = - 5eV + 4c,

. Axe? + - 5e7Y = ¢, where ¢ = 4¢;

This is the general solution.
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Find the particular solution of the following differential equation:
d

y(1 + log x) = (log x¥) E}r when y(e) = el

SOLUTION



dy
1+1 — (log %) —=
y(1+logz) = (logx )dm

y(1+logx) — l(la:ng:,r:':)ﬁ =0
dx

d
y(1+]c:-g:r:)d—; —zlogz =0

141 d
(ldlogx . dy
x log x N

Integrating both sides, we get

141 d
/ﬂdx— Yo

x log x y
Putxlogx =t
Then [x 4 (logx) + (logx) - i(:m)] dx = dt
dx dx

[E + (lﬂg:{)(l)] dx = dt

1+1 dt
/ﬂﬁz fT = log|t| = log|x log x|

xlogx
- from (1), the general solution is
log |x log x| - log |y| = log ¢, where c; = log ¢

xlog x

= log = logc

- xlogx
y

sxlogx =cy

= C

This is the general solution.

Now, y = €2, whenx = e



~eloge = ce?

1=ce
1
L= —
e
. L 1
. the particular solution is x log x = (—) v
e
oy = exlog x
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Find the particular solution of the following differential equation:

(x+2}r2)%=y,whenx:2,y:1

SOLUTION
dy
x + 2y?) == =
(x+2y7)5- =¥
d x + 2y? X
Y ¥ _ =2 + 2y
dx y
dx 1
o — —-x=2y ..[1)
dy vy
This is the linear differential equation of the form
dx 1
— +Px=QwhereP=——and Q = 2y.
dy y
LIF = el PO _ o3y
_ o lomy _ elﬂg(%) _ 1
¥y

.. the solution of (1) is given by



x-(LF.) = [Q (LF.)dy +c

1 1
LXX —= [ 2y x —dy+c
y y

X
n— =2[1d}r+c
y
X
L— =2y +c
y
.'.;.<:2'_«,.f2+u::3.-r

This is the general solution.

Whenx =2,y =1, we have

2 =2(1)% + (1)

nc=0

~.the particular solution is x = 2y?.

Miscellaneous exercise & | 6.3 | Page 218

Find the particular solution of the following differential equation:

dy _ T
—— — 3y cot x = sin 2x, when y(—) =2
dx 2

N ;
— — 3vcotx = sin 2x
dx y

d
e A (3 cot x)y = sin2x ..(1)
dx
This is the linear differential equation of the form
dx .
T + Px = Q where P = —3 cot xand Q = sin 2x.
¥
IF. = EfP dy _ ef—Emtxdx



. " 3
_ E—EIoga-lnx _ elug{alnx}

1

5'11:13 X

— (sinx) ® =
. the solution of (1) is given by

x- (LF.) — fq (LF.)dy +

1 ) 1
LY X T = sin 2x X — dx +c
sin” X sin 3x

dx + ¢

"y cosec® x = [25111:{ COSX X
sin” x

2

COS X
.'.ycosech:E/ dx +c¢
sin” x

Putsinx =1t ~ocos x dx = dt

1
. 3. —
.y cosec’ x = 2 tﬂdt—l—c

-y cosec® x = 2/ t~2dt + ¢

t—1
},J’CGSECB x=2 [—1] +c

—2
-y cosec® x =

- +c
sin x
Sy cosec® x + 2 cosec X = ¢

This is the general solution.

N (”) 2,ie.y = 2, wh T

ow,y| =) =2 iey=2 whenx = —
2 / 2

3?].'

- 2cosec” — + ZCDEEEE =c
2 2

S2(1P +2(1) =c¢



Lc=4
.. the particular solution is

y cosec® x + 2 cosec x = 4

y{ZOSECEZ{ +2=4sinx
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Find the particular solution of the following differential equation:
X +y)dy+ (x-y)dx=0;whenx=1=y

SOLUTION
(x + y)dy + (x - y)dx =0

~o(x 4+ y)dy = - (x - y)dx

d - X
E N
Puty = vx '.ﬂzv—kxﬁ
dx dx
dv VX — X v-1

- (1) becomes, v+ x = =
dx VX + X v+1

dv v-1 v—1—-vl—v
SX — — VvV =

dx v+1 v+ 1

dv 1+ v2

dx 1+ w

1+v 1
" dv = ——dx

14 v2 X

Integrating both sides, we get

1 1
f +vdv=—f—dx
1+ v? X




1 1
/( +— )dv=—f—dx
1+v2  1++v?2 X

1 1 2 1
f dv-i——] il dVZ—]—dx
1+ v2 2] 1++2 X

1 d
~tan 'v+ E]og‘l -+ vz‘ =-—Jogx4g ... [ e (1 4 VQ) = 2v and
v
1 2
tan 1(£) + —log|1l + i log|x| +c¢
% 2 x2
1 2 4 2
tan—! (z) + —log s 8| PR log|x| + ¢
). 2 x?
1 1 .
b tan (1) + —log x? + y2 = —]0g‘x2| = —log|x| +¢
X 2 2
fokan (1) + log v/x2 + y2 — log|x| = —log|x| + ¢
k
s bam (1) +logyvx2+y2=c
X

This is the general solution.

When x = 1 =y, we have

tan '(1) +logV12 +12=¢

t
ta.n_l( azr) +logx/§ —
™
4

.. the particular solution is
~tan ! (1) +logv/x2+y2 = E +log V2
X
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—I—]Dg\/E

L c=

/

fr(z)
f(x)

dv = log|f(v)| + c]

Find the particular solution of the following differential equation:

(1 + 2exff)dx + 26%/7 (1 - 5) dy = 0 when y(0) = 1

y



(1 + 2e1ff)dx+ 2exfff(1 - f)dy —0
y

(1 + EEx’f:’r)dx = —2e™7 (1 — E)d}r
¥

(1 + 293”)1:11: = 2:3”3'(E — 1) dy

y
Xy (X _
ay 2 (}r 1)

dx 1+ 2ex/¥
Put x = vy
ax v
dy dy

)b N dv = 2e(v-1)
ecomes, v =
y dy 1+ 2e"

dv. = 2e"(v-1)
Y dy  1+2€"
2ve' — 2e" — v — 2ve"

1+ 2e”

__(V—I-Zev)
1+ 26"




Integrating both sides, we get

1+ 2e" 1
f( T e)dvz—f—dy
v+ 2e" v

d fr
~loglv+2e'|=-logy+logc .| —(v+2e") =1+ 2" and / ) dv = log|f(v)| + ¢
dx f(v)

~log v+ 2e'l+logy=logc
~logly (v + 2e¥)| = log c

~ylv+2e¥)=¢

y(f + 2em’) =c
y

nx o+ 2yeMY = ¢

This is the general solution.

Now, y(0) = 1, i.e.whenx =0,y =1
~0+2(Me =¢

nC=2

~. the particular solution is x + 2ye®¥ = 2
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d 2+y+1
y y+y+l

Show that the general solution of differential equationdX X2 +x + 1 is
givenby (x +y+1)=(1-x-Yy - 2xy).



dx x24x+1

d ‘+y+1
y y+y+l

e

1

SR
yv2+y+1

x2+x+1

.ﬁ__(w)
x2+x+1

1
dx

Integrating both sides, we get

1 1
f————ﬂhz—f————dx
y2+y+1 X2 +x+1

1 L |y+3
—t
o [ V3
2 2
2 1 ( 2y +1
——tan
V3 V3
(%)
o 5
‘ —ta,n_l L
V3

3

- (2y+2x+2)V3
2 —2x — 2y — 4xy

(3—4:{:{—2}'—21—1) B 2

= tan (ﬁ cl)
2




X+y+z 1 V3 1 V3
= tan| — ¢; | = ¢, wherec= —tan| — ¢
l—-x—y—2xy V3 2 V'3 2

Ly + 1) =c(1-x-y-2xy)

This is the general solution.
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The normal linesto a given curve at each point(x, y) on the curve pass through (2, 0).
The curve passes through (2, 3). Find the equation of the curve.

Let P(x, y) be a point on the curve y = f(x).

1
Then slope of the normal to the curve is T

dx

.. equation of the normal is

(Y-y) = —5(X-x)
dx

Yy = (X

[Y—y)% +(X-x)=0

Since, this normal passes through (2, 0), we get

09T +E-0=0

d
—}TE}T =X-2
n—ydy = (x-2)dx

Integrating both sides, we get



/—}fd}f=/(x-2)d1

2 K?
-l = —2x+a
2

2

+ —2X+C1=0

<y
2 2
AxP+y?-4x+2¢i=0

LxE+y? = Ax - 2C

~ %2 +y? = 4x + ¢, where ¢ = - 2¢;

This is the general equation of the curve.

Since, the required curve passed through the point (2, 3), we get
22 +32=402) + c

Lc=5

. equation of the required curve is

X2 + yE = 4dx + 5.
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The volume of a spherical balloon being inflated changes ata constantrate. If initially its
radius is 3 units and after 3 secondsitis 6 units. Find the radius of the balloon after t
seconds.

SOLUTION

Let r be theradius and V be the volume of the spherical balloon at any time t. Then rate
of change in volume of spherical balloon is dV/dt



_::lV
Cdt

= k', where k' is a constant.

4 3
ButV = —ar
3

dt 3 t dt
dr

. 4 2_ — |(I

™3

dr kr kr

2
2k wherek = —

Pae T an R T
~r2dr=kdt

Integrating both sides, we get

fﬁ&:kfm

9
T
~—=kt+¢
3

Initially the radius is 3 units

le.r=3 whent=20
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A person’s assets start reducing in such away that the rate of reduction of assets is
proportional to the square root of the assets existing at that moment. If the assets at the
beginning ax ‘ 10 lakhs and they dwindle down to * 10,000 after 2 years, show that the
2
2— years
person will be bankruptin 9 from the start.

SOLUTION

Let x be the assets of the person at time t years. Then the rate of reduction is dx/dt
which is proportional to Vx.



dx

dx
. — = —ky/x wherek > 0
dt
dx
o —— =-kdt
/x

Integrating both sides, we get

fx—%dx= —kfdt

2
L2 =-kt+c
At the beginning, i.e. att = 0, x = 10,00,000

».24/1000000 = - k (0) + ¢

s.c = 2000

b=

~ 2¢v/x = —kt + 2000 ..(1)
Also, when t = 2, x = 10,000

- 2v/10000 = —k x 2 + 2000
+ 200 = - 2k + 2000

- 2k = 1800

~ k=900

- (1) becomes,

s 24/x = —900t + 2000

When the person will be bankrupt, x =0



. 0=-900t+ 2000

~.900 t = 2000
20 2

Lt — =2—
9 9

2
Hence, the person will be bankrupt in ZE years.



