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Trigonometric Functions

Topic-1: Trigonometric Ratios, Domain and Range of

5:\ Trigonometric Functions, Trigonometric Ratios of Allied Angles
=3
(&) 1 MOQswith One Correct Answer &) 7  Mateh the Following
tan A cot A ; 5. In this questions >ntries in columns 1 and 2.
L l-cotA + 1-tan A G o e A8 Each entry in n ated to exactly one entry in
[2013] column II. Write th; Lorrect Iﬂner rrorn column 2 against
(o) ‘sin A cos Ak 1 (5) 5o AcosecA 1 = the entry number in column 1 in your answer book.
an A + cot . ‘d) sec A+ cos sin 3o
{c) tan A+ cot A (d) sec cosec A : c(l)lizu i [1992 - 2 Marks]
2. Given both 0 and ¢ are acute angles and sin 6 = > Colniin Columaiil
1 ; (13n l4n
cos § = i then the value of © + ¢ belongs to  [2004S] (A) Positive ) |\ LTy
T 27 2n Sn n 147 187
a b [ ] c (“— —} d [—-ﬂ] ot (____]
(2) l ] (®) (©) 6 1@ (g (B) Negative @ {28 a8
3 Vit %, then sin® is [1979) [13;: 23n)
3 (r)
4 48 48 )
(a) —ibmnm— (b) —io :
5 5 o T
4 4 = (S) (0\ E |
(c) —5— but not — g (d) None of these 3 . /
) 10  Subjective Problems
’:.'\j\ : s T ; s et
=4 " s ith Onss ox e iy OugCanyech Answos 6. Find the range of values of ¢t for which 2 sin ¢
4.  Which of the following number(s) is/are rational? 2
1—2x+5x T
{1998 - 2 Marks] == el t [2005 - 2 Marks]
(a) sin 15° (b) cos 15° 3x” -2x-1

(c) sin 15° cos 15° (d) sin 15° cos 75°
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Topic-2: Trigonometric Identities, Greatest and Latest Value of
Trignometric Expressions

A4
=

Let f: R — R be a function defined by

Al 11 :
x“sin| — |, ifx=0
f(x)= [ T J
0, ifx=0
Then which ofthe following statements is TRUE?
[Adv. 2024]
(@) fix)=0 has infinitely many solutions in the interval

1
e
[10‘0’ ]

1
(b) fix)=0 has no solutions in the interval [;co)

1
(c) Theset of solutions of fix) =0 in the interval (0, ;OW)

is finite.
(d) fix) = 0 has more than 25 solutions in the interval

(1 15k}

=
WS

R -5
Let — < x < nbe such that cotx=—. Then
2 N

Lsin %J (sin6x —cos 6x) +(cos %](sin 6x +cos6x)

is equal to [Adv. 2024]
( \/ﬁ+1 V11 +1
AR
) 25 PNE)
( Ji1+1 @ Ji1-1
9 32 W2
Th f 13 ]
evalue o is equal
k=t . | T (k—l)‘.‘t . (TI: k‘ﬂ:) o
smm| —+ sm| —+—
4 6 Y.
to [Adyv. 2016]
@ 3-3 ) 2(3-3)
© 2(¥3-1) @ 2(2-43)

Let 8= 0, %W and t, = (tan0)®", ¢, = (tan@)ct®,

t, = (cot)™® and 1, = (cot)**®, then  [2006-3M,-1]

10.

11.

@ {>LH>5>Y ®) ,>4,>1>1
@ n,>5>1>1
The values of © € (0, 2r) for which 2 sin?0 — 5 sinf +2 >0,
are [2006 - 3M, —1]

7t 5n . n 5n
(a) (O,EJ\J[?, Zn) (b) (E’?]

(€) L>1,>1>1,

m T 5T 41n
o pET) o (F
Ifa+p=mn2and f+y=o,thentan aequals [2001S]
(a) 2(tanp + tany) (b) tanf +tany
(c) tanp + 2tany (d) 2tanf + tany

The maximum value of (cos a,).(cos a,)...(cos c, ), under
the restrictions

T
0=<0, 0.0 @y S —2— and (cot a;).(cot ) ... (cota,)=1

is [20018]
(@) 1/2"2 (b) 127
(c) 172n (@ 1

Let /(8) = sinf(sin® + sin30). Then f(0) is
(@) >0 onlywhen >0 (b) <0 forallreal §
(d) <0 onlywhen g <0

[20008]

(c) =0 forallreal @

3(sinx —casx)4 +6(sin x + cos x}2 +4(sin° x+cos® x)=

[19958]
(@ 11 (b) 12
(¢) 13 d 14
Let 0<x< ; then (sec2x — tan2x) equals [1994]

om(=) o)

(©) tan[x+£] (d) tanz[x+£)
4 4

Given A= sin” 0+cos* @ then for all real values of 8

3
=< 4=<1
® 3

(@ 1<4<2 [1980]

13 3 13
—<A<] S e
© Tg @ z=4

16



12. Ifa+p+y=2n, then

[1979]
B ¥ oY

(a) tzmE +tan— +tzu:1—=tanE tan — tan —
2 2 2 2 2 2

(b) tau:lE tanEHanEEanIHanltanE:l
2 2 2 2 2 2

B B._.¥

(¢) fan= +tan = +tan - = tan— tan - tan *
Lackegel’ e

2
(d) None of these

@ 9 Inteder Va

13. Let o and B be real numbers such that

T T ; 1
—E<B<0<a<z. If sin (a. + B) - and cos (o — )

2
=3 then the greatest integer less than or equal to

[ sinac  cosfl “ sinf ] g
cosfp sina sinf cosa
is : [Adv. 2022]

cosa

14. The maximum value ofthe expression

1

[2010]

e 3 5 is
sin“ 0+3sinBcosB+5cos~ 6

f:[0, 2] > R be the function defined by

(%) z(3-sin(2mx))sin(m~g]—siu (m%).

If a, B €[0, 2] are such that

{x€[0, 2]: f(x) =0} =[a, B], then the value of p—a is
[Adv. 2020]

If 4>0,B>0and 4+ B =n/3, thenthemaximum value

oftan A tan B is [1993 - 2 Marks]

17. IfK =sin(rn/18)sin(57/18)sin(7x/18), then the

numerical value of K is [1993 - 2 Marks]

18. The value of

sin isinﬂsin S—RSinF!—ﬂsin?Esin gj-t—sinm—ﬂ is equal
f4. 014 =14 14 14 14 14
to [1991 - 2 Marks]

n
19. Suppose sin’ xsin3x = Z C,, cos mx is an identity in x,
m=0
where C,. C,, .....C_ are constants, and C, #0. then the
value of m is [1981 - 2 Marks]

23.

24,

25,

26.

Let f{x) = x sin 7x, x > 0. Then for all natural numbers »n,
J'(x) vanishes at

If tan A= (1-cosB)/sin B ,thentan 24 =tan B.
[1983 - 1 Mark]

[Adv. 2013

1
(@) A unique point in the interval (n, H+E)

1
(b) A unique point in the interval (I'H‘E,DHJ

(¢) A unique point in the interval (n, n+ 1)
(d) Two points in the interval (n,n + 1)
Let 8, ¢ € [0, 2n] be such that 2 cos8 (1 —sin @)

=sin’0 [mg+ oot—g—Jcos‘p—l,m(Zn—B} >0and

-1<sin® c—?,ihmqwmnotsaﬁsfy [2012]
T b3 4n
O<p<— - —
(a) $=> (b) 5> S8R
4n 3 3n
(c) ?((p<? (d —<¢<2n
. 4 4
7 "+°°SS x=é, then [2009]
8 8
A 2 sin®x cos®x 1
a) tan"x=— sdiitlao Tl T e
@ 3 ® 8 27 125
2 1 sin®x cos® x 2
¢) tan” x =— d + il
© 3 @ 8 27 125

[1999 - 3 Marks]|

For a positive integer n, let fn (8)
=( tan -g—] (1+secB) (1+sec26) (1+sec40)....(1+sec2"0),

oA sl
© 5(Z]-1 @ £ (%)=

The minimum value of the expression sino +sinf+siny,

where o, B, y arereal numbers satisfying o+ B+ y =1 is
[1995]

(a) positive (b) zero

(c) negative (d) -3

Let 2sin®x + 3sinx —2 >0 and x2 — x— 2 < 0 (x is measured

in radians). Then x lies in the interval [1994]




AB

® (4]
6

|4
@ (32

; 3 ;
The expression 3 [sm“(—zE —a |+sin®(3n+ O‘.)J L

©) -L2)
27
Z[Sinﬁ(g+m)+sin6(5n—a) is equal to

[1986 - 2 Marks]
(a) 0
(© 3

(¢) none of these

®) 1
(d) sinda +cosbq

T 3:1)’ 55']/ )
28. H—cos.E 1+cos? ,]H:OS?. l+005—8—_; is equal
to = [1984 - 3 Marks]|

£ 10 Subjective Problems
29. Inany triangle ABC, pr
A B B 4= B
cot—+cot—+cot— = cot—cot—cot—,
2 2 2 2 =
s 2k
30. Prove that k}:] (n— k) cos —£=—§, where n > 3 isan
= n
integer, [1997 - 5 Marks]

: sin xcos3x
31.  Prove that the values of the function ————=="_ {4 not
sin3xcosx

lie between % and 3 for any real x. [1997 - 5 Marks]

Find the smallest positive number p for which the equation
cos(p sin x) = sin(pcos x) has a solution x e [0.27].

[1995 - 5 Marks]

Determine the smallest positive value of x (in degrees) for
which tan(x + 100°) = tan (x + 50°) tan(x) tan (x— 50°),

[1993 - 5 Marks]

If exp {(sin’x + sin%x + sinx + ) In 2}
satisfies the equation x2- 9x + 8 = 0, find the value of

e 28 ) [1991 - 4 Marks]

cosx+sinx 2
ABCis a triangle such that

I
sin(24 + B)=sin (C— A)=—sin (B+20)= 3

If4, Band Care in arithmetic progression, determine the
values of 4, Band C. [1990 - 5 Marks]
Provethattana+2tan2q +4tan 4o +8cot8a =cot o

[1988 - 2 Marks]

Show that 16 cos ik cos :'E cos EE cos 16—“ =
15 15 15 15

[1983 - 2 Marks)
Without using tables, prove that

(sin 12°) (sin 48°) (sin 54°) = é . [1982-2 Marks]

Solutions of Trignometric Equations

1. 'Let8= {x e(—mmn):x# O,ig}. The sum of all distinct

solutions of the equation -ﬁ Sec x + cosec x + 2(tan x —
cot x) = 0 in the set S is equal to [Adv. 2016]

In 2n Sm
(a) Ersll). 9 (c) 0 @ 3
2. For x &(0,7), the equation sinx + 2sin 2x — sin 3x = 3
has [Adv. 2014]
(a) infinitely many solutions
(b) three solutions
(c) one solution
(d) no solution .
3. The number of solutions of the pair of equations
2sin’0 — c0s20 = 0
2c0s%0 - 3sinf = 0

in the interval [0, 27] is [2007 - 3 Marks]
(a) zero  (b) one (c) two (d) four

cos(a - B) =1 and cos(a + B) = /e where a, € [-n,
). Pairs of &, B which satisfy both the equations is/
are M][2005S]
(a) 0 (b) 1 (c) 2 (d) 4

The number of integral values of k for which the equation
7¢0s x + 5 sin x = 2k + | has a solution is [2002S]
(a) 4 (b) 8 (c) 10 (d) 12

In a triangle POR, /R=7/2.1ftan (P/2) and tan (Q/2)

are the roots of the equation ax® +bx+c=0 (a#0)
then,

[1999 - 2 Marks)
(@) at+b=c¢ (b) b+c=aq
() atc=5h (d) b=c¢
seczﬂ=( 2 is true ifand only if  [1996-1 Mark]
x+y

(@) x+y=0 (b)

x=y,x=0




(d) x#0,y#0

(€) x=y
8.  The general values of @ satisfying the equation

2sin?0 - 3sinf -2 =0is [1995S]
(a) nx+(-1)"n/6 (b) nm+(=1)"m/2
(©) nm+(-1)"51/6 (d) nm+(-1)"Tn/6
9. Let n be a positive integer such that
Sin—+cos— =32 Then [1994]
2n on 2
(a) 6zn<8 (b) 4<n<s
(¢) 4<n<8 (d) 4<n<8

10. Number of solutions of the equation
tan x +sec x = 2cosx lying in the interval [0, 27] is :
(1993 - 1 Mark]
(b) 1 (c) 2 (d) 3

11. The equation (cos p— 1}:1:2 +(cosp)x +sinp=0
In the variable x, has real roots. Then p can take any
value in the interval [1990 - 2 Marks]

(a) O

@ (0.27) (b) (~7.0) (©) [_gg] @ (0, x)

12. The general solution of
sinx—3sin2x+sin3x=cosx— 3 cos 2x + cos 3x i

[1989 - 2 Marks]
b8 nn i
Bl _+_
(a) :r::rr+8 (b) 5k
3
79 R ] ) AL d) 2nm+cos ' =
(€) (-1 > +8 (d) 2am+cos >

13. The value of the expression /3 cosec 20° —sec 20° is

equal to [1988 - 2 Marks]
(a) 2 (b) 2 sin 20%sin 40°
(c) 4 (d) 4 sin 20%sin 40°

14. The general solution of the trigonometric equation
sinx+ cosx =1 is given by : [1981 - 2 Marks]

(8) x=2nm ;n=0, 1,2,

(b) x=2nn+n/2;n=0,£1,£2..

(€) x=nn+(-1)" E—E, where n=0, £1,£2...
(d) none of these

2 2

15. The equation 2cos? %sin x=x"4x 7> ;0<x< % has

[1980]
(a) no real solution
(b) one real solution
(c) more than one solution
(d) none of these

P -
&) =

16. The number of distinct solutions of the equation

D . ;
3005— 2x+cos? x+sin? x+ cos6 x+sin®x=2

in the interval [0, 27x] is [Adv. 2015]

A7
17. The positive integer value of n > 3 satisfying the equa-
tion
1 i bt
: (n} ; [ZE] s [3::] =
sin| —| sin| =—| sin| —
n n n
Two parallel chords ofa circle of radius 2 are at a distance
\/3 +1 apart . If the chords subtend at the center . angles

[2011]

18.

2
efE and —E,wherek>0,d:ultheva.hIeof[k]is

k I
[2010]
[Note : [£] denotes the largest integer less than orequal to k |

2
19. The number of values of 8 in the interval, [‘EE) such

that 9:-’?— forn=0, +1,+2 and tan 8= cot 50 as well

as sin 20 = cos 40 1s [2010]
The number of all possible values of 8@ where 0 <0 <,
for which the system of eguations

(¥ + 2) cos 38 = (xy=) sin 38

2m39+23in30
¥ 3

(=) sin 38 = (v = 2=) cos 36 + ysin 30

have a solution (x,. ¥, ) with y, 2, = 0, is [2010]

21. Leta, b, ¢ be three non-zero real numbers such that the
equation : \Eaensxd-?bsinx:c,xe[-g,g} . has two

20.

xsin3=

Lal

distinct real roots a and B with a+5=%.Then,thevalue

oféis
a

.@ _4

22. The real roots of the equation cos’ x + sin* x=1 in the
interval (-, n) are ..., ..., and

[Adv. 2018]

[1997 - 2 Marks|
23. General value of 0 satisfying the equation

tan? O +sec20=11is [1996 - 1 Mark]
The sides of a triangle inscribed in a given circle subtend
angles a, ff and y at the centre. The minimum value

of the arithmetic mean of cos(a - —g] cos [[3 + %] and

24,

cos(}' + gj is equal to [1987 - 2 Marks]

25. The set of all x in the interval [0, 7] for which 2 sin® x —
3

sinx+120,is 3

[1987 - 2 Marks]




A8
; . 2r
26. The solution set of the system of equations x+ v = =

3
COSX+COS y = 2’ where x and y arereal, is

. T

27. There exists a value of 8 between 0
the equation sin® 8-2sin’9-1=0.

1«

28. Let o and B be non—zero real numbers such that
2(cosp — cosa) + cosa cosp = 1. Then which of the
following is/are true? [Adv. 2017]

() m[%}+ﬁm(§)=o

(b) ﬁtan(%]ﬂan(%} =0

J
)

 JERLE TR 1

an 27 that satisﬁes

[1984 - 1 Mark]

32.

Il
(=]

©) tan[% \.Etan(

o in{5} o

Ecy e P B S e e e
=N ¢ B LR s 4
ot ? St

33. Consider the following lists:
List-I

M {x Ef:—i—x,%i:l icosx+sinx= 1}

(I0) {x e[—?—;,%j[:ﬁtanh: I}

(m){x E[—Z—R,ES-TE:I:ZCOS(Qx) = JE}

av) {x E[—-%’E,%} :sinx—cosx = l}

The correct option is:

(@) (1) = (P); (i) — (S); (II) — (P); (IV) — (8)
(b) (1) = (P); (I) —>(P); (1) — (T); (IV) - (R)
(©) () — (Q); (I) - (P); (II) — (T); (IV) = (S)
(d) (D) — (Q); (1) = (S); () — (P); (IV) = (R)

[ =)

=(

[

34. Letf(x) = sin (n cos x) and g (x) = cos (2 sin x) be two
functions defined for x > 0. Define the following sets
whose elements are written in the increasing order.
X={x:f(x)=0}Y={x: f'(x)=0}
Z={x:g(x)=0L,W ={x:g'(x)=0}

Column - I contains the sets X, Y, Z and W. Column - II
contains some information regarding these sets.
[Adv. 2019]

(1987 -2 Marks] 30,

31.

The number of points in (—= =), for which
x’-xsinx—cosx =0, is

() 6 () 4 (c) 2

For 0<B< -E, the solution (s) of

[Adv. 2013]
(d o

i cosec (9 + (i;—l')f)cosec (B +?} =42

m=1

is (are) [2009]

5
@7 @ 35

The number of values of x in the interval [0, 5] satisfying
the equation 3 sin x — 7sinx + 2 =0 is

[1998 - 2 Marks]
(a) 0 (b) 5 (c) 6 (d) 10

The number of all possible triplets (a,, a,, a,) such that
a; + ay cos(2x) + a;sin’(x) =0 for all x is [1987 - 2 Marks]

7
© 12

(a) zero (b) one (c) three (d) infinite
[Adyv. 2022]
List-1T
(P) has two elements
(Q) has three elements
(R) has four elements
(S) has five elements
(T) has six elements
Column I Column 11
I X (p) =2 {g,%ﬂ.%,?n}
Iy (q) an arithmetic
progression
(Inz (r) NOT an arithmetic

progression
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(=
@) 2153

Which of the following is the only CORRECT combina-

tion?

(@) (IV), (p). (x), (s) (b) (IH). (p). (g). (u)

(c) (I, (1), (u) (d) (IV). (g). (1)

Let f(x) = sin (7 cos x) and g (x) = cos (2= sin x) be two

functions defined for x > 0. Define the following sets

whose elements are written in the increasing order.

X={x:F(x) =0 Y =x: f"(,t) =0}

Z={x:g(x)=0y,W ={x:g'(x)=0}
Column - I contains the sets X, Y, Z and W. Column - i

contains some information regarding these sets.
[Adv. 2019]

L
[- W

(IV) W

-

o3

o (9]
A
Ll

[
B

- P

It

|

(s)
(1)

b

Lad

-
-

Column I Column II
n 3x
o5—,—. 4, Tn
M X v —{2 - }
(InyY (q) an arithmetic

progression

;? Answer Key

A9

(IIHZ (r) NOT an arithmetic
progression
28 iz ”_ﬂ
He =15 o )

_J= 2x _-'
) =2 39_3'_-*)]’

x 3=
® 217

Which of the following 1s the only CORRECT combina-

tion?
{a) (@), (q), (u) () (D), (p), (v)
(c) (II), (r), (s)

(d) (II), (), (1)

5 B
36.

n

n . -
23 satisfying

Find all values of 0 in the interval (—

the equation (1 — tan 0) (1 +tan ) sec? 0 + gm“2 0=0,
[1996 - 2 Marks]
Find the values of xe(— r, + ) which satisfy the equation

[1984 - 2 Marks]

37.

Topic-1 : Trigonometric Ratios, Domain and Range of Trigonometric Functions,

Trigonometric Ratios of Allied Angles

1. (b) 2. (b) 3. (b 4. (0
5. (A—=>n;B-p)
Topic-2 : Trigonometric Identities, Greatest and Least Value of Trigonometric Expressions
! (d) 2. () 2 ) 4. (b) 5. (a) 6. (¢ 7. (8) 8. (¢ 9. (c) 10. (b
1. &) 1@ % () 14 0 15 @ 16 % 17. % 18. é 19. (6) 20. (True)
21. (b.e) 22.(a,c.d) 23 (ab) 24 (ab,c.d) 5 e 26. (d) 27. (b) 28. (c)
Topic-3 : Solutions of Trigonometric Equations

(o). e Lt 3. (© 4. @d 5 ® 6@ T0 8@ 9 @ 10 ©
@ 12 m 4. © 15. @ 16 (® 17.() 18. 3) 19. 3) 20. )
21. (05) 22. mg,g,o 23. mr.mri% 2. —? 2. [O,E}U[E}U{%,ﬂ] 26. ¢
27. (False)28. (a,c) 29. (¢) 30. (c,d) 3. (© 32. (& 33. () 34 (@ 35 (d




=

L E

4,

Hints & Solutions

Topic-1: Trigonometric Ratios, Domain

= Trigonometric Ratios of Allied Angles

and Range of Trigonometric Functions,

(b) Given expression can be written as
sin 4 sin 4 cos 4 cos A
=

+ x

cosA sinA-cosd sind cosAd—sinA
1 sin® A—cos® 4

sind—cosA| cosAdsind

wa —b° =(a—b)a* +ab+b?)

B sin® A +sin Acos A+ cos’ 4

- =] +secAcosec A
sin Acos A

(b) Given:sin @=1/2 and D is acute angle
~0=mn/6

1
Also given, COS¢ = 5 and ¢ is acute angle.

-.0<-1-<l
31D

= cos T/2<cosp<cosm/3orm/3<h<n/2

T X 2n
G L Tco+p<<l
56 b<3%% o2 53

(b) tan 9:? = 0 e [Iquador IV quad .

= 0<sinB<lor—-1l<sinB<0

- 4 4
= sin 0= — or ——
5 5

B

= ——— (irrational)

22

(¢) We know, sin 15° =

15°=J§+1 irrational
c0S ) \5 (irrational)

sin 15° . cos IS"ZE (2 sin 15° cos 159)

=% 1 ;
=—sin30° = 2 (rational)
sin 15° cos 75° = sin 15° cos (90 — 15°)

1
=sin 15° sin 15° =sin? 15° ='£ (1—cos30°)

r’

1 \1"3 ]
SR E S
5 \ 5 (irrational)

A=r;B-p)
1 147w 13m %
(p) f —< ——then — <30 <—
48 48 16 16
g 10n_, = ila
24
= 3a € llquad and 2 o € I quad = sin 3a = + ve
sin 3o
cos2a=-ve .. =—ve
cos 2a.

. (B) corresponds to (p).
[14:: 18::] 14n 187
(@) If ael—, then.-—— <30.<——

48 48 16 16
d 14—?[ <2a< i
oy 24
= 3a € Il or Il quad and 2 a e II quad
= : 3 sin 3a :
= Nothing can be said about the sign of over this
cos2a
mterval.
18c 23m 18n 2371
If then — < 3a
0 ae[ 43] T 16
18 23
and il <2a< i
24
= 3o €lllquadand 2 o € II quad
sin3a
= sin3a=-ve cos2a=-ve, .. =+ve
cos 2a

*. (A) corresponds to (r)
(s) Hoe(0mn/2),then 0<3a<3n/2 and2<2a<n

sin 3o
= Nothing can be said about the sign of over the
cos2a
given interval,
2
: ; 1-2x+5;
Given:2sint=——— "~ te[-n/2, n/2]
3x°-2x-1

= (6sint—5)x2+2(1-2sinf)x— (1+2sin ) =0

The given equation will hold, if x be some real number, and hence.
D20

= 4(1-2sinfP+4(6sint—5)(1+2sins) 20

=> 16sin’t—8sint—4 20 = (4sin®t—2sint—1) 2

= 4[sinr——\f'§+l] [sim‘+\/§_]] 20
4 4
\/5—1] L 548
Oor sim

t=
4

= sinf < sin(—n/10) or si

= s'mrg-[

= t<—_q/l10 or .‘2 iz
[Note that sin x is an increasing functos Sam - =2 & ==
range of tis [- /2, — 2/10] L B=tl =2
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ﬁ Topic-2: Trigonometric Identities, Createst and
=]

Least Value of Trigonometric Expressions

_ xzsin[iz} ifx#0
1. () Given, f(x)= x
0, ifx=0
= m
f(x)zﬂ:>3m(—2]=0
X
:l—nn:xz*—ﬁx——l—
x2 n \/;

@)

(b)

©

(d)

1
Jne(010"]

ne(041N°)2j

Finite values of n are possible, so has finite solution.
Xe ;,00] = \[P; =
\/;e(O,n]:;»HE(O,KZ]::m=1,2,3,,...9
0 1 10
If xe "Tol0 = Jne(10,x)
n is infinite
ire(—.L]= 2
s ne(nn”)

ne [::3.7:4)=>n €(9.8,97.2...)

More than 25 solutions

(s 11x hLLX
LetE=| 51n6xc05+—2—~—c056xsm—2- i
Mx, . 1 1x
cosbx 0057 +sin 6xsin _E-

= (sm[ﬁx—ﬂx I+ cos[{sx —&J]
2 ) 2

Sk x
=sin—=+cos—
2 2

Now, E2 =1+ sinx (i)

J.cotx =_\/ﬁ
6
V11
X
5
Ez=1+3@I
6

_E=JmJﬁ_Ju+zﬁT_Jﬁ+1
- 6l * 12 L Blads

13 1

k=1 sin[i—t +(k—l)£]sin[£+k—“)
4 6 4 6

. It kn (= t
sing—+——| —+(k-1)—
o {4 6 [4 ( )6]}

(©

=2 cotE—cot(E+£J + cot[E+£J—cot E+EE
4 46 46 46
cot E.;.l.%lt. —cot £+l3_1'[
Froeeennt PRk P
=2 cutf—cot[£+l3—ﬂJ =2 ]_cms_“
4 4 6 12

=2[1-j§;1}=2p-{2—J§H =2(v3-1)

(b) Given : Be(&%}:>mm9<lmﬁcm9>l

Let tan @=1—x and cot O=1+y,
where x, y > 0 and are very small, then
5= =03 Is = (l—xl]"' X
=1+ )% g, =11+ )
élearty, t, >ty and t; > ¢, also, >t
ChEhEhh

(@) 2sin®> B-5sinB8+2>0
= (sin6-2) (2sin0-1)>0
w—=1<sinB<1,= (sin®-2)<0,50(2snO-1)<0

“ sin B < 1
2
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10.

Va

- 5 i
From graph, we get rE[O GJ L

6’

%)

(¢) Given:a+B=n2 = a==n/2-f

1

= tan o = tan (mZ—B)=corﬁ——

tan

= tanatanf=1 = l+tanatamf=2.

Now; tan(e ) w0 SN
1+tanatanp

tan o — tan §

S olees e

= 2tan ¥ =tana-tan P = tana=2tan ¥ +tanf

(a) Given : (cot o). (cot @, ) ....

= (cos a;) (cos a,) ...

(cosu)

= (sin @) (sm ) {sm a,)
Let y= (cusul cosuzg (cosa) (to be max.)

= y? = (cos? ;) ( cos
= Q08 O'.I sin G.l COs 0'.2

1
= —n[sin 2q, sin 20, ...

Now, 0 <y, Gg,....0l, ST/ 2

e 052(11, 232, ..... i
= 0<sin2ay,sin2a5,.....,

‘. Max. value of y i.e. (cos a,).(cos a,) ....(cos @) =

(cota, ) =1

1)
a,.)
sin az cos a, sin a, (From(i))
sin2 a, ]
20,<n
sin2a, <1

_2.»:!2

(¢) f(0)=sin0(sin0+sin30)

4sin’Q (1-sin’Q)

=45in?0 cos?® =(2sin @ cos ) =

sin B(sin 0+ 3sin 0 — 4sin> 0)
sin B(4 sin 0 — 4sin> 0) = sin® 0 (4—4sin” 0)

2]’11"2 ;

(sin2@9)* =0,
which is true for all .

(€) 3 (sinx—cosx)*+ 6 (sin x + cos x)2 + 4 (sin® x + cos® x)
= 3 (1 —sin 2x)°+ 6 (1 +sin 2x)

+ 4[(sin? x + cosZx)® —

3 sin? x cos?x (sin? x + cos? x)]

= 3—6sin2x+3sin® 2x + 6 + 6 sin 2x +4[:I—%sin 2x]

=13 +3sin?2x- 3 sin? 2x =13

T
I1-sin2x _ l—cos(E—ZxJ

(b) sec2x—tan2x="

cos2x

sin[E—Zx]
2

1L

12

13.

14,

AG9
= ‘h',-
i8m | ——x
\q. 7/ (=
N — =tan| ——x
- \ x \ 4
2sm| ——xjcos} ——x
J 14 i

() A=sin"8+cos 8=sin"8+(1-sin-0)°

-
-

= 2g_ 1y 3
=sin*@-sin-8+1 = A= sm E} *I
@ 1Y 1
Now, 0<|sin“0—| <—
\ 2] 4
o 3l et D
. 2) 4 4
a B vy
(a) a*E*?="z:T*E-;=~
a It ey ¥
={373) =2
tana/2+tanf/2
B =—tany/2
I-tana/2tanf/2

= tana/2+tanPB/2+tany/2 =tan o2 tan B2 tan y/2
(1) Rearrange the given expression

3 =9
(sina cosa+cosﬁ+ sinf
cosfp sinf sina cosa

=[cos(0.—]3} +cos(@—P) T

sinfcosfp sina.cosa

=i{ t . A ik
3 |sin2p  sin2e
1

6 [ sin20 + sin 2B
| sin20.sin2p

o2

9
=§(23in(a +PB). cos(a—P) ?
9 2sin20..sin 2B

L

.ot 3°3
9 | cos(2a — 2B) —cos(2a + 2B)

\
4

= 9
9 | 2cos®(a—B) —1—1+ 2sin® (o +B)

2

4
2 7
B e T R BN
T & e (_z] ‘[9}[”]'1
9 9

@) Letf(ﬁ')——

g©)’
where g(0) =sin” 0+ 3sin0cos 0+ 5cos’ 0
Clearly f is maximum when g is minimum

Nowg(e)———l 02529 ; i 28+—(1+00526}
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15.

16.

17.

18.

3 ( 9) smi—sini sin— 51n3— and 51113—Tt sin-SE
—3+2€0$28+—Sln29)3 L IJ 1 14’ 14 14 14 14
2
3.1 T n) [n 3:1:} [rr SEH
" Bmip=3-g=— = =2 = cos[———— COS| ——— [COS| — ——
i 22 S [ 214 2 14 2 14
Tt - Tr )
(1) Let ix——=0¢e| —,— 2 n_ 4n
4 4 4 = | COS— CcOS—cCO0s— | =|Ccos—cos—Ccos—
wfx)=0 7
T : [ cosa cos2a  cos2’a ......... cos2" g
So, 3—5in[—+28) sin® 2 sin(m+36) ;
= (3 — cos 20) sinf > —sin30 = [ sm{Z"u):l
P sind [3 - 4 5in%0 + 3 — c0s20] 2 0 sina

=> 8inB (6 — 2 (1 — cos28) — cos20) 2 0
= sinb (4 + cos20) 20 = sinB 2 0

5
:>Be[0n]:>0<rcx—§<n :xe[ }

4 4
15 54
=|a, =S —=]
1%l [4 4] Y i
Given:4+B=n/3 = tan(4+B)=f3
¥y

tanA+——

tanA=\/§
1-y
[Lety =tan A tan B]

t
an 4 + tan B J_:>
I—tan Atan B

= a4+ 3 (p-Dtand+y=0
Forreal value of tan 4, 3(y - 12 -4y 2 0

1
-3)(y-73) 20

= W -10y+320 =y 3
1
= j'SgOl’ >3

ButA,B>0andA+B=n/3 =4, B <=n/3
= tandAtanB<3

3 yﬁ% = Max. value of y is 1/3.

4 5S¢ . Tn
K =sm — sin— sin—
18 18 18
[ﬂ: n] [n: SnJ [n ?nj
=C0S| ——— |CO8 | ——— |cOS | —=—
2. 18 2 18 2 18
n 2 4x 1 . 8m
= COS — COS— COS— = . sin—
9 9 9 23gin ¥ 9
9
"' COSOLCOS2GL  €OS220L vurerns cos2™ g = —. sin(2" a)]
sina
=—{l-—~.simza’9=l
8sinm/9 8
FE e e o e L

s 3n S5n
sin — sin— sin— sin — sin —sin ——sin
14 14 14 14 14 14 14

[. T . 3. 5n)?
= | sin—sin—sin— | x1
14 14 14

19.

20.

[ e ]_[sin(rrﬁr/?)]z
Ssnx/l “\ 8sinn/7

( smm‘?) _(Dz_l
8sinm/7/ 64
n
Given sin® x. sin 3x = ZDCM cos mx
o

I . :
sin® x sin 3x= 1[3 sinx —sin3x]sin3x

=l [:32 sin x.sin 3x —sin? Sx}
412

=% {%[ms 2x—cos 4x) —%(l —cos 6x):l

1
-3 [cos6x +3cos2x—3cos 4x 1]

Max valueof m=6 .. n=6
1-cos B 2sin’ B/2
" = =tanB/2
(ree)end="cnB  2snB/2cosB/2
2tan 4 2tanB/2
Now, tan 24 = S 3 =tanB Hence,
1-tan" 4 1-tan“ B/2
statement is true.
(b,c)Given: fix)=xsinmx, x>0
= f1x) = sin mx + x7 cos mx
Now, f1x) =0 = tan mx = —mx
y
A
x < >x'
0\1;2 L B
! N

!

From graph of y = tan rx and y =—mx, it is clear that they intersect
each other at unigue point in the intervals
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22.

23.

24.

A71

1 .
(n,n+ 1)and [’T +Eaﬂ+1J
(a, ¢, d)

. /3
Astan(2n—0)>0and —1 <sme<—"7. 8 < [0, 2x]

3n S5n
Hence —<B<—
2 3

(5] 0’
Now 2cos B (1 —sin(p)=sinle[tan;+cm;- fcos @ — 1

= 2cosB(l —sinp)=2sinBeosp—1 23,
= 2cos0+1=2sn(0+09)
As BE[-?’-E,S—TI]. 1<2sm(B+g@)<2
23
13x 177
pe eoe{ 2 i (5112
We have {pE[—:’,—n,—z—ﬂ)u(E T—HJ
3 ey
(a, b) Given :
v 4
SR S x:l = 35‘:11".v(+2<:os4x=E
2 3 5 3
= sin?x+ 2[sir14 x +cos* xj==
6 .
= sin® x+ 2[1—25in2.r cos” x]=§ ?
= sin4x+2—4sin21(1—sin2x)=%
Al ) 6
= 5sin” x—4sin“ x+2-—=0
5
= 25sin® x—20sin” x+4=0 27.
: 2
= (Ssiuzx—z_f:{) =% sm21=g
= ms.z)c=E and tanj‘x=2
5 3
sind 8 2 3 5 1
Ao SB X COS X -
] 27 625 625 625 125
(a, b, ¢, d) Note that multiplicative loop is very important
approach in IIT Mathematics
9} sin6/2 1
tan—|(1+secB)= ————.| 1+
[ ) s n [ cos@} =
_(sin8/2)2co0s”0/2
(cos0/2)cos0O
(ZSmB!Z)cosBQ sin® — tan®
cosB ~ cosB
[(0) = (tan 6/2)(1 + sec B)
+ sec 20)(1 + sec 22 G) (1 +sec2" @)

= (tan Q)(1+ sec 28)(]+ sec 22 B) {1 Fsec 270
= tan 20.(1+ sec 229)... {1 + sec 2” 0) =tan (2" 0)

o (el )

Therefore, (a) is the comect option.

3
s Frm( )2
"\32;| (32 3)
Therefore, (b) is the correct option.

J-n(24 ) 5)
tan| 27, tan =3

f‘[m) 64 4

Therefore, (c) is the correct option.

15[128} a“[zs‘é}t‘m(%):l

Therefore, (d) is the correct option.
(¢) sing+sinf +sin Y

=25ina—+Bcos _B+25m |::|:lsY
2 2 2
- : -
= 251:‘1[%—%} cos |3+251n (E Zﬂ) 0s %

¢ =
= 2¢0s = [cos F)B+cos—

= 2 cos (w/2) cos (B/2) cos (y/2)
. Bach cos ((@/2),cos (B/2),cos(y/2)lies between
-1 and 1.
= -1<cosa/2.cos B/2.cos y/2<1
= —-2<2coso/2.cos B/2.cosy/2<2
= -2<cosa+cos f+cosys2
Min value of sina + sinf} + siny =— 2.

d 2sin’x+3sinx—2>0
2smx—1)(smx+2) >0

= 2smx—1=0 (=1< snx<1)

— sinx>12 = xe (W6, 51/6) ...(i)
Alsox?-x-2<0

= (-2)(x+1)<0=> -1<x<2 (i)
On combining (i) and (ii), we get x € (6, 2).

(b) 3 [sin4 [%E— a} +sin? (3c+ 0.)]
2 [sin®(n/2+ o) +sin® (5 —a)]

6

=3 [c054 a+sin? a] —2[0056 o +sin Ot]

4
o 2 L T “ )
= 3[(cos‘a+sm' a) — 2sin? acos? (1]
: - 2 1550
- 2[(C052a+sm2 a)3—3coszusm3a (cos™ o +sin U.]]

= S[I—ZSiDZU.CDS:z ot]—Z[l—l’nsuszasiszl2 (1]

= 3—6sin® acos> a—2+6sin> acos> o =1

(¢) Given,

(1+cosm/8) (1+cos3n/8)(1+cos5n/8) (1+cosTn/8)

= (1+cosmt/8) (1+cos37n/8)1+ cos(m—3n/8))
(1+cos(n—m/8))

= (1+cosn/8) (1+cos3n/8)(1-cos3n/8) (1-cosn/8)
— (1-cos® n/8) (1-cos? 3n/8) — sin’ /8 sin® 31/8

- i.[zsmms sin (n/2-n/8)
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1 . 2 1 5 7 ) s
=—.[2 /8 / = —.8n“w/d=—x—=—
4[51:17: cost/8)] 45 PR
29, -+ A+B+C=nm
AR C xR
R T
(4+3)-ea(3-5)
= cot | —+—|=cot| ———
2 x- %
c:ot—.cotz-l“mn_(Z
= {:citﬂ-:-::cﬂE 5 2
2 2
A B C A B c
= cot—+cot—+cot— =cot— . cot—. cot—
2 2 2 2 2
5 2kn
30. LetS=Z(n—k)cos—
k=1 rt

2n 2n
= S=(n-1)cos —+(n—2)cos2, — +....
n n

AR=bn (D)

+1 cos

n
We know that cos 8 = cos (2 — 0)
Replacing each angle ® by 2n— 0 in (i), we get

2n 2
S=(mn-1)cos(m—1)—+@m-2)cos(n—-2) — +.....
n n

r
+ l.cos —..(i1)
n
On adding terms in (i) and (ii) having the same angle and taking n

common, we get

2 6 >
e r:[cos—n+cos4—ﬂ+cos~£+....+ cos (n—l)—n}
n n n h

2n
Angles are in A.P. with common difference (d)= —
n

: i 2n 2
sin(n—1)— —+(m-1)—
28=n % cos 2 &
o 2
Sin—
n
=n.lcosm=-n - sin(x-0)=sind, . S=-ni2
sin
e e xcos3x tanx

sin3xcosx tan3x
2
_tanx(l-3tan’x) 1-3tan”x

5 2
3tanx—tan’ x 3-tan” x
= Jy—(tan’x)y=1-3tan’x = 3y—1= (y—3) tan’x

g o dp=l. Gy (sz—3)
y=3 (r-3)
Since, tan® x>0, Gy-1) #-3)>0

1 1
= (y—a—](y~3)>0 SR A

1
2. y cannot lie between E and 3.

32. Given : cos 6 =sin ¢, where 6=psinx, ¢=pcosx
5n

i
Above is possible when both 8= ¢ = > 9——-¢=T

33.

34.

35.

) T 3 Sn
psm.r=z or psmx=—4—

and pcc:s.a::E or pr:os;ur=—5-E
4 4

2572
16

22

2
On squaring and adding, p2 =-J:—6- A

n
P =‘g\E only for least positive value
Given : tan (x + 100°) = tan (x + 50°) tan x tan (x — 50°)
tan (x +100°)
tanx
= sin (x +100°) cos x _ sin(x+350°) sin (x—50°)
cos(x+100°)sinx  cos(x+50°)cos(x—50°)
sin(2x+100°) +5in100°  cos100°—cos2x
sin(2x+100°)—sin100° cos100°+ cos2x
By componendo and dividendo,
2sin(2x+100°)  2¢0s100°
2sin100° —2cos2x
2 sin (2x + 100°) cos 2x = — 2 sin 100° cos 100°
sin (4x + 100°) + sin 100° = — sin 200°
sin (4x + 10° + 90°) + sin (90° + 10°) = — sin (180 + 20°)
cos (4x + 10°) + cos 10° = sin 20°
cos (4x + 10°) = sin 20° — cos 10°
cos (4x + 10°) = sin 20° — sin 80°

= tan (x+50°) tan (x - 50°)

—

URUR VR TRR

1
=—2m5(}°si1130°=—2ms50°,5
=— s50°=cos130° = 4x +10°=130° = x=30°
Let y=exp [sin® x +sin® x +sin®x+ .. . .00 [ In 2

In - 2Si.l'12 x+sin? x-t—s:i,n6 X400

= Zsin2x+sin4 x+gin® X0 Sinzx =2tan2x
zl—sinz.r

Asy satisfies theeq. x>~ 9x+8 =0

L -9%+8=0

= -1) y-8)=0= y=1,8

2 2
= 2 F=] or 2MF =g

= tanzx =0 or

=tanx=0 or tanx=+/3,—3
= x=0 o x=xn/3, 2n/3
But given 0 <x<nl2 =x=n3

tanzx=3

cos x 1 1 V3-1

cosx+sinx l+tanx 1++3 2
Given : In AABC; A, B and C are in A.P.
LA+C=2B
AlsoA+B+C=180° = B+28B=180° = B =60°

1

Also given that, sin (24 + B)=sin (C— 4) =—sin (B + 2C) = E
1

= sin (24 + 60°) = sin (C — 4) = — sin (60 +20)=7 ..6)

1
From eq. (i), sin (24 + 60°) = 5 = 24 +60°=30°, 150°
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36.

37.

38.

1.

But 4 can not be —ve
24+60°=150° = 24=90° — 4=45°

1
Again from (i), sin (60°+2C)=- —

2
= 60°+2C=210° or 330° = C=75" ¢ 135

1
Also from (i), si.n(C—.-!)=‘£ = C— A=30°, 150¢F

For 4=45° C=75", 195°
But C = 195° is not possible.
s C=75°" A=45° B=60° C=75

2tana
Weknowtan2 o= — 5
l-tan“ a
I-tan’
———=2cot2a = cota-mma=2cxtla
tana

i)

Now, we have to prove
tana+2tan2g+4mnda+fcnia=cota
IHS=tana+2tan2a+4tnda+4(2cot2.4a)
=tana+2tanla+4tand a+4 (cotda-t=n 4a)

[From (1)j
=tana+2tan2a+4tanda+4cotda-4tmda
=tanac+2tan2a+22cot2.2 a)

=tana+2tanla+2(2cot2atanla) [From (i)]
=tana+2cotla
= tan o + (cot —tan a) [From (i)]
= cot ¢ = RHS.
We know,
. 1
cos A cos 24 cos 44 ...cos2" A= mﬁﬂ-(zh A)
2n [211] 2(21:] 3 [21:)

. —¢cos2| — |cos2°| — | cos2” | —
Rl T 15 15 15

sin(2* 4)
=16. —3 —,where A=2n/15

27sm A

sin(322/15) __sin(32x/15)  sin(32x/15) _,
=16. Y6sin2n/15  sin(2n+2n/15) ~ sin(32n/15)
LH.S. = sin 12° sin 48° sin 54°

i

. —2‘ [2 sin 12° cos 42°] sin 54°

= Lein? s4°—Lginsao = Losin? 545 —sin 54°]
2 4 4

= %{2[12\{5‘]2_(11\/5)]
[ asare 1+J§}
4

% {Z[HSI-;Z\E] _[1+4J§):’
lx% [6r2 5-2-255]- éx4=

Topic-3: Solutions of
Trigonometric Equations

L
4 8

(c) \/'gsecx+cosec:c+2{tanx-cotx)=0
NE)

: 1
= ——sinX+—COSX =cos’x—sin®x

2

Ll

A73
x)
= Cos X‘?g =cos2x = X—— =2nx+2x
2ax = R
=R= oty Wae 208 - —
For S, 0 s
IE B=UDX="—"\2—"
93
Now 1 i and 1 £
LA=12DX=—3 e =
9 9
e e it i rt+?r: 5n
00T, sum o NERIER DR == == e e e S
SASE ng il S

(d) smx+2sin2xr—sin3x=3

= s x-4sinxcosx— 3sinx+4sind x =3
= smx(-2+4cosx+4sin’x)=3

= smx(-2+4cosx+4—4cos?x)=3

2+4cosx—4cosix=—

[0 < sinx < 1]
sSinx

3
sin x

=2-4 I. cos’ x—2005x-l+i]+l =
2 4

/ 2

/ 1 3

:3-4Lcosx——) =—— - LHS<3andRHS>3
2 sinx

Hence, the equation has no solution.

(€) 2sin°f-cos20=0 =1-2c0s20=0

= cos 29:1 :;29=E’5_E’E’_1.!£
2 Qi g s ANy

n 5t Tn lix

= 9=_s""':_9_

6 6 6 6

where 9 [0, 2n]

Also,  2cos?0—3sin@=0

= 2sin? @ +3sin9-2=0

ereil)

= (2sin @ -1)(sin § +2)=0 :>stn9=%

[+ sin B -2]
5_1':
6
where 8 €[0, 2x]

=0 = wee (i1)

=N

Combining (i) and (i), we get 0 = %' o

6
Hence, there are two solutions.
(d) Given: cos (o — )= 1 and cos (a + ) = l/e,
where o, E[-—f:,'n]
Now,cos (0 ~B)=1 = a-pB=0 = a=p
and cos (o + B) = /e = cos 2a = 1/e
Y 0<l/e<l
Now 2a €[-2m,2n)]

=> There will be two values of 20 in [- 2 T, 0] satisfying
cos 20, = 1/e and two values in [0, 2 1t ] .

= There will be four values of o in [-m,7] and
correspondingly four values of . Hence there are four sets of

(a, B).
(b) Weknow, —va? +b? <acos0+bsin® <+va? + b

= —J/74 <7cosx+5sinx <74
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10.

= —J14<2%k+1<714 = -8.6<2k+1<8.6

= -48<k<38
Hence, k can take only 8 integral values.
(a) Given:In APOR, ZR=7/2
L
= LP+/0=m/2=>—+—=—

2 2 4
Also tan P/2 and tan Q/2 are roots of the equation

a?+bx+c=0(a #0)
b

<. tan P/2 + tan 0/2 = ——;tanP/2tanQ/2=c/a
a

tan P/2+tanQ/2

Now tan(P-'-Q]“
2 I-tanP/2tanQ/2
n  —bla c b
tan— = ﬁ]—--—-..—..——
= 4 l-c/a a a
= a-c¢=-b = a+b=c
(b) Given: sec? B = 4:9)2
(x+y)
Butseczﬁ'zl::x—i)—cy—zzl: 4xy 2x2+y2+2xy
(x+y)

— x2+y2—2xy£0 = [x—y)zsﬂ
= x =y, because perfect square of real number can

not be negative.

Ako x# 0, otherwise sec? § will become indeterminate.
(d) 2sin’6-3sinB-2=0
= (2sin® +1)(sin § —2)=0

= sin 9_—.—% [sin8-2 =0, is not possible]

= sinB =sin(—x/6) andsin (7n/6)
= B=nn+(-1)"(-n/6)andnn+(=1)"7x/6
= Thus, 8=nn+(-1)"Tn/6

n_n

(d) sin i L
2n 2n 2

. 21 2T el n n
= sIn" —+cos” —+ 28in—cos—=—
2n 2n 2n 2n 4
At . m n-4
= l+sin—=—=sin—=——
n 4

n
For n = 2 the given equation is not satisfied.

T
Consideringn>1and n# 2, 0<sin —<1
n

:‘>0<-”;—4<1 = 4<n<8.

(¢) tanx+secx=2cosx

sin x 1

+ =2cosx

COSX COsXx
= sinx+1=2cos?x = 2sin’x+sinx—1=0

1
= (2sinx-1) (sinx+1)=0 = sinx= E,—l

11.

12.

13:

14,

15.

16.

Mathematics

n 5t 3n
= x=——,—€[0, 2n
G 3 [ ]
ST :
But for x = —2— , given eq. is not defined,

Hence, there are only 2 solutions.
(d) (cosp—1) x>+ (cosp)x+sinp=0

For real roots D=0

= cos’p—-4sinp(cosp—1) 20

= cos’ p—4sinpcosp+4sin’p +4sinp—4sinp =0
= (cosp—2 s‘mp}2+4sinp(1—sinp} =0

Since, (cosp — 2sinp)® 2 0 and 1- sinp > 0
~Dz0,vyp e(0,n)

(b) sinx—3 sin 2x + sin 3x = cos x— 3 cos 2x + cos 3x
=> 2 sin 2x cosx— 3 sin 2x = 2 cos 2x cos x — 3 cos 2x
=> sin 2x (2 cosx—3) =cos 2x (2 cos x— 3)

=> sin 2x = cos 2x [: cosx #3/2]
= tan2x=1 = x=nw + 14 = x:n—;+%
(c) chosec 20°—sec 20°
w/i e s 3 ¢0s 20° —sin 20°

© sin20° cos20° sin 20° cos 20°

V3 cns Leige
=4 2 2

2sin 20°cos 20°

- sin60°c0s20° —cos60°sin20° | _ 4sin40°
L sin(2 x 20°) sin 40°

(¢) Given:sinx+cosx=1
: 1 1
—=sSinx+—cos = —

V2 B2, o2

- T : T
Sin x cos E+cosxsm— = sz

U

N

sin (x + 1t /4) =sin T /4

x+ w/d=nn+ (~1)"n/4, n< Z (the set of integers)
x=nm +(-1) n/d- n/4;
wheren=0, =1, +2 ...,

(a) Given :

Lsy U

A

X 1
2{:052 (—-) sm2 x=xz+— where Q<x<—
2 x? 2

x
LHS=2 COS25 sin® x = (1 + cos x) sin® x

vy
]+cosx<2ands§n2xslf0r0<xSE

2 (1+cosx)sin?x <2

1
And RHS. = 2%+ —222
X

o s
Thus for 0 <x < > given equation is not possible
8) S cos?2x + cosx + sinx + cos®x + sinx = 2

sin?2x =2

|

= 22x + 1 = 22x+1
— =g FA
= 4 COS™.LX 2 S
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17.

18.

19.

5
> 2 (cos*2x — sin®2x) = 0 = cosdx =0

by n
= 4x=Q2n+1)= or x=(2n+1)§
For x<[0, 2x], n can take values 0 to 7

Hence, there are 8 solutions. 20.

o 1 LTy
W L . 2K
sin— sin—  SIn—
n n
i T K. n
sin— —sin— 2cos—sin— i
= n Wi 1 LR n n
R, e T e VL IR 2n
sin—sin— sin — sin —sin — sin—
n n n n n n
2n 2n . 3= 4 In
= 2sin—cos— = sin— = sin——sin— =g
n n n n n

= . = = L
= 2c0s—sin— =( = cosz— =0or sin—— =0

2n  2n n 2n
Tn T n
— = 2k+D)— or — =
— D ( )2 or 2kn, where ke Z
= A
= RT o pr Sk

1
(n= E not possible for any integral value of k)

A /\
'k B
o) \/54"1
T/ 2k
= Onliod £ o) © D
2% 2%
=43+1

= 4cos ﬂ+2005-n——(3+\/§)—0

Asn>3;fork=0,wegetn=7.
(3) From the figure,

2005%+ 20082_1;5 =\3+1

2+ 4+16(3+J§) _1:{13243
= COS—-—
2k 4

4 i3
m T \/5

= Is an acute angle, COS— =

2k 2k

(%]

—=c05£:> k=3
2 6

(3) tanB=cot56,0 = ?R

= cos0cos50—sin50sinB=0 = cos68=0

St 3n —n n 3% 5n 23.
= f=—,—,—,—,—,—

2 2 22 2D

Sn —-m —nm wm om Sm
=2 0— —,—,—,—,—

1279125124012
Againsin 20 = cos 40 = 1 —2sin® 20

. 1
= 2sin® 20 +sin20-1=0 :>sm29=-1,5 24.

ﬂzﬁﬂ ,jg it _[JEH] 2.

A75

=20 = .._E E,S_T[ = =__ﬂ,1’5_1t

2 6 6 12 12
So, common solutions are @ = oz iands—ﬂ

4’12 12

.*. Number of solutions = 3.
(3) Given equations are
xyz sin30 = (y +2z) cos30 1)
xyz sin36 =2z cos36+2ysin36 ..(i)
xyz 5in30 =(y +2z)cos 36+ y sin30 ...(iii)

On subtracting eq. (ii) from (i), we get
(cos30—2sin36)y—(cos30)z=0 (i)

On subtracting eq. (i) from (iii), we get

sin 30 y+(cos30)z =0 (v)

Eq. (iv) and (v) from homogeneous system of linear equation.
Buty=0,z#0

. ©0s30-2sin36  cos36 30 = sin 36

R o Y

= tzm39=1=>36=m:+£ = 9=(4n+l)%.ﬂ eZ
T 5m 3m

F 9 3 e e

oo ot s g

". Three such solutions are possible.
(0.5) Given : /3 acosx+2bsinx=c

n
which has two roots a and B, such that @+ =

. J3 acosa+2bsna=c  ..()
and /3 acosP+2bsinB=c ... (i)
On subtracting equation (ii) from (i),

J§ a(cosa—cosP)+2b(smna—sinP)=0

= 3 a25i115+—ﬁsina—_ﬁ+2b.2msa—wsinﬂ=0
2 2 2 2

- -23a sinZ + 4bcos~ =0 ['-'Siﬂa—_ﬂioj
6 6 2

o 1
= —Zﬁax%+4b§=0 = ‘=E=0-5
a
cos’ x = 1-sin*x = (1-sin®x) (1 + sin® x) = cos® x (1 +sin’ x)
Lcosx=0 = x=70R2,-n/2
or cos’x=1+sin?x => cos®x—sinx=1
Now maximum value of each cos x or sinx is 1.
Hence the above equation will hold when
cosx=1andsinx=0.
Both these imply x = 0
T
. X==—, _50
22
lan29+sec2'9=1
1442
*+ ——1 [but ¢ = tan 6]
1-£2

= :2(:2 -3)=0 = lanB=0,:i:J§
= O=nnand B=nrn+tn/3

We know that AM.=GM.
= Minimum value of AM. is obtained when AM = GM
=> The quantities whose AM is being taken are equal



A76

25.

26.

217.

28.

: T n
i.e, cos [a+—]=cos[ﬁ+—)
2 2
=cos(y+£} '.!
2
= sina=sinf =siny

Also a+B+y=360°=a=Pf=y=120°=2n/3
- Min value of AM.

(21( n'] [21‘: Tt] ( 2n TE]
cos | —+— |+cos| —+— |+cos| cos—+—
_ Apie 5 3 2 Y 2 29,
3
—3s.ir1E
St bl
3 2

Given:2sinx—3sinx+12 0
= (2sn x-1) (snx-1)20
: I] : 1
sinx——| (sinx=1)=z0 inx<— i
::»[ S (sinx-1)20 = 51nx_2orsmx21 »
But we know that 0 <sinx<1forx €[0,n]
V4

n/6 y =sinx

0 8
- 1 .
- OSSmxSE orsmx=1

= xel[0,n/6]u[5n/6,n]or x=m/2
On combining, we get x €[0,n/6]U{rn/2}U[5n/6, ]

(i)
...(ii)

Given equations :x+y=2 1/3
and cosx+cosy=3/2

x+ x— 3
From eq. (ii), 208 ——2 cos—2 = =

2 e

T x— 3
— 2c08 —COS———=—

1 x—y 3 x—y 3

2. —cos == cos—— ==

ST g AT P 770

which is not possible because —1 < cosB <1,
Hence, solution of given equations is @.

(False) Given : sin*0-2sin?0-1=0

D=4+4=8:: smze}:-ziz—‘@:liv’i

-~ value of sin?@ is +ve, - sin?@ =2 +1
v —1<sin@<1, .. sin2 @ #2+1
Hence, there is no value of 8, which satisfy the given equation.
Hence, the statement is false.
(a, ¢) If we consider tan o/2 = x and tan /2 = y, then

31.

2(cos P —cos o) +cos acos =1
{E-L—ﬁ}_l (1-x)(1-v*)
1+y% 1+x? (l+x2](1+y2)
= 200 +x)(1-y)-(1-x)(1+y)]

=1+ A+¥Y)-(1-x)1-y)
= A -yY)=2+y)

= x¥=3Y=x=% f3y= m%iﬁtaﬂ% =0
(¢) Letf{x)=x>-xsinx—cosx
o f1x)=2x—xcosx=x(2 — cos x)
.~ fis increasing on (0, ) and decreasing on (-, 0)
Also lim flx)=e, lim Jfix)=wand flo)=-1

X—»00 X—»—00

y = fix) meets x-axis twice.
ie., flx)=0 has two points in (-, o).

6
@ d) Z cosec[e + (illi} cosec[ﬁ + %E] = 4\/5

< (m—1Dn mr) |
= Z[cot(&+—4—) —cot(B+T)- =4

m=1

« [l o)
+...+f:cot[9+ -%"-J-cm[e»f%fﬂ =4

3
= cotB—cot[9+?n] =4 = cotB+tanf=4

= ©0s” 0 +sin® 0 = 4sinOcosd

) 1 50 % S5n
= 8in20=—=> W=—qor==" = 0=—or—
5= AScoi 2 12

(c) 3sin1x~?sinx+2=0,putsinx=s
= (5-2) 3s-1)=0

. 1
s = 2 is not possible, . s=13 = smx:;



A77

Trigonometric Functions

32.

33.

; 1 :
Number of solutions of sinx = 3 from the following graph is 6

between [0, 57)
I

0 v V >

\Fl

3
(d) a]+ﬂ2msh+a35mzx=0 Vx

Forx=0andx= m/2,wegeta +a,=0 ..(i)
anda, —a,ta; =0 --.(11)
= a,=—a; and a;=-2a,
The given equation becomes
ay—ay cos2x—2alsinzx=0, Y x
= a,(l-cos2x—2sin’x)=0,V x
= A (2 sin? x~2sin’ x)=0, V x
The above is satisfied for all values of "1

Hence, infinite number of triplets (a;. -
(b) We have (I)

[-27: Zn}
XE . cosx+sinx=1
3 23

cosx+sinx=1
} 1
— —=SInXx=—=
V2 2 2
Siﬂ(£+xj-i
4 V2

T n
—+x=n+(-1)"—
4 & 4

1» — 2a;) are possible.

cosx +

X=nm +(-—1)n E— 5 .. x has 2 elements — (P)

4
We have (II)

-5 5m
e

tan 3x = L
= V3

= x=(6n+l)1;nEZ = x=m+ =
18 6

=
- 318
We have III

fre[ .

20052x=-J§

. x has 2 elements — (P)

:2cos2x = .,@}

= cos2x=—3 = 2x=2mti%;ne2

2

T
x=nnt—;ne’f
or, 129

£5 a4
:"x{lznlzﬂu}

.. xhas 6 elements — (T)
We have (IV)

{ {—Tﬂ 71:} - 1f
xe|l—,— |:sinx—cosx=1
4 4

J
sinx—cosx=1

1
ﬁsm(x)—fz. c:4:'u.*'>{Jt)-.\‘5

4
xhas 4 elements — R

For Q.E.H and 35,

fix)=0 = sin(mcosx)=0 = mcosx=nn
= c¢osx=n = m=—101

X 3n 5:\
- x—,2 IR, L5 SN
2 2 2 2

T 3 5n Tn

LX=d—n—, 28—, 38—, 47,......
{2 Y s e e }

~(M-PQ

f(x)=0 = cos(mcosx)(-nsinx)=0

= X=

= cos(meosx)=0, sinx =0

= ncosx=(2n-l)g, X=nm

= cosx=(2n —l)é, X =, 27,3, ......

-11
= COSX =—,—.

22
_z 2n 4n 5n Tn 8m 10w 1ln 13n

AR T LR R

Y={“ el R }
I
- Q, T
gx) =0 = cos(2nsinx)=0
= 2nsinx=(2n—l)% = sinx=2 =
EEYE
= 474’44

g (x)=0= —sin(2rsinx).2xcosx =0

= sin(21'l:sinx)=0, cosx=0
= 2msinx =nm, X =(2n—1)§

: n n 3n 5t In
- smx=5, X=—,—,— s
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= -1 1
sinx=-1,—,0,—,1.
- R D

nn St 3nlln 13n
= X=—,—,—, T,—,—, 2, —,ereue
6 2 6 2508 6
TSt 3nlln 13n
S W=— — —, 1, —,—.2n,—,...... ’
{6 26 e . }
(IV) -=P,R, S

34. (a) Option (a) is correct.
35. (d) Option (d) is correct.

2
36. Given : (1—tan ) (1 +tan 8)sec? @+ 22079 _

2
= (1-tan?0) (1+tan20)+ 20 9 _ ¢
Put tan® = ¢
(1-9(1+Hn+2'=0 or 1-£+2'=0

Mathematics

It is clearly satisfied by ¢ = 3.
As—-8+8=0 . tan® 9=3

0 =+ /3 in the given interval.
8(l+|cosx|+|caszx|+|cus3x|+....) - 43

= 23{1+|r.-nsx|+'|t:u:|s2 x}+|c053 x[+...) =26

= 3(l+|cosx|+|cos?x|+|cosPx|+..)=6

= l+|cosx|+|cos?x|+|cos3x|+..=2
|
= 1-|cos x|

= l-cosx=12 = |cosx|=%

= x=7n3,-n3,2n/3, - 2n/3,....
The values of x€ (-, t) are £ #/3, * 2n/3.
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