CROSS, OR VECTOR, PRODUCT OF VECTORS (XII, R. S. AGGARWAL)

EXERCISE 24 [Pg. No.: 1057]

1. Find (axb) andldx5|, when
() d=i—j+2k and b=2i +3} 4k (i) @=2i+j+3k and b =37 +5)—2k
(iii)d=i-7j+7k and b =3i —2] +2k (ivVid=47i + j—2k and b =37 +k
(v) @=3i+4] and b =i + j+k

Sol. (i) Let a‘:(?—j+2£) and b ={2F +3}—4§)

:f(4-6)-_}(-4-4)+f?(3+2):(-2§+3}+5£)
= Jarxb| = (-2) +(8) +(5)° =VA+64+25=+03

(ii) Let « =(27 + j+3k) and b =(37 +5] -2k

i k :

. 4 13l ok 3 Ao
ax = =1 = +
(@xb)=]2 1 3 j k

5 <5 5 <28 5
3 § <2

=i(-2-15)- j(-4-9)+k(10-3) :(-17}’+13}‘+7i§)

= fax|= (17 +(13) +(7) = V271678 =507 =135

i o

(iii)Letfi:(f-?_}+?l;)and5:(3}—2_}-%21;)‘((ixg]:'i ~Z Z=f:; Z‘—;‘; ;'"l :;’
8 e

=i (~14+14)- j(2=21)+ k(-2 +21)=(19]+19%]
= |ﬁ-x5|:1/(19)3 +(19) ={19° (1+1) =192
TR’
(iv) Let a=(4i+j-2k) and b = (37 +£), (axb)=|]4 1 -2 JC -3 Tl ?
: ’ s o 1] o B oo

= 7(1-0)- j(4+6)+k(0-3) =(i-10]j-3k)

= |ax| = J(1) +(~10) +(-3)" =V1+100+9 =110




(v) Let Ei':(3f+4}) and 5:(f+}+§), (c’ixg):

k
0
A LR e LIS | B U

— ) ™o
—_ s N

=i —J +k

=i(4-0)-j(3-0)+k(3-4) =(4i -3j-k)
= Jixb|=(4) +(-3) +(-1) =V16+9+1=+26

2. Find A if(2?+6}+14J2)x(:’—x}+7£)=6

Sol. - [2i+6j+14k]x[i+ lj+7k] =0

i j k
14> 2 14 |2 6" -
=l 6 1 =o:>’6 ’i~2 °|j+ slkzd
7 7 1 7 - . ¥
4 -2 7

= (42-98)i(7—14) i (2L ~6)k = 0 = ~561+7j=2(A+3)k =0 = 2(a +3) =G=>A= 3 Ans.
3. If d=(-3i+4j-7k) and h=(6i+2j-3k), find (axb)
Verify that (i) @ and (Erx?;) are perpendicular to each other

And (ii) b and (5 xB) are perpendicular to each other

A A

Sol. ;=[3i+4j;7kj

E=[6i+2j—3k)

i A
axb ==3 4 -7
B 2 —3]
4 -7l -7~ |= 4~ N . . ; ) )
" -4l 31j+ 2“‘ =(-12+14)i-(9+42) j+ (-6 —24)k =2i- 51j- 30k

4. Find the value of
Q) (Fxj)k+i-G  Gi) (ksei)-iejok i) (k)4 Delk+)+ k(s )

Sol. (i) (ixj)-k+i-j=k-k+i-j=1+0=1

(i1) (kx])-nj-k =—i-i+jK=-1+0=-1
(iii) ix[j+k)+jx[k+i)+kx(i+j)
=(ixj]+(ixk)+(jxk]+[jxi)+[kxi)+{kxj]=k+(—j]+i+(—k]+j+(—i]=0



CROSS, OR VECTOR, PRODUCT OF VECTORS (XII, R. S. AGGARWAL)

5. Find the unit vectors perpendicular to both @and b, when

() a=3i+j-2k and b=2i +3j -k Gi) G=7—-2j+3k and b =7 +2j—Fk
(iiiyd=7+3j 2k and b =i +3k Gv)@=47+2] -k and b =7 +4] -k
Sol. (i) Let d:(3f+}—2§) and 5:(zi‘+3j_§)
ik
c "5 ;\1 "2 13 —2 ~3 l
(axb)=3 1 —2=7 ’_.j' +k
cI | g S | e
i3 <

. B rfo_n\y—[<F_" 7
=i(-1+6)— j(-3+4)+k(9 2)—(5: J+Tk,
= |ixB| =5V +(-1) +(7 =v25+1249 =75 =453

_ _ (axb) [5?—_}+7f?]
Hence, the required unit vector = =

laxb' - +543

and 5:(f+2}'—§)

= 5;-—_}'4-7!;)

sﬁ(

-~

(ii) Let @ :(.? ~2j+3k

e

ik
- J2 3 B % . -2
(@xB)=p -2 3|=i -5 +k
= 5 Jf K 347K 3
1 3 4

=i (2-6)— j(-1-3)+k(2+2)=(-4i +4]+4k)
= J(4) +(4) #(4) =243

5 " ) ) _(&xljj _4(ff+}+}\:)_(ﬁf+j+};]
ence the required unit vector = |a' ><6| = PR = =

(iii) @ :(}"+3}-2£) and b :(—f+312)

- i xb

i j ok
L ! A3 =21 A1 2] A1 3
(axb): 1 3 -2=i —j +k
3 =1 3 ~1. O
-1 0 3

=7(9-0)- j(3-2)+k(0+3) =(97 - j+3k)
= ixb|=(9) +(-1)’ + 3V =+B1+159 = +401

(axb) - (i =j+3k)
lﬁx5| - 4_‘\/9_1

(iv) Let a :(4f+2}'—§) and 5:(f+4j—l;)

Hence, the required unit vector =

Eoal




=i(-2+4)- j(-4+1)+k(16-2) =(2§+3_}'+14§)

= |axB|=(2)° +(3) +(14)° =A+9+196 = 4209

(dxb) (2.? +3j+ 14;2)
Hence, the required unit vector = — =
x| +209

6.  Find the unit vectors perpendicular to the plane of the vectors @ =2/ —6_,;‘—3!; and b =4i +3j- 2k.

Sol. Let a:(zf-s}-sf?), b=(4i+3]-k)
ik i 2 -6
-6 -3|=i

3

4 3

-~

(ax5) 3 | la =

1l
B B =0

L% _3‘ ._‘2 -3

=i (6+9)- j(-2+12)+k (624} =115/ ~10] +30k)

= |ixb|=(15) +(=10)° +(30)° = v225+100+900 = 1225 =35

(axb) 5(37 -2 +6k)
Hence, the required unit vector = I = =+

1
ax5| N 35 7

(3;’-2}+5£}

7. Find a vector of magnitude 6 which is perpendicular to both the vectors @=4i—j+3k and
b==2i+ j-2k

Sol. Let d =(4}‘—}+3k") and b = (27 + j - 2k)

".’;'
tJ 4 3
3

=2 <22

~

=1

+k|

|—2 |

T

s 4 Fll

2 1 =2
=7(2-3)-j(-8+6)+k(4-2) =(-i +2j+2k)
= JaxB|= (1) +(2) +(2) =VT+a+2 =10 =3
(axb) (-i+2]+2k)
laxs] 3

So. a unit vector | toboth G&b =

6(~—?+2_}+2A:) . ol
The required unit vector = f = 4_-2{_—i +2 ]+ 2]:)

8.  Find a vector of magnitude 5 units, perpendicular to each of (d+5 ] and (&—5), where
G=(i+j+k)and 6=(7 +2]+3k).

Sol. Let d=(i+j+k)and b=(i+2]+3%)
(a+ :(f+}+§)+(f+2}+3£):(2F+3}+4£)

)
(5—5)2(;+}+£)—(;+2}+3£) :(—}'—2}';)
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Sol.

10.

Sol.

11.

Sol.

-

i ] ok
LA (e A3 4| A2 4| A2 3
(a+b)x(a—b): 1(2) _31 _42 :r|_l “2|~j i _2‘+k|0 -l|

-

=i (~6+4)— j(-4-0)+k(-2-0) =(-2i +4] —2k) =2(~i +2]j k)
- |(&x5)x(ﬁ—[;)|:\f(—2]z+(4)2+(—2)2 =Ja+16+4 =24 =216
(a6)-(a-4)]
|(5+b)x(a b)|

The required vector — 5‘2(_’- +2jhk) Ti(—f +2j —f;} =%(—f+2j‘—.£)

2J6 J6

Find the angle between two vectors @ and 5 with magniwdes 1 and 2 respectively and | axb | =f3.

. =
So, a unit vector L toboth a&b =

Let, 6 = Angle between 5 and t;

Given:- |a|=1|B[=2 and | axb |=V3

m|$|

We have, |axb|=/a| |b|-sin6=> V3 = 1 x2 x sind=> sin 0 = =>e.—g Ans.

-~

Leta= (f—}),5 =(3}'—l;) and ¢ = (7f—k). Find a vector ¢ such that it is perpendicular to both d
and 5, and ¢.d =1.
Let a =aif+a:}+as.{:
dla,dd=0 :(qf+a3}+ask\)(f~j)=0
= aq-a,=0 -
dLb, ab=0 =(ai+aj+ak)(3j-k)=0
=3a,-a,=0 ssakiE)
d.é=1 :>(a,f+a2}+a3!;)(?f—1;] =1
=g - =) ..(ii)

Solving equation (i) and (ii) we get 3a, —a, =0 L {1v)
Again solving equation (iii] & (iv) we get @, ::I{

From equation (i), @, —a, =0 or a,=a, :%

= ek 1 3 -1
From equation (i), 3a, —a, =0 :>3.E:ar3 T 7 Hence d :;f +=J+=k.

If a= (45+5}—i;),5 :(f—4}+5)':'), and ¢ =(3f+}—£), find a vector d which is perpendicular to
both @ and b and for which ¢-d =21

Given:- a =4i+5j-k

s A

b=i-4j+5k



12:

Sol.

Sol.

14.

Sol.

A A A

and ¢ = 3i+ j-k
EJ_;andG
:>&|](5x6]:>é=K[gxi;) (Let)

A A A

, 1 K " ; ;
—d=kja 5 —1|=d=k{|> i|* T k
b 4 5 |1 8§ p -

— d=Kk{(25-4) i—(20+1) j+ (-16-15)k} = d =21k i - 21K j— 21k K}

Now, c-d=21

= (3i+ j—K)- (21Ki= 21K j- 21kK) =21=63k — 21k + 21k = 21=> 63 k = 21 :>k=%
g 3—21x1;—21x1"—21xlﬁ—6—'75—717& Ans
el e LR 'l ) :

Prove that |ﬁx5|:(ﬁ.5)tan6'. where & is the angle between @ and b.
LHS |axb| =ldl[p|sine ()

Weknonnm 75 -Jalfleose = lf|-LL

59 sinf = |&'x5|=(ﬁ.5)tan9

N
From equation (i), |a><b|=
cos

Write the value of p for which a= (Bf +2j+ Qk) and b= (f +p)+ 3§) are parallel vectors

~allb

—axb%0

i ok

=15 ‘2 9|=0

1 p 3

Z 9 % 8l I3 2Z|la =
i— Jj+ k=0

2 3 1 3 1 P

= (6-9P)i~(9-9)j+(3P-2)k =0 = 3(2-3P) i+ (3P-2)k =0 =52-3P=0 and 3P-2=0
:>F‘=g Ans.
3
Verify that @x (b +¢)=(dxb)+(dx¢), when
() d=i—j-3kb=4i-3j+k and ¢=2i — j+2k
(i) d=47 - j+kb=i+j+kand é=i— j+k
(i) d:(?—_}—3£),5=(4§—3}+£)& é:(2§—}+2l§)



CROSS, OR VECTOR, PRODUCT OF VECTORS (XII, R. S. AGGARWAL)

= (6+¢)=(4i—3]+k)+(27 - j+2k) = (6] - 4] +3k)
o S ]
s 316 3 6 —4

=i(-3-12)-j(3+18)+k(-4+6) = (151 -21]+2k)

i ]k
1 -1 -3
6 —4 3

LHS= {c'i «(b +6)} o

RHS = (dxB)+(dxé) :{(J?-_;r3£)x(4fv3j+f)}+{(;-jr3ﬂ:)x(2;~j+2ﬂ:)l

J
i J k||i J k
=l1 -1 3|41 -1 -3
4 3 1119 <1 2
:{; -1 4 _}_1 —3|+§‘1 —1}+{fl—1 —3|_}_1 —3‘”;'1 —1]1
-3 174 1| 7|2 3 -1 2| %2 2| T2 4

={i(-1=9) - j(1+12) + k(-3 +a)}+{i (-2=3) - j(2+6) +k(-1%2)}
= (107 -13] +1€)+{—5F -8j+k) =(-151-21j +2£)

Hen

&

cdx(b+¢)=(axb)+(axc)
(i) a=(4i—j+k), b=(7+j+k) & c=(i- j+k)

= (5+6)=(f+}+§)+(?—}+!§)=(2§+2£:]

P g
= (axb)=| S ] e gt
_1 , ]|‘ 1 B 2e 1 11

-~

:f(-l-{)-;(4-1)+12(4+1):(-2}"-3_}"+512)

I ji:
. J-1 1] J4 1] A4 -1
= (@xé)=[4 -1 1{=i ll|~"1 1+kl :
I =1 1

=i (<141)= j(4-1)+k(-4+1)=(-3]-3k)

i j ok
. B O I |
LAHAS=a><(b+c)= 4 —1 lf=17 —J +k
g 0 @ 0 2 2 2 2 0

=i(-2-0)=j(8-2)+k(0+2) =(-2/ -6]+2k)
RH.S =(dxb)+(axc)=(-2i —3j+5k)+(-3j-3k) = (-2 -6 +2k)

Hence, dx (b +¢)=(dxb)+(axc)



15. Find the area of the parallelogram whose adjacent sides are represented by the vectors
() G=71+2j+3k and 6=-37 —2j+k (ii) a‘:(3§+j+4/2) and b = (?—}+i§)

-

(iii)ya=2i+j+3k and b=i— j (iv)d=2i and b=3)

Sol. (i) Let d=i+2j+3k and b=-3i —2j+k

J2 3
=7
2 1

-~

‘+k

-y

=11

4

o~

Il

[ L

Ji 3
Nl 1

1L 2
—3 =2

_— g e,

3 -2
=i(2+6)-j(1+9)+k(-2+6) =87 -10]+4k

Required area :lii Xf_)" :J(S)q +(~10)° +(4)* =V/64+100+16 =/180 =65 sq. units.

(ii) Let ﬁ:(3f+‘}+4i;)and b=(7-j+k)
i
(ﬁxg): 1

k
4|=i

-1 1
1

— ) a0

14‘.

=7 (1+4)- j(3-4)+k(-3-1) =(57 + - 4k)

Required area =|axbl= \/(5)2 +(l)3 -+~(~-4)2 =J25+1+16 =/42 sq units.

(iii) Let ﬁ:(zf+}+3£), b=(i-J)

¥ 3

=1 0

g2 3

J
] _
s

k
3='fl
0

wh? 1
+k

=3(0+3)-j(0-3)+k(-2-1)=(37 +3] - 3k)

-1

Required area = Iﬁx!;' = J(3)2 +(3)" +(-3) = J33 (l2 +1° +1:) =343 sq. units

(iv)Let =27, b=3)

(&xb-) =

S~y

5[0 0
==
3 0

-

2
]OO 0 3

|=6i€

W O =
o O

2 0| ~2 0

|
Required area = |£i><5| — J(ﬁ? =6 sq. units.

16. Find the area of the parallelogram whose diagunals are represented by the vectors
() d,=3i+]—2kand d, =i 3] +4k (i) d, =2 —j+kand d, =31 +4]—k
(iii)d, =i —3j+2kand d, =—i +2]

Sol. (i) Let d, =(3.?+}—2,§), d, =(f—3}+4}2)
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i j &k
T g 1 <2 &% 2] AF 1
(Ixz):El -ZZI“4_JI4+kl 3
1 =3 4 ?

=i(4-6)-j(12+2)+k(-9-1)=(-27 -14]-10k)
= d x<d,| =yl(-2) +(-14)’ +(~10)’ =VA+196+100 =300 = 10¥3

Required area = -%laﬂ xaizl :%xl(}ﬁ =543 sq. units

(ii) Let d, =(2f—}+£], d, :(3?+4}‘—1€)

N L =t T g2 3] &2 -1
(d,xd,)=[{2 -1 1=:‘l4 N N 2
(i

=i(1=4)—j(-2-3)+k(8+3) =(=37+5] +11k)
= |a7,>u:a"r2|=\ﬁ—3)2+(5)31»(11)2 =Jo+25+121=4/155

. Required area :%I‘}' x&zlzédISS sq. units

(iii) Let d, =(i -3j+2k), d. =(~i +2]

ik
(dxd)=[1 =3 2[=i

-1 2 0
=7(0-4)-j(0+2)+k(2-3)=(~4i -2} k)

= b xd| =4f(-4) +(-2)" +(-1) =VI6+a+1=421

. Required area =%|3, xc?gl =%J2_} sq. units.

) 2
-1 0

d

2

2| .
0_1

17. Find the area of the triangle whose two adjacent sides are determined by the vectors
() a=-2i=5k and b=i-2j—k (i) @=3+4j and b= 5i+7}
Sol. (i) Let d=(-2i-5k), b *(f—zj-iE)

[3

-2 B
1 -2

~.‘-2 o

+k
= N ‘

(axb)=|-2 0 -5
1 2 -1

=i(0-10)—j(2+5)+k(4-0)=(-10/ -7 +4k)
= J(-10) +(<7) +(4)’ =+/100+49+16 =165

. Required area = %Ic’i xbl = %\/]65 sq. units.

= laxb

(ii) Let d = (37 +4]). b =(-5i +7])



i k
. 4 J4 of 4|3 of .3 4
axp)= =1 o= +
b)=[3 4 0 J k
7.0 “|-5 o] |-5 7
=5 7 0

=k(21+20) =41k =>|axb|=q/(41)" =41

1 -1 41
. Required area =—|dxbh|=—x41=— sqg. units.
. 2I | 2 2 sq

18. Using vectors, find the area of AABC whose vertices are
(i) 4(1,1,2),B(2,3,5) and C(15,5) (i) 4(1,2,3). B(2,-1,4) and C(4,5,-1)
(iii) 4(3,-12),B(1,-1,-3).C(4,-3,1) (iv) A(1,=1,2),B(2,1,~1) and C(3,-1,2)
Sol. (i) Given vertices are A(1, 1, 2), B(2Z, 3. 5)and C(1, 5, 5).
A—B:(2—1)3+(3—1)}+(5—2)12 —i+2j+3k
AC =(1-1)i+(5=1)j+(5-2)k =4j+3k
i

ik ,
Now, ABxAC=1 2 3 :E ili_|10 2
0 4 3

P

i+

b Ay ei-gjeak
0 4

[AB<AC|= |(-6) +(-3)° +42 =36+9+16 =161

Area of AABC = %!A_'B xAC| = %Ja square units.
(i1). Given vertices are, A(1, 2. 3), B(2, -1. 4)and C(4, 5, -1)
Now, AB = (2-1)i+(-1-2)j+(4-3)k

= AB=i-3j+k

again, AG = (4-2) i+ (5+1)j+ (—1- 4)k

A A A

AC=?2i+6j-5k
i j E
Now, ABxAC={1 -3 1
2 B -
e B 1 1I*W -23* & & =
= ABxAC = 1-1 j+ k =9i+7i+12k
6 -5 |2 -5 6

|ABx AC |=VO? + 72 +127 = 81+ 49+ 144 — /274

Area of AABC =%|E‘XA—C|

%sz Sq. Units.

(iii). 4(3,-1,2) ,B(1,~1,-3) and C(4,-3,1)



- -

i j k
"

N : 45 ¥l 4 7| 21-8 5
= (4Bx4C)=|-4 5 =i - +k =0
5 <9 Y4 < |4 -5
i, =& =4
Hence, A, B and C area collinear.
(ii) Let A=(6i~7j-k),B=(2-3]+k), C=(4i-5})
= AB =Position vector of B — position vector of 4
=(2i-3j+k)-(6 -7j k) =(~4i +4j+2k)
— AC =Position vector of C — Position vector of 4
:(45~5})—(6f~7}—§):(—~2f+2_}'HE)
Pk 4 2 4 2 4 4
o (@BxAC)=| 4 4 2|=i* g 2|+
s 5 q| 12 M B2 2 8

=i (4-4}—j(-4+4)+k(-8+8)=0. Hence, 4, B and C arecollinear.
20. Show that the points 4,B.C’ with position vectors (3; 27+ 41{:), (; +}+i;) and (—f+ 47— 2&2)
respectively are collinear.
Sol. Let A= (3?~2}'+41€),B = (?+_}‘+JE), C=( 74 4j-2k)
— AB = Position vector of B— position vector of 4
-_-(f+}+i;)—(3f—2 }'+4§) = (—Zf+3j—3£)
= AC = Position vector of C — position vector of A
= (i +4]=2k)~ (37 —2] +4k) = (~4i +6] - 6k)
i
= (ABxAC)=|-2 3 -3|=i
4 6

3 3| |2 3| -2 3

6 -6 /-4 6" |-2 6

=il-18+18)— j(-12+12) +k(-12+12) =0
Hence, proved that A, B and C are collinear.
21. Show that the points having position vectors a, 5, (35 35 ) are collinear, whatever be 6,5 -
Sol. Let A=d, B=b,C :(35-215)
— AB = position vector of B— position vector of 4= (b —Ei)

= AC= position vector of (" — position vector of 4 = (3& —21;)—& = (2(3 - 25)

i b ¢
- 10| -1 0] |-1 1

= (4BxAC)=|-1 1 o|=a ‘—bl +é =¢(2-2)=0
s 5ol 1720712 o2 <

Hence, d, b and ¢ are collinear.
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22. Show that the points having position vectors (—2& +3b +5¢ ) (d +2b + 35) and (7d—-¢) are
collinear, whatever be d. b, ¢.
Sol. Let, A=(-2d+3b+5¢), B=(d+2b+3¢), C=(7d-¢)
= AB =Position vector of B— position vector of 4
=(a+26 +3¢)-(-2d+3b +5¢) = (3d—b -2¢)
= AC =Position vector of ' — position vector of 4
=(7d-¢)~(-2a+3b+5C) =(9a-3b - 6¢)

@b -2 j3 1
> (#BxC)=l3 1 2|=d | ;5_5|; jM; |

| g =3 —b
=a(6-6)-b(-18+18)+¢(-9+9)=0.
Hence, A, B and (" arecollinear.
23. Find a unit vector perpendicular to the plane ABC, where the poimts 4, B, C are (3,-1, 2),
(1,—L=3) and (4,-3,1) respectively.
Sol. Let A =(31?—_}‘+2£), B= (f—}—y}‘), ¢ =(4§—3}+i£)
= AB =Position vector of B— position vector of A
= (7 - -3k)- (37 - j+2k) =(-27 - 5k)
= AC =Position vectoror  — position vector of 4
=(4i-33+k)-(3i wj'+2i£) = [f‘-z}-t?)

PGk
R 4 Jo -5] |2 -5] J-2 o
= (4Bx4C)=|-2 o -5|=i - +k
f | 1S i = 1 -4

=7(0-10)~j(2+5)+k(4-0) =(~107 =7 +4k)
= | ABx AC=|(-10)° +(=7)* +(4) =100+ 49+16 =165
(ExA_'C) ) (—10;’—7}+4i})
[4Bxac| V165

24 If a=(i-2j+3k) and b=(i-3k) then find | 6x 24|

. Required unit vectoris =

A

Sol. Given:- a=i-2j+3k

and, b =i-3k

Now, 2a =2i-4j+6k



25.

Sol.

26.

Sol.

R
and, bx2a=]1 -2 -3
1 0-=3
2 -3 3t h-2r e A
=I5 _aih _ali*l k =6i-6j+2k =|bx2a|=v6® + 62 + 2% =76 =24/19

if|&|:2‘|5|:5 and |5x5|:8, find a-b

Given- |al=2, |b|=5 and |axb|-8

.+ |axb|=8

—ja||b|-sin6=8 = 2x5xsinB -8 = 5|n6=%
Now, Oosﬁ=m

= co0s8 = 1—%—&0059:%

Now, 5-6:|£||E)’|OOSU :2><5x% =6 Ans.

1f]5|:2,_[5|:7 and (5x5):(3§+2j+6§), find the angle between a and h

Given:- |aj=2, |bl=7 & axb=3i+2j+6k
Let, & = Angle between a and b
Now, |axb |=v32+ 22 +62 =7

L+

Now, |axb |- a||b]|-sine =7 =2% 7x:st'n9::»sin'9_%:>9=£6— Ans



