Vectors

EXERCISE 5.1 [PAGES 151 - 152]

Exercise 5.1 | Q 1| Page 151

The vector a is directed due north and [a| = 24. The vector b is
directed due west and ‘E‘ = 7. Find ‘E_I. —|—E‘.

Solution:

let AB=3,BC=b
Then AC=AB+BC=a+b
Given: |a| = ‘A_B‘ =[(AB) = 24 and

bl = |BC| =U(BC) =7

v £LABC = 90°

~ (AC)" = I(AB)]” + [I(BC))*
= (24)* + (7)* = 625

= I(AC) = 25



Exercise 5.1 | Q 2| Page 151

In the triangle PQR, PQ = 2a, QR = 2b. The midpoint of PR is M.
Find the following vectors in terms of a and b:

(i) PR (i) PM (i) QM.

Solution:




b—a—b

ol
o

—a
[Note: point (i) answer in the textbook is incorrect.]

Exercise 5.1 | Q 3| Page 151

OABCDE is a regular hexagon. The points A and B have position
vectors a and b respectively referred to the origin O. Find, in terms

of a and b the position vectors of C, D and E.
Solution:

) C

L Vi M > B
0 A

Given: OA =3,0B=b

Let AD, BE, OC meet at M.
Then M bisects AD, BE, OC.
AB=AO + OB
=—-0A+ 0B

=—-a+b=b—-a

w OABM is a parallelogram




=2b—-2a—a
=2b—3a

OE = OM + ME
=(b—a) —EM

=b—a—a ..[vEM=0Aand EM || OA]
=b—2a

Hence, the position vectors of C, D and E are
2b — 2a,2b — 3a and b — 2a respectively.
Exercise 5.1 | Q 4 | Page 151

ABCDEF is a regular hexagon. Show that
AB4+AC+AD 4+ AE + AF = 6A0, where O is the centre of

the hexagon.

Solution:

A B

[
i



ABCDEF is a regular hexagon.
. AB =ED and AF = CD

- by the triangle law of addition of vectors,

AC+AF=AC+CD=AD

AE+AB=AE+ED=AD

~LHS=AB+AC+AD + AE+ AF
_AD+ (E+ﬁ) + (A_EJrA_B)

=AD+AD+ AD

AD — 3(2@) [0 is midpoint of AD]

= 6A

O

Exercise 5.1 | Q 5| Page 151

Check whether the vectors 21 + 23 + 3]}, — 31+ 3j + 2k and
31 + 4k form a triangle or not.

Solution:

Let, if possible, the three vectors form a triangle ABC with AB=21+ 23 - 3]},
BC=-3i+3)+2k

AC =31 + 4k

Now, AB + BC

— (21 +2j +3f;) + (—3§ +3) +2fc)

= —145j +5k # 31 +4k=AC

Hence, the three vectors do not form a triangle.



Exercise 5.1 | Q 6 | Page 151

In the given figure express € and d in terms of a and b.

Solution:

PQ =PS +5Q
a=c—d ..(1)

PR =PS + SR

~b=c+d .2

I I
C_E(a—i_b)_Z a—l—b)
~ 2b—(a+h)
N 2
1. .\ 1- 1_
S T P P
Hencelc—ia—l— Ebandd— 2b 2::1

Exercise 5.1 | Q 7 | Page 151

Find a vector the direction of a = 1 — Zj that has magnitude 7 units.

Solution:



Unit vector in direction of a
a  1-2j
a V5

- vector of magnitude 7 in the direction of a is

1—2] 7 . 14,
V5 V5 /5

Exercise 5.1 | Q 8 | Page 151

=]

a=1"1

Find the distance of (4, - 2, 6) from each of the following:
(a) The XY-plane

(b) The YZ-plane

(c) The XZ-plane

(d) The X-axis

(e) The Y-axis

(f) The Z-axis.

Solution: Let the point A be (4, - 2, 6).
Then,

(a) The distance of A from XY-plane = |z| = 6
(b) The distance of A from YZ-plane = |x| = 4
(c) The distance of A from ZX-plane = |y| = 2

(d) The distance of A from X-axis



— VY2t 22 =/ (-2)" + 62 = VA0 = 210
(e) The distance of A from Y-axis

Vz2 +x2 = V62 + 42 = /52 = 2113

(f) The distance of A from Z-axis

— Vv = 24 (-2 = Va0 =2V5

Exercise 5.1 | Q 9.1 | Page 152

Find the coordinates of the point which is located three units behind the YZ-plane, four
units to the right of XZ-plane, and five units above the XY-plane.

Solution: Let the coordinates of the point be (X, y, z). Since the point is located 3 units
behind the YZ-plane, 4 units to the right of XZ-plane and 5 units above the XY-plane, x
=-3,y=4andz=5

Hence, coordinates of the required point are (3, 4, 5)
Exercise 5.1 | Q 9.2 | Page 152

Find the coordinates of the point which is located in the YZ-plane, one unit to the right of
the XZ- plane, and six units above the XY-plane.

Solution: Let the coordinates of the point be (X, y, z). Since the point is located in the
YZ plane, x0. Also, the point is one unit to the right of XZ-plane and six units above the
XY-plane.

~y=12=6

Hence, coordinates of the required point are (0,1, 6).
Exercise 5.1 | Q 10 | Page 152

Find the area of the traingle with vertices (1, 1, 0), (1, 0, 1) and (0, 1, 1).
Solution:



LetA=(1,1,0),B=(1,01),C=(0,1,1)
I(AB):\/(1—1)2+(1—U)2+(0—1)2:m:\/§
|(BC}=\/(1—0)2+(0—1)2+(1—1)2:m:ﬁ
I(CA) = \/(0—1 1-1)°+(1-0°=vV1I+0+1=+2

= I(AB) = I(BC) = I(CA)

~. the triangle is equilateral

V3

~. its area = —(sidie)2

4

V3 2
-3()

V3
= 75(:1 units.

Exercise 5.1 | Q 11 | Page 152
fAB =21 — 4j + 7k and initial point A(1, 5, 0). Find the terminal point B.
Solution:

Let a and b be the position vectors of A and B.

Given: A(1, 5, 0)



_ (2i _ 4 +n;) + (i+5j‘)
=31+j+7k
Hence, the terminal point B(3, 1, 7).

Exercise 5.1 | Q 12.1 | Page 152
Show that the following points are collinear:
A=(3,2,-4),B=(9,8,-10),C=(-2,-3,1)

Solution:

Let &, b, © be the position vectors of the points.
A=(32-4),B=(98, -10)and C = (-2, - 3, 1) respectively.
Then, a =31 +2] —4k, b=91+8) —10k,c = —21 — 3] +k
AB=b-a

_ (9i+8j‘“ —10]}) _ (31 + 2] —41’3':)

—61+6] —6k .. (1)

andBC=¢—-b

_ (—21 _3j +]§:) _ (91 8] — 101“;)

=111 —11) + 11k



_ 11(i+j—]2)

11/ .. . .
:—F(ﬁintﬁj—ﬁk)

11—
_ _FAB ..[By (1]

. BCis a non-zero scalar multiple of AB
.. they are parallel to each other.

But they have point B in common.

. BC and AB are collinear vectors.

Hence, points A, B and C are collinear.

Exercise 5.1 | Q 12.2 | Page 152
Show that the following points are collinear:
P=(4,52),Q0=(3,2,4),R=(5,8,0).

Solution:

Let &, b, € be position vectors of the points.

P=(4,52),Q=(3 2 4),R=(58,0)respectively.

Thena =41 +5] + 2k, b =31 +2] + 4k, ¢ = 51 + 8] + 0k
AB=b-a

_ (31 4 2j +41;) _ (4i + 5 +z];)

= —1—3]+2kie.

:—(i+3j‘—2l§) ..... (1)



andBC=¢—b

— (5i+8j +ch) . (3i + 2] +4]})
=21 +6j —4k

_ 2(i +3j— 21‘;)

=2.AB ..[By(1)]

. BCis a non-zero scalar multiple of AB
~. they are parallel to each other.

But they have point B in common.

-. BC and AB are collinear vectors.

Hence, the points A, B, and C are collinear.

Exercise 5.1 | Q 13 | Page 152
If the vectors 21 — qj + 3k and 41 — 5j + 6k are collinear, find q.

Solution:

The vectors 21 — qj +3kand 41 — 5j + 6k are collinear

-. the coefficients of 1, j, k are proportional

] 2_—q_3
"I 5°%
a1
“5T 3

5
'.q:—



Exercise 5.1 | Q 14 | Page 152

Are the four points A(1, -1, 1), B(-1, 1, 1), C(1, 1, 1) and D(2, -3, 4) coplanar? Justify

your answer.
Solution:

The position vectors a, b, €, d of the points A, B, C, D are

-, ~ A

a=1—jJ+kb=—1+j+k c=14+]+k d=21—-3)+4k

If A, B, C, D are coplanar, then there exist scalars x, y such that

AB —x.AC + y.AD
L 21+ 2] :x(zj) +y(i P +3f;)
L2142 =y1+ (2x — Zy)j + 3yk

By equality of vectors,

y=-2 .1



3y=0 ...(3)

From (1),y=-2

From (3),y=0

This is not possible.

Hence, the points A, B, C, D are not coplanar.
Exercise 5.1 | Q 15| Page 152

Express —1— 3j + 4k as the linear combination of the vectors
21+ ] —4k,21 — j +3kand 31 + ) — 2k
Solution:

Leta =21+ ] — 4k
b=2i—]+3k
c=31+]—2k
p=—1-3]+4k

Suppose p = xa + yb + z¢.

Then, —i — 3] +41;:x(21‘ 4 _4];) +y(21 =3 +3];) +z(31‘ 43 —2]})
w1 —3)+dk=(2x+2y+32)1+ (x—y+2)] + (—4x+3y — 22)k

By equality of vectors,

2x + 2y + 3z = -1

X-y+2zZ=-3

-4x +3y-2z=4



We have to solve these equations by using Cramer’s Rule.

2 2 3
D=1 -1 1
—4 3 -2

=2(2-3)-2(-2+4)+303-4)

=-2-4-3
=-9%0
-1 2 3
Dy=|-3 -1 1
4 3 -2

=-1(2-3)-2(6-4) + 3(- 9 + 4)

=1-4-15
=-18
2 -1 3
Dy=|1 -3 1
-4 4 -2

=2(6-4)+ 1(-2 +4) + 3(4-12)
=4+2-24
= -18

2 2 -1

D,=|1 -1 -3
4 3 4



=2(-4+9)-2(4-12)-1(3 - 4)

=10+ 16+ 1 =27

D 18
TD T o9 T
D, —18
D, 27
.Z= D —_g——3

~p=2a+2b—3c
EXERCISE 5.2 [PAGE 160]

Exercise 5.2 | Q 1.1 | Page 160

Find the position vector of point R which divides the line joining
the points P and Q whose position vectors are 21 — j + 3k and
—51 + 23 — 5k in the ratio 3 : 2 is Internally.

Solution:

It Is given that the points P and Q have position vectors
p=21—]+ 3kandg= —51 + 2] — 5k respectively.

If R(T) divides the line segment PQ internally in the ratio 3: 2, by

section formula for internal division,
3q + 2p
3+2
3(—53 +2j - 51“;) n 2(2i iy 3]})
5

T =




111 44) —9k

5
1 2 2 -
_ E(_H' 14— gk)
e (1149
-. coordinates of R = = E TR

1 . . R
Hence, the position vector of R is 3 (—lli +4j — Qk) and the

dinates of R 11 4 9
coordinates of R are ~FF' T E

Exercise 5.2 | Q 1.2 | Page 160

Find the position vector of point R which divides the line joining
the points P and Q whose position vectors are 21 — j + 3k and
—51 + 23 — 5k in the ratio 3: 2 is externally.

Solution:

It Is given that the points P and Q have position vectors
p=21— j + 3k and q=—51+ 25 — 5k respectively.

If R(T) divides the line segment joining P and Q externally in the

ratio 3 : 2, by section formula for external division,

_ 3q—2p
r=———
3-2
3(—5i+2j—51";) —2(21 —j‘+3]1)

3—2
= 191 +8j — 21k

. coordinates of R = (- 19, 8, -21).



HencathepcﬂﬂonvedDerRis—Jgf—%Sj——21Eand
coordinates of R are (-19, 8, -21).

Exercise 5.2 | Q 2 | Page 160

Find the position vector of midpoint M joining the points L(7, - 6, 12) and N(5, 4, - 2).
Solution:

The position vectors 1 and i of the points L(7, -6, 12) and N(5, 4, -2) are given by
I="71—6]+12k,i=51+4] —2k

If M(m) is the midpoint of LN, by midpoint formula,

__I+n
T

(ﬁ —6j“+121’i) n (51 + 4] —21’&)
- 2

1 $ 2 - s % -
=§(121—2J+1ﬂk) = 61— j+5k

-. coordinates of M(6, - 1, 5).

Hence, position vector of M is 61 — i + 5k and the coordinates of M are (6,-1,5).

Exercise 5.2 | Q 3| Page 160

If the points A (3,0, p), B (-1, q, 3) and C (- 3, 3, 0) are collinear, then find
(i) the ratio in which the point C divides the line segment AB
(if) the values of p and g.

Solution:



Let &, b, € be the position vectors of A, B and C respectively.
Thena=3140.] —|—p]§,

=—i4q]+ 3k and

—31+3]+0.k

o

C
(i) As the points A, B, C are collinear, suppose the point C divides

line segment AB in the ratio A : 1.

~. by the section formula,

Ab+1.a
A+1

©—31+3]+0.k
,\(—i +qj +3]}) + (3i +0.] +p12)
A+1
C(A+1)(=31+3] +0.k) = (=2l +Xqj +3Xk) + (31 +0.] + pk)

C =

C=3A+1D)I4+3A+1)] +0.k=(-A+3)i+Agj+Br+p)k

By equality of vectors, we have,
-3A+1)=-A+3 ....(D)

3A+1)=Ag ... 2)

0=3A+p ...(3)

From equation (1), -3A-3=-A+3
L-2\=6

“A=-3

=~ C divides segment AB externally in the ratio 3 : 1.
(ii) Putting A = - 3 in equation (2), we get
3(-3+1)=-3q

- -6=-3(q



~gq=2

Also, putting A = - 3 in equation (3), we get
0=-9+p

~p=9

Hencep=9andq=2.

Exercise 5.2 | Q 4 | Page 160

The position vector of points A and B are 6a + 2b and a — 3b. If
the point C divides AB in the ratio 3 : 2, show that the position
vector of Cis 3a — b.

Solution:

Let € be the position vector of C.

Since C divides AB in the ratio 3: 2,
3(a — 3b) + 2(6a + 2b)
342
3a—9b+12a+4b
5)

C =

1 _ _ -
= 3(153_ 5b) =3a—b
Hence, the position vector of C is 3a — b.

Exercise 5.2 | Q 5| Page 160

Prove that the line segments joining the midpoints of the adjacent sides of a
quadrilateral form a parallelogram.
Solution:



Let ABCD be a quadrilateral and P, Q, R, S be the midpoints of the
sides AB, BC, CD, and DA respectively.

Leta,b,¢,d, P, q, T, and § be the position vectors of the points A,
B, C, D, P, Q R and S respectively.

Since P, Q, R and S are the midpoints of the sides AB, BC, CD and
DA respectively,
a+b b+¢c c+d d+a

2 47

13:

=
=

A




- PQJ| SR
Similarly QR || PS
.. OPQRS is a parallelogram.

Exercise 5.2 | Q 6 | Page 160

D and E divide sides BC and CA of a triangle ABC in the ratio 2 : 3 each. Find the
position vector of the point of intersection of AD and BE and the ratio in which this point
divides AD and BE.

Solution:
A
E
'P
B (B} C

Let AD and BE intersect at P.
Let A, B, C, D, E, P have position vectos a,b,¢,d,&,p respectively.

D and E divide segments BC and CA internally in the ratio 2 : 3.
By the section formula for internal division,

2¢ + 3b

2+3

~bd=2e+3b ..(1)

2a + 3¢

2+3

. oe=2a+3c ..(2)

d=

and e =



From (1), 5d — 3b = 2€ . 15d — 9b = 6¢
From (2), be — 2a = 3¢ .. 10e — 4a = 6¢C
Equating both values of 6T, we get
15d — 9b = 10e — 4a
- 15d +4a = 10e + 9b

15d +4a  10e + 9b

15+4 1049

LHS is the position vector of the point which divides segment AD internally in the ratio
15: 4.

RHS is the position vector of the point which divides segment BE internally in the ratio
10:09.

But P is the point of intersection of AD and BE.
~ P divides AD internally in the ratio 15 : 4 and P divides BE internally in the ratio 10 : 9.
Hence, the position vector of the point of interaction of AD and BE is
_ 15d+4a 108+ 9b
p = =
19 19

and it divides AD internally in the ratio 15 : 4 and BE internally in the ratio 10 : 9.

Exercise 5.2 | Q 7 | Page 160

Prove that a quadrilateral is a parallelogram if and only if its diagonals bisect each other.

Solution:



(i) Let a, b, € and d be respectively the position vectors of the
vertices A, B, C and D of the parallelogram ABCD.
Then AB = DC and side AB || side DC.

el
[
ol
el

g -Q;I
|+t
]

ol

+d
5— (D

The position vectors of the midpoints of the diagonals AC and BD

alc y bid
dale dan _ .
2 2

By (1), they are equal.
=~ the midpoints of the diagonals AC and BD are the same.

This shows that the diagonals AC and BD bisect each other.

(if) Conversely, suppose that the diagonals AC and BD of o ABCD bisect each other,

i.e. they have the same midpoint.
=~ the position vectors of these midpoints are equal.



a+c b+d
2 2
~a+c=b+d
b—a=c—d
~AB =DC

~ AB || DC and ‘E‘ = ‘m‘
~. side AB || side DC and AB = DC

~. LJABCD is a parallelogram.

Exercise 5.2 | Q 8 | Page 160

Prove that the median of a trapezium is parallel to the parallel sides of the trapezium
and its length is half of the sum of the lengths of the parallel sides.
Solution:

D

J o,
/ \

Let a, b, € and d be respectively the position vectors of the
vertices A, B, C and D of the trapezium ABCD, with side AD || side
BC.

c

Then the vectors AD and BC are parallel.

.. there exists a scalar k,

such that AD = k. BC



~AD+BC=k.BC+B
=(k+1)BC ..(1)

Let m and 0 be the position vectors of the midpoints M and N of
the non-parallel sides AB and DC respectively. Then seg MN is the

median of the trapezium.

By the midpoint formula,

___a+b d__El+E

m = 2 and 1l = 5
MN=i-m

_(d+c a+b

L2 /U 2
1.

ZE(d—I—c—a—b)
1.,- o

— 2[@-5) + (E-b)
AD +BC

= ; ..... )
k+1)BC

_( +2) By (1)]

Thus MN is a scalar multiple of BC
. MN and BC are parallel vectors



~. MN || BC where BC || AD

.. the median MN is parallel to the parallel sides AD and BC of the

trapezium.

Now AD and BC are collinear
- |AD + BC| = |AD| + |BC| = AD + BC

- from (2), we have

Now MN = AD;—BC
MN = %(AD+BC)

Exercise 5.2 | Q 9 | Page 160

If two of the vertices of a triangle are A (3, 1, 4) and B(- 4, 5, - 3) and the centroid of the
triangle is at G (- 1, 2, 1), then find the coordinates of the third vertex C of the triangle.
Solution:

Let &, b, € and g be the position vectors of A, B, C and G respectively.

Then, a =31+ ) +4k,b = —41 + 5] — 3k and
g=-1+2j+k

Since G is the centroid of the A ABC, by the centroid formula,



© —3146j +3k = (—i + 6] +fc) +e
LE= (—31 + 6] +31’&) . (—i + 6] +fc)

L e=-2140.]+2k

.. the coordinates of third vertex C are (- 2, 0, 2).

Exercise 5.2 | Q 10 | Page 160
In A OAB, E is the midpoint of OB and D is the point on AB such that AD : DB =2: 1. If
OD and AE intersect at P, then determine the ratio OP : PD using vector methods.

Solution:
0

A D B

Let A, B, D, E, P have position vectors a, b, d, &, p respectively
w.r.t. O.

+AD:DB=2:1

. D divides AB internally in the ratio 2 : 1.

Using section formula for internal division, we get



1 b
Since E is the midpoint of OB, @ = OE = 2 B = 3
~b=28 ..Q2
. from (1),

3d =2(2e) +a ..[By(2)]

— 48 +a
3d+2.0 4e+a
34+ 2 441

LHS is the position vector of the point which divides OD internally in the ratio 3 : 2.
RHS is the position vector of the point which divides AE internally in the ratio 4 : 1.
But OD and AE intersect at P

~ P divides OD internally in the ratio 3 : 2.

Hence, OP : PD =3 : 2.

Exercise 5.2 | Q 11 | Page 160

If the centroid of a tetrahedron OABC is (1, 2, - 1) where A(a, 2, 3), B(1, b, 2), C(2, 1, ¢),
find the distance of P(a, b, c) from origin.

Solution:



Let G = (1, 2, -1) be the centroid of the tetrahedron OABC.

Let a, b, , g be the position vectors of the points A, B, C, G respectively w.rt. O.
thena = al + 2] + 3k,

b=1+bj+ 2k,

c =21+ ] +ck,

g=1+2]—k

By formula of centroid of a tetrahedron,

~ 04+a+b+c
&= 1

By equality of vectors
a+3=4b+3=8c+5=-4
~a=1b=5c=-9

~P=(abc)=(15-9)

Distance of P from origin = \/12 + 52 + (—9)°

=+/1+25+81
= 4/ 107 units

Exercise 5.2 | Q 12 | Page 160

Find the centroid of tetrahedron with vertices K(5, - 7, 0), L(1, 5, 3), M(4, - 6, 3), N(6, - 4,
2).



Solution:

Let p, I, m, i be the position vectors of the points K, L, M, N respectively w.r.t. the origin O.

Let G(g) be the centroid of the tetrahedron.

Then by centroid formula

~ p+I+m+n
g = 1

[(51 _7 +0.1'I:) + (i +5 +31?:) + (4i _6j +3E) + (ﬁi _ 45 +2];)]

— | =

— Z(mi — 12} +81‘2:)
—4i-3]+2k

Hence, the centroid of the tetrahedron is
G=(4,-3, 2
EXERCISE 5.3 [PAGES 169 - 170]

Exercise 5.3 | Q 1| Page 169

Find two unit vectors each of which is perpendicular to both 1 and
¥where @ = 21 + ) — 2k v= 1+ 2j — 2k

Solution:

et = 21 + ] — 2k,

v=1+4+2)—2k

Thenta X ¥ =

T
(-
|
b



=(—24+4)1+(—4+2)j+4 -1k
=21 —-2]+3k

Jax v = /(27 + (=2)2 + (3)°

iXv _izi—2j+31"c
v| V17

X
( 2 . 2 . 3 a)
= 1 — ]+ k
V17 vavi vavi
Exercise 5.3 | Q 2 | Page 169
If & and b are two vectors perpendicular to each other, prove that
(@+5)’ = (a-b)’
Solution:

a and b are perpendicular to each other.



.. LHS = RHS
Hence, (3 +b)” = (a—b)”

Exercise 5.3 | Q 3 | Page 169

Find the values of ¢ so that for all real x, the vectors xc1 — fﬁ + 3k
and x1 + 2j + 2cxk make an obtuse angle.

Solution:

Let & = xci —6j—|—3f{andl_)=xi —|—2§ + 2cxk
Considera.b = (xci — 6] + 3]}L) (xi +2] + 2(1}{12)
= (x¢)(x) +(=6)(2) + (3)(2cx)

= cx® — 12 4 6ex

= cx’ + 6ex — 12

If the angle between a and b is obtuse, a.b < 0



x4 6cx-12<0
c:u:2 + bcx < 12

~ (X + 6x) < 12
12
x2 4+ 6x
12 12

S C < —

(¢ +6x+9) -9 (x+3)° -9

. € < min 12
. (x+3)°—-9

12
Now is minimum if (x + 3)% - 9 is maximum

(x+3)* -9

o C <

ie.(x+3)°-9=00-9=00

12
5. C < min {—} =0
o0

soc< 0.

Hence, the angle between a and b is obtuse if ¢ < 0.

Exercise 5.3 | Q 4 | Page 169

Show that the sum of the length of projections of P1+qj + rk on the coordinate
axes,wherep=2,q=3andr=4is9.

Solution:



leta =pl +qj + 1k
Projection of a on X-axis

5 3 (pi—l—qi—l—r];:).i
— - — 1 :p:z

T

1

Similarly, projections of a on Y- and Z-axes are 3 and 4 respectively.

- sum of these projections =2 + 3 + 4 = 9.

Exercise 5.3 | Q 5| Page 169

Suppose that all sides of a quadrilateral are equal in length and opposite sides are
parallel. Use vector methods to show that the diagonals are perpendicular.

Solution:

D C

A B
Let ABCD be a quadrilateral in which

AB| = [BC| = [cD| = [DA] ..

and AB || DC and AD || BC

. AB =DCand AD =BC .(2)

Now, AC = AB + BC

and BD = BA+ AD = —AB+BC .[By(2)




— @

. BC—<AB)+Jﬂl(BC—<AB)

|
>
@ ©
we

C—-AB.AB+BC.BC -BC.AB

=¢E@\—¢EE\ .|~ AB.BC = BC. AB]|
=0 ..[By(1)]

+ AC, BD are non-zero vectors

. AC is perpendicular to BD

Hence, the diagonals are perpendicular.

Exercise 5.3 | Q 6.1 | Page 169

Determine where a and b are orthogonal, parallel or neithe:

a=—-91+6)+15k,b=61 —4) — 10k

Solution:
a=—0i+6]+15k = — @1—2J—mg
3/ ..
:_EGH_*V*WQ
3
I
T

.e. a is a non-zero scalar multiple of b

Hence, a is parallel to b



Exercise 5.3 | Q 6.2 | Page 169

Determine where @ and b are orthogonal, parallel or neithe:

a=21+3]—k,b=51—2] +4k
Solution:

ab— (2i + 3] —l’&). (5i ~2j +412)
=(2)5) +3)(=2) + (-1)(4)
=10-6-4=0

Since, a, b are non-zero vectors and a.b = 0

a is orthogonal to b

Exercise 5.3 | Q 6.3 | Page 169

Determine where a and b are orthogonal, parallel or neithe:

3-"\ ]_h ]_-"* — - - s
a=-——1+—-]+-k, b=51+4)+3k
a 51+2J+3 : 1+ 4] +

Solution:

Since, a, b are non-zero vectorsand a.b =0

a is orthogonal to b



Exercise 5.3 | Q 6.4 | Page 169

Determine where @ and b are orthogonal, parallel or neithe:
a=41—]+6k,b=51—2] +4k

Solution:

a.b— (4i —j‘+6fc). (5i 2} +41“c)

— (4)(5) + (~1)(~2) + (6)(4)

=20+2+ 24

=46 # 0

. ais not orthogonal to b

It is clear that a is not a scalar multiple of b

ais not parallel to b

Hence, a is neither parallel nor orthogonal to b.

Exercise 5.3 | Q 7 | Page 169

Find the angle P of the triangle whose vertices are P(0, - 1, - 2), Q(3, 1, 4) and R(5, 7,
1).
Solution:

The position vectors p, q, and T of the points P(0, - 1, - 2), Q(3, 1, 4) and R(5, 7, 1) are



andPR=t1 —p

:(5i+7j’+1’&)—(—j—2}})

— 5148 +3k

:W.PR:(3i+2j+6]§).(5i+8j+3l})

= (3)(5) +(2)(8) + (6)(3)

=15+ 16 + 18 =49
PQ|=V32+22+62=0+4+36=v49=7
[PR| = V52 + 82+ 32 = V25 + 64 + 9 = V08 = 72

Using the formula for angle between two vectors,
PQ.PR
[PQ|[PR
49 1
N 7 x T2 - V2

o P =45

cos P =

= cos4bh”

Exercise 5.3 | Q 8.1 | Page 169

If P, q and T are unit vectors, find p. q.

Solution:

Let the triangle be denoted by ABC, where AB =p, AC=gand BC =T

“ P,q, T are unit vectors.
- I(AB) = I(BC) = I(CA) =1
~. the triangle is equilateral

LA = 2B = £C =607



Using the formula for angle between two vectors,

cos A = _p.q_
bl g
P-9q
- cos 60° = 1% 1
1 _
E 2 =PpP-q
o 1
- Pp-qQ= E

Exercise 5.3 | Q 8.2 | Page 169
If p,q and T are unit vectors, find p. T.

Solution:

Let the triangle be denoted by ABC, where AB = P. AC = gand BC =t
* P,q, T are unit vectors.

. I(AB) = I(BC) = [(CA) =1

~. the triangle is equilateral

LA =2B = 2C =607

Using the formula for angle between two vectors,

cos B = _p.r_
[pl. |}
__ 1

we getp.T = —



p.-T
cos b0° = 1% 1
1 _

'.Ezp.r

o 1
.p.I'—E

Exercise 5.3 | Q9| Page 169

Prove by vector method, that the angle subtended on semicircle is a right angle.
Solution: Let seg AB be a diameter of a circle with centre C and P be any point on the
circle other than A and B.

Then £APB is an angle subtended on a semicircle.

let AC=CB =aand CP =r1

Then |a| = |T| (1)

-
o
o
[
Cl
+
E_L
Cl
|
I

|
I
HI

|
=
&1
+
&0l
I

|
bl
]

|
o0
I
=
—_—
.HI
el
I
k]|
=
O



. £APB is a right angle.

Hence, the angle subtended on a semicircle is the right angle.

Exercise 5.3 | Q 10 | Page 169

If a vector has direction angles 45° and 60°, find the third direction angle.
Solution: Let a =45°, 3 =60°

We have to find y.

"+ c0S?a+cos?B+cos?y=1

. C0S245° + c0s260° + cos?r = 1

YER PN P

'.{:a::rszf*le———l:l
2 4 4
_ 1
.cosy—:I:E
_ 1 1
.cosy—a or cc:-s‘g——a
T T
g casy:cosgormsy:—cosg
T 27
CDS(‘JT— E) zcos?
T 27
'}'Zgﬂr"}’:?
T 2

Hence, the third direction angle is 3 o 5

[Note: Answer in the textbook is incomplete.]

Exercise 5.3 | Q 11 | Page 169



If a line makes angles 90°, 135°, 45° with the X-, Y- and Z-axes respectively, then find
its direction cosines.

Solution: Let I, m, n be the direction cosines of the line.
Then|=cosa, m=cos 3, n=cosy
Here, a =90°, B = 135° y =45°

~1=c0s90°=0
m = cos 135° = cos (180° - 45°) = - cos 45°
1 1

— ——— and n = cos 45° = —
V2 V2

L : : 1
~. the direction cosines of the line are 0, ——, —

1
V2 V2
Exercise 5.3 | Q 12 | Page 170
If a line has the direction ratios 4, - 12, 18, then find its direction cosines.

Solution: The direction ratios of the line area=4,b=-12, c = 18.

Let I, m, n be the direction cosines of the line.

a 4
Then | = > =
Va?sbie? gy (—12) 4 (18)°

B 4 42

V16 +-144 + 324 22 11

b —12
m = - =
Val+bh et gy (C12) + (18)

—12 12 -6
V16 + 144 + 324 22 11




C

and n =

Va2 +b% 4+ c2
B 18
\/42 + (—12)* + (18)°
B 18 189
 JVi6+144+324 22 11
Hence, the direction cosines of the line are 2 69 .
I 117 117 11

Exercise 5.3 | Q 13 | Page 170
The direction ratios of ABare-2,2, 1.1fA= (4, 1,5) and I(AB) = 6
units, find B.

Solution:

The direction ratio of AB are -2, 2, 1.

- the direction cosines of AB are

- —2 =2
\/(—2}2 +22 412
o 2 2
\/(—2)2 +22 412
1 1
n= = —.
\/(—2)2 +22 412
. —2 2 1
le.l=— m=—,n=—

3 3



The coordinates of the points which are at a distance of d units from the point (x1, y1, z1)
are given by (x1 £1d, y1 + md, z1 + nd)

2
Here,x; =4,y1=1,21=5d=6l=—— m=—,n= —
ere, Xq V1 Z1 g M=3.n=3

-. the coordinates of the required points are

(4:|: (—%)6,1 s 2 (6),5% %(6})

lLe.4-41+45+2)and(4+4,1-4,5-2)
l.e. (0,5, 7)and (8, - 3, 3).

Exercise 5.3 | Q 14 | Page 170

Find the angle between the lines whose direction cosines |, m, n satisfy the equations 5I
+m+ 3n=0and5mn - 2nl + 6lm = 0.
Solution: Given,5l+m+3n=0 ...(1)

and 5mn-2nl+6lm=0 ...(2)

From (1), m = - (5] + 3n)

Putting the value of m in equation (2), we get,
-5(51 + 3n)n - 2nl - 6I(51 + 3n) =0

s -25In-15n?-2nl- 3017 -18In=0
~-30I7-45In-15n?2=0

2 2P +3In+n?2=0

22P+2In+In+n?=0

221+ n)+n(l+n)=0

~(+n)(2l+n)=0

~l+n=0 or 2[+n=0

~l=-n or n=-2|

Now, m = - (5l + 3n), therefore, if | = - n,

m = - (5] + 3n), therefore, if | = - n



m=-(-5n+ 3n) =2n
1m

1 m n

1 2 1
. the direction ratios of the first line are

312—1,b1=2,¢21=1

fn=-2,m=-(5-6l) =1

1 m n

11 =2
=~ the direction ratios of the second line are
az=1,b2=1,c2=-2

Let B be the angle between the lines.

Then cos 8 = ajas + bibs + cico

\/a%—l—bf—kcg.\/ag—kbz_Q—l—c%

(=D(@) +2(1) +1(=2)

\/(—1)2 + 22+ 12, \/12 +12 4 (—2)°
—1+2-—2 ‘
V6./6

—1

1
6 6




1
“B=cos | =
COs (ﬁ)

[Note: Answer in the textbook is incorrect.]
EXERCISE 5.4 [PAGES 178 - 179]

Exercise 54| Q 1| Page 178
fa=2i+3)—kb=1-4j+2kfind (axb) x (a—Db)
Solution:
Given:tﬁ:Zi—l—Sj—fc,
b=1-4]+2k
.-.a+B=(2i+3j—l})+(i—4j‘+2f;)
=31—)+k
anda—Ez(2I+3j—]})—(i—4j+2]})
=1+47)—3k

i ] k
~(@a+b)x(@a-b)=1[3 -1 1

1 7 -3
—3-71—-(—9—-1)]+(21+ 1)k
= —41+ 10 + 22k

Exercise 5.4 | Q 2| Page 178

Find a unit vector perpendicular to the vectors J + 2k and 1+ j.

Solution:



=Vi+4+1=v9=3

Unit vector perpendicular to both a and b

. axb . —21+2) —k
‘EXE‘ 3

2. 2., 1.
T e T R
( 3' T3 3)

[Note: Answer in the textbook is incorrect.]

Exercise 5.4 | Q 3| Page 178

fa.b=+v3andaxb=21+ j + 2k, find the angle between a
and b.

Solution:



Let 8 be the angle between aand b
~axb=21+]+2k
Llaxb|l=v22+1242=v411+4=3
- |a||b| sin®=3 .1

~a.b=vV3

|E|‘E‘c059= V3 (2)

- Dividing (1) by (2), we get
|i||E‘sin6’ 3
|ﬁ|‘5‘c059 - V3

- tan 6 = V3 = tan 60°

.. 8 =60°

Exercise 5.4 | Q 4| Page 178

fa=21+]— 3kand b=1— 2] +k, find a vector of
magnitude 5 perpendicular to both & and b.

Solution:



Given:a =21+ ] — 3k and

b=1-2j+k
i ] k
axb=|[2 1 -3
1 —2 1

=(1—6)1—(243)]+(—4—-1k
=51 —5] —5k

~|axB| = 1/(=5) + (=5) + (~5)?
=251+ 25+ 25 =75 =5V3

*. unit vectors perpendicular to both the vectors a2 and b
+(axb)
~ |axb|

Given: a = 21 —I—j — 3k and

b=1-2]+k
Pk

axb=([2 1 -3
1 -2 1

=(1-6)1—(2+3)]+(—4-1k
=51 —5] — 5k

~|axB| = /(=5)* + (=5)* + (-5)?
— /25 1+ 25+ 25 =75 = 5V3




*. unit vectors perpendicular to both the vectors a and b
+(axh)
b]

\ﬁ
( 1—5J—5k)
(1

5v/3
4] —|—k)

required vectors of magnitude 5 units

12 (i +]+ fc).
V3

[Note: Answer in the textbook is incorrect.]

Exercise 5.4 | Q5.1 | Page 178

Find a.vif [a| =2,|¥[=5,[ux 7| =8

Solution:

Let 6 be the angle between @i and ¥
Then |[@ x ¥| = 8 gives
[al|¥| sin6 =8

L 2x5xsinBG =28
4

L sin® = —
S 5

cosB=+v1—sin?0 .[-0<0<]



S| o s
S
[ %]

|
H-

I
|
ﬁ -<:‘\\
p—t p—t
- 8le | |
M‘l—l f"‘"x

Now, . ¥ |u||v| cos ©
3
LUV =2 XD X (ig) = 6

Exercise 5.4 | Q 5.2 | Page 178
Find [@ x ¥| if |t = 10, |v| = 2,4.¥
Solution:

Let © be the angle between @i and ¥
Then @. v = 12 gives

|a||¥| cos B = 12

»10x 2 xcos@ =12

3
cosezg whereﬂﬂﬂﬂg

sinB = v/ 1 — cos?6

)




—4/1- =
25
/16 4
25 5
Now, [0 x ¥| = [@l||¥| sin 6

[Note: Answer in the textbook is incorrect.]

Exercise 5.4 | Q 6 | Page 178

Prove that 2(a — b) x 2(a+b) = 8(a x b)
Solution:

LHS = 2(a—b) x 2(a+b)

= RHS
~2(a—b) x2(a+b)=8(axDb)

Exercise 5.4 | Q 7 | Page 178

fa=1—-2]+3k b=41—-3)+k,c=1— ]+ 2kverify
thatax (b+¢c)=axb4+axc

Solution:



Givenna=1—2]+3k ,b=4i—-3j+k,c=1—)+2k

=51 —4j + 3k
i j k
andﬁx{E—i—E): 1 -2 3
4 -3 1

= (=6 +12)i — (3—15)] + (-4 +10)k
=61+ 12) +6k ..(1)

i
Also,axb=|[1 —2 3
4 -3 1

—(—24+9)1—-(1-12)]+(—-3+98)k

=Ti+11j + 5k

j k
3

—1 2

maxb+axc= (?’i+1lj+5]}) +(—i+j+]})
—61+12] +6k .2

From (1) and (2), we get



EX(E+E):5><E+E><E

Exercise 5.4 | Q 8| Page 178
Find the area of the parallelogram whose adjacent sides are
a=21—2]+kandb=1-3) —3k

Solution:
Given:ézzi—2j+ﬁand5=i—3j—3f{
i ] k
axb=|2 -2 1
1 -3 -3
—(643)1—(—6—1)] +(—6+2)k
=91+7) —4k

|axb|= \/92‘+?2+(—4)2 =V/81+49+16 = V16

Area of the parallelogram whose adjacent sides are a and

b= V146 sq units.

Exercise 5.4 | Q 9| Page 178

Show that vector area of a parallelogram ABCD is % (E X BD)

where AC and BD are its diagonals.

Solution:
D C




Let ABCD be a parallelogram.
Then AC = AB + BC and

BD—-BA+AD- —AB+BC ... {'.*Bcth}

— BC - AB
- AC x BD = (AB+BC) x (E—E)

_AB x (T—E)+BCX (BC—AB)

=AB xBC—-AB xAB+BC xBC —-BC x AB

= AB x BC+ AB x BC

....[AB « AB=BC x BC = 0and — BC x AB — AB xm]
.-.Exﬁzz(ﬁxﬁ)
= 2 (vector area of parallelogram ABCD)

1/
-. vector area of parallelogram ABCD = 2 (AC X BD)

Exercise 5.4 | Q 10 | Page 179
Find the area of parallelogram whose diagonals are determined by
the vectors a = 31 —j —2kandb=—1+ 33 — 3k
Solution:
Givenna=31—)—2k, b=—-1+3] -3k
i ) k
~axb=|3 -1 -2
-1 3 =3



=(3+6)i—(—9—-2)]+(9—1k
=91 +11) + 8k
and\axb\ V92 + 112 + 82 = /81 + 121 + 64 — /266

Area c:rf the parallelogram having diagonals a and

b=— ‘axb‘ 1'\;’266 sq units.

Exercise 5.4 | Q 11 | Page 179

E -:_1 are four distinct vectors such thata x b = € x d and
d prove that a — d is parallel to b — €.

]}
_—
=l

I
D"I

X

pur]
ol
I:"':II
£L.I
)
-
m
—
o
=
=
Q.
L
=,
=
™
—t
=
i
I
—f
9]
-
L

~.a—dand b — € are parallel to each other. ..[By (1)]



Exercise 5.4 | Q 12 | Page 179
fa=1+]+kandc =] —k find avector b satisfying
axb=canda.b=3

Solution:

iy

Gvena=1+]+k c=]—k
Letl_)zxi—kjrj—kz]}

Then a.b = 3 gives
(i+j+]}).(xi+yj’+zl}) _3
(M) + (Mly) + (1)(z) = 3

Also,x +y+z=3 ..(1)

Also, ¢ =axb

N

i3]
l—k=]11
Xy
=(z-y)i—(z-%)] + (y-x)k
= (z-y)i+(x-2)] + (y-x)k

By equality of vectors,



From (2), y = z
From(3), x=1+1z
Substituting these values of x and y in (1), we get

1+z+z+z2=3

2
R
3
2
=7 = —
4 3
2
Lx=1 =14+ - ==

3 3
— 5 L~ 2 2 Ay
hb=2i4+274+ 2k
3'T3T3
: — 1 $ ¢ ~
.e.b = 5(51 + 2] —|—2k)
Exercise 5.4 | Q 13 | Page 179

Findaifaxi+2a—5]=0

Solution:

It is given that

axi+2a—5]=0



- 7] —yﬁ+2(xi+yj+zﬁ) —5]=0

La
*

|
ol 2l

zj —y]§+2ﬂ—|—2}r3—i—22]}—5
2 2x14 (2y+z—5)]4+ (22— y)k

By equality of vectors

2x=0i.e.x=0
2y+z-5=0 ...()
2z-y=0 . (2)

From (2),y =2z

Substituting y = 2z in (1), we get
4z+2z2=5

~z=1

ny=2z=2(1)=2
~xXx=0,y=2,z=1
~a=2]+k

Exercise 5.4 | Q 14 | Page 179

If ‘E,.E‘ = ‘E_t X E| and a.b < 0, then find the angle between a and b.
Solution:

Let B be the angle between a and b
Then ‘E.E‘ = ‘E_t X E‘ gives

|ab cos 8] = |ab sin 6|

.. -abcos@=absinB

. -1=tanB

l.l a - an I I JI
a



3

S tan B = tan —
an an —
3w
=
4
_ N
Hence, the angle between aand b is T

Exercise 5.4 | Q 15 | Page 179

Prove, by vector method, that sin (a + 3) =sina . cos 8 + cos a. sin 3
Solution:

\[}
L Q

P

Let £XOP and £X0OQ be in standard position and mzXOP =-a ,mzX0Q =
Take a point A on ray OP and a point B on ray OQ such that OA = OB = 1.
Since cos (- a) = cos a

and sin (- a) = - sin q,

Ais (cos (- a), sin (- ),

i.e. (cos a, - sin a)

B is (cos B, sin B)



~. OA = (cos @)i — (sina). ] + 0.k
OB = (cos 8)i — (sin §).] + 0.k

S
x OB = |cosa —sina 0
cosB sinf 0

=

= (cos a sin  + sin o cos B)E (1)
The angle between OA and OB is a + B.

Also, OA,bar"OB"" lie in the XY-plane.

- the unit vector perpendicular to OA and OB is k.

- OA x OB = [OA. OBsin(a + 8)]k

=sin(a+B).k ..(2)

=~ from (1) and (2),

sin (a+B)=sinacos B +cosa sinf

Exercise 5.4 | Q 16.1 | Page 179

Find the direction ratios of a vector perpendicular to the two lines whose direction ratios

are-2,1,-1and-3,-4,1

Solution: Let a, b, ¢ be the direction ratios of the vector which is perpendicular to the
two lines whose direction ratios are -2, 1, -1 and -3, -4, 1

~-2a+b-c=0and-3a-4b+c=0

a B b B c
1 -1  |-1 =2 |-2 1
VY I PR I
_ a b C
"1-4 312 8+3
~a b C
T35 11

.. the required direction ratios are - 3, 5, 11



Alternative Method:

Let & and b be the vectors along the lines whose direction ratios

are -2, 1, -1 and -3, -4, 1 respectively.
Thena=—21+) —kandb=—-31 —4] +k

The vector perpendicular to both a and b is given by

-3 -4 1
(1—4)1—(-2-3)]+(8+3)k
= —31+5]+11k

Hence, the required direction ratios are - 3, 5, 11.

Exercise 5.4 | Q 16.2 | Page 179

Find the direction ratios of a vector perpendicular to the two lines whose direction ratios
arel,3,2and-1,1,2
Solution:

Let a and b be the vectors along the lines whose direction ratios

are 1, 3,2 and - 1, 1, 2 respectively.
Thena=1+3]+2kandb=—1+] +2k

The vector perpendicular to both a and b is given by

i j k
axb=|1 3 2
-1 1 2



=(6—-2)i—(2+2)]—(-3-1)k
=41 — 4] +4k

Hence, the required direction ratios are 4, -4, 4.

Exercise 5.4 | Q 17 | Page 179

Prove that the two vectors whose direction cosines are given by

relations al + bm + cn = 0and fmn + gnl + him =0 are

f g h
dicular, if — 4+ =4+ — =0
perpendicular, | - + b + c

Solution:

Given:al +bm+cn=0 _..(1)

and fmn +gnl+ him=0 ..(2)
al + bm)

C

From (1), n = - (

Substituting this value of n in equation (2), we get

al—|—bm} + hlm = 0

(fm + gl). [—
=~ - (aflm + bfm? + agl? + bglm) + chim =0

~agl? + (af + bg - ch)lm + bfm?=0 ...(4)

Note that both | and m cannot be zero, because if | = m = 0, then from (3), we get
n =0, which is not possible as >+ m? +n?=1

Let us take m # 0.

Dividing equation (4) by m?, we get



1 1
ag(ﬁ) + (af 4+ bg — ch) (E) +bf=0 _.(5

1
This is quadratic equation in (—)
m

If I1, m1, n1 and Iz, mz, n2 are the direction cosines of the two lines given by the equation
(1) and (2), then
Iy

1 and —% are the roots of the equation (5).
1Ty my

From the quadratic equation (5), we get

1 1 bf
product of roots = Loz =
mj; IIlo El.g
oLl f/a
“myme  g/b

_ 1112 . 1 ms
" f/a  g/b

Similarly, we can show that,

1115 nng

f/a  h/c

_ 1112 o 1117 119 B n;ny o
o f/a_ 2/b = h/c = A ..(Say)




e £ (B [
=il = A(E) ,mMpmy — )\(E),nlng = A(E)

Now, the lines are perpendicular if

l4lo + myms +nyns =0

iﬂﬁk(£)+k(%)+k(§):ﬂ

eif 8 B
a b c

Exercise 5.4 | Q 18 | Page 179

If A(1, 2, 3) and B(4, 5, 6) are two points, then find the foot of the perpendicular from the
point B to the line joining the origin and the point A.
Solution:

B (4,5, 6)

Let M be the foot of the perpendicular drawn from B to the line joining O and A.
LetM=(x,Y, 2)
OM has direction ratiosx -0,y -0,z-0=x,Yy, z
OA has direction ratios1-0,2-0,3-0=1,2,3
But O, M, A are collinear.
X A\ Z

~Xx=k, y=2k z=3k
~ m = (k, 2k, 3k)



BM has direction ratios
k-4,2k-5,3k-6

~ BM is perpendicular to OA.
~()(k-4)+2(2k-5)+33k-6)=0
~k-4+4k-10+9k-18=0

~ 14k = 32
16
..k—?
M = (k. 2k 3l = 16 32 48
" _{r ' }_ 7!7]‘7

[Note: Answer in the textbook is incorrect.]
EXERCISE 5.5 [PAGES 183 - 184]

Exercise 5.5|Q 1| Page 183
Finda. (b x ¢) ifa=31 — j +4k,b=21+43] —kand
¢ =—51+2j+3k

Solution:
3 -1 4
a.(bxec)=]2 3 -1
-5 2 3

=39+ 2)+1(6-5) + 4(4 + 15)
=33+1+76

=110

Exercise 5.5| Q 2 | Page 183



If the vectors 31 + SE, 41 + Zj — 3k and 31 —I—j + 4k are the
coterminus edges of the parallelopiped, then find the volume of

the parallelopiped.

Solution:

leta =31+ 5k,b =41 +2] —3k,c =31+ +4k
3 0 5

- |a,b,e] =14 2 -3
3 1 4

=3(8+3)-0(16 + 9) + 5(4 - 6)

=33-0-10

=23

~. volume of the parallelopiped = [E, b, E]

= 23 cubic units.

Exercise 5.5| Q 3| Page 183

If the vectors —31 +41 — 2k, 1 + 2k and 1 — pj are coplanar,

then find the value of p.

Solution:
leta=—31+41 —2k,b=1+2k,c=1—p]
Then a, b, € are coplanar
- |abe| =0
-3 4 -2

1 0 0]=0
1 —p 0



- -30+2p)-4(0-2)-2(-p-0)=0
L-bp+8+2p=0

L-4p=-8

Lp =2

Exercise 5.5| Q 4.1 | Page 184

Prove that [E,B—I—EE—I—B—FE} =0

Solution:

Exercise 5.5| Q 4.2 | Page 184
Prove that (a+2b—¢).[(a—b) x (a—b—¢)| = 3|abe].

Solution:



=0+a. (bx¢c)+2b.(cxa)+2x0-0-0
=[abe| +2[bca]
=[abe| +2[abe] =3[abe]

Exercise 5.5| Q5| Page 184
If ¢ = 3a — 2b, then prove that [EEE} =0
Solution:

We use the results: b x b = 0 and if in a scalar triple product, two

vectors are equal, then the scalar triple product is zero.
|abe| =a. (b x )

=a. b x (3a—2b)]

a. (3b x a—2b x b)

=a.(3bxa—0)
=3a.(bxa)=3x0=0
Alternative Method:

c=3a—2b

-. € is a linear combination of a and b
- a, b, T are coplanar

- [a,b,e] =0.

Exercise 5.5| Q 6 | Page 184



then find (@ 4+ w). [(@ x T) x (T x W)]
Solution:
ﬁ+ﬁr=(i—2j’+]§)+(j—k)
-i_j

i ] K
uxr=1|1 -2 1

3 0

—(0-1)1—(-3-0)]+(3—-0k
= —1+4+3]+3k
1
Now, (4 w).[(1 x T) x (T x W)] = |—2
1

=16-18)+1(-6 +6) + 0
=-12+0+0=-12

Exercise 5.5|Q 7 | Page 184

*

] — k are given vectors,

—1 0
2 6
3 3



Find the volume of a tetrahedron whose verticesare A(- 1, 2,3),B (3,-2,1),C (2, 1, 3)
andD (-1, 2, 4).
Solution:

a=-14+2]+3k,b=31-2]+kc=21+)+3kandd=—1—2) +4k

~AB=b-—3a
:(31_2j+ﬁ)_(_i+zj+3ﬁ)
=41 —4j — 2k
AC=ct—-a
::@I+j+3@-0&+aj+ma
=31—]
AD=d-a
:(—i—zj‘+4]§)—(—i+2j‘+3i&)
=—-4]+k
4 —4 -2
[AB ACAD] —13 -1 0
0 -4 1

=4(-1+0)+4(3-0)-2(-12 + 0)

=-4+12+24=32

. volume of the tetrahedron = %‘ [AB AC AD] ‘

1
= — X 32 = ? CuU units.

6

Exercise 5.5| Q 8 | Page 184



-

fa=1+2]+3kb=31+2]andc =21+ ]+ 3k then
verify thata x (b x €) = (a.¢)b — (a.b)c

Solution:
i ]k
bxt=1[3 2 0
21 3

—(6—0)1—(9—-0)]+(3—4)k
=61—9)—k

M Ol 33
o

i
x (bx¢c)=|1
6 —9 —1
=(—2427)1—(—1-18)] 4+ (—9—12)k
=251 +19) — 21k ..(1)
a.c = (f+2j’+3fc). (2i+j+3]})
= (N)(2) + (2)(1) + (3)(3)
=2+2+9=13
- (a.¢).b= 13(3i + zj) — 391 + 26]
Also, (a.b) = (i +2] + 3]}). (3i + 23)
= (N(3) + (2)(2) + (3)(0)
=3+4+0=7



~(a.b).c = 7(21 +]+ 3]}) = 141 + 7] + 21k
~(a.€).b— (a.b).c

_ (39i + 263) - (14i +Ti 4 2112)

=251 +19) — 21k ...(2)

From (1) and (2), we get

ax (bxe)=(a.c)b— (a.b)c

Exercise 5.5 | Q 9 | Page 184

fa=1—2],b=1+2],c=21+] — 2k then find (i)
a x (E X E) (1) (ﬁ X B) X € Are the results same? Justify.

Solution:
EX(BXE)
1) k
bxe=[1 2 0
2 1 -2

—(—4—-0)i—(—2-0)]+(1—4)k
= —41+2] -3k

i ] k
rax(bx¢)=|1 -2 0
-4 2 -3

=(6-0)i—(—3-0)]+(2—8)k
= 61+3] — 6k



(axb) xe

i j k
axb=[1 —2 0
1 2 0
=(0—-0)i—(0-0)j +(2—(-2))k
— 4k
1] k
.-.(axE)xﬁz{} 0 4
2 1 —2

=(0-4)1-(0-8)j+(0-0)k
= —41 + 8]
ax(bxc)#(axb)xe

Exercise 5.5| Q 10 | Page 184

Solution:
IHS=ax (bx¢e)+bx(exa)+ecx (axb)
= (a.c)b— (a.b)c + (b.a)e — (b.c)a+ (
= (c.a)b— (a.b)c + (a.b)e — (b.c)a + (b.
[+ bar"a".bar"b" = bar"b".bar"a"]

gl (]
] !
p— e
pat] V]l

| I
)
av]] sv]]

= 0 = RHS
MISCELLANEOUS EXERCISE 5 [PAGES 187 - 189]

Miscellaneous exercise 5| Q 1.01 | Page 187

o T



Select the correct option from the given alternatives:

If|a] = 2,|b| =3,|¢| =4then [a+b b+¢c ¢ —alisequal to
1. 24
2. -24
3.0

4. 48
Solution:

a+bb+cc—al=0

Miscellaneous exercise 5| Q 1.02 | Page 188

Select the correct option from the given alternatives:

If |a] = 3, ‘E‘ — 4, then the value of A for which a + Ab, is
perpendicular to @ — Ab, is

1. 9/16

2. 3/4

3. 3/2

4. 4/3
Solution: 3/4

Miscellaneous exercise 5| Q 1.03 | Page 188
Select the correct option from the given alternatives:

If sum of two unit vectors is itself a unit vector, then the magnitude of their difference is

V2
V3
1
4, 2
Solution: V3

w N e

Miscellaneous exercise 5| Q 1.04 | Page 188



Select the correct option from the given alternatives:

If |a] = 3,|b| =5,|¢| =7 and a+b+c =0, then the angle
between a and b is

1. /2

2. /3

3. 14

4. 11/6
Solution: /3

Miscellaneous exercise 5| Q 1.05 | Page 188
Select the correct option from the given alternatives:

The volume of tetrahedron whose vectices are (1,-6,10), (-1, -3, 7), (5, -1, A) and (7, -4,
7) is 11 cu units, then the value of A is

1
2.
3

BN~

4. 5
Solution: 7

Miscellaneous exercise 5| Q 1.06 | Page 188
Select the correct option from the given alternatives:

If a, B, y are direction angles of a line and a = 60°,  =45°,y =

30° or 90°
45° or 60°
90° or 30°
4. 60°or 120°
Solution: 60° or 120°

w np PR

Miscellaneous exercise 5| Q 1.07 | Page 188
Select the correct option from the given alternatives:

The distance of the point (3, 4, 5) from Y-axis is

1. 3



2. 5

3. V34

4. V41
Solution: V34

Miscellaneous exercise 5| Q 1.08 | Page 188
Select the correct option from the given alternatives:
The line joining the points (2, 1, 8) and (a, b, c) is parallel to the line whose direction
ratios are 6, 2, 3. The value of a, b, c are
1. 4,3,-5
2. 1,2,-13/2
3. 10,5,-2
4. 3,5,11
Solution: 4, 3,-5

Miscellaneous exercise 5| Q 1.09 | Page 188

Select the correct option from the given alternatives:
If cos a, cos B, cos y are the direction cosines of a line, then the value of sin?a + sin?p +
sin?y is
1.1
2. 2
3.3
4. 4
Solution: 2

Miscellaneous exercise 5| Q 1.1 | Page 188

Select the correct option from the given alternatives:

If |, m, n are direction cosines of a line then 11+ mj + nk is

null vector
the unit vector along the line

any vector along the line

W E

a vector perpendicular to the line



Solution: the unit vector along the line

Miscellaneous exercise 5| Q 1.11 | Page 188

Select the correct option from the given alternatives:

If |a] =3 and - 1 < k < 2, then |ka| lies in the interval
1. [0, 6]
2. [-3, 6]
3. 3, 6]
4. [1, 2]
Solution: [0, 6]

Miscellaneous exercise 5| Q 1.12 | Page 188

Select the correct option from the given alternatives:

Let a, B, y be distinct real numbers. The points with position vectors
al+ B] ++k, B1+v] +ak, i +aj + Pk

1. are collinear

2. form an equilateral triangle

3. form a scalene triangle

4. form a right angled triangle

Solution: form an equilateral triangle

Miscellaneous exercise 5| Q 1.13 | Page 189

Select the correct option from the given alternatives:

Let p and @ be the position vectors of P and Q respectively, with

respect to O and |p| = p, |@| = q. The points R and S divide PQ
internally and externally in the ratio 2 : 3 respectively. If OR and OS
are perpendicular; then

1. 9p?=4q?

2. 4p?=9¢?

3. 9p=4q



4. 4p =9q
Solution: 9p? = 4¢?

Miscellaneous exercise 5| Q 1.14 | Page 189

Select the correct option from the given alternatives:

The 2 vectors j +kand 31 — j + 4k represents the two sides AB
and AC respectively of a A ABC. The length of the median through
Als

1. V34/2

2. \48/2

3. V18

4. of the median through A is
Solution: V34/2

Miscellaneous exercise 5| Q 1.15 | Page 189

Select the correct option from the given alternatives:

If 2 and b are unit vectors, then what is the angle between a and b
for /3a — b to be a unit vector?
1. 30°
2. 45°
3. 60°

4. 90°
Solution: 30°

Miscellaneous exercise 5| Q 1.16 | Page 189

Select the correct option from the given alternatives:

If B be the angle between any two vectors a and b then
|a.b| =|axb

1. 0

, when 8 is equal to



2. w4

3. 1/2

4. m
Solution: /4

Miscellaneous exercise 5| Q 1.17 | Page 189

Select the correct option from the given alternatives:

The value of 1. (j X f:) + 3. (I X f{) +k. (I X j) Is

w N e
1
[EEN

4. 3
Solution: 1

Miscellaneous exercise 5| Q 1.18 | Page 189

Select the correct option from the given alternatives:

Let a, b, ¢ be distinct non-negative numbers. If the vectors
al +a) +ck,1 +kandcl +c] +bklie in a plane, then c is
1. the arithmetic mean of a and b
2. the geometric mean of aand b
3. the harmonic man of aand b
4. 0

Solution: the geometric mean of a and b
Miscellaneous exercise 5| Q 1.19 | Page 189
Select the correct option from the given alternatives:

leta=1—],b=] —]},E =k — 1. If d is a unit vector such that
=0= [ Et_i], then d equals

?JI
ol



Options

i+ —2k
L1t
V6
ii+j+£
V3
ii+j—ﬁ
V3
+k
Solution:
147 -2k
p 1)

V6

Miscellaneous exercise 5| Q 1.2 | Page 189

Select the correct option from the given alternatives:

f a, b, € are non-coplanar unit vectors such that
b+¢ =
a X ( ) = 75 then the angle between aand b is
2

1. 3m/4

2. 4

3. 12

4. m

Solution: 3m/4
MISCELLANEOUS EXERCISE 5 [PAGES 190 - 193]

Miscellaneous exercise 5| Q 1 | Page 190



ABCD is a trapezium with AB parallel to DC and DC = 3AB. M is the
midpoint of DC. AB = p,BC = g
Find in terms of p and @:

(i) AM (ii) BD (iii) MB (iv) DA
Solution:

I 7
& 3 4
] 32 M “2

-

A P B

DC is parallel to AB and DC = 3AB.
«AB=p . DC=3p

M is the midpoint of DC

1 3

(i) AM =AM + BC + CM
= AB + BC — MC

_ . _ 3
—P+q—?
_ 1_
=q 213'
(i BD=BC+CD=BC-DC=q—3p
{iii]MB=MC+CB=MC—BC=%1§—q

(v DA=DC+CB+BA=DC-BC—-AB



=3p—-q—-P=2Pp—7
[Note: In the textbook answer instead of p and g, a and b are written.]

Miscellaneous exercise 5| Q 2 | Page 190

The points A, B, C have position vectors a, b and € respectively.
The point P is the midpoint of AB. Find the vector PC in terms of
a,b,c

Solution:

P is the mid-point of AB.

__a+b _ "

TP = 5 where p is the position vector of P.
- 1, -

NDW,PCZC—I}ZC—E(H—Fb)
1, =

=—§(a+b)+c
1 1.

z—Eﬁ—Eb—I—E

Miscellaneous exercise 5| Q 3 | Page 190

In a pentagon ABCDE, show that
AB+AE +BC+DC+ED =2AC

Solution:




LHS = AB+ AE + BC +DC + ED
- (HHT) + (AE+ED+DC)

= AC+ AC
= 2AC = RHS

Miscellaneous exercise 5| Q 4 | Page 190

In a parallelogram ABCD, diagonal vectors are

AC =21 +3) +4k and BD = —61 + 7] — 2k, then find the
adjacent side vectors AB and AD.

Solution:

D X C

A ] B

ABCD is a parallelogram.

~ AB=DC,AD =BC
AC=AB+BC

=AB+AD .(1)
BD=BA+AD=-AB+AD .(2

Adding (1) and (2), we get



2AD = AC+BD = (zi + 3] +4]}) + (—ﬁi + 7] —2]1)
— —41+10) + 2k

~AD = (4 + 10f +2K)

— 21 +5j+k

From (1), AB = AC — AD

= (2i+3j+4fc) — (—25+5j+1’%)

=41 —2] +3k
Miscellaneous exercise 5| Q 5| Page 190

If two sides of a triangle are 1+ 23 and 1+ k find the length of
the third side.

Solution:

Let ABC be a triangle with AB=1+2],BC=1+k

By triangle law of vectors

AC=AB+BC

= (i+2j)+(’i‘+]§)
=21 +2)+k
. I(AQ) = ‘E‘ — /22 122 1 12 = /9 = 3 ynits

Hence, the length of third side is 3 units.

Miscellaneous exercise 5| Q 6 | Page 190



ifla] = |b| =1, a.b=0,a+b+c=0,find ||

Solution:
atb+c=0
.—¢=a+b

Taking dot product of both sides with itself, we get
(~0)-(~¢) = (a+B). (a+D)

Miscellaneous exercise 5| Q 7.1 | Page 190

Find the lengths of the sides of the triangle and also determine the type of a
triangle:

A(2, -1, 0),B(4, 1, 1), C(4, -5, 4)
Solution:

The position vectors bar"a”, bar"b", bar"c" of the points A, B, C are

a=21—],b=41+]+kc=41—-5]+4k

(
ﬁ_:a—ﬁz(ﬁ—j)—(ﬁ—ﬂj+ﬂa:»Q?+ﬁ—4ﬁ



AB) = |[AB| = v22 + 22+ 12=V4 14+ 1=+3=3
|(BC}=\W\=\/( 6)° +32=+36+9=v45=3V5

I(CA) = |CA| = \/(—2)2+4?+(—4)2= V4+16+16=136=6

2
~I(AB)Z + [I(CA)2 =32+ 62 =9 + 36 = 45 = (3x/ﬁ)

= [I(BC)1°

Miscellaneous exercise 5| Q 7.2 | Page 190

Find the lengths of the sides of the triangle and also determine the type of a
triangle:

L (3, -2, -3), M (7, 0, 1), N(1, 2, 1).

Solution:

The position vectors bar"a”, bar"b", bar"c" of the points L, M, N are
a=31—-2]—-3k,b=Ti+k c=1+2]+k

_b-a— (7i+1;) _ (31 P —312) — 4 + 2] + 4k
(i + 2] +]&) — (Ti +E) = —61+2]

=a—a=(3i—zj—3i&)—(i+2j+]})=2i—4j—4ﬁ

2 5 Z
I
rln
-
I

SIM) = |AB| = V42 +22 + 2 =+16 + 4+ 16 = V36 =6
|{MN}:\W\:\/(—6}2+2?=x/36+4=x/4_=vf10><4=2\/ﬁ

I((NL) = |NL| = \/(2)2 - (—4)2 +(—4)=V4+16+16 =36 =6

I(LM) = 6, I(MN) = 2v/10, [(NL) =

- A LMN is isosceles.



Miscellaneous exercise 5| Q 8.1 | Page 190
Find the component form of a if it lies in YZ-plane makes 60° with
positive Y-axis and |a| = 4.

Solution:

Let o, B, y be the direction angles of a

Since a lies in YZ-plane, , it is perpendicular to X-axis
~oo=90°

It is given that B = 60°

+ Cos%a + coszB + COSz‘f =1

- €0s%90° + cos?60° + ::05211 =1

1 2
=0+ (—) + cos?y = 1
2

1 3

COs“y 1 1
3
" cosly = :I:%

Unit vector along a is given by
— (cosa)i + (cosB)] + (cosy)k

1. x/T
—i+ 2k
—|—2J

L. \F
=5lE

=t w3

= 0.



]
|

. 1. V3.

na=2] +2v3k

Miscellaneous exercise 5| Q 9 | Page 190

Two sides of a parallelogram are 31+ 4j — 5k and —23 + 7k
Find unit vectors parallel to the diagonals.

Solution:

Let ABCD be a parallelogram with

AB =31 +4j — 5k and BC = —21 + 7k
Then AC = AB + BC

= (3i +4j —511) + (—zi +712)

=31+2)] +2k
C|AC| = VB + 2+ 22 =0+ 4+ 4=V1T

~. unit vector along AC= ——

1 (9 2 o
- L (s 425 4 28)
V17

Also, BD — BA + AD — —AB + BC — BC — AB
_ (—ﬂ +7]}) _ (zﬁ + 4] —51'&)

= —31—6] +12k



:3(—i — 2] +41“c)

\ED\_f;\/ (—2)* +42=3V1+4+16 =3V21

\“\
-

*. unit vector along BD =

o8,
-

3(—i — 2] + 4k)
B 3v/21
1

T
7

Hence, the unit vectors parallel to the diagonals are

1 ( 0 % N 1 % 5 i
(31 +2; +2k) and —(_1 9] +4k)
V17 v 21
Miscellaneous exercise 5| Q 10 | Page 190

If D, E, F are the midpoints of the sides BC, CA, AB of a triangle
ABC, prove that AD + BE + CF = 0.

Solution:

Let a,b, €, d, &, f be the position vectors of the points A, B, C, D, E, F respectively.

Since D, E, F are the midpoints of BC, CA, AB respectively, by the midpoint formula

1_ E+e . E+E .

. AD + BE

e )JE;C)

||

QJI
—
—_—
]
|
o

9:‘ [



1
Eb
= (a+

_|_ l\:a||—l

¢—a-+
—(a

Miscellaneous exercise 5| Q 11 | Page 190
Find the unit vectors that are parallel to the tangent line to the parabola y = x? at the

point (2, 4).
Solution:

. _ 5 dy
Differentiating y =x“ w.r.t. x, we get = 2x

Slope of tangent at P(2, 4) = (E}r) =2x2=4
atP(2,4)

=~ the equation of tangent at P is

y-4=4(x-2)
Ly=4x-4

y = 4x is equation of line parallel to the tangent at P and passing through the origin O.
4x=y,z=0

.. the direction ratios of this line are 1, 4, 0

. Its direction cosines are
1 4
:l: }Zl: 7
VI2+42 402 V12442407
! + 4 0
V1T VAT

. unit vectors parallel to tangent line at P(2, 4) is

lLe. =+



1 /» A
=L (i+4))
V17 !

Miscellaneous exercise 5| Q 12 | Page 190

Express i+ 43 — 4k as the linear combination of the vectors

21 —j +3k,1 —2j +4kand —1+3j — 5k

Solution:

leta =21 — ) + 3k

b=1-2]+4k

¢c—=—1+3] -5k

p=1+4] —4k

Suppose p = xa + yb + zc.

Then, § + 4] —41’%::-;(21—3+3R) +y(i —zj+41'%) +z(—i+3j‘ _51;)
2i4+4) — 4k = (2x +2y —2)i + (—x — 2y +32)] + (3x + 4y — 5z)k
By equality of vectors,

2% + 2y -z =1

-x-2y+3z=4

3x +4y-5z=-4

We have to solve these equations by using Cramer’s Rule.

2 2 -1
D=(-1 -2 3
3 4 -5

=2(10-12)-2(5-9)-1(-4 + 6)

=-4+8-2



=2#0

1 2 -1
D,=|4 -2 3
4 4 -5

=1(10-12)-2(-20 + 12) - 1(16 - 8)

=-2+16-8
-6
2 1 -1
Dy=|-1 4 3
3 —4 -5

=2(-20+12)-1(5-9)-14-12)

= -16-4-8
= _28
2 2 1
D,=|—-1 —2 4
3 4 4

=2(8-16)-2(4-12) + 1(-4 + 6)

— 16-16 42
- .30
D 6,
XT D T 9T

D, —28
... p— —_— :—14
D 2



D, —30
Cg= 2E — _15
°D 2

~p=23a—14b— 3¢

Miscellaneous exercise 5| Q 13 | Page 190

If OA = a and OB = b, then show that the vector along the

i, a b
angle bisector of ZAOB is given by d = A = - |-
al  |b|

Solution: Choose any point P on the angle bisector of ZAOB. Draw PM parallel to OB.
« zOPM = £POM = POB

Hence, OM = MP

. OM and MP is the same scalar multiple of unit vectors a and b

along these directions,

-

and b =

where & =

=i o

al
- OM = M\a and MP = \b
- OP = OM + MP
—Aa+ Ab

=);(a+13)

fa]

Hence, the vector along angle bisector of ZAOB is given by

d—op=r[ 2P
&l |b|

Miscellaneous exercise 5| Q 15 | Page 191



—141 + 39j + 28k
5
joining A (1, 6, 5) and B in the ratio 3 : 2, then find the point B.

A point P with position vector divides the line

Solution: Let A, B and P have position vectors a, b and p respectively.
Thena = —i + 6j + 5k,

—141 + 39] + 28k

b= 5

Now, P divides AB internally in the ratio 3 : 2

_ 3b+2a
L Pp = 5

~5p=3b+2a
~3b=>5p—2a

_ _ 141 + 397 + 28k .
.-.3b:5( 1+53+ )—2(—i+6j+5k)

— —141 + 397 + 28k + 21 — 12j — 10k
= —121 +27] + 18k

~b=—41+9j + 6k

-~ coordinates of B are (-4, 9, 6).

Miscellaneous exercise 5| Q 16 | Page 191

Show that the sum of three vectors determined by the medians of a triangle directed
from the vertices is zero.



Solution:

— 7 — " : :
Let a, b and c are the position vectors of the vertices A, B and C respectively.

%
a+b4c

Then we know that the position vector of the centroid O of the triangle is

3

— — —
Therefore sum of the three vectors OA, OB and OC, is

— — =
Therefore sum of the three vectors OA, OB and OC, is

= 7, = - 37, = = 7, =
a+a§+a§_?(a+g+'ﬂ)+ﬁ(a+‘;+6)+?(a+‘;+'ﬂ)

T
— b
(?+b+?)3(a+3+c)

o)

Hence, Sum of the three vectors determined by the medians of a triangle directed from
the vertices is zero.
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ABCD is a parallelogram. E, F are the midpoints of BC and CD respectively. AE, AF
meet the diagonal BD at Q and P respectively. Show that P and Q trisect DB.
Solution:

Let A, B, C, D, E, F, P, Q have position vectors a, b, ¢, d, &, f, p,  respectively.

 ABCD is a parallelogram

AB = DC
b—a=¢—d
¢=b+d—a (N

E is the midpoint of BC
b+¢
2

Soe



~2e=b+4c .2

F is the mid-point of CD

~28+a=2b+d
2 +a 2b+d
241 241

LHS is the position vector of the point on AE and RHS is the position vector of the point
on DB. But AE and DB meet at Q.

2b 4 d
2+1
- Q divides DB in the ratio 2 : 1 .(4)

Qi

2f+a=2d+b
a+2f b+2d
1+2  1+2

LHS is the position vector of the point on AF and RHS is the position vector of the point
on DB. But AF and DB meet at P.



b+2d
1+2

.. Pdivides DB intheratio1:2 ... (5)

P =

From (4) and (5), if follows that P and Q trisect DB.
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If ABC is a triangle whose orthocentre is P and the circumcentre is

Q, prove that PA + PB + PC = 2PQ.

Solution:

Let G be the centroid of the A ABC.

Let A, B, C, G, Q have position vectors a, b, €, g, q w.r.t. P. We know
that Q, G, P are collinear and G divides segment QP internally in
the ratio 1: 2.

. 1p+2a % -
..g_—1+2 =g e [.D—D]

~a+b+c=2q
~ PA+PB+PC =2PQ
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If P is orthocentre, Q is the circumcentre and G is the centroid of a

triangle ABC, then prove that QP = 3QG.

Solution:



Let p and g be the position vectors of P and G w.r.t. the

circumcentre Q.
e QR=p and QG =g
We know that Q, G, P are collinear and G divides segment QP

internally in the ratio 1: 2.

- by section formula for internal division,

,_lp+2 _p o
5= 112 3 '

L p=3g
- QP = 3QG.
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In A OAB, E is the midpoint of OB and D is the point on AB suchthat AD : DB =2: 1. If
OD and AE intersect at P, then determine the ratio OP : PD using vector methods.

Solution:
O




Let A, B, D, E, P have position vectors a, b,d,&,p respectively
w.r.t. O.

~AD:DB=2:1

. D divides AB internally in the ratio 2 : 1.

Using section formula for internal division, we get
2b+a

2+1

2b+a .(1)

d

-~ 3d

Since E is the midpoint of OB, € = OE =

b =2e L (2)
- from (1),

3d =2(2e)+a ..[By(2)]

=4e+a
- 3d+2.0 4e+a
342 4+1

LHS is the position vector of the point which divides OD internally in the ratio 3 : 2.
RHS is the position vector of the point which divides AE internally in the ratio 4 : 1.
But OD and AE intersect at P

~ P divides OD internally in the ratio 3 : 2.

Hence, OP : PD =3: 2.
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Dot product of a vector with vectors
31 — 5k, 21 + 7] and 1+ ] + k are respectively -1, 6 and 5.

Find the vector.

Solution:
leta=31—5k,b=21+7j,c=1+]+k

Let T =x1 + yj + zk be the required vector.

'.’.'..-"!

Then, T.a=—1,T
3 (ﬂ—l—jfj—i—zk) ( —5k) =—1
(Xl—l—}i"]—FZk) (I

(xi+yj’+z]}).(i+j +12) =

~3x-5y=-1 ..(1)
~2X+ 7y =6 ...(2)
“X+y+z=5 ..(3)

From (3),z=5-x-y

Substituting this value of z in (1), we get
~3x-56-x-y)=-1

~8x+5y=24 .(4)

Multiplying (2) by 4 and subtracting from (4), we get
8Xx+5y-4(2x+7y)=24-6x%x4
~-23y=0

~y=0

Substituting y = 0 in (2), we get

L 2X=6

aX=3

Substituting x = 3 in (1), we get



ST=3140.5+2k
=31+2k

Hence, the required vector is 31 + 2k
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If a, b, € are unit vectors such that a +b + & = 0, then find the
value of a.b +b.¢ + €. 4.
Solution:

a, b, € are unit vectors

~|a|=|b|=¢c]=1.

k]
o
+
I
ol
[
|
k]
V]
I
|
—
N

Similarly taking scalar product of both sides of (1) with b and ¢, we get,

b.a+b.c=-1 ..03)



gl
Cr'l

c.a-+ =—1 (D)

Adding (2), (3), (4) and using the fact that scalar product is commutative, we get

2(a.b+b.c+c.a)=-3
EE+EE+EE=—%
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If a parallelogram is constructed on the vectors
a=3p—q,b=p+3q and |p| = |g| = 2 and angle between
p and gis g, and angle between lengths of the sides is

VT7:13.

Solution:

|13| = |c_1| = 2 and angle between p and q is g
p.a=[pllglecoss =2x2x > =2

- P9 = - =2X2X - =
P-4 p qcos3 5

Now,a=3p—Q

~laf =|(3p—a)*
=(3p—a).-(3p—q)

=3p.(3p—a@) —a.(3p—q)
=9.p—3p.g—3q.p+a.q

=9p” —6p.a+a’ ...[ap=>5.q
=9x4-6x2+4 ....[.pqg=2]



=28

- |a] = V28

Alsob =p+3g

- B = |p + 3a)’

= (p+39). (b + 39)

= p(p + 3a) + 3a(p + 3q)
=p.p+3p.q—3q.p+93.q ....[." .-G = Q. D]
— p|* + 3pq + 3p.q + 9[a’

—4+12+36 .. p.a=2|
= 52
- [b| = VB2

Ratio of lengths of the sides

B VB 2T VA

VB2 213 V13
Hence, the ratio of the lengths of the sides is V7 : /13,

=
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Express the vector a = 51 — 2] + 5k as a sum of two vectors such
that one is parallel to the vector b = 31 + k and other is
perpendicular to b.

Solution:



Let & = € + d, where T is parallel to b and d is perpendicular to b.
Since, T is parallel to E, ¢ = mb, where m is a scalar.

S C = m(3i —I—]E)

.e.¢ = 3mi + mk

Letc_lzxi—kyj—sz{

Since, d is perpendicularto b = 3i+k,db=0

(xi +yi +z1’2:). (3i +1’“c) —0

2 3x+z=0

S Z = - 3X

~d=x1+yk - 3xk

Now, a = ¢ + d gives

5% — 2] + 5k = (3mi +m]§:) + (xi 4y —331;)
= (Bm+x)i+yj+ (m—3x)k

By equality of vectors

3m+x=5 (1)
y=-2
andm-3x=5 ... (2)

From (1) and (2)
3m+x=m - 3X
s 2m = - 4x
sm=-2X

Substituting m = - 2x in (1), we get



. ¢ =61+2kis paralleltob and d = —1 — 2] + 3k is perpendicular to b
Hence,a = ¢ + d, wherec = 61 + 2k and d = —1 — 2) + 3k
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Find two unit vectors each of which makes equal angles with bar"u”, bar"v" and bar"w"
where bar"u" = 2hat"i" + hat"j" - 2hat"k", bar"v" = hat"i" + 2hat"j" - 2hat"k", bar"w" =
2hat"i" - 2hat"j" + hat"k".

Solution:

Let T =x1 + yj + zk be the unit vector which makes angle ©

with each of the vectors
Then |T| =1

Also,i=21+]—2kv=1+4+2]—2kw=21—2] +k
|ﬁ|=\/22—|—12—|—(—2)2=m V9 =3
|?|=\/1?+2?+(—2)2=m:x/§=3
|w|=\/22+(—2)2+12=mzx/§=3

Angle between T and i is 6

|
=

s cos B =

=l

=i



(xi +yj +zl%). (21 +] —2]})
1x3
_ 2x+y—2z
N 3

(1)

Also, the angle between T and ¥ and between T and W is 6.

=l

T,
Tl

s cos B =

|
(xi+yj+zf:). (i+2j —2]})
1x3

=l

_ X + 2y — 2z )
3

and cos B =

(xi +7j +z11:). (2i — 2] +]})
1x3

2x — 2v 4+ =
_ 3y (3

From (1) and (2), we get

2x +y— 2z x+ 2y — 2z
3 - 3

L2X+Y-2Z=x+2y-2Z

LX=Y
From (2) and (3), we get
X+2y—2z 2x—2y+1z
3 B 3
X+ 2y -22=2X-2y +Z




LXTYy=12Z

" f=xi+yj—|—z]§:=xi—|—xj—l—xl§

Jil=vVR e rxi=1

axlaixt=1

L 3x2 =1
1
L2 =
. x —3
1
D=

V3

e

]. - ]. A
CF=4 i+
VERRVE:

5 -

1 /. + =
— 4 (i + +k)
V3
1 /2 . -
Hence, the required unit vectors are +—— ( +]+ k)

V'3
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Find the acute angle between the curves at their points of intersection, y = x2, y = x3.

Solution: The angle between the curves is the same as the angle between their
tangents at the points of intersection.
We find the points of intersectionofy=x?> ... (1)and y=x3 .. (2)

From (1) and (2)



2X3(x-1)=0

~x=0o0rx=1
When x =0,y =0.
Whenx=1,y=1.

= the points of intersection are
O=(0,0)and P = (1, 1)

d

Fory = 2 &y = 2x
d

Fory = X3, &Y 3x2

Angle at O = (0, 0)

Slope of tangentto y = x> at O

— (ﬁ) —2x0=0
dx / .+ 0(0,0)

.. equation of tangenttoy = xZ at O is y = 0.

d
Slope of tangent toy = x> at O = (_}') =3x0=0
dx / . 0(0,0)

- equation of tangenttoy =x3 at P isy = 0.

=~ the tangents to both curves at (0, 0) arey =0
~ angle between them is 0.

Angleat P =(1,1)

Slope of tangentto y = x? at P



dy)
= | — =2x1=2
(dx at O(1,1)

- equation of tangenttoy = x2at Pisy- 1= 2(x - 1)
Ly =2% -1

_ 2 (dy 2
Slope of tangent to y = x atP—(E) =3x1"=3
at O(1,1)
~ equation of tangenttoy =x3atPisy-1=3(x- 1)
Sy =3x-2
We have to find angle betweeny =2x-1andy = 3x - 2
Lines through origin parallel to these tagents are
y=2x andy = 3x
X y y

X
cyTyamdy =g

These lines lie in XY-plane.
-. the direction ratios of these lines are 1, 2, 0 and 1, 3, 0.

The angle 8 between them is given by
(1)(1) + (2)(3) + (0)(0)
V12 422+ 02v/12 4 32 + 02

14640

V5v10
7 7

VB0 5v2
. 0= cos_l(ﬁ—\?/ﬁ)
7

Hence, the required angles are 0 and cos ™ (—)
5v/2

cos B =
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Find the direction cosines and direction angles of the vector
21 + 3 + 2k

Solution:
leta=2i4) +2k
A= V2 +124+2=V4+1+4=+9=3

. unit vector along bar"a"

. a  2i+)+2k 2. 1. 2.
prm— J— e p— —— ] _— _k

T g 3 3' 73973

T . 2 1 2
. Its direction cosines are —, —, —.

3°3 3
L 2 1

If a, B, y are the direction angles, then cos a = —, cos § = 3’ cosy
2

3

2 1 2

.'.a=cos_1(§),ﬁ=cos_l( ),’}’ZEDS_I(E)

3
L : 2 1 2 L
Hence, direction cosines are 333 and direction angles are

2 1 2
cos ! (E) ,B=cos ! (E) ,y = cos ! (E)
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Let bar"b" = 4hat"i" + 3hat"j" and bar"c" be two vectors perpendicular to each other in
the XY-plane. Find the vector in the same plane having projection 1 and 2 along bar"b"
and bar"c" respectively.

Solution:



let ¢ =mi + nj be perpendicular to b

Thenb.c¢ =0

(41 + Sj) (I]ll —I—nj) =0

gl = p\/32 t (—4)2 =pVv9+16=>5p

Letd =x1 + yj be the vector having projections 1 and 2 along b and <.

(41 + 3_]) (xi +yj)
; 5
S Ax+3y=5 )
c.d

Also, —— = 2
|

(3pi — 4pj). (XI +yj)
. 5

=1

=2

. 3px - 4py = 10p

o 3x -4y =10



From (1), 3y = 5 - 4x

Substituting for y in (2), we get

5 —4x
3}:—4( 3 ):10

s 9% - 20 + 16x = 30

- 25x =50
LxX=2
5 — 4x 5—4(2)
= e :—]_
y 3 3
nd=21—]

Hence, the required vector is 21 — j
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Show that no line in space can make angles /6 and /4 with X-axis and Y-axis.
Solution: Let, if possible, a line in space make angles 1/6 and /4 with X-axis and Y-

axis.
m ‘.FI'
A= E:JB 1
Let the line make angle y with Z-axis

 cos’ot + coszﬁ + coszy =1

-, cos’ (I) + cos’ (E) + c052f}r =1

6 4
2
) () o
| —=—] +|—= | +cosy=1
(2 v
3 1 1
cosly=1—— — — = ——



This is not possible, because cos y is real.
. C0S?y cannot be negative.

Hence, there is no line in space which makes angles 11/6 and /4 with X-axis and Y-
axis.
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Find the angle between the lines whose direction cosines are given by the equations
6mn - 2nl+5im =0, 3+ m+5n=0.
Solution: Given 6mn - 2nl + 5Im =0 (1)
Al+m+5n=0. ..(2

From (2), m=-3l-5n

Putting the value of m in equation (1), we get,
= 6n(- 3l -5n) - 2nl + 5I(- 31-5n) =0

= -18nl - 30n? - 2nl - 15[? - 25nI =0

= -30n? - 45nl - 1512 =0

=2n?+3nl+12=0

=2n?+2nl+nl+12=0

=>@2n+hn+l)=0

~2n+1=0 OR n+l=0

~l=-2n OR I=-n

~l=-2n

From (2),3l+m+5n=0

~-6n+m+5n=0

~m=n

ie.(-2n,n,n)=(2,1,1)

~l=-n

~-3n+m+5n=0

L m=-2n

i.e. (-n,-2n,n)=(1, 2,-1)

(a1, b1, c1) =(-2, 1, 1) and (az, bz, c2) = (1, 2, -1)



ajaz + bibs 4+ cic2
\/a,%—l—b%—l—c%,\/ag—l—bz_Q—l—c%

cos B =

(2)(1) + (=1)(2) + (=1)(=1)
wﬁm?+ﬁ+1?¢ﬂ+al+uf

|2-2+1

V6.6
B 1‘_1
| 6 6

1
0 —=cos 1| =
cos (6)
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If Q is the foot of the perpendicular from P (2, 4, 3) on the line joining the point A (1, 2,
4) and B(3, 4, 5), find coordinates of Q.
Solution: Let Q(X, y, z) be the co-ordinates then equation of line AB.

X—X1 Y—V1 z—17

X2 — X1 Y2 — 71 2 — 171
x—1 y—-2 z-4
3-1 4-2 5-4
x—1 y—2 z—4

— — :k
2 2 1

~X=2k+1,y=2k+2,z=2k+4

General point on the line ABis 2k +1, 2k + 2, k + 4
Let co-ordinate of Qbex=2k+1,y=2k+2,z=k +4
drsoflinePQis2k+1-2,2k+2-4,k+4-3



e.2k-1,2k-2,k+1

Since line PQ is perpendicular to line AB so,
2 2(2k-1)+2(2k-2) +1(k+1)=0
~4k-2+4k-4+k+1=0

~9k-5=0
5}
'.k:—
9

51 19

LX=2 X — l=—

X X 9—|— 9

19 28 41
9979
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Show that the vector area of a triangle ABC, the position vectors of
. — 1 _

whose vertices are a,b and € is 2 [5. Xxb+bxeé+cx E}.

Solution:

C D

A B

Consider the triangle ABC.

Complete the parallelogram ABDC.
Vector area of A ABC.



= % (vector area of parallelogram ABDC)

— 2 (B x AC)
:%:(E—_) K(E—E)] ......['.‘_le_)—ﬁ andE:E_—]
:%:BXE—BXE—EXE—FEJX—}
:%:BXEJrﬁXBJrEanrﬁ]

1-_ I I = — —
:E_a}:b—l—bx C+¢C x ]
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Find a unit vector perpendicular to the plane containing the point (a, 0, 0), (0, b, 0) and
(0, 0, ¢). What is the area of the triangle with these vertices?
Solution:

The position vectors p, q, T of the points A(a, 0, 0), B(0, b, 0), C(0, O, ¢) are

p=al,g=bj, T =ck
AB=g—p=>bj—ai=—aj+Db]
BC=r—g=ck—bj =—bj+ck
i ] k
ABxBC=|_-a b 0
0 —b ¢

— (be — 0)1 — (—ac — 0)] + (ab — 0)k

= bei + acj + abk



[AB x BC| = 1/ (be)? + (ac)® + (ab)’

= ‘\/bzc2 + a2¢? + a’b’
AB x BC is perpendicular to the plane containing A, B, C.

~. the required unit vector
_ ABxBC bei + caj + abk
IAB xBC| /22 + c2a? + aZh?

Area of A ABC = %\_B % _C\

1
=3 \/];jzc2 + a2c? + a?b? sq.units.
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State whether the expression is meaningful. If not, explain

why? If so, state whether it is a vector or a scalar:

a. (b x¢)
Solution: This is the scalar product of two vectors. Therefore, this expression is
meaningful and it is a scalar.
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State whether the expression is meaningful. If not, explain

why? If so, state whether it is a vector or a scalar:
ax (b.c)

Solution:



This expression is meaningless because a is a vector,b-cCis a

scalar and vector product of vector and scalar is not defined.
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State whether the expression is meaningful. If not, explain

why? If so, state whether it is a vector or a scalar:

ax (bxe)
Solution: This is vector product of two vectors. Therefore, this expression is meaningful

and it is a vector.
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State whether the expression is meaningful. If not, explain

why? If so, state whether it is a vector or a scalar:

a. (b.c)
Solution: This is meaningless because bar"a" is a vector, bar"b".bar"c" is a scalar and

the scalar product of vector and scalar is not defined.
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State whether the expression is meaningful. If not, explain

why? If so, state whether it is a vector or a scalar:
(a.b) x (e.d)

Solution:

This is meaningless because a. b, €. d are scalars and cross product

of two scalars is not defined.

Miscellaneous exercise 5| Q 34.06 | Page 192



State whether the expression is meaningful. If not, explain

why? If so, state whether it is a vector or a scalar:

(3 x b). (¢ x d)
Solution: This is scalar product of two vectors. Therefore, this expression is meaningful

and itis a scalar.
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State whether the expression is meaningful. If not, explain

why? If so, state whether it is a vector or a scalar:
(a.b).c
Solution:

This is meaningless because € is a vector, a. b scalar and scalar

product of vector and scalar is not defined.
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State whether the expression is meaningful. If not, explain

why? If so, state whether it is a vector or a scalar:

(a.b)c
Solution: This is a scalar multiplication of a vector. Therefore, this expression is
meaningful and it is a vector.
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State whether the expression is meaningful. If not, explain

why? If so, state whether it is a vector or a scalar:
a|(b. )
Solution: This is the product of two scalars. Therefore, this expression is meaningful

and it is a scalar.
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State whether the expression is meaningful. If not, explain
why? If so, state whether it is a vector or a scalar:

a. (b+¢)

Solution: This is the scalar product of two vectors. Therefore, this expression is

meaningful and it is a scalar.
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State whether the expression is meaningful. If not, explain

why? If so, state whether it is a vector or a scalar:

a.b+¢c

Solution: This is the sum of scalar and vector which is not defined. Therefore, this
expression is meaningless.
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State whether the expression is meaningful. If not, explain

why? If so, state whether it is a vector or a scalar:
a|. (b+¢)
Solution:

This is meaningless because a is a vector, b 4+ € is a scalar and the
scalar product of vector and scalar is not defined.
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For any vectors a, b, € show that
(a+b+¢)xe+(a+b+¢c)xb+(b—¢c)xa=2ax

Solution:

ol



—axcH+
—axc+bxe+04+axb+0—-bx c—ax b4+ax
— 2a x ¢ = RHS
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Suppose a = 0:
fa.b=a.¢ thenisb=¢?

Solution:

Take b = i,Ezj

Thena.b=a.c=0butb#¢
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Suppose a = 0:
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Suppose a = 0:

fa.b=a.c and axb=ax¢c, thenisb=g&?

Solution:



-~

Takea = 0,b = =]

Thena.b=a.c¢=0and axb=axc=0,butb#¢

I—'}

]
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If A3, 2, -1), B(-2, 2, -3), C(3, 5, -2), D(-2, 5, -4) then verify that the points are the
vertices of a parallelogram.
Solution:

Let &, b, €, d be the position vectors of A, B, C, D respectively w.rt. the origin O.
Thena=31+2] —k,b=—-21 +2j] —3k,e =31 +5) — 2k,d = —21 + 5] — 4k.
~AB=b-a

_ (—2i+2j"—312)—(3i+5j‘—12)

Q
ol
=i

. DC is scalar multiple of AB
. DC is parallel to AB

Also, ‘m‘ = v52—|—22=v25—|—4=@

and ‘A—B‘ = \/(—5)2 + (=2’ =v25+4=+29
pc| - A}




= I(AB) = (DC)
-. opposite sides AB and DC of ABCD are parallel and equal.

. ABCD is a parallelogram.

Miscellaneous exercise 5| Q 37.2 | Page 192

If A3, 2, -1), B(-2, 2, -3), C(3, 5, -2), D(-2, 5, -4) then find its area.
Solution:

AB—b—a— (—2i+zj‘—3]})— (3’i+2j‘—12)

AD—d-a— (—z’i+5j‘—41%)—(3i+2j—1%)

— 51 +3]—3k

) Lo ]

i j k
~ABxAD=|_-5 0 —2
—5 3 -3

= (0+6)i — (15— 10)] + (—154+0)k
=61 —5) — 15k

- area of parallelogram = ‘A_B X ﬁ‘
_ \/62 + (=5)* + (—=15)°

= V36 + 25 + 225

= V 286 sq units,
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Let A, B, C, D be any four points in space. Prove that
AB x CD + BC x AD + CA + BD| = 4 (area of triangle ABC).

Solution:

Let A, B, C, D have position vectors &, b, €, d respectively.

Consider AB x CD + BC x AD + CA x BD

—(b—a) x (d—¢)+ (c—b) x (A—3) + (a—7) x (d—b)
a

=-2(axb+bxc+cxa)
‘Ex@—l—mxﬁ—l—mxB |
=|-2(axb+bxec+exa)
=4[%|5><E+E><E+E><ﬁq

= 4{are of A ABC).
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Let hat"a", hat"b", hat"c" be unit vectors such that hat"a".hat"b" = hat"a".hat"c" = 0 and 6

the angle between hat"b" and hat"c" is pi/6. Prove that hat"a" = +- 2(hat"b" xx hat"c").

Solution:

-~

ab=aec=0

- & is perpendicular to b and & both
. ais parallel to bxé

A= m(B X E), m is a scalar.

bxe¢

~|a] = |m

- |a] = |m|[B||¢]



sin T

 |a = |ml|b x ¢
6
1 )
ﬂ=@M1Mx—=ELM+ﬁEb=M=q
2 2
s 2 = |m]
~m=z2

;aziﬂﬁxe)
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Find the value of ‘a’ so that the volume of parallelopiped formed by hat"i" + "a"hat"j" +
hat"k", hat"j" + "a"hat"k" and "a"hat"i" + hat"k" becomes minimum.
Solution:

letp=1+aj+k,g=]+akt=al+k

Let V be the volume of the parallelopiped formed by p, g, T.

Then V = [pgr]
1 a 1
=10 1 a
a 0 1
=1(1—0)—a(0—a®) +1(0 —a)
=1+ a’ —a
v d ]
o——=—(1+a"—
da da ( ta a,]
—0+3a’—-1=3a%-1
v d
and = (332 — 1}
da? da

=3x2a-0==6a



dVv

For maximum and minimumV, — =0
a
3a2-1=0
1
.
3
1
.a=+t——

d2V 1
Now, ( 2) =ﬁ(—)=2v’§;-0
da at a=ﬁ 3

1

V3

d*v 1
Also, (—2) = ﬁ(——) = —2\/’_ < 0
da a.ta=—+,* 3

Wi

- Vis minimum when a =

|~

- Vis minimum when a = —

1
Hence, a = —

V3
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Find the volume of the parallelopiped spanned by the diagonals of the three faces of a
cube of side a that meet at one vertex of the cube.

Solution: Take origin O as one vertex of the cube and OA, OB and OC as the positive
directions of the X-axis, the Y-axis and the Z-axis respectively. Here, the sides of the

cube are
OA=0B=0C=a

~ the coordinates of all the vertices of the cube will be
O (0, 0, 0) B(0, a, 0) N(a, a, 0) M(a, 0, a) A(a, 0, 0) C(0,0,a) L (0, a, a) P(a, a, a)
ON, OL, OM are the three diagonals which meet at the vertex O



ON —ai +aj,OL =aj +ak
OM = ai + ak

a a 0
[ONDLOM]zi} a a

a 0 a

= a(a®- 0)-a(0 - a%) + 0

= a®+a°=2a°

-, required volume = [ONOLOM]
= 2a* cubic units
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If &, b, € are three non-coplanar vectors show that

Solution:
e a. (b x E_) . b. (a x E_]
(¢ xa).b (cxa).b

(abc) bac)

— — + —
(cab)  (cab)

_ (abc) (abg)
(abe) (abec)

=0 =RHS
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a.d b.d|. .. [Do product is commutative]

= RHS.
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Find the volume of a parallelopiped whose coterimus edges are represented by

the vectors 1 + ]E, i+ ]},, i+ 3 Also find volume of tetrahedron having these
coterminus edges.

Solution:



leta=j +k,b=1+k and ¢ = i1+ j be the coterminus edges of a
parallelopiped.
Then volume of the parallelopiped = [ﬁ, b E]

011
1 01
1 1 0

=00-1)-10-1)+1(1-0)

=0+1+1=2cuunits
1
Also, volume of tetrahedron = E

[abc]

1 1

= —(2) = — cubic units

6 3
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Using properties of scalar triple product, prove that
la+bb+cc+al =2[abc|

Solution:
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If four points A(a), B(b), C(c) and D(d) are coplanar, then show that
labe] + [bed| + [cad] = [abc|.

Solution:

a,b, ¢ and d are the position vectors of the points A, B, C and D respectively.
~AB=b-aAC=c—a,AD=d-a
The points A, B, C, D are coplanar.

- the vectors AB, AC, AD are coplanar.

[AB AC AD} —0
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Ifa ,b ,c are three non-coplanar vectors, then (a +b +c ).[(a +b )x(a +c )]=-

[@a b c]

Solution:

LHS=(a+b+c). [(a+Db) x(a+c)

= (a+b+rc).[ax(a+c)+b(axc)
—(a+b+c)laxataxc+bxa+bxc]

=a.(axc)+a (bxa)xa(bxec)+b(axe)+b(bxa)+b(bxe)+c.(axe)+c.(bxa)xec(bxe) .. [-axa=0]
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If in a tetrahedron, edges in each of the two pairs of opposite edges are perpendicular,
then show that the edges in the third pair is also perpendicular.
Solution:

O

B

Let O-ABC be a tetrahedron. Then (OA, BC), (OB, CA) and (OC, AB) are the pair of

opposite edges.



Take O as the origin of reference and let a,b and € be the position vectors of the vertices A, B
and C respectively. Then

OA =3, OB=b, OC =g,

AB=b-a,BC=c—band CA=a—c¢

Now, suppose the pairs (OA, BC) and (OB, CA) are perpendicular to each other.

Then OA.BC = EE(E—E]:I]
ac—ab=0 _..(1

and OB.CA = 0,i.e.b.(a—¢) =0
b.a—b.e=0
~ab—-ht=0 .2

~. the third pair (OC, AB) is perpendicular.



