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11.1 Introduction

10 

(circle) (ellipse),

(parabola) (hyperbola)

(parabola) (hyperbola) (Apollonius)

(conic sections) (conic)

double

right circular cone

telescope

reflector of flash lights (headlights)

11.2 (Sections of a cone)

m V

a 11.1

a m 

(double-napped

right circular hollow cone)

(cone)

V (vertex), l (axis), m (generator)

11.2

(conic section)

b

11.3

(CONIC SECTIONS)

Let the relation of knowledge to real life be very visible to your pupils and let them under-

stand how by knowledge the world could be transformed. – BERTRAND RUSSELL

Apollonius
(262 B.C.-190B.C.)

11.1
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11.2.1 (Circle, ellipse, parabola and hyperbola)

(a) b = 900 11.4

(b) a b< < 900
11.5

(c) b a= 11.6)

(d) o £ <b a 11.7

11.2 11.3

11.4 11.5
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11.6 11.7

11.2.2  (Degenerated Conic Sections)

(a) aÐb £ 900 11.8

(b) b a= 11.9

(c) 0 £ bÐa 11.10

11.8 11.9
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11.11

11.3 (Circle)

-1

Centre of the circle

radius 11.11

11.12

C (h, k) r 11.12

P (x, y) CP = r

p=-+- 22 )()( kyhx

( ) ( )x h y k r- + - =2 2 2

11.10
(a)

11.12
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(h, k)

1 (0, 0)

h k= = 0 x y r2 2 2+ =

2 (-3, 2) 4

h  k= - =3 2, r = 4

( ) ( )x y+ + - =3 2 22 16

3 x y x y2 2 8 10 8 0+ + + - =

( ) ( )x x y y2 28 10 8+ + + =

( ) ( )x x y y2 28 16 10 25 8 16 25+ + + + + = + +

( ) ( )x y+ + + =4 5 492 2

x y- - + - - =( ) ( )4 5 7
2 2 2l q l q

( , )- -4 5 7

4  (2, -2) (3, 4) x y+ = 2

( ) ( )x h y k r- + - =2 2 2

(2, -2) (3, 4)

( ) ( ) ( )2 2 12 2 2- + - - =h k r                    ...  

( ) ( ) ( )3 4 22 2 2- + - =h k r                       ...  

x y+ = 2

h k+ = 2                                              3  ( )...

(1), (2) (3)

h  k= =0.7, .13 r 2 12 58= .

( . ) ( . ) .x y- + - =0 7 13 12 582 2

11.1

1 5 

1. (0, 2) 2 2. (2, 3) 4

3.
1

2
, ,

1

4

F
HG
I
KJ

1

12
4. (1, 1) 2
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11.13

5. ( )- -a, b a b2 2-

6 9 

6. ( ) ( )x y+ + - =5 3 362 2
7. x y x y2 2 4 8 45 0+ - - - =

8. x y x y2 2 8 10 12 0+ - + - = 9. 2 2 02 2x y x+ - =

10. (4, 1), (6, 5) 4x + y = 16

11. x y- - =3 11 0 (2, 3)  (-1, 1)

12. 4 x (2, 3) 

13. (0, 0) a, b

14. (2, 2) (4, 5)

15. (-2.5, 3.5) x y2 + =2 25

11.4  (Parabola)

2

directrix

focus  11.13 [‘Para’

‘for’ ‘bola’ ‘throwing’

]

A

(axis) 

11.4.1  (Standard equation of Pa-

rabola)

 (axis of

symmetry) X

 (orientations)  11.15 (d) 

11.14
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11.15 (a)  (a, o) x=-a

F FM 

MO X 

FM  O 

 (vertex) O  x-

 OY  y- 

 2a  (a, o) 

x+a =0 11.16

 P(x, y)  PF l

PB 

PF = PB ... (1)

(c) (d)
11.15 (a) (d)

(a) (b)

11.16
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B  (-a, y) 

PF ( )2 2= - +x a y PB = +( )x a 2

(1)

( ) ( + )2 2 2x a y = x a- +

( ) + )2 2 2x a y x a- + = (

x ax a y x ax a2 2 2 2 22 + 2- + = + +

y ax a2 4  ( 0)= >

y ax2 4                                                                                ...(2)=

P(x, y)  (2) 

PF ( ) ( ) 42 2 2= - + = - +x a y x a ax

= + + =( ) PB (3)2 2x a y .........

P(x, y)

(2) (3)  (a, o) x= -a 

y ax2 4= .

(2) a>0 x 

x 

y ax2 4= -

x ay2 4=

x ay2 4= -

(Standard equations)

A

11.15 

1. y2
 x-
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x2
y

2.  x 

(a) 

(b) 

3.  y- 

(a) 

(d) 

11.4.2 (Latus -rectum)

3

11.17)

y ax2 4= 11.18) 

AF= AC

AC=FM = 2a,

AF=2a

X- AF= FB

AB= =4a

5 y x2 8=

y2
 x-

x

y ax2 4= a=2

 (2,0) x = -2

11.19)

= 4 4 2 8a = ´ =

11.17 11.18

11.19
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6 (2, 0) x= -2 

x 

y ax2 4= y ax2 4= - x= -2 (2, 0), 

y ax2 4= a= 2 

y x = x2 4(2) 8=

7 (0, 0)   (0, 2) 

(0, 0) 

x ay 2 4=

x y y2 4(2) = 8=

8 y (2,-3) 

x ay2 4=

x ay2 4= -

(2, -3)  (2, -3) 

x ay2 4= -

(2, -3) 

11.2

1   6 

 = 12              2.  6               3.  

           5.              6.  

2  y x x y y x

x y y x x y

2 2

2 2 2

8

16 10 9

= = -

= - = = -

7  12 

7.  (6, 0); x=-6,   8.  (0, -3); y = 3,

1.

4.

2.

5.

3.

6.
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9.  (0, 0);  (3, 0), 10.   (0, 0)  (-2,0)

11.  x  (2, 3) 

12.  (0, 0), y   (5, 2) 

11.5   (Ellipse)

 4

 (ellipse) 

 (foci, plural of ‘focus’)

A

(Centre) (major axis)

(minor axis)

(vertices) (11.21)

2a, 2b 2c

a b 11.22)

11.5.1   (Relationship between

semi-major axis, semi-minor axis and the distance of the focus from the centre of the ellipse)

11.23):

P P

F P + F P F O OP F P1 2 2

                c a a c
 2a

= + +
= + + -
=

1

Q Q 

F Q F Q 21 2
2 2 2 2 2 2+ = + + + = +b c b c b c

11.20

11.22
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11.23

11.25

(a) (b)

11.26

P Q 

2 22 2b c a+ = a b c= +2 2

a b c ,2 2 2= + c = a b2 2-

11.5.2 (Special cases of an ellipse)

c = a b2 2 2- a c

o a 

1  c=0 

a = b2 2  a=b

11.3 

2  c=a b=0 

F
1
F

2
 (11.25)

11.5.3 (Eccentricity)

5

(eccentricity) e

e =
c

a
c, 

ae

11.5.4 (Standard equation of an ellipse)

x  y

 11.26 

11.26 (a) 

11.24



222

222BC

F1 F2 , O  F F1 2

0  0 F2

F1

O y

F1 F2
 (-c, o) (c, o) 

11.26 (a)

P(x, y)  P 

  2a

P F1 +P F2 = 2a                           ... (1)

( ) + ( ) 22 2 2 2x+ c y x c y a+ - + =

( ) 2 ( )2 2 2 2x+c + y a x c y= - - +

( ) 4 4 ( ) ( )2 2 2 2 2 2 2x c y a a x c y x c y+ + = - - + + - +

( )2 2x c y a
c

a
x- + = -

x

a

y

a c

2

2

2

2 2
1+

-
=

P(x, y)  (2)  o < c < a

y b
x

a
2 2= -
F
HG
I
KJ1

2

2

PF  1 = + +( )x c y2 2

= + +
-

F
( ) ( )2 2

2 2

2
x c b

a x

a
= + + -

-F
HG

I
KJ

a

(x c) (a c ) 
a x

a
2 2 2

2 2

2 b a c2 2 2= - )

= +
F
HG
I
KJ = +a

cx

a
a

cx

a

2

PF2 = -a
c

a
x

x

a b
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PF PF    1 2 2 3+ = + + - =a
c

a
x a

c

a
x a ...( )

x

a

y

b

2

2

2

2
+ = 1

P(x, y) 

(2) (3) 

x

a

y

b

2

2

2

2
+ = 1

 P(x, y)

x

a

y

b

2

2

2

2
1 1= - £ x2 £ a2 - £ £a x a

 x =- a x = a

y =-a y = a

11.26 (b) 
x

b

y

a

2

2

2

2
1+ =

A

11.26

1. (x, y)

( -x, y), (x, -y) (-x,-y)

2.

x2
x y2

y-

11.5.5 (Latus rectum)

 6

 (To find the length of the latus rectum of an ellipse) :

AF l, A (c, l), (ae, l), A
x

a

y2

2

2

2
1+ =

b



224

224BC

( )

( )

ae

a

l

b

l b  1 e

2

2

2

2

2 2 2

1+ =

Þ = -

e
c

a

a b

a

b

a
2

2

2

2 2

2

2

2
1= =

-
= -

,

1 2
2

2
- =e

b

a

l
b

a
2

4

2
= l

b

a
=

2

 AF
2
= F

2
B

2 2b

a

9
x y2 2

25 4
1+ =

x2

25

y2

9

x

a

y

b

2

2

2

2
1+ = a = 5, b = 3 c a b= - = - =2 2 25 9 4

( -4, 0) (4, 0), ( -5, 0) (5, 0) 2a = 10

2b=6
4

5

2 18

5

2b

a
=

10 9 4 362 2x y+ =

x y2 2

4 9
1+ =

y2

9

x2

4

x

b

y

a

2

2

2

2
1+ = b = 2 a = 3 c a b= - = - =2 2 9 4 5

e
c

a
= =

5

3
( , ), ( , )0 5 0 5- (0, 3) (0,- 3)

6 4 
5

3
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11 ( , )±13 0 ( , )±5 0

x

a

y

b

2

2

2

2
1+ = a

a=13, c=±5 c a b2 2 2= -  25=169 - b2 b=12

x y2 2

169 144
1+ =

12 20 ( , )0 5±

y

x

b

y

a

2

2

2

2
1+ =

= =
20

2
10

c a b2 2 2= -

5 102 2 2= - b b2 75=

x y2 2

75 100
1+ =

13 x (4, 3), (-1,4)

x

a

y

b

2

2

2

2
1+ =       (1)...

(4, 3) ( - 1, 4 ) (1)

16 9
1 2

2 2a b
+ =         ...( )

1 16
1 3

2 2a b
+ = ... ( )

(2) (3) a2 247

7
= b2 247

15
=

x y2 2

247

7

247

15

1+ = 7 15 2472 2x y+ =
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P
1
F

2
-P

1
F

1
=P

2
F

2
-P

2
F

1
=P

3
F

1
-P

3
F

2

11.29

11.3

1 9 

1.
x y2 2

36 16
1+ = 2.

x y2 2

4 25
1+ = 3.

x y2 2

16 9
1+ =

4.
x y2 2

25 100
1+ = 5.

x y2 2

49 36
1+ = 6.

x y2 2

100 400
1+ =

7. 36 4 1442 2x + y = 8. 16 + =162 2x y 9. 4 9 362 2x + y =

10 20 

10. ±5 0, b g ( , ) ;±4 0

11. ( , )0 13± 0,   5±b g
12. ( , )±6 0 ( , );± 4 0

13. ( , )±3 0 ( , );0 2±

14. (0,   5± ) ( , );± 1 0

15. 26 ( , );± 5 0

16. 16, ( , ) ;0 6±

17. ( , ), ;± =30 4a

18.  b = 3, c = 4, ;

19. (0,0) ;

20. (4, 3),(6, 2) 

11.6  (Hyperbola)

 7

(Hyperbola)
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(transverse axis)

(Conjugate axis)

11.29

2c

2a c a2 2- b b c a= -2 2

2b 11.30

(P
1
F

2
-P

1
F

1
)

11.30 P A  B

BF
1
-BF

2
= AF

2
-AF

1

BA+AF
1
-BF

2
=  AB+BF

2
-AF

1

AF
1
= BF

2 

BF
1
-BF

2
= BA + AF

1
-  BF

2
= BA= 2a

11.6.1. e
c

a
= c a,³

ae

11.6.2 (Standard equation of Hyperbola)

x 

11.31

11.30

(a)
(b)

y

a

x

b

2

2

2

2
1- =

x

a

y

b

2

2

2

2
1- =

11.31
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11.31(a) x 

F
1

F
2

F
1
F

2
O x OF

1

x O 

y- F
1

F

(-c (c, 0) 11.32

P(x, y) 

PF
1
-PF

2
= 2a

( ) ( )x c x y y a+ - - + =2 2 2 2

( ) 2 ( )2 2 2 2x c y a x c y+ + = + - +

( ) 4 4 ( ) ( )2 2 2 2 2 2 2x c y a a x c y x c y+ + = + - + + - +

cx

a
a x c y- = - +( )2 2

x

a

y

c a

2

2

2

2 2
1-

-
=

x

a

y

b

2

2

2

2
1- = c a b2 2 2- =

x

a

y

b

2

2

2

2
1- =

P(x, y) 0<a<c

y b
x a

a
2 2

2 2

2
=

-F
HG

I
KJ

PF ( )1
2 2= + +x c y

= + +
-

( )2 2
2 2

x c b (
x a

 a
)

2

11.32



229

229 BC

= +a
c

a
x

PF2 = -
F
HG

I
KJa

c

a
x

2

c>a; P x=a x>a 

c

a
x a> a

c

a
x- PF2 = -

c

a
x a

PF PF 21 - = + - + =2 a
c

a
x

c

a
x a a

 P x a= -

PF , PF1 2= - +
F
HG

I
KJ = -a

c

a
x  a

c

a
x

PF PF 22 1- = a
x

a

y

b

2

2

2

2
1- =

x

x

a

y

b

2

2

2

2
1- =

A a=b (equilateral  hyperbola) 

x

a

y

b

2

2

2

2
1= + ³ 1

x

a
³ 1

x a£ - x a³ x a= - x a= +

11.31 (a)

y

a

x

b

2

2

2

2
1- =

A
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11.31 

1. (x, y (-x,

y), (x, -y) (-x, -y)

2.

x y2 2

9 16
1- = x 6 

y x2 2

25 16
1- = 10 

11.6.3 (Latus rectum)

2 2b

a

14

(i) 
x y2 2

9 16
1- = (ii) y x2 216 16- =

 (i)
x y2 2

9 16
1- =

x

a

y

b

2

2

2

2
1- = a=3,

b=4 c a b= + = + =2 2 9 16 5 ( , )±5 0 ( , )±3 0

e
c

a
= =

5

3
= =

2 32

3

2b

a

(ii) 16

y x2 2

16 1
1- =

y

a

x

b

2

2

2

2
1- = a=4, b=1

c a b= + = + =2 2 16 1 17 0, ± 17d i

( , )0 4± e
c

a
= =

17

4
= =

2 1

2

2b

a

15 ( , )0 3± 0
2

, ±
F
HG

I
KJ

11



231

231 BC

y

a

x

b

2 2

2
1

2
- =

0
2

, ±
F
HG

I
KJ

11
a =

11

2
( , )0 3± c = 3

b c a2 2 2 25

4
= - =

y x2 2

11

4

1F
HG
I
KJ
- F
HG
I
KJ
=

25

4

100 44 2752 2y x- =

16 ( , )0 12± 36 

( , )0 12± c=12 = =
2

36
2b

a
b a2 18=

c a b2 2 2= + 144 182= +a a

a a2 18 144 0+ - =

a= -24, 6     

a a=6, b2 108=
y x2 2

36 108
1- =

3 1082 2y x- =

11.4

1  6

1.
x y2 2

16 9
1- = 2. 

y x2 2

9 27
1- = 3. 9 4 362 2y x- =

4. 16 9 5762 2x y- = 5. 5 9 362 2y x- = 6. 49 16 7842 2y x- =

7  15 

7. ( , ),±2 0 ( , )±3 0

8. ( , )0 5± ( , )0 8± ;

9. ( , )0 3± ( , )0 5± ;

10. ( , )±5 0 8;

11. ( , )0 13± 24;

12. ±3 5, 0d i 8;
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13. ( , )±4 0 12;

14. ( , )±7 0 e =
4

;

15. 0 10,±d i 2 3,b g

17 11.33

5  45  A B

5 a=5

y x x2 4 5 20= =( )

x = 45 y2 20 45 900= ´ =

y = ±30

 AB = 2y = 2´ 30 = 60

18 (beam)

12  3

1

11.34

x ay2 4= 6,  
3

100

F
HG

I
KJ

( )6 4
3

100
2 =
F
HG
I
KJa

a =
´

´
=

36 100

3 4
300

11.33

11.34

Beam
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AB
1

100
= A B 

x, 
2

100

F
HG

I
KJ

x2 = ´ ´ =4 300
2

100
24

x = =24 2 6

19  15 AB A X Y

AP=6 

P(x,y) P 

11.35 AB XO q

P(x,y) 

AP=6 PB=9 

PR,PQ 

DPBQ cosq =
x

9

DPRA sin
6

q =
y

cos2 2 1q q+ =sin

x y

9

F
HG
I
KJ +
F
HG
I
KJ =

2 2

6
1

x y2

81 36
1+ =

2

1. 20 5 

2. arch 10 5 

2 

3. cable

100 

30 6

18 

11.35
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4. 8 2 

1.5 

5. 12 x-

3 

6. x y2 12=

7.

10 8 

8. y ax2 4=

u

u ( )h, k r

( ) ( )x h y k r- + - =2 2 2

u

u ( , )a 0 (a>0) x a= - y ax2 4=

u

u y ax2 4= 4a

u

u
x

a

y

b2

2 2

2
1+ =

u
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u
x

a

y

b2

2 2

2
1+ =

2 2b

a

u

u

u
x

a

y

b2

2 2

2
1- =

u

u
x

a

y

b2

2 2

2
1- =

2 2b

a

u

Euclid

300 

axioms figures

200 Apollonius The Conic

Conic section

Rene Descartes, 1596-1650

Cartesian La Geometrie

1637 (Pierre de Fermat, 1601-1665)

Ad Locus Planos et So LIDOS Isagoge’ (Introduction to Plane and solid Loci

1679 
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Isaac Barrow Newton

undetermined coefficients

Leibnitz

ordinate 1700 L’ Hos-

pital

1729 Clairaut

Cramer, 1750

( ) ( )y a b x r- + - =2 2

Monge 1781

y y a x x- = -
/

( )/ aa / + =1 0

S.F. Lacroix (1765-1843)

y x- =
-

¢ -
-b

b b

a a
a

/

b g

a b, y ax b= +
( )b a- -

+

a b

a1 2

tan
/

/
q =

-

+

F
HG

I
KJ

a a

aa1

150 

1818 C. Lame E=0

 E
/ 
=0 mE m E+ =/ / 0

Archimedes, 287- 212 B.C.

200 B.C. outer space

v


