Conic Section

12.01 Introduction :
Conic sections are the curves obtained by intersecting a double napped right circular tight cone by a plane, let

O be the vertex of double napped right circular cone, AOA' beitsaxisand ¢ be the semivertical angle. If a plane

P intersects the axis AOA' of double napped cone at an angle g , then the classification of conic sections will be as

follows.

Case I: Whenthe plane P passes through the vertex O and cuts the cone, we get a pair of straight line. These lines

are (fig. 12.01 (a))

(i) Real anddistinct, if 6 <o

(1) coinciding, if 6 =

(i) Imaginery, if 6 > o

Case I1 : When the plane cuts the nappe (other than the vertex) ofthe cone, the section will be a curve. We have the

following situations :

(i) When g =90", thesectionis acirclei.e. plane P, cuts the axis AOA' of cone perpendicularly. The centre of
circle lie onaxis AOA' (fig. 12.01 (b).

(1)  When g = « thesectionisa parabolai.e. plane Pis parallel to line OG.. The axis of parabola will be parallel
to thisline.

(fig. 12.02).

() When 0 > a , thenthe sectionis an Ellipse i.e. plane P cuts both the generating lines of cone. (fig. 12.03)

(v) When 6 < a ,thenthe section is Hyperbola i.e. plane P cuts both the nappes of the cone. (fig. 12.04)
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12.02 Conic Sections
Definition : Thelocus ofa point which movesina plane in such a way that the ratio of the distances measured
from fixed point and fixed line is always constant, is known as conic or conic section.
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Fixed point S and fixed line M are called as focus and directrix of conic sections and the constant ratio is
called Ecccentricity and is denoted by 'e'. Aline passing through the vertex and perpendicular to the directrix is called
as axis.

Conic section and its point of intersection with the axis is called as vertex. The line joining two points on the
conic is known as chord every chord of conic section bisects at a point, that point is known as the centre of the conic
section. This point is the centre point between the foci . The chord perpendicular to the axis and passing through the
focus is known as latus rectum.

General equation of conic section

Let the coordinates of point S inaplanebe (o, ), equation ofa fixed line (directrix)is ax + by +¢ =0 and

eccentricity be e. Let P (h, k) by any arbitrary point in a plane. Join PS and draw perpendicular PM on the
directrix from point P . By the defination of conic,

SP
7=t or, SP=¢PM =  §pP’=¢PM°’
) . o [alEaEEsE]
h—a) +(k-f) =¢ s —/——
—
= (h-a) +(k-p) { a_.+h_.]f B K It

Thus, locus of point P or the equation of conic section is

, (ax+by+c)

(x_a’)2 +(-1"}—18)2 e T+ b S (o)

Thus, the general equation of conic can be written as : fig. 12.05

Ax* + 2Hxy + By? +2Gx+2Fy+C =0

12.03 Different forms of conic section
Conic section depends on the position of focus w.r.t. the derectrix and the value of
eccentricity ‘e’
L When focusis situated on the directrix.
Conic section will represent a pair of lines. These lines are
(i) realanddistinctif, e>1
(i)  realand coinciding if, e=1
(i) imaginaryif, ¢<1
(iv) parallel, ifthe directrix is at infinity
[I.  Whenfocusisnot on the directrix.
Conic sections for different values of eccentricity ¢ :
(i) acircle,if e=0
() aparabola,if e=1
() anellipse, if e<1
(iv) ahyperbola,if e>1
12.04 To prove that the general equation of second degree in x and y always
represents a conic section
Let the general equation of conic be

d(x, y)=ax® +2hxy+by* +2gx+2 fr+¢ =0 (1)

To eliminate xy we place the origin at fixed point and we rotate the axes at angle @ . For this, we substitute
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x= (xcosB-ysinB) and y = (xsin®+ ycosB) inequation (1), we get
a(xcosB— ysin 8): +2h(xcos®—ysin®)(xsin6+ ycos®)+b(xsin6+ ycos 9):

+2g(xcosO—ysinB®)+2f (xsin®@+ ycosB)+c=0 (2)

Onchoosing @ insuchaway that, the coefficient of xy becomes zero. That means,

2h
a-b

Z(b—a)sin9c059+2h(cos: 0 —sin” 9)20 or tan 20 =

. Fromeq (2),
Ax*+ By’ +2Gx+2Fy+(C =0, (3)
where A, B, G F and C are constants.

Casel: When 40, B#0
Fromeq (3),

A[er(—jJ +B[r+£j :("_+£—(':K (let)
A - B A B

G F
On shifting the origin at [— 2 E] , we get

Ax*+ By’ =K “4)

(i) WhenK =0 and A=0 ie. abc+2fgh—af’ —bg® —ch’ =0 thenequation (4) denotes a pair of lines.
IfAand B are of opposite signs then they are real. Ifthey are of same signs, then they are imaginary.
(i) When K #0, fromeq(4), we have

Bl 2

b
K

A B
When K 4 and K B are of same signs, then it represents an ellipse and of opposite signs, it represents a
hyperbola.

X

LA A

(i) When K #0, and A =B , theneq (4)represents a circle.

(v) When K #0, and 4 =—-B, theneq(4) represents a rectangular Hyperbola.
Case Il : When either 4 or Bis zero. (let 3=0)
Fromeq (4),

A[”(—T] =By =T 1_,_ﬂ &
A A : 2F

(1)  When F=0, eq (5) will represent two parallel lines. If (G2 f’A) — (" =0 , then the lines will coincide.

B N o G G*-AC )
(i)  When F #0, shiftingoriginat | —— >~ 5~ | ineq(5), wehave
A 2F
s _ 2F
Ax* =-2Fy or = (6)



which represent a parabola
. Inall the conditions, the quadratic equation represents a conic section.

General quadratic equation in a tabular form (conditions for different conics are represented.

$(x, v)=ax’ +2hxy+by’ +2gx+2fy+c=0

S.No. Conditions Nature of the sections
A=abc+2 fegh—af* —bg* —ch’
A A=0 and
1. W zab pair of line
2. h=ab pair of parallel lines
3. a+b=0 pair of perpendicular lines
B A#0 and
1. a=h h=0 Circle
2 h =ab parabola
3. HW<ab Ellipse
4 h >ab Hyperbola
5. h>ab and a+b=0 Rectangullar Hyperbola

In the following sections, we shall obtain the equations of each of these conic sections like Circle, Parabola,

Ellipse and Hyperbola in standard form.

Circle
12.05 Equation of the circle in central form

Definition : Acircleis the set ofall points in a plane that are equidistant from a fixed point in the plane. The fixed
point is called the centre of the circle and the distance from the centre to a point onthe circle is called the radius of the

circle.

Given C (5, k) bethe centre and r the radius of circle. Let P(x, v)be any point on the circle, then

(by the fig.) CO=0ON-OM =x-h
OP=NP-NQO=y-k
Inaright angle triangle C'OP,
CQ* +QP* = CP*
or (,\‘—h):-i-(_‘.-’—f(): = p*

It is called as central form of circle.

This is the required equation of the circle with centre at (h, k) and radius 7.

Equation of circle in different conditions :
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S.No. Various Conditions Equation of Circle Figure of Circle
I h=0,k=0 x* +y* =r* (Standard)
8. 1207
2. Circle passes through the origin| ~ x* + v’ —2hx—2ky =0
and the centre is in the first
quardrant 1208
3. k=0and h>r (x—f",'): +y =7
4. k=0and h=r X 4+y =21 =0
5. h=0and k > r ,\‘:Jr(_l’*!{): =r?
6. h=0and k=r x> +y =2ry=0
P Circle touches the x-axis X*+ 3y =2hx-2rv+h’ =0
and k=r
8. Circle touches the y-axis X+ =2 —2kv+k’ =0

and h=r

fig. 1214
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9. h=k=r x>+ =2re-2ry+r*=0

b X
fig. 1215
10. r=0 (x— h): +(v —k): =0 Circleisa point circle.

[lustrative Examples
Example 1 : Find an equation of the circle with centre at (2, -3) and radius is 4 units.

Solution : Here #=2, k =-3 and r =4, thusrequired equation (,r—Z)2 + (_1-=+3): =16 .
Example 2 : Find the centre and the radius of the circle x* + 1 +8x+10y-8=0
Solution : Given equationis
(.\:: % 8.‘(‘) + (_v: +1 Oy) =8
Completing the square

(x* +8x+16)+(»* +10y+25)=8+16+25
(x+4): +(yv+ 5): =49

x-(-4)} +{p-(-5)} =7°
Thus the centre is (-4, -5) and radius is 7 units.
Example 3 : Find an equation of the circle which touches the x-axis and cuts an intercept of length 2¢ on y-axis.

Solution : Putting k = and h =+/r> — (* inthe standard equation of circle we have

{x_ /r: —f:}+(_l.:‘—!‘): .
or x4y -2xr =0 -2ry+r*—(*=0

Example 4 :Find an equation ofthe circle which passes through the point (1, 2) and whose centre is the point of

intersection of the lines x+ y+3=0 and2x+3y+7=0

Solution : Givenequations x+y+3=0 (1)
and 2x+3y+7=0 @)
on sloving we get (=2, —1) which is the coordinate of the centre. Since the circle passes through the point

(1, 2) thus the radius will be

radius :\/{(1 +2)2 +(2+ 1)3} =J(9+9) =32
Thus the required equation of the circle
(5t B (y+ 1)’ :(3\/5]:

or x4+ +4x+2y-13=0
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Exercise 12.1

T In each of the following, find the equation of the circle with
(i) centre(-2.3)and radius 4 (i) centre (a, h)and radius a -5 .
2, In each of the following, find the centre and radius of'the circles.

@) ¥ +y=6)=y(x-v+8) i) VI+k2 (2 +3?)=2ax+2aky  GiD) 4(x7 +27)=1
Find the equation of the circle which touches the y-axis and cuts an intercept of length 2/ onx-axis.

4. Find the equation of the circle which touches the x-axis at a distance of +3 units from the origin and cuts an
intercept of 6 units length on y-axis.

5.  Find the centre and radius of the circle x* + y* —8x+10y—-12=0.

6. Find the centre and radius of the circle 2x* +2y° —x=0 .
Find the equation of the circle passing through the points (2, 3) and (-1, 1)and whose centre is on the
linex-3y-11=0.
Find the equation of the circle with radius 5 whose centre lies on x-axis passes through the point (2, 3).
Find the equation of the circle passing through the points (0, 0) and making intercept a and b on the
coordinates axis.

12.06 Intersection of a circle and a line

Letaline y=mx+c ... (1) intersectsacircle x? + y* =g ..... (2)
On solving both the equations we have
x* +(mx+c) =a’

or (l +m’ )JcJ + 2miex + (c2 —-a’ ): 0 (3)

This is a quadratic equation hence by solving this we will get two values of x which will be the points of
intersection. Placing the values of x in equation (2) we get 2 coorresponding values or y that will be the ordinated
of intersecting points. We can say that a straight line intersects the circle at two different points.
Nature of Points of intersection

Points of intersection will be real & distinct, coincident or imaginary according to the nature of the roots of
quadritic equation (3) as real & district, coincident or imaginary.
Case I: When intersecting points are real and distinct :

For this, the equation will have real and distinct roots hence the Discriminants is

B?—4A4C >0
or 4me? - 4(l+ mz)(a:‘2 —az) >0 \
or a’ (H—‘r??z)—c2 =0
) fig. 12.16
5 e c
or a” > thus o > |——
1+ m’ \f1+m2‘

Clearly, a straight line will intersect the circle in two different points, if the perpendicular dropped from the
centre of the circle to the line is less than the radius.
Case II: When intersecting points are coincide :
For this, the equation will have equal roots hence the Discriminant is
B* —4A4C =0
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and 4me? —4(1 +m2)(c3 —az):()

2

c

> ¢
and a” = = and d=|—F———
L+m N1+m®

-]

fig. 1217
Clearly, s straight line will touch the circle if the perpendicular dropped from the centre of' the circle to the
line is equal to the radius.
Case III: When intersecting points are imaginary :
For this, the equation will have imaginary roots hence the discriminant is

B> -44C <0
or dm’c’ —4(l+m3)(cj —c13)<0
. ’ c fig. 12.18
or ar < 5 thus ¢ < |7—— =
L+m”~ N1+ m®

Clearly, a straight line is away from the circle if the perpendicular dropped from the centre of the circle to
the line is greater than the radius.
12.07 Length of intercept cut off from a line by a circle

To determine the length of intercept by the circle x”+y” =a” on the line y=mx+c

Given circle x> +yt=a’? (1)
and straight line y=mx+c (2)

let the coordinates of ” and O be (x,.y,) and (x,.y,) respectively. Now we have we have to find the

length of the intercept PO therefore

PQ = \/(-\'l — X )2 o5 (.1"1 —i¥s ): ’l'; )

Since P and Q lies online (2) therefore Qw2 2)
Yy =mx, +¢
\'" P{'\-l .:J )
and YV, =mx, +c¢ T c Bl
substracting ¥ =y, =mx, —x,)

from(3) PO = J(x] — P (e — i) v

Y
=(x, —x,)W1+m* fig. 12.19 @

Solving (1) and (2) in terms of'x,
x? 4+ (mx +c) =a’
or (l+m3).\‘: - 2mar:.r+(ac2 —az):() (5)

it is a quadratic equation inx . Therefore x will have two values, letit be x; and x,.

2mic c—a
Rk S 7 and X% =——73
1+m- 1+m
but (6 =x,)" = (0, +x,) — 4wy,



dm*c? (c: —a:)
4

utting the value (e —x,)* = T 3
PEnE (1+m‘) 1+m
2 2 2
X —X,= j‘ja‘(l+m‘)—cz
L+ m~

putting the value in (4)

Peh= LJHE (] +m? ) wig?
- V1+m?

PO=2Ja* -—— (6)
1+ m=

which is the required length of the intercept °Q
Condition of tangency :

To find the condition of a line y=mx+c touching the circle x” +y° =4’
First Method : Iftheline y =mx +c. touches thecircle x* + y? =4, thenthe length of the intercept cut on
the line by the circle will be zero. Therefore PO =0

24 \/—ﬂ,(—,)iq
————ja \l+m - )—-c” =0
or -
N+ m-

or car:(l+,'ﬂ:):c:

or c=+avl+m®

which is the required condition of tangency
12.08 Tangent
Definition : According to fig. 12.20, if the secant Q) of a circle moves in such a manner that point O
coincides with point P, then secant 0 is known as tangent (/7)) to a circle at point /7 and P is called point of
contanct.

(i) Equation of a tangent x’+y° =’ at point (x,,y,)
Given circle x*+y*=a’ (1)
Let P(x,.y,)beany point on the circle, now we have to find the equation of tangent. Let Q(x,. y,)be any point

on the circle then equation ot chord () 1s

y-yn=2"Axx) (2)
Xy — X
But /2 and O lies on a circle.
X+ yl=a? 3)
and X5 +ys=a’ 4

substracting (3) from (4)

fig. 12.20

(3 =x)+(y3 =) =0

or (X, —x, x5 +x,) ==y = NY>+ )
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Vs =W Xy + X

or 72 (3)
Ay ¥yt
. ; ,\‘2 + .\‘1 :
putting the value in (2) Y=y =- (x—1x) (6) )
Yot )

If Q moves and coincides with P, then x, =x, and y, =y,

and chord PQ will be a tangent to a circle at point P.

fig. 12.21
2x
By (6), y-y =——4(x-x,)
2y,
or W =y =—x +x)
or XX, + o, = X0+ )
xXx, +yy = c',fz [ﬁ'Oll‘l (3 )]
This is the required equation of a tangent at point 7 (x,, v, )
(ii) To find an equation of tangent in terms of slope
The equation of a tangent is -
xx, + yy, =a’ (1)
writing eq. (1) interms of y =mx + ¢ , we have
Py a-
y=—"tx+—
Y 1
slope of'this line is
m=-x,/y, = x=-my (2)
But point (x,.y,)liesonacircle x* + y* =g*
:\‘12 + )-'lz =a* 3)
from (2) and (3) myl + yt=a?
i o
or A 4
Jl+m” “)
am }
from (2) Y =F—— (3)

+
N+ m?

_am

. . . a
Thus, the coordinate of point of contact is | F =.+ -
\/1+m‘ \/1+m‘

be yv=mxxtavl+m >
12.09 Normal

Definition : Aline which is perpendicular to the tangent at the point of contact is known as normal to the
[264]
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curve.
Normal at any point on the circle passes through the centre of the circle. The equation of the normal will be
the line passes through the point of contact and centre of the circle.

To find the equation of normal at any point of the circle.

(i) When equation of circle is of the form x? + y? =a?

We know that, the equation of tangent of circle x* + > =g2at (x,.y,)is

~ A
XX, + Wy, =a’ (1)
AP . 0)
X (i’:
or y=——X+—, g3
Vi M
Its slope =—x, /v, . Thus, slope of a normal willbe = y,/ x,
fig. 12.22

Fromfig. 12.22 | equation of line passing through the
point P(x,.y, ) and perpendicularto (1) is
Vi

y—-nmn-= (-‘"_-"1) or xy, —yx; =0,

X
|
Which is the required equation of the normal.

(ii) Slope from of a normal of the circle x*+)? =4

In (i), we have seen that, if slope ot a tangentis m then slope of a normal willbe -1/m . Thus equation
of perpendicular line passing through origin (0, 0) will be

y—0= —L(.\'—(_))
n

or x+my=0
Which is the required slope form of the normal.

Hlustrative Examples

Example 5 : Find the coordinates of the point of intersection of the circle x? + y? —5x—y+4=0 andline

x—2y+1=0 , also find the length of the chord.

Solution : Equation of'the circle x*+y? —5x—y+4=0 (1)
and line x=2y+1=0 2)
solving equation (1)and (2) for x and y by putting the values x =2y — 1. inequation (1) we have

2y-1P7 +y*-52y-1)-y+4=0
or y =3y+2=0
y=1and 2
when y =1 then x=1and when y =2 then x=3
Thus the coordinates of P and O willbe (1, 1) and (3, 2)

. length of the intersecting chord is = \/(3 - l)2 +{2— l)2 =Jd+1=.f5

Example 6 : Find the equation of tangent to a circle x? + 3> —6x+4y—12=0 which is parallel to the
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linedx—-3y+6=0

Solution : Equation of given circle x* + y° —6x+4y—12=0 (D

(]

4

Ln

centre (3, -2) and radius 5
let there be a line parallel to the line 4x -3y +6 =0 whichis
4x -3y +k=0 (2)
it will touch the circle
Radius of the circle = length of perpendicular drown from the centre to the circle to the tangent
+4><3~3><(—2)+k
or = m
or 25=+(18 + k)
[taking + sign, k = 7] , [taking - sign, k=-43]
Thus from (2) the required equations are 4x -3y +7=0 and 4x -3y —-43=0

h
Il

Exercise 12.2
find the coordinates of the point of intersection of the circle x* + y* =25andline 4x +3y =12, also find
the length of the intersecting chord.
If the circle x’ + 37 =’ cuts an intercept of length 2/on a line y=mx+c then prove that
e =(1+m?)(a* -1%).
Find the length ofintercept cut by the circle x> + y* =¢* ontheline :_;+ % =1

For what value of k line 3x + 4y =k touches the circle x* + y? = 10x.
Find the condition if

(i) Line y=mx +c¢ touchesthecircle (x —a)* +(y-5)" =r°.

(i) Line /x+my+n=0 touchesthecircle x* + y* =a*.

(1) Find the equation oftangent to a circle x~ + y° =64 which passes through the point (4, 7)

(i) Find the equation of tangent to a circle x* + y? =4 which makes an angle of 60" with x-axis.

Find the value of cifline y =cisatangenttothecircle x* + y* —2x+2y—-2=0 atapoint(l.1).

Find the equation of tangent to a circle x* + y? =169 at point (5, 12) and (12, -5). Prove that they are

matually perpendicular also find the coordinates of the point of intersection.

Parabola

12.10 Definition

A parabolais the set of all points in a plane that are equidistant from a fixed line and a fixed point (not on the line)

inthe plane. The fixed line is called the directrix of the parabola and the fixed point F is called the focus. Aline through
the focus and perpendicular to the directrix is called the axis of the parabola. The point of intersection of parabola with
the axis is called the vertex of the parabola.

12.11 Standard equation of the Parabola

Let ZZ'be the directrix and S be the Focus of parabola. Drop a perpendicular SK from focus Sto ZZ'. Let A
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be the mid-point of SK, then by definition point A will lie on parabola. [+ A4S = AK |

Let AS be the x-axis, A is the origin and AY be the y-axis . IfSK =2 a then AS =AK =a . Thus the

coordinates of focus S will be («, 0) and equation of directrix willbe x = —a

Let P(x, v) be any point on the parabola. Join SP and drop perpendicular from P ons PN and PM (on x-axis

and directrix ZZ, then according to the definition of parabola z AY
= > Pix,v)
SP=PM or SP- = PM " M o L
or (x—a) +y'=(x+a)
i : 5 3 5 (0.0)
or X +y —-2ax+a =x +22ax+a’ OIS A doo ~ > X
or y* =4ax
which is the required equation of parabola. L
o vy fig. 12.23

12.12 Important definitions

(1)

(i)
(iii)
(iv)
v)

(vi)

(vii)

Focal chord : Chord which passes through the focus of the parabola is called focal chord.
Focal distance : The distance of focus from any point on the parabola is known as focal distance.
Focal Property : Inthefig. 12.23
SP=PM =PQO+0M =a+x
Latus rectum : Chord perpendicular to axis of parabola and passes through the focus. Is known is Latus
rectum.
Double ordinate : The chord of parabola which is perpendicular to the axis of parabola is known as double
ordinate.
Semilatus rectum : Half of length of latus rectum is known semi latus retum

Length of latus rectum : Let LSL'be the latus rectum of parabola y* = 4ax, SL =SL' or LL'=2SL
let S7. = (, thus the coordinates of L willbe («, () and it lies on parabola

(*=4a-a or ¢ =+24
thus length of latus rectum = 2 x 2 = 4¢

coordinates of L willbe (a, 2a) and of L' will be (a,—2a)

12.13 Tracing of the standard equation of the Parabola

()
(1)

(iii)

(iv)
v)

From the standard equation of the parabola y> = 4ax or y = +2+/ax we have the following observations :
Ifvalue of x is negative then the value of v 1s imaginary. There for no part of curve lies in the left side of v-axis.
For every positive value ofx there are two equal and opposite values of . Therefore curve is symmetric about
X-axis.

Ifx increases in positive direction then v is also increses i.e. as x — oo then y — = . Therefore the curve
extends to infinity to right of axis of y.

If x=0then y = 0. Curve passes through origin (0, 0).

If we find y- coordinate with the half of x- coordinate lies on parabola y* = 4ax and join then we get the

curve as shownin fig. 12.24 .
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12.14 Four different forms of Parabola 7 YA

1.  Parabola y? =4ax
Vertex A0, 0) /
Focus S(a, 0) (0.0) ) -
Axis - k . Al S(a.0) X
Directrix xX=—a E \
length of latus rectum =4a '

Equation of latus rectum p 2 ¢ 5
fig. 12.24
2. Parabola y* =—dax
Vertex A(0, 0) .
Focus S(-a, 0)
Axis y=0
Directrix x=a * S (-a.0 {--(\J‘m K
length of latus rectum =4a / -
Equation of latusrectum x=-a =
X! ¥
3. Parabola x* =4day fae z
Vertex A(0, 0) YA
Focus S(0, a)
Axis x=0 rS (0. a)
Directrix y=—a
length of latus rectum =4a o X
Equation oflatusrectum y=a z? _ Z
v~ T=-a
4. Parabola x* =—day fig. 1226
Vertex' A(0, 0)
Focus S(0, —a) “r‘: g
Axis x=0 R Al0.0) ’

; ; X >X
Directrix yv=a
kS (0, —a
length of latus rectum =4a

vy’

Equation oflatusrectum y =—a
fig. 12.27

Ilustrative Examples

Example 7 : Find the equation of parabola with focus (-1, —2) and equation of directrix x—2y+3=0
Solution : Let ”(/, k) be any on the parabola, then according to the difinition of parabola

SP=PM and SP?=PM:

[268]



h-2k+3I

or (h+l):+(k+2)::[ﬁ

o S{(h+1)" + (k+2) } = (h-2k +3)
or 5(W+k° +2h + 4k +5)=h> + 4k> + 9 — 4hk + 6h— 12k
or 4’ +k* +4hk +4h+32k+16=0

Thus the locus of point (4, k) is 4x* + y* + 4xy +4x+32y+16 = 0 which s the required equation of

parabola.

Example 8 : Find the vertex, axis, focus, directrix and latus rectum of the parabola y° =2y —2x

Solution : Equation of parabola y*=2y-2x

(a)
(©)

(e)

(a)
(b)

(©)
(e)

-

y =2y=-2x
or Vi =2y+1=-2x+1
or (y-1) ==2(x-1/2) (1)

putting y—1=7% and x—(1/2) =X ineq. (1) we have
Y2 =-2X (2)
which is of the form y* = 4ax hence comparing with (2)

4a=-2 = a=-1/2

For Parabola Y- =-2X
Vertex (0,0) 1e. X=0;Y=0 (b) Focus (-1/2,0) 1.e. X=-1/2;Y=0
Axis Y=0 (d) Directrix X=1/2

latusrectum = 4a = 4(—1/2) = 2 (positive)
putting X =x—(1/2) and ¥ = y—1 inthe above terms for parabola

Vertex x—(1/2)=0o0r x=1/2, y—1=0 or y=1, thusthe coordinatesare (1/2, 1)

Focus x—(1/2)=~1/2 or x=0and y—1=0 or y=1 thusthe coordinatesare (0, 1)

Axis y—1=0or y=1 (d) Directrix y—1/2=1/2= x=1
latus rectum =2

Example 9 : Find the vertex, axis, focus, directrix and latus rectum (equation and length) of the parabola

4y’ —6x—4y =5

Solution : Given Equation of parabola 4y° —6x—4y =35

or [_1-’—(“2)}2 :%(x+l)
of [_1.-_(1/2)}::%(;(“) (1)
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shifting the originto (—1, 1/2) the changed form of (1)

> 3
“:—X (2)

2

Y

here ¥ = y—(1/2) and X =x+1 length of latus rectum =3/2

a=3/8 latus rectum =3/2, thus coordinates of focus and vertex are (3/8, 0) and (0,0)
respectively from parabola (2) equation of Latus rectum X =3/8 and equation of directrixis X =—3/8 of(2)
coordinates of focus and vertex of parabola (1) are (—5/8, 1/2) and (-1, 1/2) equation of latus

rectum X+1=3/8 or x=-5/8 and equation of directrixis Xx+1=-3/8 or xy=—11/8.

Example 10 : Find the vertex, axis, focus and latus rectum of the parabola 9x* —6x+36y+19=0

Solution : Given equation of parabola 9x* —6x+36y+19=0 2|

or Ox* —6x=-36y—19
or x*=(2/3)x=-4y-(19/9)
or x* = (2x/3)+(1/3)" =—4y—(19/9)+(1/9)

or [x-(1/3)] =-4y-2

or [x-(1/3)] =-4[y+(1/2)] (1)
shifting the originto (1/3, —1/2) from (1)

x=(1/3)=X and y+(1/2)=Y
(1) will take the form

p G § )
(ofthetype X* =4aY where a=-1)

axisat X =0
coordinates of vertex =(0, 0) i.e. X =0 and ¥ =0

coordinates of focus =(0, —1) i.e. X =0 and ¥ =-1

length of latus rectum =4 x1=4 (0 a=-1)
Substituting the value of X and Y in (1) equation of axis
X=0=>x-1/3=0=>x=1/3
coordinates of vertex X =0=>x=1/3;Y=0= y+(1/2)=0=>y=-1/2
=  So, coordinates of vertex = ( 1/3,-1/2)
coordinates of focus X=0=2x-(1/3)=0=>x=1/3; Y =-1=>y+(1/2)=-1=>y=-3/2
—  So, coordinates of focus = (] /3, —3/2), length of latus rectum = 4x1=4
Exercise 12.3
.  Find the equation of parabola when
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I~

8]

n

(i) focus (2, 3)and directrix x—4y+3=0 (i1) focus (-3, 0) and directrix x +5=0
Find the vertex, axis, focus and length of latus rectum of the parabola.
(i) x*+2y=8x-7

() y*=8x+8y

If the length of double ordinate of parabola y* = 4ax is 8« then prove that lines meeting the double

ordinate from the origin are perpendicular.

Ifthe distance of vertex and focus from origin to the x-axis are & and or a’, then prove that equation of

parabolais y* =4(a'-a)(x—a)

PQ is a double ordinate of a parabola. Find the focus of points trisecting it.

Prove that the locus of all points passing through the midpoint of the chord and vertex of the parabola

v’ =4ax isalso a parabola of the form y* = 2ax

12.15 Intersection of a Parabola and a line

Let the equation of parabola be y* = 4ax
and equation of line be y=mx+c
putting the value of y from (1) to (2), we get
(mx + c): = 4ax
or m’x’ +2(me—2a)x+c> =0
which is a quadratic equationinx, let the rootsbe x, and x, , then
N —Z(mc'; 2a)
n

c
and % =—
m-

4(cm— 2a): 4¢°

= \/(xl +x,)" —dnx, = [ =

m

1

m

= —4—~ a(a—mc)

nm-

- \/4.*11 ¢ —16amec+16a” —4m ¢

(D
)

()

4

&)

()

By solving equations (4) and (6) we can get the values for x, and x, followed by y, and y, . Hencetheline

cuts the parabola at two points.

12.16 Nature of the points of intersection
The intersecting points can be real, coinciding or imaginary depending upon the nature of'the roots of equation

(3) as bereal, equal or imaginary.

{2 (mc — 2cr)}2 —4m*ct >=<0

or a(a—mc)>:<0

or a >=<mc

12.17 Condition for straight line y=mx+c¢ to be a tangent to the parabola y* = 4ax

Ifthe intersecting points of a line and parabola coincide, then line will touch the parabola. Thus line (2) will touch
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parabola (1), ifthe roots ofequation(3) are equal i.e.

4(mc—2a): =4m*c? (Bz - 4A(")
o a(a—mec)=0
or a—mc=0
c=alm

This is the required condition of line touching the parabola, puitting the value of ¢ in equation (2) we get
y=mx+ (a/ m) . Thusline v = mx+ (a/ m) (for each value of #7) touches the parabola y* = 4ax
12.18 Co-ordinates of the point of contact

In equation (3) of article 12.15 putting, ¢ =a/m we have

- ma ok
mexT + 23{— - 20] +—=0
m m"
P 2
or [mx -- —j =0
m
; : a ; a a 2a
ie. putting the value x = —-, x m(2)wehave y=m| — |+ —=—
m- m m mn
) ) a 2a
Thus co-ordinates of point of contact are o
12.19 Length of intercept
g i z
Let the equation of straight line be
y=mx+c (1)
and equation of parabola
‘ 5
v’ =4ax ) _
The intersecting points of (1) and (2) are K
P(x, y,) and O(x,, ;)
3

Since P and Q lieona line,

=
g
—
[
2
0

y,=mx,+c and y, =mx,+c

=y, =m(x, —x,)

Now PO=\(x—x) +(h-») =(x—x) +n (x—x,)

=(x, —x,)1+m’
4
but (%, —x,)=—5 Ja(a—mc) [article 12-15, equation (6)]

m

PO = 4 \/[a(a—mc)(l+nfﬂ

m*
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12.20 Tangent

et

(i) Equation of tangent at any point on the parabola :

Let P(xl, _v]) and Q(x,, v,) betwo points on the Parabola v’ =4dax
y! =4ax, (1)
and y; =4ax, (2)
: : Yo =¥
Equationof linePQ, v—y, =—=——*(x—x,) 3)
X, — X,
form equation (1) and (2),
vy -y =4a(x, =g}
or (v =) +3)=4a(x,-x)
VYs—_ 4a
or X, —% Pty )
form equation (3) and (4) of PQ
da
y—p = X—Xx
o (x—x,) (5)
When Q coincides with P, then chord PQ is a tangent at point P, therefore putting: v, = v, in(5)
a
y—y, = = (x-x)
or w, =y =2a(x-x,)
or w, = 2ax—2ax, + .vf
or W, =2ax-2ax, +4ax,
vy, = 2a(x +x, ), which is the required equation of tangent.
(1)

(i) Equation of tangent in terms of slope :
Let the equation of parabola be Vv =4ax

equation of tangent at point 7 (x,, v, )
w,=2a(x+x,)

let m=
M

or
the point 7(x,, v,) lies onthe parabola

¥y, = 4ax,
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da-
or, _= 4£?Xl
m-
a
or, X =—
m-

substituting the value of x, and y, inequation (2), we get the required equation of tangent

2a a
y| — |=2a| x+—
m m- )’

a . . a 2a
or, ¥ =mx+— and coordinates of point of the contact are [_m: S ]
mn

[llustrative Examples

: > ; a
Example 11 : Prove that line y =mx+c touches to the parabola v’ =4a(x+a) if ¢ =am+—.
m

.

Solution : Iftheline v =mx+c¢ touches the parabola v = 4ct(x + a') then it will cut at two concide points

now eliminiting y from the equation of line we have
(mx+ c): =4a(x+a)
or mx’ +2(mc—2a)x+(c: —4(}3)20
The roots of the equation will be same if 3> _ 44 =0

4(me— 2.-:.*)2 —4m’ (c3 —4a’ ) =0

or m ¢’ +4a’ —damc—m’c’ +4a m’ =0
or da ({? —mc+ am:) =}
or a—mc+am =0
a
C=am+—
m

Example 12 : Find the equation of line touches the parabola y* =4x and x* =32y
Solution : We know that the line

y= mx+j—j (1)

touches the parabola y* =4x for every value of m.If (1) touches the parabola x* =32y then their

intersecting points must be concide x* =32y

x? = 32[”&’ + L]
m

or mx®’ =32m*x-32=0

this equation

must have equal roots thus using B> —44C =0
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(—32;”2 ) —4m (—32) =0
= Sm' =—1=m=-1/2
thus the equation of line is
1

(=1/2)

or x+2y+4=0

+

.1,' = —

| =

Example 13 : Find the equation of line touches the parabola y* =8x and perpendicular to the line
2y—x+1=0
Solution : Equation ofline perpendicular to the line 2y —x+1=0

y+2x+k=0 (1)

Line (1) will touch the parabola y* =8x ifequationis (2x+k)2 =8x
or 4x* +4(k-2)x+k* =0
and roots are equal i.e. (B> =44(C)

16(k—2)" =4xaxk’

= kK —-dk+4=k = k=1
Thus the required equation is
y+2x+1=0

12.21 Equation of normal
(i) To find the equation of normal to parabola > = 44x at point(x,, v,)

Equation of tangent to parabola y* = 4ax atpoint (x,, v,) is

w, =2a(x+x,) (1)

2a -

Theslope of (1)is 2= . Then, at point P(x,, »,) , the slope of normal = Big
N =

The equation of normal drawn on parabola > = 4¢x at point (x,, v, ) willbe

Y-y = 2’01 (x—x)

(ii) Equation of normal in slope form
Equation of normal of parabola ) = 4ax atpoint (x,, v, ) is

'l.
Y i (x—%) (1)

If'the slope of normalis /7 then

1/

Mo
——=m or y, =—2am (2)
2a :
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Since point 7(x,, v, ) lies on a parabola
v =4ax, or, (—2am)’ = 4ax, or x, =am’
putting the valuesof x,, v, inequation (1), the required equation of normal will be
v =mx—2am—am’ 3)
and the coordinates of P will be (am: , — 2am)
12.22 Three normals can be drawn from any point to the parabola
Let the equation of parabolabe y* = 44y and equation of normal be v = mx —2amn — am’ 1fthe normal
passes through the point (x,, v,), then y, = mx, —2am—am® or am’ +(2a—x)m+y, =0
This isa cubic equation in 7 , and will have three values of 1, therefore, three normals can be drawn from
point (x,, ¥,).
Property : (i) If three normals are drawn from a point to the parabola, then the sum of their
slopes is zero.
(ii) The algebraic sum of foot of co-ordinates (y-coordinates) is always zero.
Proof: Equation of normal passing through (X, 3, ) to the parabola y? =4ax is
am’ +(2a—x,)m+y, =0 (1)

This is cubic equation in 71, let the rootsbe mi,, m, and m,

—coefficientof m~ 0

(i)  Sumoftheroots 7 + i, + i, = = I T
coefficient of m a

Thus, sum of the slopesis zero.
(i)  Sum ofordinates (v-coordinate) of foot of normal

=-=2am, —2am, — 2am,

==2a(m +m,+m,) =-2ax0=0

[llustrative Examples
Example 14 : Prove that the chord of parabola y* = 4ax whose equationis y — /2 + 4a+J2 = 0 isnormal

to the parabola and its lengthis 6a+/3 .
Solution : equation of the normal at point mz is given by
y =mx—2am—am’ (1)
Equation of'the chord is
y=xJ2-4a\2 )

equation (2) is normal to the parabola if it is of the form of equation (1) . Therefore comparing (1) and (2)
we have

m= ﬁ 3 —45:\/: =—2am—am’

Thus line (2) 1s normal to the parabola as it satisty itself. Now putting the value of y from (2) in equation of
parabola we have

(J\'\/E—‘I-G‘\/E): =4dax
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L

2

10.

11.

12.

or 2x*+32a* —16ax—4ax=0
x> —=10ax+16a” =0
or (x—2a)(x-8a)=0

Therefore x =2a, 8a similarly y = -24+/2. 4a+/2

Therefore length of chord of normal = \/[( 8at — 25"): + (4'-”!'\5 oz 2“\5)_} =364 +72a° =6a-3 .

Exercise 12.4

Find the co-ordinates of the point of intersection when a line 4y +3x+6=0 and parabola 2y? =9x .
Find the length of chord cut by the line 4y —3x =8 onthe parabola y* =8x .

Prove that the line x+ y =1 touchesthe parabola y =x—x” .,

Find the condition when a parabola y° = 4ax touchestheline (x+my+n=0.

Prove that the length of the focal chord which makes an angle "o" with x-axisto the parabola y° = 4ax is
4acosec’a -

Find the condition when the line xcosor + ysina = p touches the parabola y* = 4ax ,

Determine the equation of tangent to the following given parabolas —

(i) y* = 6x, which is parallel to the line 2x -3y = 4

(i) y* = 8x, whichis perpendicularto the line2x — y+1=0

For what value of k does the line 2x—3y =k touches the parabola y* =6x ?

Find the equation of tangent drawn from the point (4, 10) to the parabola y* =8x .

Find the equation of normal on the following given parabolas -
(i) v*=8x atpoint (2,4) (i) y*+12x=0 ontheupperend of latus rectum.
Find the equation of normal to the following given parabolas -

(i)  »® =4x whichis perpendicular to the line y—2x+5=0.
(i)  y* =4x whichis parallel tothe line x+3y—-1=0.

Prove that the line 2x + y—12a =0 normal to the parabola y* = 4ax and its length is 54/5¢ units.

Ellipse

12.23 Definition

The locus of a point which moves in such a way that the ration of the distances measured from the fixed lineis

always less than one, is called an ellipse. The fixed point is called focus, the fixed line is called directrix and ratio is
called the eccentricity of the ellipse.

12.24 Standard equation of the Ellipse

Let S be the focus of Ellipse, line ZK be the directrix, ¢ eccentricity and 7 (x, y) beany arbitarary point.

Since e< 1, therefore the ellipse will divide SK internally and externally in the ratio ¢ : 1 at points A and A'
respectively.
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fig. 12.29

AS e

=— p AS =e- AK
1K1 or Y =¢ (1)
Also A 'lies on the ellipse. Therefore,
A'S e ] '
N_T or A'S=e-A'K (2)

Let AA'=2a . C isthe mid-point.
.. CA=CA'"=a Onadding(1)and(2), we get

AS+A'S=e(AK +A'K) or AA'=e{CK —CA+CA+CK}
or AA'=e(2CK), [- CA=CA]
or 2a=2e-CK . [ AA‘:2a]
% CK=ale 3)
Substracting (1) from (2), A'S-AS=e(A'K - AK)
or ((‘A'+('S)—(()4—('S)=e(AA')
2CS =eAA, [+ CA=CA]
2CS =e-2a, [+ AA'=24l]
CS =ae )

Considering C as the origin, CAX as x-axis and perpendicular line CY as y-axis, we will derive the equation

of ellipse. The co-ordinates of focusis S (ae, 0) from equation (4) and equation of directrixis X =da/¢ from
equation (3). Draw perpendicular from point P on PN and PM respectively i.e. on x-axis and directrix ZK. Join P
and S. Then, by defination of ellipse, we have

SP =ePM

or SP? =’ PM*

or SN* + NP? =’ NK*?

or (CN -CS)’ + NP* =¢* (CK -CN)’

or (Jr—.ﬂn:e)2 +y' =¢’ [ﬂ—.\:] (from (3) and (4))

e
i ) o i % .
or x‘(l—e‘)er":a‘(l—e‘) or ﬂ_:+a:(l—e:)_l (&)
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substituting a” (l ~e’ ) = b" in(5), the equation of ellipse can be written as

-l & ., ,
—_—t :l V\,-"l b_ =a (l-e" 6
a b el ( ) L

Note : (1) putting x = 0 in(5), we get the co-ordinates of B and B' as (O.. avl-e’ ) and (0, —avl-¢’ ) ie.
(0, ») and(0, —b) ,

(2) Inequation (6) , if @ = b , thenellipse will be of the form x* + y* =a” , which isthe standard equation of a
circle with centre at origin and radius a .

12.25 Some Definitions

1.  Major axis : The line joining Aand A'is known as major axis and its length is 2a (fig. 12,29)

2.  Minor axis : Theline BB', passing through C(0, 0) is known as minor axis and its length is 24. (fig. 12.29)
3.  Principal axes : Major and Minor axis both are termed as Principal axes.

4.  Latus rectum : Aline passing through the focus and perpendicular to major axis is called the latus rectum.
12.26 Tracing of standard equation of the ellipse

Equation of ellipse is _ X 2 =1 (1)
a  b-
b —
v=t— Jla —Xx" 9
y=t=( ) )
a o -
and .\*:i;—} (b‘ —_1.-") (3)

substituting -x in place of x in eq. (2), we see that there is no change in the value of y. Therefore, Ellipse is
symmetric about y-axis. Similar putting -y in place of'y in (3), we see that there is no change in the value of x.
Therefore, the Ellipse is symmetric about x-axis.

Fromequation (2), ifx —~ a, theny isimaginary . Hence, no part of Ellipse will be right of A and to the left of A'.

Similarly from equation (3), if y>b ., thenx will be imaginary. Hence no part of Ellipse will be above B and
below B'. Thus, Ellipse is a closed figure.

From (2), we see that as x increases then y decreases and from (3) as y increases then x decreases. Therefore
an Ellipse looks like a stretched circle.

According to above facts and informations, drawn curve is according to fig. 12.29.

12.27 Another form of the ellipse

X ] 5 2 - . . . . .
~+ b =1.,and b ~a,then a” =b- (1 —e‘) . Inthis case, x-axis will be the minor axis and
e 2

If an Ellipse

v-axis will be the major axis. The length of major axis will be 25 and length of minor axis will be 24,

The co-ordinates of foci S and S'will be (0, he) and (0, —be) and the equation of directrices be y =+b /e
and length of latus rectum willbe 24° / b .
12.28 Second focus and second directrix of the ellipse

Fromfig. 12.29, points S'and K' are taken on to the left of x-axis in such a way that

CS'=CS=qe and CK'=CK=ale
Equation of line K'M'is
x=-ale (1)
From point 7 (x, v) lying on the Ellipse, draw perpendicular PM' from the line K' Z'. Now, if S'be the focus
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and line K'M'be the directrix, then by the definition of Ellipse
PS'=ePM' or (PS ')j =e’(PM ')2 )

Since the co-ordinates of S' are (—ae, 0) . Therefore, from (2)

]

(x+ae)2 +y? =¢’ (x+afe)

or x? +2aex+a’e’ + y* = e’x* + 2aex + a*
or x:(l—ej)+_v3:a3(l—e:)
o2 2
or =1
a a° (l—e‘)
x . I 2
or —+—=] whereb‘za‘(l—e‘)
ar b

This is the same equation with focus S and directrix KM . Hence, Ellipse has two foci and two directrices.
12.29 Focal Property
I
By the definition of ellipse,

SP=e-PM =eNK =¢(CK —CN) (1)
and S'P=ePM'=eNK'=e(CN+CK") ()
= SP+S8'P=e(CK+CK")= e[£+ 3] = 2a =length of major axis.

e ¢

Thus, the distance between the foci from any point lying on the ellipse is constant and is equal to the length of
the major axis. On the basis of above important property, the definition of ellipse can be given as follows :
"Ellipseis the locus of that point whose sum of distances of two fixed points (foci ) is constant."

12.30 Length of the latus-rectum of the ellipse
Infig. 12.29, LSL'is a latus rectum. L and L'lies onthe ellipse. Also x —ae andlet SI. = y' . Now co-

) >
& e

x* y
ordinates of L will be (ae, y') . Since point L lies on the ellipse —+ b =1
a

2

ae” ¥
—+=5=1
a b
- b4 a 2 2]
or yr=— [ b =a (l-e ]
(1-¢)
b
or y =t—
o
2h?
length of the latus rectum =LL'=28L =

Co-ordinates of L and L' will be (ae, bz/a) and (ae, —bjfa)
Similarly, the co-ordinates of the ends of latus rectum passing through S' will be (—ae, — b:/a) and
(—ae, b°/a).
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Ilustrative Examples
Example 15 : Find the equation of Ellipse whose focus is (-1, 1), directrix x— y+3 =0 and eccentricity
e=1/2
Solution : Let P(/, k) be any point on the ellipse by definition
distance of P from focus = ¢ (distance of P from the directix)

or PS =e(PM)
or (PS)’ =& (PM)’
2 2 1{h—k+3 ¢
h+1) +(k-1) ==| ———
or (h+1)"+(k-1) 2 [ ND ]
or 8(/* +k* +2h—2k+2) =(h—k+3)
or 7h® +2hk + 7k +10h—10k+7 =0
which is the required equation of ellipse 7x? +2xy+7)* +10x—10y+7=0 as P(h, k) lies on the
ellipse.
Example 16 : Find the eccentricity, length of latus rectum and coordinates of foci of the Ellipse :
(1) 3x° -4—4-).22 =2 (i1) 9x’ -{—SJ,;j -30y=0
Solution : (i) Equation of ellipse can be written as
A (1)
4 3 ’
where @ =4 and b° =3
(i)  eccentricity since b° zcr:(l—e:) 3=4(l—e:):>e: 1/2
% 2b° 2x3
(i) latusrectum =——= =3
a 2

(i) coordinates of foci (ae, 0)and (—ae,0) i.e. (1,0)and (-1, 0)
(i) Equationofellipse

9x* +5y° =30y =0

or ox* +5(y—3) =45

X’ (_'.'-‘—3)2

e o R S | 1
or 5 4 5 (1

shifting the origin at point (0, 3)

X* Y z =
= +?:l,herea4:5 and h- =9 or b>a (2)

W

() Eccentricity : a :b:(l—e:) is 529(17(33):(3:
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b3 3
(i) Coordinates of foci : Co-ordinates of foci of (2) (0, + be) since focus lie on Y-axis hence the

coordinates of focus will be (0, +2).
Co-ordinates of foci willbe (0,3 +2) i.e. (0, 1) and (0, 5)

(i) Length of latus rectum :

Example 17 : Find the equation of ellipse whose coordinates of vertices and foci are (+ 5, 0) and (+4, 0)
Solution : Equation of ellipse

2 3P
—+ =1 (1

a b

coordinates of vertices and foci are (+a, 0)and (+ae, 0) respectively On comparing we have a =5
and ae =4
a=5 and ¢=4/5

again, e=,[(1-b°/a") . 4/5=J(1-b/25) = b=3

; _ X"y
by putting the value of a¢and »in(1)= = *E F =1

This is the required equation of ellipse.
Example 18 : Find the equation of ellipse whose eccentricity is 3 /5 and length of latus rectums 6.
Solution : let the equation of ellipse

5

x° oy

=] a>bhb 1
i (a=5) M
2b°
given =—2=06
a
a-{1=e?
or QMZ(S
a
o) s
5 75
fromeq. (2) 2b" =6x—
16
15
h=—
or a

putting the value of @ and 4 in (2) we get the required equation of ellipse, 256x* +400y" = 5625.
Exercise 12.5
1. Find the equation of Ellipse whose

(i)  Focus (=1, 1), directrix x— y+4 =0 and eccentricity ¢ = 1/.\/§
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(1) Focus (=2, 3),directrix 3x +4y =1 and eccentricity ¢ =1/3.

Find the eccentricity, length of latus rectum and coordinates of focus of the ellipse.

(i) 4x*+9y* =1 (ii) 25x" +4y* =100 (i) 3x* +4)° —12x-8y+4=0

Find the equation of ellipse whose major axis is along the x-axis and passing through the points (6, 2) and
(4,3)

Find the eccentricity of ellipse whose latus rectum is half of its minor axis.

Find the locus of a point so that its sum of the distance from the points(1, 0) and (-1, 0) is always 3.

l.?. 31 Intersection of an ellipse and a straight line

Let the equation of Ellipse

yv=mx+c (1)
i &

and —+==1 (2)
a b’

putting the value of v in(2) from (1)

L:.;.M:]

a b-
or .\::(u:m: +h:)+2cr:mc:\:+n:(cj —h:) =0 (3)

It is a quadratic equation with two roots. Therefore it shows that a line will intersect the ellipse at two points
But if the line touches the ellipse, then (3) has equal rootsi.e.

(2a3mc): —4(a*m* +87)a’ (¢ =) =0, (B* =44C)
or da’m’c’ —4a’ (G:Hi':ﬁ': ~a*h*m* + b** = H* ) =
or ab’m’ —b'c +b* =0
or b*(a*m® —c*+b7)=0
or am’—c*+b* =0

or c=+\a’m’ +b’
= c=+\Ja’m® +b° (4)

Putting the value of c in (1) the equation of tangent lineis y = mx =+ (a:m: +b° ) . Therefore, the line

v=mxta’'m’ +b* touchestheellipse x*/a*+ y*/h* =1 and the coordinates of the point of contact are

~

a‘m b’
+

J(agnf +[33) o \/(.trzm2 +b:)

¥

[llustrative Examples

Example 19 : Find the coordinates of the point of intersection of the parabola x* + 4y° =8 and the line
y=2x-3
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Solution : Given equation of ellipse and a line

x4y’ =8 (1)
and y=2x-3 )
solving (1) and (2) we have

x2+4(2x_3)::g or 17x> —48x+28=0
= x=2,14/17 from(2) y=1, —23/17
Thus the coordinates are (2, 1) and [% _1—273]

Example 20 : Ifthe line y =x+c¢ touches the parabola 2x* +3y° =6 then find the value of ¢.

Solution : Given equation of ellipse and a line

y=x+c¢ (1)
and 2x*+3y°=6. )
solving (1) and (2) we have

2% +3(x+c): =6 or 5x° +60.\'+(3c: —6):0 (3)

Since the line (1) touches the Ellipse (2) therefore :

(6¢) —4-5(363 —6) =0 or 24c=120 = c=x5

: ;2 % : _ Xy
Example 21 : Find the condition ofaline xcose + ysina = p to beatengent to the ellipse —+ o I,
a” 3

Solution : Substituting the value of v from the line xcosa + ysina = p inthe ellipse

;—th—:] we have zgﬁ{%]%:l
or xz(az cos:a+b:sin:a)—2a3pxcosa +(cr:p: —a’h’ sin’ a’)zO (D)
the line will touch the ellipse if the roots of (1) are equal

(—2c.'fp cos\‘.cf)j - 4(03 cos’ o + b’ sin” a‘)(a:p: —a’h sin’ af) =0
or 4a3h:sin:a{a:cos:a—p:+h:sin:a}:0

therefore p° =a’ cos” o + b7 sin” «

Exercise 12.6
I.  Provethattheline y=x+,/(5/ 6) touches the ellispe 2x* +3y° =1 . Also find the co-ordinates of the

point of contact.

2. Show that theline x -3y —4 =0 touches the ellispe 3x° + 43" =20
3. For whatvalue of k doesthe line 3x—4y =k touchestheellispe 5x° +4y° =20
) 2 . 12 . X P _
4. Provethattheline x+y = (a‘ +b ) touches the ellispe —+ h_ =1. Also find the co-ordinates of the
a” 2

point of contact.
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5. Find the condition when the line (x+my =n touchesthe ellipse — + b =1.
a” &

6.  find the equation oftangent to the ellipse 4x° +3y* =5 which makes an angle 60° with the x-axis. Also
find the coordinates of the point of contact.

Hyperbola

12.32 Defination :

Alocus of'a point which moves in a plane in such a way that the ratio of the distances measured from the fixed
point and the fixed line always greater than one, is called hyperbola.
12.33 Standard equation of Hyperbola :

Let there be a fixed point S and a fixed line ZK. Let P(x, v) be any arbitrary point. Drop a perpendicular from
S on the directrix ZK, let it be SK.

Let e be eccentricity. Divide SK internally and externally inthe ratio e : 1 at pointsAanA'. Let C be the
originand AA'=2a

Si.l"lce e>1 A YA 7
. 5 , M

S _e SO N - -

AK 1
or SA=edK (1) b

SA4' e < = X N

_ X S A A A ‘_' 1e. X
and KA4' 1 (—ae. 0) ) ( 3{ae. 0)
or SA'=eKA' (2) ’
On adding (1) and (2), we get S L\
SA+SA'=e(AK + KA')
YW

or  (CS—CA)+(CS+CA)=e{(CA-CK)+(CA+CK)}  fig. 1230
or 208 =2eCA [ CA=CA ']
or CS =ae (3)

On subtracting (1) from (2), we get
SA'-SA =e(KA'- AK)
AA'=e{(CA+CK)—(CA-CK)}
or 2a=e¢-2CK
or CK=ale 4)
-, coordinates of focus are (ae, 0) and equation of directrix is x =a /¢ . Now by the definition of

Hyperbola, we have
Distance of P from the focus S = e (length of perpendicular on the directrix from point P)

or SP =ePM
=% SP* =¢’PM’*
or (x—ae) +(y—0)" =e*(CN —CK)’
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or (x—ae)’ +)° :e:[x—ﬂj

or x? (e: = l) g = ((:3 = l)

or ‘7—:_0‘2(87:—1):1
::3 _;;; =1 where b° :C'-’:(e: 71)

';)2 =1. (e>l)_

. ; . X
Required equation of Hyperbolais ——
a

12.34 Important definitions :

1.
2.

Transverse axis : Line joining the vertex A and A'is known as Transverse axisACA'. Itslengthis AA'=2a
Conjugate axis : Aline perpendicular to the transverse axis and passing through the point C is known as
Conjugate axis. Let the points B and B'be suchthat ('B = CB'= b, then BB'=2b, will be the length of
conjugate.

Principal axes : Transverse axis and conjugate axis are called as principal axes of the hyperbola.

Focus : There are two foci of Hyperbola S (ae, 0) and S'(—ae, 0)

Directrix : There are two directrices equidistant from the centre 'c' and their equations are X =d/ ¢ and
x=-ale

Vertex : Points A(a, 0) and A' (—a, 0) are called the vertices of hyperbola.

Latus rectum :The line perpendicular to the transverse axis and passing through the focusis called the latus
rectum. In fig. 12.30 LSL'isalatus rectum. Let the coordinated of L be (e, (). Since the point L liesona

Hyperbola, therefore,

2,2 g2 2 X - i o
aat _5_3:1 s 3 =e” -1 or £ = — [ X za‘(e‘gl)]
(=+b"|a

- lengthof latusrectum = LSL'=2(=2bh"/a.
Focal property : Let the equation of hyperbola be

X 9°
P M
Coordinates of foci are (+ae, 0)
= )
SP=ePM =eNK =e¢(CN -CK) Sl’=c{x—;]=a\-—a )

Similarly S'P =ePM'=eNK'=e(CN+CK")
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, a
or, aS'P:@[+.\”]:(T+€.‘:

€
S'P —SP =2a (constant)= length of transverse axis
Thus, focal length of a point lying on the hyperbola is equal to the length of transverse axis.
12.35 Special types of hyperbola :
(1) Rectangular Hyperbola :

Ifthe transverse and conjugate axis of a hyperbola are equali.e. a=b, thenit is known as rectangular
hyperbola, its equation will be

¥ _}__3 —a?
Also, b’ :az(e: —l)
when a =5 . then ﬂ::a:(e}—l)ze:\/f

Thus eccentricity of a rectangular Hyperbolais /2 .
(2) Conjugate Hyperbola : AY

Iftwo hyperbolas are such that, transverse and conjugate axes of one is the \ //
X' <

conjugate and transverse axes of other, thentogether they are called conjugate

cyperbola. DL Q- >X
\_2 v: S" A:,/ \\A "
Ifthe equation of a hyperbola —— b =1, thenthe equation of conjugate /— By
a b
. XY ' T
hyperbola willbe ——===-1 vy
a b
9 s ; . : fig. 12.31
12.36 Intersection of hyperbola and a straight line :
Let the equation of a line and a hyperbola are
yv=mx+c (1)
= e
and -—=] 2
T (2)
Solving (1) and (2) , we get
2 (mx+c)
Lo (—) =]
a- b-
or x:(a:m: —b:)+ .?.G:JIJL'X+{I:(£'2 +b:)=0 (3)

Thisis a quadratic equation in x and will have two roots. Line (1) will touch the Hyperbola (2) , ifthe roots of
(3) are equal

ie. (20::110):—4(02111: —b:){(bj +c-3)a:}:O [82—4/1(":0]
or, b:(ajmg—bz)—b:c: =0
— s (a:m:—hz) (4)

which is required condition of (1) touching (2) . Putting the value of ¢ in(1), we have

yv=nmxzt (a:m: — h:)
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am _ b~
and coordinates of points of contact are{ t——F — ] :
\/a‘m‘—b‘ -\/a'm‘—b'

Hlustrative Examples
Example 22 : Find the axis, foci, eccentricity and length of latus rectum of the hyperbola
(x-1)’-2(y-2)"=-6
Solution : The equation of hyperbola can be written as
(x-1)° _(»-2) __
&) ()

comparing (1) with the standard equation we have centre (1, 2), transverse axis = 2./3.

6+3
conjugate axis = 24/6, eccentricity = ( 3 ]:ﬁ (1)

foci =(1,( 2+J§)x\/§] and (L (2—\/§)x\/§1 or(1,5)and (1,~1)
Example 23 : Find the equation of Hyperbola whose focus is (0, 0) directrix xcosa + ysina =( and
eccentricity is 5/4
Solution : Let P(h, k) be any point on the Hyperbola

- distance of P from the focus = ¢ (perpendicular directrix from P)

2 2\ _ 5| hcosa+ksina -1
-0y +(k -0y} == T

_— 4 (h:+f'(:) =5(hcosa+ksina — 1)
squaring
16/h° +16k° =25(h cosa+ksina—f)2.
required equation of Hyperbola is
or 16(3(2 + y:) =25(xcosa + ysinaf—():

Example 24 : Find the equation of Hyperbola whose fociare (4, 0) and (-4, 0) whose eccentricityis 8.

Solution : Distance between the foci = J[(4 -4)" +(0- O)T =8
2ae:8 or 2(}'><8:8 e a:l;"‘z

63 J63

s afs |
again b‘:a‘(e‘—l)zz(éﬁl—l):? — b=

thus required equation of Hyperbola is

X B y’
127 (J&32)
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Example 25 : If the eccentricities of hyparabola and its conjugate hyperbola are ¢ and ¢’ then prove that

1 1
=],
e e
3 ; 2 f
Solution : Let the equation of hyparabola —z= b_ =1 (1)
a b
then equation of'its conjugate hyparabola is
X e )
aﬁ b: =
s ) b* ‘+b°
eccentricity of (1) e =l+—= & + ’ (3)
o o
.. 2 a a’+b’
eccentricity of (1) e =l+—=—=— (4)

from equation (3) and (4)

1 1 a b’

+—=— = = =
e- e" a +b a +b

Example 26 : Find the condition for which the line xcosa + vsina = p touches the hyperbola

XYy
a b
Solution :Putting the value of y from xcosa + ysine = p, inthe hyperbola
x* ) ; x* 1[p-xcosa | i
=—5===  Wwegd —Fm ot | =
a b = at b sine
or  x*(b*sin’ @ —a’ cos’ a)+ 2a’ pxcosa —(a:h: sin” & + a:p:) =0 (D

the line will touch the hyperbola if (1) has equal roots(B # = 4/1‘(“)
or (2d°pcosa) =-4(b’sin’ a—a’ cos’ a)(a’h’ sin’ a+a’p*)
or 4a‘p’cos’a= —4[&3{'}4 sin*a +a’h” p’sin° a —a*bh’sin” acos® a — p’a’ cos’ O.':|
a’ cos’ o — b’ sin® a = p* is the required condition.
Exercise 12.7

1. Find the length of axis, foci, eccentricity and length of latus rectum and equation of directrices of the

hyperbola 9x* —16)° = 144
Find the equation of hyperbola whose

b2

(1)  Focusis(2, 1)directrixis x+2y—1=0 and eccentricity.

(i) Focusis (1, 2) directrixis 2x+ y =1 and eccentricity % .

(F5]

Find the vertices, foci, eccentricity and length of latus rectum of the hyperbola x* —6x —4y* —16y—11=0

[289]



9,

)

6.

9.

10.

Find the equation of hyperbola whose
(i)  Length oflatus rectum is 8 and conjugate axis = 1/2 (distance between the foci)

(i)  Distance between the fociis 16 and conjugate axisis /2

(1) Length of conjugate axis is 7 and passing through point (3, -2).

_ . . . X oy X y _
Prove that the locus of point of intersection of the lines -7 =m and - + 7 = y1sa hyperbola.

Find the common points of the hyperbola 5x* —9y° =45 and y=x+2 .

) x° oy P
Prove that the line (x+my =1 touchesthe hyperbola — _T: 1if 02 -p2m* =1.
PERNY

Find the equation of tangent to the hyperbola 4x* —9y* =1 whichis parallel to theline 4y =5x+7

Prove that the locus of foot of perpendicular dropped from the focus to the tangent to the hyperbolais a

circle.

Miscellaneous Exercise 12
The radius of the circle 9x* + y° +8x = 4(,\—3 —}33) 1S :
(A) 1 (B) 2 (©)4/5 (D)5/4
The equation of circle whose centre is (. #)and lies in the first quadrant and touches the x-axis is :

(A) x*+y*-2ax-28y+a’=0 (B) x¥*+y* +2ax 20 +a* =0
©) X*+y* 2ax+2f+a’ =0 D) 2*+y* +2ax+2fy+a* =0
The value of ¢ when the line y = mx + ctouches the circle x* + y° =4y is:

(A) 2+l+m’ (B) 2—+1+m" (C) 2+ 241+ m” (D) 1+/1+m”

The point where the line 3x+4y =25 touches the circle x* + y° =251s:

(A) (4.3) (B) (3.4) (©) (-3.4) (D) (5.-4)
A parabola sections from the cone if

(A) ¢e=0 (B) e <1 (C) e>1 (D) e=1
Equation of directrix of parabola x* =-8y is:

(A) J"' — —2 (B) “l.-" = 2 (C) X = 2 (D) X = _’2

The vertex of the parabola x* +4x+2y =0 is:
(A) (0, 0) B) (2,-2 ©) (-2, -2) D) (-2, 2)
The equation of parabola with focus (-3, 0) and directrix x+5=0 is:
(A) y' =4(x+4) (B) y*+4x+16=0 (C) y*+4x=16 (D) x’ =4(y+4)
The equation of parabola with vertex and focus are (2, O) and (S, 0) is:

(A) y*=12x+24 (B) y’=12x-24 (©) y*=-12x-24 (D) y* =-12x+24

The focus of parabola x* = -8y is:
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(A) (2,0) (B) (0, 2) () (-2, 0) (D) (0, -2)
1. Equation of tangent to the parabola y* =y is:
(A) y=mx+1/m (B) v=mx+1/4m (C) v=mx+4/m (D) v=mx+4m

12.  The point of contact when a line 2 — x = 2 touches the parabola y* =2x is:

(A) (4,3) (B) (-4, 1) (©) (2, 2) (D) (L, 4)
13.  The equation ofa line parallel to aline x+2y+1=0 tothe parabola x* =8y

(A) x+2y+1=0 (B) x—2y+1=0 (C) x+2y—1=0 (D) x—2y—1=0
14.  The equation of normal to the parabola y° =4y is:

(A) y=x+4 (B) y+x=3 (C) y+x=2 D) yv+x=1
15.  Thelength of half latus rectum of the parabola 3x* +4y* =12 is:

3 8 4

(A) 5 (B)3 © 5 ®) 75
16.  The eccentricity of parabola 3x* +4y* =12 is:

(A)-2 (B) '~ — (O) 1 (D)2
17.  Thevalue of ¢ whenaline y=mnix+c touches the ellipse ; + ;) =1 is:

(A) cz% B) c=+JaPm* =8  (C) c=tJa*m* +B* (D) c=afl+m*
18.  The co-ordinates of the foci of the ellipse :— + 1 = l(f) >a) is:

(A) (iae,O) (B) (ihe,O) (C) (0, iae) (D) (0, ibe)
19.  The eccentricity of the rectangular hyperbolais :

(A)0 (B)1 ©) 2 D)2
20.  The eccentricity of hyperbola 9x* —16)° =144 is:

(A1 (B)0 (C)5/16 (D)5/4

21.  Find the equation of a circle whose centre is (acosa.asin«) and radius is a.

22, Ifthe tangents are perpendicular to the circle x* + »° +2gx+2fi +¢=0 at points (x,.y,) and (x,.y,)
then prove that
X%y + )y, + 80 +x,)+ fy, +3,)+ g + 2 =0

23, Find the equation of circle with radius 7 and whose centre lies in the first quadrant and touches the y-axis
from origin. Also find the equation of another tangent passing through the origin.

24.  Atangent drawnat a point («. #) onthe circle x* + y> = ° meets the axes at point Aand B respectively.
?4

203

Prove that the area of triangle OAB is ,where O is the origin.

[291]



(V5]
I~

5]
4

Find the equation of tangent to a circle x* + y? =«* which makes a triangle of & area with the axes.
Write the co-ordinates of the foci of the parabola x* —4x—8y =4,
Write the eccentricity of the parabola x* —4x—4y+4=0 .

Write a conditionthat aline (x+my+7n=0 touchesthe parabola y* =4ax .
Find the equation of parabola whose vertex is (0, 0) and focusis (0, —a).

Write the equation of the axis of the parabola 9y* —16x—12v-57=0.

i : : x> —ax J.e': - by
Find the co-ordinates of the centre of the ellipse = + PER 0.

- >

Write the condition of aline x cosa + ysina = p touches the ellipse — + e 1,
a” 3

Find the equation of hyperbola whose transverse axis and conjugate axis are 4 and 5.

(x—1)2 ~ ()-‘+2): >
16

9

Find the co-ordinates of the centre of the hyperbola

s

¥l

{ Important Points J

When the plane P (whose semi vertical any vis ¢ ) passes through the vertex O of the cone, we get point of
straight line. These lines are
(A)Passes through vertex of cone then intersecting curve pair line will be

(i) Real and distinct if € <

(i1) Coincidingif & =«

(iii) Imaginaery if 8 > o
(B) Ifthe plane do not passes through the vertex then the section will be -
(1) Circleit @ =90° (11) parabolaif @ =«
(i) Ellipseif € > « (iv) Hyperbola if € <«
Standard form of'equation of circle
(x=h)’+(y-k)’ =a*: centre (h.k), radius =a

Equation of circle when centre lies at the origin x* + y° = g~

General equation of circleis x* + y* +2gx+2fi+¢=0;

centre (—g.—/). radius =+/g° + /> —c

Line y=mx+c, touchesthe circle x*+)* =a* if c=xaVl+m"
Tangent to acircle : x* +y° =a°

(i)  Atpoint (x,, )'-']) equationis xx, +w;, —a =0

am

a
ik
\/1+m: \/l+m': J

(i)  Slope form (m), y=mxt axJ1+m* co-ordinates of point of contact [x

(iii) At point (x,, y,) toacircle x* + y* +2gx+2fr+¢c=0

-
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10.

11;

13.

14.

16.

x, + v +g(x+x)+ f(yv+y)+c=0
Normal to acircle x* + 3% =4°
(i)  Atpoint (x,, ;) equationis xy, —yx, =0
(i)  Slope (m) x+my =0, where m isthe slope of tangent to a circle
Standard equation of parabolais y* = 4ax
For parabola y’ = 4ax , co-ordinates of vertex is (0, 0), co-ordinates of focus s («, 0), length of latus
rectum is 4a, equation of directrixis x +a = 0
(i)  Conditionofline y =mx+c totouchesthe parabola y* = 4ax is c=a/m.

a 2(.*}

(i)  Co-ordinates of point of contact [ o

Standard equation of parabola y* = 4qx

(i)  Tangenttoapoint (X, ¥, ) is yv, =2a(x+x,)

a
(1)  Equationoftangent in a slope form V = mx +—

n
: . wo e cowen o o
(i) Equationofnormal atpoint(x,, v,) is V=¥, =— e (x—x,)
(iv)  Slope form of normal ¥ = mx —2am —am’
. .ox )
Standard equation of ellipse — + e =1
o 2
x? 3
Inellipse —+===1
P 7 b
(i) Foci (tae, 0) (ii) Directrices x = +a /e
5 " x12
2h° ) N B’
(ii1) Length oflatus rectum = 7 (1iv) Eccentricity € = 1——a—3

~+ =

i g ; i X y ;
(i)  Conditionofline y =mx+c totouchtheellipse —+ pE =11is ¢ =++Jam® +b° -
P 7

am h-
il Co-ordinates of point of contact | ¥ F——=, T F7———
) P [ \/a“m“ +b- \fa“m“ +b-

) Xy 51 g
Equation of hyperbola —— ;’ —=1, where b~ =a” (e‘ —l)
a b

Xty
In hyperbola ——=5=1 F
nhyperbola — =<~ (a>b)
(i) Foci (*ae,0) (ii) Directrices x = +a/ e
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y

2b-

- w12
21 b-
(1) Length of latus rectum = —— (iv) Eccentricity e = [l + ——]
a a

s s . x* 1}2
17. (i)  Conditionofline y =mx+c totouchthe hyperbola —— b_ =
a b

£,

a2
am b-
+

(i) Co-ordinates of point ofcontact | T ¥+ T
\/a‘m” -b- Ja‘m’ - b

18. Eccentricity of rectangular hyperbola x> — y* =a® is ¢ =+/2

lisc=+ (a:m: —b:)

}

(§S]

(oY)

&

U

=)

)

n

=t

Answers
Exercise 12.1
() X’ +y° +4x—-6y-3=0;(ii) x* + y* —29x—2by +2ab =0

a ak

.(Mor(3, 4),or 5;(ii)or [\/1_”(3 > \/1+k3 J,ora; (iii)or (0, 0);or

x4y —21‘1’—2ym+(r3 -!_’3) =0
X:+y:—6xi6\/5y+9:0

or{d,—5). of «/53

1 1
=5 =
or[4 ]01‘4

'+’ =Tx+5y-14=0

x*+y*+4x-21=0 and x*+)*—-12x+11=0
x*+y —ax-by=0

Exercise 12.2

25 25 5

{48i3\;‘48] 36 F44/481 | 2 131

4. k=40 or—-10

L (1) n (a"’ mr'2)+2nm(c—b)+(c~b)2 = (i) n° =a’ (3'2 + mz)

 ()4x+3y—-40=0 and 5x+12y—104=0 (ii) y=+3+4

. e=1 8 5x+12y-169=0
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Exercise 12.3
1. () 16x*+8xy+y’—74x—78y+212=0:(i) y* =4x+16

2. vertex axis latus rectum tocus
(i (-2.4) y=4 8 (0, 4)
(i) (4,9/2) =4 2 (4, 4) £ 9y’ = 4ax

Exercise 12.4
1. (2, -3) 2. S 4. am’ =(n 6. asin®a=-pcosa

4
7. (@) 8x—2y+27=0 ; (i) y+2x74:0;}-’+2x+§:0

27 = :
8§, —— 9 x —S5xy+2y" +42x-20y+16=0

4
10 (1) x+v—-06=0:(1) x+y+9=0
1. (1) 2x—y—12=0 : (i) 3x—y-33=0
Exercise 12.5
1. () 3x*+2xy+3)° =8

(i) 216x° +209y° — 24xy +906x +1358y +2924 =0

2.

N5 2 235

® 5 9 T 9

21 8

(ii) 5 5 (O,i\/ﬁ)

1

(iii) = 3 (3,1),(L1)
3. =+ = o B

5213 2
s X LYo
> 9/4 s/4 %

Exercise 12.6

1. [~y3/10), J(2/15) ] 3. 32429

|: a: bz } = 2’;2 b: 2 2
4. \/a3+b3 ’ \faerl}z 5. al~+bm =n

N

1 /65 5 A 415
r=A3xt— /=% s Fr——
SVENIELNG [ 2J65° " 3 65}
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21. x*+y* —2axcosa —2aysina =0

(S

Ll
(V8]

Exercise 12.7

or=28 or =6

or =5/4 or (5, 0)
16

or=9/4 orzi"g—

() x’—l6éxy—11y" —12x+6y+21=0
(i) 7x"+12xy—2y° —2x+14y-22=0

o o A5
(3 ~2)i (5.—2). (L2} (3_J§, ~2), =

(i) x* —3y° =144 : (i) x* — y* =32: (iii) 65x* —36)° =441

(-9/2,-5/2) 9. 4y=5x+3/2
Miscellaneous Exercise
1.(C) 2. (A) 3.(C) 4.(B) 5.(0)
8.(A) 9. (B) 10. (D) 11.(B) 12. (C)
15.(A) 16. (B) 17.{C) 18. (D) 19. (C)

23. (J\f—r)2 +(y—f?)2 =p2; (rz —hj)x+2rhy=0

' y:ixiaﬁ 26.(2. 1) 27. 1 28. ‘n=am’

a b ., .
B P= 3. |55 ] 32 pP=a’cos’a+b’sin’a
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