Exercise 11.3

Answer 1E.
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Since this integral converges with p =1.3 > 1 so this series also converges.

Answer 2E.

Consider,

f s continuous positive decreasing function for x>1and a, = f(n) and

J?f[.x], iar,iar .

=l =2
Let f be a continuous positive decreasing function for x > ]. Define a sequence by
a. = f(n). Let us use a picture to examine the following values:

J'I&f.[_-.;:.dx. Za.. and ) a.

Use a simple function like f{(x)= l It will be apparent from the pictures that the result will be
X

the same for any function that meets the conditions discussed above.



L for values x €[1,7]and shaded the region between the function and the axis



5
Again the area covered by the graph of Za}. is as follows:
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5
The shading this picture represents the sum Za.-_ Look at the rectangle labeled R, Its base
=l

siretches from | to 2. The left hand side of the rectangle stretches all the way up to the point
(1L£(1)). so s heigntis f(1)=1.

Similarly, all the subsequent rectangles have base |. and the heights are f(2). f(3). f(4).
f(5). because, the bases are always |.

The areas of the rectangles are f(1), f(2),f(3). £ (4).f(5)- Since a.= f(n). the sum of

5
the areas of the rectangles is » av.

=1

Clearly, the amount under the rectangles is bigger than the area under the curve.

The rectangles all go up and over the curve. This tells us that f f(x)dx < zj:_a.-.
i=l
[ s always decreasing. so in particular it is decreasing on the interval [1,2]. Then that
means for every point z in [1,2] besides |. f(z)< f(1)- f(l) is the height of the first
rectangle, so this means that the function is always shorter than the height of the first rectangle
on the first interval. But this is true of all of the intervals and all of the rectangles. So fis
always shorter than the rectangles, and this is why the integral of f is smaller than the sum of

5
the rectangles, giving another explanation of f Sf(x)dx < Za.—.

&
picture and we'll do the same for ) a:.

=2
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Slmllal'ly' the area covered b? the grﬂph of z.ﬂj is as follows:
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The shading this picture represents the sum Z"" The rectangle labeled g, Iis base

=2
streiches from | to 2. But iis height is f(2) =%_ Similarly, all the subsequent rectangles have
base 1. and the heights are f{}}, f{4}, f{S], f {ﬁ} Since the bases are always |. the areas
of the rectangles are therefore. f(2), £(3),.f(4).(5).f(6) as well
&
Because a. = f(m).he sum of the areas of the reciangles is Zm

=2

The amount under these rectangles is clearly smaller than the amount under the curve, giving

(1]
us that f S(x)dx > Zm. And there is a similar reason based on the decreasing property of

f in this case as well. Because in every interval making up the base of a rectangle. the value
of the function decreases down to the value of the right endpoint, the function is always taller
than the height of the rectangle, so the area under the function is greater than the sum of the
rectangles.

Putting everything together

Therefore, Zb:a;- < II" f)dx < zjja.- .

i=2




Answer 3E.

Consider the following series:
z’: 1
=l :f;
Determine whether the given series is convergent or divergent by using the Integral TestL

|
Let f(x)=—
x*

1
The graph of the function f{-"}='_1'and its derivative function f’{_r} is shown in the figure 1:

10-9 8 -7 6 5 =

1
Xl=—
To=g

e 3

f[.T.]— T

5x>

Figure 1



Veerify the conditions of the Integral test:

1
From the graph observe that the function J (x)= —T is positive and continuous for x> and
5
X
also it is decreasing when x> Q since f*(x)<0 on the interval {{],_,m).

1
The function S (x)= —7 is continuous, positive, and decreasing on ll,m] so use the Integral
5

X
Test
ks e I
[ f(x)dx=[—ax
i 1 xi
w 1
=Ix ‘dx
1
i —+l ’ f"l
== [Since[x'.:tx=—+c]
1 n+l
——+1
L5
i =
4
1

_5() -5
4

=0

= Un

Since the integral I I {x]dtis divergent, the series ZLIS also divergent by the Integral
i

Test.



Answer 4E.

1679-11_3-4E RID: 1411] 21/02/2016
Consider the series,
= 1
Use integral test to determine whether the series converges or diverges.
Integral test: suppose fis a continuous, positive, decreasing function on ll,m]_

If I b f (x)dxconverges, then the series ia_ converges.
1

=1

If I T f(x)dxdiverges, then the series i"n diverges.
1

a=1

Let f{:) = fLis clearly continuous and positive for x> 1.

The derivative of the function is,

f)==

So fis decreasing on [1,).

Use integral test, the integral value of the function is,

= ]

5

= o -
dr=lim| x"dx
el

' x

(Y
=lim| —
J—m[_d]l

So, the integral j’ ‘%dr converges.
|

Hence, the senes Z%cunverges by using integral test.

=1



Answer 5E.

Consider the series,
o 1
3
=l {2" + l)

Use Integral test, to decide the convergence of this series.

Integral test:

x
If the function fis continuous, positive and decreasing on [l,m]. then the series Za_ is
=l

convergent if and only if the improper integral I I (_r},-.it is convergent, where g_= f (n]
1

T ] T
Suppose, =g a,
w ; {En + 1}] g’
Then we get,
B 1
| 2n+l]3

(2n+1)

Therefore, f {"] =

The function Jf (ﬂ) = is defined for any », so it is continuous on [l,m]

1
(2n+1)
: }D‘D’ne[l,m}

A, fin)= (2n+1)

i

Also. we have

(2(n+1)+1) >(2n+1)’

1 ]
(2(n+1)+1)  (2n+1)
f{n+l]-::f{n}"ﬁ'n-::n+]

So the function f(n)= is decreasing on [1,00)

1
(2n+|)i



MNow consider the integral,

’ . B
{ij}dk=,{2r+lf ' (2x+1)

= ]imi(2x+ I)_’ dx

=

e 4 -2 a n+l

=lim[lﬁﬂ]r Use [(ax+b) dr=— (Lo iy

N P |
4= (2+1) (2+1)

1
dfls a EDHH'E[QEHI IntEgFal and hence h'_'pr Integral test, the series 2{2 I)
a=1 n+

2x+ }
is also l:nnvergent_
Answer 6E.
Consider the series,
= 1

=l ﬂ+4

Use Integral test, to decide the convergence of this series.

Integral test

ok
If the function fis continuous, positive and decreasing on [],m}._ then the series Z"x is

convergent if and only if the improper integral I I {x)dris convergent, where g_= f (n]
1

Suppose.

Then we get,
1

Therefore, f(n) =T!.=

n+4



1
The function f {n} = ?is defined for any n, s0 it is continuous on [],m]
n+4

And, f{n)=#>ﬂ Vin

Also. we have

1 1
1j{n+l}+4{ﬁ
f{n+l){f{n) Yn<n+l

So the function f(n)= 7'—4i5 decreasing on [1,)
n+

Now consider the integral,

]‘f(.r]d.r=iﬁdr Use /()=

— limi[.r - 4]_% dx

=
L

I
=lim ,(L‘l}z

= I

2

=z}5_n3[(;+4)§ ~(1+4):

+1
Use fx"asr;""—
n+l

F—at

=z[m_5§]

=a0

=zum[(;+4)i _55]

1

x+4
also divergent.

Thus ]E
1

dxis a divergent integral, and hence by Integral test, the series

— 1

~JIn+d

is



Answer 7E.

Given s&nt:sz
— +1

The function f{x)= xzx 1is continuous, positive, and decreasing on [1, ) so we use the
+
Integral Test:

Il x2+1dx hm[l!xzﬂ
= ma lng(x2+1):[

1
=lim 5[Lc.g(f’ +1—log 2]
=00

#
Thus .[1 x2+1dx is a divergent integral and so by the Integral Test, the series E 22 +1
15 divergent.
Answer 8E.
Given SEI“i.ESZHzE_H}

The function f{x)= xze_“} 15 continuous, positive, and decreasing on [1, o) so we use
the Integral Test:

jlxz % gx = hmjlxﬂe‘fdx
zllim e “du

EE

("xg—uzbﬂxzdxzdu)

=——]1m _"'I
Zr=m

1
2

us g e_"}dx is a convergent integral and so by the Integral Test, the series
Thus | +°

[14]
2. 2e® s convergent.



Answer 9E.

= _1
Given series ¥ ——
H=IH-J§
o

1

We know the p-series 3 ——1s convergent if p > land divergent if p =<1 since in the
n=1n
co
EZIVEDN SETes p = J2 =1, the series Y 1 s convergent.

H=1n\”i

Answer 10E.

[14]
Given SEﬁESZH{IHH
=l

‘We know that the p-series E Lpis convergentif p >1 and divergent if p =1. Since 1n
=] M

the given series p = 0.9999 <1, the series Zn_um 15 divergent.
=l

Answer 11E.
We have the series 1+l+l+l+i+ _______________
27 64 125
1 1 1 1 1
= 1—3+?+?+4—3+53 + ............
Ty = 1
_Z_:'F

Answer 12E.

1 1 1

1
2ﬁ+3\f§+4£+5£+ __________

1 1 1 1

We have the series 1+

=1+ + + + o
Zau S SR S
=od
= g —n
This series 15 a p-series with p = % > 1, therefore the series ponverge



Answer 13E.

Consider the infinite series,

Rewrite a5 1444441 "'l*'*--:Z I
3 .? ? ==l EH—]

Letustake g =
" 2n-1

Recollect The Integral Test states that let f be a continuous, positive, decreasing function on

[l,m) and let g, = f(n). Then the series E"- is convergent if and only if the improper

integral ‘{ I [x)dt is convergent. That is, if I I {x}dr is convergent, then i:"- is convergent
| 1

and If I ¥ [.r)dr is divergent, then i"- is divergent.
1 =l

L » i l
Since lim f (x) g

_
2-1-1
=1 :

=/()

So the function f{.r} =

is continuous on [1,00).
2x-1

Since x>1
2x22
2x—121

: =1
2x-1
0< f(x)<1

1
2x-1

Since xz1= f(x)-f(1)=

b=

<0

So the function f(x)= is positive on [1,w).

1
2x -1

So the funciion f{:} = Zrl

] is decreasing on [1,o0).



Since the function _f(x} = == is continuous, positive, decreasing on [l,m} so use the

integral test.
an b o l
dr =
P (x) ! 2x—1
{2 &
22201

_!E[hﬂlr 1] Use jf(x) =In|f(x)|-
=—I1rn[]n{2.! 1)-In(1)]

2 f=bx

=—nm[|n(2.- 1)-0]

I'—P'I

=-—Ilmln(2r-l)

I'—FI
=—xa0 liminx =00,

=ad

Since I J(x)dx is divergent, by the integral test,
i

Therefore the series |+§+é+l+l+_“is divergent |-

7 9

Answer 14E.

Consider the infinite series,

Rewrite as l+l+l+l+L+m:Z
5 8 11 14 17 = Jn+2

|
3n+2

Let us take a, =

=f1n}
Recollect The lnﬂﬂml Test siates that let rbe a2 continuous, pDSiﬁ"-'E. [:IE:I:I‘EESing function on

=
[l,uc) and let @, = f(n). Then the series Za, is convergent if and only if the improper

integral I S (x)dx is convergent. That is, if I J(x)dx is convergent, then Zr.- is convergent

and If J' S (x)dx is divergent. then Z"- is divergent.
1 =



Since lim f(x)=lim
:—hlf{ ] =l Iy 42
1
3-1+2
1

5
=f(1)

So the function f{.r} =

is continuous on [1,90).

3x+2

Since y>|

3x=>3
3x+225
: ‘_Zl::l
3x+2 5

0< f(x)<1

So the function f{.r] =

Is positive on |1,00).
3x+2 g [ ]

3x+2 5

since xz1= f(x)-f(1)=

__( 3x-3 )
15x+10

<0

So the function f(x)= is decreasing on [1,0).

3x+2



The function f{;) - is continuous, positive, decreasing on []_u:} s0 use the integral

3x+2
test.

—!1_21[]11|3.r+2|]‘ Use I—}dr = In]f{ r)|

= -hm[m{zu +2)-In(5)]

I—*!’.

=llim]n(3r+2] [na—-lnbzln[ﬂ}
3t—|ril: 5 b
=lxm liminx =00,

3 =T
= oD

Since x )dx is divergent, by the integral test.
1

Therefore the series ! - L + l+ L+ = +...Is |divergent|-

5 8 11 14 17

Answer 15E.

Given 5&1’1&52 J;:-:-d‘l

Jn+a

The function f(x)= 2

1s continuous, positive and decreasing on [1, a] so we use the

Integral Test:

) iz x : 4
=lim _l?dx+_[l?dx]

. ! : 4
211_?;_.1?&]1—.[1?&1]

-l 2]




-t (3
iz} (5

=6

u.J;+4

Thus 2 dx1s a convergent integral and so, by the Integral Test, the

n

+4
o

L1 4]
series 1s convergent.
=1

Answer 16E.

Consider the infinite series,

5.2

e A8

" J

n
w1

Letus take g =

= f{ﬂ}
Recollect The Integral Test states that let 7 be a continuous, positive, decreasing funciion on

[],u:] andlet g = f (n] Then the series Za_ is convergent if and only if the improper

integral I I [.r)gir is convergent. That is, if I I [.r);ir is convergent, then Ea_ is convergent
1 1

and If I i [.r}cit is divergent, then i”- is divergent.
1



+
-

; : . X
Since —
lim £ (x) = lim

x©+1
1

1+1
_1
2
=f(1)
So the function f(x)= st: is continuous on [1,m).
+1
Since y>1
x 21
X122
¢
£+l 2
0< f(x)
So the function f(x)= xsr is positive on [].m}.
+1
since x21=> f(x)-f(1)=5—-
+

_ (-2 +1
x +1
<0
X is decreasing on |1,00).
x +1 [1.)

So the function f{ ;.;) =



The function f{_-.;) = ¥ _is continuous. positive, decreasing on [1,3:] s0 use the integral
x +1

test

X +

1.. ¢ 3x
=—lm - dx
3ioed X1

et £,
_E!Lnj_]n{.r +])I Use Im‘t"lnlf(‘ﬂl'

=—lim[In(£ +1)-In(2)
=%Iim]n[r5T+l] Ina—Inb= ln[%}

= — %0 Iimln x = o0,

I—Fm

Since I S (x)dx is divergent, by the integral test,
1

2
- =

Therefore the series

Is |divergent|.

oo +1

Answer 17E.

Cauchy's integral test:
Suppose f (k)=ak where f 1s continuous, positive,decreasing function

for x= » then Za, 15 convergent if the improper integral
1

If(x)dx 1s convergent and Zal 1s divergent if the improper integral
1 1

I i (x)dx 1s divergent.
1
‘We have the series i;
x4
1

The function f(x)= is continuous, positive and decreasing on[1, )

£ +4



So we use the integral test:

I X +4 I ' +4

=]i1:|:1|:ltal:|_1£ sinct:l 21 2dx=ltan_l(£J
Bw| 2 2 x +a a a
TP A L S
23w 2 2
1 :r_m_l(l)
2|12 2
Since the improper integral is convergent, by using Cauchy s integral test

: p 1 .
The given series 3" — ; is a]so
2+

Tldth LIS

Answer 18E.

-4
A —

Given series Z

x
2 —2x

The function f(x)=

is continuous, positive and decreasing an [3, o] 50 we use
the Integral Test:

3x—4 -
LI dthﬂxzzx

:r 3x—-4 dx
x(x—-2)

—hm +de
3xr x-2

=]im

=hm [210g:.r+lag(x— E)E
13

= lim [1og(#* (x- 2)];

= lim [1og(z2(z —2)—log 9]

=00

o 3x—4
x(x—2)

iy T . |
LETIES
2.2

Thus dx1s a divergent integral and so, by the Integral Test, the

15 divergent.




Answer 19E.

Consider the series,

The object is to determine whether the series converge or diverge.

Use integral series test, if there exisia > ksothatforall §y > p. f{n] = g_Is positive,

continuous and decreasing. Then. )’ g, and r £ (x)dxeither converge or diverge.
i

In {n}

Let f{n} =

Since f(n)is positive, continuous and decreasing from p=2.

) dn as follows:

Apply integration by parts: _[uv’ = mr—Iu'v
1 o 1 -1
u= ln{n}u—; ==

So the integral can be evaluated as,

P2 i () )2 (5 i

_=In(n) _l' ,
20’
_—In(n)
2n’ 2[2&‘]
_~In(n) 1
T an’

The definite integral is calculated as,

oin(n) [ In(n) .1]*

5 2n’ An
_o|(®) 1
L2 42y
=E+§In{2)
=|—ﬁ~(l+2|n(2])

=%(l+ln[4j)

Since the integral is exist

Hence, the series converges by series integral test.



Answer 20E.

To determine whether the series

Z

is convergent or divergent use integral test.

n +ﬁn+13

The Integral Test:

Suppose f is a continuous, positive, decreasing function on [l,m] and let a_ = f(n) -

Then the series 2’ ,a, 1S convergent if and only if the improper integral
=] ®

JT f(x)dx is convergent.

1
x +6x+13

Let f(x)=

The function

l
&)= e

is continuous, positive and decreasing on [l,u:-.] 50 we use the Integral Test.

Consider the improper integral

L R N
I x"+6x+13 ==l ¥ 4 6x+13

—Iu'nj = :
el x°+2.3.-x+9+4

1
= lim . =
o9 x? +2.3.x+32 42

dx

1
=hm| ——
"“J' (x+3)° +22
Continuation to the above
= 1 .t 1
—_—dr=lim| —————
J" 2 +6x+13 H*’J' (1+3}1+22
=Iim[lmn (I—j]]' mnej =ltan_’[ﬂ

%{,ﬁ[mn—‘[%]-m”(?]]}



Continuation to the above

fm‘“%{ﬂ[‘“" [73]‘“(%]“
- {52 (5}
:%{m-' (o) -tan” (2)}
gl

Thus rT;afris a convergent integral and so. by the Integral Testihe series
' x*+6x+13
- 1
> ————is |convergent

=
- +6n+13

Answer 21E.

We have the series Z !

ranlnx

15 positive and contnuousfor x> 2

The function f[x) =

xlnx

(xln x).(ﬂ)—l[x%ﬂn x]

(xln ;lr:]2

f(x)=
_M{U [sim:e Inx>0 forxl?]

- [x]n J|::]2
Sof(z) 15 an decreasing function

So we can use integral test:

T L dlejmi ! ax
2 Xln x o xlnx

Substitute ]nx=u:>ldx=d.:.:

x

1 1
Therefore ]Ihxdx=];a&;=1ﬂ|u|=1n|1u|

Andsoi 1 dx=lim|[1nfin =],

> Xlnx
=lim[1n(lnz)~1In(1a2)]

= CD

also [diverges|

Since the improper integral diverges, the senies Z
o nlnn



Answer 22E.

Consider the following series:
= 1
o n{h‘l n)z '

Test the convergence of the given series.

Verify the conditions of the Integral test:
Condition (i):

Check whether the function, f(x) is decreasing or not.

Let f(x)=——

x(inx)
-I—]n{x]

The first derivative of the functio s, fix)=—5".
e = e of the function f(x) is. f(x) f[lnxf

Clearly, f*(x)<0 on the intervals [n,i,] and (1,).
2

Thus, the function f(x) is decreasing on the intervals [ﬂ,i,] and (1,00).
.

This means that, f(n+1)< f(n).

Condition (ii):

Check the continuity of the function, f(x).

Clearly, the function f(x)is a continuous positive function, because the logarithm function is

continuous.



1
The function Jf (T} = ﬁ is continuous, positive, and decreasing on (Lm], 50 use the
x(Inx

Integral Test:

[f(x)de = [——dx
_[f[ ) ‘!‘.'u.'(ln.t.')1

- 1
Z—1i5 also convergent by the

Since the integral ‘{ I {x}dtis convergent, the series
4 =2 r.r(ln n]'

Integral Test.

Answer 23E.

Consider the series,

1
E e,;-
2

The object is to determine whether the series converge or diverge.

Use integral series fest, fthere exista N >ksothatforall N >n. f{n} = g_Is positive,
continuous and decreasing. Then, i:a_ and f: f {x}dxeither converge or diverge.
pr
1
Let 7 (") _ f:_z :
Since f {n)is positive, continuous and decreasing from p=1.

Compute the indefinite integral is as follows:



Use substitution method: Let l = ¢ then _—:dn =di
n n

5o the integral can be calculaied as,
L
e‘
| —dn= ~[edr
=—e +C
L]
=—e"+C
Now the definiie integral can be evaluated as.

rie(<]

-

=eg—1

Since the integral is exist

Hence, the series converges by series integral test

Answer 24E.

Consider the following series:

= "3
X7

Determine whether the series is convergent or divergent

Recollect that The Integral Test states that let 7 be a continuous, positive, decreasing function

aly
on [a_cn] andletg = f (n) Then the series zal is convergent if and only if the improper

=l
integral I S (x)dx is convergent
|
If I S (x)dx is convergent, then ia_ is convergent and If I S (x)dx is divergent,
i =1 i

Then »a,is divergent



+
-

Take g =2

:f(n)_

since |imf(_r]=|liﬂx

33

oo w8

=f(3)

So, the function f(x)= iis continuous on [J,m)_
e

Take x>3%

=9

¥ 9

— e

e e
0<f(x)

=

So. the function f(x)=—Is positive on [3,)

x°
e

x 9

e &

Take x23= f(x)-f(3)=
<0

So, the function f(x)= ':I_zis decreasing on [3,::::}



The function f.[ ,;} = *is continuous, positive, decreasing on [3,::::)
e’

So, use the integral test and solve as follows:

= >

]; 1 (x)ds = [ - ds

3

r=s»x

= Iimj?dx
3

Txle"dr = limife"dr
3 3

F—sxm

= lim| 22— | —lim f2x] £ ]dx
J =T _1 . l'—l".!'.j _1

Since J'[u(x]- r{,\:}ﬂt - u[;]fr{x}:&—}%u [r:l . v{_t}:z'.t+ C

- tim[ "] +2im [ xe"ds

=1im[-fe-']‘+2:im 2| -tim[1] =&
Jep 3 f=b _l A l'-h:l:} _l

Since J-[rr[.x]-r{x})dt =u [J]J-r{x}:ir —j‘iﬂ'[.l?]' v(xpdx+C

tim[ e 2t [-se ] im e

~tim[—xe”* ] +21im| [~xe ] ~tim(e ), |

I—RT = =z [

=lim[ e ] +2lim[ —xe™ ] ~2lim[e™

P

=lim[ e +3€” |+ 2lim[ —te” +3¢” |- 2lim[ e - |

1= r—wx —x

3 I
+2‘§"2'[—?]

e
¢

+

®|S e Rue
| o

Since the improper integral converges.

Thus, I f(x)dx is convergent, by the following integral test
E]

Therefore, the series i:;is

m=3



Answer 25E.
Consider the series,
- 1
Need to check whether the series converge or diverge.
Use comparison test: Let Za__z:b_ be two positive sequences such thatforall n, g, <b,
If 3’ b, converges, so does » a, If » g, diverges, sodoes 3 b, .
Rewrite the series as,

= 1 = 1
Z: 35_

=l n+n =1 H3

ah

Recall that, if the series is of the form ZLF where p>0.
=1 n
If p>1.then the p-series converges. if 0 < p <1, then the p-series diverges.
=1 . 1
Compare Z_I:? with zl: - then

p=3>1

By the p-series test the series converges.

Since the sernes ZLJ converges then by the comparison test Z o
m=1 R | W +n

also converges.

Hence, the series )" ———
=l n+n

converges by the comparison test

Answer 26E.

n

We have the series
é x4
x

The function f(x) =

is positive and continuous on [Lm)

x +1
(' +1).1-x(42")
(= +1)

_ xt+1-41
()

And  F(2)=

=—7 <0 wheneverx > 1



Thus f 15 decreasing function So we can use the integral test:

1] I

x ' x
—dx=hm | -
1 x +1 Bl Xl

Substitute X =u=2xdx=du

"We have ax

x 1 du
Then dr=—
Ix‘+1 zju’+1
=ltan_lu+C'
2
1. 4
:Etan =+

Thus Idezlim ltan_lx2
1x+l Be| 2 !

= llim tan~'#* —tan™ 1]
2 p

_1 T A
‘E[E_I]
_1 x|l 7
‘E[I]‘E

Since improper integral converges. Then series Z :: " also

HH"‘

Answer 27E.

i
Ccos A

2T

Integral Test cannot be used to determine the convergence of the seriers

Cos5 T

Jr

because F(m)= 15 notpositive on[1,w] as F (D) =cosm=—1<0.

Answer 28E.

Consider the series,

i cos’ (n)

il P |
The comparison test

Suppose that » a_ and » b, are series with positive terms.
1.1t ) b, is convergentand a, <b, forall n_then g is also convergent
2 If b, isdivergentand g, 2b, forall n, then ) g, is also divergent

test to determine the convergence or divergence of the following series,

i cos’ (n)

il oFY |




The numerator is cos’(n).which is always bounded in absolute value by | because
—1 < cos(n) <1. This gives us the following estimate for the size of the series
cos’ (n)

1
cos(n)-cos(n)-—'—

= Uselabl<laa

Because —1<cos(n)<1.

T Rearrenging the components.
n o+

Elcos(n}l-lms{nn-

1
n+1
1
_n3+l

<

So, the terms of our series are smaller in magnitude than :

n +1
This series, ] looks similar to the convergent series zi In fact, it is smaller:
=1 H- + =1 'ﬂ'
2 2
n+l>n
1 < L
n+l n

z 1] and zi, are series with positive terms.
=] n +l =l n
1 1

= 1
——<—forall n.and ) —isa convergent series because itisa p-series with
n+l n —_n

p=2>1

x
So. by the Comparison Test,

- is a convergent series.
e +1



Apply the comparison test

(! and botn 3 0% (=) and 3" are series of positive terms, the fact that
n +1 n +1 prd B Y | pry

.?
cos”(n) converges by the Comparison

Z— tells us that the series of absolute values z
n +1

m=1 n
Test.

Consider,

|eos’ (n)] _ cos’ (n) _|cos’ ()

| n +1 |_ n+1 _l n +1 |

0205 () [co5' ()], cos’ ()
ont |n+|| n+1

= cos (m n
S0, the series { } - { ] is a series of nonnegative terms.
—~ 41 n +1

Further, its terms are all bounded by the terms of the convergent series of nonnegative terms

\ cos” { \ ) ]
2 by the above ineguality.
; n +1 Z n +1 4 iy

By the Comparison Test, Z cos 4{:} - st L }I converges.
=1 n n

The series ;- cos”(n) |cus (n }l z
et F 41 | n+1 |

.
difference E[T i:} Iﬂ:‘s ‘ET}I] I‘T; E’}I is convergent.

:."
{I ) are both convergent series, their
n+

a=1

The difference is,

Zcus *(n) i(ms (n) |ms {n}l] |m$ [n)l

~ 0+ =l n’+1 In+|||n+l|-

Therefore, the series zmsz {T} is convergent.
=1 N +




Answer 29E.

We have the series i L =
mn(ln.u)

The function j(x) =

1 - ; i o
+ is postiive and continuous . This function 15
x(]n x)
decreasing also.

Since f'(x) = [1](—;:) (lnx)™" [3 +(-1)x7 (ln x)”

x
=—x"p (]n x)_r_l —x3 (111 x)_r

=- Pl <0 for x=2

2™

So we can use the Integral test,

L] r

[———dr=tim [——

5 x(]n x) ooy x(ln x)
HMow substitute 1nx=u:>ldx:du

u B [111 x:]_ﬂl

-p+l  —p+l

lx(]:x)rdx:lui"ﬁ‘ -

! ,,“[Q[
nx[]nx)’ el —p+]

_ 1 : -z _ 1=
- gE[(lmf) (1n2)" |
This improper integral converges when (1-p) <0

By the Integral test, the given series also converges when 1-p<0 or p=>]|

Answer 30E.
We have to find p such that the series Z L 15 convergent.
z-3 nln n[ln (111 n)]'
For p-=1, !

S=)= xln x[ln (In x)]

Which is continuous and positive on [3,00) and since In = 15 a increasing function
on [B,m) thenzlnx [ln (In x) a] 15 also increasing ,therefore f (%) is decreasing
function



So we can use mntegral test

T 1 T 1
— dr=lm|—— _dx
-!xln x].n(ln x) ?—h-!xlnxln[lnx)

Let ]n(]nx)=_]r then dx =dy
xlnx
1 1
s 'I-x]nx]n[]nx)dx_'l-;dy
:]nly|+-:':
=1n(1n[lnx))+c
r 1
Then lmj|— _dxr=hm|In|ln(ln
# Hui*;xlnxlntlnx) Hu;[ﬂ(ﬂ( I)):E
=0 since Ilnx —>c0 asx — 00

Sofor p=1, given series i1s divergent

Nowwetake p=#1
1
xln x[ln (ln x)]?

So we can use integral test

Then (x) = 15 continuous, positive and decreasing

3y L —tim [ L dx
'L xln x[]n (]n x)]' 1r"""l;xli:l x[ln(ln x)’]

1 N L yrl
'I-Jrlj:lJ|:[]1:1(]1:ur):|"ﬂbr_'l-.)’l'd}r —p+1

_[n@o]”

1-p

Then tim [ ! dx=H M[

+c

bk x]nx[ln(lnx)]r e 1-p

o [[ma)]” [in(n3)]”
e 1-p 1-p
This limit exists whenever 1-p<0&p>1

So the series converges for

Answer 31E.

We have to find p so that in(1+nnr CONVErges
-1

We see that this cannot converge if p>-1/2

Since lli_;tl;n(1+n2)r £0



So we have to take p <—1/2
Then f(x)=x{1+x*)" is continuous and positive
F(@=px(1+2) 20 {1+ 2

=)= (1+x’]'_l(2px’ +1+2)
_(1+(1+2p)<")
()
So f (%) is decreasing on[1,00)

this 15 negative for x> 1

We can use integral test.
So [7 x(1+2Y dx=1im Cx(14+2) dx
Let (1+x°)=y = 2xdx=dy

xdledy
Then ]xl+x’ =_jy'dy

1 yi"1

2(p+1)

1+x’)'

2 )

Then we have
[1+;r")j“1

lim [1+x’) ;hm

1 [1+t’:]"+l 1 o#l
=—hm -
2 1= (p+1) 2 (p+1)
1 [1+I2)Hl oF
=—hm o
2w (p+1) (p+1)
This limit 15 finite and exists when (p+1) <0
=|p <1

Thus the given senies is convergent when |p <—1




Answer 32E.

Consider the series,

= Inn

=1 "F
According to the comparison test:
Suppose that ' a_ and Y b, are series with positive terms.
1. I Zb_ is convergent and g, <b,_ for all », then Za_ is also convergent

2 If Zb_ is divergent and g_ 2 b,_ for all n. then Za_ is also divergent.

Inn 1

FOr pz3. Inn>1-Sofor >3

P I

n n

Apply the Comparison Test, since only the eventual behavior of the series determines
convergence rather than the first several terms only.

The p—series Z— is convergent f p>land divergentif p<I1.
m=l "

Consider the case where p{l The sernes EI“—" and z— are series of positive terms.

m=1 " -—I"

As the series Z— isa p series with p <1. Therefore, the series Z—IS convergent.
=1 " =l n

Irm 1 Inn

P

The terms of E— are bigger than the terms of Z—
=] " n

"P
must also diverge.

So. the series diverges for p<1.



Consider the case where p>1.

IT f(x) =E._ ]:1_::2 f(m) Also, f is eventually decreasing, so use the integral test. We

demonstrate that £ is eventually decreasing by taking its derivative with the quotient rule:

x’l—ln.r-p.t"'

f'[x)= = Ilp
_xX"x—Inx-px™

ip

~ 1
Applva™ =—.
. pPply a

_x ' =Inx- px*

2
xF

_x"'(1-plnx)
= =
The factors yr-! and »?r are positive for positive values of x. Also, p > 1, and we again note
thatfor x>3, Inp>1-S0for x>3. plnx>1.gwvingthat 0<l-pinx. Thenfor x >3,
x"(1- plnx)
xr
The integral test still applies because it is the eventual behavior of the integral and series that
matiers for convergence, not its value from | € y < 3. S0 f has a decreasing property that
allows us to use the integral test

is the product of one negative and ftwo positive factors, therefore negative.

According to the integral test:

Suppose fis a continuous, positive, decreasing function on [l,m)and leta =f [n) Then
=
the series is convergent if and only if the improper integral [~ is convergent. In
2.4, g ly proper integral [ f (x)dx g

m=1

other words:

1.1f ,[.I f (x)dx is convergent. then ia, is convergent.

=l

2_If .[. i f (x)dx s divergent. then ia, is divergent.

Compute the integral I f(x)dx . First compute the indefinite integral:
1

Inr:tc
xF

[ fydx=|
Use integration by parts to find this integral.
Let w=Inx. gdv=x"dx

_P"I

Then, ;ﬁ;:ldr. v= :
X —P+l

X



Note that it's important that p>>1, 50 —p+1=0. By the integration by parts formula,

[ udv =uv— [ vu

.[InI‘h_: Inx _I_P*I-—J- 1 _I_'P“ldr
x (=p+1) -p+l x

= K x"’"-—;‘[f’dr

(=p+1) —p+l
_ Inx P 1 P
(=p+1) (=p+1)
Inx-
—-p+l

(=p+1)x™’

Take the improper integral.

ZIn -
| "m-:mn_!%m

: xF iz

= lim —ptl
== (—p+1)x”
1
nf——
o Tk -p+1 1

+ ¥
s (=p+ I (=p+1)
The term, nf 5 o0 and since p>1, ¢! _y o as well

1
Ins—
So the limit _, _p+1 has the indefinite form -~ _ because the -
II'I:'i—,I_I -0 -p+l
=z {_P+]}f

numerator and (-p+1) are constants.

in the




Apply L'Hopital's rule, to calculate:

1
Inr -
lim —p*l =lim (] !)
= (—p )7 e —p+lﬁ,
P
_tim— V1)
ke LH;P“
P
=0 Because p+1>2.

So, the above limit converges to zero, and thus the main limit convergent.

lim pr, 1 __ 1 -
o= (—p+” (—p+1) (-p+I)

The integral I ]“—:.dr converges.
1 X

ks

e Integral iest, | — converges m and on e Senes — COnverges. thus, e
the integral test ]"fdr ges if and only if the seri ]“:' ges. thus, th
1 X =1 n

x
" Inn
senes E — EI)T'I'U'EI'QEHI
=l n

Therefore, zln_:: is convergent for p > 1 and divergent forp <1.
m=1 L

Answer 33E.
‘When have {,'(x)=zl‘
M

Comparing with p-series Zi we havep==x
.
Since p-series converges when p > 1 and diverges when p =1

So g’(;ﬁil‘ defined when x> 1
g

Then domain of g(x)zi‘,l‘ is [(1,0)
o

Answer 34E.
. © 1
Gi A= —=—
ven ((2) 34?:2 c
(a)
1 =21
S, ] _—1
5T



®)

Sl | ® 1
Ez(n+1)2_§4n2
® 1 1
A i
L7 7
_r_ 4
6 36
(c)
| 121
E@n}z_h:l 2
_17
46
_®
24
Answer 35E.
. © 1 o
Given ((H=">" —=—
C(4) §H4 =
(a)
o 4 @ 1
2 =8y
n=] ¥ n=l 7
4
o
=8 —
)90
9“4
T 10
(®)
| @ q
2w~ Zus
msE-2 3kt
SR
i 2

77
0 16

Y|



Answer 36E.

(@)
=1 1 1 ol |
Weknowthat 3" o = o+ + .. Then, 5,= 3 .
# 1 2 z-17
LIS NN
MEFTFIT T
1 1 1
. N N TP
1 16 10000
= 1.08

Thus, we get 5, = 1.082036584.

We note that the estimation 15 not precise.

() Weknowthat 5, + [ Ff(Rdx£s<s +If[x)dx

5
o
|

|
3
I

Lo
+

E

v
2
B

3

-
7
i

3

3

A

x
. T1 T1
decreasing. Also, I—4dx I_4 =
1 1 X
We have 2 =10. Then, Il‘dx = 0.000250438.
ux

So, 1082036584 + 0.000250438 = 1.082036584 + 0.000333333 . Thus, the improved
estimate of the sum 15 the midpoint of the interval, which 15 given by 108232847

{c)From part (b), we know that El‘ sz 108232847 . Also, we know from exercise 33,
#
Therefore, the error 15 0.00000523629.

We want L < 0.00001. This means that

(djWe have R, < ]x 3% =

7> . orn > ! _Thatisz > 32.18.
0.00003 0.00003

Therefore, we need 33 terms to ensure the accuracy within 0.00001.



Answer 37E.

1 1 D 1

{(a)We know that Zﬂ!j = 1—+2—2+_._ . Then, 5,= Z_‘i?
polydl, L1
P2 10?
11 1
14 7100

s 1.549767731

Thus, we get |5, &= 1.349767731|
error <0.1

We note that the estimation 15 not precise.

()

We lnow that s, + If(x)dx =5 =5, +_[f(x)dx Then, I—cix = [—l:[or
=+l x

71 T 1 1

!? = Mso,l?dx:ﬁand

So, 1.549767731+ 0.09090909 < 1.54%76773 +0.1.

Thus, the improved estimate of the sum 15 the midpoint of the interval, which is
given by 1.645222276; error =0.005.

{c) From part (h), we know that Z lﬂ = 1.64522276 _ Also, we know from exercise
b

3, le s 1.644934067 . Therefore, the error 15 0.00028820915.
7

{dd Wehave R, < I? orRIEl.Wewantl{U.ﬂﬂl_Thismﬂansthat

I e

L . That 15 # = 1000.
0.001

Therefore, we need 1001 terms to ensure the accuracy within 0.001.



Answer 38E.

i 1 . . i
Since f (x) =— 1s positive and continuous
x

:}f'(x) = _—ﬁj negahve for x >1 so the integral test applies
x

Mow we find "ldx

'x

—4
=lim ?dx hm[;l

—1 1 1
=>]1m 7 |=—
4t 4?: dn

‘We have
Sl+.r f(x)dxisisl+l:f(x)dx

. 1| =1 |
Error is =2[L xsdx “lxjdx:l

Since we have to find the sum correct up to 3 decimal place, so error < 0.0001

:}%[I:%dx—j:l%dx] <0.0001

11 _<oo0002
4" A(n+])
11 _<oo0008
7 (r+1)

4 1 4
+1) — ¥ 1
NGhe) (’:){n_nuna = "(‘Tr) >1250
» (.u+1) (.u+1) —(.u")

For solving this equation we use graphical method.




15000
/ 12.50
1000+
x(x+1)
{x+]}-x'
500 +
0 . .
0 I ) 3 | 3 g =

= zn>505
So we talce n==6

Now we approximate s by the midpoint of he interval
(s! +.|:1f (x)dx .5y +I:f(x)dx)

Midpoint = %[s, [0 F(®dxa+ [ j[x)dx]
ses, +%(L:f(x)dx+l:j(x)dx)

5 = l+l+l+l+l+l s 1.3679
4 5 6

Then Sm].ﬂ3ﬁ?9+l 14+% =1.036794+ 0000149
2\ 4(7) 4(6)
= |5 1.036939
Answer 39E.
Consider:
i{znu)* :

m=1

Estimate to five decimal places.

1
% is continuous, positive, and decreasing on []_m].

(2x+1)

The function f(x)=



Now,
§(2H+ I]_ﬁ = ].{21+]}_ﬁdr

=|imj(zx+1}“"dr

r—sx

e
:Iim -&

=X

1
2

F—x

=hm

=T

= lim

(e

Substitute the limits.

b
10(2(1)+1)

i
T 10(2+1)
-—
10-3°
=0.0004115

= 0.00041

Thus, i(2n+ I}'*' =[0.00041].

|

==

]]

—3 00— —}
10(2r+1)

0



Answer 40E.

We want the sum ofthe series 3" 1/[ #(ln )" | within 0.01
Eml

Means that we have to find n such that 8, <0.01

So we want

Or Inz>100
Or 7™
=2 > 2.6881x10%¥ = 2688x 10"

So we need

2689 x10%

Answer 41E.

terms to ensure accuracy with in 0.01.

The error in the sum 15 required to be less than 0.000000005. That means we
have to find n suchthat R, <0.000000005

ie R <5x107°

Since R, <[xdx

‘We find that

¥
R, <lim 0y

0l

<lim| =
2| —0.001

=-100 Ultim[

1::llflll:llf]

— _ 00l
M

tﬂ.[l'll

1
50001



Hence we must have

1000 _5x10

—om1

”

= 702 :-%xlﬂn

=" > 0.2x10% = 2x10"

=n> (2::-::1(]“:)“]““I

=hp 5 2]

=2 >1.07x107 x10"% &1 07x10'5%
Thus more that [10'"™| terms are required to ensure that the sum error in less than
5x107°

Answer 42E.

Consider the series i (In ")-
w=1 HE

a)

rJ
) is convergent:

The objective is to prove that the series i{lnf
=l n

Recall the Integral Test

Suppose fis a continuous, positive, decreasing function on [],:u:}_

If I S (x)dx is convergent, then ia_ is convergent.
1

If J I {x)ﬂ’x is divergent, then i”- is divergent.
1 =l



Here f(.r) _ (In :}
X
First check whether f {x] is continuous or not:

Sketch the graph of 7 ()= {8X)"is as folows:
X

025~

020

. (lx)
0.15- fl_r_l=l' :I

0.10-

0.05

X

Fromihegraph, friy)- (Inx)" is continuous and increasing for y > | and decreasing for
2
X

X>e



T M| o) = _{]“‘: )" is continuous, so we can apply Integral Test.

Use CAS to solve the integral
The input command:
int((Im{x)}*2/x"2_x=1_infinity numeric)

The output command

2
= inl[ In '; s x=1 .infinity, numerfc];
X
2.
T hlI}!
Thus, ( =
e
Therefore, ]:'“nl)- is convergent
1

By Integral Test, the series EM is convergent.
m=1 n

b)
The objective is to find an upper bound for the error in the approximation s = s, -

The error in s = s_is given by the following representation:

Now use CAS to solve the integral
The input command
inf{{Inx)*2/x"*2 x=n_.infinity);

The output command is given as follows:

2
> iﬂ.!'[ Inx'; ,x=n_.fnﬁnily];
In(n)> +2In(n) +2
n
THSRERE. B 5]‘-(In.:::)"i“r= In(n) +2Inn+2
- 3 n




c)
Find the smallest value of n such that this upper bound is less than 0.05:

In(n) +2Inn+2

n

Now solve the equation 0.05

Sketch the graph of 1D (n) +2Inn+2

and y=0.05as follows:

n

0.08

0074

0.06 -

005

0.04 -

0.05 -

0.02 -

0.01 -

'ﬂ w T w, T H T N T w 1
0 1000 2000 3000 4000 5000

From the graph the intersecting point is 5 =[1373
Therefore, the smallest value of s [1373

d)
Find S_for the value of p js 1373:
Use CAStofind §,:

The input command:
evali(add(((In(n)}*2/n"2),n=1._1373));
The output

>

{2 ) 1))

1.939296577

Therefore, § . =[1.9392



Answer 43E.

(&)

®)

We take f(x)zl mzl 1s a harmonic series
X gl 7
Ay
y=1/x
i.'EII: d; a 1“-""“-—--.__
1 a
O 1 2 3 4 n X
From figure
1 e lina
2 3 4 n 1x
So
5, el iyl iting
4 »n
= |5, <1+lnx
Since 10° =1 million 10° =1 billion

If number of terms 2 =10°
Then sum 5, <1+In10° 14.82 <15

50 sm,-r.‘.lﬁ

If number of terms 2 =10°
The sum 5 S1+I010° = 21.72 < 22

msw-::EE




Answer 44E.

(a)
The objective Is to draw a piciure with y = f ( x] - l and interpret ¢ as an area to show that
X

(>0 forall n.

‘. J'_l

l

Y=



The total area of the rectangles formed in the graph of the following function is calculated as
follows:

y=f(x)

1 1 1
=l+—F—+-rtd—=
2 n

Also, integrate the function and apply the relevant limits.

len

J v =[ins] "

=In(n+1)-In(1)
=In(n+1) Since In(1)=0

I —dx represents the area that lies below the curve and above the y —axis -

1 X

So, the sum of areas of the rectangles will be greater than this area, which is represented as
follows:

lem
LI RIS Ilc#
2 3 R -
.
>In(n+1) Since Iidrzin{nﬂ)
|
I+l+l+---+l-ln[n+l}}ﬂ
e n
]+%+%+---+l—]ﬂ{n]}ﬂ Since In(n+1)>In(n)
n

So r, >0 from given value of 7,.

(b)

The area between x=n gpd x = n+]and the graph is represented as follows:

l+m

J ~de=[nx] "

= In{n+ ]}—]n{l}

Since In(n+1)>In(1)so area between x=n and x = n+12and which lies below the graph is
greater than rectangle formed.

S0, obiain the following result:

t -t = ln{n+l)—ln{n}-¢l
n+
>0
,-l }!441

This implies that {:.}is a decreasing sequence.



(©)
The objective to show that 7 converges to a limit » , where yis called as the Euler's
constant.

First show that {r, }is bounded

Consider the following sequence:

{r.}={S,~Inn} 5ince5_=1+%+l++,‘+l
n

Now, proceed as follows:

In(n+1)<S, <l+Inn
Subtracting Jpp» from both sides gives
In(n+1)-Inn<S, -Inn<l
Use the fact that |n x is an increasing function.
S0 In(n+1)=Inn>0  for p>]
Therefore, solve the following inequality:
n{h{ﬂ+|)—hﬂi-§. —-Inn<l

0<§ -Inn<l

0<a <1
Thus. the sequence {r.}is bounded.
Since {r.}is bounded and monotonically decreasing sequence.
So, it must be convergent.
So there exists a limit for {7, }. Letitbe 7

Thus, r convergesioalimit y.

Answer 45E.

We have the series > 5™
2=l

:Hm
1
Iy
n
So series is ¥ 4™ =Z_LH
21 2 7

Which i1s a p-series withp=-Inb



So this series converges whenp > 1
=—lnd>1
=Ind<-1

=hcel

~ p<i7d

Sofor the given series converges.

Answer 46E.

Consider the following:

3o

mwn n+l
The objective is to find for what values of ¢, the series is convergent

Rewrite the series as follows:

[r: 1 ] (r: I ) [r: 1 ] [r: 1 ]
fF =l-——— 4| - |+]| - |F.0n¥| ———
Ll 141 2 241 3 3+1 n n+l

[c 1] [r..' |] [r: 1] [c 1 ]

=l S ] == e [ ] e
1 2 2 3 3 4 n n+l
[c I] (r..' l) [r: I] [[‘ l] 1
=c4| =——=]| =——= 4] ==+ .| ——— |———
2 2 3 3 4 4 n n) n+l

—c+—[c 1}+—[c—l}+ +—{c—l]—m

Factor out (¢-1) to get the following result

=c+(c- l}( LI +l)—L
3 4

n) n+l

=c+(e- I}ZI—m

k=2

Mow, let the sum when m—c be §.
Then, obtain the following results:

S=lims_

=

= Ilm[r:+{c 1)2;—;:{)

The sum exists only when the limit exists.
The limit exists for ¢—1=0.
Thatis. [o=1].



