Exercise 14.5

Answer 1E.

i 2 2 2 i
Given that =y —I—y -{—x}r?‘x= Slnt._.y: e

Using chaintule 22 = % & 4 9% &
dt it " ds iy " di

— (Zx —I—y).cnst + (2}: +x),e:

Answer 2E.

i H
Giventhat z = cus(x +4y} x=51", p= e

b I'F =
Using chain rule , = = —gian +4y]‘2[]1‘3 —4sin[x -!--’-Lu].[ ; ]

dr ¢

dz i

or Z = —Zﬂsin[x +4y]£3 +45in{ x+4y].[—3]

dr

Answer 3E.

; 2 2
Given that _ _ \/1 +x"+ vy, x=Int, y= cost

using chain rule

dz 2 2 ) af a 2 2y @
P I[\Il F=x Fy J'Itlmj_’_?{\h +x +y };{cust]

(
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Answer 4E.
Given that = tﬂn-lt%j, x= eI! y: | —e_r

. . ; 1 iy F
usingchainrule, = = L an M2 2oV + L an L
ot dx x it dy L
dz H =P ! H i —t
of ——= - g e s i ) =l
alt £y I d X

dz i —y

dr LS o el Ao L L X

=) 2t X -1
or . [ 2 :; € + 2 2 J'e
X —_} xr —_}

Answer 5E.

Consider the function 4, = ye*'*, Where x=¢%, y=1-t, z=1+2¢

The UDJE'ET.W'E is to use chain rule to find @
dt
Chain rule:
dw ow dx ow dy ow d:

dt o dt & dt oz dt
Differentiating w partially with respect to x,

ow 0 .
— = —xe”

dx  Ox
LT H o
=g —X
ox
=e”* 1
= el

Differentiating w partially with respect to y,
ow &

—=—xe'"

ay



Differentiating w partially with respect to z,

Differentiating x with respect to t,

d_d
dedt

=2
Differentiating y with respectto t,
dy d (i—r}

dt 4t

=-1]
Differentiating z with respect to t,

E=i|[l+2.']
di  dt

=0+2

=2

Now.

dw _owdx Enajf ow dz

dt &xd.f cy di ﬁzdr
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Answer 6E.
Consider the following function:

=Inx*+y* +2*
Suppose that w:f(xjyﬁz} is a differentiable function of x =sin¢, y=cosf,and z =tan¢

are each differentiable functions of . Then w is a differentiable function of .

dw  Ow dx E,?wafp' ow dz

Find the individual components separately and then substitute into formula (1]

Find the partial derivative of %:
X

?: i(ln#x +yv 4z )
()
ax

»J'xl + 3y 427

I U SR 1T W
T B e 31(1 )
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(2x)

- .j:f‘? +yt + 27 Z-sz +y* +2°
X
TR
Find the derivative of ﬁ:
dt
LW (smi
dr di

= CO0s/



ow
Find the partial derivative of —:

202 (15747
e M)

=1')‘,1‘.'3+_p3+z3 oy

= 1 . | ~—-a—(_xz+ya+zz)
JP 4P +2 20 +yP 422 O

1 1
= . . 2_}1
P42+ Ayt @)

_ ¥
e . —
X +y +z

Find the derivative of %:
f

& 4
7 ah

=—s8inf
ow.
oz

e (LN
dz

oz

1 d T T—
e

= : : ' O ad
ey 2 ey az{x F )
I I
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Find the partial derivative of

= . 2z
Jx3+y1+z 2Jx2+_}=3+zz{ )
=;1'2+_}-'I+:-:1
Find the derivative of E:
ot
=z d
—=—{tant
dt a'.'{ n}

=sec’ f



5 A
Substitute the results uf@ ﬁ i | @ @ and Eintn formula (1) we get:

o’ dt’ dr
dw _ ow dx Ei‘wdfpf ow dz

dt ox di &vcﬂ oz dt

e e e b e

XCost— ysint +zsec’

2 2 2
X"y +z

Answer 7E.

; A .
Giventhat , — , ¥ ., X = 5COst, y = ssint

Using chain rule, = = (.23} @ B3 2 Ay @8 F
g = -1 Xy |7 -] scost + = Mx Y a Mssmt

= 2xy3.c-:15t +3x2y2.sint

=i yz (Zycost + 3xsint)

bz @ (2 3 @ B f 2 axagf s
G =S s [,r ¥ J = [scostj + 5 [x ¥ J - [ssmtj
= ny3 ( —ssint) + (3x2y3j15c05t

= xy 2-9( —2ysint + 3xcc:-stj



Answer 8E.
Given that, z = arcsin[x —y)f x=s" +1, y=1-2st

Using chain rule,

#z _ @ e P Feoa f 9 3 @ i LR U
o G [arcsm[:r J,:D = {5 + j+ B (arcsm[x y]j - (1 Zstj

{

i i
ey, o ep—— R | I ¥
1 Vi=G@—pp { J'k\ ]

«f._:i_} {z.g +ch

o
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bz _ @ o T ey 2o 2 kN i T @y _
andi e = (arcsm s _}»]) = [5 +t¢ j-l— ™ [arcsm[x yD e 1\1 Zstj




Answer 9E.

- , 2 :
Giventhal 7 = ginfcosg, = st", p= st

::_f - ;—’ﬂ(sinﬂmsrj})%(srzj + %[sin[ﬂ)cosrﬁ)%(-s%j

= msﬁmsrﬁ.fz +sinﬂ( —sinrj:) [ZstJ
= CDSECGS@JEE — 2sinfsingst

= casﬂcﬁsr,br: — 2sinfsingst

and

?Tj = ;—rﬂ[sinﬁcnsrﬁ};—z[srz) A %[sin[ﬂjcos:ﬁj.%[sgfj
= cosflcosg. 2st” + sin&( — sinc,b) ( § 2)

) 5 . 2
= 2cosflcosgp st~ — sinflsing s

Answer 10E.
Consider the functions

z=e"V, =gl pagfs

Mote that,

—_— e — —_—



First we take » = g2

Differentiating z partially with respect to x, we obtain that

Dy
gl

O
=Y, 2 (x4
¢ &r(x y}

= o™ {I]

x+2y

=g
Differentiating z partially with respect to y, we obtain that

E ;i(enz,-]

-

3y O
=" . —(x+2y
-:3_}-{ )

:E.'r+1_'r _(2}

= ze.ni.r

Now take y=3/¢
Differentiating x partially with respect to s, we obtain that

ox ¢
—=—5/t
os Es( }
=1/t
Differentiating x partially with respect to {, we obtain that
g=£(:;M}
or ot

=—s/t



Now take y=r/s

Differentiating y partially with respect to s, we obtain that
g H

ds ds\s

Differentiating y partially with respect to {, we obtain that

%)

Thus
Z_po[LX]
s t st




Answer 11E.

Given z=¢ cosd, r=st, 8=+ +£
We lknow, %=EE+E%
g dr ds J8 o=
pt | EL R 200
gt dr & 98 o

Differentiating z partially with respect to r,

E = ier cos &
dr &
=cosd—eg”
&
=cosde
Differentiating z partially with respect to &,
E— — 2 cogd
88 4
=g —rcozd
=g [—sin 5‘)
=—¢ gin &

Differentiating r with respect to s,
dr d
—=— [Sf,)
2 A -
=i
Differentiating r partially with respect to t,
dr &

= —[sﬁ)

& &

=5

Differentiating & partially with respect to s,

o _ 8 FEen

o
LN 1

2afat i
=
- et 4 £

Differentiating & partially with respect to t,




& & & & 25
+

Therefore, —= — —+—. —
& ds 48 ds
=& cos8¢ +(—er sif1 5‘:] 2
e
. sin &
=g [foosf— ———
[ s £ }
B & o % gz 98
& & P8
; i
=¢ cos 5.s+[—e" sifl 5‘:]
5+
ian &
=¢ |sros 8- ——
i 52 +£% |
Hence,
oz | ssind |
— =g |fcns 8- ————
o | 52 442
e [ fsin @
—=¢ |scos E—L
o &+
Answer 12E.
- : iz Hi |'" i HY II'J i " b I.-’ Y ! r.-’
Using chain rule. == = Bk e - o g W TR
- s b JiHTH“ ¥ ] HE L_“S _i_}r;J i HIY Ek.f"{ﬂ ¥ J Y 'l':h' 2
2 5 e e
= sec’| i] —2+sec | — |‘L iJ 3
| | )
2 T S P
= —8eC — — —8eC —
¥ ¥
iz o i i e i it
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Answer 13E.
z = fix, y)

T R

% ik B
It 15 gmiven that x = gfi) and v = jyi)
dx by
Then —=g'[f) and —=4&'(f
ot g't) i (¢

74

e
And —=f,(%.7). §=fy(-"f=}’)

= f,[g(t). k(). = f,(2(e).h(¢))

Hence 22 = (2 (1) () &' (6)+ 7, (2 (6) ()2 ()
it pr=n

2

[;ﬁ] = £:(2(3).4(3) 2 (3)+4,(2(3).4(3))#'(3)
= 5(27)g'(3)+5,(2.7)4'(3)
- (§)(5)+(-8)(-4)
=30+ 32
=62
bz
Hence (El_g =62
Answer 14E.

WI:.S',f,:l = [u [S,.ﬁ) ,v(s,i))

Then w, [S,.ﬁ) = ﬁ

oo oo
g de o ds
5 [u (5,2),v(s ﬁ))ui +Fv[u (5.2) v[s,.ﬁ)jlvj
And W:(S ﬁ)z%
_Bwon v
o o o &
= I:u (S,E),V[S,Ej]ur + 5 [u [s ﬁ) vli.ﬁ',zf:l)vr



Answer 15E.
glu,v)= f(e” +sinv, e +|::osv:l
=f(x.y)
“Where x(u,v) =g +sinvandy[u,v:l =g" +cosy
=>x|:l:l,l:l:l =" +3in 0
=1
=’;>y|:[],|:|) =g" +cos0

Then g, {0,0) = £, [ x(0,0),»(0,0))e" + £, (x(0,0),»(0,0))e"

= 7"( as given in the problem that £ (x,y) =2 and £, [1, 2) = 5)



Hew g, (u,v) = E

¥
_0R, O

= flxy)cosv+ 7, (2,0)(~sinv)

Then g,(0,0)= 7, [x(0,0, (0,0} cos 0+ 7, { x(0,0), (0,0 sin 0

Hence

Answer 16E.

5 (12)(1D)+4,(1.2)(0)

=2(1)+0 IZ as given in the problem thatf, (x,y)= 2 and £ (L2)= 5)

=2

g, (0.0)=7, g,(0,0)=2|.

Consider the differentiable function g{r,x) =t f{_n,y} where x and y are each differentiable

functions of r and s. In fact. we are shown that:

x(r.,_s'} =2r—-5

_]:{ .!".5'} =5 —dr

To find the derivatives g (1,2) and g (1,2) we use the general version of the chain rule:

Egzﬁgﬁ+ﬂ_g@ (1)
or &xor dyvor
E_-%',_E_gﬂ+ﬂiﬂ (':-)
8s dxds agvéds

We find the individual components separately and then substitute into each formula.



Solving for f;ﬂ_; given that g =f{_r,_].:) we get:

%%(m]

= f. (I(J'.,.S‘],J-’(!'.,.ﬂ']]

Evaluating this partial derivative when (r,s)=(1,2) we get

£(x(1.2).9(1.2))= £.(2(1)-2.2° - 4(1))

= f(2-2,4-4)
= /.(0,0)
=4
Solvi . :
olving for = given x(r,s)=2r-s we get
¥
ox @
i)
=2
Solving for % giventhat g = f(x,y) we get:
og
_Ef-l.- X, ¥
% - f ()

= £, (x(r.s),x(r.s))

Evaluating this partial derivative when (r,s)=(1,2) we get

£, (x(0.0).3(0.0)) = 7, (2(1) - 2.2 ~4(1))

= £,(0,0)
=8
Solving for ;ﬂ given y(r,s)=s"-4r we get:
r
oy 5
=
ar  or [s r:]

=4



Substituting the evaluations into formula (1} we get:
Og _Osox g0y
dr daxdr &yor
=[4][2]+([8][-4]
=§-32
=-24

Therefore, |g,(1,2)=-24

Solving for o given x(r,s)=2r-s we get:

s
ax 0
L AL o [P
Os 63( r=s)
=]
Solving for ¥ given y(r,s)=s"-4r,
y
& 0
i — 4y
D2 -4y)
=215

Evaluating this partial derivative when (r,s)=(1,2).
25 =2(2)
=4
Substituting the evaluations into formula (2).
Og _ogox Ogdy
ds drds oyos

=[4][-1]+[8][4]
=—4+32
=28

Therefore, |g, (1,2)=28|.




Answer 17E.
(Jiven w = f(x,y) where x = x[r,s,.ﬁ) and y:y[r,s,.t:l

Here u iz a function of z and v, and =, v both are functions of 5.t

The tree diagram 1z

t P ox
HNow, —=—n090w—+-+4+—=
gr dxodr Sy or
Su_ﬁuﬁx+r5‘u@z
ds dxods dvds
6‘u_6‘u6‘x+6‘u@f
gt dxdt oy ot
Answer 18E.

We are given that

R=f(x.y 210

Where

x=x{u, v, w), v=wlu, v, w) z= z(u, v, wandf = (i, v, w)

Here, Ris the function of x, v, zand/

Al x v, zandfare the functions of , yapndw



The tree diagram is

onom\ & ¥
G 3 |
I ¥ W il v

Answer 19E.

We are given that
W:_f'(f‘, .?1 If'] where e F{x! y]

§=s(x, y) and (= (x, y)

Here w is the function of r, s and t

All r, s and t are the functions of x and y

The tree diagram is

W

O Bii

& &
7

P
a o
o \or e
o

=T

T ®



MNow,

dw i i dw it i it
fr itr fhr s itx it ir
ihw . ihw ir w its T ikt
fty itr iy ik ity i fhy

Answer 20E.
We are given that

u=up, q,r.s),v=vip,q,r )39 w=wip, q,r,s)

Here, yis the function of , v apndw

All 4 v andyw are the functions of p. g, rands

The tree diagram is

=%

P
¥

P

¥|2
2|2
P2

L]




MNow,

& i it i v i i
iy fu  dp ity it dw i
i ik i it v i i
iy fu  dyg [ A dw iy
i i b i i i I
i it ir e ftr ihw ir
i . i HIn b iy b A
i ihir it o HY3 h HI

Answer 21E.

Ifu 15 a differentiable function of the # vanable x1, x2, . . .z, andeachx;15a
differentiable function of the 2 waniables £), f5, . . . &m, thenu 15 a function of #1, f2, . . . &

%= IIEi"le‘+'a!': &’++E% foreachi =1 2 .., m.
& omd an & o &,

On substituting 4 for s, 2 for £, and 1 for & 1n the equations for x and y, we getx =7 and
y=8a

and

oz _ 3(x4+x2_}?) s+ 2t —u) . B(I‘+fy) E(m;j)

% A & Y &
= (413 + 2:9;) (0) + (x’)(m‘)
= 42 + 2y + Pol

Now, replace x with 7, y with 8, £ with 2, and 1 with 1.
& 3 2 2
% = A +2A7NE)+(7) (0

=13712+112+ 98

= [1582]



Determine x
& E(I‘+x:y) 3[s+2t—u) 3(I‘+xz_}r) Blimj)
a & B N EY Ex
= (42 +227)(2) + () (=7)
= 82 + 4y + Psu’

On substituting 7 for x, B for y», 4 for s, and 1 for u, we get% = m

HMow, let us EndE.
Su

a A+ a(s+2x-u) ox'+2y)a(xs)
& & EY % o5
= (4 + 20)(-1) + (<) (2)
= —4x°— 2z + 2x"stu

Substituting the known values to find %

E 47 - 2(0)@®) +2(7) @A)

Bu
= —1372- 112+ 784
=
= = &
Thus, we get || = 1582 — = 3164, and — = —?m‘




Answer 22E.

If u 15 a differentiable function of the # vaniable x1, x2, . . .z, andeach x;15a
cdifferentiable function of the »2 vaniables £1, &5, . . . &, thenu 15 a function of £, &5, . . . &y

d hE_ & G + & &, +...+E% foreachi =12 ___ m.

& & & &, &,

On subshituting 2 for p, 1 for g, and 4 for r 1n the equations for # and v, we getu =4 and
v=8.

Find — givenby 5 = g% g%
] [ al )
ar  \u+v B(PEJ;)Jr 2u+v) a(P\E-")
' & dp Y ) )
2v 2u
) [’(m+v)‘](q‘/;)+l(a+v)‘ )
__ 2 L e

(u+v)  (2u+v)

Now, replace u with 4, v with 3, g with 1, and r with 4.
ar _ 28V | 2()1(9)
¥ (2(4)+8) (204)+8)
= P, B
(1) (16

=0

Determine E

) (525 ofei) ) {52 ofor)

) [_(;:v)‘](""‘{;) +[(ﬁv)‘:[§q‘]




Cn substituting 2 forp, 4 forr_ 4 foru, and B for v, we get — =

Now, let us find E
o

g_ (3“”) (qu_) [?.‘u+v) (Pfr)

e £
) [_(3*2:1’)’]( p}J+l(mTp)‘](P ve)
pev_ | 2ps

Fa) (@)

Substituting the known values to find g_

or ___(9mE | 24 {2)\r

& JA(2(4)+8) (2(4)+g}

16 16
2(16)"  (16)
1 1
= - 4 —
32 16
1
32
o _,or _ 1 aT 1
Thus, we get| — =0, — = —, and — = —
dp & g F 32

| et



Answer 23E.

fu 15 a differentiable function of the # vanable x1, x3, . . .x, and each x;15a
differentiable function of the »: variables £), £, . . . &, thenu 15 a function of £1, &5, . . . £y

and% &‘aﬁ &;&5 +E%fﬁrea[:hi=],2,_._,m
& o g a[za‘s o &,

On substituting 2 for r and 5 fn::-r & in the equations for x, y and z, we getx =0, y=2

and z = 7.

Fmd@gwt:nbyﬁzagat+aw@+af&
ar & oxd o & o
ow B[Jg;+_)£+zx) B(rcosﬂ)_l_ B(Jgr+yz+zx) ﬂ(rsinﬂ) +3[Jgr+_)ﬂ: +z;r) B[rﬂ)

F B ES B & & &

= (y+z){ms€) +[x+ z)(smﬂ) +[x +_}r)[5)

Now, replace x with 0, y with 2, z with 71, and & with %r

M _ 2 +Jr)[m55] +(0 +:e'r)[s1n 2] +{0+ z)[ )

s

= +m©) + @0+ (3]
=T+
= 27
ow owok Bw@r ow &

ow
Determine — givenby — = ——
o Gl Bxaﬂ @139 EX:h

Hhe B(Jgr +)z + ) B[r[:uﬁﬂ) &z + yz + zx) B(r sin8) B(Jgr + )z +2x) 8(rd)
EERS o o4 o8 o8 & o8

= |:y +z)(—r5in5) + (x +z)[rcos6‘) + {x +_}*)|:r)

Substitute the kknown walues to find % .

ow

55 = (2 +:r)( (2)sin )+[ﬂ +:r)([2)ms—) +{0+2)(2)
= (2+7)(-2) + (m){0) + (2)(2)

=-4-27+4
= =27
Thus, we get E: 27 and Ez—?ﬂ_
ar o8




Answer 24E.

If u 15 a differentiable function of the # wariable x), x2, . . . xpandeach xj15 2

differentiable function of the 2 vanables £, &5, . . . £y, then i 15 a function of £1, £, . . .

d E = & o + AL Oy +...+EE foreachi =12 ., m.
& && o o &

On substituting 0 for x and 2 fory, we getu=0,v=2, and w=1.

., 8P aF adPau aPdv FPow
Find — givenby — = —— 4+ —— + ——.
ox ok Odudk dvoxr oSwdk
Substitute the know values and simplhify.
aP u

°“_ £ v ¥ (T
e Ju’+v’+1f( )+‘\ﬁ1’+v’+1f(}wx)+1p+v’+1f(ﬁ)
_ ue’ +we' +we”
JP
HNow, replace x with 0, v with 2_ u with 0, v with 2, and w with 1
a _ (0)e +(2)(2)e" +(1)(2)”?
ex ..f()’+2’+12
_0+4+2
N
_ 5
¥
Determine —.
ar i v W
P SN (o | x >
> i e e )
_ uxe +we" + wxe®

1E+"2+“’2

Substiute the known walues to find g .

% _ (0)(0)e® + (2)” + (1)(0) ™

ay ..}0’+2’+1“

0+2"+0

NG
-
NG

Thus, we get

P15
i




Answer 25E.

If i 15 a differentiable function of the # vaniable x1, x2, .
differentiable funchion of the 22 variables £1, &, . .

g _ i Aa
x ma A

..xpandeachxjis a

 Eg, then 2 15 a function of £, &, . . . £x

du Ox, .
+. . +——1foreachi =12, m
ax; &

On substituting 2 for u, 3 for v, and 4 for w in the equations for p, g, and r, we getp = 14,

g=11,and r=10.

N _WNp Wy W&

., ON |
Find — by — =
m&tgwﬂn?&:

apa; a;au N

a_ ). . {25 oy v i {23 oprem)
ek dp G & B & Bu
gl g

Now, replace p with 14,qwith 11, r with 10, v with 3, and w with 4

\

[24) ]

a 11-10 f
= 7|t (4)+
& | (14+100 | \14+10
[ 1 1)
e e O
| () 24 |
1 1 25
= _t
516 6 192
_5
144
Determjnﬂﬂ.
EY

14 +11
| (14+10)°

](3)

(3)

Ptg ) ptg 3 ptg
aN _ \p+tr 3[u+m)+ ptr E[v+uw)+ ptr B{w+w)
Pl

3 £

[e
(p+r)

Joel

&

]{1)+[

v ar ov

](ﬂ)

(p+r)



On substituting 14 for p, 11 for g, 10 for 7, 2 for u, and 4 for w we get % = ——.

Now, let us find ﬁ
e

_ {25 o . {25 oy v X {25 opn s

an
& & B % B ES B
_ptgq
[(p ) ]“ ) [(Wf]m
an

Substitute the known walues to find g .

B i
an 11-10 f 1 4 +11
X O+ (s @+ -
ao | (14+10) [14+10 | (14+10)

B ]”[ (2”[_(24))

:_LJ,l_E
192 12 576
1 .1 25
TR TIET
_ 3
=14
onN 5 oW 5 o 5
Thos, we get | “ % " w14
Answer 26E.

Consider the function:
u=xeé"x=a'f,y=Fy andr=7'a -
Apply chain rule general version to compute the partial derivatives
ﬂ,ﬂ and ﬁ whena=-1.=2.y=1.
cda df ay
The Chain Rule:

If u is a diiferentiable function of the » variables x,,x,,x;,---,x, andeach x isa

diferentiable function of the m variables 1,.4,.4,,---,4_ then u is a funclion of ,.¢,.4,,---,

and

Ou Cu éx, Ou O, Cu Ox,
-t -
of, ox, of, dax, O, ox, of,

]

Foreach i=12,---.m



Consider the tree diagram of the function .
u

x/y\t
AYATA

Plug in the values g=-1,f=2,y=110 x=a’f,y= 7. andt =y'a.
x=(-1)(2), »=(2) (1), and r=(1)"(-1)

x=2, y=4, 1=-1

With the help of the tree diagram, write the partial derivatives of u

O Ol Oudy 0w
da dxda dOyvda O da

o8 x0p oyop o op
ou_cudx oudy oudr

- =y e 4

8y éxéy dvéy aédy

cu oOu éx OSu Su ot
IUse the formulg —=——+ —i E_ to compute ﬁ

da &xda oy da =
Ezﬂ[xe"“)a{glﬁ} (.xe )ée(s ?.) o(xe”) o(r'a)
ca ox da Py = =
:{e"r)(hﬁﬁ[ne“](u} (xve”)(7)
=2afe” +xyye”

Replace a with—1, g with 2, » with 1. x with 2. y with 4 and ¢ with —1.

2 p)@) 0+ )Y
=4 +87

Thus, |—=4¢7%|




i ﬁi to compute E

L
ép cyaop o aop By
E‘ﬂ_ﬁ(xe“'la{a'ﬁ)+a{.ve”')a(ﬁ‘y] &(xe”) 8(7°)
B & P o op a op
=(e")(a) +(xte”)(27) + (" )(0)
=a’e” +2fyxie”
Replace a with -1, £ with 2, y with 1, x with 2, y with 4 and r with —1.

S0 2N

Use the formula E E
éf ox

:E—-l_ge—-l-
=-T7¢*
Thus. ﬂ=—-?'e"'
cp
Use the formula E=EE+Ei ﬁ— to compute ﬁ
¢y &xdy dovdoy O oy oy
au_o(xe")a(a’p) 3(xe")a(B7) (xe")é(r @)
6}' cx oy oy cy oy

=(€7)(0)+(xte”)(8°)+ (we” ) (27)
=xfte” + 2yaxye”

Replace a with—1, gwith2, y with1, x with 2, y with 4 and 7 with —1.

2@ () 2N @@
=8¢ —16¢™
=-24¢

Cu

Thus, |—=-24¢7*|
oy

Therefore, the value of the partial derivatives of u with respecito «, £, and y when
a=-1LB=2,7=115 [4¢* —7¢ and — 24| respectively




Answer 27E.

We know thatg = —E.
dx E

LetF(x,y)=ycnsx—12—_)F_

Find F,(x, y) and F(x, y).
E(x.y) = %(}rmsx— f—y’)

= —ysinx—2x
o 2
F;,(x,y) = g[ycosx— —y’)
= Ccosx — 2y

Then, dy _ _{—ysinx—?x) M@ _ 2x+ ysinx

dx COsX — 2y dx  cosx—2y
2x+ ysi
Thus, we get £= =g
dx cosX— 2¥
Answer 28E.

We lmowthatg = —5.
& F,

Let F{x, ) =cos(xy)— 1 —siny.
Find Fi(x, ¥) and Fo(x, ).
F;{x, _}r) = g[cmy -1 —sin_}*)

= —ysin xy

.F;(I, y) = %(cus;gr —1—sin y)

= —XS5iN X¥ — COS Y

Then, O [_—ymn.w) or D 2=
dx [—xsm;gr - ms_}r) ax Xsinxy + cosy
Thus, we get Q e __}'sm.?gr
dx Xsinxy + cosy




Answer 29E.

We ]mowthatg = —5_
& F,

LetF[x,y] = tan_l(x:y)—x—Jgr:.

Find F(x,y) and F(x, y).
F,[x, _}r) = %(tm'l(x’y) -x- xyg)

I
_1+x‘y; -

r

= —a——2
1+ %72 &

Substiute the known walues 1n % = -

2 -1- 2= = ¢
( 1+xy' J
-2y - 20y
[ 1+.1|:"_)r2 J
~ 2?_1_14-?2_?2_?414
T P 2w -2ry
_—2:9?+1+x‘f+y:+y"x"

- O 2z — 20

B | &
I

dy —2o+1+2H5%247 1%
Thus, we get]— = 5 3 |
adx X —2xy—-2xy




Answer 30E.

We know that Q = —5
ax

7
Let F(x,y) = Fsinx—x— 2.
Find Fi{x, y) and Fp(x, ¥).
E{x,y) = %(e'sinx—x— )

=& cosx—1—y

i .
F:,.(I,J?) = g(e’mnx—x—{p)
=&snx—x

On substitute the known walues ing E—
&~ F,
dy (e"[:osx—l—y)

e (e’sinx—x)

B (e’msx—l—_}r)

SIS (x -& xinx)

B | &

Answer 31E.

&

We know that E = % and
&
i 4

LetF(x,y.2) = ¥ +27+3' - 1.
Find 7,  F, and 7,
&
F=—(2+2*+3% -1
= S {F+2r3-)
= 2x

F = %(12+2_}r2+ 322—1)
= 4y
F, = g(x:+ 2%+ 32— 1)

= b=



F

Subsitute the known walues 1n E - _dr
b oF

&

&a’__Ex
ax bz
_ r
>
o _4_}?
oy bz
_
3z

o oz 2

& 3 &
Answer 32E.

ar oF

We knowthat = = — & g% _ ¥

¥y o

oz az

LetF[x,y, z) = xz—_}r2+zj— 2z —4.

Find 7  F, and 7,

4

= 2x

F = %(x’—yz+zz—23—4)

F = i(.1|:2—_';,r2+.:a'2—2:;—4)

-
= -2y

=2z-2

8
F = E[x’+2y’+k’—1)



aF

_ & &
Substitute the known valuesin — = — ==
&x @ F

i v

2x
Dz —

(]

Thus, we get

Answer 33E.

Let F{x,y,z) = & — nE.

Find 7,  F, and 7,

A
5 = (- 02)
E = i( " — pz)



&
Thus, — =
uswegeta[

Answer 34E.

Wﬂkﬂ.ﬂWthﬂtEZ— ﬂﬂ.dEZ—
ok G

IRk

Let F(x,y,2) = )z +xlny—2*.
Find 7,  F,, and F,.
d
E=_—_{w+zny-7
L= bz +alay-7)
=lny
F =i[_}iz+xln_}r—z:)
S

X
=4+ —

vl



oF o
Substitute the known values in — = —Z% and E = —i_
A
oz &
& Iny
ox y—2z
z+—
N 4
Ay y—2z
_ _zyt«x
¥ -2z
& & +
Thus, we get||— = — P P AN .
ox ¥ Y -2
Answer 35E.
The temperature 1s given by T(z, ¥)
But  x=+f14z, y=2+%
£
Then T[x,y)=T(Jl+z,2+§)
And therefore
dT_OTds OTdy g

MNow E=
dgf 2
@ _1
df 3

Then E:jz;
P id




dT 1

And (El-a=T'[I(3),y(3))x2m+?;(x(3),_}?(3))x%

1 1
=?;(2,3)x4—+‘1';(2,3)x§

—T(23)x 14T (23)x2
4 3
=4xl+3xl
= 3
=2
Hence after 3 seconds the temp erature 1s rising at the rate3 af@:fs
Answer 36E.
(A)

. oW . : _ : : )
Since Elﬁ negative, a rise in average temperature (while annual rainfall remains
constant) causes a decrease in wheat production at the current production levels.

N . : ) i i
Since ﬁlﬁ positive, an increase in annual rainfall (while the average temperature

remains constant) causes an increase in wheat production

(B)
The wheat production function 15 W({T, R}
By chainrule 47 _ 0% dT O dR
dt T dt OR dt
~(-2)(019)-(@) (0.1
=-030-038
=-1.10
That 15 the current rate of change of wheat production 1s



Answer 37E.
We have a differentiable function C = f(T,D) where T and D are each differentiable

functions of time, £ We want to find gC /gr when §=2(. Hence, we use the general version
of the chain rule:

a xad Xd A

& T dt 8D dr

Consider the equation ¢ =1449.2+4.6T —0.055T* +0.00029T° +0.016D
Now, calculate gC /8T -
oc_2o
oT éT
=0+4.6-0.035(2T)+0.00029(377 ) +0
=4.6-0.11T +0.00087T*

To evaluate this partial derivative when j = 2(). we use the graph of T to estimate the
temperature at 20 minutes.

(|449.2+ 4.6T —0.055T* +0.000297" +ﬂ.ﬂlﬁﬂ}

The following graphs shows the divers depth and the surrounding water temperature over time
are recorded in the following graphs.

rF 9

D4 T

16
20 N

Vi
15 4 4 e
™

10 ™

10 e

A Ml
5 —
L~ 8
= >
= -.L
10 20 30 40 ¢ (min) 10 20 30 40 £ (min)

From the graph of T, we estimate that when ;= 2(.we have T =]2.5. Therefore, we
estimate gC /8T :

ac =4.6-0.11T +0.00087T*
ar

~4.6-0.11(12.5)+0.00087(12.5)°
~4.6-1.375+0.136
=3.361



From the given equation, we calculate aC/aD-:

c{? c
ch cD
=0+0-0+0+0.016

=0.016

{1449 2+4.6T —0.055T° +0.00029T" +0.016D)

To estimate 4T /4y when ;= 2(. we use the graph of T(r} and approximate the slope of

the curve at the point where y=2(. The graph of T is decreasing, hence the derivative will be
negative. By lining a straight edge along the curve at the point [Eﬂ,ll‘j] and estimating the

slope, we approximate that 4T /dr=-1/10-

Similarly, to estimate gD/ d4r when = 2(. we use the graph of D{f} and approximate the

slope of the curve at the point where y=2(. The graph of D is increasing, hence the derivative
will be positive. By lining a straight edge along the curve at the point (20,7) and estimating the

slope, we approximate that gD /dr=1/2-

Answer 38E.

If r 15 the radius and h 1s the height of the right circular cone, then the wolume 1s
Vir.h)= %m’k

Where rzr(z), Fzzk(ﬁ)

Bu X —138in andﬁ:_g_jiy
ot g df s
And  r=120in, k=140in

'I'l:n‘:::lﬂ
dt

- %n(lzu) (140)(1.8)- %:r(lzu)’ (25)

=63334.507-37694.11
= 256353817/
Hence the volume of the cone 1s changing at a rule of [25635 4] cubic inchfs



Answer 39E.

di dw dh
EZEI%, E: 21%,52—3“15

(A)
The volume 15 v =lhw

dv ol dh dw
Then — =y —ty—tv,—
dig df ot i

= (kw) £+Iwﬁ+fk i
ot ot ot

=(2)(2)(2)+()(2)(2)+(D((-3)
—8+4-6
=6

g 3
eY _lgm
Hence = () A

(B)
The surface area A= 2(&w+fw+ﬂz)
dA i adh dw
Then  TTARTAT A
di dh dw
= 2(k+w)E+2(w+I)E+2(I+k)E
=2{2+2)(2)+2(2+D)(2)+2(1+2)(-3)
=28-138=10
Hence %: mmz
<)

The length of the diagonal 1s
L=~NP+H +v

. & dk . dw
Then Z——rZ47 2,7 2%
di I"d: * s L'dt

i B dh W dw

ds

i
Pt +w? dt PR +w® dE P i+t
1 2 2
= (2)+ 2)+ -3
J+a+a" ) ﬁ+4+4( ) -.ﬁ+4+4( )

33 3

Hence £=
ot



Answer 40E.

It 1s given that
V=IR
Then ¥ _y &y 4R
odf ot odf
b 14 b 14

Now R=40002, /=008A4
d¥ g dR
_— —_—

ot

di

Then -0.01= 4DDE+ 0.08(0.03)

di

—0.01=400 —+0.0024
ot

—0.01-0.0024 =4lflllf]£
ot

—0.124x1073 =4m£
dt
—_— £=—u_124x104
dt 400
=3.1x107°

Hence the current 1s decreasing at the rate of

=ﬂ_u3£%

3.1xmr5%




Answer 41E.

Consider the data,

Rate of change of pressure of 1 mole of ideal gas. % =0.05kPa/s

Rate of change of temperature, g =0.15K/s
t

Pressure is () KPa and the temperature is 320 K

And the equation relating pressure, volume and temperature is given by

T
P=831= .. (1)
v

The chain rule gives
dP _8PdT &P dV

Find E—P,a—mem (1)

el oV
E_P_E.El
cr v
E:ﬂ_]l]" —L, Use power rule
aV V-

8.31T
=— 7

So,
dP _831dT _831T dV

di V dt V® dr

Substitute f,ﬂ in (2).
dt  dt

(2




Then,

831 83T dV
{lﬂi——{]IS— — - (3)
(0-13) V: dr

From equation (1)
8.31T
P
_ 8.31x320
20

=132.96 litres
Using this value of V in equation (3)

V=

831 831 dv
0.15 i
132‘95{ )- (132.96)’ 32967 2

0.05=0.00937 - DISMZ—T

Therefore,

dv _0.00937-0.05
d 0.1504

=—027L/s
Hence, the volume is decreasing at a rate of [0.27L/s|.

Answer 42E.
If z= f(x,y) is a differentiable function of x and y, where x= g[;) and y=h(r) are both
of dx o dy

differentiable functions of {, then z is a differentiable function of t and —_— = =
di  éx dr ay dr

Consider the function:
P(L,K)=147%K"*

Rate of change of production is:
dp _opdL  oP dK
dt ol dt oK dr
Consider the values shown below:

L= 30
K=8
dL
<
dK _ .
dr

So, the equation of derivatives becomes:

dpP aP apP
2 (2L s(05)2E
o~ A0S



Determine the expression for g‘: nd E

oK

2 i[l.4:r'L'““'“Jrr“'*"ﬁ]
aL &L
0.9555K""

Lbj.'r
(1 ATDREY )

P
K
B 0,5145L““"‘
- —
Consider the equation of derivatives shown below:

_ (_1}[0 9555K " ) +(o. 5}{0 51451°% ]

4‘35

Replace L with 30 and K with & and simplify.

£={_2}[{;3555£§2”’] " }[:15145{3{;) ]
dt (30) (8)"
=(-2)[0.6016]+(0.5)[1.2148]
=-0.5958

Determine the units for ?
it

So, the units are in million dollars per year.

Hence, the final value of the rate of change of production is a decrease of

$595,800per year|-




Answer 43E.

Consider the following figure:

C

A
x=30 cm
One side of a triangle is increasing at a rate ? =3 em/s .
s
Second side is decreasing at a rate ? =2 cm/s.
y

First side is y =20 cm.
Second side is y =30 cm -
The area of the triangle remains constant.

The equation for finding the area of the triangle is xysin(r-8)=4.



According to the trigonometric identity,
xy sinf = 4
Differentiate with respect to time * r’.

Apply the formula: %[mv}=(%u)w+u[§v]w+w(%w}
[—x]ysmﬂ+_r( )sinﬂ+ xy{%sinﬂ):
d
[ J}‘Slnﬂ+x[d’]smﬂ+g{m§ﬂ H) 0

(-2)(20)sin| £ )+ (30)(3)sin| £} (30)(20)cos( £ |42 -0

(-2)a0)( 4+ o)) 420y 0) 2 |42 -0 soce (%) -1
)-8
—20+45+300J§§=

dé
300035 =-25
Ehr

dg  -25

dr 30043
1
- rad/
129
do I

Therefore, the rates of angle between the sides change is ?= - e rad/s|.
I

Answer 44E.

To determine the perceived frequency, substitute the known values into the given equation.
The speed of sound ¢ =332 m/s. The observer's train is traveling at 34 m/s, hence v, =34.
The approaching train from whence the sound emanates is traveling at 40 m/s, hence v, =40.
The frequency of the whistle is 460 Hz, hence f, =460. Therefore, write the equation as
follows:

.ﬂ.=[f+v"]f:

cC=V,

=[332+34]{46ﬂ)

332-40
= E 46,[]]
292
~576.6

So, the perceived frequency that you hear from the train whistle is approximately (577 Hzl-



Consider the differentiable function f = f (vﬁ,vi) where v, and v, are each differentiable
functions of time, {. The objective is to find the perceived frequency’s raie of change, &f, /or.

Hence, use the general version of the chain rule:

A AL A A
ot ov, dit ov, dt

From formula (1)calculate &f, /ov,:

of, 0 [[c+y,
ov, 'av,[[c-v, ]f]




Similarly, calculate &f, /év,:

L. 2{(2)s)
=(f(ern))g{en)”

=(f.(c+v, ))[—(r:—v, }_I]*a%(c—v,]

f{c+v}
(c—) (-1)
_Jile+v,)
(- v,]

Evaluate this partial derivative for f, =460. ¢=332. v, =34 and v, =40:

f(c+v,) 460(332+34)
(c-v,)  (332-40)
_ 460(366)
292°
=1.975

Therefore, obtain the value as shown below:

9. =1.975
v

Acceleration, a, is the derivative of velocity with respect to time.
Hence a,=dv, /dr and a, =dv, /dr.
The acceleration of the observer's train | 2 m/s?. hence dv, /dt=1.2.

The acceleration of the source’s train | 4 m/s?. hence dv, /di=1.4.

Substituting all results into formula (1) to get the following:
o o dv, o v,
or ov, di  ov, dr
=[1.575][1.2]+[1.975][1.4]
=1.89+2.765
=4.655
Note that f, is measured in Hz and f is measured in seconds. Therefore, the units of gf, / dr
are Hz per second. Since the result is positive, it can be said that the frequency is increasing at
the rate [4.655 Hz/s!-




Answer 45E.
Consider the function z= f(x,y).

where y=rcos@- ¥ =rsin

(2)

The objective is to find % and E

ce
The Chain rule:
Suppose that z = f(x, ) is a differentiable function of x and y, where
x=g(@) and y = h(8) are both diflerentiable functions of §. Then z is a differentiable
function of @ and

& Y & D
d6 ox do oy do

Consider x=rcosé
Take partial differentiate with respectto r,
ox
—=cosf
Take partial differentiate with respectio g,

Lt =—rsinf
oe

And y=rsiné
Take partial differentiate with respectto r,

L. JE
cr

Take partial differentiate with respectto g.

ay

—=rcosf
el



Therefore, the partial derivatives are,

e

az . oz
=|cos@-—+sinf-—
ox

=|-rsin ﬁ'-%+n:«as.\!f"-E ’

The objective is to show that,

3)(3)-(2)4(3)

Consider the right hand side of the above equation,

f’az]’ | (az)
hﬁr r\cé

(

msﬂ—é+sinﬂ-g] +-I;[—rsin H--§+rmﬂ-§z—]

. r
£ 3\ :

= E) cns36|'+[£} sinIE+EE*EsinEmﬁ9
\ &x oy ox cy

2 2
+ ]: [[g] -r sin39+[§] -r cuszﬁ-*Z%-%-rzsinﬂmsﬂJ

r



Continuation of the above step:

=[E)_cm‘.zﬁ+ Z | sin20+2Z - Zsinfcosd
&Y ... (&Y . L& &
+{ﬂ—) sin H+(T] cos” #—-2—-—sinfcosé
ox dy éx oy

- %2 - B2
= ,‘E (cm13+sin19)+[?] (sin® 8 +cos’ 6)
\ OX oy
() &Y
-(E] w+(Z] 0
\ Ox ) oy
(&Y [f:rz"
=| — -||- -
\ Ox '
2 4 2 2 3
me (2] (2] (&) 4(2)]
a) \&p) \er) Flae
Answer 46E.
u=f(xy)
Where x=¢'cosf, y=¢’ sin{
Then ﬁ=.a=."t:1::r5.t,———mr-;' sin £
& o
@=e’sm£, @=e’cn5£
os &
Now the chain rule gives
ou_ofox oy
& md &
1e E = Ee’ cost +Ee’ B i (1)
& ox Py
And u_ex gy
& max
Le E=—E mn£+Ee COSE e ()
o ox



2
+2 EEEB cosfsing +(E) 2% sin’s
ox &y 3x

2
) Fu _
+[ eXrostt—2— 2% costsint

E

OAEl

Answer 47E.
z =f(x—_}r)

y=u

Let x—
Then -1 H__,
ox o

By chain rule
& _df ou
3 du ox
=7 '(@)(D)

. & L.
LE a_f(x _y)

Hence | —+—=0




Answer 48E.

zzf(x,_}r)
Where x=s+fand y=5—t¢

Then z=f(x(s.t).y(5.t))
By chain rule,
T F

And

& ¥
&
& ¥
& axa

+
@IQ@I
PP ?

_¥
ax
_¥
ax

ko
=1

%‘IllﬁJ ¥ |
I
W@
Y .
|||§3J P | R
~ I
E*‘IIIQJ 9| @
@ | @
I
|

==

| &
I
P&

£ q
| @|® %ﬁ
fwﬂ“lﬂ’

1]
¥

] ﬁJLﬁJQa
R
=Y

| &
I

&3
B

Hence proved

Wy | #
Wl | ®

]
| &
b S

&




Answer 49E.

z=f(x+at)+g(x—at)

Letx+tat=u, x—at=v

=7 @) +£'()(1)
=f'(z)+e'(v)
And % =af '(u)—ag'(v)

LE.

Again differentiating partially
Fz ., Ou O
ek (ﬂ)anE (")E

=" (u)+g"(v)
or 10U Y
=ajf (H)E—ag (v)E

= ajf'(u)+ajg'(v)

Bis

And

LE %zf‘(x+a£)+g'(x—az)
7z

And

=a’f" (x+a£)+a2g'(x—a£)

=a’ [f'(x+a£)+g'(x—a£)]

:aﬂg
z_ a9z
a
Hence proved

LE




Answer 50E.

u=f(zy)

Where x =&’ cost, y=¢ siné

Then u= f(x(s,r) ¥ (S,I))

By chain rule
& Fox ¥
& ik ik
fag 0w Sfdr Grer

b
&

I
%,
]
=
th
o

L 3
=§e cosf—+

u 3 Fu

dx dy

Fu
= geh cos £+

&u
+——e®

G

; L ; o
= _e*sin?t—— e**sinfcosf——e° cost

s

7] ; 7]
= e sinf cos£+—je

2

3

L

—& cosf——

215

> costsinf+

. i oo, .
sin®f+— & cost+—e sinf

3

Y

5. Ou
cos f——&

3

¥

e’ sini—+—e sint P+ X g gins
3 o & &

. B
e smnf———e cosi

sin £

sin §

./ S
& sinfcosf



On adding (1) and (2)
Fu Fu_ 0
P [

[:052:+sm £]+e

pell

U, )
et cosfsing

+2ﬁ92’ cosising — 2
oxdy

Fu 5, Fu
- 4o

=" = gE

o Pu Fu_ [ P
I = PERPE)
Fu a’u Fu Pu
Then &:2 @ =g [&’ &2]
Hence proved
Answer 51E.

Consider the function:
z=f(xy)

Here x and y are each differentiable functions of rand s .
x=r +sz,_}'= 2rs

The objective is to compute 5%= / frds -

u .
|c:-::-s2 £ +511:|2 I]

To calculate the derivative 3%-/ srds We first need to differentiate z with respect to r.

To find the derivative gz /gr we use the general version of the chain rule:

Differentiate x and y with respect to rand s.

ﬁ=£(J|v-’+,-;’j ax a{r‘+s }

or or And g5 s
=2r =Jls
»_2 &
=2§ =1F



Substitute the above partial derivatives into formula (1) we get

Now to find 3=/ Arfs We differentiate gz / gr with respect to s

Fz i(ﬂz]
aros as\ar

We note that both gz /gy and &z /gy are functions of x and y. Hence 1o differentiate g:/gx
and gz /gy with respect to s we will need to use the chain rule again. This is necessary since x
and y are each functions of 5.

Therefore,
&z _1-3[ o= ﬁZ]:I
— —_— e §—
orés | s\ éx oy
-[-2(Z)-2-2]
=2r—|—|+—|5—
| as\ax) as\ oy
5 ,.[E[E]E i[ﬁ)@)igﬁ]]
lax\lar)es  avlex as\ oy

{a‘:ax E‘zﬁyJ (&z]
=2 5§—
o as oxvas) os\ ov)




To continue, we need to use the product rule along with the chain rule. Therefore,
T2 | Lz&, L2 ), O &
ares | \&x’ds axdyads) os\ av

[ [6323.: #z &) 6[&:] a..-[asJ'
=2|r e e s | o i | o ] S
ox" 0s cOxCydos) Os

o) ov\os)|
[ (52 . A PR 2 A\ A
=2|r efﬁ+ & D s D','Q+ S +E(]]
o ayas) \oPas oyaxds) oy
g oo )4
Oyéx oy
=4rsf;f+4r' g3 +4rsc-f+4s= :':'z P
ox oxay v ovéx oy
=4rse;f+(4r-+4s ) &'z PRI L
ox” 5 S

o = 2 -
Therefore. &%z / érés =|drs S f+(4r1+452] 0z 492429
ox cxcy

Answer 52E.

z=f(x.y)
Where x=rcosé, y=rsiné

Then = =f|:x(r,9),y(r,9))
By chain rule

(&)

But E=|c:1t:n515' E——rsmﬂ
& 38
i=su:1.~.‘55' i=.i"t:<:-s.t':':?
& 28
Then E=Ems15"+—su:115" ————— (1)
or ox




(B)
o moe ayoe
Using the values 1t:-f%i:n:udi

a8
E: —.i"sij:l.5'%+.i"[:»::rs.‘5'E - (2}
a8 ox
(<)
Now differentiating equation (2) partially with respecttor
&'z =—rsin93[ﬁ]—sinaﬁ
or 38 or
+rcos .~E’£[E]+lc:ﬂst‘:?E
or | dy ey
=—rsinﬂa:—§E—rsinH iz D _ing=
or ox
+rcos HEE+rcos .9Ia“—fi+[:-::-s.t?E
Oxdy or
=—rsin3cosﬂ—f—rsin29 gz —sin.f.lE
ox
+rcos Hax—z +.i"m)vst‘:':?silzu‘:?a:—:§+[:-::-s¢€1E
ﬁ=—.I"sil:lt‘;'v't:«:-s.‘."ii' %+r cos&sin Hﬁ
338 3 H*
SR 3 & &
+.i"([:u::r52!5‘—si1:|2 H:I = —sin & —+cosd—
ox
Answer 53E.
Consider the function
z= f{_l’,,'l.')
Where y=prcos@®. y=rsinf
The Chain rule:
Suppose that z= f {_t._v,-] is a differentiable function of x and y . where

x=g(r) and y = h(r) are both differentiable functions of 1. Then : is a differentiable
function of f and



Now
x=rcosf
Take partial differentiate with respectto r

E=|r:a::03.t9'
or

Take partial differentiate with respectto g

E =—rsin@
cf

And y=rsind
Take partial differentiate with respectto r

a

—=siné#

a.

Take partial differentiate with respectto g
&y

—=rcosf
ca

By chain rule

Then

1é& cosfcz sinf oz

e — —_— —_— {1]
ror r ox r oy

And
&
ce

&
a0

&

1
ox 26

dz
+—
¥

E=-—:v-si|1.|‘fa"‘E+r-n:c:usa‘f'r'E LLLLLL (3)
ae éx



Again differentiating (3) partially with respect to g

E=—.1"sim€a'»'£[EJ—.r'f.:'vc:ntsaﬁ'E+41H:a::-5|$»"i x —Jr*sirlul'Ei"E
il 80\ éx o0\ &y ?

Cx oy
=-rsm3§;}=%-rsmﬂai;v%-rmﬂa
+recosé g E+juv-ms;iﬂi''a-:'i—rsin.ﬁ“E
éxdy 80 oy’ 86 o
=r’sin’ ﬁi'gx—_~-r cus&'sm&';ér-rmsﬁ%
N ) &= &z &
—r-cosfsinf +r cos’ H——rsmt?—
. 2 I
a_‘r‘:.:rzsjnlﬂaz—f-hzmﬂsinﬂ 9z  Pcost0lZ
il ox* cx ey’
&z & *)
—rcos@—-—rsin@—
&l. »
Then
— - 1 - -
L,az—f_zsmzﬂ—,—zmsﬂsmﬂ +cos”
r- g : ay° (5}
_cos@& sinfe

réa r oo

Now differentiating (1) partially with respect to r

&'z &’z ox &’z oy
p——— f——=x a 4
= o acar 7 oroyor
+siné - —+sin|":i~""::-"fﬂ
& or
= 005?022 + cosOsin 022 + cosBsin 02 +sin? 922
m?
&z &'z &z &'z

?= 'ﬂat—+2msﬂsmﬂ > B (6)



Add equations (2), (5), and (6)
&z 18z 1&
- — - -

=

ar’ réd ror

-2 ~2 .74
= cos’ @ — + 2 cos Osin f—— +sin’ O —
3 éx oy o
+sin13€-f ~2cos@sin f—— +m516;f
= are_):r e’r

_msﬂé‘-—_r sinf ¢z cosf &z sinf &z

r d&x r oy r ox r

=(ms]ﬁ+sin36‘}g; +(sin® 6+ cos> 6) =
=[I}§;f+(l}gf (Sime sinzﬂq-cns:ﬁ':l}
Therefore
&z 18z lé& &z o=z
Sttt =
o r'od ror ox oy
Answer 54E.
z=f(x.y)

Where x = g(s,r) and y = F:(s,.f)

(&)
Then =z= f(x(s,r),y(s,r))
By chain rule



2
zﬁ[ﬁ] Sxdy & & dx
(P xy aﬂz[@r)“Jraza’y

a:@;aaf 37 B a°
. ﬁ:@[_)‘uﬁﬁaﬁ[@)’
a®  al\ o I ExE B
¥ 8y
x & B at

(B)
Drfferentiating (1) partially with respectto s

an_i(&)ﬁ Eg(ﬂx)
da& as\ax)ox axds\a

*a(a)% %ﬂ%]

 Frama | Pz yor, & Fx
—+ +

T B A hdy & & Oxdedk

VP uy Py &y

T ayma araa ooa
iz _Proxan Py, ?z[ﬁg E@]
A& o ds i a}y’&& dxdy

Hence ——
F &k o



Answer 55E.
(a)
Consider the function
F(xy)=x"y+2x7 +5y°
Check whether the function is homogenous or not.
By the definition of the homogenous function,
Afunction f(x,y) is homogenous if f(m,ty)=1"f(x,y)

Consider

[ (may) = (o) () +2( ) () +5 ()’
= 1311y+2131}'= + 5,-3}’3
=r (:Jrz_p"+ersz—'z +5_}r3) Plug out
=r f(x)
Clearly. f(mxtv)=rf(x,y)
Thus, fisa hnmngennus function of UEQI'EE 3.

(B)
Suppose that ris a homogeneous function of degree n
Then

fxay)=1"f(x,5)
Let ;x=wand ty =v

Then f(m,tv)= f(u,v)
Differentiate this with respect to x and y.

Then
&=f1ﬂ=“,&=ﬂ1 £=f
éx oy ax oy

Differentiate f (u,v) with respect to x.

M=£@+gﬁ Use chain rule
Cu Ox ©Ovox

R

=9,

g

M-@ra‘+iﬁ Use chain rule

oy ou &y v oy
- (2)

2R



Multiply (1) by x and (2) by y and add them as follows.
x o () +.1.’a"{{”"r:l g ef: Add on both sides

f+_}?
o o
o (uv) of(uv) (o of
T T o (au m)

x—[f(fx -‘}‘]')+,}'—{f{rx .‘y}) [x— +y% }' Replace u by fx and vby 1ty

x—(;" fx _p)) +y—{r f(x, y}) [:—+ yi}f As Tis homogeneous

wLory (L., 2)

oy fm Yov
o o I
l’(ta+yay] [IE ya] N < )

To simplify the expression on the right hand side of (3) use the assumption to simplify.

From the assumption,
fluv)=f(my)=1"f(xy)

% =nt™! f(.r, y} Differentiate with respect to £

i@+£ﬂ= m""'f(;;,y} Use chain rule as v and v are functions of {
cu ot ¢v ot

%x+%y =nr""' f(x,y) - (4

From (3) and (4)

AN
r"[xax+yay] nt™" f(x,y)

J%+y%=nf{x,y}




Answer 56E.
Consider that 7 is a homogeneous equation

Recall that,
A function ris homogenous of degree n if it satisfies the condition

f(tx,ty)=1"f(x,y) For all t. n is a positive integer

28 f &Ff . .éf
Need to prove that x ¥+2@&(®+y —=n(n-1)f(x.y)

Use the condition of homogeneity to prove this.

Assume that, u=xand v=1y

Differentiate these equation partially with respect to x, f and y.
Differentiate u, v with x.

du dv
dx dx

Differentiate with t.
—_—=X, —=
dt dr ¥
Differentiate with y.

ﬁ={1I__an[1 ﬂ=1'

As per the assumption

S (uv)=f(x,9)

Use chain rule to differentiate f (u,v).
Recall that,

Suppose that z= f(x,_p] is a differentiable function of x and y where x:g(;] and y =h[!}
are diferentiable functions of . then



Differentiate £ (w,v) with respect to x.

& (wv) _of du  of dv

_—

ox cudx oOvdx

As. f(uv)= f(e00)=1"f(x.¥)
Then

%= nt" f(x,y)

£E+gﬁ = m""f{.r,y} Use chain rule for  f(u,v)

cu 6 ov ot

i

i.l‘-!-i,]?:ﬂfh.f{-n}’) Use —=xand —=y ...

cu  ©Ov dt

dv
et

To use £x+£yﬂ‘all]& find x
cou  ov

Ia}r(u,v)+y@"(u,v] =(:i+}ri

cx oy

(S @) ey a(ren) =[x L ey Z

xt” g
ox oy

r'[.rgtvi) =(.ri+_vi)f

x “oy) U v

ou ~ ov

¥(er), For)

oy

)
o, g
éu " ov

(2)

)

(1)

+l'"_l’—=[1%+}’g]f Use f(m.ty)=1"f(x.y)



From (1) and (2)

r'[1%+ y%] =nt"" f(x,y)1

éx
o, o

x—+ya=nf[1,y} Cancel out ;# on each side

f{xgar y%] =nt"f(x.y)

ax
- (3)

Differentiate (3) partially with respect to x

o, of, OF _ I ()
ax a@ ax
Differentiating (3) partially with respect to y

N N -
A T

Multiply (4) by x and (5) by y.

(@f“ il AN .

_(5)

=n—

& or  axdy &

"H.._.!'

f , T, S

il Ay&réy

}{ &f af]
yox oy oy
&

I
¥
af o, -
a Vet

E’IQ

% o

ny

Ay ny

ay




Add them as follows. And also use the resuli —— 'f & f
ox -:y&r

8 f  8f
x=—+xX—=+ +
& B e

T A N
axdy (”ayar”ey”' aﬁ] ax o
L. NOY. N ‘{Hg”g{af ef]

Yo e Ty

o aa " o
ng, “;gy E;’+nf{x ¥)=n-nf(x,y) Use (3)
fguw;é a}f =(n*—n) f(x.»)
fgu@ Ly Lenr-n 1 (xy)

Thus, f Zv;é; ’Z =n(n=1)f(xy)}
Answer 57E.
Show that

f:(btf ty) = iL(Jln_nr)

We can use the Chain Rule to differentiate the equation f( tx, ;y) ='f ( X, J_-)
it — @ | . » i
i.__rf(txi i)'r) T B I:f f('r‘l .")]

o ty) 22 4 () 22 = o ()

tf (bh tf) =9 f (x, t)




Answer 58E.

Consider the equation F (L y.z] = implicitly defines each of the three variables x. y and z
as a function of other two.
We find each derivative with implicit differentiation. We have an eguation of the form
F (x,y,z)=0 which defines z implicitly as a function of xand y, i.e. that z= f(x,y) for al
(x, y} in the domain of 7. Then, since F, =0, we solve for gz /gy by the formula:

E _—oF | éx

a&x dF/a

Similarly, since F defines x as a function of yand z and F, # 0. we solve for gx /gy by the
formuia:

& —oF I dy

& oF/éx
Finally, since F defines y as a function of xand zand F_=0. we solve for gy/dz by the

formula:
dy -oF &z

& oF/dy

Hence by substitution, the product is:

EEQ_[—BF!&J(—BFIB}?)(—BFI&E]
oF 1&z \ &F lax )\ éF /oy

éxéyéz
_ (-8F I &x)(—6F | &)(—0F | &)
 (8F1&)(aF 1 ax)(aF I av)

{-ana:] —awa;](-ama:)
eFiox \ éFloy \ éFlé

~(=1)(=1)(-1)

_—

=[-1]



Answer 59E.

Given that F(x,_}r)zﬂ_

F
Then, ﬁdx+ﬁdy =hg = -X,F =0
3x 3 dx F,
2
We have to find d—f givenby 2|22 |
dx dx| F,
d’y _ F,[—F,—Fvy']— (_Fr)(FJr"'Fva']
dr’ F?
r
FI.’ F:I.’
— ¥ ¥
‘F;ﬂ
~-F_F+FFF +FFF_ —FF
B
2 2
_ P F A 2R E, - FIF,
£
2 2
d’y —F F}+2FFF -FIF

Thus, we have proved that =






