Sol.

Sol.

Sol.

Sol.

Three Dimensional Geometry

Short Answer Type Questions

If the direction ratios of aline are 1, 1, 2, find the direction cosines of the line.

The direction cosines are given by

l

a b c
= ’m: ’n:—
\/az+bz+c2 \/az+192+c2 Nat+b*+ ¢

Here a, b, ¢ are 1, 1, 2, respectively.

a b c
Therefore, [ = ,m= N
P+ +2° P41 42 VP +17+2°
1 1 2 1 1 1

ie,/=—,m=—,n=—— ie. ¥| —,—,— | are D.C’s of the line.

NN N (JE NGOG j
Find the direction cosines of the line passing through the points P(2, 3, 5) and
0(-1, 2, 4).

The direction cosines of a line passing through the points P(x,, y,,z,) and Q(x,, y,,z,)

are
XHL—X YT 22_21.
PQ ° PQ ' PQ

Here PQ=\/()C2 —)Cl)2 +(y,— yl)2 +(z,— 21)2

= J(=1-2 +(2-3)* +(4=5)* =Jo+1+1 =11

Here D.C.’s are

+(—_3 il —_1j or +(i 1 Lj

WiV Vi) T WV )

If a line makes an angle of 30°, 60°, 90° with the positive direction of x, y, z-axes,
respectively, then find its direction cosines.

The direction cosines of a line which makes an angle of &, ,B, ¥ with the axes, are
cosa, cosf3, cosy

2 2

ﬁl}

Therefore, D.C.’s of the line are cos 30°, cos60°, cos90° i.e., i(—,—,O

The x — coordinate of a point on the line joining the points Q(2, 2, 1) and R(5, 1, -2)

is 4. Find its z— coordinate.

Let the point P divide QR in the ratio A:1, then the co-ordinate of P are
5A+2 A+2 24+1

( A+1 7 A+17 A+1 j

But x — coordinate of P is 4. Therefore,

5A+2
A+1

4=>1=2




—2A+1
+1

Hence, the z— coordinate of P is

5. Find the distance of the point whose position vector is (2? + j - /2) from the plane
F(—2j+4k)=9
Sol.  Here ﬁ:2f+}—/€,ﬁ=f—2}+4/2 and d=9

(22+}—/€).(2—2}+41€)—9‘
Vi+4+16

So, the required distance is

2-2-4-9] 13
V21 V21
. . . . x+3 y—-4 z+8
6. Find the distance of the point (-2,4,—5) from the line = =

5 6

Sol.  Here P(-2,4,-5) is the given point.
Any point Q on the line is given by (343, 54+4, (64-38),
PQ=3(A-1)i +54]+(6A—-3)k.
Since ﬁé 13+ 5} + 612), we have
3(34-1)+5(54)+6(64—3)=0
91+251+364=21, ie. A=

'I: (72, 4: 75)

Q
Fig. 11.1
1, 15, 12~

Thus PO L7135 312;
us PQ==101%10" "0

N
v

Hence IIY)|=%\/1+225+144 - /‘;’—(7)

7. Find the coordinates of the point where the line through (3, —4, —5) and (2, -3, 1)
crosses the plane passing through three points (2,2,1), (3,0,1) and (4,-1,0).
Sol.  Equation of plane through three points (2,2,1), (3,0,1) and (4,-1,0) is
[(F—(2f+2}+l€)].[(f—2j)><(f—}—12)]:0
ie, F—(2i+2j+k)=7 or 2x+y+z-7=0 ...(1)
Equation of line through (3,-4,-5) and (2,-3,1) is



Sol.

Sol.

10

Sol.

x=3 +4 z+5
D A (2)
-1 1 6

Any point on line (2) is (-4 +3, 4 -4, 64-5). This point lies on plane (1). Therefore,
2(-A+3)+(A-4)+(64-5)-7=0, ie, A=z

Hence the required pointis (1,-2,7).

Long Answer Type Questions

Find the distance of the point (-1, -5, - 10) from the point of intersection of the
line 7 =2 — j+2k+A(3i +4 ) +2k) and the plane 7-(i — j+k)=5.

We have 7 =21 — j+2k+A3i +4]+2k) and F-(I — j+k) =5

Solving these two equations, we get [(2? -+ 2/2) +AGi+4)+ 2/2)} G-+ lg) =5
which gives 4 =0.

Therefore, the point of intersection of line and the plane is (2, -1, 2) and the other given

point is (—1, -5, —10) . Hence the distance between these two points is

J2 = (=D +[-145F +2=(-10)]* , ice. 13

A plane meets the co-ordinates axis in A, B, C such that the centroid of the

AABC is the point (¢, S, 7).Show that the equation of the plane is X +%+£ =3
o /4

Let the equation of the plane be

f + X + E =1

a b c

Then the co-ordinate of A, B, C are (a,0,0), (0,b,0) and (0,0,c) respectively.
Centroid of the AABC is
X+x,+x, yty,ty, z+z,+z, e [a b cj

’ ’

3 3 3 37373
But co-ordinates of the centroid of the AABC are («, f, 7) (given).
Therefore, & :g,ﬁ = g, y= %, ie,a=3a,b=38,c=3y
Thus, the equation of plane is
i + l + £ — 3
a By

Find the angle between the lines whose direction cosines are given by the
equations 3/+m+5n=0 and 6mn—2nl+5lm=0.

Eliminating m from the given two equations, we get

=2’ +3In+1*>=0
= (n+l)(2n+l)=0

= either n=-l or l=-2n



11.

Sol.

Now if [ =—n, then m=-2n

andif /=-2n, then m=n.

Thus, the direction ratios of two lines are proportional to —n, —2n, n and —2n, n, n,
ie.1,2,-1and -2,1,1.

So, vectors parallel to these lines are

a=1+2] —k and b=-27 + 7+ k, respectively.

If @ is the angle between the lines, then

_ab

lallb]

(+2]-k)-(2i+j+k) 1

JE+22 (=122 +P+1> 6

Hence, 6 =cos™ [—lJ .
6

cos@

Find the co-ordinates of the foot of perpendicular drawn from the point
A(l, 8, 4) to the line joining the points B(0, -1, 3) and C(2, -3, -1).

Let L be the foot of perpendicular drawn from the points A(1, 8, 4) to the line passing
through B and C as shown in the Fig. 11.2. The equation of line BC by using formula
F=d+ A(b—a), the equation of the line BC is

F=(—]+3k)+ 20 —2] - 4k)

= xi+yi +zk =241 —QA+1Di + A3 -4k

Comparing both sides, we get

x=24, y=—(24+1), z=3-44 ...(1)

Thus, the co-ordinate of L are (24, — (2/1 + 1), (3 - 4/1),

so, that the direction ratios of the line AL are (1-24), 8+(24+1), 4—(3-44), i.e.
1-24, 2449, 1+44

Since AL is perpendicular to BC, we have,
(1-24)(2-0)+(24+9)(-3+1)+(44+1)(-1-3)=0
A(1,8,4)




12.

Sol.

13.

Sol.

The required point is obtained by substituting the value of A, in (1), which is

(—_Szgj
3'3°3)

-1 z-2

Find the image of the point (1, 6, 3) in the line %: yT: z T
Let P (1, 6, 3) be the given point and let L be the foot of perpendicular from P to the
given line.

P(1,6,3)

H

= L -
v
Q
Fig.11.3

The coordinates of a general point on the given line are

x=0_ y-1_ z-2
12 3

If the coordinates of L are (A, 24+1, 34+2), then the direction ratios of PL are

A-1, 2A4-5, 34-1.

But the direction ratios of given line which is perpendicular to PL are 1,2,3. Therefore,

(1-1)1+(24-5)2+(34-1)3 =0, which gives A =1.Hence coordinates of L are

(1, 3,5).

=A ,ie,x=A, y=2A+1,z=31+2

Let O(x,, ¥, z,) be the image of P(1, 6, 3) in the given line. Then L is the mid-point

)cl+1:1 yl+6:3 z,+3
) T2

of PQ.Therefore, =5

=x=1y=0z=7
Hence, the image of (1, 6, 3) in the givenlineis (1, 0, 7).

Find the image of the point having position vector i+ 3} +4k inthe plane
P2 - j+k)+3=0.

Let the given point be P (i + 3} +4/€) and Q be the image of P in the plane
FeQi-]+ /2) +3=0 as shown in the Fig. 11.4.

Then PQ is the normal to the plane. Since PQ passes through P and is normal to the given
plane, so the equation of PQ is given by

F=(+3]+4k)+ AQ20 - j+k)
Since Q lies on the line PQ, the position vector of Q can be expressed as

(G+3]+4k)+ A2 = j+k) ie, (1420 +B=)j+ @+ Dk



Since R is the mid point of PQ, the position vector of R is P
[(A+24) +(B—A)] + 4+ k] +[i +3] +4k]
2

o A) A A~
e, A+Di+|3—=|j+| 4+— |k
ie, ( +)z+[ 2)]4{ +2J

Again, since R lies on the plane 7 - (2?— 7+ /2) +3=0, we have R
~ ﬂ A /1 ~ R T E
A+Di+ 3—5 J+ 4+E kr.2Qi—j+k)+3=0 :
=>A=-2
Hence, the position vector of Q is (f+3j+4l€)—2(2f—j+l€) , ) “
Fig.11.4

ie, =31 +5]+2k.

Objective Type Questions

Choose the correct answer from the given four options in each of the Examples 14 to 19.

14.

Sol.
15.

Sol.

16.

The coordinates of the foot of the perpendicular drawn from the point (2, 5, 7)
on the x—axis are given by

(A) (2, 0, 0)

(B) (0, 5, 0)

(©) (0, 0, 7)

(D) (0, 5, 7)

(A) is the correct Answer.

P is a point on the line segment joining the points (3,2,-1) and (6,2,-2).1f

x —coordinate of P is 5, thenits y—coordinate is

(A)2

(B)1

-1

(D) -2

(A) is the correct answer. Let P divides the line segment in the ratio of A: 1,
A+3 64+3

x — coordinate of the point P may be expressed as x = giving —— =35 so
A+1 A+1

24+2
that A =2.Thus, y—coordinate of P is Tl 2
+

If a, B, y are the angles that a line makes with the positive direction of x, y, z axis,
respectively, then the direction cosines of the line are.

(A) sina,sin B,sin ¥

(B) cosa,cos f3,cos ¥

(C) tan &, tan S, tan ¥



Sol.
17.

Sol.

18.

Sol.
19.

Sol.

(D) cos’ a,cos’ B,cos” ¥
(B) is the correct answer.
The distance of a point P(a, b, ¢) from x—axis is

(A) Va’ +¢*
B) Na* +b*
© b+

(D) b* + ¢

(C) is the correct answer. The required distance is the distance of P(a, b, ¢) from

Q(a, 0, 0), which is Vb* +¢* .

The equations of x—axis in space are

(A) x=0, y=0
(B) x=0,z=0
Q) x=0

(D) y=0, z=0

(D) is the correct answer. On x —axis the y—coordinate and z — coordinates are zero.

Aline makes equal angles with co-ordinate axis. Direction cosines of this line are

(4) £(1,

w{; 13 =
@{353
{55

(B) is the correct answer. Let the line makes angle & with each of the axis. Then, its
direction cosines are cos «, cos &, cos .

Since cos® @+ cos® &+ cos’ & =1. Therefore, cos & =

I+
-

Fill in the blanks in each of the Examples from 20 to 22.

20.

Sol.

21.

Sol.

T3 T
If a line makes angles E,Z 7 and Z with x, y, z axis, respectively, then its

direction cosines are
) ) ) .4 3 T
The direction cosines are cos—,cos—7,cos—, i.e.,
2774 4’ J_ \/

If a line makes angles «, 3, ¥ with the positive directions of the coordinate axes,
then the value of sin’a+ sin’ B+ sin’y is
Note that



sin® o +sin® B+sin” y = (1-cos” @)+ (1—cos” B)+(1—cos’ ¥)
=3—(cos’ a+cos’ f+cos’ y)=2.

/2
22, If a line makes an angle of Z with each of y and z axis, then the angle which it
makes with x —axis is

. % T .
Sol. Let it makes angle & with x— axis. Then cos” &+ cos’ Z+ cos’ Z =1 which after

. e . T
simplification gives & = E
State whether the following statements are True or False in Examples 23 and 24.
23.  Thepoints (1,2,3), (-2,3,4) and (7,0,1) are collinear.
Sol.  LetA, B, Cbe the points (1,2,3), (-2,3,4) and (7,0,1) respectively. Then, the
direction ratios of each of the lines AB and BC are proportional to -3, 1, 1. Therefore,

the statement is true.
24.  The vector equation of the line passing through the points (3,5,4) and (5,8,11) is

F=31+5]+4k+AQ21 +3]+7k)

Sol.  The position vector of the points (3,5,4) and (5,8,11) are
G=31+5]+4k,b=5+8]+11k,
and therefore, the required equation of the line is given by
F=3+5]+4k+ A0 +3]+7k).

Hence, the statement is true.



Three Dimensional Geometry

Objective Type Questions

Choose the correct answer from the given four options in each of the Exercises from 29 to
36.

29.  Distance of the point (¢, S, y) from y-axis is
() s
(B) | 4]
© |A]+]7
®)o’ +7

Sol. (D) Required distance = \/(0{— 0 +(B-B)+(y—0)* = \/0{2 +7

30. If the directions cosines of a line are k, k, k, then
(A) k>0
(B) O<k<l1
© k=1
1 1
(D) k= ﬁ or— ﬁ
Sol. (D) Since, direction cosines of a line are k, k and k.

sl=km=kand n=k

We know that, I +m” +n’ =1
=>kE+k+k =1

Skl

sk=%

&S- @

31. The distance of the plane 7’[%; +% i —gé) =1 from the origin is
A)1
(B) 7
1
Q) —
© 7

(D) None of these

. 2 ~ 3 A 6 ~
Sol.  (A) The distance of the plane 7 (71 +7 —7kJ =1 from the origin is 1.

[since, 7 -7 =d is the form of above equation, where d represents the distance of plane
from the origini.e., d = 1]

x—=2 y-3 z-4
4

32. The sine of the angle between the straight line and the plane

2x-2y+z=5is



635

4
® -~
23

5
5

2
(D) 10
Sol. (D) We have, the equation of line as
x—=2 y-3 z-4
3 45
Now, the line passes through point (2, 3, 4) and having direction ratios (3, 4, 5).

(9

Since, the line passes through point (2, 3, 4) and parallel to the vector (3f+4} +5/€).
b=31+4]+5k
Also, the Cartesian from of the given planesis 2x—2y+z=35.
= (xi+yj+zk)2-2]+k)=5
=0 -2]+k)
We know that, sin @ = Lg'ﬁl _| (3;+4j+5]€)'(25_2j+£)
D117 3 +4+5 Ja+rd+l
_16-8+5] 3 1
C V503 15V2 s\2

V2

sin@ =—

33. The reflection of the point («, f, ) in the xy-plane is
(A) (a, B, 0)
(B) (0, 0, 7)
© (&, -5.7)
) (a. B, -7)
Sol. (D) In XY-plane, the reflection of the point (&, 8, 7) is (&, B, —7)
34.  The area of the quadrilateral ABCD, where A(0,4,1), B (2, 3, -1), C(4, 5, 0)
and D(2, 6, 2), is equal to

(A) 9 sq. units
(B) 18 sq. units
(C) 27 sq. units
(D) 81 sq. units
Sol. (A) We have,



AB=(2-0){+(3-4)j+(-1-Dk=2i- -2k
BC=(4-2)i+(5-3)j+O0+Dk=2{+2j+k

CD=Q2-4)i+(6-5)]+2—-0)k=-27+]+2k
DA=(0-2)i+(4-6)j+(1-2)k=-2i-2j—k

A~ A ~

1k
.. Area of quadrilateral ABCD =| ABxBC =12 -1 =2
2 2 1

= i(-1+4) = JQ+4) +k(4+2)|
=31 —6]+6k|
=4/94+36+36 =9 sq units

35. The locus represented by xy+ yz =0 is
(A) A pair of perpendicular lines
(B) A pair of parallel lines
(C) A pair of parallel planes
(D) A pair of perpendicular planes
Sol. (D) We have, xy+ yz=0
= xXy=-yz
So, a pair of perpendicular planes.
36. Theplane 2x—3y+6z—11=0 makes an angle sin™' (&) with x — axis . The value of
«a is equal to

NE

3

(A) >

J2

(B) 3
2

() 7

3
(D) e

Sol. (C) Since, 2x—3y+6z—11=0 makes an angle sin"' (&) with x —axis .

b=(7+0]+0k)and 7i=2{ —3] +6k

. b-ii
We know that, sinf = L J
|b|-|7]

JIJ4+9+36 7
Fill in the blanks in each of the Exercises 37 to 41.
37.  Aplane passes through the points (2,0,0) (0,3,0) and (0,0,4). The equation of

plane is

_|(1i)~(2i—3j+6k)=2



Sol.  We know that, equation of the plane that cut the coordinate axes at (a,0,0) (0,5,0)

and (0, 0, ¢) is AR
a b c

Hence, the equation of plane passes through the points (2,0,0) (0,3,0) and (0,0,4) is

f.ﬁ.l_ﬁ.i =1
2 3 4
38. The direction cosines of the vector (2? + 2} — lg) are
Sol.  Direction cosines of (2;+ 2}—]2) are , 2 , ! ie., g,g,_—l.
Va+4+1 Ja+4+1 Ja+4+1 333

x-5 y+4 z-6
=== is

Sol.  We have, 525?—4}+6l€ and 1323f+7j+212

So, the vector equation will be

F=(5l—4]+6k)+ A3 +7]+2k)

= (xi+yj+2k)— (5] — 4]+ 6k) = A(31 +7] +2k)

= (x=5)+(y+4)j+(z=6)k = A(3] + 7] +2k)
40.  The vector equation of the line through the points (3,4,-7) and (1,-1,6) is

39. The vector equation of the line

Sol.  We know that, vector equation of a line passes through two points is represented by

F=d+Ab—a)

Here, 7 = xi + y}+3l€,Zz =3f+4}—7/€

And b=i- J+ 6k

= (b—-d)=—-2i-5]+13k

So, the required equation is

xi+yj+zk=31+4]-Tk=A(=21 -=5]+13k)

=  (x=3)i+(y-Dj+z+Dk=A=20-5]+13k)
41.  The Cartesian equation of the plane 7.(i + } - /2) =2 is
Sol.  Wehave, 7.(i + } - /2) =2

= (xf+y}+zl€)-(f+j—l€):2

=>x+y—z=2

Which is the required form.

State True or False for the statements in each of the Exercises 42 to 49.
3 A

1f+2}+ k.

N ZARNTEANT

42, The unit vector normal to the plane x+2y+3z-6=0 is

Sol. True

We have, ﬁ:f+2}+3/2



43.

Sol.

44,

Sol.

45.

Sol.

[+2]+3k i .\ 2] s 3k
Jr+22 43 V14 V14 Vi
The intercepts made by the plane 2x—-3y+5z+4 =0 on the co-ordinate axis are
4 4

’ >

35

R E

Ture
We have, 2x—-3y+5z+4=0

= 2x-3y+5z=—4

4 -4 4
:;i l_izl
2 4 4
S A =1

4 4
So, the intercepts are —2,5 and —g.

The angle between the line 7 = (51— j - 4]2) +AQ20 - ]A + 12) and the plane

— i ? A P I 5

F(3i —4j—k)+5=01is sin (2—@)
False

We have, b = 2?—}—%/2 and ﬁ:3f—4j+/€
Let @ is the angle between line and plane.

|b-ii| _|Qi—]+k)-3i—4]—k)

Then, sinf = ———=

|b1-17i] V6426
_|6+4-1] 9

J156 2439

9

s @=sin"'
2439
The angle between the planes 7 (27 - 3} + lg) =1and 7(i - }) =4 is cos™ = .
J58
False,
. . _ | ﬁl ) ﬁz |
We know that, the angle between two planes is given by cos 8 = m
nin,

Here, 7, = (2?—3j+/2) and 7, =(-J)



46.
Sol.

47.

Sol.

48.

Sol.

|21 =37+ k)i -]

s.cosf=

V4+9+141+1
= cosf = 12+3] _ 5
V1442 247

The line 7 =2/ —3j—k+A(i — j +2k) lies in the plane 7(3i + ] —k)+2=0.

False,
We have, 7=2f—3j—/€+/1(f—j+212)
= (xi+y +2k) =12+ )+ J(=3= )+ k(~=1+2k)

Since, x=(2+A),y=(-3—A)and z=(—14+2A4) are coordinates of general point

which should satisfy the equation of the given plane.
QR+ AT +H(3=-D]+QA=-DK [T+ +k]1=2
= 2+A)-3-A-24+1=2

= -21=2

=>A=-1

L F=Q=Di+(=3+1)j+(-2-Dk

=i-27-3k

Again, from the equation of the plane
F-Gi+j-k)+2=0

= (-2j-3kGi+]-k)+2=0

= 3-2+3)+2=0

=6+#0

Which is not true.

So, the line 7 =2i —3; —k+ Al - } + 2/2) does not lie in a plane.

x=5 y-4 z-6 i
7 2

The vector equation of the line s

F=51—4]+6k+AG3I+7]+2k).
True
We have, x=5, y=—4, z=6

And a=3,b=7,c=2
S F=(51—4]+6k)+ A1 +7]+2k)

The equation of a line, which is parallel to 20+ }+ 3k and which passes through

x=5 y+2 z—4
-1 3

the point (5,-2,4) is

False
Here, x, =5, y, =-2, z, =4



And a=2, b=1, c=3
x=5 y+2 z—-4
2 1 3
49, If the foot of perpendicular drawn from the origin to a plane is (5,-3,-2), then the

equation of plane is 7.(5[ — 3} - 2/2) =38.
Sol. True

Since, the required plane passes through the point P(5, -3, -2), and is perpendicular to
OP.

s a=51-3]-2k

and i=0P =5 -3] -2k

Now, the equation of the plane is

(F-d@)-i=0

=>r-n=a-n

— F-(5=3]=2k)=(51 =3] —2k)- (5] =3 - 2k)
= F-(51-3]—2k)=25+9+4

— 7-(5-3]-2k)=38



Three Dimensional Geometry

Short Answer type Questions

1. Find the position vector of a point A in space such that OA is inclined at 60’ to
OX and at 45° to OY and | ﬁ|=10 units.

Sol. Since, OA is inclined at 60° to OX and at 45° to OY. Let OA make angle o with OZ.
. cos> 60° +cos® 45 +cos* o =1

2 2
:(lj +(Lj +cosa=1 [ +m*+n*=1]
2) 2

= l+%+cosza':l

1 1
=cosfa=1-|—+
(2 4)

= coszazl—(éj
8

= cosla=—

= cosa:%:cos60"
o a=060°

1
OA—lOAl(—l+—]+ kJ
\/7

:10(%%%}4%12} [ OA |=10]
=5i+5v2j+5k

2. Find the vector equation of the line which is parallel to the vector 3 — 2} +6k and
which passes through the point (1,-2,3).

Sol.  Let 523?—2}+6/€ and 52?—2}+3/€
So, vector equation of the line, which is parallel to the vector a = 3i - 2} +6k and
passes through the vector b=i- 2} +3k is F=b + Ad.

F=({—-2]+3k)+ A3 -2 +6k)

= (xi+yj+zk)—(—2]+3k)= A3 —2] +6k)
= (x=Di+(y+2)]+(z=3)k = A(3] =2} + 6k)

x—=1_ y-2 z-3 x—4 y-1

= = z intersect. Also, find
3 4 5

3. Show that the lines

their point of intersection.
Sol.  Wehave, x,=1, y,=2,z,=3and aq, =2, b =3, ¢, =4



Also, x, =4, y, =1, z,=0 and a, =5, b, =5, ¢, =1
If two lines intersect, then shortest distance between them should be zero.

.. Shortest distance between two given lines

NN =N HTE

al bl Cl
_ a, bz G,
\/(blcz —bzcl)2 +(ca, — czal)2 +(a,b, —a,b, )
4-1 1-2 0-3
2 3 4
B 5 2 1
CJB1-2.42 +(@5-1.2) +(2.2-53)?
3 -1 -3
2 3 4
s o2
T 2543244121
3(2-8)+1(2-20)-3(4-15)
- J470
_—15-18433 0

T ol
Therefore, the given two lines are intersecting.
For finding their point of intersection for first line,
x—1= y—2= z—3=/1
2 3 4
x=2A+1, y=3A+2 and z=44+3
Since, the lines are intersecting. So, let us put these values in the equation of another

line.

2A+1-4 3A+2-1 4A+3

Thus,

2 1
24-3 3441 44+3
- = =
5 2 1
2A-3 41+3
5 1

= 24-3=204+15

= 181=-18=-1
So, the required point of intersection is

x=2(-D)+1=-1
y=3(-D+2=-1
z=4(-1)+3=-1

Thus, the lines intersect at (—1, —1, —1).



4. Find the angles between the lines 7 =3i =2 + 6k + AQi+ ]+ 2/2) and
F=(2]=5k)+ u(6i +3]+2k)

Sol.  Wehave, F=3i—2j+6k+A(2i + j+2k)
And 7 = (2] =5k) + u(6i +3 ] +2k)
Where, q, =3f—2j+6/2, 51 =2f+j+2l€
And @, =2 -5k, b, =6i+3]+2k
If 8 is angle between the lines, then

_1bby]
[D 115 |
|21+ ] +2k)- (6 +3] +2k)
T \2it 2kl 6i 3]+ 2k ]

_12+3+4| Q
Jo49 21
1
6 =cos™ 19
21
5. Prove that the line through A (0, -1, -1) and B (4, 5, 1) intersects the line through

C(3,9,4) and D(-4, 4, 4).
Sol.  We know that, the Cartesian equation of a line that passes through two point
(x, ¥, z,) and (x,, y,, z,) is
X=X _y-y _z—z
X4 - V=N - 2,74

Hence, the Cartesian equation of line passes through A(0,-1,—-1) and B(4,5,1) is

x=0 _ y+1 z+1
4-0 5+1 1+1
x_y+l_z+1

4 6 2
And Cartesian equation of the line passes through C(3,9,4) and D(-4,4,4) is

(D)

x=3 y-9 z-4
—4-3 4-9 4-4
-3 -9 _
X3 79 274 Gy
-7 -5 0
If the lines intersect, then shortest distance between both of them should be zero.
.. Shortest distance between the lines
=X =N Z,7%

a bl G

a, b, G

\/(blc2 —b,c,)’ +(ca,—c,a,) +(ab, —a,b)’




Sol.

Sol.

3—-0 9+1 4+1

4 6 2
B 7 50
J6-0+10) +(—14-0)* +(-20+42)?
310 5
4 6 2
I
~ J100+ 196+ 484
_ 3(0+10)—10(14) + 5(~20+42)
- J780
_30-140+110 _

V780

So, the given lines intersect.
Prove that thelines x= py+¢, z=ry+s and x=p'y+¢/, z=r'y+s are
perpendicular if pp’+rr’+1=0.
Wehave, x=py+qg = y =219 ..(0)
p

And z=ry+s = yzﬂ (D)
r
SN % =273 [using Egs. (i) and (ii)] ...(iii)
P r

Similarly, x—'q _Y_Z798 . (1v)
p 1

'

r
From Egs. (iii) and (iv),

a=p, b=1c¢=r

and a,=p', b, =1, ¢,=r'

if these given lines are perpendicular to each other, then
a,a, +bb,+c,c, =0

= pp+1+rr'=0

Which is the required condition.

Find the equation of a plane which bisects perpendicularly the line joining the
points A(2, 3, 4) and B(4, 5, 8) atright angles.

Since, the equation of a plane is bisecting perpendicular the line joining the points
A(2, 3, 4) and B(4, 5, 8) atrightangles.

) ) (244 3+5 4+8
So, mid-point of AB is , ,
2 2 2

Also, N =(4=2)i +(5-3) ]+ 84k =2i +2] +4k

ie, (3, 4, 6).

So, the required equation of the plane is (¥ —ad) - N=0.



Sol.

Sol.

10.
Sol.

= [(x=3)i+(y=4)]+(z=6)k]- (2T +2]+4k)=0 [- G =31 +4] +6k]

= 2x—6+2y—-8+4z-24=0

= 2x+2y+4z=38

SXx+y+2z=19

Find the equation of a plane which is at a distance 3x/§ units from origin and the

normal to which is equally inclined to coordinate axis.
Since, normal to the plane is equally inclined to the coordinate axis.

1

Therefore, cosa@+cos f=cosy=—

NE)

o= 1+~ 1 5 1 & . . .
So, the normalis N =—=1 +— j+——=k and plane is at a distance of 3\/5 units from
3 BB
origin.
. e ~ N

The equation of planeis 7- N = 3x/§ { N = m}

A

[Since, vector equation of the plane at a distance p from the originis 7- N = p ]
A1

(\/lgf+\/1§1]+\/§l€j s

= (xf+y}+zl€)-

by z
= ﬁ + % + E =33
x+y+z=3\/§-\/§=9
So, the required equation of planeis x+ y+z=9.
If the line drawn from the point (-2, —1, —3) meets a plane at right angle at the
point (1, -3, 3), find the equation of the plane.
Since, the line drawn from the point (—2, —1, —3) meets a plane at right angle at the
point (1, —3, 3). So, the plane passes through the point (1, -3, 3), and normal to plane
is (=37 +2] —6k).
— G=1-3]+3k And N=-3{+2] -6k
So, the equation of required plane is (¥ —a)- N=0
— [(xi + yj+2k)— (1 =3]+3k)]- (=31 +2]—6k) =0
= [(x=Di+(y+3)j+(z=3)k)]- (=3 +2]-6k)=0
= -3x+3+2y+6-6z+18=0
= -3x+2y—-6z=-27
S 3x=2y+62z-27=0
Find the equation of the plane through the points (2,1,0), (3,-2,-2) and (3, 1, 7)
We know that, the equation of a plane passing through three non-collinear points
(xl’ N Zl)’ (xz’ Yas Zz) and (x3’ V3o Z3) is



11.

Sol.

X=X Y=y zZz—z
X=X V=Y Z,—z|=0

X=X V3=V 23T %

x=2 y-1 z-0
=(3-2 -2-1 -2-0/=0
3-2 1-1 7-0
x=2 y-1 z
= 1 -3 2|=0
1 0 7

= (x=2(21+0)—(y—-1)(7+2)+z(3)=0

= —21x+42-9y+9+3z=0

= -21x-9y+3z=-51

S Ix+3y—z=17

So, the required equation of planeis 7x+3y—z=17.

Find the equations of the two lines through the origin which intersect the line

x_—3 = y_—3 =Z at angles of z each.
2 1 1 3
Given equation of the line is x;3 = yT_B = % =1 ..>0)
, . , . . 2 1 1
So, DR’s of the line are 2, 1, 1 and DC’s of the given line are ——,—,—.
6 V6 16
Also, the required lines make angle % with the given line.
FromEq. (i), x=(2A+3),y=(A+3) and z=A1
t cos O = a,a, +bb, +cc, Ay Q
JaZ +b2 + G\ +bF + ¢
e E o (2013 +(D) 0,0,0
3 J63JQ2A+3) +(A+3) + 22 Xe—fg——>
oL 64+9 22443, 4+3.0)
2 J6JAA +9+124+ 2> +9+64+ A7)
6 64+9
- — = ) J
2 JoA’+184+18 Y

= 6NA*+31+3 =2(64+9)

= 36(A% +34+3)=36(41% +9+121)
= A +31+3=41+9+124

=32 +91+6=0

= A7 +31+2=0



= AA+2)+1(A1+2)=0 = (A+1)(A4+2)=0
L A=-1,2

So,the DC’sare 1,2,—1 and —1,1,-2.

Also, both the required lines pass through origin.

So, the equations of required lines are r_r_Z and *_Y_ i.
1 2 -1 -1 1 =2
12, Find the angle between the lines whose direction cosines are given by the

equation [+m+n=0, I’ +m> —n>=0.
Sol. Eliminating n from both the equations, we have
P+m’—(I-m)*=0
=>P+m’ =P -m*+2ml=0
=2lm=0 = Im=0
= (m-nm=0/[.[l=-m—n]
= (m+nm=0
=>m=—n =>m=0
=1=0,l=-n
Thus, Dr’s two lines are proportional to 0,—n,n and —n,0,n i.e. 0,—1,1 and —1,0,1.
So, the vector parallel to these given lines are d = —} +kand b=—i+k

ab L1 :>cost9=l

lanbl 2 2 2

6’=Z cos£=l
3 3 2

13. If a variable line in two adjacent positions has direction cosines /,m,n and

Now, cos@ =

[+ 06l, m+ dm, n+on, show that the small angle 56 between the two positions is
given by 06° = 6I° + dm* + Sn’.

Sol.  Wehave [,m,n and [+ 6!, m+Om, n+On, as direction cosines of a variable line in two
different positions.

SPem+nt =1 ..3)
And (1+ 60 +(m+m)* +(n+n)* =1 ...(ii)
= P4+m’+n* + 81" +0m” +n* + 216 + mOm+ndn) =1
= 0> +m” +0n° =281+ mSm+ndn) [- > +m” +n* =1]
= I8l + mom+ non = _71(512 +0m’* +0n*) ...(iii)
Now, d and b are unit vectors along a line with direction cosines /,m,n and
(I+dl),(m+ dm),(n+ On) respectively.
sd= lf+mj+n/€ and b = (l+5l)f+(m+5m)}+(n+5n)l€
ab

= c0s0f =——
lallbl

a-b[a=bl=1]



14.

Sol.

15.

Sol.

= c0s 00 = [(1+ 1)+ m(m+ dm) + n(n+ On)
=(* +m* +n*)+ (0] + mOm+ ndn)

= 1—%(512 +0m’ +0n”) [using Eq. (iii)]
= 2(1-cos 80) = (81> + Sm* + on’)

= 2.2sin? i =01 +0m*> +6n® ['.‘1—c050:2sin2§}

(iﬁj = 01> +6m* + on® {sin ce,%is small, then sin%:%}

- 06 =S81P +5m* + S’
O is the origin and A is (a, b, c) . Find the direction cosines of the line OA and
the equation of plane through A at right angle to OA.
a b c
\/612 +b* +c? ’\/az +b* + ¢ ’\/az b+t
Also, ﬁzO—A=é2a2+bj+cl€
The equation of plane passes through (a, b, c) and perpendicular to OA is given by
[F—al-n=0

=>r-n=a-n

Since, DC’s of line OA are

= [(xi + yj + zk) - (ai + b} + ck)] = (ai +b] + ck)- (al +b] +ck)
= ax+by+cz=a’+b*+c’
Two systems of rectangular axis have the same origin. If a plane cuts them at
distances a, b, c and a', b', c', respectively, from the origin, prove that
1 1 1 1 1 1

—t—=—t—t—.
a2 b2 C2 a 12 b 12 Cv2
Consider OX, OY, OZ and ox, oy, oz are two system of rectangular axes.

Let their corresponding equation of plane be

SR I )
a b c
And Z+ 2+ 2 =1 Gi)
a b ¢
Also, the length of perpendicular from origin to EQs. (i) and (ii) must be same
0 0 O 0 0 O
—4—+—-1 —+—+—-1
a_ b _c __a b ¢




Three Dimensional Geometry

Long Answer Type Questions

1—
16. Find the foot of perpendicular from the point (2, 3, —8) to the line > e % = TZ

. Also, find the perpendicular distance from the given point to the line.

4— 1-
Sol. We have, equation of line as *_Y_ z

6 3

2 6 -3
= x=—"2A+4,y=6Aandz=-31+1
Let the coordinates of L be (4—2A, 64, 1—3A)and direction ratios of PL are
proportional to (4—24-2, 64-3,1-34+38) ie., (2—24, 64-3,9-31).

Also, direction ratios are proportional to —2,6,—3. Since, PL is perpendicular to give
line.

s =2(2-24)+6(64-3)-3(9-34)=0

= —4+414+364-18-27+94=0

= 491=49= 1 =1

So, the coordinates of L are (4—24,64,1-34) i.e.,(2,6,-2).

x—4_l=z—1=/1

P(2, 3, -8)
L
4-x y 1-z
2 6 3

Also, length of PL =/(2—2)* +(6—3)? + (=2 +8)°
=J0+9+36 = 3+/5units

+5 +3 z-6
17. Find the distance of a point (2, 4, -1) from the line A _Yr2_Z

4 -9

x+5 y+3 z-6
4 -9

=1

Sol. We have, equation of the line as

= x=A-5y=41-3,z=6-94

Let the coordinates of L be (1—5,44—3,6—91), then Dr’s of PL are
(A—=7,41-7,7-94).]

Also, the direction ratios of given line are proportional to 1, 4, -9.
Since, PL is perpendicular to the given line.



18.

Sol.

19.

Sol.

A= 1+@A=-T)-4+(T-94)-(-9)=0
= A-7+161-28+811-63=0

= 981=98=>1=1

So, the coordinates of L are (—4,1,-3).

.. Required distance, PL= \/(—4 -2 +(1-4)* +(=3+1)°
=+/364+9+4 =7 units
3
Find the length and the foot of perpendicular from the point(l,z , 2) to the plane

2x-2y+4z+5=0.
Equation of the given plane is 2x-2y+4z+5=0 ...(1)
= 7i=2-2]+4k

3
So, the equation of line through (1,5,2j and parallel to 7 is given by

x—1_ y-3/2 z-2
2 -2 4

=1

= x=2/1+1,y=—2/1+% and z=41+2

If this point lies on the given plane, then

224+1) —2(—2/1+%j+4(4/1+ 2)+5=0 [using Eq. (1)]
= 41+2+44-3+16A+8+5=0

= 242:—12:2:%1

.. Required foot of perpendicular
=|2X - +1,-2X% -1 +§,4>< -1 +2 |ie., 0,2,0

2 2 2 2 2

. . . (3 5Y .
.. Required length of perpendicular =, |(1-0)" + 373 +(2-0)

=J1+1+4 =+/6 units

Find the equations of the line passing through the point (3, 0, 1) and parallel to

the planes x+2y=0and 3y—z=0.

Equation of the two planes are x+2y=0and 3y—-z=0.
Let 7, and 7, are the normal to the two planes, respectively.
oo =i+2] and n, =3j—l€

Since, required line is parallel to the given two planes.



20.

Sol.

21.

Sol.

Therefore, b =1, Xn, =

S = =
W N <o
S =

=1(=2)~ J(=D+k(3)
=20+ j+3k

So, the equation of the lines through the point (3, 0, 1) and parallel to the given two
planes are

(x=3) +(y=0)]+(z=Dk+ A(=27 + j+3k)

= (x=3)i +yj+(z=Dk+ (=21 + j+3k)

Find the equation of the plane through the points (2,1,-1) and (-1,3,4), and
perpendicular to the plane x—-2y+4z=10.

The equation of the plane passing through (2,-1,1) is
a(x=2)+b(y-1)+c(z+1)=0 ...(J)

Since, this passes through (-1,3,4).
sa(=1-2)+bB-1)+c(4+1)=0

= —3a+2b+5¢=0 ...(i0)

Since, the plane (i) is perpendicular to the plane x -2y +4z=10.
~la=2-b+4.-¢c=0

= a-2b+4c=0 ...(iii)

On solving Egs. (ii) and (iii), we get

a b ¢ _
8+10 -17 4
= a=184,b=17A,A=44
From Eq. (i),

18A(x=2)+17A(y—-1)+4A(z+1)=0
= 18x-36+17y—-17+4z+4=0

= 18x+17y+4z-49=0

S 18x+17y+4z=49

Find the shortest distance between the lines given by
F=(8+430)i —(9+164) ] +(10+7A)k and 7 =15{ +29] + 5k + (31 +8] —5k).

We have, 7 = (8+3A)i +(=9+164) ] +(10+7A)k
=8/ —97+10k+34i —164] + 71k

=8/ —9]+10k+A(3i —16 ] +7k)

= d,=8-9)+10k and b, =31 -16]+7k ...(i)
Also, 7 =151 +29 ] + 5k + (3 +8] —5k)

= d, =15 +29 ] +5k and b, =3{ +8] -5k ...(ii)



b,xb,)-(d,—a
Now, shortest distance between two lines is given by I( 1 %by) (J 2)|

|b,xb, |
ik
hxb, =3 —16 7
3 8 -5
=7(80—56)— J(~15—-21)+ k(24 +48)
=247 +36]+72k
Now, | b, xb, |=[(24)? +(36)* +(72)?
=1242*+3* +6> =84
And (d, —d,) = (15—-8)i +(29+9)] +(5-10)k
=7i+38) -5k
.. Shortest distance :|(24l +36)+72k)-(7i +38J_5k)|
| 34 |
[168+1368—360| _[1176| .
= = =14 units
| 84 || 84 |
22. Find the equation of the plane which is perpendicular to the plane

5x+4+3y+6z+8=0 and which contains the line of intersection of the planes
x+2y+3z-4=0and 2x+y-z+5=0.
Sol.  The equation of a plane through the line intersection of the planes x+2y+3z—-4=0
and 2x+y—-z+5=0is
(x+2y+3z—4H)+ARx+y—z+5)=0
= x(1+2D)+ y2+ )+ z(-A+3)—4+54=0 ..(Q)
Also, this is perpendicular to the plane 5x+3y+6z+8=0.
S 51420 +32+ ) +6(3-4)=0 [ aa, +bb, +c,c, =0]
= 5+104+6+34+18-64=0
S A=-29/7
From Eq. (i),

X 1+2(_—29J +y(2—§J+z(§+3J—4+5(_—29J:0
7 7 7 7

= x(7-58)+y(14-29)+ z(29+21)-28-145=0

= —51x—15y+50z-173=0

So, the required equation of plane is 51x+15y-50z+173=0.

23. The plane ax+by =0 is rotated about its line of intersection with the plane z =0
through an angle « . Prove that the equation of the plane in its new position is

ax+byt(\a’ +b’ tana)z=0.
Sol.  Equation of the plane is ax+by =0 ...(J)



24,

Sol.

.. Equation of the plane after new position is
axcos bycosa
\/a2 +b’ \/b2 +a’
b
-2 W
\/a2 +b’ \/b2 +a’

= ax+by*ztanaa’ +b* =0 [on multiplying with \a’ +b* ]

Alternate Method

Given, planes are ax+by =0 ...(i)

And z=0 ...(iJ)

Therefore, the equation of any plane passing through the line of intersection of planes (i)
and (ii) may be taken as ax+by+k =0 ...(iii)

+zsina=0

tztan @ =0 [on dividing by cos ]

a b
Then, direction cosines of a normal to the plane (iii) are , ,
V& +0 +1 d +b* +k
c
—————— and direction cosines of the normal to the plane (i) are
Na’ +b* +k°
a b

b 9 0
\/ a’ +b’ \/ a’+b’
Since, the angle between the planes (i) and (ii) is «,

a-a+b-b+k-0
\/az+b2+k2«/az+b2

_ / a’+b’
a+b*+k*

= k’cos’a=a’*(1-cos’ a)+b*(1-cos’ @)

S.CosST =

T (a’ +b22sin2 a
cos” &

k=+\a’ +b’ tanx

On putting this value in plane (iii), we get the equation of the plane as

ax+by+z\a® +b* tana =0

Find the equation of the plane through the intersection of the planes

P+ 3}) -6=0 and 7.3/ — j —4k) =0, whose perpendicular distance from origin

is unity.

We have, 7i,.(i +3]),d, =6 and 7,.(3] — j —4k),d, =0

Using the relation, 7-(7i, + Aii ) = d, +d,A

= F [ +3)+ AGBI - ]-4k)]=6+0-2
= 7 [(1+3D)i+B=A) j+k(-4)]=6 ...(J)

On dividing both sides by \/(1+34)” +(3— 1)? +(=44)*, we get



25.

Sol.

26.

Sol.

FLA+30) +(B—=A) ] +k(=4)] _ 6

JA+3) G-+ (=44} JA+30) +(B= 1) +(-4A)?
Since, the perpendicular distance from origin is unity.

6

CJA=302 +(B-2) (44 -l
= (1-31)*+B-1)"+(-41)* =36
= 1+94%+64+9+1° -164+164% =36
= 264> +10=36
= A1 =1
A=+l
Using Eq. (i), the required equation of plane is
F 13 +BED ] +(F)k]1=6
= F[1+3)i +B=1) ]+ (k] =6
And 7-[(1-3) +(3+1)j +4k]=6
= F-(4i+2j-4k)=6
And 7- (=20 +4]+4k)=6
= 4x+2y-4z-6=0
and —2x+4y+4z-6=0

Show that the points (f - j + 312) and 3(f + }+ Ig) are equidistance from the plane
F.(50 + 2} —7/2) +9 =0 and lies on the opposite side of it.
To show that these given points (f - j + 3/2) and 3(? + }+ lg) are equidistant from the
plane
F.(51 + 2} —7/2) +9 =0, we first find out the mid-point of the points which is
2i + j+3k.
On substituting 7 by the mid-point in plane, we get
LHS = (2i+ j+3k)- (5 +2] - 7k)+9
=10+2-21+9=0
=RHS
Hence, the two points lie on opposite sides of the plane are equidistant from the plane.

AB=3[ - }—i—lg and CD =-3i + 27+ 4k are two vectors. The position vectors of
the points A and C are 61 + 7} +4k and —9} +2k , respectively. Find the position
vector of a point P on the line AB and a point Q on the line CD such that I?Q is
perpendicular to AB and CD both.

We have, AB =3f—j+l€ and CD :—3f+2}+4l€



27.

Sol.

Also, the position vectors of A and C are 61 + 7} +4k and —9} + 2]2, respectively. Since,
17(5 is perpendicular to both AB and CD.

So, P and Q will be foot of perpendicular to both the lines through A and C.
Now, equation of the line through A and parallel to the vector AB is,
F=(60+7]+4k)+ AGi — j+k)

And the line through C and parallel to the vector CD is given by
F=—9]+2k+u(-=3+2j+4k) ..(0)

Let 7 = (61 +7] +4k)+ A(3i — ]+ k)

and 7 =—9 ] + 2k + u(-31 + 2] +4k) ...(ii)

Let P(6+3A4,7—A,4+ A) is any point on the first line and Q be any point on second line
isgiven by (=34,-9+2u,2+4u).

2 PQ=(-3u—~6-3A) +(-9+2~T+ )]+ (2 +4pu—4— )k
=(3u—-6-3)i +Qu+A-16)j+@du—A1-2)k

If f(j is perpendicular to the first line, then
3(3u—-6-30)-Qu+A-16)+(4u—-1-2)=0

= -9u—18-91-2u—-A+16+4u—-1-2=0

= —Tu—-111-4=0 ...(iii)

If % is perpendicular to the second line, then
=3(Bu—-6-31)+QRu+A1-16)+(4u—-1+2)=0

= 9u+18+9A+4u+24-32+16u—-441-8=0

= 29u+74-22=0 ..(iv)

On solving Egs. (iii) and (iv), we get

—A49u—-774-28=0

= 319u+774-242=0

= 270u—-270=0

=> u=1

Using # in Eq. (iii), we get

-7(1)-114-4=0

= -7-111-4=0

= -11-114=0

=> A=-1

l?(j =[-3(1)—6-=3(=D]i +[2(1) + (=) =16] ] +[4(1) — (1) — 2]]2
=—6i-15]+3k

Show that the straight lines whose direction cosines are given by 2/+2m—-n=0
and mn+nl+Im=0 are at right angles.

We have, 2[+2m—n=0 ...(I)
And mn+nl+Iim=0 ...(ii)



28.

Sol.

Eliminating m from the both equations, we get
n—21

m= [from Eq. ()]

:3(”_2qn+nbw(”_y)=o
2 2
n* —=2nl+2nl+nl -2/ _
5 =
=n’+nl-2I*=0
= n*+2nl-nl-20"=0
= n+2D(n-0H=0
= n=-2landn=1
m:—21—2l = [-21

0

]

2 2

= m:—21,m:_—l
2

-1
Thus, the direction ratios of two lines are proportional to /,—2/,—2 and l,?, l.

= 1,-2,—2 and 1,_71,1

= 1,-2,-2 and 2,-1,2

Also, the vectors parallel to these lines are @ =i — 2}' +2k and b =2i - j +2k
respectively.

- cosf = a-é _(=2)-2k)- (2 = j+2k)
lallb| 3.3
_242-4
9

s 0= z { cosz = O}
2 2

If [,m,n;l,,m,,n,;l;,my,n, are the direction cosines of three mutually

perpendicular lines, prove that the line whose direction cosines are proportional
to [+, +1,, m + m, + m,, n, + n, + n, makes equal angles with them.

Let

é=llf+m1}+nll€

l;:lzf+m2}+nzl€

E=l3f+rr13}+n3l€

d=+1+L) +(m +m,+m) ] +(n +n, +n)k

Also, let a’,ﬁ and ¥ are the angles between ad and c?,l; and c?,E and d.



scosa=1(L+ 1L+ L)+m(m+m,+m)+n(n+n,+n,)

=1+ 1L + LG +m +mm, +mm, +n’ +nn, +nn,

= +m’ +n})+ (UL + 1L +mm, + mm, +nn, +nn,)

=1+0=1

[ llz+m]2+nl2 =land !/ L1, LL,m Lm,m Lm,n Ln,n Ln]
Similarly, cos =1L, +1, + L)+ m,(m +m, + m))+n,(n, +n, +n,)
=140 and cosy=1+0

= cosa=cos f=cosy

= a=p=y

So, the line whose direction cosines are proportional to
L +1,+1,,m +m, +my,n +n, +n, make equal to angles with the three mutually

perpendicular lines whose direction cosines are [,,m,,n;,l,,m,,n, and [;,m,,n,

respectively.



