
ifjp; (Introduction)

T;kferh; jpuk djus ls rkRi;Z ijdkj vkSj :yj dh lgk;rk ls eki dj T;kferh;
vk—fr;k¡ cukuk gSA T;kferh; jpuk ds }kjk ge T;kfefr dh dbZ vo/kkj.kkvksa] lacaèkksa o
miifÙk;ksa dks vuqHko dj ldrs gSa vkSj muds
ckjs esa lksp ldrs gSaA ge mu voèkkj.kkvksa dk
mi;ksx dj ,slh T;kfefr jpuk,¡ djsaxs tks
geus i<+h gSA jfpr djus ds lkFk&lkFk dqN
jpukvksa dk fo'ys"k.k Hkh djsaxs ftlls ge ;s
le> ldsaxs fd ;s jpuk,¡ fdl rjg dh tkrh
gSa vkSj D;ksa\ bl ckr dks le>us ds fy, ge
fn, x, lokyksa ds vuqlkj jpukvksa dks cukrs
le; muds ckjs esa lkspsaxs o ppkZ djsaxsA

xf.kr esa rdZ] çek.k (proof) vkfn dks
/;ku esa j[kdj loky gy fd, tkrs gSA loky
gy djuk vkSj ;g ns[kuk fd D;k dksbZ loky
,d ls T;knk rjhds ls gy fd;k tk ldrk
gSSSA dkSulk rjhdk T;knk mi;qä vkSj vklku
tSlh ckrsa lkspuk egRoiw.kZ gSA ;g loky
djuk o lkspuk gekjh rkfdZd vkSj l̀tukRed
{kerk dk fodkl djrk gSA

vkb,] dqN T;kferh; jpuk,¡ djrs gSa&

jpuk&1 % leku dks.k dh jpuk djuk

,d dks.k fn;k x;k gS] geas mlds cjkcj ,d nwljs dks.k dh jpuk djuh gSA ;g dke
ge dSls djsaxs\ ,d rks ;g dj ldrs gSa fd ,d pk¡ns dh enn ls dks.k dks eki ysaA fQj
mlds cjkcj dks.k cuk ysaA ysfdu ;fn gekjs ikl dks.k ekius dk dksbZ midj.k ugha gS rks
ge D;k djsaxs\ vkb, ns[ksa &

vHkh rd vkius Ldsy vkSj pk¡ns dh lgk;rk ls fuf'pr
eki ds js[kk[kaM vkSj dks.k cuk, gSaA bl v/;k; esa ge
ijdkj vkSj :yj ds mi;ksx ls jpuk djsaxsA

:yj dk jpuk esa mi;ksx % ge tkurs gSa fd
fdUgha nks fcanqvksa A vkSj B nksuksa ls xqtjus okyh flQZ ,d
ljy js[kk [khaph tk ldrh gS
¼vfHkxg̀hr½A ge :yj dk mi;ksx
js[kk AB] js[kk[kaM AB ;k fdj.k
AB cukus ds fy, dj ldrs gSaA

ijdkj dk jpuk dju s e s a
mi;ksx % oÙ̀k dh ifjHkk"kk ls ge tkurs gSa
fd ,d fuf'pr fcanq vkSj f=T;k ls dsoy
,d o`Ùk cuk;k tk ldrk gSA ;gk¡ ge
ijdkj dk mi;ksx o`Ùk ;k pki cukus ds
fy, djsaxsA
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in&1 bl jpuk ij dke djus ls igys gesa fuEu lokyksa ij lkspus ls enn
feysxh&

1- loky esa D;k tkudkjh nh xbZ gS] bls dSls djuk gksxk vkSj nh xbZ tkudkfj;ksa esa
ls dkSu&lh mi;ksxh gS\

gesa ,d dks.k fn;k gS vkSj gesa blds cjkcj dks.k dh jpuk djuh gSA

;fn fn;k x;k dks.k ABC gS rks ,d dks.k RPQ dh jpuk bl izdkj djuh gS fd
RPQ = ABC gksA

2- nh xbZ tkudkfj;ksa ds vk/kkj ij jpuk djrs le; fdu T;kferh; vo/kkj.kkvksa dk
mi;ksx gks ldrk gS\

geas irk gS fd ;fn ge fdlh fdj.k dks ,d fLFkfr ls nwljh fLFkfr rd ?kqekrs gSa rks
ml ?kqeko dk eku gh dks.k gksrk gSA fdj.k BC dks BA rd ?kqekus ij gesa dks.k ABC çkIr
gksrk gSA ¼vkd`fr&1½

;fn ,d fdj.k PQ cuk,¡ vkSj mls bruk ?kqek,¡ ftruk BC dks  BA rd ?kqek;k x;k
gSA ysfdu ;g gksxk dSls\

;fn BC vkSj  BA ij Øe'k% nks fcanq X,Y bl izdkj ysa fd BX=BY vkSj PQ ij fcanq
S bl izdkj ysa fd BX=PS ¼vkd`fr&2½

vc B vkSj X ds lkis{k Y dh tks fLFkfr gS oSlh gh fLFkfr ij ,d fcanq ¼eku ysa T½ P
vkSj S ds lkis{k <w¡<+ fy;k tk, rks fdj.k PT, BY ds laxr gksxhA ¼vkd`fr&3½

;g fcanq T, PS f=T;k ds pki ij S ls XY nwjh ij fLFkr gksxkA

;fn PT dks feykrs gq, PR fdj.k [khaph tk, rks TPS, YBX ¼;k ABC ½ds
cjkcj gksxkA

in&2 %  dPpk fp= cukus ds ckn pj.kc) :i ls T;kfefr jpuk dh tk ldrh gSA

T
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jpuk ds pj.k %&

1- ,d fcanq P ysrs gSaA P ls ,d fdj.k PQ [khaprs gSaA ;g fdj.k u;s dks.k dh ,d Hkqtk gksxhA

2- vc fn, x, dks.k ABC ds 'kh"kZ B ls fdlh Hkh eki dk ,d pki dkVrs gSa tks BA dks
J ij vkSj BC dks K ij çfrPNsn djrk gSA
¼vk—fr&4½ nsf[k,A

3- vc ge blh eki dk pki fcUnq P ls  dkVrs
gSa tks fdj.k PQ dks M ij çfrPNsn djrk
gSA ¼vk—fr&5½

4- vc fcanq K ls KJ dk eki ysrs gSa vkSj fcUnq
M ls blh eki dk ,d pki] igys okys pki
ij dkVrs gSa vkSj çfrPNsn fcUnq dks L uke
nsrs gSaA ¼vk—fr&5½

5- vc ge P ls L dks tksM+rs gq, ,d fdj.k PR [khaprs gaSA

RPQ vHkh"V dks.k gSA

RPQ = ABC

in&3 jfpr vk—fr dks tk¡puk& jfpr vk—fr loky esa nh xbZ tkudkjh ds vuqlkj gS
;k ugha] bls ge eki ds vykok izek.k ds ek/;e ls Hkh tk¡p ldrs gSaA

vkb,] vc ns[ksa fd D;k çkIr dks.k fn, gq, dks.k ds cjkcj gS\

blds fy, ge nksuksa ds fp=ksa ds lanfHkZr dks.kksa dks ysrs gq, f=Hkqt cukrs gSaA fcUnq M
dks L ls vkSj K dks J ls tksM+sa ftlls PML vkSj BKJ cu tk,¡xsA

;fn ge PML vkSj BKJ dks ns[ksa rks ik,¡xs fd&

PM = BK ¼jpuk ls½]

ML = KJ ¼jpuk ls½

PL = BJ ¼jpuk ls½

blfy, PML BKJ ¼SSS

lokaZxlerk ls½

vr: LPM = JBK

bl çdkj  RPQ = ABC

mnkgj.k&1- fn, x, js[kk[kaM ds cjkcj ,d js[kk[kaM dh jpuk djsaA

gy %
in&1 gesa ,d js[kk[k.M AB  fn;k x;k  gSA ,d ,sls js[kk[kaM dh

jpuk djuh gS tks AB ds cjkcj gksA
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in&2 % jpuk ds pj.k %&

1- ,d js[kk [khapsa] bls l ekusaA

2- l ij dksbZ Hkh fcUnq X pqusaA

3- vc ijdkj ij AB ds cjkcj f=T;k  ysaA X dks dsUnz ekudj] js[kk lij pki
cuk,¡ vkSj dVku fcUnq dks Y uke nsaA

js[kk[kaM XY, js[kk[kaM AB ds lokZaxle gSA

in&3 % izek.k %&

;gk¡ geus AB  dks f=T;k ysdj vkSj dsUnz 'X'  ls pki cuk;kA blfy, XY=AB

mnkgj.k&2- nks dks.k fn, x, gSaA ,d ,sls dks.k dh jpuk djsa ftldh eki fn, gq, nksukas
dks.kksa ds ;ksxQy ds cjkcj gksA

gy % jpuk&1 dk mi;ksx djrs gq, A ds lokZaxle dks.k LON cuk,¡A blh rjg OL

dks ,d Hkqtk ekurs gq, MOL cuk,¡ tks B ds lokZaxle gksA

;kuh LON + MOL = A + B

   djds ns[ksa

1- mnkgj.k&2 esa dh xbZ jpuk ds pj.k foLrkj ls Lo;a fyf[k,A

2 30° vkSj 90° eki ds dks.k cukb,A crkb, fd ;g dSls cuk;k\

3- Hkqtk dh dksbZ Hkh eki ysrs gq, ,d leckgq f=Hkqt dh jpuk dhft,A

4- ,d U;wudks.k cukb, vkSj ,d ,sls dks.k dh jpuk dhft, ftldk
eku igys cuk, x, U;wudks.k ds eku ls nksxquk gksA

vkd`fr & 9      vkd`fr & 10       vkd`fr & 11      vkd`fr & 12
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jpuk&2 % lekarj js[kk dh jpuk djuk

ge ;gk¡ ,d ljy js[kk ds ckgj fLFkr fcanq ls ml js[kk ds lekarj js[kk [khapuk pkgrs
gSaA geus ftu inksa esa igyh jpuk dh gS vkb, mUgha inksa dk mi;ksx djrs gq, lekarj js[kk
dh jpuk djrs gSaA

in&1 % jpuk 'kq: djus ls igys fuEufyf[kr lokyksa ij lkspuk %&

1- loky esa D;k tkudkjh nh xbZ gS\ fdl Øe esa budk
mi;ksx djuk gS\ D;k jpuk djuh gS\ fdl Øe esa
djuh gS\

nh xbZ tkudkjh esa ls dkSu&lh mi;ksxh gS vkSj dkSu lh
ugha\

;gk¡ gesa ,d js[kk nh xbZ gS vkSj ,d fcanqA ;g fcanq nh
xbZ js[kk ds ckgj fLFkr gSA gesa ml fcanq ls lekarj js[kk
dh jpuk djuh gSA vkd`fr & 13

2- nh xbZ tkudkjh ds vk/kkj ij jpuk djrs le; fdu T;kferh; vo/kkj.kkvksa dk
mi;ksx djuk gksxk\

gesa irk gS fd ;fn ,d fr;Zd js[kk nks js[kkvksa dks çfrPNsn djs vkSj mu ij cus
laxr dks.k cjkcj gksa rks nksuksa js[kk,¡ lekarj gksrh gSaA

rks ge fn, x, fcanq ls fr;Zd js[kk dh jpuk dj ldrs gSa tks nh xbZ js[kk dks
çfrPNsn djs

fr;Zd js[kk vkSj nh xbZ js[kk ds chp cus dks.k ds cjkcj dks.k] fcanq ij cuk,¡ rks
çkIr js[kk nh xbZ js[kk ds lekarj gksxhA

in&2 % ,df=r tkudkjh ds vk/kkj ij dPpk fp= cukdj lkspuk fd visf{kr vk—fr
dk dkSu&dkSu lk fgLlk gesa Kkr gks x;k gSA vk—fr dh jpuk ds fy, gesa vkSj
D;k pkfg,A fQj var esa pj.kc) :i ls T;kfefr jpuk djukA

jpuk ds pj.k %

,d js[kk PQ vkSj ,d fcanq R fn, x, gSaA

P Q

R

vkd`fr & 13
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geas PQ ds lekarj ,d js[kk dh jpuk djuh gS tks R ls xqtjrh gksA

1- R ls ,d fr;Zd js[kk [khaps gSa tks PQ dks fdlh fcanq J ij izfrPNsn djsA gesa irk gS
fd ;fn laxr dks.k cjkcj gks rks js[kk,¡ lekarj gksrh gSaA

2- vc ge fcanq J ls fdlh Hkh eki dk ,d pki dkVrs gSa tks PQ dks M vkSj JR dks N
ij izfrPNsn djrh gSA ¼vk—fr&15½

3- vc blh eki dk ,d pki fcanq R ls cukrs gSa tks JR dks O ij izfrPNsn djrh gSA
¼vk—fr&16½

4- vc MN dh eki ysdj fcanq O ls ,d pki dkVrs gSa tks igys cuk, x, pki dks X
ij izfrPNsn djrk gSA

vc ge fcanq R ls X dks tksM+rs gq, ,d js[kk RS [khaprs gSa

bl izdkj] js[kk PQ ds lekarj js[kk RS gksxhA ¼vk—fr&17½

in&3% jph gqbZ vk—fr dks tk¡puk % ;g ns[kuk fd jph gqbZ vk—fr visf{kr vk—fr ds
vuqlkj gS ;k ughaA

izek.k & jps gq, fp= dks ns[ksa&

pw¡fd ORX = RJM ¼laxr dks.k½

rks ge dg ldrs gSa fd RS  PQ

iz'ukoyh&1

 1- dkWih ij 'a' vkSj 'b' nks js[kk[k.M cuk,¡A vc funsZ'kkuqlkj js[kk[kaMksa dh jpuk djsaA

(a) a + b (b) b - a

(c) 2b + a (d) 3a - b

2- ijdkj vkSj :yj dh lgk;rk ls bu ekiksa ds dks.k cuk,¡& 15º, 45º, 105º, 75º

3- nks dks.k Xº ¼vf/kddks.k½ vkSj Yº ¼U;wudks.k½ fn, gSa&

fuEufyf[kr ekiksa ds dks.k cuk,¡ &

(a) Xº - Yº (b) Xº + Yº

(c) (180 - X)º (d) 2Yº

a

b

X°

Y°
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4- vkidks rhu fuf'pr ekiksa 'r', 's' vkSj 't' ds js[kk[kaM fn, x, gSaA

(a) D;k bu js[kk[kaMksa ls f=Hkqt dh jpuk laHko gS\ ;fn gk¡ rks
f=Hkqt cuk,¡A

(b) D;k s, t o r + t ls f=Hkqt cu ik,xk\

5- ,d f=Hkqt ABC dh jpuk dhft,A vc 'kh"kZ A ls Hkqtk BC ds lekarj ,d js[kk dh

jpuk dhft,A 'kh"kZ A ij cus dks.kksa ds ;ksx vkSj f=Hkqt ds lHkh dks.kksa ds ;ksx dh

tk¡p dhft,A

jpuk & 3 % fn;s x;s vuqikr esa js[kk[kaM dh jpuk

bl jpuk ds fy, ge FksYl izes; dk mi;ksx djsaxsA le:i f=Hkqt esa

vkius FksYl izes; i<+k gksxk ftlds vuqlkj] **;fn fdlh f=Hkqt esa ,d Hkqtk ds

lekarj dksbZ ,slh js[kk [khaph tk, tks ckdh nksuksa Hkqtkvksa dks dkVs] rks ;g lekarj

js[kk nksuksa Hkqtkvksa dks cjkcj vuqikr esa foHkkftr djsxhA**

fn, x, f=Hkqt ABC esa PQ vkSj BC lekarj gSa] rks FksYl izes; ls ge

dg ldrs gSa fd 
AC

AQ

AB

AP
   ¼vk—fr&18½

;fn AP = 
1

3
 AB, rks FksYl izes; ls ge dg ldrs gSa fd   A Q =  

1

3
 ACAC

mnkgj.k&3- fn, x, js[kk[kaM AB ij ,d fcanq C <w¡f<+, ftlesa AC:AB = 2:3

gy %

in 1 % gesa ,d js[kk[kaM AB fn;k gqvk gS vkSj gesa ml ij ,d fcanq C bl rjg izkIr djuk

gS fd AC : AB = 2 : 3

;kuh js[kk[kaM AC dk eki] js[kk[kaM AB ¼fn, x, js[kk[kaM½ dk 
2

3
 gksxkA ¼vkd̀fr&19½

lkspsa fd jpuk dSls djsaxs % pw¡fd AC : AB = 2 : 3

AB dks 3 cjkcj Hkkxksa esa foHkkftr djas vkSj mlesa nks Hkkx ysa rks og iwjs

js[kk[kaM ds 
3

2
 ds cjkcj gksxkA

r

s

t

A

P Q

B C
vkd`fr & 18

A BC
vkd`fr & 19
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gesa ;g irk gS fd fdlh f=Hkqt esa ,d Hkqtk ds lekarj js[kk vU; nksuksa Hkqtkvksa dks

leku vuqikr esa foHkkftr djrh gSA vkd`fr &21

rks D;ksa u AB ds lkFk U;wudks.k cukrh gqbZ ,d fdj.k [khapas ftl ij 3 cjkcj Hkkx

fy, tk ldsaA vc 2%3 vuqikr dks /;ku esa j[kdj rhljs fcanq dks B ls feyk,¡ vkSj blh ds

lekarj nwljs fcanq ls ,d js[kk [khapsaA

in 2 % jpuk ds pj.k

1- fcanq A ls dksbZ Hkh U;wudks.k cukrs gq, ,d fdj.k AX [khaprs gSaA

2- AX ij 3 cjkcj pki dkVsaA bUgsa AA
1
, A

1
A

2
, A

2
A

3
 uke nsrs gSaA

AA
1
 = A

1
A

2
 = A

2
A

3

3- vc A
3
 ls B dks feyk,¡ vkSj A

2
 ls A

3
B ds lekarj js[kk [khapsa tks AB dks 'C'

ij izfrPNsn djrh gSA

AC vHkh"V js[kk[kaM gS] pw¡fd AC : AB = 2 : 3

in 3 % izek.k % ge T;kfefr jpuk ds vk/kkj ij dSls dg ldrs gSa fd 
AC 2

=
AB 3

3ABA  vkSj 2ACA esa A
2
CA

3
B   ¼jpuk ls½

FksYl izes; ls ge dg ldrs gSa fd]

2

3

A AA C
=

A B A A  ... (1)

jpuk ls gesa Kkr gS fd]

2

3

AA

AA =
2

3
 ¼pw¡fd AA

3
 rhu cjkcj Hkkxksa esa foHkkftr gSA½

vr% 
2

3

AAAC 2
= =

AB AA 3

BA

X

A1

A2

A3

BA C

X

A1

A2

A3

vkd`fr & 20 vkd`fr & 21
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mnkgj.k&4- ,d ,sls js[kk[kaM dh jpuk dhft, tks fd fn, x, js[kk[kaM ds eki dk 
3

2

gksA
gy %

in 1 % gesa js[kk[kaM AB fn;k gS] ,d fcanq C ysuk gS ftlls
AC : AB = 3 : 2

fiNys mnkgj.k esa fcanq C nksuksa fcanqvksa  A vkSj B ds chp esa fLFkr FkkA bl mnkgj.k
esa fcanq C ,slk gS fd AC : AB = 3 : 2 blfy, fcanq C js[kk[kaM AB ds ckgj fLFkr gksxkA  tc

js[kk[kaM AC  js[kk[kaM AB ls cM+k gksxk rHkh AB dk 
3

2
 xquk gks ldsxkA

in 2 % jpuk ds pj.k %
1- fcanq A ls U;wudks.k cukrs gq, ,d fdj.k AY [khapas vkSj js[kk[kaM AB dks X rd c<+k,¡A

¼AB dks X rd blfy, c<+k;k D;ksafd gesa ,d ,slk fcanq C pkfg, ftlls AC:AB = 3:2½

2- AY ij 3 cjkcj pki dkVsa mUgsa A
1
, A

2
, A

3
 uke nasaA

3- vc A
2
 dks B ls tksM+sa vkSj A

3
 ls A

2
B ds lekarj js[kk [khapsa tks AX dks C ij dkVsA

vHkh"V fcUnq C, AX ij bl izdkj gS fd 
AC 3

AB 2


in 3 % izek.k % D;k ge T;kfefr jpuk ds vk/kkj ij dg ldrs gSa fd 
AC 3

AB 2
 \

ACA
3
 vkSj ABA

2
  esa

A
2
BA

3
C ¼jpuk ls½

A B X

Y

A B C X

A1

A2

A3

Y

A B X

A1

A2

A3

Y

vkd`fr & 22   vkd`fr & 23   vkd`fr & 24
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
3

2

A AA C
=

A B A A  ... (1) ¼FksYl izes; ls½

jpuk ls gesa ;g irk gS fd]

3

2

AA 3
=

AA 2

vr% lehdj.k ¼1½ ls 
AC 3

=
AB 2

bl jpuk esa gesa js[kk [k.M AC feyk gS tks nh xbZ js[kk [k.M AB ls ,d fuf’pr

vuqikr esa cM+k gSA 
3

AC AB
2

  ;k ge ;g Hkh dg ldrs gSa fd fcanq 'C' js[kk[k.M AB dks

3 % 2 esa foHkkftr djrk gSA

le:i f=Hkqt dh jpuk

ge tkurs gSa fd le:i cgqHkqt esa laxr dks.k cjkcj gksrs  gSa  vkSj laxr
Hkqtk,¡ leku vuqikr esa gksrh gSaA

le:irk dh ;gh nks dlkSfV;k¡ f=Hkqt ij Hkh ykxw gksrh gSaA

jpuk & 4 % fn, x, f=Hkqt ABC ds le:i ,d f=Hkqt dh jpuk djsa ftldh Hkqtk,¡ f=Hkqt

ABC dh laxr Hkqtkvksa ds 
3

5
 gksA

in 1 % gesa f=Hkqt ABC  fn;k x;k gS ftlds le:i f=Hkqt dh jpuk djuh gSA gesa irk
gS fd le:i f=Hkqt esa laxr dks.k cjkcj vkSj laxr Hkqtk,¡ lekuqikfrd gksrh gaSA ;gk¡ vuqikr

3

5
 fn;k gSA igys dh xbZ jpukvksa dk mi;ksx djrs gq, le:i f=Hkqt cukrs gSaA

in 2 % jpuk ds pj.k

1- fcanq B ls A ds nwljh vksj ,d U;wudks.k cukrs gq, ,d fdj.k BX [khapsaA

2- vc BX ij 5 cjkcj pki dkVas vkSj mUgsa Øe'k% B
1
, B

2
,B

3
, B

4
, B

5
 uke nsaA

blls gesa         BB
1 
= B

1
B

2
 = B

2
B

3
= B

3
B

4
= B

4
B

5  
izkIr gksrs gSaA
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3- vc B
5
 ls C feyk,¡ vkSj B

3
 ls B

5
C ds lekarj ,d js[kk [khapsa tks BC dks P ij izfrPNsn djsA

4- vc P ls AC ds lekarj ,d js[kk [khapsa tks AB dks Q ij izfrPNsn djsA

QBP vHkh"V f=Hkqt gSSA

in 3 % izek.k%

dSls tk¡psa fd QBP vkSj ABC] le:i f=Hkqt gSa\

,d rjhdk rks ;g gksxk fd ge nksuksa f=Hkqt dh Hkqtkvksa dks eki ysa vkSj ns[ksa fd laxr
Hkqtk,¡ lekuqikfrd gSa ;k ughaA

nwljk le:irk ds vfHkx`ghr ¼dks.k&dks.k&dks.k le:irk½ ls fl) djds ns[ksa&

QBP vkSj ABC esa]

QBP = ABC¼mHk;fu"B dks.k½

PQB = CAB¼laxr dks.k½ ¼jpuk ls PCCA½

BPQ = BCA¼laxr dks.k½ ¼jpuk ls PCCA½

vr% QBP ABC ¼dks.k&dks.k&dks.k le:irk½

;kuh 
QB BP QP

= =
AB BC AC

BP 3
=

BC 5
¼jpuk ls BC, 5 cjkcj Hkkx gSa vkSj BP, 3 cjkcj Hkkx gSa½

3
BP = BC

5

  QP = 
3

5
 AC vkSj QB = 

3

5
 ABAB

vkd`fr & 25 vkd`fr & 26 vkd`fr & 27

A C

B B1
X

PQ

B2 B3 B4 B5

A C

B B1
X

P

B2 B3 B4 B5

A C

B B1 B2 B3 B4 B5
X
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mnkgj.k&5- fn, x, f=Hkqt ABC ds le:i ,d f=Hkqt dh jpuk djsa ftldh Hkqtk,¡

f=Hkqt ABC dh laxr Hkqtkvksa ds 
5

3
 gksaA

in 1 % gesa ,d f=Hkqt ABC fn;k x;k gSA blds le:i ,d f=Hkqt dh jpuk djuh gS

ftldh Hkqtk,¡ f=Hkqt ABC dh laxr Hkqtkvksa ds 
5

3
 gksaA

in 2 % jpuk ds pj.k %

1- fcanq B ls A ds nwljh vksj ,d U;wudks.k cukrs gq, ,d fdj.k BY [khapas A BC vkSj
BA dks vkxs c<+krs gq, Øe'k% fdj.k BX o BZ [khapssaA

2- vc BY ij 5 cjkcj Hkkx ysa mUgsa BB
1
, B

1
B

2
, B

2
B

3
, B

3
B

4
, B

4
B

5
 uke nsaA

3- vc B
3
 ls C dks feyk,¡A B

5
 ls B

3
C ds lekarj ,d js[kk [khapsa tks BX dks P ij

izfrPNsn djsA

4- vc P ls AC ds lekarj ,d js[kk [khapsa tks BZ dks Q ij izfrPNsn djsA

QBP vHkh"V f=Hkqt gSA

le:i prqHkqZt dh jpuk

ftl rjg geus ,d le:i f=Hkqt dh jpuk dh gS vkb, mlh rjg ,d
le:i prqHkqZt dh jpuk djrs gSaA

gesa ,d prqHkqZt ABCD fn;k gSA ,d ,sls le#i prqHkZqt dh jpuk djuh gS

ftldh izR;sd Hkqtk dh eki prqHkqZt ABCD dh laxr Hkqtkvksa ds eki dk 
2

5
 gksA

in 1 % gesa ,d prqHkqZt ABCD fn;k x;k gS vkSj blds le:i ,d prqHkqZt dh jpuk djuh

gS ftldh Hkqtkvksa dh eki fn, x, prqHkqZt dh laxr Hkqtkvksa dh 
2

5
 gksA ;gk¡ Hkh le:i

f=Hkqt ds leku gh jpuk gksrh gSA ,d ckr /;ku j[kus ;ksX; gS fd igys ge fod.kZ
(diagonal) dh jpuk djrs gSaA

Z
Q

X

P

C

B B1 B2 B3 B4 B5

A

Y

X

P

C

B B1 B2 B3 B4 B5

A

Y

X

C

B B1 B2 B3 B4 B5

A

Y

vkd`fr & 28    vkd`fr & 29   vkd`fr & 30
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in 2 % jpuk ds pj.k %

1- fcUnq B ls A ds nwljh vksj ,d U;wudks.k cukrs gqbZ fdj.k BX dh jpuk djsaA

2- vc BX ij 5 cjkcj Hkkx ysa bUgsa BB
1
, B

1
B

2
, B

2
B

3
,

B
3
B

4
, B

4
B

5
 uke nsaA

3- vc B
5
 ls D dks feyk,¡ vkSj B

2
 ls B

5
D ds lekarj

,d js[kk [khapas tks BD dks R ij izfrPNsn djrh gksA

4- vc R ls AD ds lekarj ,d js[kk [khapsa tks AB dks P
ij izfrPNsn djrh gksA

5- blh izdkj R ls CD ds lekarj ,d js[kk [khapsa tks
BC dks Q ij izfrPNsn djrh gksA

bl izdkj] PBQR vHkh"V prqHkqZTk izkIr gksrk gSA

yac [khapuk

mnkgj.k&6- js[kk k ds fcanq C ij yac
[khapasA

gy % in 1 % gesa js[kk k ij fcanq C ij
,d yac [khapuk gSA

in 2 % jpuk ds pj.k

1- C dks dsUnz ekuas vkSj mlds nksuksa vksj dksbZ Hkh eki ysdj k ij pki dkVsaA dVku fcanq
dks X vkSj Y ekusaA

2- CX ds eki ls T;knk f=T;k ysa X vkSj Y dks dsUnz ekudj] js[kk ds ,d vksj pki [khapsaA
;s nksuksa pki ,d nwljs dks fdlh fcUnq ij dkVsaxsA

3- C ls bl dVku fcUnq dks feykrs gq, js[kk CZ [khapsaA

CZ js[kk k ij yac gS tks] fcanq C ls xqtjrk gSA

mnkgj.k&7- fcanq C js[kk k ds ckgj gSA k ij yac dh jpuk djsa tks C ls xqtjrk gksA

gy % ¼ladsr½&igys fcanq C dks dsUnz ekuas vkSj
mlls cjkcj nwjh ij fcanq X, Y izkIr djsaA fQj fcanq
X vkSj Y dks dsUnz ekudj fcanq Z izkIr djsaA

bl jpuk ds pj.k foLrkj ls Lo;a fy[ksaA

C k C k

Z

X Y

vkd`fr & 32 vkd`fr & 33

A
D

B
B1 B2 B3 B4 B5

X
C

P

Q

R

vkd`fr & 31

C

kX Y

Z

C

k

vkd`fr & 34    vkd`fr & 35
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  djds ns[ksa

1-  5-8 lseh- dk js[kk[kaM AB [khafp, vkSj ml ij fcanq C bl rjg yhft, fd AC:CB = 3:4

gksA tk¡fp, fd AC:CB = 3:4 gS ;k ughaA

2- ,d js[kk[k.M dh jpuk dhft, tks fdlh js[kk[k.M AB dk 
7

5
 xquk gksA

3- ,d f=Hkqt PQR cukb, ftlesa QR = 6 lseh- PQ = 5 lseh- vkSj PQR = 60° gksA bl

f=Hkqt ds le:i ,d f=Hkqt ABC cukb,] ftlesa  AB = 
2

5
 PQ gksA

4- ,d f=Hkqt ABC cukb, ftlesa BC = 5.5 lseh- ABC = 75° vkSj ACB = 45° gksA bl

f=Hkqt ds le:i ,d f=Hkqt XYZ cukb, ftlesa YZ = 
5

4
BC gksA

iz'ukoyh & 2

1- ,d le:i f=Hkqt dh jpuk dhft, tks fd fn, x, f=Hkqt dk 
3

5
xquk gksA

2- ,d leckgq f=Hkqt PQR dh jpuk dhft,A lkFk gh ,d vkSj f=Hkqt ABC dh jpuk

dhft, ftlesa PQ = 
3

4
AB gksA

3- ,d f=Hkqt PQR dh jpuk dhft,A lkFk gh ,d vkSj f=Hkqt ABC dh jpuk dhft,

ftlesa AB = 
2

3
PQ gksA

4- nks le:i f=Hkqtksa dh jpuk dhft,A ,d f=Hkqt nwljs f=Hkqt dk 
4

3
 xquk gksA

vHkh rd vkius le:i f=Hkqt ls tqM+h gqbZ jpukvksa dk v/;;u fd;k gSA vc ge
fiNyh d{kkvksa esa i<+h gqbZ vo/kkj.kkvksa dk mi;ksx dj dqN vkSj jpuk,¡ djasxsA

yac lef}Hkktd

yac lef}Hkktd (Perpendicular bisector) : ;g og js[kk gS tks fdlh fn, x,
js[kk[kaM ij ledks.k cukrs gq, mls nks cjkcj Hkkxksa esa ck¡Vrh gSA

yac lef}Hkktd dh jpuk

1- fn;k gqvk js[kk[k.M AB cuk,¡A
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2- ijdkj dh Hkqtkvksa dks bruk QSykb, fd mldk QSyko
fn, gq,  js[kk[kaM dh yackbZ ds vk/ks ls vf/kd gksA

3- vc ijdkj dh uksad dks fcanq A ij j[kdj js[kk[kaM ds
nksuksa vksj pki dkVsa] fQj fcanq B ij ijdkj j[kdj ;gh
izfØ;k nksgjk,¡A

4- pkiksa ds dVku fcanqvksa dks Ldsy dh lgk;rk ls feyk,¡A

;g js[kk **] js[kk[kaM AB dk yac lef}Hkktd gSA

D;k yac lef}Hkktd dk izR;sd fcanq] fcanq A vkSj B
ls leku nwjh ij gksrk gS\

vkb, ns[ksa &

yac lef}Hkktd ij dksbZ fcanq O ysaA bl fcanq dks js[kk[kaM ds nksuksa var fcanqvksa A vkSj
B ls feyk,¡A vc f=Hkqt AOD vkSj BOD esa]

   AD = DB   ¼D, AB dk e/; fcanq gSA½

ODA = ODB ¼ledks.k½

   OD = OD ¼mHk;fu"B½

 AOD  BOD ¼SAS lokZaxlerk ls½

rks OA = OB

yac lef}Hkktd ij fLFkr izR;sd fcanq] fcanq A vkSj B ls leku nwjh ij gksxkA

f=Hkqt dh dqN vkSj jpuk,¡

in 1 % gesa ,d f=Hkqt fn;k x;k gSA vc ,d ,sls o`Ùk dh jpuk
djuh gS tks f=Hkqt ds rhuksa 'kh"kkZas A, B vkSj C ls gksdj xqtjrk gSA

lkspsa fd jpuk dSls djsaxs %

pw¡fd o`Ùk f=Hkqt ds rhuksa 'kh"kksZa ls xqtjrk gS blfy, ge dg
ldrs gSa fd o`Ùk dk dsaæ rhuksa 'kh"kksZa ls leku nwjh ij gksxkA gesa ;g
Hkh irk gS fd yac lef}Hkktd ij fLFkr dksbZ Hkh fcanq Hkqtk ds 'kh"kksZa
ls leku nwjh ij gksrk gSA f=Hkqt ABC dh Hkqtk AB ds yac
lef}Hkktd ij fLFkr lHkh fcanq tks 'kh"kZ A vkSj B ls leku nwjh ij
gksaxsA blh izdkj Hkqtk BC ds yac lef}Hkktd ij Hkh fLFkr lHkh fcanq
'kh"kZ B vkSj C ls leku nwjh ij gksaxsA

eku yas fd nksuksa gh yac lef}Hkktd fdlh fcanq ij izfrPNsn djrs gSa vkSj ml fcanq
dks ge 'O' uke nsrs gSaA pw¡fd fcanq O nksuksa gh yac lef}Hkktd ij fLFkr gSa vr% OA = OB

= OC vc O dks dsanz ysdj vkSj OA dks f=T;k ysdj ,d o`Ùk cukrs gSaA D;k cuk;k x;k o`Ùk
rhuksa 'kh"kksZa ls gksdj xqtjrk gS\

A

l

B

vkd`fr & 36

A

C

O

D B

vkd`fr & 37

A

P

Q

O

B

C

vkd`fr & 38
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vkb, ns[ksa &

in 2 % jpuk ds pj.k %

1- ,d f=Hkqt ABC cuk,¡ A

2- Hkqtk AB vkSj BC ij yac lef}Hkktd [khapsa tks Øe'k% AB

dks P ij vkSj BC dks Q ij izfrPNsn djrs gksaA nksuksa yac
lef}Hkktd fcUnq 'O' ij izfrPNsn djsaxsA

3- vc O dks dsanz ysdj vkSj OA ds eki dh f=T;k ysdj ,d
o`Ùk cuk,¡A vk—fr esa vki ns[k ldrs gSa fd ;g o`Ùk rhuksa
'kh"kksZa ls xqtjrk gSA

in 3 % izek.k %

dSls irk djsa o`Ùk f=Hkqt ds 'kh"kZ A, B vkSj C ls xqtjrk gS\

f=Hkqt AOP vkSj f=Hkqt BOP esa]¼vkd`fr & 39(ii)½

AP = PB ¼D;ksa\½

OPA = OPB ¼D;ksa\½

OP = OP ¼mHk;fu"B½

vr% f=Hkqt AOP  BOP

blls ge dg ldrs gSa fd]

OA = OB .... (i)

blh rjg f=Hkqt BOQ  COQ

  OB = OC .... (ii)

(i) vkSj (ii) ls ge dg ldrs gSa fd]

OA = OB = OC

;kuh dsUnz O, fcanq A, B vkSj C ls leku nwjh ij gS] rks OA dks f=T;k ysdj cuk;k
x;k o`Ùk B vkSj C ls Hkh tk,xkA

fdlh f=Hkqt dh Hkqtkvksa ds yac lef}Hkktd ftl fcanq ij feyrs gSa] mls f=Hkqt dk
ifjdsUnz dgrs gSaA ;gk¡ fcanq O, f=Hkqt ABC dk ifjdsUnz gS vkSj A, B, C ls xqtjus okyk oÙ̀k
ifjo`Ùk gSA

dks.k lef}Hkktd

fn, x, dks.k dks nks cjkcj dks.kksa esa foHkkftr djsaA

gy %

in 1 % ,d dks.k ABC fn;k x;k gSA gesa ,d ,slh fdj.k dh jpuk djuh gS tks ABC

dks nks cjkcj dks.kksa esa foHkkftr djsA

A

P

Q

O

B

C

vkd̀fr & 39¼i½

vkd`fr & 39¼ii½



T;kferh; jpuk,¡ 325

lkspas fd ;g fdl rjg fd;k tk ldrk gSA gesa irk gS fd dks.k lef}Hkktd og
js[kk gksrh gS tks fdlh dks.k dks nks cjkcj Hkkx esa foHkkftr djrh gS] vr% nksuksa dks.k cjkcj
gksrs gSaA ;fn ge nks f=Hkqtksa dh jpuk bl rjg djsa fd dks.k lef}Hkktd nksuksa f=Hkqtksa dh
mHk;fu"B Hkqtk gks vkSj nksuksa f=Hkqt lokZaxle gksaA ¼;gk¡ BE = BF vkSj DE = DF½A rc SSS

ls nksuksa izkIr f=Hkqt lokZaxle gksaxsA lokZaxle f=Hkqt ds fy, gesa ,d ,slk fcUnq pkfg, tks
Hkqtk BA vkSj BC ij fLFkr fcUnqvksa ls leku nwjh ij gksA

in 2 % jpuk ds pj.k %

1- 'kh"kZ B dks dsanz ysdj] dksbZ Hkh f=T;k ysdj ,d pki dkVsa tks fdj.k BA vkSj BC dks
Øe'k% fcUnq E vkSj F ij izfrPNsn djrh gksA

2- vc E vkSj F dks dsanz ysdj rFkk 
1

2
 EF ls cM+h f=T;k ysdj pki dkVsa tks ,d nwljs dks

D ij izfrPNsn djsaA

3- vc fdj.k BD cuk,¡A ;gh vHkh"V dks.k lef}Hkktd gSA

in 3 %  izek.k % ysfdu ;g ge dSls dgsa fd fdj.k BD dks.k lef}Hkktd gSA vkb, ns[ksaA

D ls F vkSj E dks feyk,¡ vc f=Hkqt BED vkSj BFD esa]

BE = BF ¼,d gh pki fd f=T;k,¡½

ED = FD ¼,d gh pki fd f=T;k,¡½

BD = BD ¼mHk;fu"B Hkqtk½

vr% BED  BFD ¼SSS ls½

blls gesa izkIr gksrk gS ABD = DBC (CPCT)

dks.k lef}Hkktd dh Hkqtkvksa ls nwjh %

dks.k lef}Hkktd ij dksbZ fcUnq P ysaA fcUnq P ls Hkqtk BA vkSj BC dh nwjh Kkr djus
ds fy, P ls BA vkSj BC ij yEc MkysaA

fcUnq P ls Hkqtk AB ij yac Mkysa tks AB dks M ij izfrPNsn djrk gksA blh rjg P
ls gh BC ij yEc Mkysa tks mls R ij izfrPNsn djrk gksA vc f=Hkqt BMP vkSj BRP esa]

BMP = BRP  ¼ledks.k½

vkd`fr & 40 vkd`fr &41

A

B C

E

F

Q

D

A

B C

E

F

Q

D
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MBP = RBP  ¼D;ksafd BP dks.k lef}Hkktd gS½

    BP = BP ¼mHk;fu"B½

vr% BMP  BRP ¼AAS lokZaxlerk½

blls gesa izkIr gksrk gS PM = PR (CPCT) ½

var% o`Ùk ¼varxZr o`Ùk½

in 1 % gesa ,d f=Hkqt ABC fn;k gS vkSj gesa ,d ,sls
o`Ùk dh jpuk djuh gS tks f=Hkqt ds rhuksa Hkqtkvksa dks
Li'kZ djrh gSA

jpuk dSls  djsa %

pw¡fd o`Ùk f=Hkqt dh rhuksa Hkqtkvksa dks Li'kZ djrs gq, xqtjrk gS blfy, o`Ùk dk dsanz
rhuksa Hkqtkvksa ls leku nwjh ij gksxkA ge tkurs gSa fd dks.k
lef}Hkktd ij fLFkr dksbZ Hkh fcanq dks.k dh Hkqtkvksa ls leku
nwjh ij gksrk gSA dks.k ABC ds dks.k lef}Hkktd ij fLFkr ,sls
dbZ fcanq gksaxs tks Hkqtk BA vkSj BC ls leku nwjh ij gksaxsA blh
izdkj dks.k BCA ds dks.k lef}Hkktd ij Hkh ,sls dbZ fcanq fLFkr
gksaxs tks Hkqtk CB vkSj CA ls leku nwjh ij gksaxsA

nksuksa dks.k lef}Hkktd ,d nwljs dks ftl fcanq ij
dkVrs gSa mls O ekusa rks fcanq O ls Hkqtk AB, BC vkSj CA dh nwjh
leku gksxhA vc O dks dsUnz vkSj dsUnz ls fdlh Hkqtk dh yEcor
nwjh dks f=T;k ekudj òÙk [khapasA D;k ;g o`Ùk ABC dh rhuksa Hkqtkvksa dks Li'kZ djsxk\

in 2 % jpuk ds pj.k %

1- ,d f=Hkqt ABC cuk,¡A

2- dks.k ABC vkSj dks.k BCA ds dks.k lef}Hkktd
[khapsaA ftl fcanq ij nksuksa ,d nwljs dks dkVsa mls fcanq
O eku ysaA

3- vc fcanq O ls Hkqtk BC ij yac Mkysa tks BC dks Q ij
izfrPNsn djrk gSA O dks dsanz ysdj vkSj OQ dks
f=T;k ysdj ,d òÙk cuk,¡A vk—fr esa vki ns[k ldrs
gSa fd ;g o`Ùk rhuksa  Hkqtkvksa dks Li'kZ djrk gSA vr%
O dh AB, BC  vkSj CA ls yEcor nwjh leku gSA

in 3 % izek.k % vkb, ge xf.krh; rdksZa ds vk/kkj ij ns[krs
gSa fd D;k izkIr o`Ùk rhuksa Hkqtkvksa dks Li'kZ djrs gq,
xqtjrk gS\

A

P

B C

M

E

F

Q

D

R

vkd`fr & 42

A

O

B
Q

C

vkd`fr & 43

vkd`fr & 44

A

B

C

P O

R

Q
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f=Hkqt POB vkSj f=Hkqt BOQ esa]

PBO = QBO

OPB = QB =  90

     OB = OB ¼mHk;fu"B½

vr% POB  QOB

 OP = OQ....(i)

blh rjg ROC  QOC

 OR = OQ....(ii)

(i)  vkSj (ii) ls ge dg ldrs gSa fd]

OP = OQ = OR

vc ge O dks dsanz ysdj vkSj f=T;k OP ysdj ,d o`Ùk cukrs gSa tks f=Hkqt dh rhuksa Hkqtkvksa dks Li'kZ
djrs gq, xqtjrk gSA

fdlh f=Hkqt ds dks.k lef}Hkktd ftl fcanq ij feyrs gSa] mls var%dsUnz dgrs gaS vkSj o`Ùk dks var%òÙk
dgrs gSaA

     djds ns[ksa

1- var%o`Ùk vkSj ifjo`Ùk dh jpuk dhft, tc f=Hkqt ABC esa %

¼i½ AB = 3 lseh-] BC = 4 lseh- vkSj 90B   A lkFk gh var%o`Ùk vkSj ifjo`Ùk dh f=T;k Kkr dhft,A

¼ii½ AB = BC = CA = 6 lseh- var%dsanz vkSj ifjdsanz dgk¡ fLFkr gSa\

¼iii½ BC = 7 lseh-] 45B   , 105A    var%dsanz vkSj ifjdsanz dgk¡ fLFkr gSa\

i z'ukoyh&3

1. funsZ'kkuqlkj jpuk djsa& ¼ijdkj dk mi;ksx djsa½

(i) js[kk  ij fLFkr fcUnq p ij yac [khapasA

(ii) fcUnq s ls js[kk ij yac [khapsaA

(iii) js[kk[kaM JK dk yac lef}Hkktd cuk,¡A

(iv) fcUnq 'T' ls gksrh gqbZ js[kk tks ds lekarj gks [khapasA

(v) fcUnq 'F' ls gksrh gqbZ js[kk tks ED ds lekarj gks] [khapasA

P
l

S
l

T
l

J K

D

E F
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(vi) fcUnq G ls js[kk HJ ij yac MkyasA

2. vkidks nks js[kk[k.M AB = a vkSj RS = b fn, gSaA vc funsZ'kkuqlkj jpuk djsa&

(i) 'a' vkSj 'b' Hkqtk dk vk;r cuk,¡A

(ii) 4b ifjeki dk oxZ cuk,¡A

(iii) a d.kZ dk oxZ cuk,¡A

(iv) lekarj prqHkqZt ftldh Hkqtk a vkSj b rFkk buds chp dk dks.k   gksA

3- ,d ledks.k f=Hkqt ij ifjòÙk dh jpuk dhft,A jps x, o`Ùk dh f=T;k dk eku crkb,A

4- ,d ledks.k f=Hkqt ij var%o`Ùk dh jpuk dhft,A jps x, o`Ùk dh f=T;k dk eku crkb,A

5- ,d leckgq f=Hkqt ij var%o`Ùk vkSj ifjo`Ùk dh jpuk dhft,A vc var%dsanz vkSj ifjdsanz fudkfy,A D;k
nksuksa ,d gh txg ij fLFkr gSa\

6- dksbZ rhu vlajs[k fcUnq (non-collinear points) yhft, vkSj muls xqtjus okys ,d o`Ùk dh jpuk dhft,A

7- eksgu viuh 'kkyk ds oŸ̀kkdkj eSnku ds dsUnz ij >.Mk Qgjkuk pkgrk gSA eSnku esa fdl txg >.Ms ds
fy, [kaHkk xM+k;k tk,] ;g irk yxkus ds fy, mls tks;k vkSj jkgqy dh lgk;rk ysuh iM+hA lksfp, rhuksa
us feydj [kaHks ds fy, txg dSls <w¡<+h gksxh\

geus lh[kk

1- loky dks le>uk %& loky ij dke 'kq: djus dk lcls igyk dne gS loky dks i<+uk vkSj ;g
ns[kuk fd D;k tkudkjh nh x;h gS vkSj D;k jpuk djuh gSA ;g ,d rjhds ls tkudkjh dks le>dj
mls xf.krh; :i o lanHkZ esa ifjofrZr djus tSlk gSA blesa ;g le>us dh t:jr gS fd nh xbZ tkudkjh
esa ls dkSulh mi;ksxh gS vkSj dkSu lh ughaA nh xbZ tkudkjh ds vk/kkj ij fdu T;kferh; vo/kkj.kkvksa
dk mi;ksx gks ldrk gS] bl rjg dh lksp loky dks le>us es enn djrh gSA

2- ,df=r dh xbZ tkudkjh ds vk/kkj ij ,d dPpk (Rough) fp= cukdj ,oa fo’ys"k.k dj ;g lksp ldrs
gSa fd bl loky dks fdl rjg gy djsaA blesa ;g lkspuk gksxk fd tks tkudkjh nh xbZ gS mlesa visf{kr
vkÑfr dk dkSu&dkSu lk fgLlk gesa Kkr gks x;k gS vkSj vkÑfr dh jpuk ds fy, D;k vkSj pkfg,A

3- ,d ckj fo’ys"k.k dj dPpk  (Rough) fp= cuus ds ckn pj.kc) :i ls T;kferh; jpuk dh tk ldrh
gSA

4- var esa jpuk iwjh gksus  ds ckn ns[ksa fd jfpr vk—fr loky esa nh x;h tkudkjh ds vuqlkj gS ;k ughaA
T;kferh; jpuk esa vki eki ds vykok çek.k (proof) ds ek/;e ls Hkh ns[k ldrs gSa fd jfpr vk—fr
vHkh"V gS ;k ughaA
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