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12.1

12.1

ball

12.2 Coordinate Axes and Coordinate planes in Three

O

12.1 ¢ ¢X OX,  Y OY

¢Z OZ X, Y Z

rectangular coordinate sys-

tem XOY, YOZ ZOX XY-

ZX-

coordinate planes XOY

Mathematics is both the queen and the hand-maiden of

all sciences–E.T. BELL

Leonhard Euler
(1707-1783)
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XOY ¢Z OZ

¢Z OZ XY-- OZ

OZ¢ ZX OY 

OY¢ YZ

OX OX¢

O origin

XOYZ, X' OYZ, X' OY'

Z, XOY' Z, XOYZ', X' OYZ' , X' OY' Z XOY Z¢ ¢

I, II, III, ....,VIII

12.3 Coordinates of a Point in Space

x, y, z

x, y, z

P P XY PM

M XY 12.2 M

X ML L X OL= x, LM = y

MP = P x, y 12.2 P(x, y, z)

XOYZ P

ordered triplet

P

x X L XY M

XY x, y

LM X Y M

XY MP

P 

P 

P

X, Y, Z A,

B C 

12.3 OA = x, OB = y OC = z P
12.3

12.2
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x, y z P(x, y, z) x, y z 

A, B, C YZ ZX XY

ADPF, DBEP PECF P

P(x, y, z)

XY x, y z

A O o, o, o X x o, o

YZ o, y, z

 12.1

1 12.3 P 2, 4, 5 F

 F OY F 2, 0, 5

2 –3, 1, 2 –3, 1, –2

12.1 –3, 1, 2 II –3, 1, –2

VI

12.1

1 X Z

2 ZX Y

3

(1, 2, 3), (4, –2, 3), (4, –2, –5), (4, 2, –5), (– 4, 2, –5)

(– 4, 2, 5), (–3, –1, 6), (2, – 4, –7)

4

Y _____.

______.

x

y

z

      I

+

+

+

     II

–

+

+

     III

–

–

+

     IV

+

–

+

     V

+

+

–

     VI

–

+

–

    VII

–

–

–

    VIII

+

–

–
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12.4 Distance between two points

OX, OY OZ

P (x
1
, y

1
, z

1
) Q(x

2
, y

2
, z

2
) P Q 

PQ

12.4 rectangular

Ð =PAQ 90 PAQ0, ,  D

PQ
2

= PA
2
+AQ

2
    ...(1)

ÐANQ = 90
o 

DAQN

AQ
2
 = AN

2
 + NQ

2
    ...(2)

1 2

PQ
2
 = PA

2
+AN

2
+NQ

2

PA = y
2
–y

1
, AN = x

2
–x

1
NQ = z

2 
– z

1

PQ
2
 = (x

2
–x

1
)

2 
+ (y

2
–y

1
)

2
 + (z

2
–z

1
)

2

PQ = - + - + -( ) ( ) ( )x x y y z z2 1
2

2 1
2

2 1
2

(x
1
, y

1
, z

1
) (x

2
, y

2
, z

2
)

x
1
 = y

1
 = z

1
= 0 P O OQ = + +x y z2

2
2
2

2
2

O Q( , , )x y z2 2 2

3  P(1, –3, 4) Q (– 4, 1, 2)

  P(1, –3, 4) Q(– 4, 1, 2) PQ

PQ = - - + + + -

= + +

=

( ) ( ) ( )4 1 1 3 2 4

25 16 4

45

2 2 2

= 3 5

4 P(–2, 3, 5), Q(1, 2, 3) R(7, 0, –1)

 PQ (1 2)2= + + - + - = + + =( ) ( )2 3 3 5 9 1 4 142 2

12.4
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QR = - + - + - - = + + = =( ) ( ) ( )7 1 0 2 1 3 36 4 16 56 2 142 2 2

PR = + + - + - - = + + = =( ) ( ) ( )7 2 0 3 1 5 81 9 36 126 3 142 2 2

PQ + QR = PR P, Q R 

5 A(3, 6, 9),  B (10, 20, 30) C (25, – 41, 5)

AB

BC

CA

2 2 2 2

2 2 2 2

2 2 2 2

10 3 20 6 30 9

49 196 441 686

25 10 41 20 5 30

225 3721 625 4571

3 25 6 41 9 5

484 2209 16 2709

= - + - + -

= + + =

= - + - - + -

= + + =

= - + + + -

= + + =

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

CA AB BC2 2 2+ ¹ ABC

6 A B (3, 4, 5) (–1, 3, –7) PA PB2 2 22+ = k P

P (x, y, z)

PA

PB

2 2 2 2

2 2 2 2

3 4 5

1 3 7

= - + - + -

= + + - + +

( ) ( ) ( )

( ) ( ) ( )

x y z

x y z

PA PB2 2 22+ = k

( ) ( ) ( ) ( ) ( ) ( )x y z x y z k- + - + - + + + - + + =3 4 5 1 3 7 22 2 2 2 2 2 2

2 2 2 4 14 4 2 1092 2 2 2x y z x y z k+ + - - + = -

12.2

1

i (2, 3, 5) (4, 3, 1) ii (–3, 7, 2) (2, 4, –1)

iii (–1, 3, –4) (1, –3, 4) iv (2, –1, 3) (–2, 1, 3)

2. (–2, 3, 5), (1, 2, 3) (7, 0,–1)

3

i (0, 7, –10), (1, 6, –6) (4, 9, –6)
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ii (0, 7, 10), (–1, 6, 6) (– 4, 9, 6)

iii (–1, 2, 1), (1, –2, 5), (4, –7, 8) (2, –3, 4)

4 (1, 2, 3) (3, 2, –1)

5 A(4, 0, 0) B(–4, 0, 0) 10 P 

12.5 Section Formula

P(x
1
, y

1
, z

1
) Q(x

2
, y

2
, z

2
) R(x, y, z)

PQ m : n XY

PL, QM RN PL, RN  QM

XY L, M N

PL, RN QM XY

LM ST ST

LP S MQ T 

12.5 LNRS

DPSR DQTR

m

n

z z

z z
= = =

-

-
=

-

-
=

-

-

PR

RQ

SL PL

QM TM

NR PL

QM NR
1

2

SP

QT

z
mz nz

m n
=

+

+
2 1

ZX YZ 

y
my ny

m n
=

+

+
2 1 x

mx nx

m n
=

+

+
2 1

P( , , )x y z1 1 1 Q( , , )x y z2 2 2 m : n

mx nx

m n

my ny

m n

mz nz

m n
2 1 2 1 2 1+

+

+

+

+

+

F
HG

I
KJ, ,

PQ m : n n –n

mx nx

m n

my ny

m n

mz nz

m n
2 1 2 1 2 1-

-

-

-

-

-

F
HG

I
KJ, ,

12.5
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1 PQ m : n =1: 1

x
x x

y
y y

z
z z

=
+

=
+

=
+1 2 1 2 1 2

2 2 2
, , P(x

1
, y

1
, z

1
) Q   ( , , )x y z2 2 2

x x y y z z1 2 1 2 1 2

2 2 2

+ + +F
HG

I
KJ, ,

2 R PQ k : 1 k
m

n
= R

kx x

k

ky y

k

kz z

k
2 1 2 1 2 1

1 1 1

+

+

+

+

+

+

F
HG

I
KJ, ,

7 1, –2, 3 3, 4, –5 2 : 3 i ii

i A 1, –2, 3 B 3, 4, –5 P (x, y, z) 2 : 3 

x y z=
+

+
= =

+ -

+
= =

- +

+
=
-2 3 3 1

2 3

9

5

2 4 3 2

2 3

2

5

2 5 3 3

2 3

1

5

( ) ( ) ( ) ( ) ( ) ( )
, ,

9

5

1

5
,  

2

5
 ,   -

F
HG

I
KJ

A 1, –2, 3 B 3, 4, –5 P (x, y, z) 2 : 3 

x y z=
+ -

+ -
= - =

+ - -

+ -
= - =

- + -

+ -
=

2 3 3 1

2 3
3

2 4 3 2

2 3
14

2 5 3 3

2 3
19

( ) ( )( )

( )
,

( ) ( )( )

( )
,

( ) ( )( )

( )

–3, –14, 19

8 –4, 6, 10 2, 4, 6 –14, 0, – 2

A –4, 6, 10 B 2, 4, 6 C 14, 0, –2 P AB

k : 1 P 

2 4

1
 ,  

4 + 6

+1
 ,  

6 +10

+1

k

k

k

k

k

k

-

+

F
HG

I
KJ
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k P C

2 4

1

k

k

-

+
 =  14 k = -

3

2

k = -
3

2

4 6

1

4
3

2
6

3

2
1

0
k

k

+

+
=

-
F
HG
I
KJ +

-
F
HG
I
KJ +

=

6 10

1

6
3

2
10

3

2
1

2
k

k

+

+
=

-
F
HG
I
KJ +

-
F
HG
I
KJ +

= -

C (14, 0, - 2) 3:2 C P 

A,B C

9 ( , ),x y z x y z1 1 1 2 2 2 ,    ( ,  ,  ) ( , )x y z3 3 3 ,  (Cen-

troid)

ABC A  ,    B( ,  ,  )( , ),x y z x y z1 1 1 2 2 2 C  ,  ( , )x y z3 3 3

BC D D 

x x y y z z2 3 2 3 3

2 2 2

+ + +F
HG

I
KJ, , 2

G G AD 2:1 G 

2
2

2 1

2

2 1

2

2 1

2 3
1

3
1

2 3
1

x x
x

y y
y

z z
z

+F
HG

I
KJ +

+

+F
HG

I
KJ +

+

+F
HG
I
KJ +

+

F

H

GGG

I

K

JJJ
, ,

2 22

x x x y y y z z z1 2 3 1 2 3 1 2 3

3 3 3

+ + + + + +F
HG

I
KJ, ,

10 YZ (4, 8, 10) (6, 10, - 8)

YZ A(4, 8, 10) B(6, 10, - 8) P k:1

4 6

1 1

8

1

+

+ +

-

+

F
HG

I
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, ,
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P YZ x
4 6

1
0

+

+
=

k

k

k = -
2

3

YZ AB 2:3

12.3

1 (- 2, 3, 5) (1, - 4, 6) 2:3 i ii

2 P(3, 2, - 4), Q(5, 4, - 6) R(9, 8, - 10) Q

3 (- 2, 4, 7) (3, - 5, 8) YZ

4 A(2, - 3, 4), B(- 1, 2, 1) C 0( , ,
1

3
 2)

5 P(4, 2, –6) Q(10, –16,  6) 

11 A(1, 2, 3), B( - 1, - 2, - 1), C(2, 3, 2)

D(4, 7, 6) ABCD

ABCD

AB ( 1 1) ( 2 2) ( 1 3) 4 16 16 62 2 2= - - + - - + - - = + + =

BC (2 1) (3 2) (2 1) 9 25 9 432 2 2= + + + + + = + + =

CD (4 2) (7 3) (6 2) 4 16 16 62 2 2= - + - + - = + + =

DA (1 4) (2 7) (3 6) 9 25 9 432 2 2= - + - + - = + + =

AB = CD BC = AD ABCD

ABCD AC BD

AC = - + - + - = + + =( ) ( ) ( )2 1 3 2 2 3 1 1 1 32 2 2

BD = + + + + + = + + =( ) ( ) ( )4 1 7 2 6 1 25 81 19 1552 2 2

AC BD,  ABCD¹
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A   AC BD ABCD

12 P A(3, 4, - 5)

B(- 2, 1, 4) P 

P(x, y, z ) PA=PB

( ) ( ) ( ) ( ) ( ) ( )x y z x y z- + - + + = + + - + -3 4 5 2 1 42 2 2 2 2 2

( ) ( ) ( ) ( ) ( ) ( )x y z x y z- + - + + = + + - + -3 4 5 2 1 42 2 2 2 2 2

10 6 18 29 0x y z+ - - =

13ABC (1, 1, 1) A (3, - 5, 7) ( - 1,

7, - 6)

(x, y, z) (1, 1, 1),

x y z+ -
=

- +
=

+ -
=

3 1

3
1

5 7

3
1

7 6

3
1, ,

x y z= = =1 1 2, ,

(1, 1, 2)

1. ABCD A(3, - 1, 2), B (1, 2, - 4) C(- 1, 1, 2)

2. A(0, 0, 6), B(0, 4, 0) C(6, 0, 0)

3. P(2a, 2, 6), Q(- 4, 3b, - 10) R(8, 14, 2c) PQR 

a, b c 

4. P (3, - 2, 5) 5 2 Y

5. 4 P(2, - 3, 4) Q(8, 0, 10) R

R PQ k:1 R

8 2

1
,  

3

1
,  

10 4

1

k

k k

k

k

+

+

-

+

+

+

F
HG

I
KJ
O
QP

6. A B (3, 4, 5) ( - 1, 3, - 7) PA2+PB2=k2

P
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u

X, Y Z

u XY, YZ

u

u (x, y, z) x,y 

P YZ, ZX XY

u i X (x, 0, 0)

ii Y (0, y, 0)

iii Z (0, 0, z)

u P (x
1
, y

1
, z

1
) Q (x

2
, y

2
, z

2
)

PQ ( )2= - + - + -x x y y z z2 1 2 1
2

2 1
2( ) ( )

u P (x
1
, y

1
, z

1
) Q (x

2
, y

2
, z

2
) m:n R

mx nx

m n

my ny

m n

mz nz

m n
2 1 2 1 2 1+

+

+

+

+

+

F
HG

I
KJ, ,

mx nx

m n

my ny

m n

mz nz

m n
2 1 2 1 2 1-

-

-

-

-

-

F
HG

I
KJ, ,

u P (x
1
, y

1
, z

1
) Q (x

2
, y

2
, z

2
)

x x y y z z1 2 1 2 1 2

2 2 2

+ + +F
HG

I
KJ, ,

u (x
1
, y

1
, z

1
), (x

2
, y

2
, z

2
) (x

3
, y

3
, z

3
)

x x x y y y z z z1 2 3 1 2 3 1 2 3

3 3 3

+ + + + + +F
HG

I
KJ, ,

Rene Descartes (1596-1650)

1637 Pierre

Fermat (1601-1665)

Descartes 
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J. Bernoulli (1667-1748) 1715 Leibnitz

Antoinne Parent (1666-1716) 1700 (French

(analytical solid geometry) L. Euler (1707-1783)

1748 ‘Introduction to Geometry’
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