Exercise 7.5

Answer 1E.

Consider the following integral:
_[cns.r(l +sin’ .t]dfr
Evaluate the integral Icnsx (I +sin’ .t]dfr.
Icm‘.x{] +sin’ x}.:ir =J-{:t:-:»:;mr++c:¢:n::.1n;inz x)dr
=jﬁ5nﬁ+]ﬁﬁxﬁn{nﬁ
=sinx+ _{cus_t sin” xdx
_[cm;x{] +sin’ x}.:ir =sinx+ Ims:sinz xde (1)
Find the value of the integral, _|'c:|cm::_1r:-;in1 xdx.
Let sinx=r-
Differentiate on both sides.

sinx=1¢

cos xdx = di

The integral can be written as follows:

_[cnsxsinz xdx = I.i"%ﬁ Use ginx =¢ and cos xdy = dr

2l

e

= +C
2+1

3

=L+C
3

_sin’ x

+C Usesinxy=r¢

sin’ x
3

From equation (1), the following can be ascertained:

+C-

The integral is Jms xsin? xdx =

sin” x

Icns.x(l +sin’ .t)dx =sinx+ +C Use Icosxsin: xelx =

= 3
5N X

+C

- 3
Hence, the resulted integral is Icus x(l +sin® x}dx =|sinx+ 322

el




Answer 2E.
‘We have to evaluate the following integral
=1 42
| (Gr+1)"dx
=l

Let us begin by malking the substitution:
u=73x+1

du = 3dx

Plugging this substitution into our integral:
T=1
[INETE
=l

b MO

(sinceu=31+],x: U—}1=>u:1—}4)

]
- 3(v2+1)
Therefore
[IET S
_@"
3(V2+1) 3(V2+1)
@™
- 3(\.-'E+1)m3'Eg
Answer 3E.
We ha sinx+secxdx_ sinx+msxdx
€ fave IT _I?
COS X
=.|-5inn_msx+1dx
sin x
=Icosx+ ——dx
sin X
=Icosxdx+lcscxdx

= [sin x+ln|[:5[: x—ucot x|+C'




Answer 4E.

Consider the integral,

Jsinjx
cos ¥

dx

Meed to evaluate the integral.

- ! - 3 -
5N X SN x-sinx
J’ dx = [ dx
cosx [ 1

{]-ooszx)sinx ) o X
= j—d.r Since gin® x=1-cos’ x

CoOs5 X

L

_ j{ms2 x;;’)i-sin_r}‘ﬁ

Group the negative sign common from | _cgs® ¥ 10 sinx

Let w=cosx then du=—sinxdx

cos” x—1 ](_ sin.x) dx - obtain

Substitute these values in I(
cosX

I(co\s: x- I){-sin I:I e I[u:u—l}du

=j[§-i]m‘
=I[n-£]d‘u
=judu—_[£a&:

el
X
x'dx=

1 n+l

= —Inlyl+C Use
2" e f%m:mH

and

= %ous: _r—]nlcos_\‘|-|—C Since w=cosx

Therefore,
J-sm L de= lms2 x—In|cosx|+C
cos X 2
Answer 5E.
Consider an integral J' - ' @ ()
1" +2

Simplify the integral:
I I

(Y ()

Assume the following:

f=x
2edt=dx
t df=£

2



Substitute these values in (1).

] 1 dx
Ir‘+2d'_-[x:+(ﬁ)z'?

B T o
272 +{\"ri)2

(e g ()
=ﬁmn" [%]“’3

f 1

e N
Hence, I:‘-:-zdr_zﬁm [ﬁ]ﬂf

Answer 6E.
There are various techniques to evaluate the integral.
One of the technigues is the method of substitution.

In the method of substitution, an expression is substituted for one variable in order to simplify
the integrand so that it is brought into a form that is easy to evaluate.

Consider the integral:

tox
| ——
o(2x+1)
Use the method of substitution to evaluate the above integral.

Make the substitution as shown below:

2x+1l=1
2x=r1-1
r—1

X=—

2

tfr=ld.f
2

Now change the limits of definite integral.
Take y=(Qtofind t
1=2x0+1
=]
Take x —]tofind £

r=2x1+1
=3



Ewvaluate the definite integral with new variable:

‘.!,-(Zr-l-l)

Evaluate the above integral further:
1 3 3
It 2 17 5
a4l
o(2x+1) 1 1
1 ',-Iol 3 1 ,-_hl 3
=E(-2+ll _I[-3+11
41 -1 . 4| -2 .
b7
4\r), 8\r )
Substitute the imits and simplify the expression:

i)l

6 9
b
18
1
Hence, the final value of the integral is _[ -
0 (2\' + ])
Answer 7E.
‘We have to evaluate
[ [ 1+ y2

Let tan Tty =—u—=— dy=du
¥ 1+y,dy
1 o
When y=1 u=tan (1)=I

And  y=-1 u:tan_l(—l):—g

1 =i4

Th & du
=)
=[T7,
[ _
Th [ T o
ksl )
=[],
I T a—




Answer 8E.

Consider the integral Irsinrmsf dt

Since sin2f = 2sinfcosf

dt . sin2¢
2 sinfcosf =

sin 2«

Ifsinfcusrdr:fr

= %J-f sin 27 di

Let f(x),g(x) are two differential functions, then
[7(x)g (x)ix= £ (x)g(x)- [ 2(x) f (x)dx

This is called the formula for the integration by parts.

In another way let u = f(x),v=g(x)then the differentials are
du = f'(x)dx,dv=g'(x)dx

By the substitution rule formula for the integration by paris becomes

Consider _[r sin 21 dt

Let
dv =sin 2udr
u=t Jdpzlsiandr
du=dt cos 2t
r=-—
2

Plug in the required values to the formula (1).

IISinZ’J‘df =r[ CO;Z’]—I(— co;?: }Jf

cos2t (mszi}i

= —f—+ t
2 2
cos2r 1 sin2s

=—f— 4 —

2 2 2

=—£c062.'+lsin 2r+C
2 4

+C

Now llrsinlrdt=l(—icns2r+lsin2r+6‘)

2 20 2 4
=—ims2r+lsin2:+£

4 8 2

1 1. C
=-;0°$3'+§51“2‘+C| (Clzg]

. 1 )
Therefore J-f sinrcostdr = Ejrsm 2rdt

= —icosz.r+lsin 21+ G
4 8

Answer 9E.

3
We have to evaluate Ir‘lnrdr
1

Integrate by parts by taking

u:lnr;‘*a&t:ldr and dv:r‘dr,v:%
r



_ §1n3— 242
5 25

Answer 10E.

4
‘We have to evaluate Ixi_ldx
0x —4x—35
-1 =1 4 . B
¥ -4x-5 (z-9)(x+1) x-5 =x+1

So x—l:A(x+1)+B(x—5)

(Let)

Puz=5 4=6A:>A=§

Putx=-1 —2=—63=>B=%

I 1

Ix’ 4x-5 :![3(;:—5]|+3(x+1)]d;r
= :%ln |x— 5|+ %ln |x+1|:[
- :%m (1—5)2+%]n |x+1|I
- _lln((x—s)*_(xﬂ))];
— S (C1.(9)-31a((-5"-(v)
= lias-Lios

3 3

1.5

3025
1
E]

In

1
5

Answer 11E.

We have If 4x+5 _Ix’ 4x+4+1dx

'[(x 2) +1
Let u=x—2
x=ut2
= dr=du
(u+2) 1
- —a‘u
Ix’ 4x+5 I u+1
zj'u+1
w41

1 1
= [ [ —~



Now substitute & +1=z = Dudu = df in first integral
i 1 ¢
du=|-=
Iz.:“+1 Izz
=St}

1
= Eln (uz +1)

Therefore t:quation (1) becomes

Ix’ 4x+5dx= %lm|u2 +1|+tan™ () +C

= %hl(x— 2)* +1|+t:m‘1 (x-2)+C

= %111 | —4x+J+tan! (x-2)+C

Answer 12E.
1679-7.5-12E RID: 1411| 29/04/2016

Consider the integral,

J' X
X xt+l
The object is to evaluate the above integral.

Rewrite the integral as follows:

X
J-‘—.,dt
x +x +1

=0

(f +x +1

¥

1

j- X i s
a2 . (1Y Y Add and subtract [ 2 |
(r} +x 4+ = | - = | +1 2
2 2

4

-] 3 e 3 (BY)
, 1Y (B Wiie Eas [_]
xX+—| + —
2 2 2
Use substitution method to evaluate the above integral as follows:

Let y° -|-l =
2

KRR R

Differentiate on both sides of the function x* +% =

2xedx = du

Id.l.’=ldﬂ
2



So the integral reduced as,

)

1 _,’zf+1]+c
NERE QN

Therefore, I;dxm Lmn"[h'ﬂ)ﬂf

xext+1 ﬁ Ji

Answer 13E.
(Given lsinjtcos‘tdt

=_|-cos‘.fsin‘ fsin £ ot

= _I-[:os‘.t (]— cos’ .f:l2 sinfdif
Put cosfi=x = —sinidf=dx
Therefore lsinjtcos‘tdtzlx‘(l—x:)ﬂ [—dx)

=—[* (142" - 25" )ax

£ 7 x’]

=+ -2 |+cC
59 7

[ 5 7
coOs .t_l_[:osgz_zms £ L
5 9 7




Answer 14E.

Consider the following integral:

x!
el

Recollect from the table of Trigonometric Substitution.

Expression | Substitution

Identity

T T
a + x:atanB,—E{B-:E

1+tan’ @ =sec’ @

Let _t:tanﬂ.

i+ =J1+tan’ @
=+sec’ @
=sect

And gy =sec® @-d@-

Integrate the function as shown below

x tan’8

J’J]”! d.r=I o™ 6-do
=Ilan56?sec9-d9
= [tan® §-(secOtan 6)-do

= [(sec* 6-1)-(secOtan0d0) Since. tan® g =sec* 41

Let y=sec® and du=secftan @4 in the above integral

Integrate as shown below:

3

I i ‘:1':c=-|'(14r2 —l}-dn

1+x°
=%—H+C
=%(u=-3)+c

_secd

= sec=9—3)+C Since. y=secd

JI+2°
3
Ji+x*

= (x* —2)+C Simplifying

Therefore, the value of the integral I

Answer 15E.

dx
(1-=)"
Let x=sin8d = dx=cos&d8

‘We have to evaluaie I

Then [:(:;st’:':':-\.il—x2 and tanf=

{1+.J:2 —3}+C Since, secg=+1+x

x )
—dx |
Vi+2?

X

1-x

I J:f .

:‘\”;I! {.Tz

-2)+C




ff = x:
Fig. 1

Thereforej m j- cosﬂdﬂ

(

l- cosﬂdﬂ
- (cos 9)3;2
cosBd8
- '[ cos &

a Icos g
= Isec 848
=tan 8+C

X

= +C
1-x°

Answer 16E.

The original integral can be written as follows:

|-1

sin” @

I 'Jl—l' J. \‘r] —sin® @
=J'45m_9cusgdg Use J1-sin’ @ =cos@
o cosd

cosddd

= E sin’ 6d@

I* cos?&,aNnEs g_l—e;szﬂ

=]E_|;:{l-m528)dﬂ

1( _sinzﬂ]:
(]




Answer 17E.

=
Consider the integral I tcos’ tdt

-

Since cos2f=cos f—sin-f

= 1:052."-('-!:0511')

T "
o 1+cos2r
fcos rdr = |t dt 2
i- !( 2 ] =2cos r-1

1+cos2t -
[ 22 - o

. =

1-:
=Efr{l+cus2r)d: ...... (1)

Let f(x),g(x) are two differential functions, then

[ (=)' (x)dx=[ 1 (x)2(x)]. - [&(x)/"(x)d

This is called the formula for the integration by parts.

In another way let w = f(x),v=g(x)then the differentials are
du = f'(x)dx,dv=g'(x)dx

By the substitution rule formula for the integration by parts becomes

= =
Consider Irmsﬂdf=%[f[l+cus2!]df From (1)

%E d.r+—j.rms!rd.r
4

2

A ) Imﬂslfdr

2\2 ),

r’xg

=— —]+—Irm52.rd£
212

Y




=
Let ljrmsz.fdr
2 0

dv = cos 2idr
u=t J'dv:_{coszrd?
dHIdF SiﬂZf

2

Substitute in the required values to the formula (2).

judv = (m’]: - de'ﬂ

ljrcosZId.!=l (rmnﬂ) _Ismb‘d'
2] T YE

g G T) 2(0) + l{ms?l)"T
2 2 4 o

1
2_

11

- 0+-(0052;r—c050)]
2| 4

=50-)
=0 (4

Now from equation (3)

= 2 =z

3 1
Ircos‘:d?=1-+—I;cosztdf
o 4 20

2

P

- (Since From (4))
_=
4
Therefore I;cg_f,’;d;:
o
Answer 18E.
Given
17
Put t=x = —df. dx
1
= —dft=2dx
S
i=1 = x=1
i=4 = x=2
4 F F]
[E-de=]e" 2dx
1

Answer 19E.

Consider the following integral:
J‘enfdr
The objective is to evaluate the integral.

Rewrite the above integral as,
Ie""dx‘ = Ie‘ - dx
= ]e" -e"dx



Apply u substitution to have the following.

u=e*

du = e"dx

Substitute these values in the equation (1) and apply integration, we get
e “dr=[e” -e'dx

= je'du
=e" +C
= +C Back substitute u# = ¢*
Therefore, J'EJ"' dx =
Answer 20E.

Consider the following integral:
[ dr

Since, p? is a constant, the integral can be written as shown below:
J‘e: dx = e:j ldx

0+l

=¢’(x)+C Since, I]¢r=lx“dr=; I
+

=x

=e'x+C

Therefore, the value of the integral J'e’ dx is je’ de=e'x+C|

Answer 21E.

We have to evaluate the following integral

Itm_l (JJ_E) dx
Let us begin by making the substitution:

u=vx

1
du = ——dx
2
Our integral now becomes:

2Iutan_1(u)du

We can now apply integration by parts, given by:
| Fa)g' @) du =f)gw) - [ £w)et)ds

By taking:
@) =tan"' @)
1

Plugging into our formula:

2
u

ut +1

2 [ utan™ (@)du = tan~ () -



We can now do long division on the second integral, to get a function that we can
integrate, which leaves us with:

2
2, 1 U 2, 1 1
tan - du=u" tan —|1- du
“ @ 'l-uz +1 “ ) I u+1
=2 tan_l(u)—.[]du+.|-u21_|_1d.t

=u'tan ) —u +tan ™ @)+ C

Finally, we can plug x back:
.l-taﬂ_1 (J;)dx =1 tan () —u —tan () +C Whereu= -J;

=xtan_1(-J;)+tan_l(J;)—-JJ_r+C
=[G+t (V)= +C

Answer 22E.

Consider the following integral:
J- Inx
x,,] +(In x}:
Make the substitution.
u=Inx

dx

cfu=ldr
x

Therefore, the given integral can be written as follows:

In x _ u "
‘I-JJH{]M}EE&-‘I-JIHFJ """ (1)

Again, put 144° =¢
Then 2udu=dt

Thatis, udu= %

Therefore, equation (1) can be written as follows:

I"'—"'dt=fl,ﬂ
x1f]+{]nx): J; 2
=%Ir'l=df
y
1 r?
=—- +C
1
2 (%)
1 1
=22+ C
X b-YiEE®
=Jt+C
=1+’ +C Replace r =1+u°

:‘al+(h1_r}:+C Replace u=Inx
I e [i+(nx) £
J‘x,f]+{ln x)




Answer 23E.

Consider the following integral:
1 £
I (I - J; ) dx
i
Let us consider, |4+./x=1¢-
Differentiate on both sides.

]+\-";=:
1
2Jx
dx =2Jxdr
=2(r-1)dr

dx =dt

Limits:

For x=0
I+\.-";:r
1+J0 =1

FDr x:ﬂ;
I+J;=r
1+J]-=.r

l+l=1¢
2=

The integral r(l +~.-"; )sdrt‘.an be writien as follows:

1]
[[(1+x) de=["¢*2(r-1)ds Use 1+x =rand dr=2(r~1)dr
= Ef(r" ~*)dt

=2[ Pdr-2[ rdr
:g[ " r-z[ﬂ:r Use I_-.;‘dr= x™
9+1 : 2+1 ! n+l
Dicss o
L = o
1

= E[z“’ - |'“]—§[2‘ - i"'] Apply the limits




Simplify further as shown below:

i

Hence, the integral value is E (I +x )s dre = b4 .

45

Answer 24E.

4
Consider the integration J'

L]

bz+5
2z+1

d=z

Here integrand is rational function.

Integrand is improper function, so dividing numerator by the denominator by using long division
until the degree of the remainder is less that the denominator of the rational function.

That is

3
2z+1)6=+5

-[ﬁz+3}
2
By division algorithm, we can write as below
6z+5=3(2z+1)+2
6z+5 _ 3[2z+1}+ 2
2z+1 2z+1 2z +1

bz+35 2
=3+
2z+1 2z+1

Divided by 2z+1




4 - 4

jﬁ'+5¢=j[3+ = ]d:

0 22+1 5 2z+1
4 4

2
=.[3d:+.{ d= From (1)
s 5 z+1
4
=3(:);+[2In{2-+l}] nifh
2 [1]
=3(4-0)+(In(2(4)+1)-In(2(0)+1))+C
=12+(In9-1n1)
=12+In9 (Since In1=0)
Therefore _[6'+5a‘:= 12+In9
+
Answer 25E.
2 3
We have to evaluate Iidx 2 - 2x-8)37 -2
= —-2x-8
3xt —24-6x
224 6x
By long division, we get
3x2-2 bx+22
=3+ |ax
Ix‘ 2;3 I( - 2;8]
—I3dx l' bx+22 _bxie o __(1)
(x 4)(x+2)
Let 6x+22 _ A + B
(x—4)(x+2) x—4 x+2
So 6x+22:A(x+2)+B(x—4)
23

Putx =4 46:611:}11:?

Putx=-2 1W0=-468=8=—-

6x+22 23 5
(x=4)(x+2) 3{x-4) 3(x+2)
Place this value in equation (1)

3zt -2
Ix‘ 2x— 3 IM”I

Then

5
3(x- 4)41—13(“2):1;

- 31+§]n |x—4|—§]n k+2+C

Answer 26E.

32 -2

We have to evaluate Im
—2x—

Let x—-2x—-8=¢
[3:’—2)&::&:

3x2-2

Then '[13—2):—3

1
dx=|-dt
F
=Inl+C

= ]n|x3—21—8|+C'




Answer 27E.

Consider the TD“DW'ing integral:
I dx
1+e*

Let 1+e" =u.

du

u-1

Then, e =u-1, x=In(u-1) and dyx=

Integrate as shown below:
J 1 ldrzjl[L]du
l+e ulu-1

- l_‘.
-Iu(u—l} d

Since, the degree of the numerator is less than the degree of the denominator, and the
denominator has two linear factors, the partial fraction decomposition of the integrand has the
following form:

I 4 B
u{u—l]_; u—1
B A'{u—l}+ Bu
a u{u—l}
={A+B)h‘—({

u{u-l)

Compare both sides of the equation, to get the following system of equations for A and B.
A+B=0
—A =1
From the system of equations, 4—-1.and -1+ B=0=8=1

So, the integrand can be written as follows:
1 A B

u(u—l] =;+E

-1 1

= e e e

w  u-1

Integrate furthers as shown below:
P
1+¢ u(u—1)

)

=—]nu+|n(u—l)+C
=-In(l+¢")+In(l+e —1)+C Since. y=]+¢°

=-In(1+¢")+In(e’)+C

dx Id:r

Therefore, the value of the integral j‘ oo is e
+ +

=—m(l+e’)+ln[e’]+C.

Answer 28E.

We have to evaluate Isi.n Ja?d'.t

Let -Ja_.i:u:>a£=u:
= adt = 2udu

=>df.=3udu
a



Then ]sinJa_zdhE]sinum
a
Integrate by parts with u as first function

Isin Ja?dt = E[1r.|: (—cosu)—l 1_(— cosu):ﬁ:]

@

=- Eu cosu + E_l- cosudu
a a

2 2 .
=—_—ycosu+—sinu+C
a a

— |2 /a7 cosaz + 2 sinJaz +C
id id

Answer 29E.

Consider the integration _[]n (_r +vVx' -1 )dt
Rewrite the above integration as below

Jln(x+Jf_-])-] de (1)

Let f(x),g(x) are two differential functions, then

[ (x)g’ (x)dx= 7 (x)g(x)~ [ 2 (x) f (x)dr
This is called the formula for the integration by paris.

In another way let u = f(x),v= g(x)then the differentials are
dn = f'(.t]dr.,dv =g'(.t]dr

By the substitution rule formula for the integration by parts becomes

MNow

jln(“Jf_-l)-l dx
u=ln(.r+m} dv=1

du = —— ) [|+L]iﬁmuj’d"=j’]dx

Cxede o1l 20

Substitute the above values in equation (2)
[2 _ [ > 1 ( 2x
Jln(.r+ X —])*Idr-ln(x+ X _I)I_II[1+JIZ—IkHzJ_tz—lDdx
z(nJ —l)
-xdx
I+sz-])2\-"_t]-]

=xln(.r+m)—j‘jxf__ldr _____ (3)

L

=xln(.r+m)—_[(




x=1=t¢
2xdx = dit
xxir=£
2
x 1 ¢ dr
— ==X
I{Iz_l zlJ;
lp
:EI‘ 2dr
i ]
1 Since [x"dx X
2 -l+l n+l
=i
=x" -1

X
Substitute the value of j dx in the equation (3)
J -1

jm(“m)-l dv= xln(x+sz-l)—Jx1-] +C

Answer 30E.

For any real number a the absolute value of a is denoted by |a| and it is defined by

|a| =g ifaz=0
=—gifa<0
From the above definition, write the equation (1) as given below.

:[lle' ~1|dx = i—(e’ —l]dx+i(e‘ ~1)dx

- :T.(] -e’)cirat-i(e' -l)dr

= [x—e’]: +[€I —x];!
=[(0-¢")-(-1-¢")]+[(¢-2)~(e"-0)]
=[(0-1)-(-1-¢")]+[(e-2)-(1-0)]

=—l+l+e' +&5-2-1

=e2+l—3
e

Therefore ile'—lldr= e +——3
3




Answer 31E.

et [ [P [

j' 1+x
xﬁ—x’
=] Jn_f N
=sin” x—ll—2x.(1—xz)_m
2

=sin™ x— l[ﬁ]+ c

dx+|

2 1241

= |si1:|_11r—"|“—x2 +C'|

Answer 32E.

Substitute the value of gy = tdyin the integral J'i“]dt

2x+3
I2r+3 -[(f r4:;‘;:3
_j: +4
[
-[(55-7%)
ZI[ r’4 ]
= fa- [ 42,4:
=r-4 a2+ C [Sm;:ej‘r =t [a]w]

=r-2tan"' L+C
2

21-1—2mm*[“2;"]+c (&mx::sz-q

Therefore, J" 105-: JZI_--Zlan"["‘z';-l].,.c .

2x+3

Answer 33E.

Consider the integral J-—"]i‘-
2x+3
LE'[ ‘|I2_‘r—l =1F-

2x-1=7
2x=1+1

2dx = 2udt

dx = rds



We have jﬁ—zx—x’dxz [J4—1— 2x— P dx
=_|-1,4—(1+x)2dx

Let 1+x=2sin & then dx =2cos 848

Andso #=sin™? (HTI]

2
And cos&= 1—[”71]

=%1,4—(1+x)2
=%J3—21—f

Then[1,4—(1+x)2dx= [4-4sin?8 2c0s 828
=4[ 1-5in’8 cos 828

= 4] cos” 848
_ 41- 1+cos29d,g
2

= 2[(1+cos26)d8
= 2[5+s"’229]+c

=28+s5n 28+ C
=284+2smBcosH+C

=2 sin—‘(”l) +2_[1+x]_14§—2x—x‘ +C
5 2 |2
= 25in_l(xT+1)+1+—x.-J3—21—x2 +C

2
Answer 34E.
COS X
=f2 =n1+4 -
We have j' de - I __ sinx
an d—cotx P
sin X

_ 'F sin x+4cos o

dsinx—cosx

Put Adsinx—cosx=£
Then (4-::05 x+sinx)dx: dt

When x=2 t=4sin>=4
2 2
T ) F 1 3
And x=—f=4dsin——cos—=———=—
4 V2 2 2
=2
Then Il+4C°txdx= _[ £
i d-rcotx gt
=["1H];ﬁ
=lnd4—-In




Answer 35E.

Given I cos 2xcosbx dx

We know cos Acos B = %[-::os [A— B) +cos [A+B)]
I cos2xcosbxdx = I %(-::os (—41) +cos Bx) dx

1
=_ Ax+cos 8x)dx
2.[([:05 x+cos )

1|sind in 3
Z_I:sm x sn x:|+c

2l 4 8
1

= —sin4x+lsin Bx+C
3 16

Answer 36E.

‘We have to evaluate the following integral
rn x* tan(x) e

~= (1 +cos* x)

Although this integral seems baffling at first sight, we can notice a simple fact that wall
allow us to figure out the answer for the definite integral, without actually having to
integrate it all. We know that functions can be ewen, odd, or neither based on:

If f(—x)= f(x) then fis even

If f(—x)=—F(x) then 15 odd
Or, if 1t does not sahsly any of these then § 15 neither.

Let us examine our integral now:
x*tan(x)
J@)= (1 +cos’ (x)
(=% tan(-2)
(14cos*(-x)
_ - tan(x)
a (14+cos*(x)
Using the fact that tan{—x)=—tan{x) and that cos{—x)=cos(x)

fEm=

This satisfies our condition for an odd function 'We also know that generally, for any
continuous smooth function:

|| r@dx= )~ Fla)

Furthermore, ifa = —#&, and talking for a fact that the integral of an odd function 15 even,
WE can say:

[ f@dx=F&)- F(-3)

= F(B)— F(®)
=0

Thus, we can deduce that
= x tan
I X (I) dx:m

-= (1 +cos* x)



Answer 37E.

Given Ttan3 Fsect 648
[

Put  tan&=¢

= sec’ 848 = dt
g=0 = (=0
d=nmfi= t=1

1
Tm‘ 8sec? 8d8 = Iz3dt
[1] [1]

Answer 38E.

5 .
Given l- smﬂc;tﬂdg
o 5cC

=
= I sin & cos §-
=

= Tcos‘ 848

=5
_ T[1+czs m]da

sin 29]“3

cos &

de

sin &

g+
a6

[((r =Y 1. 2 _ 2«
———|+=|5in——51mn—
(3 6] 2( 3 6)]

=1'£+1[£_£J]
2_6 2l 2 2

o)

Answer 39E.

Consider the following integral

J- secftané de.

sec’ @—secd
Let y=secd-
Differentiate both sides of the above equation with respect fo x.
du=secftan0-d@

J secftand
sec’ @-sec

1

2
u —-u

du

o=

1
=|———-du
I u(u-1)
Since, the degree of the numerator is less than the degree of the denominator, and the
denominator has two linear factors, the partial fraction decomposition of the integrand has the
following form:
b A B
u (u - I) uw wu-1
A (u - l) + Bu
a u{u - I)
_ [A + B]u -A

n(u—l)



Compare both sides of the equation to get the following system of equations for A and B.
A+B=0
—A =1
From the system of equations, 4—=—].and -1+ B=0=EB=1-
So. the integrand can be written as follows:
1 A B
=—++
u (nr - 1) u wu-1
-1 1

= ——

T ou-l1

Integrate further as follows:

J' secftan &

1
: d6=[———-d
sec” @ —secld Iu{u—l} !

A3k
“I5 el

=-Inu+In(u-1)+C

=-In(sec#)+In(sec—1)+C Since. y=secd

Therefore, the value of the integral J-Mdﬂ is,
sec” f—sect)
jwdﬂ=—m{m9)+m{m8—l)+c.
sec” @ —secl

Answer 40E.

Consider the following integral:

1
‘I-1,‘4y: -4y-3 a

Evaluate the given integral.

1 - 1
I.J4y1-4y-3 @_IJ4yZ-4y+l-4

Y N NS

=%j — [Let 2y —1=1=>2dy = di]

=%In|{+ﬁ|+c

{Since J’%= inf+yx £a* ”

2y—|+.,,{2y—l):—22|+6 [Replace r =2y -1]
=%In|2y—l+1|'4y3-4y—3|+c

%]nl:ly—l+"l4y=—4y—3|+€'.

1
=—In
2

1
Therefore, Iicﬁ‘ =
Jay© —4y-3

Answer 41E.
We require to evaluate jatan’ 8de
We have jatan’ 8d8 = ja(sm? 8-1)d8  (using trigonometry tan8'=sec’ 8-1)
= [8sec® 920 - [8do

& : 1
= |&sec® a2 —— dx=——
I Sec > usmg_[x wrl



= Btan 5 Il.tanﬂdﬂ—£+ﬂ'
2
(using integrab on by parts, Iudv =uv— Iwﬁt)

=Ftan F—In kﬂcﬂl— %+C (using Itan xdx=lnk;t:[: xI)

Therefore Iﬂmnﬂdﬂ=ﬂtmﬂ—lnkecﬂl—§+0

Answer 42E.

Consider the following integral:

—dx
x

Jtan":r

Evaluate the integral by using integration by paris.
Write the formula for Integration by parts.

_[udr=m'—lrtﬁr
Take y=tan'x anddv:i,dr.
2
du = ! and v-—l
x+1 X

By the formula, calculate J X dcas shown below:

1_2

a4

=_tan'!.T+I 1 )
x x(x*+1)

1
The partial fraction decomposition of ———is as follows:
:r(_t‘ - I)

1 A Bx+C
=—4—
.r(.r: +I) x x+1
L A + A+ BX +C
_T(I: +I) :r(.r: +I)

1=Ax' + A+ Bx’ +C

I1=A+x*(A+B)+C
Compare both sides.
A=land (4+B)=0,C=0

A+B=0
B=-4
B=-1



1 A Bx+C
=—+— )
x{x1+l} x X+l

Substitute these values in

1 1 (-1)x+0
=—
x(.r=+l) x x4+l

Thus, equation (1) is solved as shown below:
tan"' x 1
+
x '[ x(x’ + I)

tan” x__j dv + I_dx Multiply and divide by x
x x+1

tan”' x B
= ——ln{.r +I)+Inx+C USEJ-H N du = ll'l[h' +1]+C
=_m_l'r+lnx—lln(x’+])+(?
x 2
= -m_1x+lnx-lln(f+l)+£‘-
X 2
Answer 43E.

Consider the equation I Jx d (1)
1+x°

This is a nonrational function; it can be changed into a rational function by appropriate
substitution.

Let 32

Now 32 _,

(22 = ()
x=0

Cubing on both sides



Plug the values of equations (2), (3) in the equation (1)

J- Jidr: I,Edt
l+x 1+ 3
2
341417
2, _ 1 :
=—tan t+C SmceI ~dr=tan" (x)+C
3 1+x”

=§tan"(x”)+£' {Sincerz.rx:l

Therefore J' Jx dx= %mn"(.r”}+c

1+x

Answer 44E.

Consider the integral
IJ1+e‘dr

As a first step take substitution
1+e* =u’

Differentiating etther side
& dx =2udu

de=2 du
&

2 (€=Ju’_—1]

>

u -1

Above integral transforms as

[Vired= [V (%Jdu

u*
=2| —du
I:P—l
Consider the rational function
e
ut -1

Observe that degree of the numerator 1s not less than that of the denominator.
On dividing
w-1) o (1
-1
-+

1

On substituting
IJ1+e'dr=2J-u2i_ldu

- 2_[(1 + ﬁ}m

- 2_|'du +2}ﬁdﬂ

1

~ du
w1

=2u+2_|'



Integral formula;

dat 1 t—a
—_—e—l|—|+C
I!z—a: 2a |I+a‘
So that
s 1
=2u+2(lln ”—_1lJ+C
2 |lu+l
=2:u+]n“—_l +C
u+l1
=2 1+e‘+hM+C (u=J1+e')
1+e" +1
Therefore
IJ1+e' =|2 1+.~¢:‘+ln—"1+""x_l +C
V14 +1

Answer 45E.

We have Ixsg_':dx= If.x:.e_'jdx
Let x=f=3z'dx=ds
e [ < fu(£)

3
Tr, -
=—|te dt
dl
Integrate by parts
1 —F —F
[feran=—|e -1 5 a
31 -1 -1
=—11e"+lle"d:
3 3
1 1

——te” ——e" +C
3 3

—%{£+1)e"+c

1 _
=fe *(#+1)+C

Answer 46E.

Consider the integral J'(']Ir - 1]3 dx
e

(x-De"  _x . 1 .
|*— ctt-J-xze‘dr szed.r

X

Let f(x),g(x) are two differential functions, then

[7(x)g (x)ix= £ (x)g(x) - [2(x) £ (x)x

This is called the formula for the integration by parts.

In another way let u = f(x),v=g(x)then the differentials are
du= f'(x)dx.dv=g'(x)dx

By the substitution rule formula for the integration by parts becomes

Jua‘r:mf-jnfn ...... (2)



Consider J'lg'dit From equation (1)
X

u=l dv=e"dx
X
__1 -
du = fd'r and Id‘v Ie‘n{r
v=e"

Substitute the above values in the equation (2)

freage o)

Plug the value of integration J’le'd;;in equation (1).
X

j"‘ Waﬁr j —e'dx— j—e‘dr

I

=;e’ +[e I—zdx —jx—ze‘dr

1
=—e&" +C
x

—

Therefore J-(x-!)e de=|—e +C
2

Answer 47E.
Consider the following integral:

[ (x-1"de )

Rewrite equation (1) as follows:

[¥

Lel x—l=r=x=r+l

(2

Plug the values in equation (2).

x _ {r+l)
il b

Ir +3.r +3r+1
I
r 3: R
—I et —..d-'
=I[1+3.":+3:"+r")di
r
] 3
= | =dr+ |36 dt+ | 3¢ 3de + | 1 dr
JJd+ 3+ [30dr+ |
r—?-l-l ,-l-l-l I—AOI
=logr+3 +3 + +C
o8 [—2+1] (—3+1] (—4+1)

=toge=3(r")-3(r*)-3(r)+C

Iﬁdx= log:—3{r')—%{r-’)—%{r’)w

Substitute, y—] =y inthe above equation.

3

x s
1—1)

Therefore, J'

log(x—1)~3(x—1)" —%[x—l)

-2 ] -3
——(x-1)"+C
3(.r ) +




Answer 48E.

Given integral is irJz—m—x’dx
[1]

Assume 1-z* =¢° =  —2xdx=2tdt
If x—>0then £ 31 = xdx=—idt
I x —>lthen £ =0

Therefore nj—:ﬂa& =i;J2?mt:
1 [1]

Assume 2—£=p" = —di =2pdp
If ¢t —0then p—)ﬁ
If { —1then p —1

Therefore i (2—p2)p(—2p dp)
4

Answer 49E.

‘We require to evaluaie I%dx

x-J x+

(#-1)
4

:}dx:%(zt)dt

Substitute dx+1=f'=z=

—dx="Lar
>

2

o £
(subst:ltutmg x=

I3

dt
Ax+1=¢" and dx= 5}

4 1
=—|—df
2IB—1
1
=2 df
lz’—l’
1 i—1 . 1 1 x—a
=2| —ln|—||4+C |us — dxr=—1n
[2(1)n1+1:| ( mg'l-zrz—a2 2a |x+a|]
x+1-1

In +C 4x+1=¢£ =>z=-,,'4x+1)
A1+l (

Therefore j- 1 Jax+1-1

= +C
xjdx+1 . JAx+1+1




Answer 50E.

We have to evaluaie Ixzmdx
Substitute -J4x+1 =f
Then 4x+1=¢

= ddx = 24di

= dxr=idff2

I ijxﬂ #=| [122_1)1

I(z 1) (e+1)

1 A B c n
— a3, -, v et ot =
(-0 (e+1) -1 (e-1)° 41 (t+1)
Then 1= A{t—1)(e+1) +B(e+1) +C{e+1)(e-1)" + D(e-1)°
Howweput f=1thenwe get F=1/4
f=—1 Thenwe get D=1/4

Now 1= A{e-D(e+1) +B(e+1Y +C(e+1)(e-1) + D{e-1)’
Or 1=A{f+8 -1+ B +1+2)+C(F -2 -1 +1)+ D[ - 2 +1)
Or  1=(A+C) +(A+B-C+D)f +(-4A+2B-C-2D)i+(-A+B+C+D)

Equating the coefficients of fand 1,

Wehbave A4C=0 {1

And -A+B+C+D=1

Or —A+%+C’+%=1 [Putting the walues of B and D]
Or -A+c+=1f2z (2)

Adding equations (1) and (2) we get C'=1/4
Subtraching equaiion (2) from (1) we get A =-14

Therefore

_[I;m .[[ i—1 (t 1) z+1 (.t+1)]d‘
- 2[[—;+(r.—1) +m+(3+1)_ ]‘1‘

=2[~laf— 1} (e-1) +af+1|- (e +1) 7 |+ C

L 2
= 2].n|~.l'4x+ 1| ( — 1)+2ln(1;,4x+ +1)- ( 4x+1+1)+c
Answer 51E.
We have to evaluate I ! ax

Then dx= %st:t:2 8de



Fig. 1

«ﬁ+4x" 1

From figure we have csc &=

Therefore I

and cotd=—
2x 2x

sn*:-::2 &

il 2

xm ‘Ims
2

- '[tang secd
l-st:cﬁ'

Y

B Icosé‘ smé‘

1

-::059
= | ——dé&
sin &

= Icsc&'d'ﬁ'
=In kscg— cot9|+C'

N _ 1]

2x 2x

sec’ 848

=fin +C

Answer 52E.
=

x +1) 'l-x‘(x" +1)dx

Put x* =f =4 dx=d¢

We have I

1
| i
) e+

Thrnl(

= %I(]n k-l +1)+C

4
In +C
£ +1

I‘

In +C

1
4
1
4 [+

£
I LU R I
4 x+1

Answer 53E.
We require to evaluate lf sinh (7 )dx
Using integration by parts, we have Iudv =uv— Ivd:u
Take u=x", dv = sinh (mx)dx

__ cosh{(mx)

m

Then du = 2xdx,

(D




Then using (1).

[ # siah (mz)dz = [M]I [_M)(zm)

m m

= —lm:2 cosh (mx:]+£lxcosh[m)dx
w1 1

Again using (1), Take u= x, dv=cosh (m)dx

Then du = dx, v:@dx

[ # sinh ()= = — 2 cosh (m)+%lx[5iﬂh’£m))—l Si"h’i””‘) dx]
=—$x’cosh(mx)+$xsinh[m)—% [ sinh (sx)dx
z_ixﬂ cosh (mx)+%xsinh(mx)—%[—tm51:’ﬂ]+c

= —lxz cosh [mx:]+iixsinh (m)+i3cosh [mx)+c
1 w1 i

Therefore _l-xz sinh (m)dx=—lx2 cosh (mx)+izxsinh(mx)+£3cosh (m)+C‘

Answer 54E.
We require to evaluate [(x+sinx)’ dx
Wehave [(x+sinx) dr = [(=* +sin® x+2xsinx)dx
= [ xdx+ [ sin® xdx+2f xsin xdx

= §+_|-si1:l2 xdx+ EIxsin xdx (using Ix'dx: ::11)

=£+I[1_Ca2x]dx+2lxsinxdx
3 >

(using trignometry, cos2x = 1— 2sin? x)

I[x+sin x)ﬂ dx = §+%ldx—%jcos 2xdxdx+ EIxsinxdx

© 1 1{sin2x
-S+30-5(5

> )+2Ixsinxdx

(using Idx: x,_l cos 2xdx = sin22x]

= §+%— Siﬂ42x+2[x(—cos x)—l(—[:os x) (1) d.'x]
(usi.ng integrat on by parts, Iudv =uv— lm‘u)

£+£—ﬁ—21cosx+21cosxdx

3 2 4

£+£—Sin2J|:—2Jr[:t:-51|:+25inJr+i.’3r ('.'Icosxdx:sinx)

3 2 4

+§— sm421 —2xcosx+2sm x+C

2
3

Therefore l(x+si.n x)zd'x=




Answer 55E.

Consider the following integral:

dx
e e

Let. Jy=r=x=1.
1

—=dx=dr

2Jx
1

—dv=2dt
Jx

Rewrite equation (1) as shown below:

de dx
‘[x+.\‘\|'; —J-J;(I+J;}

2dr . 1

=I(r] +r] [Smce Jx= ”ﬁdx: 2:.;'.')
2dt

:j:-(wl]

=2][%‘(:1n]"’

=2Edr—2.|'ﬁdr

=2In(f)-2In(r+1)+C

EIURN
‘z(m(m)] ¢
In(v';)
[—(f)]
de ln(\";)
Therefore, II+IJ;—2[I:|(J;+I)]+C-
Answer 56E.

Consider the following integration:

J-L e (1)
Jx+xdx
Let. Jr=t=x=r.
L

2Jx

Lti'c=2d'l'

Jx

Rewrite equation (1) as shown below:

dx dx
J‘J;-I-IJ; =IJ;(I+])

=J'ﬂ [Sincc Jr == za;]

Jx

=2tan"' (1)
=2tan” (Vx)+C

Therefore, _[ d 2tan” {J.\_- ) +Cl

Nee




Answer 57E.

We have _llxa x+c dx= Ix(x+c)mdx
Let (x+c)m:1

= x+tc =.t3

—=x=t-¢

=dx=3"d:

Then j;ﬁﬁ:j[ﬁ—c)zm’d:
=3[(z"—.:3c) dt

T 4
=3 3f ik
7 4

= ;(x+c)m —;c(x+c)”3+K

Answer 58E.

Consider the integral,

dx

J- xlnx
The objective is to evaluate the integral.
Put x=secr

dv = sect tan tdt

Substitute x and dx values, we get,

|
I xl:ur dr=jmr “(S&’)*smrtamdr
J.t‘-l -Jsecz.f—l
seciIn(secr)
=IT“°’“'MJ"

= jsecz t-In(sect)dt

=In(secr) [sec’ rdr-f[%{h{secr}}jm’ :dr]dr

On preceding the next step as follows:

xlnx ( 1 ]
dry=In(secr)tans— || ——-secrtans-tans |df
o= nGeenani-f{ 25

=tanrln{secr)—_[tan::dr
=tanIn(sec)~ [(sec’ r—1)d
= tamln{secr)—_l'seczrdu_[l—dr
=tantIn(sect)—tanr+1+C
= mh{secr}—\{seﬁ+r+c
= J_r:—-llrl_r—\n".t:——l+sec"{_r}+c [Since, secr=x]
=Jf_-l(lux-l)+sec"{x)+f

Therefore, the evaluated integral is,

I :r]:'lx dx = sz—]{ln.r—l}+sec"(x)+c.

x =1




Answer 59E.

Consider the following integral:
J'cus_mos’(sinx}dr Y 5 |

Lel sinx=r=>cosxdx=dr.

_[cnsxom’(sinx}dx:jms’(f)dr (Since sinx =¢,cosxdx =dt )

Apply the reduction formula for _[cos" (x)dx.

cos” (x dr=lcos"" .rsin.w:+—"_l cos™ xdx
Jeos" (x)
" n

J-msj (¢)de = 1 cos 1sint + ﬂJ--::t:r.s” tdt
3 3

1 N 2
=—co0s  fsinf+—|costds
3 3J-
| R 2
=—cos fsinf+ —Imsrd.f
3 3

 EET . 2.
=—cos fsmr+Esmr

- %cosz (sin .r]sin(sinx)+%sin{sinx} (Since sinx=r)

Therefore, Icusxcos’ (sinx)dx =

Answer 60E.

Consider the following integral:

xV4x -1

Let, Y4 -
X

;

=1

Simplify as shown below:

%C(}S: (sin x)sin(sinx)+ %sin{sin x)

xi(\f-ﬂm: —I)—!JM’—[)%{.\‘}d‘

=dt
X
&r >
1[7,]—(441‘—1)
2Ja 11 ) P
x
4 ]_( 4__1)
(\‘41‘—1 ? =l
X
41’-{413-1]‘& u
= & s =dr
x4x =1
1
———dx=dt
4y -1
dx
Consider, | ————= | dI.
‘I-x]v'4f-1 '[
=f+C
=J4f—|+c
x
Therefore. J’ e _ ”4x!'l+c_
ax -1 x




Answer 6E.

Consider the integration J'

+ms|9

Rationalize the numerator and denominator with (] —C0S 6‘)

I+cos£' {]+cosﬂ')(l—cos9]
{] e 9) (Since 1-cos® & =sin" @)
sin’ @
Since ——=cs¢’ @
B sin~ &
= d
Isinzﬂ Ism ‘0 O?ngcmg
:Icsc2|9d8-jcsc9ml9d9 s“’le
sinﬂzc
=—cot@+csc@+C
=c¢scl@—cot@+C

Theretore [ 97— e —cot0+C]
+

Answer 62E.

Consider the integration J'La,
1+cos” @

Multiply the numerator and denominator by Sﬁl:2 -

I 11 d9=f 1'st:l:zﬁ

1+cos™ @ sec‘6(1+cosz 6'}

= ©c’® g
sec” @+sec’ Bcos” @
= sec’ i de (Sinoc sec’ @ = ],
2 2 cos™ @
Isec t9+l
_[ e 9+1 (Since sec®#—tan’@=1)
j2+tan

NOW tan @ =r=>sec’ 0d0 =dr

Iidﬁ‘:‘[ sec” @

1+cos” @ mdﬂ
: IW&& (since (12 -2
(e etz
1. L1
=Emn [Elanﬂ]ﬂf
Thersfore II+:iZB = %m"{%mg]q.c

(3]



Answer 63E.

Consider the integral,

Jﬁe‘_'d.r

The objective is to evaluate the integral.
Pul Jx =¢

x=r
dx = 2udr
Substitute x and dx to obtain,

J-\Ee‘;dxz_l-f-e'-lrdr
=2j;=e'dr

=2[r’fe‘dr—_[(%{r’]fe‘dr]d!]

= z[r’e’ —IZ!e’df]

On proceeding the next step as follows:

=27%' —2-2[:e'd;

=2 —4[;]’5;;: -[ (%{f]je‘dr]d:]

= 2% —4[;9' —J'l-e'dr]

=21"e —4te' +4Ie’dr

=2 —4ie' +4¢' +C

=2ve” —4Vxe™ +4e" +C  [Since,1=x |
=2(x-2Vx +2]e‘; +C
Therefore, the evaluated integral is,

Ix";e‘:dx= 2(.:—2«.";+ 2)2‘: +C|.

Answer 64E.

Given I ! dx

x+1

Put  JJxtl=f

=  Jr+1=£

= Jx=F-1

= ﬁdr:ﬂdf.
=  dx=4Jxtde
= dx=4(:’—1)za::

| Ly ]}4(:.’ —1)eat

NN
=4I(r.’—1)a!t

e i
3

=%(J«J;+1)3—4JJ;+1+C‘




Answer 65E.

Consider the following integration-

I%d};_ )
l+cos™ x

Lel cos®x=r.

Then. —2cosx5||j xdx = dt
—sin2x=dr.

Rewrite equation (1) as shown below:

I sin2.: dx=—I —sin2x dx
I+cos” x 1+4(cos” x)

dt
=_J'I+[.|':|z

=—tan”' (t)+c {5im!l+‘f;)= J

=-tan"(coslx]+c (r =coslx)

Therefore, Iﬂ = —tan"{cors:.t]+c.
l+cos’ x
Answer 66E.
4
In
Consider the integration Imdx U s )
- sinxcosx
4
Rewrite the (1) as:
3 3
II?{tanx) cb:=2I Irf{tanx)
% Sinxcosx < 2sinxcosx
In( tan
=2 ( x}tir (Since sin2x=2sinxcosx)

2

| Syt [ B | Sy | B |

esc(2x)In(tan x) dx [“C{z")zsin(lz.r]]

Let In(lanx] =

1
fan x

£ (tanx) =i

E‘;(Sﬁ:’ x) =dt

COsX 1
i ( : sz
sinx | cos™ x

2

2sinxcosx
2

sin2x
chc[Z:r} =dt

=dt

=dt

Limits: if x=%. then r=|n[tan(%)):>r=ln(l]::>: =0

If I:% then 7= In[tan[%)]:ﬂ =In(V3)



Now

T%&:ichc{Zr)ln(ﬁnr)dx

B

s | By

In(43)

3 Iny3)
Therefore j |f1(tan_t) dy = { nJ_) +C

< sin xcosx 2

4

Answer 67E.

1 Jeri-Jx
T I —

We have | dx=|

1
Jx+14 -u';

372 312
_ 2 32 3
= §[(x+1) x ]+C’

Answer 68E.

2 2
P+ +2 P28 0 +2
x

T2 (Z+) (742
S
(Z+1)(2+2)

_ = =2
T2+ 42

e
I:r“+3;r3+2dlenr3+1dx_lx3+2

Assume © +1=¢
3x2dx=d£,3x2dx=dp
dp

= x’dxzé,x’dx=—
3 3

|8

-3
p

—,

h|w|&-

logt— %logp+C'

wl'—‘ WI'—‘

log(# +1)- §1og(f +2)+C

©+1
Theref -1 —[+C
ore 3 og(f+2}




Answer 69E.

3 2

Consider the integration J' l"lx de- e (1)
1 X

Let x=1tans

dv =sec” tdt

T
If I:lthEn i=[anf:};=z

If _rz\ﬁthen Ji: mn;:};':%_

(Sim:e 1+lial'lzf=5ﬁ:]1)

|
o | e |1 e | et [ B s | B Sy | By
L8 ﬁ
"
8
-
&

Il
e | By Syt | B
]
é
=]
)
=

= {cm’ r+l]sec.rd?

(cot® rsect +sect ) d

(cottcsct +sect)dt

]
e | B e | B b | Ve | 0 s | S i | B

|
:
]

cosft
( Dot ]m
sinf sint

cosft

— +sccf]dt
sin” f

(({052, ]d.r+
smr

B | Rk | B e | B e | B

(sect)dr -..... (1)

[}
i | by ey i | By
'~ h‘—‘\ﬂlh



MNow consider I( o ]dr

sin”
Let sint=s
costdt = ds
J(EL -
sin” f 5
=1
s
_ 1
sint
Therefore I( c-oei.t ]d‘.r: -‘L e (2)
sin” f sinf
Substitute (2) in (1).
s s z i
Ll 2t i cost :
—dx= — |dt + | (sect)dr
-[ x -_{[sin'f} I{ )
4 4

= ——] +(lrt|sec.r+tami}i+c
4

1 1
=| ———+

w(5) (%)
o(opel 5l frepe(m())
=[-%+ﬁ]+ln{2+ﬁ)—lﬂ[ﬁ+l)+€

=[ﬁ-%]+1n[i%—ﬁ)+c [Sinoe h{%]: Ina—Inb ]

Answer 70E.
1
‘We have to evaluate _[7
1+22" -2
Multiply numerator and denominator bye™ , we get Ig—z
e’ +22°" -1

2" df
dx:
et 427 -1 I.‘.+2.‘.’—1

at
='[2£ -1
- dt
A {0+

1 4 B
@D+ (2-1) ¢+
Then 1= At +1)+ B(2¢-1)

Put :=-1 1=2(-3) :}B:—%

2 2 3



e 2 1
Ie'+2e“‘—1dx I[3(2: ) 3(z+1)]‘ﬁ

1n |2: 1| —111 |t+1|+-‘3'

2t—1
£+1

‘+c

2e™—1
g" +1

In +C

Lrd | et wll—ﬁwli—*

Answer 71E.

Substitute e* =£
Then e dx=dt
i

Therefore |-~ g [24
142* 14+

J[- g
=t—In|1+¢|+C
=|e'—]n|:1+e')+ﬂ'

Answer 72E.

1n(x+1

We have j

=jln(x+1)_i,dx
x
Intf:gratmgbypaﬂs

_I-]n(x+1).%dx =1n (x+l)_(—l)— L[—l]dx

x+1\ x
ln(x+l) j-

x(x+1)

_ ln(x+l) I[I x+1]dx

In (x +1)

+ln|q-ln|(x+1)[+C

= —(1+l]ln(x+1}+ln|x|+ﬂ'
X

Answer 73E.



.'C+31'C511'l.l'

Consider the integration f J_

Rewrite the (1) as shown below:

Ix+arcsmxdr IJ] r'# jsm (x)

N

x
MNow consider I —x

N

Let 1—x* =¢
—2xdx = df
Mi\’:-ﬂ
2
3)
x 2
dx = dx
'{\l'l—.r‘ Jr
1 p(dr)
—_ dx
2-[ Jr
1 i
=—EI{1] > dt
_!.1
e & S
2~1+I
2
La
__ 1
o T
2
i
==y/l-x

Therefore I%ﬂ&':—\h—x: e (3)
-x

Now consider I Lmdx

i-¢

Let sin”'(x) =1

Therefore j’sm I(I) (Si"_l x}z

_'t'

Plug the values (3) and (4) in (2).

(

sin”'(x)

-(1)

(@

4)

dx

J-x+arcsinx

Ji-¢ dr:IJl—fﬁ+I Ji-¢

=—Jl-x"+

[sm ! x)1

+C

x+arcsin x S
Thersfore J’ do=l-J1-2 +

i

(sin" I)!

2

+C




Answer 74E.

Consider the following integration:
4" +10"
[
2
Simplify as shown below:

fﬂdﬁf[i*E]df
> > 7

M) (6T
=[(2) +(5)")etx
= [(2) dx+(5) dx

OO
In2 In5

Therefore, J"t""‘m'd\.: (2) +(5} g
.o In2 In5

Answer 75E.

1
‘We have to evaluate Imdx

1 __A  BxiC
[x—2)(xz+4) -2 x°44
Then 1= A(x* +4)+(Bx+C)(x-2)
Or 1=x*(A+B)+x(-28+C)+{44-2C)
Equating the coefficients
x 0=A+B —{D
X 0=2B+C —i{2
Constant 1=4A-2C —3

From equation (1) and (2)
0=244+C=C=-2A4
From equation (3)

1=44-2(-24) >1=84 :m:%

—c=-'and B=—a=-1
4 8

Therefore
B 1 1

1 1
1(1—2)(12 +4) d'le 8(1—2) N fi+44

17 1 N1y 2x 1r dx
=- dr—| —|= dr——

ij—z [2]le’+4 4lx’+4
X
2

=l |x—2|—l1n |<* +4|—lxltan
8 16 4 2

= l1-121 |x— 2|—L1n (xz +4)—1t:aﬂ_1 [£)+C
3 16 2 2




Answer 76E.

Consider the following integral:
J- dx
o)

LEt. x=1

Simplify as shown below:

dx _f 2di
J V(24 4x) " (2+1)°
=2[(2+1)"dr

~ 2 (2+I}—4+1
T 441
-3
_5 (2+17)
-3
2
3(2+41)

dx 2

Fx(2+45) RIEED)

Therefore, I

Answer 77E.
) ) ) xe*
Consider the integration de. .. (1)
v
Ll fl+e' =1
l+e =1
e =r-1
x=|n(r* -|)
Differentiate, ,||||+£,l =
e
dv = dr
2\1+€*
€ dv=2dr
Jl+e‘

Substitute the above values in (1).

x

| ::EI de=[2In(F-1)dr  (2)




Solve the equation (2), using by parts.

Judvzmr—]l#u
Let .;:1.1(:’-1) dv=dit

a’u—_i v={

[2in(r* ~1)dr = 2[: In(7’ -1)]-]:(%}::
=2[;m(;2-]}]—l[%}#

Consnier I" _H]
|' = |' -1

=2 —ldr+2 —d'.r
f .

= 2Idt i zj—d;

—2r+2—l)ln|—|

=21+Inr . oz fly
r+1

Plug the equation (4) in (3).

[2in(r ~1)dr =2 r1n(r* -1)]- [[r _I]d

=2[sIn(r* -1)]-2-1n -1

Plug the equation (5) in (2).

nres

=21(in(#* ~1)-1)~In|—

+1

e dc=2[1in(r-1)]-2~1n :_

= 2(-Jl+e‘ )[]n((q'“e ) - |]]

(@)

Therefore I e

d
Vl+e* )

m]—l

|21 [ (i) 1) -

— | —

W]H

Answer 78E.

1+su.'urdix

swen [}

l-sinx
_Il+smxx (1+sinx)
“lisinx (1+sinx)

_ l (1+sm x)

lsmx

_Il+251nx+51n x

lf:(.’ﬁS2 x

dx

I(sec x+2tan xsec x+tan’ x)d.'x
I(sec x+2tan xsec x+sec? x— 1)dx

I(2sec x—14+2secxtan x)dx

=2tanx—x+2secx+C




Answer 79E.

We have to evaluate .l-xsi.nnx cos x dx

Substitute sinx =4£
Then cosxdx=dt

Therefore Ixsinn XCOSX dx:l(sin_lt)_.t:_d.'t
Integrating by paris, we have

Ixsinzx-:osxdxzmn t——IF 3d'.t
:—sm ol S ot
=
Again substitute £ =u in integral parts then 2fdf= du
. £ . 1 u du
5 2 dx =—. _lf—_ _
] IISln X COSX 3 Lin 3Iﬁ 2
1—14+1-u

.sin_1£+EI—du

N

Tpfo L, 1-=
Al
.sin_lt+%_|-(—[1—u)_ +{1-u)"
_sin“r.+l[(1_“)m ) (1—u)3n]+c

6l 1/2 312
1J1_z (1 r.) +C
(sm x) +%Jl sin x——(l sin x)3n+C'

L]
B
Y
+
fa—y
f—,

I I I I
| " W] " w| M v P

[ wl'-'w|"'cu o

xsin® x+lcos x—%cof x+C

Answer 80E.

Consider the integral IM“{ ______

SinXx+Secx

Muliiply and divide the integrand in (1) with cos{-c}

J-secxcos{lr]dr . j cosx(secxcos(2x))

sinx +secx cos.x(sin x +secx)

J- cosxsec xcos(2x)
COS XSIN X 4 COS Xsec.x

(o) _(eos(2y) [Sim sm.=w'“ )

cosxsinx+(1)
J- 2cos(2x)
2(cosxsinx+1)
_j- 2(:05(2'(}
2cosxsinx+2
Ist(Zr)
sin2x+2



Let sin2x+2=1

cos 2xdy = dr

Now

Iser:xoos(lr}dr=-[2-cos[lt]dx From (2).
sinx +secx sin2x+2

g 21- 1:.:03[2.1']
sin2x+2

=2Iﬂdr

t

=2In(1)+C
=2In(sin2x+2)+C

] 2
Therefore de_t =|2In(sin2x+2)+C
sinx+secx

Answer 81E.
Consider the integral IJ] —sinxdr .. (1)
Forany value of @. sin@+cos®d=1
Therefore sin? > +cos? ~=1
2 2
The formula for sin 2xIiS 2sinxcosx
Therefore sin x = 2sin £m£

Substitute above values in equation (1)

I-d'l —sinxdx = -[J[sin3 %+m3§—25in§m§}i‘r

[ sin® - cos™ 2,# Since (a—b)’ =a’ —2ab+b’
2 2

= _[[s'm£ -cm;ijdr
2 2

I
L3
L
"y
o}

= —2ms£—25in£+£‘

Answer 82E.

5ifl XCOS X

We have to evaluate lﬁdx
sin’ x+cos X

Divide numerator and denominator by cos® x
sin X
dx = j' cos” & ax
¥
+1

j- 5N XCOSX

4

sin' x+cost x sin X

COS‘ X

_ .l-tanx_secn x
tan* x+1



Substitute tan® x=¢

Then Dtan xsec  x dx =dif
dt
$IN XCOS X 2
Sﬂ d]’:
'I-sin‘ x+cos'x 'l-fj +1
1¢ ot
_Elz’ +1
= ltan_1£+ﬂ'
2

- %tan“ [tmj x) +C

Answer 83E.

Evaluate the integral J{zf + ]}e” de . (1)
Rewrite the equation (1) as:
I(Zf + ]Vr.it =_[2.t’e':cir+fe':dr ------ (2)

Consider Jz e dx

J-ZI:E‘:dt = J-_T(IIE‘: }:i[

By using by parts:
H=x dv= Zre’:dr
du = dx v=e"

MNow Iudv: m-'—_[m"u

_[Z,t:e':dr=xe': —Ie':dr ...... (3)
Plug the equation (3) in (2).
J(Exl + lth =xe* —Ie":cir+j‘e';dr+ﬂ'

Therefore J‘{zf + ])e‘:dt =|xe” +C




