
.~. Direct Current
4.1. Two conductors, 1-3-5 and 2-4-6, connected points
with equal potentials on the resistors R a and R b' so that
no current flows through either of them. Will there be



currents flowing through thorn a nrl through tho 3-4 sec
tion if tho key K is closedr Will this lead to a change in
the read ing of the ammeter? -
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4.2. IIo\\! wi ll the rending of the ammeter change if the
key K is closed?
4.3. A voltage Uo is applied to a potentiometer whose
sliding contact is exactly in the middle. A voltmeter V
is connected bet\veen the sliding contact and one fixed
end of the potentiometer. It is assumed that the resis
tance of the voltmeter is not very high if compared with
the resistance of the potentiometer. What voltage will tho
voltmeter show: higher than, less than, or equal to Uo/2?
4.4. A "black box" is an electric unit with four termi
nals, 1, 2, 3, and 4, and an unknown internal sf.ructure.
The box shown in Figure (a) and (b) possesses the follow
ing properties: if a constant voltage of 220 V is applied
to terminals .1 and 2, a voltage of 127 V appears across
terminals 3 and 4 (Figure (a)), while if a voltage of 127 V
is applied to terminals 3 and 4, the same voltage of
127' V appears across termi nal s 1 and 2 (Figure (b)) ..
What is inside the "hlnck box"? Tho Iormulatiun of the
problem is quite meaningful if the voltages are measured
by electrostatic volt.meters, which do not COnSUIJle elec
tric current. If voltmeters of tho magnetoclect.ric, thor
mal, or electromagnetic t¥pe are employed, the voltages
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across the "out" terminals of the "black box" may some
what differ from the ones indicated in Figures (a) and (b).
4.5. Two potentiometers are connected in series, and
their sliding contacts are connected electrically, too. In
one potentiometer the sliding contact remains fixed at
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the midpoint. How will the reading of the ammeter vary
as the sliding contact of the second potentiometer is
moved Irorn one end of the potentiometer to the other?
4.6. A constant voltage Uo is applied to a potentiome
ter of resistance R connected to an ammeter. A constant
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resistor r is connected to the sli ding contact of the poten
tiometer and the fixed end of the potentiometer (after an
ammeter). How wil l the reading of the ammeter vary as
the sliding contact is moved from one end of the p0t.ep-



tiometer to the other? The resistance of the ammeter is
assumed to be negligible.
4.7. To measure a small emf (of, say, a galvanic cell OJ:"

a thermocouple) the so-called balancing method is em
ployed. The circuit diagram of this method is shown in
the figure. Here ~x is the sought emf, ~ is the source of
current whose emf is much higher than ~x, G is a gal
vanornetcr with the zero in the middle of the scale, A is
an ammeter, and R is the resistance box. How should one
operate this circuit so as to ensure an accuracy in measur
ing ~x that is determined by the precision of the measur
ing devices?
4.8. Two resistors with resistances R l and R 2 are con
nected in series, and so are two capacitors wi th capaci-
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t ances C1 and C2. The two systems arc connected in paral
lel and an external voltage is applied to the new system
(see the figure accompanying the problem). What must
be the relationship between R l , R 2 , Cl , and C2 for the
potential difference between the points a and b to be
zero?
4.9. All the resistances and ernfs shown in the figure
accompanying the problem are assumed known. How
many values of current can exist for such a circuit? How. , . .
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many equations for finding these values must we con
struct on the basis of Kirchhoff's first law and how many
must we construct OIl the basis of Kirchhoff's second law'?
4.10. Twelve conductors are connected in such a way
that they form a cube, and an emf source is co nner tr d
into an edge of the cube. All the resistances and the emf's
are known. There are eight junctions (eight vertices of
the cube) and six loops (six faces of the cube) in the cir
cuit. Construct tho equations for determining all the cur
rents in the circui t.
4.11. A source of electric current with an emf ~~o and
an Internal resistance r is connected to an external circuit
with a resistance R. What must be the relationship be
tween rand R for the power output in the external circuit
to be maximal? What is the efficiency of the current source
in this case, provided Lhat the power output in the
external circuit is assumed to be the useful output?
4.12. In two circuits, each of which contains a DC
source and an external resistance, the max irnal currents
aro the same, while the maximum power output in the
external resistance of one circuit is twice that in the other .
.In what parameters do these circuits differ?
.1.13. ADC source is connected to a rheostat. When the
sliding coutact is x dist ant frorn l'itlll'I' PlId or the rheo-

Fig. 4.13 Fig. 4.16

stat (Lite length of tho rheusl.at is set at unity), the power
output ill the rheostat is the sarno in hot.h cases, Deter
rnine the i nt.ornal resistance of the DC source if tho re
sistance of the thcostat is R.
4.14. flow must a large number of galvanie cells, each
having the same emf G and tho same internal resistance
r, be connected so that in an external circuit whose re-
sistance is R the ~ower out~ut is maximal? .



4.15. Can a circui t be constructed in which the displace
ment current in the capacitor remains practically con
stant over a definite tirne interval?
4.16. A DC source with known emf 0 is charging a ca
pacitor C. After the charging process has been completed,
the capacitor is disconnected, via a key K, from the DC
source and is connected to a resistor R, through which
the capacitor discharges. The capacitance of the capacitor
and the resistance of the resistor are selected in such a
way that the charging process takes several minutes, so
that the discharge current can be registered by a measur
ing device, G. The results of measurements are used to
draw a rough curve on a diagram in which the time of
discharge is laid off on the horizontal axis and the loga
rithm of the current, on the vertical axis. Determine the
law by which the current varies and the curve represent
ing the dependence of the logarithm of the current on
the time of discharge. How can the curve help in deter
mining the parameters of the discharge circuit, Rand C?
4.17. A capacitor of capacitance C is charged to a po
tential differenc.e U0 and is then discharged through a re-

Fig. 4.t7 Fig. 4.18

sistance R. The discharge current gradually decreases,
with a straight line 1 corresponding to this process (see
the figure accompanying the problem, where time is laid
off on the horizontal axis and the Iogari thm of the cur
rent, on the vertical axis). Then one of the three para
meters, Un, R, or C, is changed in such a manner that the
In I vs. t dependence is represented by the straight line 2.
Which of the three parameters was changed and in what
direction?
4.18. A charged capacitor is discharged through a re
sistor t\VO times. The time dependence of the logarithm
of the discharge current obtained in the two experiments
is represented by the two straight lines" 1 and 2, in the
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figure accompanying the problem. The experimental con
ditions differed only in one of the three parameters: the
initial voltage of the capacitor U, the capacitance C, or
the resistance R. Determine the parameter that was var
ied in these experiments and in which case this para
meter is greater.
4.19. Prove that when a capacitor of capacitance C that
has been charged to a potential difference U0 is discharged
through a resistance R, the amount of heat liberated in
the conductors is equal to the initial energy stored in the
capacitor.
4.20. Prove that when a capacitor is charged through a
resistor R from a DC source with an emf equal to ~ half
of the energy supplied by the source goes to the capacitor
and half, to heating the resistor.
4.21. A charged capacitor is connected to an uncharged
capacitor with the same capacitance. Determine the
changes in the energies stored by the two capacitors and
explain the origin of these changes from the viewpoint of
energy conservation.
4.22. A conducting disk is rotating with an angular ve
locity co. Allowing for the fact that electrons are the cur-
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rent carriers in a conductor, determine the potential
differenco between the center of the disk and the edge.
4.23. In the Tolman-Stewart experiment, a cylinder is
mounted on a shaft and is rotated very rapidly. The sur
face of the cylinder is wound with many turns of wire of
length l in a single layer. After the cylinder has been set
spinning at a large angular velocity, it is braked to a
stop as quickly as possible. In the circuit consisting of
the wire and a measuring device, this braking manifests
itself in a pulse of current caused by the potential differ
ence that appears between the ends of the wire. If the
potential difference is registered by an oscillograph, we



obtain a curve similar to the one shown in the figure
accompanying the problem, where time is laid off on the
hori zont.al axis.* How, knowing the initial linear veloc
ity of the winding, the length of the wire, and the vol
tage oscillogram, can one determine the electron charge
to-mass ratio?

• In the Tolman-Stewart experiment, the quantity measured
was not the potential difference but the amount of electricity
passing through the circuit. This was done using a device
called the ballistic galvanometer.

4.24. The section of a conductor between the points a
and b is being heated. Does this lead to a redistribution
of potential along the conductor (the arrow indicates
the direction in which the current is flowing)? Will the
passage of current change the temperature distribution in
the conductor?
4.25. A constant voltage is applied to a metal wire. The
current passing through the wire heats the wire to a cer
tain temperature. Then half of the wire is cooled by a

Conductor
\ \.

Semiconductor

Fig. 4.25 Fig. 4.27

stream of air from a fan. How will the temperature of the
other half of the wire change in the process?
4.26. Two electric bulbs whose rated voltage is 127 V
and whose rated wattages are 25 and 150 Ware connect
ed in series to a DC source of 220 V. Which of the two
bulbs will burn out?
4.27 • A conductor and a semiconductor are connected in
parallel. At a certain voltage both ammeters register the
same current. Will this condition remain as such if the
voltage of the DC source is increased?
4.28. A conductor and a semiconductor are connected in
series. The voltage applied to this system is selected in
such a way that the readings of the voltmeters Vl and
V2 coincide. Will this condition remain unchanged if the
voltage of the DC source is increased?
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li .29. A thermionic valve, or diode, has a heated fila
ment and a plate near it. The dependence of the current
flowing between fil ament and plate on the voltage applied
to valve (the curreut-voltugc characteristic) is as follows.
First the current grows with voltage, but then goes into a
plateau at a sufficiently high voltage. Why, notwithstand
ing the fact that the filament may (emit the number of

Fig. 4.28 Fig. 4.29
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electrons required for the saturation current to set in,
the latter does not manifest itself at an arbitrarily small
voltage between the electrodes? In which respect does
curve 1 differ Irorn curve 2 from the standpoint of the
experimental conditions if the two are obtained using the
same device?
4.30. A cutoff voltage is applied between the cathode and
the anode of a thermionic valve C"minus" at the anode and
"plus" at the cathode). The cathode temperature, how
ever, is sufficient for thermionic emission to manifest itself.
If the direction of the electric field is reversed by applying
between the cathode and the anode a voltage at which
saturation current will Ilow through the valve, will the
temperature of the cathode maintained in the cutoff di
rection of the field remain the same?
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4.31. For a current passing through an electrolyte (Fig
ure (a)), the distribution of potential between the elec-
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irodes is ~hown in Figure (b). Why, notwithstanding the
fact that the eleclrodes are flat and the distance bet.ween
them is rnurh smaller than their Iiucar di mensicus, is \ he
jield between the electrodes uo nu ni Iurru?
4.32. The distribution of potential between t.he cathode
and anode in a glow discharge is shown in th~ figure accorn
panying the problem (the distance from t.he cathode is
laid off on the horizontal axis). Within which regions of
space (sec the numbers on the horizontal axis) is there a
positive volume charge, a negative volume charge, and
a volume charge that is practically zero?
4.33. In the plasma of a gas discharge, the concentration
of electrons and that of posi tive ions are practically the
same. Does 1his mean that. the current densities created
by the motion of electrons and ions are also the same?
Will an ammeter connected in series wi th the gas discharge
gap show the sum of the electron and ion currents or
their di ilerence?
4.34. A negatively charged particle is accelerated in its
motion from a cathode C to an anode A, passes through
an apert ure in the Iatt.er , and InOYe~ toward a Faraday
cylinder F' that is at the same potential as the anode
(Figure (a)). For the sake of simplicity it wi ll be as
sumcd that the particle moves frorn A to]? wit.h a constant
velor i ty. Determine the moment of time when a measur
ing device G in the circuit will register a current (the
tirne is reckoned from t.he moment when the particle
leaves the anode) and the form of the current, that is,
whether the current is in the Iorm of a pulse when the
particle leaves the anode (Figure (b)) or whether it is a
pulse when the particle enters the Faraday cylinder (Fig
ure (c)) or whether there are two pulses (one when the
particle leaves the anode and the other when the particle
enters the Faraday cylinder; see Figure (d)) or whether the
current is steady over the entire motion of the particle
from the anode to the Faraday cylinder (Figure (e)).
4.35. The behavior of the potential energy of an elec
tron inside and outside a metal is shown for two metals
in Figures (a) and (b). The same figures indicate the Iimi t
ing kinetic energies WF of electrons in the metals (the
Fermi levels) at T = 0 K. If the rnet.a ls are brought into
ccntact, what will be the values of the internal and exter
nal contact potential differences? In which metal will the
electron concentration be higher?



~.3G. The energy distribution function for electrons in a
metal at absolute zero can be written as follows:

(4.36.1 )

where C is a constant coefficient that is a combination of
universal constants. This function terminates at WF ,

which is the limiting energy, or the Fermi level. Using
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(4.36.1), establish how the limiting energy depends on
electron concentration.
4.37. The dependence of the logarithm of conductivity,
In a, on T-l, where T is the temperature, for two semi
conductors is shown in the figure. In which of the two
semiconductors is the gap (the forbidden band) between
the valence band and the conduction band wider?
4.38. The dependence of the logarithm of conductivity,
In o , on 11T for two semiconductors is shown schematical-



Iy in the figure. In which respect do these semiconductors
differ?
4.39. The distribution of potential near the boundary
between two semiconductors with different types of COIl

duction depends on the direction of the applied external
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voltage. Which distribution corresponds to the blocking
direction and which, to conduction? To what semiconduc
tors do the left and right branches of the curves in the
figure belong?
4.40. The current-voltage characteristic of a semicon
ductor diode based on the properties o~__~~~._I:.:~ junction
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Fig. 4.40

has two branches: the upper right branch and the lower
left branch. Since the right branch corresponds to SIn all
voltages and the left branch to considerably higher vol
tages (with the currents in the conductive direction being
much higher than the currents in the blocking direction),
the two branches are constructed using di fferent scales.
What is the explanation for the existence of the left
branch and in what manner does the current in the block
ing direction depend on the temperature of the diode?
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4.41. rrhe phenomenon of secondary eiectron emission
consists in the following. When electrons bombard a sol
id surface, the surface emits secondary electrons (and
partially reflects the primary electrons, which Impinge
on the surface). Secondary electron emission is character
ized by the secondary emission coefficient (J, which is the

6

Fig. 4.41

ratio of the secondary electron current to the primary
current. The dependence of the secondary emission coef
Iicient on the primary electron energy WI for a certain
dielectric is depicted in the figure. At (J == 1 the surface
of the dielectric does not change its potential under elec
tron bornbardment, since the number of electrons leav
ing tho surface every second is equal in this case to the
number of electrons bombarding the surface every sec
ond. The two points a and b on the (J vs. WI curve cor
respond to a ==: 1. At which point is the process stable
and at which is it unstable?
4.42. Under secondary electron emission (see Prob
lem 4.41), the energy distribution function F (~V2) for

F(W,)
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Fig. 4.42

secondary electrons is represented sufficiently well by two
curves (1 and 2) shown in the figure accompanying the
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problem. Which of the two curves represents the primary
electrons and which, the "true" secondary electrons?
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4. Direct Current

4.1. Tho two conductors, 1-3-5 and 2-4-6, have different
potentials, with the result that when key K is closed. a
current will flow from 3 to 4, while the currents passing
through the resistors will flow from .1 to 3, from 5 to H,
from 4 to 6, and from 4 to 2. The closing of the key leads
to an increase in the current flowing through the ammeter.
If the resistances of the conductors 1-3-5, 2-4-6, and
3-4 are extremely low, then the sections 1-2 and 5-6 of
the resistors will be shorted for all practical purposes.
4.2. Prior to closing the key, the circuit consists of two
resistors connected in parallel (the resistance of each re
sistor being 3R). This means that the total resistance of
the circuit is i.5R. After the key has been closed, the cir
cuit consists of two sections connected in series, each of
which has t\VO resistors connected ill parallel. The re
sistance ll' of each section is gi von hy the Iormula

111
If' === If -t- 2R

and is equal to 2R/3. The resistance of the entire circuit
is 4R/3. The current measured by the ammeter is higher
than that measured prior to closing the key.
4.3. If R is the resistance of the whole potentiometer
and R v is the resistance of the voltmeter, the total resis
tance of section ab of the potentiometer is

Rv (1//2) R R
llab =:-: llv~-R/2 ~-..: 2 (1-t-R/2I l v ) < 2 ·

The resistance of section be is equal to R/2. The voltage
applied to the potentiorneter will not be distributed even
ly. Since the resistance of ab is less than t.hat of be, the
voltage applied to the first section is lower than that ap
plied to the second. The higher the resistanee of the volt
meter, the closer the readings of the voltmeter are to one
hal] of the applied voltage.
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Fig. 4.4

nov ~

4.4. Since the voltage applied to the "black box" is sup
plied by a DC source, it is natural to aSSUJne that there
are only resistances inside the "box". The simplest way
to lower voltage is to use a potentiometer (see the figure
accompanying the answer). I-Iowever, thoro is not a sin
gle circuit employing only resistances that can raise vol

tage. As the figure ac
companying the answer
demonstrates, from the
voltage applied to termi
nals 1 and 2 one can al
ways "take" a certain
fraction, e.g. 127 V,

if while the 127 V applied
to terminals 3 and 4
will yield the same 127 V

OIl terminals .1 and 2. The remark (made in the
problem) that concerns the role of the measuring device
is i mportant since a voltmeter, which always has a finite
resistance, redistributes the resistances in the circui t and,
lienee, changes the voltages (see Problem 4.3).
4.5. Let us assume, for the sake of simplicity, that the
resistances of the two potentiometers are the same.
When the sliding contact of each potentiometer is in the
middle, the total resistance of the circui t is R 0/2, where
R 0 is the resistance of each potentiometer. If the sliding
contact of the second potentiometer is in the extreme
(left or right) position, we have two resistances, R 0 and
11 0/2, connected in parallel (assuming that the wires
ha ve no resistance), so that the total resistance is R =
R o/3. Tho reading of the ammeter proves to be great
er than when the sliding contact of the second potentio
rnoter was in the middle position by a factor of 1.5.
Thus, when tho sliding contact of the second potcntio
meter is moved Irom one extreme position to the other,
the readings of the ammeter pass through a minimum.
4.6. If x is the resistance of the potentiornoter between
point a and the slidi ng contact, the total resistance he
tween a and the sliding contact is rxl (r + x), while the
resistance of tho entire circuit is R - x -t- rx/(r + x).
The current supplied by the J)(~ source is

flo
1== R-x-l-rx/{r+.r) •
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Uorx
Rx-x2 + R r ·

The potential difference between the sliding contact and
point a is

U === Uorx
(R-x) (r+x)+rx

The current passing through the ammeter is

I. === Uor
<l Rx-x2+Rr'

To find the extremum, we take the derivative

dIn =U r [ -R+2x 1
dx 0 (Rx-- x2+rx)2 J·

(4.6.1)

(4.6.2)

Nullifying (4.6.2) yields

x = R/2. (4.6.3)

If we substitute (4.6.3) into (4.6.1) we lind the minimal
current:

I Uor
min == R (r+R/4) •

Thus, as the sliding contact is moved, the current
through the ammeter passes through a minimum, and the

l/lmdl
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Fig. 4.6

smaller the r the deeper the minirnum. At x = 0 and
x = R, a current of I max = U0/R passes through the am
meter. The ratio of I min to IInax is equal to (r/R) (1 +
rlRv:', The Ia/lmax vs. x/R curves for several values
of rlR are shown in the fig-ure accompanying the answer.
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4.7. The exact value of ~x can be determined if one mea
sures exactly the potential difference between points a
and b provided that the current passing through the
source in question is zero. This can be achieved by selecting
a proper ratio of resistances between points a and band
points band c using the resistance box. Knowing the re
sistance R between points a and b and the current I,
measured by the arnmeter, we find the sought emf:

~:t = IR.

4.8. Since the currents in the resistors R} and R 2 are
the same, we can wri Le

UAo,lRl = UaBIR2.

The charges on capacitors connected in series are the
same, which means that

Since

UAalU a B ::= R 1/R 2 , UAblU bB = C21C1 , UA a ::= U A b ,

U a B = U bn ,

we have

The resistances and capacitances are in inverse ratio.
Just as in Problem 3.27, where a DC source generates a

potential difference between points A and B, the solution
holds true only if the (activo) resistances of the capacitors
are infini tely large.
4.9. The current remains unchanged on the entire
section from one junction to another. A junction is n point
in a circuit where more than three conductors rneet. There
are seven such sections in the figure accompanying
the problem. If there are n junctions in a circuit, then
Kirchhoff's first law yields n - 1 independent equations.
There are four junctions in the circuit in question (1,
4, 5 and 7). Thus, to determine seven currents we are
lacking four equations, which Kirchhoff's second law
will yield. The simplest way to employ Kirchhoff's sec-
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ond law is to use loops that do not overlap, namely,
1-2-3-4-1, 1-4-5-1,1-5-7-1, and 5-6-7-5.
4.10. There are eight junctions in the circuit. Since Kir
chhoff's first law yields only n - 1 independent equations
for n junctions, we have seven such
equations. If the circuit is trans- it..-----..
formed onto a plane (see the figure
accompanying the answer), there are
five nonoverlapping loops, while the
loop 1-4-8-5-1 overlaps all other loops
and therefore can be obtained from
these.
4.11. The current flowing in the Fig. 4.10
circuit is I = ~/(R + r). The power
output in the external circuit is

R
P = ]2R = ~2 (R+r)2 •

The maximal power output can be found Irom the condi
tion dP/dR = 0, or

dP =G2 (R+r)2-2(R+r)R =0
d R (R -1- r) 4 '

whence R = r, The fact that the resistances are equal
means that tho power outputs must be equal, too:

Pr = ]2R.

Hence, the efficiency is equal to 0.5.
4.12. The current is maximal when the circuit is shorted,
or when the external resistance is zero:

1m = e:/r.

Thus, in both cases the ratio of the emf to the internal
resistance is the same.

Maximal useful power output (the power output of the
external resistance) is achieved \VhCIl the cxcrnal resistance
is mado equal to the internal resistance (see the answer
to Problem 4.11), that is, when the current is one-half
the max imul current. 'I'his power output is

~2 (g2

p== 4R =4r.

Since the ratio ~/r is the same in both cases, a double
useful power output is achieved at a double electromotive
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force (for equal currents). Note that the internal resistance
of the DC source must also be doubled if we want the
ratio to remain unchanged.
4.13. If in one position of the sliding contact the rheo
stat has a resistance R 1 and in the other, a resistance
R 2 , the current is ~/(Rl + r) in the first case and
~/(R2 + r) in the other. Correspondingly, the power out
put in the external circuit (the same in both cases) is

Dividing this expression by ~2 and solving for 1", we fiud
that

Uy hypothesis, in one case HI == xR and ill the other,
R2 == (1 - x) R. Whence

r ~ R Vx (1- x) .

Fig. 4.14
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the samo is true of the
potentials at the points
bI , b2 , s; etc., i.e,

Ubi = UbI = Ub3 = .11. ·

Th.is line of re.usoning can be continued. The respective
points can ho interconnected, and the entire circuit will
be transformed into the second variant. Suppose the over
all number of cells is N. We connect these cells in such H

manner that groups of n cells that form In == N/n parallel

~1S

4.14. The likely circuit, apparently, consists of a combi
nation of cells connected in parallel and in series. There
are two possibilities here: several parallel groups of cells
connected in series or several in-series groups of cells con

nected in parallel. First,
it can be shown that the
two variants are equiva
lent. Indeed, in the first
variant, the potentials
at the points aI' a 2, a 3,
etc. coincide, i.e,

Ua 1 == Ua J == Ua• = ...;



groups are connected in series. In this case the current in
the ex ternal circui t is

s s»
RN+rn2 •

I~ ~n _----
R+rn/m

The power output in the external circuit is

II n
2

1)~]2 == (~N)2 R (RN +rn2 ) 2 •

To find the maximal value, we nullify the derivative of
P with respect to n:

dP 2~2N2n .
dn ~ (UN +rn2)2 (RN -rn2

) :.:..:: O.

Whence

n=VRN/r. (4.14.1)

But this does Hot solve the problem completely. Tho nurn
bel' n should be 0110 of the cofactors of N. To find a practic
al value of n, we must compare the power outputs for
two values of n that are closest to the one given by
(4.14.1), that is, one must be smaller than the calculated
value and tho other must he greater, and yet the two must
be cofactors of N. Here is an example. Suppose ·N =
400, R = if) Q and r = U Q. The calculated value is

- -. j40oX!6 - 26 7n- V 9 - .•

The closest cofactors of N are 25 and 40. In this example
the greater power output is at n == 25. 'rhus, the circuit
consists of 16 parallel groups of 25 cells connected in
series in each group.
4.15. Since the displucemcut current is defined as

dD
[diS .:::= S <It '

after performing certain manipulations we can write

coE dU dQ
ldls ~ -l- CIt =:: (it ,

where Q is the charge 011 the capacit.or. 'rhus, the displace
ment current may be made constant over a definite time
interval if the capacitor is charged (or discharged) by
~ direct current. For this in the circuit of the capacitor
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being charged we must have a device that restl"icl~ t~e
current flowing through it within broad voltage Iirnits
(Figure (a)). A diode operating in the saturation ~o~e
may serve as such a device. For the case of a the~mlo~lc
valve (or diode) the appropriate circuit is shown In FIg
ure (b), while for the case of a semiconductor diode the cir-

Cu.rrent limiter

(0) (b)

(c)

Fig. 4.15

(d)

cuit is shown in Figure (c). The diode is introduced into
the circuit in the cut-off direction, and the voltage across
the diode is

As long as Ud remains within the saturation region, the
current through the diode (and, hence, the charging cur
rent) remains constuut. The displacement CUITont remains
co nst.nnt ill the process. After a certain li1I1C i nl.ervnl
has elapsed (the lower the charging current the longer the
interval), the charging current rapidly falls off to ZBfO.

The time dependence of the displacement current is illu
strated schemat.icnll y in Figure (d).
4.16. At each moment of time the capacitor voltage is
equal to the potential drop across the resistor:

U= JR.
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Fig. 4.16

Bearing in mind that U = Qle and I = -dQldt (the
minus sign shows that the capacitor's charge decreases),
we get

Q dQc= -R dtt

or
dQ 1
Q= - He dz, (4.1(L1)

Integrating (4.16.1.) from the initi al charge Qo to Q and
from the initial moment t = 0 to time t, we get

Q == Qo exp ( - _t_) == UoC exp (_. _t_)
Re, RC •

Accordingly, the current varies with Lime as follows:

l==loexp (- ;c)' (4.16.2)

with 10 = [Jo/R. Taking logs, \VC can write (4.16.2) as
.follows

'Thus, the time dependence of In I is represented by a
straight line with a nega-
tive slope, whose absolute Lnl

value is 1IRC. The resist
ance R determines the
current at the first moment
of discharge and the initial
capacitor voltage, which is
equal to the emf of the
source. The value of R de
termined in this manner
and the slope of the straight
line fix tho value of C.
4.17. As shown in the answer to Problem 4.1H, the
discharge current varies wi.th time as

1~'loexP(-RtC)' or lnl=lnlo-(ic)t.

Iui tinl ly, I.e. at t = 0, both currents are the same (see
the figure accompanying the problem). For a fixed capaci
Lance C this is possihle if the other two parameters, U
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(4.19 1)

and R, chango simultaneously. Since by hypothesis only
one parameter changes, we conclude that the capaci Lance
C varies. The fact that the slope of the straight line repre
senting the In I vs, t depeudence decreases means that the
capacitance C increases.
4.18. The time variation of the current proceeds as fol
lows:

In i; In '0- (Ric) t .

The fact that the two straight lines, 1 and 2, are parallel
indicates that the product Re must he constant. Since
by hypothesis the discharge processes differ only in the
value of one parameter, both Rand C remain constant.
What is different is the initial capacitor voltage, and since
for straight line 1 the initial current is higher than for
straight line 2, so is the initial capacitor voltage.
4.19. The current flowing through the resistor with re
sistance R will generate during a time interval dt the fol
lowing amount of heat:

dq === 12Rdt.

The time variation of the discharge current of the ca
pacitor is

'rhus,

dq=I~Rexp(- ;~) dt.

Integrating this expression with respect to t Irom t ==
o to t == 00, we get

q ~ I:RC/2.

At the first moment the discharge current is

10 = UoIR. (4.19.2)

Substituting (4.19.2) into (4.19.1), we obtain the initial
energy stored by the charged capacitor:

q = U:C/2.

4.20. According to Kirchhoff's second law, at each mo
ment of time the emf of the DC source is equal to the sum
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of the potential drop fie-ross the resistor and the capacitor
voltage:

~ = IR + U.

Bearing in mind that I = dQ/dt and U = QIC, we get

W, =0 R r~~ + ~, or Q~~e = - lie dt.

Integration from Q == 0 1.0 Q and from t = 0 to t and ap
propriate transform at.inns yield

Q = ~C [ 1 - exp ( - ;e )].
whence

I = ~ exp ( - ;e )= 10 exp ( - fe ).
The amount of heat generated by the current in the re
sistor R in tho course of dt is

dq=/2Rdt=I:Rexp (- ~~).

Integration from t = 0 to t == 00 yields

q = I~R2C/2 == ~2C/2.

The same amount of energy is stored by the capacitor
when the latter is charged to a voltage equal to the
source's emf. The total energy used up by the source,

00 00

~ ~Idt=~lo ~ e-I/(Rc>dt,
o 0

is equal to i 2C, which is the sum of two equal quanti
ties ~2CI2.

4.21. The energy stored by a charged capacitor can be
written in the form.

W o = Q2/2C.

After the second (uncharged) capacitor is connected to
the first, the total charge does not change while the capac
itance doubles. Thus, the total energy stored by this
system becomes

W == Q2/4C,

223



(4.22.1)

which is one-half of the initial energy. So where did the
other half go to? As the charge is redistributed between
the t\VO capacitors, a current flows through the conductors
connecting theru and generates heat. III addition, there is
always a magnetic field around a conductor with current,
and this magnetic field carries energy, just as an electric
field does. If the resistance of the conductors is low (zero
in the case of superconductors), tho di fforence between
the initial and the final energy will go to the magnetic
field. Eventually the second capacitor will become fully
charged while the first capaci tor will become completely
discharged and the current will cease. Then the. second
capacitor will begin to discharge, and charge will flow
to the first capacitor. This process will continue, that is,
there will appear electromagnetic oscillations in which
the energy will alternate between that of the electric Held
and that of the magnetic.
4.22. For an electron that is inside the disk at a distance
r from the axis to move along a circle, there should be a
force pulling it to the axi s. Accordi ng to Newton's
second law,

This force is generated by a radial electric field caused by
the redistri bution of the electrons in the disk and is such
that the force acting on the electron is

1/ = eE = mw2r.

If we substituto -d(p/dt for E and integrate from <PI
to (P2 and from 0 to R, where R is the radius of the disk,
we get

~I Rr dq> mw2 r
J dT == - -e J r dr

(j>t 0

As a result, we get the potential difference between the
center of the disk and the edge:

U =-= _ == moo2R2 = mv2

<Pi Q>2 2e 2e'

where v is the linear velocity of points at the edge of the
disk. Theoreticall y formula (4.22.1.) can be used to clcter
mine the electron's charge-to-mass ratio. But actually
this constitutes a problem, as shown by an estimate of



the potential difference hetween the axis and the edge.
The electron charge is 1.6 X 10-19 C and the electron
mass is 9.1 X 10-31 kg. We set the electron linear veloci
ly 011 the edge at 300 m/s. 'rho potential difference then
proves to be less than 10-~ V. It is extremely difficult
to measure such a quantity in such a rotating system.
4.23. Moving together with the cylinder, the electrons
in the wire have a momentum mu each. When the cylin
der is braked, the electrons continue to move, but the
generated potential difference creates a braking electric
field of strength B'. The force acting on every electron in
the wire is

F == eUtt,

with U the instantaneous potential difference. According
to Newton's second law,

t

i../).mv = T1U dt,
u

where Sm» is the momentum lost by an electron during
the entire braking time, which quantity is equal to the
initial momentum mv. The charge-to-mass ratio for the
electron is then

e vl
m 00

SU dt
u

The integral in the denominator can be evaluated by cal
culating the area under the voltage oscillogram.
4.24. The heating of the conductor will result in the elec
tron di ffusing into the neighborhood of section ab,
with the potential of the conductor somewhat increasing.
The current flowing in the conductor will have to overcome
a potential barrier at point a. This requires additional
energy, which will be taken from the metal. On the other
hand, when passing through the conductor at point b,
the current goes to a region with a lower potential, and
in this place energy will be released to the metal. As a re
sult, the point where the temperature is at a maximum
will shift in the direction of current flow.
4.25. Prior to cooling, the resistance of the wire was the
same over the entire length of the wire (precisely, the
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resistivity was the same at ali points of tho wire). When
the fan is switched 011, the resistance of the section that is
being cooled will lower. This leads to a redistribution of
the potential between the cooled anrl uncoolod sections,
with the greater voltage applied to the latter section, as a
result of which its temperature increases. 'I'his phenome
non is enhanced by the fact that the resistance of the un
cooled section somewhat grows with temperature, which
leads to a still greater inhomogeneity in the distribution
of the potential in both sections.
4.26. The resistances of bulbs with the same rated volt
age are in inverse proportion to the rated wattages. Hence,
the resistance of the bulb with the lower wattage is six
times the resistance of the bulb with the higher wattage.
When the bulbs are connected in series with the DC
source, the current is the same and six-sevenths of the total
voltage of 220 V, or 189 V, is applied to the first (25 W)
bulb and one-seventh, to the second (150 W) bulb. Actu
ally the di fference is still grea tel' because the resistance
of the first bulb wi ll increase due to overheating, while
that of the second will decrease. Hence, the 25-W bulb
must burn out.
4.27. An increase in voltage will lead to an increase in
the currents passing through the conductor and semicon
ductor, and this will lead to an increase in temperatnre
of both. As a result the resistance of the conductor wi ll
increase and that of the semiconductor will decrease.
Hence, the current through the semiconductor will increase
greater than in proportion to the voltage, while the cur
rent through the conductor will increase lesser than in
proportion to the applied voltage, with the result that
the ammeter in the semiconductor ci rcuit wi Il register a
higher curren t than the ammeter in the conductor ci rcui t.
4.28. Prior to an increase in voltage, the resistances of
the semiconductor and the conductor were equal. When
the voltage is increased, the current in the circuit in
creases, too, and so does the temperatures of the sernicon
ductor and conductor. This leads to a drop in the resis
tance of the semiconductor and an increase in the resis
tance of the conductor. The voltage between the semi
conductor and conductor wi ll redistribute in such a man
ner that the voltmeter connected to the conductor will
register a higher voltage than the voltmeter connected to
the semiconductor.
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4.29. Theelectrons Ionving thofilament, or rntllo(jp" ere
ate a negative space charge whose field does not let
all the emi ttod electrons i nto the region. Accord! ng t.o the
Child-Langmuir theory developed 1'01' parallel plane elec
trodes on the assumption that tho initial velocity of the
electrons is zero, the current density between the elec
trodes is

. 4 1/2 P'o -. /' l1 U~ /2
J ==- n V In d2

(the three-hnlves power Iaw). ll'ore c and In are the elec
tron charge and electron nlHSS, if is l.ho voltage drop ac
ross the electrodes, and d is the distance between the elec
trodes. On the current-voltage characteristic, the initial
segment of the curve agrees with the three-halves power
law. Then, as the electron cloud is dissipated, the current
gradually reaches a plateau and saturation sets in, with
the saturation current being the total flux of electrons
that the cathode can deliver at a given temperature. Tho
temperature dependence of the current densi t.y is given
by the H ichardson-J) ushman eq nation

. -- A' T2 r ( P)l sc i "" . exp -w.
The quaut.it.y P in the numerator of the exponent is tho
so-r.aJJed work function, or the work that an electron must
do to leave the metal. 'rite other quail ti Lies in the cqua
tion are as Iol lows: T the Lhormorl ynam ic temperature, k
the Boltzmann constant, A'::=:: G.02 X 105 A/rn2 . }( 2 is
a constant that is a oomhinat.ion of universal constants.
The difference in the curves in the figure accompanying
the problem lies in the tompernturo of tho cathode, which
is higher for curve 2.
4.3 •... When t.hermoclectric current flows from the cathode
to the anode, the electrons leaving the cathode carrv
away an energy required for overcoming the potential
barrier that exists at the metal-vacuum in l.erlnce (the 'York
function of the electrons), with the result that. the enth
ode cools off. To maintain a constant cathode tomperaturc,
the Iilament current must hei ncroased.
4.31. When the potential rll ilcrcnce between the clcc
trades is nil, the conconl.rat.ion of positive and negative ions
(cations and anions) is the SHine in practically the entire
volume. WhcJI au external voltage is applied, a current
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generated by the motions of cations to the cathode and
anions to the anode begins to flow in the electrolyte. As
a result, the regions neal' the electrodes prove to be
depleted of ions whose sign is that of the electrode. Cati
ons leave the anode and anions leave the cathode. For
this reason, near the anode an excess of negative charge is
formed, while an excess of positive charge is formed in
tho region near the cathode. All this leads to a distortion
ill the electric field. The enhanced field near the electrodes
imparts an enhanced velocity to the ions. This ensures
the fJow of current under lower charge carrier concentra
tions.
4.32. The sign of the volume charge is determined by the
direction of convexity of the U vs. x curve.* The volume
charge is positive where the curve is convex upward and
negative where the curve is convex downward, while the
volume charge is nil where the U vs. x dependence is re
presented by a straight line. Hence, the entire region be
tween the cathode and the anode is divided, within the
first approximation (i.e. ignoring certain details), into
the cathode space (from point 0 to point 1 in the figure
accompanying the problem) with a surplus positive charge,
the Faraday dark space (Irorn point 1 to point 2)
with a negative charge, and the region of the "positive
column" (from point 2 to point 3), which constitutes a
plasma with practically equal concentrations of elec
trons and positive ions and, hence, with a net charge
that is practically nil.

• See Problems 3.28 and 3.29.

4.33. 'I'ho conduction-current densi ty is given by the
form ula

(4.33.'1 )

where e is the magnitude (without laking into account
the sign) of the elementary charge (the electron charge),
llh the concentration of the given type of charge carriers,
U,{ the average directional velocity of the carriers, and
Zk the charge numher, or valence, of the carriers. For
an electron Z == -1, while for a positive doubly charged
ion (say, He++) Z = + 2. Electron veloci ties exceed ion
velocities by a factor of 10 or even 100, with the result that
even at equal concentrations the electron current is
much st.ronger than the ion current. Since in an electric
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field electrons and ions move in opposite directions, we
call assume that the electron vcloci ty is negati vo if tho
ion velocity is set positi vee Since the number Z foe elec
trons is negative, the sigus of the products in (4.33.1)
coincide, with the result that tho amrneter in the gas dis
charge gap circuit wil l register the total current of
electrons and ions.
4.34. As the particle moves from the anode to the 1·"31'a
day cylinder, the field ill tho region between A and F
constan tly changes. WIlen tho particle leaves the anode
(through the aperture) and is moving toward the Faraday

A A t! F

I~ig. 4.34

cylinder, it induces positive charges on these electrodes,
<Hid the magni tudo of these charges cousl.anl.ly changes.
The densi ty of these charges 011 the anode decreases whi le
that on the Farnday cylinder increases (the variation ill
the disl.ri hution of oloctrIc charge for three iuorneuts in
time is shown in the figure accompanying the answer).
For this reason, ill the region of space between /-1 and F
there appears a contin liOUS displacement current, which
means that an exact replica of this current appears in the
circuit. 'I'he current in the circuit can be graphically ro
presented as a consequence of the fact that in approach
ing the Farnday cylinder the particle repels, so to say,
the electrons which, in effect, move toward the auode
through the measuring device G. Thus, the current in the
circuit exists during the entire Limo of mot.ion of the par
ticle between the anode and the Faraday cylinder. as
shown in Figure (0) accompanying the problem.
4.35. If two metals are brought into contact, the Ii miti ng
energies of the electrons will est.ablish themselves a L a
COIDlnOIl level (the common Fermi level; sec the ligure
accom pan ying l he n nswur). The di Ilereuce between the
height of a potenti ul harrier and tho Fermi level deter
mines t.h« external work f'uuctio n e(p. The difference between
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Fig. 4.35
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the two work functions (for the two harriers) is cq ual to
the external contact potcut.ial difference. To transler an
electron Iroui tho su rIaco of metal 2 to the surface 01'
met HI 1 requires performing an amount of work equal to

e ~(p. The distauce be tWOOl I

the levels of mi ni mal electro II

'-='~_-+--__-+- ~ ellergy i n tho metals detelt
-

mines tho internal contact po
tential difference ~W~'. Ac
cording to the quantum theory
of metals, the Fermi level
at 0 K is pinned at (h2/2m) X

(3n/n)'!./'J, where h is the Planck constant, "I- the electron
InH~S, and n the electron coucunl.rnl.iou in a metnl.
IIonru, the concentration of electrons ill metal 1 i s higher.
4.36. The coucentral.ion of clcctrous whose ellergy rU1IgcH

Irom lV to W -1- ~W is

fin == f (W) dW == G1W1/ 2d·W,

in accordance with Eq , (1.~3u.1). Iutogruti ng this ox pres
siou Irom zero to the Iimitiug energy, we obtain the COIl-·

centrat ion of electrons in the entire energy range:
\l"p

n =..c C ~ W 1/ 2 dW "-' ; CW~P •
o

Hence, WF ex: 1'1,'2/3. As is proved ill tho quuul.um theory
of melals, W F j ~ gi ven hy the Iullowi Itg Iorurula (wi til
duo regard 1'01' universal constants):

W ~..!!- (~)2/3
F 2m Jt •

4.37. rrlH~ eleclrical conductivity (spec-inc. couduot.urco)
of H semiconductor depends on temperature according to
the Io llowiug Jaw:

o - ero exp ( - :;. ), or 111 o = JI1 (10- ~~. ,

where ·W is the width of the forbidden hand. This law iru
plies tha t the wider the forbidden hand, the steeper the
straight. line representing the In rr vs, 11

- -
1 dependence.

Hence, semico nduc l or .1 has a wider forbidden hand.
4.38. Since the upper sections of the curves for the two
semiconductors coi Heide and the slopes of the lower sec-
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tions are smaller than those of the upper, the intri nsic
conriucl.i vil.ies are the saiue. Also, since the lower sections
of the curves slope in the same manner (i.e. the slopes are
equal), the width of the forbidden band for the impuri
ties is the same for both semiconductors, Thus, these dia
grams can be interpreted as a characteristic of impurity
semiconductors with different concentrations of the same
impurities. For a fixed temperature, a higher conductivity
corresponds to a higher located characteristic, 1, and,
hence, a higher concentration of impurities.
4.39. 'I'he diffusion of electrons from an n-type semicon
ductor into a p-type one and of holes from the p-type
semiconductor to the n-type one leads to the appearance
of a positive potential on the n-type semiconductor
(tho left branch of curve 0) and a negative potential on the
p-type semiconductor (the right branch of the same
curve). If we now apply a positive potential to the n-type
semiconductor and a negative potential to the p-type,
the potential difference between the two semiconductors
will Increase (curve 1), whence the boundary between the
two semlconductors is depleted of charge carries as a re
sult of electrons being drained to the n-type semiconduc
tor and holes, to the p-type. Such a direction of the po
tential di Iicronce is the cut-off one. When the external
voltage is applied in the reverse direction (curve 2), the
potential difference lowers, and it proves easier for the
electrons to move to the p-type semiconductor and the
holes, to the n-type. This direction is the conducting one.
4.40. Every semiconductor possesses intrinsic conduc
tion ill addition to extrinsic (or irnpurity) conduction. In
trinsic conduction is caused by the transfer of electrons
Irorn the valence band to the conduction band and by
simultanoous formation of holes in the valence band. In
trinsic conduction is of a mixed nature for this reason, and
because of this tho n-type semiconductor carries a small
number of holes whi le the p-type semiconductor carries a
small n umber of electrons. When a voltage is applied in
the cut-off direction, these charge carriers consti tute
the so-called reverse current. As the temperature of a
semiconductor diode is increased, tho electron and hole
concentrul.ions grow, as a result of which conductivity ill
the cut-off direction grows, too. The reverse current
reaches a plates U when prnr t.i ('all y all the "al ien" ehar'ge
carriers (holes in the n-Lypo scmicouductor and elecLr'Oll:., in
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the p-type) participate. Usually this current is several or
ders of magnitude less than the direct current, with the
plateau reached at relatively high voltages. The direct
current grows with voltage very rapidly, since as the vol
tage is increased, it becomes easier for the charge carriers
to pass through the junction.
4.41. Let us suppose that there is a small deviation from
the state with (1 = 1. If a drops at point a, the number of
electrons Impinging on the surface is smaller than the
number of electrons leaving the surface, with the surface
acquiring a negative potential, which brings down (J

still further. And this leads to a further increase in the
negative potential. The process continues until the cur
rent of primary electrons becomes totally cut off. If at
the same point the value of a increases somewhat, the
surface acquires a positive potential, the velocity of
the electrons increases, and the current continues to
grow, which leads to an increase in (1, up to the maxi
mum on the curve, and then to point b, where a = 1,
just as at point a. Similar reasoning leads us to the con
clusion that small variations in (1 at point b change the
potential of the surface in such a way that a returns to
its initial value (J = 1. Thus, point a corresponds to an
unstable state, while point b corresponds to n stable state.
For a small deviation from the state of equilibrium
corresponding to point a, the surface acquires a potential
that either completely cuts off the current of the primary
electrons or corresponds to that at point b.
4.42. The reflected electrons retain practically HI] their
initial energy and, henco, correspond to curve 2 in the
figure accompanying~the problem. Secondary electrons,
on the other hand, are freed from the solid bombarded
with the primary electrons at the expense of the energy
of the primary electrons, and this energy is distributed
between the emitted electrons. The energy of the latter
is, as a rule, considerably Jess than that of tho pri mary
electrons. Moreover, while all the reflected electrons have
veloc-ities that are concentrated within a narrow interval
and have energies close to those of the primary electrons,
the secondary electrons form a broad spectrum of veloci
ties. The "true" secondary electrons are represented by
curve 1 in the figure accompanying the problem.
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