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5.0 Conic Section : General

5.0.1. Introduction
The curves obtained by intersection of a plane and a double cone in different orientation are called conic section.
In other words “Graph of a quadratic equation (in two variables) is a “Conic section”.

A conic section or conic is the locus of a point P, which moves in such a way that its distance from a fixed point S
always bears a constant ratio to its distance from a fixed straight line, all being in the
same plane. M

SP =constant = e (eccentricity)
PM

or SP=e. PM

Directrix

5.0.2. Definitions of Various important Terms
(1) Focus : The fixed point is called the focus of the conic-section.

(2) Directrix : The fixed straight line is called the directrix of the conic section.

In general, every central conic has four foci, two of which are real and the other two are imaginary. Due to two real
foci, every conic has two directrices corresponding to each real focus.

(3) Eccentricity : The constant ratio is called the eccentricity of the conic section and is denoted by e.
If e =1, the conic is called Parabola.

If e <1, the conic is called Ellipse.

If e > 1, the conic is called Hyperbola.

If e =0, the conic is called Circle.

If e =00, the conic is called Pair of the straight lines.

(4) Axis: The straight line passing through the focus and perpendicular to the directrix is called the axis of the
conic section. A conic is always symmetric about its axis.

(5) Vertex: The points of intersection of the conic section and the axis are called vertices of conic section.
(6) Centre: The point which bisects every chord of the conic passing through it, is called the centre of conic.

(7) Latus-rectum: The latus-rectum of a conic is the chord passing through the focus and perpendicular to the
axis.

(8) Double ordinate: The double ordinate of a conic is a chord perpendicular to the axis.
(9) Focal chord: A chord passing through the focus of the conic is called a focal chord.
(10) Focal distance: The distance of any point on the conic from the focus is called the focal distance of the point.

5.0.3. General equation of a Conic section when its Focus, Directrix and Eccentricity are given
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Let S(«, B)be the focus, Ax + By + C =0 be the directrix and e be the eccentricity of a conic. Let P(h,k)be any

point on the conic. Let PM be the perpendicular from P, on the directrix. Then by definition 5
SP =ePM = SP? =e’PM? M B, v)
2 =3
= (h-0)” + (k- p)’ = e[wJ 2 sl
VA? +B? z
» (AX + By +C)? z

Thus the locus of (hk)is (x—a)* +(y—-p)* =e this is the

(A? +B?)
cartesian equation of the conic section which, when simplified, can be written in the form
ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0, which is general equation of second degree.

5.0.4. Recognisation of Conics
The equation of conics is represented by the general equation of second degree

ax? + 2hxy +by? + 2gx + 2fy+¢c=0 ... (i)
and discriminant of above equation is represented by A, where
A = abc + 2fgh—af? —bg? — ch?
Case I: When A =0
In this case equation (i) represents the degenerate conic whose nature is given in the following table.

S. No. Condition Nature of conic
1. A=0and ab—h?2 =0 A pair of coincident straight lines
2 A=0and ab—h? <0 A pair of intersecting straight lines
3. A=0and ab—h? >0 A point

Case I1: When A =0
In this case equation (i) represents the non-degenerate conic whose nature is given in the following table.

S. No. Condition Nature of conic
1. A=0,h=0,a=b A circle
2. A#0,ab—h? =0 A parabola
3. A#0,ab—h?>0 An ellipse
4. A#0,ab—h? <0 A hyperbola
5 A+0,ab—h? <0 and a+b =0 A rectangular hyperbola

5.0.5. Method to find centre of a Conic
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Let S = ax? + 2hxy + by? + 2gx + 2fy + ¢ be the given conic. Find Z—SZ—S
X oy
0S oS .
Solve o O,E = 0 for x, y we shall get the required centre (X, y)
X
hf —b h - af
(x,y>=( 3.3 j
ab—h° ab-h
Example: 1 The equation x2 —2xy +y? +3x + 2 =0 represents [UPSEAT 2001]
(@ A parabola (b) An ellipse (c) A hyperbola (d) Acircle
Solution: (a) Comparing the given equation with ax? + 2hxy +by? + 2gx + 2fy +c =0

Here, a=1,b=1,h=-1, g:%,f:O,c:Z

Now A =abc +2fgh —af? —bg? —ch?
3 , (3Y , 9 . ) o
=A-00@+2 5| OF)-OOF -1 | ~2-1 = A== ie, A#0 and h~ab=1-1=0 ie, h =ab

So given equation represents a parabola.

Example: 2 The centre of 14x? —4xy +11y? —44x —58y +71=0s [BIT Ranchi1986]
(a) (2, 3) (b) (2, —3) (C) (—2, 3) (d) (_2, _3)
Solution: (a) Centre of conic is ( ht = bgz gh- az j
ab-h° ab-h

Here, a=14, h=-2,b=11,9=-22, f=-29,c=71

(-2)(=29) - (11)(-22) (~22)(-2) — (14)(-29)
WA - (2>  (14)a1) - (-2)?

Centre =(2,3).

Centre z(

**k*x



5.1 Parabola

5.1.1 Definition

A parabola is the locus of a point which moves in a plane such that its distance from a fixed point (i.e., focus) in the
plane is always equal to its distance from a fixed straight line (i.e., directrix) in the same plane.

General equation of a parabola : Let S be the focus, ZZ' be the directrix and let P be any point on the parabola.
Then by definition,

Z
SP = PM (- e=1
M P(x.y)
Ax + By +C it
Y-+ - pr = == &z
VA? + B? &8
% a S(a.f)
Or (A% +B2){x—a) +(y—B)?|=(Ax + By + C)’ Focus
7
Example: 1 The equation of parabola whose focus is (5, 3) and directrix is 3x —4y +1=0,is [MP PET 2002]
(@) (4x +3y)* —256x —142y +849 =0 (b) (4x —3y)> —256x —142y +849 =0
(€) (3x+4y)? —142x — 256y +849 =0 (d) (3x —4y)? —256x —142y +849 =0
2
. 3x -4y +1
Solution: (a) PM2 =PS2= (x —5)2 +(y — 3)? :[—
Jo+16 v P(xy)

= 25(x2 +25-10X +y2 +9 —6y)

X" X
S(5,3
=9x% +16y% +1-12xy + 6x — 8y —12xy 9 &

= 16x2 +9y? — 256X —142y + 24xy +849 =0 v

= (4x +3y)? — 256 x —142y + 849 =0

5.1.2 Standard equation of the Parabola

Let S be the focus ZZ'be the directrix of the parabola and (x,y) be any point on parabola.
Let AS = AK =a(> 0) then coordinate of S is (a, 0) and the equation of KZ is x =—aor x+a=0
Now SP =PM = (SP)? =(PM)?

Z| AY
= (x —a)* +(y—0)? =(@+x)? LATPixy
2 xS X
L lyS =4ax = Al\@)\
3 L
which is the equation of the parabola in its standard form. 5|z v P y?=dax
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Some terms related to parabola

(a2a)  F(h2van)
L —T7Z— Focal chord

Y/ R I
. . le— Double ordinate
Directrix —>|
. |
Focal distance Vertex < )
z A AXi
o Latus rectum
I
t
L—L
v (a-2a) o,
For the parabola y? = 4ax, Q'(h-2v/ah)

(1) Axis : Astraight line passes through the focus and perpendicular to the directrix is called the axis of parabola.

For the parabola y? = 4ax, x-axis is the axis. Here all powers of y are even in y? = 4ax.Hence parabola y? = 4ax
is symmetrical about x-axis.

(2) Vertex : The point of intersection of a parabola and its axis is called the vertex of the parabola. The vertex is
the middle point of the focus and the point of intersection of axis and the directrix.

For the parabola y? = 4ax, A(0,0)i.e., the origin is the vertex.

(3) Double-ordinate : The chord which is perpendicular to the axis of parabola or parallel to directrix is called
double ordinate of the parabola.

Let QQ'be the double-ordinate. If abscissa of Q is h then ordinate of Q, y? = 4ahor y = 2+/ah (for

I**Quadrant) and ordinate of Q'is y =-2+/ah (for IV™" Quadrant). Hence coordinates of Q and Q' are (h,2\/%)and
(h,— 2\/%) respectively.

(4) Latus-rectum : If the double-ordinate passes through the focus of the parabola, then it is called latus-rectum
of the parabola.

Coordinates of the extremeties of the latus rectum are L(a,2a) and L'(a,— 2a) respectively.

Since LS =L'S =2a ..Length of latus rectum LL'=2(LS)=2(L'S) =4a.

(5) Focal Chord : A chord of a parabola which is passing through the focus is called a focal chord of the parabola.
Here PP' and LL" are the focal chords.

(6) Focal distance (Focal length) : The focal distance of any point P on the parabola is its distance from the
focus S i.e., SP.

Here, Focal distance SP=PM = x +a

|N0f€ : O If length of any double ordinate of parabola y? = 4ax is 2l, then coordinates of end points of this

2 2
double ordinate are (I—IJ and [I— ,—IJ )
4a 4a

Important Tips

@ Thearea of the triangle inscribed in the parabola y 2 = 4ax is 8i(y1 ~ ¥5)(Y2 ~ Y3)(Ys ~ Y1), where y,,y,Y are the ordinate of the vertices
a

@ The length of the side of an equilateral triangle inscribed in the parabola y?2 = 4ax is 8ay/3 (one angular point is at the vertex).

Example: 2 The point on the parabola y2 =18x , for which the ordinate is three times the abscissa, is [MP PET 2003]



@ (6,2 (b) (-2,-6)
Solution: (d)
Example: 3 The equation of the directrix of parabola 5y2 = 4x is

@ 4x-1=0 (b) 4x+1=0
Solution: (c)
Example: 4

(@ 0 (b) 2
Solution: (d)

Here 4a=8 = a=2; SP =8

S 8=X;+2 = X, =6
Example: 5

(@ 213 (b) 1/3
Solution: (c)

5.1.3 Some other standard forms of Parabola

(c) (3,18)

Given y =3x, then (3x)? =18x =9x* =18x=>x=2and y =6 .

() 5x+1=0

(c) 4

©) 4/3

The given parabola is y? = % X . Here a :% . Directrix is x =—a= _?1 = 5x+1=0
If P(x,,y,)isapoint on the parabola y? = 4ax and S is its focus, then SP =x, +a

If the parabola y?2 = 4ax passes through (-3, 2), then length of its latus rectum is
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(d (26)

d) 5x-1=0

The point on the parabola y2 = 8x . Whose distance from the focus is 8, has x-coordinate as

d 6

[UPSEAT 1998]

[Rajasthan PET 1986, 95]

(d) 4

The point (=3, 2) will satisfy the equation y? = 4ax = 4 =—12a = Latus rectum = 4| a|= 4x| —%|:%

(1) Parabola opening to left

(2) Parabola opening upwards

(3) Parabola opening down wards

(i.e. y? =—4ax); (a>0) (i.e.x? = 4ay); (a>0) (i.e.x? =—day); (a>0)
Y
Z M  y-a=0
X E
y+a=0 |Z M
v
Important terms y2 =4 ax y2 =—4ax X 2 =4ay X2 =—4day
Coordinates of vertex (0,0) (0,0) (0,0) (0,0)
Coordinates of focus (a, 0) (-a,0) 0, a) (0, -a)
Equation of the directrix X =-a X =a y=-a y=a
Equation of the axis y=0 y=0 x=0 Xx=0
Length of the latusrectum 4a 4a 4a 4a
Focal distance of a point X +a a—x y+a a-y
P(X,y)
Example: 6 Focus and directrix of the parabola x? =—8ay are [Rajasthan PET 2001]

(@ (0,—2a)and y =2a

(b) (0,2a)and y =-2a

(c) (2a,0)and x=-2a (d) (-2a0)and x =2a



154 Conic Section : Parabola

() x

Solution: (a) Given equation is x? = —8ay
Comparing the given equation with x> =—4AY , A=2a
Focus of parabola (0,-A) i.e. (0, —2a)
Directrix y=A ,i.e. y=2a
Example: 7
(@ y?=12x+6 (b) x?=12y
Solution: (c) Since the axis of parabola is y-axis with its vertex at origin.

~.Equation of parabola x 2 = 4ay . Since it passes through (6, -3)

. Equation of parabola is x* =—12y .

5.1.4 Special form of Parabola (y — k)? = 4a(x — h)

-12y

(d) y?=-12x+6

;..36=-12a = a=-3

The equation of the parabola with its vertex at the origin, axis on the y-axis and passing through the point (6, —3) is

[MP PET 2001]

The equation of a parabola with its vertex at (h, k) and axis as parallel to x-axis is (y —k)? = 4a(x —h)

If the vertex of the parabola is (p,q)and its axis is parallel to y-axis, then the

equation of the parabola is (x — p)? = 4b(y —q)

When origin is shifted at A'(h,k)without changing the direction of axes, its

equation becomes (y —k)? = 4a(x —h) or (x — p)? = 4b(y —q)

Y

X% X
v
Equation of Parabola Vertex AXis Focus Directrix Equation Length of
of L.R. L.R.
(y — K)* = 4a(x —h) (h,k) y =k (h+ak) x+a-h=0| x=a+h 4a
(x—p)* =4b(y —q) (p. ) K= (Pb+0) | y+b—g=0 | y=b+g ab

Important Tips

@ y? =4a(x +a) is the equation of the parabola whose focus is the origin and the axis is x-axis.

& y? =4a(x —a) is the equation of parabola whose axis is x-axis and y-axis is directrix.

& x% =4a(y + a) is the equation of parabola whose focus is the origin and the axis is y-axis.

@ x2 =4a(y —a) is the equation of parabola whose axis is y-axis and the directrix is x-axis.

@ The equation to the parabola whose vertex and focus are on x-axis at a distance a and a' respectively from the origin is y? = 4(a—a)(x —a).

@ The equation of parabola whose axis is parallel to x-axis is x = Ay? + By + C and y = Ax? + Bx + C is a parabola with its axis parallel to y-

axis.
Example: 8 Vertex of the parabola x2 + 4x +2y —7=01is [MP PET 1990]
(@) (-211/2) (b) (2.2 (© (-211) (@ (211)
Solution: (a) Equation of the parabolais (x +2)2 =2y +7 +4 = (x + 2)° = —Z(y - %] . Hence vertex is [— 2, %} .



Example: 9

Solution: (b)

Example: 10

Solution: (d)

Example: 11

Solution: (c)

Example: 12

Solution: (c)
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The focus of the parabola 4y? —6x —4y =5 is [Rajasthan PET 1997]
(@ (-8/5,2) (b) (-5/8,1/2) (c) @/2,5/8) (d) ©/8,-1/2)
Given equation of parabola when written in standard form, we get

2 2
1 1 3 ; 3 1
4ly—=| =6(x+1D)= ——| ==(xX+1)=> Y ==X whereg, Y =y——, X =x+1
[y 2] (x+1) (y 2) 2( ) 2 y-3

Ly=Y +l,x:X—l ()]
2
Focus = X=a, Y =0; .. 4a:§ = a:g = x:g—lz—g; y:0+£:1 = Focus = —E,l
2 8 8 8 2 2 8 2
The equation of the directrix of the parabola y2 +4y+4x+2=0is [11T Screening 2001]
(@ x=-1 ) x=1 © x=— @ x=3
2 2
Here, y2 +4y +4 +4x —2=0o0r (y + 2)? =—4[x —%)
1 .2 . . 1 3

Lety+2=Y, E_X = X . Then the parabolais Y“=4X . .. Thedirectrixis X +1=0or E_X +1=0, .. x =E
The line x —1 =0 is the directrix of the parabola y2 —kx +8 =0. Then one of the values of k is [11T Screening 2000]

1 1
a) — b) 8 c) 4 d —
(a) i (b) (©) (d) 2

N k 8 . 8 s k
The parabola is y :4Z X ol Puttingy =Y, X X =X . Theequationis Y © = 4.Z.X
. o k . 8 k . . . 8 k

.. The directrix is X +Z:O i.e., x _F+Z:O . But x —1=0 is the directrix. So ?_121 = k=-8,4.
Equation of the parabola with its vertex at (1, 1)and focus (3, 1)is [Karnataka CET 2001, 2002]
@ (x-1)°=8(y-1) (b) (y-1*=8(x-3) © ¢-D*=8(x-1) (d) (x-3)*=8(y-1)
Given vertex of parabola (h,k)=(1,1) and its focus (a+h,k)=(31)or a+h=3or a=2. We know that as the y-

coordinates of vertex and focus are same, therefore axis of parabola is parallel to x-axis. Thus equation of the parabola is
(y—k)> =4a(x—h) or (y—1)> =4 x2(x —1) or (y—1)%> =8(x —1).

5.1.5 Parametric equations of a Parabola

The simplest and the best form of representing the coordinates of a point on the parabola y? =4axis

(at?2at) because these coordinates satisfy the equation y? = 4ax for all values of t. The equations x = at®,y = 2at taken

together are called the parametric equations of the parabola y? = 4ax, t being the parameter.

The following table gives the parametric coordinates of a point on four standard forms of the parabola and their
parametric equation.

Parabola y? =4ax y? =—4ax x? =4ay x? =—4ay

Earar’gletritc (at?,2at) (-at?,2at) (2at,at?) (2at, —at?)
oordinates

Parametric X = at? X = —at? X = 2at X =2at ,

Equations y = 2at y = 2at y =at? y =—at?

LAZQIE’ : 0 The parametric equation of parabola (y —k)? =4a(x —h)are x =h +at?and y = k + 2at

Example: 13

Solution: (d)

X —2 =t?,y = 2t are the parametric equations of the parabola
(@) y®=4x (b) y?=—4x (© x*=-4y () y*=4(x-2)

2
Here %:tandx—2=t2:> (x—2)=[%j =y?=4(x-2)
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5.1.6 Position of a point and a Line with respect to a Parabola
(1) Position of a point with respect to a parabola: The point )

Y
P(x,,y,)lies outside on or inside the parabola y?=4ax according as p(on)
P o
yZ —4ax, >,=0r <0 (Outside)® « P(inside)

=

(2) Intersection of a line and a parabola: Let the parabola be y* =4ax ... 0)
And the given linebe y=mx +¢ . (i)
Eliminating y from (i) and (ii) then (mx +c)?=4ax or m?x? +2x(mc —2a)+c?> =0 ... (iii)

This equation being quadratic in x, gives two values of x. It shows that every straight line will cut the parabola in
two points, may be real, coincident or imaginary, according as discriminate of (iii) >, = or< 0

. . . . a
. The line y = mx +c does not intersect, touches or intersect a parabola y? = 4ax, according as ¢ >,=,< —
m

Condition of tangency : The line y = mx + ¢ touches the parabola, if ¢ = a

m
Example: 14 The equation of a parabola is y2 = 4x . P(1,3)and Q(L,1)are two points in the xy-plane. Then, for the parabola
(@) Pand Q are exterior points (b) P isan interior point while Q is an exterior point
(¢) Pand Q are interior points (d) P isan exterior point while Q is an interior point
Solution: (d) Here, S=y2 —4x=0; S, 3)=32 - 4.1>0= P(L 3)is an exterior point.

S(L,1)= 12 -4.1 < 0= Q(1,1)is an interior point.
Example: 15 The ends of a line segment are P(1,3)and Q(1,1). R is a point on the line segment PQ such that PQ : QR =1: 1. IfRis an
interior point of the parabola y? = 4x , then

@ 4€(,1 (b) ie(—%,l) (©) le(%%) (d) None of these
2
Solution: (a) R =[1, 1+ 3/1] It is an interior point of y? —4x =0 iff 1+34 -4<0
1+4 1+

o (134 S (182 o) o[22 (3443 o o n-n [ 2+ 3 <0
1+4 1+4 1+A 1+A 5
Therefore, —§<ﬂ<l.But/1>O 0<A<1=>2€(0,)).

5.1.7 Equation of Tangent in Different forms

(1) Point Form: The equation of the tangent to the parabola y? = 4ax at a point (x,,y,)is yy; = 2a(x + X,)

Equation of tangent of all other standard parabolas at (X1, y1)

Equation of parabolas Tangent at (X1, y1)

y? = —4ax Yy, = —2a(X + X;)




Conic Section : Parabola 157

x? = 4ay

XX, = 2a(y +Y;)

x? = —4ay

XX, = ~2a(y +y;)

Ivore o

X +
YY1, X by 5 Y

The equation of tangent at (x,, y,)to a curve can also be obtained by replacing x by xx,, y? by

Xy

y+ty,
b
y 2

second degree in x andy.

and xy by XT

Y+ Xy

provided the equation of curve is a polynomial of

(2) Parametric form : The equation of the tangent to the parabola y? = 4ax at (at2,2at)is ty = x +at?

Equations of tangent of all other standard parabolas at 't'

Equations of parabolas Parametric co-ordinates 't* Tangent at 't'
y? = —4ax (-at?,2at) ty = —x +at?
x? = 4ay (2at,at?) tx = y +at?
x% = —4ay (2at, —at?) tx = —y + at?

2

(3) Slope Form: The equation of a tangent of slope m to the parabola y? = 4ax at(i%J ISy =mx + 2
m m

Equation of Point of contact in Equation of tangent in Condition of
parabolas terms of slope (m) terms of slope (m) Tangency
2 _
y© =4ax (iyﬁ) y=mx + o c==
m 2'm m m
2 —_
y© = -4ax (_i,_éj y=mx -2 c=-2
m2’ m m m
x% = 4ay (2am,am?) y=mx —am? ¢ =-am?
x2 = —4ay (-2am,—am?) y = mx +am? c=am?

Important Tips

@ [fthe straight line Ix + my +n = 0 touches the parabola y? = 4ax then In = am z,

&

y

&

I the line >+ =
I m

1 touches the parabola y? =4a(x +b), then m2(l+b)+al? =0

Ifthe line x cos & + ysina = p touches the parabola y? = 4ax, then P cos «+asin? & =0 and point of contact is (atan?® a,—2a tan a)

5.1.8 Point of intersection of Tangents at any two points on the Parabola

The point of intersection of tangents at two points P(at?,2at,) and Q(at3,2at,)on the parabola y?® =4axis

(att,,a(t, +t,)).

Y (at’,2at)
P

(atitz,a(tit+t2))
R (6]

=

Q(at3 2at,)
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The locus of the point of intersection of tangents to the parabola y? =4axwhich meet at an angle o is
(x+a)’tan? o =y? —4ax.

Director circle: The locus of the point of intersection of perpendicular tangents to a conic is known as its director
circle. The director circle of a parabola is its directrix.

T_AZate - Qa Clearly, x-coordinates of the point of intersection of tangents

at P and Q on the parabola is the G.M of the x-coordinate of P and Q /’(atf ,2a)
and y-coordinate is the A.M. of y-coordinate of P and Q.
R [atltz,a(tl"'tz)]
O The equation of the common tangents to the parabola y? = 4ax and

1 1

2 2
x? =4by is a3x +b3y+ashs3

=0 Q(at%,Zatz)

QO The tangents to the parabola y* = 4axat P(at’,2at,)and Q(at?,2at,)intersect at R. Then the area of
triangle PQR is %az(tl -t,)°

5.1.9 Equation of Pair of Tangents from a point to a Parabola

If y2 —4ax, >0, then any point P(x,,y,) lies out side the parabola and a pair of tangents PQ, PR can be drawn
to it from P

Y
The combined equation of the pair of the tangents drawn from a point to a %
parabola is SS'=T?where S =y? —4ax;S'=y? —4ax,and T =yy, —2a(X + X,) R TATAL X
R
Y

I-NQZE : O The two tangents can be drawn from a point to a parabola. The two tangent are real and distinct or

coincident or imaginary according as the given point lies outside, on or inside the parabola.

Important Tips

@ Tangents at the extremities of any focal chord of a parabola meet at right angles on the directrix.
@ Area of the triangle formed by three points on a parabola is twice the area of the triangle formed by the tangents at these points.
@ [f the tangents at the points P and Q on a parabola meet in T, then ST is the geometric mean between SP and SQ, i.e. ST 2 =SP.SQ
@ Tangent at one extremity of the focal chord of a parabola is parallel to the normal at the other extremity.
3a1I3b1/3
= The angle of intersection of two parabolas y? = 4ax and x* = 4by is given by tan™* —————
2a@%"3 +h?'3)
Example: 16 The straight line y = 2x + 4 does not meet the parabola y? = 2x, if [MP PET 1993; MNR 1977]
@) l<% (b) A>% © A=4 @ A-1
. , a 1 1 1
Solution: (b) y = 2x + A does not meet the parabola y“ =2x , If 1>—=—="= 1>~
m 22 4 4
Example: 17 If the parabola y? = 4ax passes through the point (1, — 2) , then the tangent at this point is [MP PET 1998]
(@ x+y-1=0 (b) x-y-1=0 () x+y+1=0 (d x-y+1=0

Solution: (c) " Parabola passes through the point (1, —-2), then 4 =4a= a=1.From yy, =2a(Xx +Xx;) = -2y =2(x +1)



Example: 18

Solution: (a)

Example: 19

Solution: (d)

Example: 20

Solution: (d)

Example: 21

Solution: (a)

Example: 22

Solution: (a)

Example: 23

Solution: (b)
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. Required tangentis x +y +1=0

The equation of the tangent to the parabola y?2 =16 x , which is perpendicular to the line y = 3x +7 is [MP PET 1998]
@ y-3x+4=0 (b) 3y—-x+36=0 (c) 3y+x-36=0 (d 3y+x+36=0
A line perpendicular to the given lineis 3y + x=A=y = —% X + %

Here m :—%, c=§. If we compare y? =16x with y? =4ax, then a=4

Condition for tangency is ¢ = 2 4

= = =
m 3 (-1/3)

[~

A=-36 ... Required equationis x +3y +36 =0.

If the tangent to the parabola y2 = ax makes an angle of 45 ° with x-axis, then the point of contact is
[Rajasthan PET 1985, 90, 2003]

a a a a a a
@ 53 o (5] © (34) @ [§3)

Parabolais y? =ax i.e. y? = 4(%Jx ..... (i)
Let point of contact is (x1, y1). .. Equation of tangentis y —y; = 2al4) xX-x)=>y= %(x) - ale +Y,
Y1 1

Here, m =i:tan 45° = i=1:>yl -2 From (i), x, =—, So pointis (3 3] .

2y, 2y, 2 4’ 42
The line x —y + 2 =0 touches the parabola y2 =8x at the point [Roorkee 1998]
(@ (2-4) (b) @ 2v2) © (@-4v2) @ (@4
Theline x —y +2=01i.e. x =y — 2 meets parabola y? =8x, if
=y*=8(y-2)=8y-16=y> -8y +16=0 = (y-4)*=0= y=44
- Roots are equal, .. Given line touches the given parabola.
. X=4-2=2, Thus the required point is (2, 4).
The equation of the tangent to the parabola at point (a/t2,2a/t) is [Rajasthan PET 1996]
(@ ty=xt’+a (b) ty=x+at? () y=tx+at? (d) y=tx+(@/t?)

Equation of the tangent to the parabola, y? = 4ax is yy, = 2a(x + X, )

2 2
= y-—azza(“%j:» X:(“%jjlzt X8 y=t’x+a
t t t t t t?

Two tangents are drawn from the point (-2, —1) to the parabola y? = 4x. If « is the angle between these tangents, then tan o =
(@ 3 (b)y 1/3 (c) 2 (d) 172
Equation of pair of tangent from (—2,—1) to the parabola is given by SS, =T?i.e. (y2 —4x) + 8) =[y(-1) — 2(x — 2)]

= 9y? —36x =[-y —2x +4]*=9y? —36x =y +4x% +16 +4xy —16x —8y = 4x2 —8y? +4xy +20x —8y +16 =0

2
L tana = | h—a| | 4- 4(8| ‘ ‘ 3
Tavb | [ a8 |
1/3 1/3
a b J3 . . 2 2 .

If 5 +| = = then the angle of intersection of the parabola y“ =4axand x° =4by at a point other than the

a
origin is
@ =x/4 (b) =/3 () =/2 (d) None of these
Given parabolas are y? = 4ax () and x?=4by .. (ii)
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Example: 24

Solution: (c)

Example: 25

Solution: (d)

These meet at the points (0, 0), (4a'’® b?/3,4a%/3p*'3)

1/3b2/3 4a2/3b1/3 2/3b1/3 2/3b1/3)
)

Tangent to (i) at (4a )is y.4a =2a(x +4a

2a alls
4223pt3 = TRE

Tangent to (ii) at (4a'’°b?/% 4a%/3p1'%)is x.4a'3b?’® = 2b(y + 4a?/°b'’?)

Slope of the tangent (m,) =

2a1/3
Slope of the tangent (m,) = blT
a1/3 2al/3
i m, —m oRl/3  L1/3
If @ is the angle between the two tangents, then = tan6':| 1 2 | _|_2b — b -
l+m1m2| 1.2 2a
NPTEEIE
3 1 3 1 .o V4
= = o= =V3: . 0=60° ="
2 (a (b 2'J3 3
b a 2

The equation of the common tangent touching the circle (x —3)? +y?2 =9 and the parabola y? = 4x above the x-axis , is
[11T Screening 2001]

@@ +3y=3x+1 (b) V3y=—(x+3) © V3y=x+3 ) +3y=-(3x+1)
1 3m+i
Any tangentto y2 =4x is y =mx + — . It touches the circle if 3 = m
m 1+m?
Y
1 1 ¥ 3.0)
or 9(1+m2):(3m+—j or—=3, .m=x
m m

bl &l
éf(tfg ‘n

For the common tangent to be above the x-axis, m =

.. Common tangent is y:ix +J§ :>J§y:x +3

J3
If a=0and the line 2bx + 3cy + 4d = 0 passes through the points of intersection of the parabolas y? = 4ax and x? = 4ay then
(@ d?2+@Bb-2c)2=0 (b) d?+(Bb+2c)®=0 () d?+(2b—-3c)2=0 (d) d?+(2b+3c)*>=0
Given parabolas are y% =4ax .. (i) and x?%=4ay ..(ii)
2

2
%] —dax = x* —64a®x=0 = x=0, 4a ..y=0, 4a

from (i) and (ii) (
So points of intersection are (0,0)and (4a,4a)

Given, the line 2bx + 3cy + 4d = 0 passes through (0,0) and (4a,4a)
d=0=>d?’=0and 2b+3c)’=0 (-a=0)

Therefore d? +(2b +3c)? =0

5.1.10 Equations of Normal in Different forms

(1) Point form : The equation of the normal to the parabola y? = 4ax ata point (x,,y,) isy -y, = —g—l(x —X;)
a
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Equation of normals of all other standard parabolas at (X1, y1)

Equation of parabolas

Normal at (X1, Y1)

2
=4
y ax y—Y1:y—l(X_X1)
2a
2_4 2a
X w Y=y =——(Xx—-xp)
X1
x2 = —4ay 2a

-y, =— (X —X
Y=Y X( 1)

1

(2) Parametric form: The equation of the normal to the parabola y? = 4axat (at?,2at)is y +tx = 2at +at®

Equations of normal of all other standard parabola at 't’

Equations of parabolas

Parametric co-ordinates

Normals at 't'

y? = —4ax (-at?,2at) y —tx = 2at +at®
x% = 4ay (2at,at?) X +ty = 2at +at’
x% = —4ay (2at,—at?) X —ty = 2at + at®

(3) Slope form: The equation of normal of slope m to the parabola y? = 4ax is y = mx — 2am —am? at the point

(am?,—2am).

Equations of normal, point of contact, and condition of normality in terms of slope (m)

Equations of

Point of contact in terms

Equations of normal in

Condition of normality

parabola of slope (m) terms of slope (m)
y? = 4ax (am? —2am) y =mx —2am —am?® ¢ =-2am—am?®
y? = —4ax (-am?,2am) y =mx +2am +am?® ¢ = 2am+am®
2 _
R =AY —E,i y = mx +2a+i2 c:2a+i2
m 'm? m m
2 —_ —
i ==y E,—i y=mx—2a—i2 c=—2a—i2
m’ m? m m

LAZQD? : 0 The line Ix +my +n = 0is a normal to the parabolay? = 4ax if al(l> + 2m?)+m?n=0

5.1.11 Point of intersection of normals at any two points on the Parabola

If R is the point of intersection then point of intersection of normals at any two points P(at?,2at,)and

Q(at?,2at,) on the parabola y? = 4axis R[2a+a(t; +t5 +1t,t,), —at;t,(t, +t,)]

Y
/Wtf 2at;)
X R X

A
Natz)
Y/
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5.1.12 Relation between 't;' and 'ty if Normal at 't;' meets the Parabola again at 'ty

If the normal at the point P(at?,2at,) meets the parabola y* = 4ax again at Q(at;,2at,), then t, = —t, _ti

1
Y4 P(at?,2at,
X' = X
Q(at% ,2aty)
v

Important Tips

@ If the normals at points (at?,2at) and (at?,2at,)on the parabola y? = 4ax meet on the parabola then t;t, = 2

@ Ifthe normal at a point P(at?,2at)to the parabola y? = 4ax subtends a right angle at the vertex of the parabola then t? = 2.

. . L . 1
@ Ifthe normal to a parabola y? = 4ax , makes an angle ¢ with the axis, then it will cut the curve again at an angle tan ™ [E tan ¢j .

@ The normal chord to a parabola y? = 4ax at the point whose ordinate is equal to abscissa subtends a right angle at the focus.

@ If the normal at two points P and Q of a parabola y? = 4ax intersect at a third point R on the curve. Then the product of the ordinate of P and
Qis 8a? .

Example: 26 If x +y =k isanormal to the parabola y® =12x, then k is [T Screening 2000]
(@ 3 (b) 9 (0 -9 (d) -3
. ) . 3 .t 1 6t+3t
Solution: (b) Any normal to the parabola y“ =12xis y + tx =6t + 3t~ . It is identical with x +y =k if 11 &
. t=1and lze'l(;S:>k=9
Example: 27 The equation of normal at the point [% a) to the parabola y? = 4ax , is [Rajasthan PET 1984]
(@ 4x+8y+9a=0 (b) 4x+8y-9a=0 (c) 4x+y-a=0 (d 4x-y+a=0
Solution: (b)  From y -y, = —_Zi(x “x,)
a
:>y—a=_—a x—3 = 2y +X =2a+3=% = 2y +X —%:O = 4x+8y—-9a=0
2a 4 4 4 4
Example: 28 The point on the parabolay? = 8x at which the normal is parallel to the line x —2y +5=01is
(@ (-1/2,2 (b) @/2,-2) () (2,-1/2) d) (21/2)

Solution: (b) Let point be (h,k). Normal is y —k = _Tk(x —h)or -kx —4y +kh+4k =0

Gradient :%:%:k =—2 . Substituting (h,k)and k =—2in y? =8x, we get h :% . Hence point is [% —2)

Trick: Here only point (% - 2) will satisfy the parabola y? =8x .

Example: 29 The equations of the normal at the ends of the latus rectum of the parabola y?2 = 4ax are given by
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(@) x2-y?-6ax+9a’=0 (b) x* —y? —6ax —6ay +9a% =0
() x2-y?—-6ay+9a%=0 (d) None of these
Solution: (a) The coordinates of the ends of the latus rectum of the parabola y?2 = 4ax are (a, 2a)and (a,—2a) respectively.

The equation of the normal at (a, 2a)to y? = 4axis y —2a= %(x —-a) {using Y-V, =_2—yl(x - xl)}
a a

Or X+y-3a=0 (i)

Similarly the equation of the normal at (a, —2a)is x -y —-3a=0 ..... (ii)

The combined equation of (i) and (i) is x*> —y? —6ax +9a? =0 .

Example: 30 The locus of the point of intersection of two normals to the parabola x? = 8y, which are at right angles to each other, is
[Roorkee 1997]

(8 x2=2(y—6) (b) x2=2(y+6) () x2=-2(y—6) (d) None of these
Solution: (a) Given parabolais x2=8y (i)

Let (4t, 2t?)and Q(4t,,2t2) be two points on the parabola (i)

Normal at P, Q are y — 2t? =—ti(x—4tl) ...... (iiyand y — 2t3 =—ti(x—4t2) ...... (iii)

1 2
s 1 1 - .
(ii)—(iii) gives 2(t§ - tf): W Lot)oyxh-t , SX==2tt 0, +t) (iv)
t2 tl t1t2

Since normals (ii) and (iii) are at right angles, ... (— lj (— iJ =-1= t;t, =-1
1 2

From (iv), x =2(t, +1,) and from (v) y = 2t7 —2+2t7 +4 = y =2[t7 +t5 +1] = 2[(t, +t,)* - 2t;t, +1]
2 2
= y=2[(t; +t,)? +2+1] =2[(t, +1,)* +3 = y = Z{XT+ 3} = X?+ 6 = x? = 2(y — 6), which is the required locus.

5.1.13 Co-normal Points
The points on the curve at which the normals pass through a common point are called co-normal points.
Q, R, S are co-normal points. The co- normal points are also called the feet of

Q
the normals. /f
. L 1 P(xs,
If the normal passes through point P(x,,y,)which is not on parabola, then X’ by X

0
y, =mx, —2am—-am®= am® +(2a—-x,)m+y, =0 ... (i) &
5
Y/

Which gives three values of m. Let three values of m are m,;,m, and mj,,
which are the slopes of the normals at Q, R and S respectively, then the coordinates of Q, R and S are
(am;,—2am,),(@m;,—2am,)and (am; —2am,) respectively. These three points are called the feet of the normals.

(2a—x,)
a

A

Now m, +m, +my; =0, mym, +m,m, +mym, = and m;m,m, =

In general, three normals can be drawn from a point to a parabola.

(1) The algebraic sum of the slopes of three concurrent normals is zero.

(2) The sum of the ordinates of the co-normal points is zero.

(3) The centroid of the triangle formed by the co-normal points lies on the axis of the parabola.



164 Conic Section : Parabola

(4) The centroid of a triangle formed by joining the foots of the normal of the parabola lies on its axis and is given

’ 3

b (aml2 +amj +am; 2am, +2am, +2am, |_(am; +amj +am] 0
3 3 ’

(5) If three normals drawn to any parabola y? =4ax from a given point (h, k) be real, then h>2a for a=1,
normals drawn to the parabola y? = 4x from any point (h, k) are real, if h> 2.

(6) Out of these three at least one is real, as imaginary normals will always occur in pairs.
5.1.14 Circle through Co-normal points

Equation of the circle passing through the three (co-normal) points on the parabola y? = 4ax, normal at which pass

B

through a given point (a, 8);is x? +y? —(2a+ a)x -5y = 0

(1) The algebraic sum of the ordinates of the four points of intersection of a circle and a parabola is zero.
(2) The common chords of a circle and a parabola are in pairs, equally inclined to the axis of parabola.
(3) The circle through co-normal points passes through the vertex of the parabola.

(4) The centroid of four points; in which a circle intersects a parabola, lies on the axis of the parabola.

Example: 31 The normals at three points P, Q, R of the parabola y? = 4ax meet in (h, k), the centroid of triangle PQR lies on
[MP PET 1999]

(@ x=0 (b) y=0 (c) x=-a d) y=a

Solution: (b) Since the centroid of the triangle formed by the co-normal points lies on the axis of the parabola.

Example: 32 If two of the three feet of normals drawn from a point to the parabola y2 = 4x be (1, 2) and (1, — 2)then the third foot is
@ (2 2v2) 0) (2 -2v2) © (0,0) (d) None of these

Solution: (c) The sum of the ordinates of the foot =y, +y, +y; =0

S 24(2)+y; =0=>y; =0

5.1.15 Equation of the Chord of contact of Tangents to a Parabola

Let PQ and PR be tangents to the parabola y? = 4ax drawn from any external point P(x,,y,) then QR is called

the ‘Chord of contact’ of the parabola y? = 4ax. Y
The chord of contact of tangents drawn from a point (x,,y;) to the parabola I/@Of
2 . _ , contact .,
y© =4ax is yy, =2a(X +x,) X oy —0 ) X
The equation is same as equation of the tangents at the point (x,,y,).
v

LNQ-FG: O The chord of contact joining the point of contact of two

perpendicular tangents always passes through focus. Q@t 2at)

O If tangents are drawn from the point (x,,y,) to the parabola

2 . . P(x1.y1)
y“ =4ax, then the length of their chord of contact is

R(at3,2at,)




Conic Section : Parabola 165

1

= Jv2 —4ax,)(y? +4a?)

Q The area of the triangle formed by the tangents drawn from (x,,y,) to y* = 4ax and their chord of

(vs —4ax,)*"”
2a '
5.1.16 Equation of the Chord of the Parabola which is bisected at a given point

The equation of the chord at the parabola y? = 4ax bisected at the point (x,,y,) is given by T =S, Where

contact is

T=yy,-2ax+x,;)and S, =y? —4ax,. i.e, yy, —2a(x + X,) = y? —4ax, Q)

R(x3,y3)

5.1.17 Equation of the Chord joining any two points on the Parabola

Let P(atf,2at1),Q(at§',2at2)be any two points on the parabola y? = 4ax . Then, the equation of the chord joining
2at, — 2at
%(x —at?)or y—2at, =
at; —at/ 4+,
(1) Condition for the chord joining points having parameters tiand toto be a focal chord: If the chord
joining points (at?,2at,)and (at5,2at,)on the parabola passes through its focus, then (a,0)satisfies the

equationy(t, +t,) = 2x + 2at,t,=0 = 2a + 2at,;t,=>t;t, =-lor t, = 1

1
(2) Length of the focal chord: The length of a focal chord having parameters t, and t, for its end points is a(t, —t,)?.

these points is, y —2at, =

(x —at? )or y(t, +t,) = 2x + 2at,t,

|/\/01‘e d If one extremity of a focal chord is (at?,2at,),then the other extremity (at?,2at,)becomes

5
t; 1

( a _t—zaJ by virtue of relation t;t, = —1.

O If one end of the focal chord of parabola is (at2,2at),then other end will be (i, —2atj and length of

t2
2
chord = a(t +%) )

Q The length of the chord joining two point 't,;' and 't," on the parabola y? =4ax is

a(t, —t)y(t, +t,)> +4

O The length of intercept made by line y=mx +c between the parabola y? =4ax is

iz\/a(1+m2)(a—mc) .
m

Important Tips

@ The focal chord of parabola y2 = 4ax making an angle ¢ with the x-axis is of length 4acos ec .
@ The length of a focal chord of a parabola varies inversely as the square of its distance from the vertex.
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= If |, and I, are the length of segments of a focal chord of a parabola, then its latus-rectum is

41,1,
1+

@ The semi latus rectum of the parabola y? = 4ax is the harmonic mean between the segments of any focal chord of the parabola.

Example: 33

Solution: (b)

Example: 34

Solution: (c)

Example: 35

Solution: (c)

Example: 36

Solution: (a)

If the points (au?,2au)and (av?,2av) are the extremities of a focal chord of the parabola y? = 4ax, then  [MP PET 1998, 93]
(a u-1=0 (b) uv+1=0 (©)u+v=0 (d u-v=0

Equation of focal chord for the parabola y? = 4ax passes through the point (au?,2au)and (av?,2av)

2a\2/ - 2a121 (X—au?)=> y— 2au = 2a(v —u)
av —au alv—u)(\v+u)
It this is focal chord, so it would passes through focus (a, 0)

= y-2au= (x—auz):>y—2au=i(x—au2)
V+u

— 0-2au-—2_ (a-au?)=-uw-u?=1-u?, - w+1=0
V+u

Trick : Given points (au?, 2au) and (av?, 2av), then t, =u and t, =v , we know that t;t, =—1. Hence uv +1=0.

The locus of the midpoint of the line segment joining the focus to a moving point on the parabola y? = 4ax is another parabola

with the directrix [T Screening 2002]
@@ x=-a (b) x:—% © x=0 () x:%
Let M(«, ) be the mid point of PS.
2
a= at +a,,8= 2at+0 = 2a=at’+a, at=pf
2a=a ﬂ—2+aor 2ac = 5% +a? X X
=a = =
a
. 4a a a
. Thelocus is y? = — (x —=) = 4b(x —b),{b == ,
y? == (x=2)=4b(x-b) { 2} Y
Directrix is (x—b)+b=00r x=0.
The length of chord of contact of the tangents drawn from the point (2, 5) to the parabola y? = 8x, is [MNR 1976]
@ e (b) V4L © S @ 241

Equation of chord of contact of tangents drawn from a point (x,,y,)to parabola y? =4ax is yy, =2a(x +x,). So that
5y =2x2(x+2) = 5y =4x+8.

Point of intersection of chord of contact with parabola y® = 8x are [% 2] ,(8, 8), So the length of chord is %\/H .

If b, k are the intercept of a focal chord of the parabola y? = 4ax , then K is equal to [Rajasthan PET 1999]
ab b a ab

a) —— by —— c) —— d ——

@ = ® = © = @ -

Let 't," 't," be the ends of focal chords

s+t ==1 . If Sis the focus and P, Q are the ends of the focal chord, then

P = J@t? —ay +(2at, ~0) =al? +1)=b  (Given).... () (a2,2a ) P
- sQ=al+1) = a[inrl] (Given) { f—-t g :iz} b
t t t
at? +1) b,
= T =k ..(i), .. P t7  [Divide (i) by (ii)] @2.2a5)

Putting in (1), we get a[%+1j:b:>ak—b+a:b =k :t;i

5.1.18 Diameter of a Parabola

The locus of the middle points of a system of parallel chords is called a diameter and in case of a parabola this

diameter is shown to be a straight line which is parallel to the axis of the parabola.

Y P(x1,y1)
/

T y=mx+c
P(h.,k)

X'

L Diameter

~

T~
Y Q(x2,y2)
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The equation of the diameter bisecting chords of the parabola y? = 4ax of slope mis y = 2a
m

I_AZOIE : O Every diameter of a parabola is parallel to its axis.

U The tangent at the end point of a diameter is parallel to corresponding system of parallel chords.
U The tangents at the ends of any chord meet on the diameter which bisects the chord.

Example: 37 Equation of diameter of parabola y? = x corresponding to the chord x —y +1=0 is [Rajasthan PET 2003]
(@ 2y=3 (b) 2y=1 () 2y=5 (d y=1
2a 1 2.,
Solution: (b) Equation of diameter of parabolais y =—, Here a= 7 m=1 =y= T4 =2y=1
m

5.1.19 Length of Tangent, Subtangent ,Normal and Subnormal

Let the parabola y? =4ax. Let the tangent and normal at P(x,,y,)meet the axis of parabola at T and G
respectively, and tangent at P(x,,y,)makes angle y with the positive direction of x-axis.

A(0,0) is the vertex of the parabola and PN =y . Then,

(xwy1)
(1) Length of tangent = PT = PN cosec y =Y, COSeC i yyl:za(XM
(2) Length of normal = PG = PNcosec(90° —y) =y, secy X > iag X

T(x,0) A N G(x1,2a,0)
(x1.0)
(3) Length of subtangent = TN = PN coty =y, coty
Y’ y2=4ax

(4) Length of subnormal = NG = PN cot(90° —y) =y, tany

where , tany = 2a =m, [slope of tangent at P(x, y)]
1

Length of tangent, subtangent, normal and subnormal to y? = 4ax at (at?, 2at)

(1) Length of tangent at (at?,2at) = 2atcosec v = 2aty/(1+cot?y) = 2atyl+t?

(2) Length of normal at (at®, 2at) = 2atsecy = 2at\/(1+ tan? y) = 2a\/t2 +tPtan?y =2ay(t? +1)

(3) Length of subtangent at (at?,2at) = 2atcoty = 2at?

(4) Length of subnormal at (at?,2at) = 2attan y = 2a

Example: 38 The length of the subtangent to the parabola y? =16 x at the point whose abscissa is 4, is
(@ 2 (b) 4 (c) 8 (d) None of these
Solution: (c) Since the length of the subtangent at a point to the parabola is twice the abscissa of the point. Therefore, the required length is 8.
Example: 39 If P is a point on the parabola y2 = 4ax such that the subtangent and subnormal at P are equal, then the coordinates of P are
(@ (a 2a)or (a,—2a) (b) (2a, Zﬁa) or (2a,—2\/5a)
() (4a,—4a)or (4a,4a) (d) None of these
Solution: (a) Since the length of the subtangent at a point on the parabola is twice the abscissa of the point and the length of the subnormal is

equal to semi-latus-rectum. Therefore if P(x,y) is the required point, then 2x =2a = x =a
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Now (x, y) lies on the parabola y? = 4ax = 4a® =y?’=y=+2a

Thus the required points are (a,2a) and (a,— 2a).

5.1.20 Pole and Polar

The locus of the point of intersection of the tangents to the parabola at the ends of a chord drawn from a fixed point
P is called the polar of point P and the point P is called the pole of the polar.

Equation of polar: Equation of polar of the point (x,,y,) with respect to parabola y* = 4ax is same as chord of
contact and is given by yy,; =2a(x + x,)

(hk) Q

(1) Polar of the focus is directrix: Since the focus is(a,0)

~.Equation of polar of y? = 4axis y.0 = 2a(x +a) = x +a =0, which is the directrix of the parabola y? = 4ax.

(2) Any tangent is the polar of its point of contact: If the point P(x,y,) be on the parabola. Its polar and tangent at

P are identical. Hence the tangent is the polar of its own point of contact. )
1LYl
P

Coordinates of pole: The pole of the line Ix + my +n = 0 with respect to the parabola

y? = 4axis G,—Zam) Q

(i) Pole of the chord joining (x,,y;)and (X,,Y,)Iis (M%j which is the same as the point of intersection

4a
of tangents at (x,,y;)and (X,,y,).
(ii) The point of intersection of the polar of two points Q and R is the pole of QR.
5.1.21 Characterstics of Pole and Polar

(1) Conjugate points: If the polar of P(x,,y,)passes through Q(x,,y,), then the polar of Q(x,,Yy,)goes
through P(x,,y;)and such points are said to be conjugate points.

Two points P(x,,y,) and Q(x,,y,) are conjugate points with respect to the parabola y? =4ax, if
Y1y, =2a(X; +X,).

(2) Conjugate lines: If the pole of a line ax +by +c =0 lies on the another line a,x +b,y +c, =0, then the
pole of the second line will lie on the first and such lines are said to be conjugate lines.

Two lines I,x +m,y +n, =0and l,x +m,y +n, =0 are conjugate lines with respect to parabola y? =4ax, if
(Iyn, +1,n;) =2am;m,
I_AZQEE’ 4 The chord of contact and polar of any point on the directrix always passes through focus.

U The pole of a focal chord lies on directrix and locus of poles of focal chord is the directrix.
U The polars of all points on directrix always pass through a fixed point and this fixed point is focus.
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Example: 40 The pole of the line 2x =y with respect to the parabola y2 = 2x is

@ [o, L o [L o © [o-1 (d) None of these
2 2 2
Solution: (a) Let (x,,y,)be the pole of line 2x =y w.r.t. parabola y® = 2x its polar is yy, = x +x,
; SV 1 ox 1 ; 1
Alsopolarisy=2x, .. =—===—=,". Xx,=0,y, == .So Poleis | 0,—
p y 120 1 Y1 2 [ 2
Example: 41 If the polar of a point with respect to the circle x? +y? = r?touches the parabola y? = 4ax, the locus of the pole is
[EAMCET 1995]
2 2 2 2
r -r r r
@ y’=-—x (b) x*=—1y © y?=—x @ x*=1ly
a a a a
Solution: (a) Polar of a point (x,,y,)W.rt. x? +y2 =r%is xx, +yy, =r? i.e. yy,; = —xx, +r?
X, r? X, r?
S>y=——X+— = y=mx+c, where m=—-—;c=—
Y1 Y1 Y1 Y1
2
This touches the parabola y2 =4ax, If c = a = r. a -
m Yi o =X /Yy, Xy
. 2 —ay. , —r?
.Required locus of pole (x;,y;)is —=—=i.e, y°=——x
y X a

5.1.22 Reflection property of a Parabola

The tangent (PT) and normal (PN) of the parabola y* = 4ax at. P are the internal and external bisectors of
ZSPM and BP is parallel to the axis of the parabola and £BPN = ZSPN

Y
Mb R
LAZOIE’ : O When the incident ray is parallel to the axis of the parabola, the Tangeng/ésﬁﬁa Reflected ray

X
. ' A N N .
reflected ray will always pass through the focus. x T \Ré* Light R htray
Light ray

Light ray
B

v

Example: 42 A ray of light moving parallel to the x-axis gets reflected from a parabolic mirror whose equation is (y —2)® = 4(x +1). After
reflection, the ray must pass through the point
@ 02 (b) (2,0 © 0.-2 d) 12

Solution: (a) The equation of the axis of the parabola is y —2 =0, which is parallel to the x-axis. So, a ray parallel to x-axis is parallel to the
axis of the parabola. We know that any ray parallel to the axis of a parabola passes through the focus after reflection. Here (0, 2)
is the focus.

*k*x
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Conic Section: General O

Basic Level 3

The equation 2x2 +3y? —8x —18y + 35 = k represents
(a) Nolocus, if k >0 (b) Anellipse, if k <0 (¢) Apoint,if k=0
The equation 14x% —4xy +11y? —44x —58y +71 = 0 represents
(b) An ellipse

(a) Acircle (¢) A hyperbola

Eccentricity of the parabola x2 —4x —4y +4 =01is

(a e=0 (b) e=1 (c) e>4
x? —4y? —2x +16y —40 = 0 represents
(a) A pair of straight lines (b) Anellipse (¢) A hyperbola

The centre of the conic represented by the equation 2x? —72xy +23y? —4x —28y —48 =0 is

11 2 2 11 11 2
(@ [Egj (b) (ggj (©) (g—gj

[T Screening 1994]
(d) A hyperbola, if k >0
[BIT 1986]
(d) A rectangular hyperbola
[Rajasthan PET 1996]
d) e=4
[DCE 1999]
(d) A parabola

Definition, Standard Equation of Parabola and Terms related to Parabola O

10.

11.

12.

Basic Level >

The equation of the parabola with focus (a, b) and directrix X +% =1isgiven by
a

(@) (ax—by)> —2a®x—2b3y+a* +a’b2+b* =0
(©) (ax—byY+a*+b*-2a%x=0 (d) (ax—by)? —2a%x =0
The equation of the parabola with focus (3,0) and the directrix x +3 =0s

@ y*=3x

(b) y®=2x ©) y?=12x

The parabola y? = x is symmetric about
(a) x-axis

(b) y-axis (c) Both x-axis and y-axis

The focal distance of a point on the parabola y? = 16 x whose ordinate is twice the abscissa, is

(@ 6 (b) 8 (c) 10
The points on the parabola y2 = 12x , whose focal distance is 4, are
(@ (2+3)2~3) (b) (12V3),0-2J3) © @2

The coordinates of the extremities of the latus rectum of the parabola 5y?2 = 4x are
(@ @/5,2/5);(-1/5,2/5) (b) (@/5,2/5);(1/5,-21/5) (c) (@/5,4/5);1/5,-415)

If the vertex of a parabola be at origin and directrix be x +5 =0, then its latus rectum is

[MP PET 1997]

(b) (ax +by)?> —2a®x —2b3y—a* +a’b?—-b* =0

[EAMCET 2002]
(d) y?®=6x
[Kerala (Engg.) 2002]
(d) Theline y =x

d) 12

(d) None of these

(d) None of these

[Rajasthan PET 1991]



13.

14.

15.

16.

17.

18.

19.

20.
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@ 5 (b) 10 (c) 20 (d) 40
The equation of the lines joining the vertex of the parabola y? = 6x to the points on it whose abscissa is 24, is
(@ yx2x=0 (b) 2y+x=0 (c) xx2y=0 (d 2xzy=0

PQ is a double ordinate of the parabola y? = 4ax . The locus of the points of trisection of PQ is

(@) 9y? =4ax (b) 9x? =4ay () 9y?+4ax =0 (d) 9x2+4ay=0
The equation of a parabola is 25{(x —2)2 +(y +5)° }: (3x +4y —1) . For this parabola

(a) Vertex =(2,-5) (b) Focus =(2,-5)

(c) Directrix has the equation 3x +4y —-1=0 (d) Axis hasthe equation 3x +4y —-1=0

The co-ordinates of a point on the parabola y? = 8x , whose focal distance is 4, is

(@ 24 (b) 4,2 © @2-4) (d 4,-2)
The equation of the parabola with (=3, 0) as focus and x +5 = 0 as directrix, is [Rajasthan PET 1985, 86, 89; MP PET 1991]
@ x*=4(y+4) (b) x*=4(y-4) (© y*=4(x+4) @ y*=4(x-4)

Advance Level >

A double ordinate of the parabola y2 = 8px is of length 16 p. The angle subtended by it at the vertex of the parabola is

(@ % (b) % (© % (d) None of these

If (2,-8)is at an end of a focal chord of the parabola y? = 32x ; then the other end of the chord is
(@ (32,32) (b) (32,-32) () (-2,8) (d) None of these

A square has one vertex at the vertex of the parabola y2 = 4ax and the diagonal through the vertex lies along the axis of the parabola. If the
ends of the other diagonal lie on the parabola, the co-ordinates of the vertices of the square are

(@) (4a,4a) (b) (4a,—-4a) () (0,0) (d) (8a,0)

Other standard forms of Parabola O

21.

22.

23.

24.

25.

26.

Basic Level >
A parabola passing through the point (—4,-2) has its vertex at the origin and y-axis as its axis. The latus rectum of the parabola is
(@ 6 (b) 8 (c) 10 (d) 12
The focus of the parabola x2 = 16y is [Rajasthan PET 1987; MP PET 1988, 1992]
(@ 4.0 (b) (0.4 © (40 (d (0.-4)
The end points of latus rectum of the parabola x? = 4ay are [Rajasthan PET 1997]
(@ (a 2a),(2a,-a) (b) (-a2a),(2a,a) (©) (a-2a),(2aa) (d) (-2a,a),(2a4)
The ends of latus rectum of parabola x2 +8y =0 are [MP PET 1995]
(@ (-4,-2)and (4,2) (b) (4,-2)and (-4,2) (c) (-4,-2)and (4,-2) (d) (4,2)and (-4, 2)
Given the two ends of the latus rectum, the maximum number of parabolas that can be drawn is
(@ 1 (b) 2 (c) O (d) Infinite
The length of the latus rectum of the parabola 9x2 —6x +36y +19 =0 is [MP PET 1994]
(@) 36 () 9 (c) 6 (d 4

Special form of Parabola ()

Basic Level 3




172 Conic Section : Parabola

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

Vertex of the parabola y2 + 2y + x = 0 lies in the quadrant [MP PET 1989]

(a) First (b) Second (c) Third (d) Fourth

The vertex of the parabola 3x —2y®> —4y+7 =0 is [Rajasthan PET 1996]

@ 1) (b) (-3,-1) © (31 (d) None of these

The vertex of parabola (y —2)? = 16(x —1)is [Karnataka CET 2001]

(@ (1) (b) (1.-2) © (1,2 (d 12

The vertex of the parabola x? +8x +12y +4 =0 is [DCE 1999]

(@ 41 (b) (4,-1) () (4-1) d 1)

The axis of the parabola 9y? —16x —12y —57 =0'is [MNR 1995]

(a 3y=2 (b) x+3y=3 (¢ 2x=3 (d y=3

The directrix of the parabola x2 —4x — 8y+12=0is [Karnataka CET 2003 ]

(@ x=1 (b) y=0 () x=-1 (d y=-1

The length of the latus rectum of the parabola x2 —4x —8y +12 =0 is [MP PET 2000]

@ 4 (b) 6 (c) 8 (d) 10

The latus rectum of the parabola y2 =5x+4y+1is [MP PET 1996]

@) % (b) 10 (© 5 (d) %

If (2, 0) is the vertex and y-axis the directrix of a parabola then its focus is [MNR 1981]

(@ (2,0 (b) (-2,0) (c) (40 (d) (4,0

The length of latus rectum of the parabola 4y? + 2x — 20y +17 =0is [MP PET 1999]

(& 3 ® 6 © 5 @ o

The focus of the parabola y2 = 4y —4x is [MP PET 1991]

(@ (0,2 (b) (1,2 © (20 d @1

Focus of the parabola (y — 2)? = 20(x + 3) is [Karnataka CET 1999]

@ @&.-2 (b) (2,-3) © @2 d @33

The focus of the parabola y2 —x —2y +2 =0 is [UPSEAT 2000]

(@ (1/4,0) ) (1,2 (c) (3/4,1) d) (5/4,1)

The focus of the parabola y = 2x2 + x is [MP PET 2000]
11 1 11

(@ (0,0 (b) (EZ] (© [— Z'O] (d) (— Zg]

The vertex of a parabola is the point (a, b) and latus rectum is of length 1. If the axis of the parabola is along the positive direction of y-axis,
then its equation is

@ (raf=@y-20) () (x-a) =o-(2y-2b) © (+af-;@-20) (@ K-aF -@y-2)

y% —2x —2y +5 = 0 represents [Roorkee 1986, 95]
(&) Acircle whose centre is (1, 1) (b) A parabola whose focus is (1, 2)

(c) A parabola whose directrix is x = % (d) A parabola whose directrix is x = —%

The length of the latus rectum of the parabola whose focus is (3, 3) and directrixis 3x —4y -2 =0 s [UPSEAT 2001]
@ 2 (b) 1 (c) 4 (d) None of these

The equation of the parabola whose vertex is at (2, —1) and focus at (2, — 3)is [Kerala (Engg.) 2002]



45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

(@ x>+4x-8y-12=0 (b) x?>-4x+8y+12=0 () x%2+8y=12
The equation of the parabola with focus (0, 0) and directrix x +y =4 is
(@) x2+y2—-2xy+8x+8y—16=0

() x2+y2+8x+8y-16=0 (d) x2-y?2+8x+8y—-16=0

The equation of the parabola whose vertex and focus lies on the x-axis at distance a and a’ from the origin,

@ y*=4@-a)x-a) () y*=4@"-a)x+a) © y*=4@+a)(x-a)
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(d)

(b) x2+y2—2xy +8x+8y=0

is

(d)

x> —4x+12=0

[EAMCET 2003]

[Rajasthan PET 2000]

y2 =4(@@ +a)(x +a)

The equation of parabola whose vertex and focus are (0, 4)and (0, 2) respectively, is [Rajasthan PET 1987, 1989, 1990, 1991]

(@) y®>-8x=32 (b) y?+8x=32 () x2+8y=32

(d)

x? -8y =32

The equation of the parabola, whose vertex is (-1, —2) axis is vertical and which passes through the point (3, 6)is

(@ x2+2x-2y—-3=0 (b) 2x%=3y () x2-2x-y+3=0

2 2
The length of the latus rectum of the parabola whose focus is [;—g sin 2a,—;—gcos ZaJ and directrix is y = ;_g , 1S

2 2 2
() u?coszoz (b) u?cos 20 (©) 2%cos 20

(d)

(d)

The equation of the parabola whose axis is vertical and passes through the points (0, 0), (3, 0) and (-1, 4), is

(@ x2-3x-y=0 (b) x%2+3x+y=0 () x%2—-4x+2y=0

(d)

If the vertex and the focus of a parabola are (-1, 1) and (2, 3) respectively, then the equation of the directrix is

(@ 3x+2y+14=0 (b) 3x+2y-25=0 (c) 2x-3y+10=0
If the focus of a parabola is (-2, 1) and the directrix has the equation x +y = 3, then the vertex is
(@ (0,3) (b) (-1,1/2) © (1,2

The vertex of a parabola is (a, 0) and the directrix is x +y = 3a. The equation of the parabola is
(@) x2+2xy+y%+6ax+10ay+7a =0
(€) x?-2xy +y? —6ax +10ay = 7a* (d) None of these
The equation of a locus is y2 + 2ax + 2by + ¢ = 0, then

(@) Iltisanellipse (b) Itisa parabola (c) Its latus rectum =a

If the vertex of the parabola y = x? —8x + ¢ lies on x-axis, then the value of ¢ is

(@) -16 (b) 4 (c) 4
If the vertex of a parabola is the point (-3, 0) and the directrix is the line x +5 = 0 then its equation is
@ vy’ =8(x+3) (b) x*=8(y+3) © y*=-8(x+3)

If the parabola y?2 = 4ax passes through (3, 2), then the length of its latusrectum is
(@ 273 (b) 4/3 (c) 173
The extremities of latus rectum of the parabola (y —1)% = 2(x + 2) are

3 3

@) [—?2) (b) (2.1 (©) [—?0)

The equation of parabola is given by y? +8x —12y + 20 = 0 . Tick the correct options given below
(a) Vertex (2, 6) (b) Focus (0, 6) (c) Latusrectum =4

Advance Level 3

(d)

(d)

(d)

(d)

(d)

(d)

(d)

None of these

uz .,
= _cos?a
g

x2—4x-2y=0
None of these

(21 71)

(b) x2—2xy +y? +6ax +10ay = 7a>

Its latus rectum= 2a

16

y2 =8(x +5)
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60.  The length of the latus rectum of the parabola 169{(x —1)? +(y —3)?} = (5x —12y +17)?is
14 28 12
a) — b) — c) — d) None of these
(@) 13 (b) 13 (c) 13 (d)
61.  The length of the latus rectum of the parabola x = ay? +by +cis
a a 1 1
a) — b) — c) = d —
(@) 2 (b) 3 (c) " (d) 1a
62. If the vertex = (2, 0) and the extremities of the latus rectum are (3, 2) and (3, —2), then the equation of the parabola is
@@ y?=2x-4 (b) x*=4y-8 () y2=4x-8 (d) None of these
63. Let there be two parabolas with the same axis, focus of each being exterior to the other and the latus recta being 4a and 4b. The locus of the
middle points of the intercepts between the parabolas made on the lines parallel to the common axis is a
(a) Straightlineif a=b (b) Parabolaif a=b (c) Parabola forall a, b (d) None of these
64.  Aline L passing through the focus of the parabola y2 = 4(x —1) intersects the parabola in two distinct points. If ‘m’ be the slope of the line L,
then
(@ -1<m<1 (b) m<lorm>1 (¢ meR (d) None of these
Parametric equations of Parabola O
Basic Level
S —— s
65.  Which of the following points lie on the parabola x2 = 4ay [Rajasthan PET 2002]
(@) x=at?y=2at (b) x =2aty =at () x=2at?y=at (d) x =2aty = at?
66.  The parametric equation of a parabola is x =t +1,y = 2t +1. The cartesian equation of its directrix is
(@& x=0 (b) x+1=0 () y=0 (d) None of these
67.  The parametric representation (2 + t2,2t + 1) represents
(a) A parabola with focus at (2, 1) (b) A parabola with vertex at (2, 1)
(c) An ellipse with centre at (2, 1) (d) None of these
68.  The graph represented by the equations x =sin’t, y = 2 cos t is [EAMCET 1993]
(&) Aportion of a parabola  (b) A parabola (c) A partof asine graph (d) A Part of a hyperbola
69.  The curve described parametrically by x =t?+t+1,y = t*> —t+1 represents [11T 1999]
(&) A pair of straight lines (b) An ellipse (c) A parabola (d) A hyperbola
( Position of a Point, Intersection of Line and Parabola, Tangents and Pair of Tangents O
Basic Level 3
70.  The equation of the tangent at a point P(t) where ‘t’ is any parameter to the parabola y? = 4ax , is [MNR 1983]
@ yt=x+at? (b) y=xt+at? © y=xt+% d vy =1t
71.  The condition for which the straight line y = mx + ¢ touches the parabola y? = 4ax is [MP PET 1997, 2001]
(@ a=c (b) %:m () m=a’c (d) m=ac?
72.  Theline y =mx +c touches the parabola x? = 4ay , if [MNR 1973; MP PET 1994, 1999]
(@) c¢=-am (b) c=-al/m () c¢=-am? (d) c=a/m?
73.  Theline y = 2x +c is tangent to the parabola y?2 = 16, if c equals [MNR 1988]
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89.

(@ -2 (b) -1 (© 0
The line y = 2x + ¢ is tangent to the parabola y? = 4x, then ¢ =

1 1 1
a) —— by = c) —
(@) 2 (b) 5 (c) 3

If line x = my +k touches the parabola x? = 4ay, thenk =

@ 2 (b) am © am?
m
The line y = mx +1is a tangent to the parabola y? = 4x, if
(& m=1 (b) m=2 () m=4
The line Ix +my +n = 0 will touch the parabola y? = 4ax, if
(@ mn =al? (b) Im=an’ () In=am?

The equation of the tangent to the parabola y2 = 4x + 5 parallel to the line y = 2x + 7 is
(@ 2x-y-3=0 (b) 2x-y+3=0 () 2x+y+3=0
If Ix +my +n = 0 is tangent to the parabola x 2 =y, then condition of tangency is

(@ 1% =2mn (b) 1=4m?n? () m?=4In

The point at which the line y = mx + ¢ touches the parabola y2 = 4axis

@ [iz.@] (b) [%ﬁ] © [—%.@]
m m m m m m

The locus of a foot of perpendicular drawn to the tangent of parabola y? = 4ax from focus, is

(@ x=0 (b y=0 (€) y?=2a(x+a)
The equation of tangent at the point (1, 2) to the parabola y? = 4x, is
(@ x-y+1=0 (b) x+y+1=0 () x+y-1=0

The tangent to the parabola y? = 4ax at the point (a, 2a) makes with x-axis an angle equal to

@ 7 0 © %
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d 2

[MP PET 1996]
(d) 4

[MP PET 1995]
d) -am?

[MNR 1990; Kurukshetra CEE 1998; DCE 2000]

@ m=3

[Rajasthan PET 1988; MNR 1977; MP PET 2003]

(d) mn=al
[MNR 1979]
(d) None of these
[Rajasthan PET 1999]
(d) 1% =4mn

[Rajasthan PET 2001]

.
m m

[Rajasthan PET 1989]

(d) x%+y%(x+a)=0

[Rajasthan PET 1984, 85, 86]

d x-y-1=0

[SCRA 1996]

@ <

A tangents to the parabola y2 = 8x makes an angle of 45 ° with the straight line y = 3x + 5 ; then the equation of tangent is

(@& 2x+y-1=0 (b) x+2y-1=0 () 2x+y+1=0
The equation of the tangent to the parabola y? = 9x which goes through the point (4, 10) is
(@& x+4y+1=0 (b) 9x+4y+4=0 () x-4y+36=0

The angle of intersection between the curves y? = 4x and x? =32y at point (16, 8)is

(a) tan’l[gj (b) tan’l[%j (© =

The equation of the tangent to the parabola y = x® — x at the point where x =1, is

@ y=-x-1 (b) y=—x+1 (c) y=x+1

The point of intersection of the tangents to the parabola y2 = 4ax at the points t, and t, is

(@ (atyty,at; +t,)) (c) (atyty,2at; +t,))
The tangents drawn from the ends of latus rectum of y2 =12x meets at
(b) Vertex

(b) (2atty,at; +t,))

(a) Directrix (c) Focus

(d) None of these
[MP PET 2000]
(d 9x-4y+4=0

[Rajasthan PET 1987, 96]

(d)

NN

[MP PET 1992]
(d y=x-1
[Rajasthan PET 2002]
(d) None of these

[Rajasthan PET 2000]
(d) None of these
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Two perpendicular tangents to y? = 4ax always intersect on the line [Karnataka CET 2000]

(@ x=a (b) x+a=0 (c) x+2a=0 (d x+4a=0

The locus of the point of intersection of the perpendicular tangents to the parabola x? = 4ay is [MP PET 1994]
(a) Axis of the parabola (b) Directrix of the parabola

(c) Focal chord of the parabola (d) Tangent at vertex to the parabola

The angle between the tangents drawn from the origin to the parabola y? = 4a(x —a)is [MNR 1994; UPSEAT 1999, 2000]
(@ 90° (b) 30° (c) tan! % (d) 45°

The angle between tangents to the parabola y2 = 4ax at the points where it intersects with the line x —y —a =0, is

T T T T

a) — b) — c) — d =

(a) 3 (b) 2 (c) 5 (d) 2

The equation of latus rectum of a parabola is x +y = 8 and the equation of the tangent at the vertex is x +y =12 , then length of the latus

rectum is [MP PET 2002]

@ 42 (b) 2v2 © 8 d 82

If the segment intercepted by the parabola y?2 = 4ax with the line Ix +my +n =0 subtends a right angle at the vertex, then

(@ 4al+n=0 (b) 4dal+4am+n=0 (c) 4am+n=0 (d al+n=0

Tangents at the extremities of any focal chord of a parabola intersect

(a) Atrightangles (b) On the directrix (c) On the tangent at vertex (d) None of these

Angle between two curves y2 = 4(x +1)and x? = 4(y +1)is [UPSEAT 2002]

(@) 0° (b) 90° (c) 60° (d) 30°

The angle of intersection between the curves x? = 4(y +1)and x? = —4(y +1)is [UPSEAT 2002]
T T T

a) — b) — c) 0 d =

(a) 5 (b) 2 (©) (d) 2

If the tangents drawn from the point (0, 2) to the parabola y2 = 4ax are inclined at an angle 3% , then the value of a is

@@ 2 (b) -2 (c) 1 (d) None of these
The point of intersection of the tangents to the parabola y?2 = 4x at the points, where the parameter “t” has the value 1 and 2, is
(@ @9 (b) (1.5 © (@3 (d) (4.6)
The tangents from the origin to the parabola y2 + 4 = 4 x are inclined at

T T T T
a) — by — c) — d) —
@ ¢ ®) 7 © 3 @ 3

The number of distinct real tangents that can be drawn from (0, —2) to the parabola y2 = 4x is
(@ One (b) Two (c) Zero (d) None of these

If two tangents drawn from the point (a, £) to the parabola y? = 4 x be such that the slope of one tangent is double of the other, then
@) ﬂ:éaz ) « =§ﬂ2 © 20=9p° (d) None of these

If y+b=m,(x+a)andy +b =m,(x +a)are two tangents to the parabola y* = 4ax , then
(@ m;+m, =0 () mm, =1 () mm,=-1 (d) None of these

If y =mx +c touches the parabola y? = 4a(x + a), then

@ c= 2 (b) c=am+ 2 (c) c=a+ 2 (d) None of these
m m m
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The angle between the tangents drawn from a point (-a, 2a)to y? = 4ax is

T T T T
a) — b) — c) — d =
(@ 2 (b) 2 (c) 3 (d) 5
The tangents to the parabola y2 = 4ax at (at?, 2at,) ; (at3, at,) intersect on its axis, then [EAMCET 1995]
@ t,=t, (o) t, =-t, () tt, =2 d tt,=-1

If perpendiculars are drawn on any tangent to a parabola y? = 4ax from the points (a + k,0) on the axis. The difference of their squares is

(@ 4 (b) 4a (c) 4k (d) 4ak

The straight line kx +y = 4 touches the parabola y = x —x2, if

(@ k=-5 (b) k=0 (¢ k=3 (d) ktakes any real value
If a tangent to the parabola y2 = ax makes an angle 45 ° with x-axis, its points of contact will be

(a) (al2,al4) (b) (-al/2,al4) (c) (al4,al2) (d) (-al/4,al2)

The equations of common tangent to the parabola y? = 4ax and x2 = 4by is

1/3 1/3 2/3 X y 1
(@ xa'”+yb*° +(@)“"° =0 (b) IE +b“3 +(ab)2’3 =
1 1 2 X y 1
() xb3+ya®—(ab)® =0 (d) IE +a“3 _(ab)m =0
The range of values of 4 for which the point (1,—1) is exterior to both the parabolas y2 4 x| is
@ (0,1 (b) (-1,1) (© (-1,0) (d) None of these
Advance Level >
The line xcos a+Yy sina = p will touch the parabola y? = 4a(x + a), if
(@& pcosa+a=0 (b) pcosa—-a=0 (c) acosa+p=0 (d) acosa—-p=0

If the straight line x +y = 1 touches the parabola y2 —y + x = 0 , then the coordinates of the point of contact are
[Rajasthan PET 1991]

@ @y CHES © ©1 @ @0

The equation of common tangent to the circle x? +y?2 = 2 and parabola y? = 8x is [Rajasthan PET 1997]
@ y=x+1 (b) y=x+2 © y=x-2 @ y=-x+2

The equation of the common tangent to the curves y? = 8x and xy = —1is [T Screening 2002]

(@ 3y=9x+2 (b) y=2x+1 (c) 2y=x+8 d y=x+2

Two common tangents to the circle x? +y?2 = 2a” and parabola y? = 8ax are [AIEEE 2002]
(@ x==(y+2a) (b) y==(x+2a) () x=x(y+a) (d y=x(x+a)

If the line Ix +my +n = 0 is a tangent to the parabola y? = 4ax , then locus of its point of contact is [Rajasthan PET 1997]
(&) Astraight line (b) Acircle (c) A parabola (d) Two straight lines

The tangent drawn at any point P to the parabola y2 = 4ax meets the directrix at the point K, then the angle which KP subtends at its focus is
[Rajasthan PET 1996, 2002]

(a) 30° (b) 45° (c) 60° d) 90°

The point of intersection of tangents at the ends of the latus rectum of the parabola y2 = 4x is [11T 1994; Kurukshetra CEE 1998]
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If y,,y, are the ordinates of two points P and Q on the parabola and y , is the ordinate of the point of intersection of tangents at P and Q, then
(@ yiyaysareinAP. (b) y;y; Yy arein AP (©) y1.¥,.ysarein GP. (d) yi.ysy,areinG.P.

If the tangents at P and Q on a parabola meet in T, then SP,ST and SQ are in

(a) A P. (b) G.P. (c) H.P. (d) None of these

The equation of the parabola whose focus is the point (0, 0) and the tangent at the vertexis x —y +1 =0 is [Orissa JEE 2002]

(@ x%+y2-2xy—4x+4y-4=0 (b) x%+y?—2xy +4x—-4y—-4=0

(© x®+y?+2xy—4x+4y-4=0 (d) x?+y2+2xy—4x-4y+4=0

The two parabolas y? = 4xand x? = 4y intersect at a point P, whose abscissae is not zero, such that
(a) They both touch each other at P

(b) They cut at right angles at P

(c) The tangents to each curve at P make complementary angles with the x-axis

(d) None of these

Consider a circle with its centre lying on the focus of the parabola y? = 2px such that it touches the directrix of the parabola. Then , a point

of intersection of the circle and the parabola is [1T 1995]
p p -p _p
=, b) |- —, d) |—-
@ (2] o (2] o (L) o (2]
The angle of intersection of the curves y2 =2x/mand y =sinx,is [Roorkee Qualifying 1998]
(@ cott(-1/x) (b) cot?rx (c) cot™(-x) (d) cott(1/7)

P is a point. Two tangents are drawn from it to the parabola y? = 4x such that the slope of one tangent is three times the slope of the other.
The locus of P is

(a) Astraight line (b) Acircle (¢) A parabola (d) Anellipse
The parabola y2 = kx makes an intercept of length 4 on the line x —2y =1.Thenk is
@ V-5 by >=Y105 (@ V1S (d) None of these
10 10 10
The triangle formed by the tangents to a parabola y? = 4ax at the ends of the latus rectum and the double ordinates through the focus is
(&) Equilateral (b) Isosceles
(c) Right-angled isosceles (d) Dependent on the value of a for its classification

The equation of the tangent at the vertex of the parabola x? +4x +2y =0is

@ x=-2 (b) x=2 () y=2 d y=-2

The locus of the point of intersection of the perpendicular tangents to the parabola x2 —8x +2y+2=0s

(@ 2y-15=0 (b) 2y+15=0 () 2x+9=0 (d) None of these

If P,Q,R are three points on a parabola y? = 4ax , whose ordinates are in geometrical progression, then the tangents at P and R meet on

(@) The line through Q parallel to x-axis (b) The line through Q parallel to y-axis
(c) The line joining Q to the vertex (d) The line joining Q to the focus

The tangents at three points A, B, C on the parabola y2 = 4x ; taken in pairs intersect at the points P, Q and R. If A, A'be the areas of the
triangles ABC and PQR respectively, then

@ A=2A (b) A'=2A () A=A (d) None of these
If the line y = mx +a meets the parabola y? = 4ax in two points whose abscissa are x, and x, , then x, + X, is equal to zero if

@ m=-1 (b) m=1 () m=2 (d m=-1/2
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135.  Two tangents of the parabola y® = 8x, meet the tangent at its vertex in the points P and Q. If PQ =4, locus of the point of intersection of
the two tangents is
@ y*=8(x+2) (b) y*=8(x-2) © x*=8(y-2) (d x*=8(y+2)
136. If perpendicular be drawn from any two fixed points on the axis of a parabola at a distance d from the focus on any tangent to it, then the
difference of their squares is
(@) a?-d? (b) a?+d? (c) 4ad (d) 2ad
137.  Two straight lines are perpendicular to each other. One of them touches the parabola y? = 4a(x +a) and the other touches y? = 4b(x +b) .
Their point of intersection lies on the line
(a x—-a+b=0 (b) x+a-b=0 (¢ x+a+b=0 (d x-a-b=0
138. The point (a, 2a)is an interior point of the region bounded by the parabola y? =16x and the double ordinate through the focus. Then a
belongs to the open interval
(a a<4 (b) O0<a<4 (c) 0<a<?2 () a>4
139. The number of points with integral coordinates that lie in the interior of the region common to the circle x2 +y? =16 and the parabola
y? =4xis
(a) 8 (b) 10 (c) 16 (d) None of these
Normals in different forms, Intersection of Normals ()
Basic Level >
140. The maximum number of normal that can be drawn from a point to a parabola is [MP PET 1990]
(@ 0 (b) 1 (c) 2 (d 3
141. The centroid of the triangle formed by joining the feet of the normals drawn from any point to the parabola y? = 4ax , lies on
[MP PET 1999]
(a) Axis (b) Directrix (c) Latus rectum (d) Tangent at vertex
142. Ifthe line 2x +y +k =0 is normal to the parabola y2 =-8x , then the value of k will be [Rajasthan PET 1986, 1997]
(@) -16 (b) -8 (c) -24 (d) 24
143.  The point on the parabola y? = 8x at which the normal is inclined at 60°to the x -axis has the coordinates [MP PET 1993]
(@ (6.-443) (b) (6,443) © (-6,-4V3) (A (6, 4V3)
144.  If the normals at two points P and Q of a parabola y? = 4ax intersect at a third point R on the curve, then the product of ordinates of P and Q
is
(@) 4a? (b) 2a? (c) -4a’ (d) 8a?
145.  The equation of normal to the parabola at the point (iz , %] is [Rajasthan PET 1987]
m
@ y=m?*’x-2mx-am® (b)) mPy=m?x-2am?-a () mdy =2am?>-m3x+a (d) None of these
146. At what point on the parabola y? = 4x , the normal makes equal angles with the coordinate axes [Rajasthan PET 1994]
147. The slope of the normal at the point (at? 2at) of the parabola y? = 4ax , is [MNR 1991; UPSEAT 2000]
1 1
@ 7 (b) t (9 -t @ -3
148. The normal at the point (bt?,2bt,)on a parabola meets the parabola again in the point (bt3,2bt,), then

[MNR 1986; Rajasthan PET 2003; AIEEE 2003]
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2 2 2 2
@ t=-t-— (b) t,=-t+— © t=t-— d t=t,+—

t t t; t
The normal to the parabola y2 = 8x at the point (2, 4) meets the parabola again at the point [Orissa JEE 2003]
(@ (-18,-12) (b) (-18,12) (c) @8,12) (d) @8,-12)

If a normal drawn to the parabola y2 = 4ax at the point (a, 2a) meets parabola again on (at?,2at), then the value of t will be

[Rajasthan PET 1990]
(@ 1 (b) 3 (c -1 (d -3
The arithmetic mean of the ordinates of the feet of the normals from (3, 5) to the parabola y? = 8x is
(a) 4 (b) O (c) 8 (d) None of these
If the normal to y2 =12x at (3, 6) meets the parabola again in (27, —18) and the circle on the normal chord as diameter is
[Kurukshetra CEE 1998]
(@) x%+y2+30x+12y—27 =0 (b) x?+y?+30x+12y+27 =0

(©) x*+y?-30x-12y-27=0 (d) x2+y?—-30x+12y—-27=0
- 1 1 5 .
The number of distinct normal that can be drawn from R to the parabola y“ =4x is

(@ 3 (b) 2 (1 (d) 4
The normal chord of a parabola y® = 4ax at (x,, x,)subtends a right angle at the
(a) Focus (b) Vertex (¢) End of the latus-rectum (d) None of these

The normal at (ap2,2ap) ony? = 4ax, meets the curve again at (ag?,2aq) then
@ p*+pg+2=0 (b) p*-pg+2=0 (© a*+pg+2=0 (d) p*+pg+1=0
The angle between the normals to the parabola y? = 24 x at points (6, 12) and (6, —12) is

(a) 30° (b) 45° (c) 60° (d) 90°

Advance Level >

The centre of a circle passing through the point (0,1) and touching the curve y = x2 at (2, 4) is [11T 1983]
-16 27 -16 5 -16 53
a) | —,— by | —. — c) |—,— d) None of these
o[E2) [ o2
The length of the normal chord to the parabola y2 = 4x , which subtends right angle at the vertex is [Rajasthan PET 1999]
@@ 63 () 3v3 © 2 @ 1
Three normals to the parabola y? = x are drawn through a point (C,0) then [11T 1991]
1 1 1

(@ C-= 7 (b) C= 5 (¢ C> 5 (d) None of these

If the tangent and normal at any point P of a parabola meet the axes in T and G respectively, then [Rajasthan PET 2001]
(@ ST %SG =SP (b) ST —SG =SP (c) ST =SG =SP (d) ST =SG.SP

The number of distinct normals that can be drawn from (=2, 1) to the parabola y? —4x —2y —3 =0 is
(@ 1 (b) 2 (© 3 (d) 0

The set of points on the axis of the parabola y? = 4 x +8 from which the 3 normals to the parabola are all real and different is
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(@ {k0)k<-2} () {k,0)| k>-2} (©) {(©O,k)| k>-2} (d) None of these

The area of the triangle formed by the tangent and the normal to the parabola y? = 4ax ; both drawn at the same end of the latus rectum, and
the axis of the parabola is

() 24222 (b) 2a? (c) 4a? (d) None of these
If a chord which is normal to the parabola y? = 4ax at one end subtends a right angle at the vertex, then its slope is

@ 1 (b) 3 © V2 @ 2

If the normals from any point to the parabola x? =4y cuts the line y = 2 in points whose abscissae are in A.P., then the slopes of the
tangents at the three co-normal points are in

(a) AP. (b) G.P. (c) H.P. (d) None of these
If x =my +cis anormal to the parabola x2 = 4ay, then the value of ¢ is

(@ -2am-am? (b) 2am+am® © -2_2 (d) ﬁJrig
m m m

The normal at the point P(ap?,2ap) meets the parabola y? = 4ax again at Q(aq?,2aq) such that the lines joining the origin to P and Q are at
right angle. Then
@ p*=2 (b) g*=2 (© p=29 (d a=2p

If y = 2x + 3 is a tangent to the parabola y2 = 24 x , then its distance from the parallel normal is

(a) 5\5 (b) 1045 (©) 1545 (d) None of these
If P(-3,2)is one end of the focal chord PQ of the parabola y? +4x +4y = 0, then the slope of the normal at Q is
-1 1
a) — b) 2 c) — d) -2
(@) > (b) (© > (d)

The distance between a tangent to the parabola y? = 4ax which is inclined to axis at an angle & and a parallel normal is

acos a asina a a
— (b) > © — () ————
sin“ a cos‘ a sina cos” a cos a sin‘ a

@

If the normal to the parabolay? = 4ax at the point P(at?,2at) cuts the parabola again at Q(aT?,2aT), then

(@ -2<T<2 (b) T e(-0-8)U(8, x) (c) T?<8 (d T?>8

Chords O

172.

173.

174.

175.

Basic Level 3

The locus of the middle points of the chords of the parabola y? = 4ax which passes through the origin is
[Rajasthan PET 1997; UPSEAT 1999]
@ y*=ax (b) y?®=2ax (© y*=4ax (d) x*=day
In the parabola y? = 6x , the equation of the chord through vertex and negative end of latus rectum, is
(@ y=2x (b) y+2x=0 (c) x=2y (d x+2y=0
From the point (-1, 2)tangent lines are drawn to the parabola y? = 4x , then the equation of chord of contact is [Roorkee 1994]
(@ y=x+1 (b) y=x-1 () y+x=1 (d) None of these

A set of parallel chords of the parabola y? = 4ax have their mid points on
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(a) Any straight line through the vertex (b) Any straight line through the focus
(c) Astraight line parallel to the axis (d) Another parabola

The length of the chord of the parabola y? = 4ax which passes through the vertex and makes an angle @ with the axis of the parabola, is
(@) 4acos @ cosec 0 (b) 4acos? 6 cosec @ (c) acos 6 cosec 20 (d) acos? @ cosec

If PSQ is the focal chord of the parabola y? = 8x such that SP = 6. Then the length SQ is
(a) 6 (b) 4 (c) 3 (d) None of these
The locus of the middle points of parallel chords of a parabola x2 = 4ay is a

(a) Straight line parallel to the axis

(b) Straight line parallel to the y-axis

(c) Circle

(d) Straight line parallel to a bisector of the angles between the axes

The locus of the middle points of chords of the parabola y? = 8x drawn through the vertex is a parabola whose

(a) focusis (2, 0) (b) Latus rectum =8 (¢) Focusis (0, 2) (d) Latus rectum =4
't," and 't,"are two points on the parabola y? = 4x . If the chord joining them is a normal to the parabola at "t,', then

(@ t+t,=0 (b) t(t +t,)=0 () tt +t,)+2=0 (d) tt,+1=0
The locus of the middle points of chords of a parabola which subtend a right angle at the vertex of the parabola is

(&) Acircle (b) An ellipse (c) A parabola (d) None of these

AB is a chord of the parabola y2 = 4ax . If its equation is y =mx +cand it subtends a right angle at the vertex of the parabola then
(@& c=4am (b) a=4mc (c) c=-4am (d a+4mc=0
The length of a focal chord of parabola y? = 4ax making an angle @ with the axis of the parabola is

(@) 4acosec?d (b) 4asec?o (c) acosec?d (d) None of these

If (a, b) is the mid point of a chord passing through the vertex of the parabola y? = 4x, then

(@ a=2b (b)y 2a=b () a®=2b (d) 2a=h?
The mid-point of the chord 2x +y —4 =0 of the parabola y? = 4x is
@) (% ,-1} (b) [—1, %j © (% ,—1] (d) None of these

If P(at?,2at,)and Q(at},2at,) are two variable points on the curve y? = 4ax and PQ subtends a right angle at the vertex, then t,t, is equal
to
(@ -1 (b) -2 (c -3 (d) 4

If (at? 2at) are the coordinates of one end of a focal chord of the parabola y? = 4ax, then the coordinate of the other end are

(@) (at?-2at) (b) (-at?-2at) (©) [t% , %] (d) [t% , ?j
If b and c are the lengths of the segments of any focal chord of a parabola y? = 4ax , then the length of the semi- latusrectum is
b+c bc 2bc
@ —— (b) —— © = @ oo
2 b+c b+c
The ratio in which the line segment joining the points (4,—6)and (3,1) is divided by the parabola y? = 4x is
@) ‘Zof—l VIS (b) % VIS (© —20+2155 :11 (d) —2+4155 :11

If the lengths of the two segments of focal chord of the parabola y? = 4ax are 3 and 5, then the value of a will be



Conic Section : Parabola 183

15 15 15
@ 5 ® - © = (d) 15

Advance Level >

191. If 'a'and 'c' are the segments of a focal chord of a parabola and b the semi-latus rectum, then [MP PET 1995]
(@) a/b,carein A.P. (b) ab,careinG.P. (¢) ab,careinH.P. (d) None of these
192. The locus of mid point of that chord of parabola which subtends right angle on the vertex will be [UPSEAT 1999]
(@) y?-2ax+8a’=0 (b) y%=a(x—4a) (©) y?=4a(x—4a) (d) y*+3ax+4a’=0
193.  The HM of the segments of a focal chord of the parabola y? = 4ax is
(@) 4a (b) 2a () a (d) a?
194. The length of a focal chord of the parabola y? = 4ax at a distance b from the vertex is c. Then
(@) 2a®=hc (b) a®=b% (c) ac=h? (d) b%c=4a®
195. A chord PP'of a parabola cuts the axis of the parabola at O. The feet of the perpendiculars from P and P’ on the axis are M and M’
respectively. If V is the vertex then VM, VO, VM’ are in
(a) A.P. (b) G.P. (¢) H.P. (d) None of these
196. The chord AB of the parabola y? = 4ax cuts the axis of the parabola at C. If A =(at?,2at,); B =(at3, 2at,)and AC : AB =1:3,then
(@ t,=2t () t,+2t =0 () t+2t,=0 (d) None of these
197.  The locus of the middle points of the focal chord of the parabola y? = 4ax is
(@ y*=a(x—a) (b) y?=2a(x—a) (€) y%=4a(x—a) (d) None of these
198. If (4,-2)is one end of a focal chord of the parabola y? = x, then the slope of the tangent drawn at its other end will be
1 1
a) —— by —4 c) 4 d) —
(a) 2 (b) (©) (d) 2
199. If (a,b;)and (a, b,) are extremities of a focal chord of the parabola y? = 4ax , then a,a, =
(a) 4a? (b) —4a? (c) a° (d -a?
200. The length of the chord of the parabola y2 = 4ax whose equation is y — xv2 +4a2 =0 is
@ 2V1la (b) 4+2a © 8v2a d) 6v3a
201. Iftheline y = x~/3 — 3 cuts the parabola y? = x + 2 at P and Q and if A be the point (\/5,0) , then AP. AQ is
@) %(\/& 2) (b) %(J§+ 2) © %(z—\/?) @ 243
202. A triangle ABC of area A is inscribed in the parabola y? = 4ax such that the vertex A lies at the vertex of the parabola and BC is a focal
chord. The difference of the distances of B and C from the axis of the parabola is
@ 22 0 2 © = (d) None of these
a a 2A
Diameter of Parabola, Length of tangent, Normal and Subnormal, Pole and Polar O
Basic Level >
203.  The length of the subnormal to the parabola y? = 4ax at any point is equal to [UPSEAT 2000]
@ +2a (0) 22 © alv2 @ 2a
204. The polar of focus of a parabola is [Rajasthan PET 1999]
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205.

206.

(a) x-axis (b) y-axis (c) Directrix (d) Latus rectum
Locus of the poles of focal chords of a parabola is .....of parabola [EAMCET 2002]
(a) The tangent at the vertex (b) The axis (¢c) Afocal chord (d) The directrix

The subtangent, ordinate and subnormal to the parabola y2 = 4ax at a point (different from the origin) are in [EAMCET 1993]
(a) A.P. (b) G.P. (c) H.P. (d) None of these

Miscellaneous Problems O

207.

208.

209.

210.

211

212.

213.

214,

215.

216.

217.

218.

Basic Level >

The equation of a circle passing through the vertex and the extremities of the latus rectum of the parabola y? = 8x is [MP PET 1998]
(@ x*+y%+10x=0 (b) x®>+y?+10y=0 () x®>+y*-10x=0 (d) x®>+y?-5x=0
An equilateral triangle is inscribed in the parabola y? = 4ax , whose vertices are at the parabola, then the length of its side is equal to
(a) 8a (b) 8av3 © a2 (d) None of these
The area of triangle formed inside the parabola y2 =4 x and whose ordinates of vertices are 1, 2 and 4 will be [Rajasthan PET 1990]
7 5 3 3
(@ > (b) > (c) > (d) n

The area of the triangle formed by the lines joining the vertex of the parabola x? =12y to the ends of its latus rectum is

(a) 12sq. units (b) 16 sq. units (c) 18sq. units (d) 24 sq. units

The vertex of the parabola y2 = 8x is at the centre of a circle and the parabola cuts the circle at the ends of its latus rectum. Then the equation
of the circle is

(@ x*+y?=4 (b) x*>+y?=20 () x>+y*=80 (d) None of these

The circle x?+y2 +24x =0, A € R, touches the parabola y2 = 4x externally. Then

@ 4>0 (b) 2<0 () 21>1 (d) None of these

The length of the common chord of the parabola 2y? = 3(x +1) and the circle x2+y? +2x =0is

@ 3 () 23 © @ (d) None of these

The circles on focal radii of a parabola as diameter touch
(a) The tangent at the vertex (b) The axis (c) The directrix (d) None of these

Advance Level 9

The ordinates of the triangle inscribed in parabola y? = 4ax are y,,y,,ys , then the area of triangle is

1 1
(@ Ba (V1 +Y2) V2 +Y3)Vs + Y1) (b) 72 (V1 +Y2)V2 +Y3)(¥s +Y1)

1 1
(c) 8—(y1 =Y2)¥2 —Y3)(¥s — Y1) (d) — ¥ —Y2)2 —Y3)Vs — V1)

a 4a
Which one of the following curves cuts the parabola y? = 4ax at right angles [1IT Screening 1994]
(@) x*+y?=a? (b) y=e*/? (c) y=ax (d) x?=4ay
On the parabola y = x?, the point least distant from the straight line y = 2x —4 is [AMU 2001]
(@ 11 (b) (1,0 © -1 (d) (0,0

Let the equations of a circle and a parabola be x? +y% —4x —6 =0 and y? = 9x respectively. Then



219.

220.

221.

222.
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(@ (1,-1)isapoint on the common chord of contact (b) The equation of the common chord is y +1 =0

(c) The length of the common chord is 6 (d) None of these

P is a point which moves in the x-y plane such that the point P is nearer to the centre of square than any of the sides. The four vertices of the
square are (+a, +a). The region in which P will move is bounded by parts of parabola of which one has the equation

(@) y?=a’+2ax (b) x?=a%+2ay (€) y*+2ax =a? (d) None of these
The focal chord to y? = 16x is tangent to (x —6)? +y? = 2, then the possible values of the slope of this chord, are [1IT Screening 2003]
(@ {11} (b) {22} (© {212} (d) {2,-12}

Let PQ be a chord of the parabola y? =4x . A circle drawn with PQ as a diameter passes through the vertex V of the parabola. If
ar (APVQ) = 20 unit 2, then the coordinates of P are

(@) (16,8) (b) (16,-8) (c) (-16,8) (d) (-16,-8)
A normal to the parabola y2 = 4ax with slope m touches the rectangular hyperbola x? —y? =a?, if

(@ mf+4m*-3m2+1=0 (b) m®*-4m*+3m?-1=0 () mf+d4m*+3m?+1=0 (d) m®-4m*-3m?+1=0

*kx



ﬂlnswer Sheet

Conic Section : Parabola

Assignment (Basic and Advance Level) )

21

41

61

81

101

121

141

161

181

201

221

22

42

62

82

102

122

142

162

182

202

222

23

43

63

a,b

83

103

123

143

163

183

203

24

44

64

84

104

124

144

164

184

204

25

45

65

85

c,d

105

125

a,b

145

165

185

205

26

46

66

86

106

126

146

166

186

206

27

47

67

87

107

127

147

167

187

207

28

48

68

88

108

128

148

168

188

208

29

49

69

89

109

a,c

129

149

169

189

209

10

30

50

70

90

110

130

150

170

190

210

11

31

51

71

91

111

131

151

171

191

211

12

32

52

72

92

112

132

152

172

192

212

13

33

53

73

93

113

133

153

173

193

213

14

34

54
b,d

74

94

114

134

154

174

194

214

15
b,c
35

55

75

95

115

135

155

175

195

215

76

96

a,b

116

136

156

176

196

216

17

37

57

77

97

117

137

157

177

197

217

18

118

19

39

59
a,b,

79

99

a,b

119

139

159

179

199

219

aab’

20

a,b,c,d

40

60

80

100

120

140

160

180

200

220




a,b

Indices and Surds 187



Chapter

K2
Ellipse

CONTENTS
5.2.1 Definition
5.2.2 Standard equation of the Ellipse
5.2.3 Equation of Ellipse in other forms
524 Parametric form of the Ellipse
5.25 Special form of an Ellipse
5.2.6 Position of a point with respect to an Ellipse
5.2.7 Intersection of a line and an ellipse
5.2.8 Equation of tangent in different forms
5.2.9 Equation of pair of tangents SS; = T»
5.2.10 | Equations of normal in different forms
5.2.11 | Auxiliary circle
5.2.12 | Properties of Eccentric angles of the co-
normal points
5.2.13 | Chord of contact
5.2.14 | Equation of chord with mid point (X1, Y1)
5.2.15 | Equation of the chord joining two points on
an Ellipse
5.2.16 | Pole and Polar
5.2.17 | Diameter
5.2.18 | Subtangent and Subnormal
5.2.19 | Concyclic points
5.2.20 | Reflection property of an Ellipse

Assignment (Basic and Advance Level)

Answer Sheet of Assignment

The Greeks particularly Archimedes (287-212

B.C.) and Apollonius (200 B.C.) studied conic
sections for their own beauty. These curves are
important tools for present day exploration of
outer space and also for research into behaviour
of atomic particles.

Kepler was first to declare that the planets of

our solar system travel around the sun in elliptic
path. The ellipse is also used in many art forms
and in the construction of bridges. Due to our
knowledge of the ellipse, it is now possible to
predict accurately the time and place of solar
and lunar eclipses.




5.2 Ellipse

5.2.1 Definition

An ellipse is the locus of a point which moves in such a way that its distance from a fixed point is in constant ratio
(<1) to its distance from a fixed line. The fixed point is called the focus and fixed line is called the directrix and the
constant ratio is called the eccentricity of the ellipse, denoted by (e).

In other words, we can say an ellipse is the locus of a point which moves in a plane so that the sum of its distances
from two fixed points is constant and is more than the distance between the two fixed points.

Let S(a, B)is the focus, ZZ'" is the directrix and P is any point on the ellipse. Then by definition,

Z
S—Pze:>SP=e.PM
PM

0

\/(X —a)’ +(y-p)? =e Ax+By+C ér') % PiXxy)
VA? +B® 78
< S(a.f)
Squaring both sides, (A% + B*)[(x — &) +(y — B)°]=e*(Ax + By + C)? 7 Focus

LNQI@ - @ The condition for second degree equation in x and y to represent an ellipse is that h? —ab < 0 and
A=abc+2fgh—af? —bg? —ch? =0

Example: 1 The equation of an ellipse whose focus is (-1, 1), whose directrix is x —y + 3 = 0 and whose eccentricity is % is given by
[MP PET 1993]
(@) 7x2+2xy +7y?+10x—10y+7=0 (b) 7x% —2xy +7y*> —10x +10y +7 =0
() 7x%2-2xy +7y*-10x-10y—-7=0 (d) 7x2—2xy +7y?+10x+10y—-7=0
Solution: (a) Let any point on it be (x, y) then by definition,
1|x-y+3
Y12 +(y -1 ==
2|12 +12

Squaring and simplifying, we get
7x2 +2xy +7y? +10x —10y +7 = 0, which is the required ellipse.
5.2.2 Standard equation of the Ellipse

Let S be the focus, ZM be the directrix of the ellipse and P(x,y)is any point on the ellipse, then by definition

SP 2 > 2 Y
—=¢e = (SP)" =e“(PM
oM SP) (PM)

X
O] poy) |8
5

. M|Z X

e
A\ S'(-ae,0) | S(ae,0) /A
(—a,())\_/(a,O)

(0,-b)[B'

Directrix
<

2 2 2| @ ? x> y? X
X—-ae) +(y-0) =e°|—-X| = +—5"—-5-=
( )+ =0) (e J a’ a’(l-e?)
2 x="ale Y’ x=ale
+y—2:1,where b? =a?(l—e?)

AXis

X

2
a2

(o
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Since e <1, therefore a’(1 —e?) < a® = b? <a®. Some terms related to the ellipse —+3t:—2 =la>b:
a

(1) Centre: The point which bisects each chord of the ellipse passing through it, is called centre (0,0) denoted by

C. v
M)n/L;——B LM
X'Z’A’\%S’\CN%SAZ
L B plL
Y

(2) Major and minor axes: The diameter through the foci, is called the major axis and the diameter bisecting it at
right angles is called the minor axis. The major and minor axes are together called principal axes.
Length of the major axis AA" = 2a, Length of the minor axis BB'= 2b
2 2

The ellipse X—2 + y_2 =1, is symmetrical about both the axes.

(3) Vertices: The extremities of the major axis of an ellipse are called vertices.

The coordinates of vertices Aand A’ are (a, 0) and (—a, 0) respectively.
(4) Foci: Sand S’ are two foci of the ellipse and their coordinates are (ae, 0) and (—ae, 0) respectively. Distance

between foci SS’ = 2ae .

. . . . . . . a a
(5) Directrices: ZM and Z'M' are two directrices of the ellipse and their equations are x = —and x = ——
e e

. . . . 2a
respectively. Distance between directrices ZZ2'= —.
2 2

(6) Eccentricity of the ellipse: For the ellipse X—2+g—2=1,
a

2 . 2
we have b2 =a?(1—e)? = e _1—£—1—£=1—(2_bj- o= |1- Minor axis
a’ 4a’ 2a) ' Major axis

This formula gives the eccentricity of the ellipse.
(7) Ordinate and double ordinate: Let P be a point on the ellipse and let PN be perpendicular to the major axis

AA’ such that PN produced meets the ellipse atP " . Then PN is called the ordinate of P and PNP' the double ordinate of P.

If abscissa of P is h, then ordinate of P, Z =l-—>=y= —\/ (For first quadrant)

And ordinate of P’ isy = -b @@® —h?) (For fourth quadrant)
a

Hence coordinates of P and P’ are (h, b @° - hz)j and (h_—b @ - hz)j respectively.
a a

(8) Latus-rectum: Chord through the focus and perpendicular to the major axis is called its latus rectum.

The double ordinates LL"and L,L; are latus rectum of the ellipse.
2

Length of latus rectum LL'=L,L; =

2 2
L, =(—ae,b—} L1'=£—ae,_b J
a a

(9) Focal chord: A chord of the ellipse passing through its focus is called a focal chord.

2 K2
and end points of latus-rectum are L =(ae, b—J L'=[ae, b J and
a a
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(10) Focal distances of a point: The distance of a point from the focus is its focal distance. The sum of the
focal distances of any point on an ellipse is constant and equal to the length of the

. . . Y
major axis of the ellipse.
x? y? ;A
Let P(x,,y,)be any point on the ellipse —2+b—2:1 %
a
a . , a
SP =ePM =e(——x1) =a—ex, and S'P =ePM =e(—+x1j =a+ex;
e e
SP +S'P =(a—ex,)+(a+ex,)=2a= AA'=major axis.
Example: 2 The length of the latus-rectum of the ellipse 5x? +9y? =45 is [MNR 1978, 80, 81; Kurukshetra CEE 1999]
@ 574 () V5172 © 5/3 d) 10/3
) ) o x2? y2
Solution: (d) Here the ellipse is ?+? =1
2
Here a? =9 and b? =5 . So, latus-rectum _2b7 _2() _10
a 3 3
Example: 3 In an ellipse the distance between its foci is 6 and its minor axis is 8. Then its eccentricity is [EAMCET 1994]
4 1 3 1
a) — b) — c) — d =
(a) : (b) T2 (c) c (d) >
Solution: (c) Distance between foci =6 = 2ae =6 = ae =3, Minoraxis =8 = 2b=8= b =4 = b? =16
From b2 =a’(l-e?), = 16 =a’ -a’e’= a*-9=16 =>a=5
Hence, ae =3 = ¢ :%
Example: 4 What is the equation of the ellipse with foci (+2,0)and eccentricity % [DCE 1999]
(@) 3x®+4y?2=48 (b) 4x*+3y2=48 () 3x2+4y?2=0 (d) 4x*+3y2=0
Solution: (a) Here ae =42, e = % La=44
Form b? =a?(l-e?)=b’ = 16(1—%} b? =12
) ) o x2 y2
Hence, the equation of ellipse is — +2— =1 or 3x%+4y? =48
16 12
Example: 5 If P(x,y),F, =30),F, =(-3,0)and 16x? + 25y% = 400 , then PF, + PF, equals (11T 1998]
(@ 8 (b) 6 (c) 10 d) 12
_ ) ) x2 yz x2 yz ) )
Solution: (c) We have 16x° +25y° =400 = —+=—=10r —+=5 =1, where a” =25 and b* =16
25 16 a® b
. . . . . ) b2 16 9
This equation represents an ellipse with eccentricity given by e“ =1-—=1- P =e=3/5
a
So, the coordinates of the foci are (+ae,0)i.e. (3,0)and (-3,0), Thus, F, and F, are the foci of the ellipse.
Since, the sum of the focal distance of a point on an ellipse is equal to its major axis, .. PR +PF, =2a=10
Example: 6 An ellipse has OB as semi minor axis. F and F’ are its foci and the angle FBF' is a right angle. Then the eccentricity of the
ellipse is [Pb. CET 2001, 11T 1997, DCE 2002]
1 1 2 1
a) — by — c) — d =
@ - ® 7 © 3 @ 3



Solution: (b)

Example: 7

Solution: (b)

Example: 8

Solution: (b)
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Since LFBF':%

/FBC = «/FBC =2
2 B

e L DN

CB=CF =b=ae = C_y

= b?=a%? = a’(l-e?)=a’%"? Y’

2 2 2 1
=>l-e"=e"=> 26" =1l>e=—.

J2
: : _ox?oy? . . : .
Let P be a variable point on the ellipse —2+b—2 =1with foci Fand F,. If A is the area of the triangle PFF,, then the
a

maximum value of A is [11T 1994]
(a) 2abe (b) abe (©) %abe (d) None of these

Let P(acos 6,bsing) and F (-ae,0), F,(ae,0)

1 acosd bsing 1 1
A =Area of APRF, =3 ae 0 1 = =] 2aeb sinf| =aeb| sinb|
—ae 0 1

A is maximum, when | sing| =1.
Hence, maximum value of A =abe
The eccentricity of an ellipse, with its centre at the origin is % . If one of the directrices is x =4 , then the equation of the ellipse
is [AIEEE 2004]

(@) 4x%+3y%=1 (b) 3x>+4y?=12 (c) 4x%*+3y?=12 (d) 3x2+4y*=1

Given e:1,3:4.80, a=2 —=a’=4
e

2
From b®> =a?(1l-e?) = b? :4[1—%j:4x%:3

2 2
Hence the equation of ellipse is x7+y?:1, ie 3x2+4y?=12

5.2.3 Equation of Ellipse in other form

In the equation of the ellipse X—2 + y_2 =1,if a>bor a® > b?(denominator of x?is N
y=ble Z K
greater than that of y?), then the major and minor axis lie along x-axis and y-axis A(0.b)
respectively. But if a<bor a® < b?(denominator of x?2is less than that of y?), then the 0be)
,0e

major axis of the ellipse lies along the y-axis and is of length 2b and the minor axis along the x-

) . X' g X
axis and is of length 2a. canl 1% Jao)
The coordinates of foci S and S’ are (0, be) and (0, — be) respectively. S g/
The equation of the directrices ZK and Z'K'are y = b /e and eccentricity e is given A'(0,-b)

2 y=-ble Z' K’
by the formula a® =b?(L —e?) orezwfl—g—2 v

2 2
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Difference between both ellipse will be clear from the following table.

Ellipse
Basic fundamentals

2

X2
5

Fora>b Forb>a
Centre (0,0) (0,0)
Vertices (#a,0) 0,£b)
Length of major axis 2a 2b
Length of minor axis 2b 2a
Foci (+ae,0) (0,£be)
Equation of directrices x =zale y=4b/e
Relation in a, b and e b? = a?(l -e?) a? =b?%(1-e?)
Length of latus rectum 2p2 252
a b
Ends of latus-rectum b2 a2
taet— +— the
a b
Parametric equations (acosg,bsing) (acosg,bsing) (0 < ¢ < 27)
Focal radii SP =a—ex,;andS'P =a+ex; SP =b—ey,;and S'P =b +ey,
Sum of focal radii SP +S'P = 2a 2b
Distance between foci 2ae 2be
Distance between directrices 2ale 2bl/e
Tangents at the vertices X=-a,Xx=a y=b,y=-b
XZ y2
Example: 9 The equation of a directrix of the ellipse I + %5 = lis
25 3
a =— b =3 c =-3 d =—
@ y== 0) x © x @ x=-
Solution: (a) From the given equation of ellipse a® =16, b> =25 (since b >a)
So, a®> =b%(l-e?), . 16 =25(1-e%) = 1-e¢? _16 8 3
25 25 5
.. One directrixis y = b_5 2
e 3/5 3
) ) ) x2 y2
Example: 10 The distances from the foci of P(x,,y,)on the ellipse 5 + %= lare
5 4 4
(@ 4+ Zyl (b) 5 J_rg Xy (c) 5+ T V1 (d) None of these
Solution: (c) For the given ellipse b > a, so the two foci lie on y-axis and their coordinates are (0, J_rbe) ,

2
Where b=5,a=3.S0 e =1/1—a—2 =‘/1—i _4
b 25 5

The focal distances of a point (x,,y,)on the eIIipseX—2 +
a

are btey, :Si%yl.

2 2

y

b?

5.2.4 Parametric form of the Ellipse

=1, Where b? > a”are given by b +ey, . So, Required distances




Conic Section : Ellipse 193

2 2
Let the equation of ellipse in standard form will be given by X—2 + ;’—2 =1
a
Then the equation of ellipse in the parametric form will be given by x =acos¢,y =bsing, where ¢is the
eccentric angle whose value vary from 0 < ¢ < 27 . Therefore coordinate of any point P on the ellipse will be given by

(acos ¢,b sin ¢)

Example: 11 The curve represented by x = 3(cos t+sint), y = 4(cost —sint) is [EAMCET 1988; DCE 2000]

(a) Ellipse (b) Parabola (¢c) Hyperbola (d) Circle
Solution: (a) Given, x =3(cos t+sint),y = 4(cos t—sint) :% =(cos t+sin t),% =(cos t—sint)

XZ y2 X2 y2
Squaring and adding, we get 5 +E =@ +sin2t)+ (L -sin 2t)= 5 + T 2, which represents ellipse.
. . oxEoy? .
Example: 12 The distance of the point ' 6" on the ellipse —-+ Pl 1 from a focus is
a

(@) a(e +cosb) (b) a(e —cos 6) (¢) al@+ecosd) (d) al+2ecosb)

Solution: (c) Focal distance of any point P(x,y)on the ellipse is equal to SP =a +ex . Here x =cos 6.

Hence, SP =a+ae cos & = a(l + e cos 6)

5.2.5 Special forms of an Ellipse
(1) If the centre of the ellipse is at point (h,k) and the directions of the axes are parallel to the coordinate axes, then
2 2
(L -k
a b
If we shift the origin at (h, k) without rotating the coordinate axes, then x =X +hand y =Y +k

its equation is

2 . 2
(2) If the equation of the curve is (x+my +n)”  (mx —ly+p)

=1 where Ix+my +n=0and mx —-ly+P =0

a’ b?
. . . IX+my +n mx —ly + L
are perpendicular lines, then we substitute y =X, y+p_ Y , to put the equation in the standard form.
VIZ +m? VIZ +m?
Example: 13 The foci of the ellipse 25(x +1)? +9(y + 2)? = 225 are [MP PET 1998, UPSEAT 1991, 2000]
(a) (_1v 2)! (61 1) (b) (_11 - 2)1 (1! 6) (C) (11_2)1 (11_6) (d) (_11 Z)v (_lv - 6)

(x +1) +(y+2)2 _1i X% y?

Solution: (d) Given ellipse is i.e. _+E =1,where X=x+land Y =y+2

25 9
2 2
Here a® = 25,b? = 9 [Type : X—2+Y_2:1]
b a
Eccentricity is given by e? = a’-b® _25-9_16 e=2
a? 25 25 5

Foci are given by Y = tae = 15(%] =14

X=0=>y+2=4=y=-2+4=-6 or2
Xx+1=0 = x =-1. Hence foci are (-1, -6) or (-1, 2).
5.2.6 Position of a point with respect to an Ellipse
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Let P(x,,y,)be any point and let —+Z—2 = 1is the equation of an ellipse. The point lies outside, on or inside the
X 2 y2
ellipseasif S, =—+-=-1>0,=0,<0
a Y
+ P(outside)
P(on)
IRl e N
Q/
v
2 2

Example: 14 Let E be the ellipse x?+y7 =1 and C be the circle x*+y* =9 . Let P and Q be the points (1, 2) and (2, 1) respectively. Then

[11T 1994]
(@) Q liesinside C but outside E (b) Q lies outside both C and E
(¢) P lies inside both C and E (d) P liesinside C but outside E
2 2 2 2
Solution: (d) The given ellipse is x?+y7 =1. The value of the expression +y7—1 is positive for x =1, y =2and negative for

X =2, y=1. Therefore P lies outside E and Q lies inside E. The value of the expression x?+y2 —9 is negative for both the
points P and Q. Therefore P and Q both lie inside C. Hence P lies inside C but outside E.

5.2.7 Intersection of a Line and an Ellipse
2 2

Let the ellipse be X—2+Z—2:1 ...... (i) andthegivenlinebe y=mx +c ... (i)
a
Eliminating y from equation (i) and (ii), then X (mxb—ﬁ;c) 1
a’

i.e, @m? +b?)x? +2meca’x +a’(c? -b?)=0
The above equation being a quadratic in x, its discriminant = 4m?c2a* —4a?(@’m? +b?)(c? -b?)
=b2{(a2m2 +b2)—cz}
Hence the line intersects the ellipse in two distinct points if a?m? +b? >c?in one point if ¢> =a’m? +b?and

does not intersect if a’m? +b? <c?.
5.2.8 Equations of Tangent in Different forms R

(1) Point form: The equation of the tangent to the ellipse —+Z—2 =1 at the point (xl,yl)ls R {)yl =1
a’ a’

(2) Slope form: If the line y =mx +c touches the ellipse —+Z—2_1, then c? =a’m? +b?. Hence, the
a

straight line y = mx ++va?m? +b? always represents the tangents to the ellipse.

2 2

Points of contact: Line y =mx £+va’m? +b? touches the ellipse X—2+Z—2 =1 at
a

( +a’m Fb? J
Ja?m? +b? Va?m? +b?

(3) Parametric form: The equation of tangent at any point ¢(acos ¢,b sin @) is icos o+ %sin p=1
a
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2 2
Note :Q The straight line Ix +my +n = 0 touches the ellipse ~—+Y— =1, if a%l> +b2m?2 =
2 b2
a

2 2

Q The line xcosa+Yysina = ptouches the eIIipseX—2+Z—2=1, if a?cos?a+b?sin’a=p?and that
a

2 2 o
point of contact is (a cosa b smaj.

p

U Two tangents can be drawn from a point to an ellipse. The two tangents are real and distinct or coincident
or imaginary according as the given point lies outside, on or inside the ellipse.

U The tangents at the extremities of latus-rectum of an ellipse intersect on the corresponding directrix.

Important Tips

y?

b_z_l' then the common tangent is inclined to the major axis at an angle

A circle of radius r is concentric with the ellipse —+
a’
2 2

2 2
r-—b
tan! :
y

The locus of the foot of the perpendicular drawn from centre upon any tangent to the ellipse X—2+b—2 =1is (x? +y?)? =a’*x? +b?y?
a

r? =a? cos2 @+b? sin? @ (in polar coordinates)

The locus of the mid points of the portion of the tangents to the ellipse ~ =+ :)/—2 =1 intercepted between the axes is a%y® +b2x? = 4x%y2.
a’
The product of the perpendiculars from the foci to any tangent of an ellipse is equal to the square of the semi minor axis, and the feet of these

perpendiculars lie on the auxiliary circle.

2

Example: 15 The number of values of ‘c’ such that the straight line y = 4x + ¢ touches the curve XT +y?=1is [11T 1998]
@ o () 1 (c) 2 (d) Infinite
2 2
Solution: (c) We know that the line y = mx + ¢ touches the curve x_2+y_2 =1iff ¢? =a’m? +b?

Here, a2 =4,b2=1,m=4 . c?=64+1= c=165

Example: 16 On the ellipse 4x? +9y? =1, the points at which the tangents are parallel to the line 8x = 9y are [11T 1999]

Example: 17 If any tangent to the elllpse —+
a?

o) ey R ek

2 2

Solution: (b,d) Ellipse is AT A L b2 . The equation of its tangent is 4xx"+9yy' =1
1/4 1/9 9
12
m = _Ax :§:>x’=—2y’ and 4x'% + 9y’ 1o ax?+9X C1ox o2l
9y 9 4 5

When x’:g,then y’:_?landwhen x’:_?z,then y' ==

2 -1 21
Hence points are | —,—
%) Es :)

y?

Pl =1 intercepts equal lengths | on the axes, then I=
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Solution: (b)

Example: 18

Solution: (d)

(@) a®+b? (b) va?+b? (€) (a%+b?)? (d) None of these

The equation of any tangent to the given ellipse is X cos 0 + % singd =1
a

This line meets the coordinate axes at P L,O and Q[O,_L]
cos ¢ sin@

a b a . b . a? b?
g =l=——=cos@==—and sind =— = cos’ O +sin*0 = —+—=1> =a’ +b*=1=va> +b” .
cos 0 sin@ | | | |

2 2

The area of the quadrilateral formed by the tangents at the end points of latus- rectum to the ellipse X? + y? =1,is

11T Screening 2003]
(a) 27/4sq. units (b) 9 sq. units (c) 27/2sq. units (d) 27sq. units
By symmetry the quadrilateral is a rhombus. So area is four times the area of the right angled triangle formed by the tangents and
axes in the 1% quadrant.

Now ae = va? —b? = ae = 2 = Tangent (in the first quadrant) at one end of latus rectum (Zgj is S X +§ . % =1

i.e. X Yo, Therefore area = 4.3.2.3 = 275sQ. units.
9/2 3 22

5.2.9 Equation of Pair of Tangents SS; = T2

2 2

y

Pair of tangents: Let P(x,,y,)be any point lying outside the ellipse X—2 + oz =1and let a pair of tangents PA, PB
a

can be drawn to it from P.

where S = —

Then the equation of pair of tangents PA and PB is SS, = T? A
X2 y2
aZ + b_2 -1=0 P(x1,y1) 5
2 2
_Xi Y
Sl = a—2 + b_2 -1=0
XXy | YYy
a—z + b2 -1=0

Director circle: The director circle is the locus of points from which perpendicular tangents are drawn to the ellipse.

Let P(x,,Y,) be any point on the locus. Equation of tangents through P(x,,y,)is givenby SS, =T?

y2 (i X Wi .|
—2+b—2—1 a_2+b_2_1 = a—2+b—2—1

They are perpendicular, So coeff. of x? +coeff. of y2 =0

&

1 \[ x?2 2 x 2 2
a R ——

Hence locus of P(x,,y,)i.e., equation of director circleis x? +y? =a® +b?

Example: 19

The angle between the pair of tangents drawn from the point (1, 2) to the ellipse 3x? +2y® =5 is [UPSEAT 2001]

() tant(12/5) (b) tan"*(6//5) (©) tan'(12/+/5) (d) tan"'(6/5)
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Solution: (c) The combined equation of the pair of tangents drawn from (1,2) to the ellipse 3x®+2y?=5 is
(3x%+2y? -5)(3+8-5)=(3x +4y —5)? [using SS, =T?]
= 9x®—24xy —4y®+.. =0
2v/h? —ab

The angle between the lines given by this equation is tan @ = b
a+

Where a=9, h=-12, b=—4 = tan 0 =12/+/5 =6 = tan"*(12//5)

2 2
Example: 20 The locus of the point of intersection of the perpendicular tangents to the ellipse X? + yT =1is [Karnataka CET 2003]
(@ x*+y%=9 (b)y x*>+y?=4 () x2+y?=13 (d) x2+y*=5
Solution: (c) The locus of point of intersection of two perpendicular tangents drawn on the ellipse is x2+y? =a®+b?, which is called
“director circle”.
; L xE P e y2 2 ; 2,2
Given ellipse is ?+T:1' ~Locusis x“+y“=9+4,ie x“+y-=13.
Example: 21 The locus of the middle point of the intercept of the tangents drawn from an external point to the ellipse x? + 2y? = 2 between
the coordinate axes, is [1T Screening 2004]
1 1 1 1 1 1 1 1
Q) —+—=1 by —+—=1 ) —+—=1 d) —+==1
@ x?  2y? (®) 4x%  2y? © 2x%  4y? @ 2x% y?
Solution: (c) Let the point of contact be R = (\/5 €os 6, sin 6)
Y
Equation of tangent AB is % cos@+ysing =1 N
Q(h.k)
= A= (\/E sec 4,0); B =(0, coses ) /‘ R
Let the middle point Q of AB be (h, ). X Q/A\ X
secd cosecd 1 . 1 1 1 P
= h=—"-k= =080 =—=,siN0="—= —+—=1 M
V2 2 hv2 2k 7 2h? 4k
. .1 1
Thus required locus is — +— =1
2x° 4y

5.2.10 Equations of Normal in Different forms

. . _ox2 oyt atx by, o,
(1) Point form: The equation of the normal at (x,,y,)to the ellipse _2+b_2 =lis —-——>==a"-Db".
a X1 Y
Tangent
M P(Xh)h)
Q(x2.y2)

. . . x? y? .
(2) Parametric form: The equation of the normal to the ellipse a_2+b_2 =lat (acosg,bsing)is

axsec ¢ —bycosecg =a® —b?.

2 2

(3) Slope form: If m is the slope of the normal to the ellipse X—2 + Z—z =1, then the equation of normal is
a
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The coordinates of the point of contact are

m(a® —b?)
va? +b%m?
+a? +mb 2

Ja? +b?m? a? +b?m?

y=mx +

2 2 2002 1232
|/\/OZ‘6’ : O If y =mx +c is the normal of X—2 + y_2 =1, then condition of normality is ¢® = m’@’ —b’)”

2 2 2 2 2 p2)\?
U The straight line Ix + my +n =0 is a normal to the ellipse X—2+y—2:1, if a_2+b_ :(uj :

a? b @2 +b?m?)

a? b 12 m?

U Four normals can be drawn from a point to an ellipse.

Important Tips

@ |If S be the focus and G be the point where the normal at P meets the axis of an ellipse, then SG =e.SP , and the tangent and normal at P bisect
the external and internal angles between the focal distances of P.

Normal

Y
P
X g cyT X

Y’

< Any point P of an ellipse is joined to the extremities of the major axis then the portion of a directrix intercepted by them subtends a right angle
at the corresponding focus.

@ With a given point and line as focus and directrix, a series of ellipse can be described. The locus of the extermities of their minor axis is a

parabola.

@ The equations to the normals at the end of the latera recta and that each passes through an end of the minor axis, if e* +e? +1=0
& [Iftwo concentric ellipse be such that the foci of one be on the other and if e and e’ be their eccentricities. Then the angle between their axes is

4 le?+e?-1
cos ™t [———— =
ee

Example: 22

Solution: (d)

Example: 23

Solution: (a)

The equation of normal at the point (0, 3) of the ellipse 9x? +5y? = 45 is [MP PET 1998]

@ y-3=0 (b) y+3=0 (c) x-axis (d) y-axis

2 2

y

_ 2 _ 2
For Z_2+b_2 =1, equation of normal at point (x,,y,), is (X =Xy)a = 0 —ya)b

Xy Y1

x=0g5_6-3 ; % 9or x =0 i.e, y-axis.

Here, (x,,y;)=(0,3)and a® =5, b® =9, Therefore

If the normal at any point P on the ellipse cuts the major and minor axes in G and g respectively and C be the centre of the

ellipse, then [Kurukshetra CEE 1998]
(@) a*(CGY +b*(Cy)* = (@* -b?)? (b) a*(CGY —b*(Cg)’ =@ -b?)?
(c) a*(CG)* —b%(Cg)* = (@ +hb?) (d) None of these

(x=xy) a = v _y1)b2

Let at point (x,,y;) normal will be
X Y1
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y. (0% 2%

andatg, x=0=>y=Cg = ™

2_
AtG, y=0 > X:Cszl(a—zb)
a

2
X—1+;’—12:1 = a?(CG) +b(Cg)? = (@® —b?)2.

Example: 24 The equation of the normal to the elllpse —+ Z—z =1 at the positive end of the latus-rectum is
a?

(@) x+ey+e’a=0 (b) x—ey—e®a=0 () x—ey—-e’a=0 (d) None of these

2 2 2
Solution: (b) The equation of the normal at (x,, y,) to the given ellipse is ax _b_y =a?—b?. Here, X, =ae and y; = —
X N a

So, the equation of the normal at positive end of the latus- rectum is

2 2
ax._ bzy —a%? [ b?=a’l-e?)]= X _ay-a’e?=x-ey—e’a=0
ae b/a e

5.2.11 Auxiliary Circle

The circle described on the major axis of an ellipse as diameter is called an auxiliary circle of the ellipse.
X2 y2
If = +2_ =1is an ellipse, then its auxiliary circle is x? +y? = a?

Y
cv R
2 2 X' ¢ X
. . . Xy CM

Eccentric angle of a point: Let P be any point on the ellipse —- +b—2 =1. &ﬁ

a x? y
AT S
% 2

ab2

Draw PM perpendicular from P on the major axis of the ellipse and produce MP to
meet the auxiliary circle in Q. Join CQ. The angle #XCQ =¢is called the

eccentric angle of the point P on the ellipse.
Note that the angle £XCP is not the eccentric angle of point P.

5.2.12 Properties of Eccentric angles of the Co-normal points

(1) The sum of the eccentric angles of the co-normal points on the elllpse —+ Z—Z = 1is equal to odd multiple of =
a’

(2) If «,p,y are the eccentric angles of three points on the ellipse, the normals at which are concurrent, then

sinfa + p)+sin(f+y)+sin(y +a)=0.
(3)Co-normal points lie on a fixed curve: Let P(x,,y,), Q(X,,Y,),R(X3,y3)and S(x,,y,)be co-normal points,

then PQRS lie on the curve (@®> —b?)xy +b%kx —a*hy =0
. . . Q(x2.y2) P(x1,y1)
This curve is called Apollonian rectangular hyperbola. I

R(Xsys)  S(Xaya)

I_ALQ[@ : O The feet of the normals from any fixed point to the ellipse lie at the intersections of the apollonian

rectangular hyperbola with the ellipse.

Important Tips
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y?

& The area of the triangle formed by the three points, on the ellipse —- +b—2 =1, whose eccentric angles are 6,gand yis
a’
2ab sin| 2=Y |sin[ ¥=2 | sin( 222 |
2 2 2
y2 oo eZsin20 ) .
@ The eccentricity of the elllpse —+ rel =11is given by 2cotw=—-———, where w is one of the angles between the normals at the points
o (a-e?)

. v
whose eccentric angles are ¢ and > +0.

Example: 25

Solution: (a)

Example: 26

Solution: (a)

2 2

The eccentric angle of a point on the ellipse — + y7 =1, whose distance from the centre of the ellipse is 2, is

[WB JEE 1990]
(@ /4 (b) 3712 (c) 5x/3 (d) 7x/6

Let @ be the eccentric angle of the point P. Then the coordinates of P are (\/E cos 6,~/2 sin o)
The centre of the ellipse is at the origin, It is given that OP = 2

= V6cos?20+2sin20 =2= 6c0s?O+2sin?0=4= 3cos?G+sin?0=2 = 2sin?0=1
= sin20:£:>sin9=ii:> O=+rl4
2 J2

The area of the rectangle formed by the perpendiculars from the centre of the ellipse to the tangent and normal at the point-whose
eccentricangleis z/4 ,is

a? —h? a? +b? 1(a?-b? 1 (a®+b?
a ab b ab c) — ab d — ab
@ (az+b2j ®) (az—sz © ab(a2+b2J @ ab(az—b2
The given pointis (acos z/4,bsinz/4)i.e. a b
V2 2
So, the equation of the tangent at this point is §+% =2 . 0]
7+E V2 ‘ J2ab

. p, = length of the perpendicular form (0, 0) on (i) =

‘\/l/a +1/b%| a?+b?

o 2O gt e fay -t bt
J_J_ Sz bz o TSI EE T e W

Therefore, p, = length of the perpendicular form (0, 0) on (ii) =

Equation of the normal at [

a’b? a? —b?
J22) (V202 2% +b?)
J2ab a’ —b? —(az_szab

X =
Ja? 12 J2a21p?) |a®+b?

So, area of the rectangle = p,p, =

5.2.13 Chord of Contact

If PQ and PR be the tangents through point P(X,,y,) to the ellipse

2

X%y
a2

. X Q
1, then the equation of the chord of contact QR is —+ +22L =1 or Rxwy1)
a Q a’? b2 \%

T=0at(x,,y,) X NRL%/

X1 Yy

5.2.14 Equation of Chord with Mid point (x1, y1)
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2 2
The equation of the chord of the ellipse X—2+z—2=1,whose mid point be (X;,y,)is T =S,, where
a
X W g XN
T_a_Z b -1= S a_2+b_2_1=O Q(x2,y2)

R(Xs,Y3)

5.2.15 Equation of the Chord joining two points on an EIIipse

Let P(acosé,bsind); Q(acos¢,bsin g)be any two points of the elllpse —+ y* 1. Then ,the equation of the
a’

b_z_
bsing —bsing

chord joining these two pointsis y —bsiné =
acos¢g —acoséd

(x —acos8)

Thus, the equation of the chord joining two points having eccentric angles 8 and ¢ on the elllpse —+ y* =1is
a’

o
X cos 0+¢ Y sin o+¢ = COS o-¢
a 2 b 2 2
| Note : 0 If the chord joining two points whose eccentric angles are « and £ cut the major axis of an
p Cc-—a

ellipse at a distance ‘¢’ from the centre, then tan Canl =279
2 c+a
O If e and g be the eccentric angles of the extremities of a focal chord of an ellipse of eccentricity e, then

tan%tan B 1FE _
2 2 1zte

2 2
Example: 27 What will be the equation of that chord of ellipse 2_6 + y? = 1 which passes from the point (2,1)and bisected on the point

[UPSEAT 1999]
(@ x+y=2 (b) x+y=3 () x+2y=1 (d x+2y=4
Solution: (d) Let required chord meets to ellipse on the points P and Q whose coordinates are (x,,y;) and (X,,Y,)respectively
Point (2,1) is mid point of chord PQ

2:%(x1 +X,)0r Xq +X, =4andl:%(y1 +y,)ory, +y, =2

2 2 2 2

: - : - Y1 Y2
Again points (x,, and (x.,Y,)are situated on ellipse; .. —1 = =1and —+— =1

gain p (X1,¥1) (X2,Y2) p: 3% g 3% g

2,2 2,2 B B B
On subtracting X2 =X Y27V g YaTV1 o p+x) 4 -1
36 9 Xy — Xq 4y, +y,) 4x2 2

. Gradient of chord PQ = Y2 Y1 _ %
X, — Xy 2

Therefore, required equation of chord PQ is as follows, y -1 = —%(x —2)or x+2y =4

Alternative: S; =T  (If mid point of chord is known)

2 2
" 2—+1——1:2—X+1—y—1 = X+2y=4
36 9 36 9
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Example: 28

Solution: (a)

Example: 29

Solution: (a)

Example: 30

Solution: (a)

Example: 31

Solution: (d)

What will be the equation of the chord of contact of tangents drawn from (3, 2) to the ellipse x? +4y2? =9
(@ 3x+8y=9 (b) 3x+8y=25 (c) 3x+4y=9 (d 3x+8y+9=0
The required equationis T=0i.e.,3x +4(2y)-9=00r 3x +8y =9.

A tangent to the ellipse x2 +4y? = 4 meets the ellipse x2 +2y2 = 6 at P and Q. The angle between the tangents at P and Q of

the ellipse x2 +2y2 =6 is [T 1997]

T T T T
a) — by — c) — d) —
(a) 2 (b) 3 (©) 2 (d) 5

. : . x? y? :
The given ellipse x? +4y?2 =4 can be written as T 1 ... (i)

A(h,k) Q
Any tangent to ellipse (i) is %cos f+ysing=1 .. (i)
2 2 P

Second ellipseis x2 +2y2 =6 , i.e. x?+y? =1 .. (iii)

Let the tangents at P, Q meet at (h,k).

..Equation of PQ, i.e. chord of contact is %X + k?y =1 .. (iv)
Since (ii) and (iv) represent the same line, .- _hi6 _ki3 _1 = h=3cosfand k =3sind

“(cos)/2 sing 1

2 2

So, h? +k? =9 or x2 +y?2 =9is the locus of (h,k) which is the director circle of the ellipse % +y? =1

.. The angle between the tangents at P and Q will be /2.

2 2

The locus of mid-points of a focal chord of the ellipse X—2 + z—z =1is [EAMCET 1995]
a
x2 y?  ex x?2 y?  ex s 2 2 o
@ —F+5=— b) —-5=— () x“+y“=a“+b“ (d) None of these
a b a a b a
o : o hx ky h? k* _.
Let (h,k) be the mid point of a focal chord. Then its equationis S; =T or —-+ bZ =—+ Pea This passes through (ae, 0),
a a
hae h? k2 _xe x? y?
;. —— =—+—. S0, locus of (h,k)is — = —+I1—
a? a? b? (0 a a’ b?

If o and } are the eccentric angles of the extremities of a focal chord of an ellipse, then the eccentricity of the ellipse is

CoS o + C0s 3 (b) sina —sin g © cos o —Ccos S ) sina +sin g

cos(a — ) sin(a — p) cos(a — f) sin(a + f)

The equation of a chord joining points having eccentric angles « and g is given by

X cos[ﬂj + y sin(ﬂj = cos(ﬂj
a 2 b 2 2

If it passes through (ae,0)then ecos(#} = C0S a;ﬂ J

cos[a_ﬂJ Zsin(Mjcos[a_ﬁ] ) )
2 2 sina +sin g
=e= =e=

2
COS(MJ ) Zsin(MJcos(aJr’Bj ) sin(@+ /)
2 2 2

(@)

= €=
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5.2.16 Pole and Polar
Let P(x,,y,)be any point inside or outside the ellipse. A chord through P intersects the ellipse at A and B

respectively. If tangents to the ellipse at A and B meet at Q(h,k) then locus of Q is called polar of P with respect to ellipse
and point P is called pole.

Q(h,k) A

Polar —i

Pole

2 2

Equation of polar: Equation of polar of the point (x,,y,)with respect to ellipse —- + >bl_2 =1 is given by
a

XX .
a_21+%=1 (i.e. T=0)

2 2
Coordinates of pole: The pole of the line Ix + my +n =0 with respect to ellipse X—2 + Z_Z =11is
a

2 2
I:{—al’—b mJ o
n n ,
R

Q R

| Note : QThe polar of any point on the directrix, passes through the focus.

O Any tangent is the polar of its own point of contact.

Properties of pole and polar
(1) If the polar of P(x,,y,)passes through Q(X,,y,), then the polar of Q(x,,y,)goes through P(x,,y,) and such

points are said to be conjugate points.
(2) If the pole of a line I;x + m;y +n; = 0lies on the another line I,x + m,y +n, =0, then the pole of the second

line will lie on the first and such lines are said to be conjugate lines.
(3) Pole of a given line is same as point of intersection of tangents at its extremities.

Example: 32 The pole of the straight line x + 4y = 4 with respect to ellipse x2 +4y? =4 is [EAMCET 2002]
(@ (1,4 (b) (1.1) © 41 d) 44
Solution: (b) Equation of polar of (x,,y;) w.r.tthe ellipseis xx, +4yy, =4 ... 0]
Comparing with x +4y =4 . (i)
Xy _ 4y -1 _ _ . ; _
14 = x; =1y, =1 ... Coordinates of pole (x,,y;)=(1, 1)
2 y2
Example: 33 If the polar with respect to y2 = 4ax touches the ellipse —+ ? =1, the locus of its pole is [EAMCET 1995]
o
XZ y2 X2 ﬂ2y2
Q) —-——2 -1 by =+ =1
@ ®) “5+0>

2 (4%t 17
() a®x?+p%y%? =1 (d) None of these
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Solution: (a) Let P(h,k)be the pole. Then the equation of the polar is ky = 2a(x + h)or y = % X +%h .

This touches —- +y— =1, S0 [Zah)
a? k

2
2( 22 2 ; 2 _ 2.2 2
5 o =a (—j + B4, (using ¢ =a“m* +b*)

2
— 4a%h? =4a%a? +k?B%. So, locus of (hK)is 4a2x? = 4a2a? + g2y2or X y =1

2
? 4a%q?
ﬂz
5.2.17 Diameter of the Ellipse

Definition : The locus of the mid- point of a system of parallel chords of an ellipse is called a diameter and the chords are
called its double ordinates i.e. A line through the centre of an ellipse is called a diameter of the ellipse.

The point where the diameter intersects the ellipse is called the vertex of the diameter.

Y
Equation of a diameter to the ellipse a_+i)/_2_1: Let y=mx +che a /W:\mm
2 2 5

. X . .
system of parallel chords of the ellipse —-+ Z—z =1, where mis a constant and c is a / X

a 2 2 > 2
H X—+y—:1 y :ix

variable. a? b2 M a’m

y 2
The equation of the diameter bisecting the chords of slope m of the elllpse —+ o7 =lisy=-
a’ am

passing through (0, 0).
Conjugate diameter: Two diameters of an ellipse are said to be conjugate diameter if each bisects all chords
parallel to the other. Y
Conjugate diameter of circle i.e. AA"and BB'are perpendicular to each other.
Hence, conjugate diameter of ellipse are PP"and QQ’. Hence, angle between

conjugate diameters of ellipse > 90°. X X
Now the coordinates of the four extremities of two conjugate diameters are .
P(acos ¢,b sin ¢); P'(-acos ¢,~b sin ¢); Q(-asin ¢, b cos ¢); Q'(a sin ¢,—b cos ¢) ¥
If y=m;xand y=m,x be two conjugate diameters of an ellipse, then

—_p?
m,m, =
12 a2
(1) Properties of diameters
(i) The tangent at the extremity of any diameter is parallel to the chords it bisects or parallel to the conjugate diameter.
(ii) The tangent at the ends of any chord meet on the diameter which bisects the chord.
(2) Properties of conjugate diameters
(i) The eccentric angles of the ends of a pair of conjugate diameters of an ellipse differ by a right angle,
ie. ¢g—¢ = z (acosg',bsing')
2 D P(acosg,bsing)

(ii) The sum of the squares of any two conjugate semi-diameters of an ellipse is N
constant and equal to the sum of the squares of the semi axes of the ellipse, \&/

i.e.CP2+CD? =a’? +b? P D'
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(iif) The product of the focal distances of a point on an ellipse is equal to the square of the semi-diameter which is
conjugate to the diameter through the point,

i.e., SP.S'P =CD? D P(acosg,bsin¢)
s /C S
P D'

(iv) The tangents at the extremities of a pair of conjugate diameters form a parallelogram whose area is constant and

equal to product of the axes, i.e. v
Area of parallelogram = (2a)(2b)= Area of rectangle contained under major m 2
and minor axes. R,/Pé>P\R
X' X
P’ D’
Qly

(v) The polar of any point with respect to ellipse is parallel to the diameter to the one on which the point lies. Hence
obtain the equation of the chord whose mid pointis (x,y,),i.e. chordis T =S, .

(3) Equi-conjugate diameters: Two conjugate diameters are called equi-conjugate, if their lengths are equal i.e.
(CP)* =(CD)*
a’cos’p+b?sin®¢g=a’sin’¢+b?cos’ ¢
= a’(cos® ¢ —sin? g)—b?(cos? ¢ —sin® p) = 0= (a®> —b?)(cos® ¢ —sin’ ) =0

(@®>-b?)=0, .cos2¢=0. So, ¢=%ori—”

2 2
(CP)=(CD) = ,/w for equi-conjugate diameters.

Important Tips

2

2 2 2
@ |If the point of intersection of the ellipses X—2 +y_2 =1and x_2+y_2 =1be at the extremities of the conjugate diameters of the former,

2 2

a b
then —+— =2
0(2 2

@ The sum of the squares of the reciprocal of two perpendicular diameters of an ellipse is constant.
@ In an ellipse, the major axis bisects all chords parallel to the minor axis and vice-versa, therefore major and minor axes of an ellipse are
conjugate diameters of the ellipse but they do not satisfy the condition m,.m, =—b?/a? and are the only perpendicular conjugate diameters.

Example: 34 If one end of a diameter of the ellipse 4x2 +y2 =16 is (\/5,2) , then the other end is
(@ (3,2 b)) (3-2) © (V3,2 @ (©0)

Solution: (c) Since every diameter of an ellipse passes through the centre and is bisected by it, therefore the coordinates of the other end are
(V3,-2).

2 2

Example: 35 If 6 and ¢ are eccentric angles of the ends of a pair of conjugate diameters of the ellipse X—2 + z—z =1 ,then 6 —¢ is equal to
a
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(a) i% (b) +r © 0 (d) None of these

Solution: (a) Let y=m,xand y=m,xbe a pair of conjugate diameter of an ellipse —+z—2—1and let P(acos @, bsing) and
a

2

Q(acos ¢, b sing) be ends of these two diameters. Then m;m, =

bsing—-0 bsing-0 _ —b?
acos6-0 acosp—0 a2

= sin@dsing =—-cosfcosg = cos(@—¢)=0=> O—-¢=x7/2.

5.2.18 Subtangent and Subnormal
Let the tangent and normal at P(x,,y,)meet the x-axis at A and B respectively.

2

Length of subtangent at P(x,,y,)to the elllpse —+ y* _1isDA=CA-CD=2 _ X,

b? X
. ox?y? . Y
Length of sub-normal at P(x, y,)to the ellipse a_2+b_2 =11is A W)
b? b? X' /; B DJ A >
BD=CD—CB=X1—(xl—a—2x1]_a— —(L—e?)x,. N4 8y
v

I_ALQK@ : O The tangent and normal to any point of an ellipse bisects respectively the internal and external angles

between the focal radii of that point.

2

X%y
,2 | of the ellipse — +=—=1are
25 16

-5y3
2

Example: 36 Length of subtangent and subnormal at the point (

(d) None of thee

@ (ﬂ_m]ysﬁ ) (5\/5 1OJ,8J§ © (5\/5 12],@

2 Jfz3) 5 2 3 10 2 J3) 5
Solution: (a) Here a® = 25,b* =16, x, =ﬂ . Length of subtangent = ——xl _| 2 5‘/§| :|5‘/§ 1w
2 532 2| |2 s
2
Length of subnormal = b—le 5‘/_ = ﬁ
a 25 2 5

5.2.19 Concyclic points

Any circle intersects an ellipse in two or four points. They are called concyclic points and the sum of their eccentric
angles is an even multiple of z

QW) P(2)

R() S(9)

If , .y, 0 be the eccentric angles of the four concyclic points on an ellipse, then o+ S+ +6 = 2nz, where n is
any integer.
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IﬂQﬁé’ : O The common chords of a circle and an ellipse are equally inclined to the axes of the ellipse.

Important Tips

2 2
@ The centre of a circle x? +y? +2gx + 2fy +c = 0 passing through the three points, on an ellipse x_2 + z—z =1 (whose eccentric angles are
a

arﬂv}/)is _g

2 L2 B
:[a a J {c05a+cosﬂ+cos;/+cos(a+ﬂ+y)}and—f:[b

2 a2
] {sina +sin g +siny —sin(a + B+ )}

@ P'CP and D'CD are conjugate diameters of an ellipse and « is the eccentric angles of P. Then the eccentric angles of the point where the
circle through P, P’, D again cuts the ellipse is 7/2 — 3« .

5.2.20 Reflection property of an Ellipse

Let S and S'be the foci and PN the normal at the point P of the ellipse, then ZSPS’'= ~SQS’. Hence if an

incoming light ray aimed towards one focus strike the concave side of the mirror in

the shape of an ellipse then it will be reflected towards the other focus.

Example: 37

Solution: (a)

B Tangent  Light
~ ray

Eiadl

XATs ¢ N s /A
Normal
B

Reflected ray

Q

A ray emanating from the point (-3,0)is incident on the ellipse 16x2 +25y2 = 400 at the point P with ordinate 4. Then the

equation of the reflected ray after first reflection is
(@ 4x+3y=12 (b) 3x+4y=12
For point P y-coordinate =4
Given ellipse is 16x2 + 25y 2 = 400
16x2 +25(4)> =400, .. x =0
..co-ordinate of P is (0, 4)
e2-1-6_39
25 25

3
L e==

5

Foci (tae,0) ,i.e. (£3,0)

(c) 4x-3y=12

d) 3x-4y=12

Y
©4]p

. Equation of reflected ray (i.e.PS) is %+% =lor 4x +3y =12,

*k*x
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Definition of the Ellipse O

Basic Level 3

If a bar of given length moves with its extremities on two fixed straight lines at right angles, then the locus of any point on bar marked on the

bar describes a/an [Orissa JEE 2003 ]
(@) Circle (b) Parabola (c) Ellipse (d) Hyperbola

If the eccentricity of an ellipse becomes zero, then it takes the form of

(@) Acircle (b) A parabola (c) Astraight line (d) None of these

The locus of a variable point whose distance from (-2,0) is % times its distance from the line x = 7%, is [T Screening 1994]
(@ Ellipse (b) Parabola (c) Hyperbola (d) None of these

If A and B are two fixed points and P is a variable point such that PA+PB =4, where AB <4 , then the locus of P is

(@) A parabola (b) An ellipse (c) A hyperbola (d) None of these

Equation of the ellipse whose focus is (6,7) directrixis x+y+2=0 and e = 1743 is

(@) 5x2+2xy +5y% —76x —88y +506 =0 (b) 5x%—2xy +5y® —76x —88y +506 =0
(c) 5x2—2xy +5y% +76x +88y —506 =0 (d) None of these

The locus of the centre of the circle x? +y?+4xcos @ —2ysin@—10 =0 is

(@ Anellipse (b) Acircle (c) A hyperbola (d) A parabola

Standard and other forms of an Ellipse, Terms related to an Ellipse O

10.

11.

Basic Level 9

The equation 2x? +3y? = 30 represents [MP PET 1988]
(@) Acircle (b) An ellipse (c) A hyperbola (d) A parabola
X2 y2

The equation > + : +1 =0 represents an ellipse, if [MP PET 1995]
@ r>2 (b) 2<r<5 () r>5 (d) None of these

Equation of the ellipse with eccentricity % and foci at (£1,0) is [MP PET 2002]

2 2 2 2 2 2
X y X y X y 4
a) —+—=1 by —+=—=1 ) —+—=— d) None of these
@ -+ (0) -+ © S5 =5 (@

The equation of the ellipse whose foci are (+5,0) and one of its directrix is 5x =36 , is

2 2 2 2 2 2
@ 2 +Y 0 Y 1 © 4+¥ 1 (d) None of these
36 11 6 Vi1 6 11

The equation of ellipse whose distance between the foci is equal to 8 and distance between the directrix is 18, is



12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.
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(@) 5x2-9y2=180 (b) 9x?+5y2 =180 (c) x2+9y?=180 (d) 5x2+9y% =180
The equation of the ellipse whose one of the vertices is (0,7) and the corresponding directrix is y =12, is

(@) 95x2+144y2=4655  (b) 144x2+95y* = 4655 (c) 95x2+144y? =13680 (d) None of these

The equation of the ellipse whose centre is at origin and which passes through the points (-3, 1) and (2,-2) is

(@) 5x*+3y?=32 (b) 3x2+5y2=32 (c) 5x2-3y?=32 (d) 3x2+5y2+32=0

An ellipse passes through the point (—3,1) and its eccentricity is \/g . The equation of the ellipse is

(@) 3x*+5y*=32 (b) 3x*+5y?=25 (c) 3x?+y*=4 (d) 3x?+y*=9
If the centre, one of the foci and semi- major axis of an ellipse be (0, 0), (0, 3) and 5 then its equation is [AMU 1981]
2 2 2 2 2 2
@ ¥ 1 o Y © Z4¥ -1 (d) None of these
16 25 25 16 9 25
The equation of the ellipse whose latus rectum is 8 and whose eccentricity is % , referred to the principal axes of coordinates, is
[MP PET 1993]
2 2 2 2 2 2 2 2
@ L -1 0 2 +¥ 1 © 2+¥ -1 @ Z4+Y 1
18 32 8 9 64 32 16 24

The lengths of major and minor axes of an ellipse are 10 and 8 respectively and its major axis is along the y-axis. The equation of the ellipse
referred to its centre as origin is
2 2 2 2 2 2 2 2
@ 2 +Y -1 o ¥ 1 © 2 +¥ -1 @ 2+ -1
25 16 16 25 100 64 64 100

The equation of the ellipse whose vertices are (5, 0) and foci are (+4,0) is

(@) 9x%+25y? =225 (b) 25x%+9y? =225 (c) 3x®+4y? =192 (d) None of these
The latus rectum of an ellipse is 10 and the minor axis is equal to the distance between the foci. The equation of the ellipse is
(@ x?+2y?=100 (b) x?++2y?=10 (c) x2-2y?=100 (d) None of these
The eccentricity of the ellipse 4x% +9y2 =36 , is [MP PET 2000]
@ —= 0 © L @ L
243 V3 3 6
Eccentricity of the conic 16x? +7y? =112 is [MNR 1981]
3 7 3 4
a — b) — c) — d) —
® 0 © - @ 3
Eccentricity of the ellipse 9x2 +25y% = 225 is [Kerala (Engg.) 2002]
3 4 9 V34
a) — by — c) — d —
@ ®) - © @ =
The eccentricity of the ellipse 25x2 +16y? = 400 is [MP PET 2001]
3 1 2
a — by — c) — d) —
@ ®) 5 © @
X2 y2
For the ellipse — +=— =1, the eccentricity is [MNR 1974]
64 28
3 4 2
a) — by — c) — d) —
@ - 0 3 © - @

If the latus rectum of an ellipse be equal to half of its minor axis, then its eccentricity is [MP PET 1991, 1997; Karnataka CET 2000]
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26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

3 V3 2 V2
a) — by — c) — d) —
@ - (0) © 3 @ =
If the length of the major axis of an ellipse is three times the length of its minor axis, then its eccentricity is [EAMCET 1990]
1 1 1 242
@ < () — © —= d —
3 J3 J2 3
The length of the latus rectum of an ellipse is % of the major axis. Its eccentricity is [EMACET 1991]
4
2 2 5x4x3 3
a) — b - ) — d) |—
@ (b) \fg © == (@ [ 4j
Eccentricity of the ellipse whose latus rectum is equal to the distance between two focus points, is
V5 +1 J5-1 J5 V3
a b c) — d) —
@ () © = @ =
If the distance between the foci of an ellipse be equal to its minor axis, then its eccentricity is
1 1 1 1
@ = () —= © = d —=
2 J2 3 J3
XZ y2
The length of the latus rectum of the ellipse % + 0 lis [Karnataka CET 1993]
98 72 72 98
a — by — c) — d) —
@ (0) - © 1 @ &
For the ellipse 3x? +4y? =12 , the length of latus rectum is [MNR 1973]
3 8 3
a) — b) 3 c) — d —
@ - (b) © 3 @ 3
The length of the latus rectum of the ellipse 9x* +4y® =1, is [MP PET 1999]
3 8 4 8
a — b) — c) — d) —
@ - (b) © 3 @ 3
In an ellipse, minor axis is 8 and eccentricity is 5 Then major axis is [Karnataka CET 2002]
(@ 6 (b) 12 (c) 10 (d) 16
The distance between the foci of an ellipse is 16 and eccentricity is % . Length of the major axis of the ellipse is [Karnataka CET 2001]
(@ 8 (b) 64 (c) 16 (d) 32
If the eccentricity of an ellipse be 1/ \/E then its latus rectum is equal to its
(@ Minor axis (b) Semi-minor axis (c) Major axis (d) Semi-major axis

If the distance between a focus and corresponding directrix of an ellipse be 8 and the eccentricity be 1/ 2, then the length of the minor axis is

@@ 3 (b) 42 © 6 (d) None of these
The sum of focal distances of any point on the ellipse with major and minor axes as 2a and 2b respectively, is equal to [MP PET 2003]
2
@ 2a ® 22 © 22 o L
b a a
P is any point on the ellipse 9x2 +36y? = 324 whose foci are Sand S'. Then SP +S'P equals [DCE 1999]

@ 3 () 12 € 36 (d) 324



39.

40.

41.

42,

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

The foci of 16x2 + 25y =400 are
(@ (#3,0) (b) (0,£3) © GB-3)

In an ellipse 9x? +5y? = 45, the distance between the foci is

(@) 45 (b) 345 © 3
XZ yZ
The distance between the directrices of the ellipse % + ) =1is
(@ 8 (b) 12 (c) 18
. . x2 y? x? y? .
If the eccentricity of the two ellipse ——+>—=1,and —-+- =1 are equal, then the value of a/b is
169 25 a~ b

5 6 13
a) — by — c) —
@ ®) = © 3
The equation of the ellipse whose one focus is at (4, 0) and whose eccentricity is 4/5, is

X2 y2 X2 y2 XZ y2
(a) ?‘P'S—Z:l (b) 5—2+3—2=1 (C) 5—2+4—2:1
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(d)

(d)

(d)

(d)

(d)

[BIT Ranchi 1996]

(-3,3)
[Karnataka CET 2002]
4
24
[UPSEAT 2001]
E
6
[Karnataka CET 1993]
2 2
Xy
4—2 + 5—2 =1

S and T are the foci of an ellipse and B is an end of the minor axis. If STB is an equilateral triangle, the eccentricity of the ellipse is

L

& % (b) © %

If C is the centre of the ellipse 9x2 +16y2 =144 and S is one focus, the ratio of CS to semi-major axis, is

@ 7:16 () 7:4 © 5:47
If L.R.=10, distance between foci = length of minor axis, then equation of ellipse is
2 2 2 2 2 2
@ i+ -1 0 Z—+¥ -1 © Z+¥X -1
50 100 100 50 50 20
Line joining foci subtends an angle of 90° at an extremity of minor axis, then eccentricity is
1 1 1
@ — () —= © —=
V6 V3 V2
If foci are points (0,1),(0,—1) and minor axis is of length 1, then equation of ellipse is
2 2 2 2 2 2
@ 2+ -1 0 =X+ Y -1 © = +¥ -1
1/4 5/4 5/4 1/4 3/4 1/4

The eccentricity of the ellipse 5x*+9y? =1 is

2 3 4
a — by — c) —
@ - ® - © ¢
For the ellipse x? +4y? =9
o1 .2 .
(&) The eccentricity is 7 (b) The latus rectum is 3 (c) Afocusis (3v3,0)

The sum of the distances of any point on the ellipse 3x? +4y? =24 from its foci is

@ 82 () 442 € 1642
The sum of the focal distances from any point on the ellipse 9x? +16y? =144 is
(@ 32 (b) 18 (c) 16

(d)

(d)

(d)

(d)

(d)

(d)

(d)

()

()

[EMACET 1992; DCE 1995]
2

None of these

None of these

None of these

2 2
X—+ y =1
1/4 3/4

[EMACET 2000]

N

[Roorkee 1999]

A directrix is x = 2\/5

[Kerala (Engg.) 2001]

None of these

[Roorkee 1997; Pb.CET 2002]
8
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53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

The distance of a focus of the ellipse 9x? +16y? =144 from an end of the minor axis is

(@ % (b) 3 (c) 4 (d) None of these
. o x? y? . . 2 2 .
The equation of ellipse in the form —-+ o7 =1, given the eccentricity to be 3 and latus rectum 3 is [BIT Ranchi 1998]
a
(@) 25x?+45y?=9 (b) 25x?-4y?=9 (c) 25x*-45y?=9 (d) 25x? +4y? =1

The equation of the ellipse with axes along the x-axis and the y-axis, which passes through the points P (4, 3) and Q (6, 2) is

2 2 2 2 2 2 2 2

Xy X~y .y Xy
a —+-—=1 by —+—=1 ) —+—=1 d) —+—==1
@ 50 13 ®) 52 13 © 13 52 @ 52 17
XZ y2
P is a variable point on the ellipse —- + P 1 with AA' as the major axis. Then the maximum value of the area of the triangle APA' is
a
ab
(@ ab (b) 2ab () > (d) None of these

The latus rectum of the ellipse x? tan® ¢ +y? sec? @ =1 is 1/2 then (0 < a < 7) is equal to

@ x/112 (b) x/6 (c) 5xz/12 (d) None of these

Al Level
dvance Leve Y

An ellipse is described by using an endless string which is passed over two pins. If the axes are 6 cm and 4 cm, the necessary length of the

string and the distance between the pins respectively in cm, are [MNR 1989]
@ 6,2v5 () 6,45 © 4,2V5 (d) None of these
A man running round a race-course notes that the sum of the distances of two flag-posts from him is always 10 meters and the distance
between the flag-posts is 8 meters. The area of the path he encloses in square metres is [MNR 1991; UPSEAT 2000]
(@ 157 (b) 12x (c) 18z (d) 8x
XZ y2
The equation —— — =1, r>1 represents [T 1981]
1-r 1+r
(@ Anellipse (b) A hyperbola (c) Acircle (d) Animaginary ellipse
2 2
The radius of the circle having its centre at (0,3) and passing through the foci of the ellipse I—G +y? =1,is [T 1995]
@@ 3 (b) 35 © 4 @ ~12
o . . , . o PNZ .
The centre of an ellipse is C and PN is any ordinate and A, A’ are the end points of major axis, then the value of ANAN is
2 2
@ 2 0 X (© a?+b? @ 1
a b
2 2

Let P be a variable point on the ellipse ;—5 + 1—6 =1 with fociat Sand S’. If A be the area of triangle PSS’, then the maximum value of A

is
(@) 24 sq. units (b) 12 sq. units (c) 36sq. units (d) None of these

The eccentricity of the ellipse which meets the straight line ;+% =1 on the axis of x and the straight line %—% =1 on the axis of y and

whose axes lie along the axes of coordinates, is



65.

66.

67.

68.

69.
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@ 22 o 2 @ 2

(d) None of these
7 7

If the focal distance of an end of the minor axis of an ellipse (referred to its axes as the axes of x and y respectively) is k and the distance
between its foci is 2h, then its equation is

2 2 2 2 2 2 2 2
y X y X y X y
Q) —+i-=1 by —+—-1 =1 ) —+—2—=1 d =+ —=1
@ k? h? ®) k? k?-h? © k? h?-k? @ k? k?+h?
If (5, 12) and (24, 7) are the foci of a conic passing through the origin, then the eccentricity of conic is
V386 V386 V386 386

@ — (b) —— © — @ —

38 12 13 25

2 2

The maximum area of an isosceles triangle inscribed in the ellipse — Z—z =1 with the vertex at one end of the major axis is
a

[Roorkee 1994, Him. CET 2002 ]

@) J3ab (b) # ab (c) ¥ ab (d) None of these
. ) ) . ox?oy? o .
The radius of the circle passing through the foci of the ellipse 6 + Y =1 and having its centre (0, 3) is [T 1995]
7
@ 4 (0) 3 () iz @ -
The locus of extremities of the latus rectum of the family of ellipse b?x? +y? = a?b?is
(@ x*-ay=a? (b) x*-ay=b? () x®>+ay=a’ (d) x%+ay=h?

Special form of an Ellipse, Parametric equation of an Ellipse O

70.

71.

72.

73.

74.

Basic Level 3

The equation of the ellipse whose centre is (2,—3), one of the foci is (3, —3) and the corresponding vertex is (4, -3) is

Y 2 Y 2 2 2
©) M+M:1 (b) u+M:1 (© X—+y—:1 (d) None of these
3 4 4 3 3 4
The equation of an ellipse, whose vertices are (2, -2), (2, 4) and eccentricity % is [Karnataka CET 1999]
92 _1\2 92 _1\2 2 2 92 2
Rt S P C ) SVl Y O N VPP ) W | Y
9 8 8 9 8 9 9 8
The equation of an ellipse whose eccentricity 1/2 is and the vertices are (4, 0) and (10, 0) is
(@) 3x2+4y? —42x+120 =0 (b) 3x?+4y® +42x+120 =0
(€) 3x2+4y?+42x-120 =0 (d) 3x2+4y%-42x-120=0
For the ellipse 3x? +4y? —6x +8y —5=0 [BTT Ranchi 2000]
(@ Centreis (2,-1) (b) Eccentricity is %
(c) Fociare(3,1)and (-1, 1) (d) Centreis(1,-1), e = % foci are (3, -1) and (-1, -1)
The eccentricity of the ellipse 9x2 +5y% —18x -2y —16 =0 [EAMCET 2003]

@ 12 () 2/3 € 13 (d) 3/4
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75.

76.

77.

78.

79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

(x—gl)z LOHD?

The eccentricity of the ellipse

25
@ 45 () 355 (©) 5/4
The eccentricity of the ellipse 9x2 +5y2 =30y =0, is
1 2 3
a) — b) — c) —
(@) 3 (b) 3 (©) 2

The eccentricity of the ellipse 4x? +9y? +8x +36y +4 =0 is

5 3 J2
a) — by — c) —
(@ 5 (b) c © 3
The eccentricity of the curve represented by the equation x? +2y2 —2x +3y+2=01s
@ o () 1/2 © 1/42

2 2

The centre of the ellipse (x+y-2) + (x IGy) =1,is
(@ (0,0) (b @1 (c) (1,0
The centre of the ellipse 4x? +9y? —16x —54y +61 =0 is
(@ (1,3) () (273) © B2
Latus rectum of ellipse 4x? +9y? —8x —36y +4 =0 is
@ 8/3 () 4/3 ©) g

The length of the axes of the conic 9x2 +4y% —6x +4y+1=0, are

1 2 2
a —.9 b) 3,— c) 1L—-
@ (0) 3.2 © L3
Equations x =acos €, y =b sin 8 (a > b)represent a conic section whose eccentricity e is given by
2 2 2 2 2 2
2 _a“+b 2 _a“+b 2 _a"-b
(@ e”= 22 (b) e” = YR (c) e = 22

The curve with parametric equations x =1+4cosd, y =2+ 3 sinéis

(b) A parabola
The equations X =acos 8,y =b sing,0 <8 <2x,a=b , represent

(@ Anellipse (c) A hyperbola

(@ Anellipse (b) A parabola (c) Acircle
The curve represented by x = 2(cos t +sint),y = 5(cos t —sint) is
(@) Acircle (b) A parabola (c) Ancellipse

. 1-t2 2bt
The equations X =a| —— |, Yy =———;t € R represent
q [1+t2] y 1+t2 P

(@) Acircle (b) Anellipse (c) A parabola

The eccentricity of the ellipse represented by 25x2 +16y? —150x —175 =0 is

& é (b) % © %

The set of values of a for which (13x —1)? + 13y —2)? = a(5x + 12y —1)*represents an ellipse is

@ 1l<ax<2 (b) O<a<1 (c) 2<a<3

Advance Level )

(d)

(d)

(d)

(d)

(d)

(d)

(d)

(d)

(d)

(d)

(d)

(d)

(d)

(d)

(d)

[AMU 1999]

Imaginary

[MNR 1993]

None of these

[MP PET 1996]

J5
3
[Roorkee 1998]
V2
[EAMCET 1994]
©, 1)
[MP PET 1992]
@1
[MP PET 1989]
16/3
[Orissa JEE 2002]
3,2
. a’-b?
==
Acircle
A hyperbola
[EAMCET 2000]
A hyperbola
A hyperbola

[IMIEE 2000]

None of these

None of these



90.

91.

Conic Section : Ellipse 215
The parametric representation of a point on the ellipse whose foci are (-1, 0) and (7, 0) and eccentricity 1/2 is

@ (3+8cos 0,44/3 sin d) (b) (8cos 0,4+/3 sin 0) () B+ 4+/3 cos 6,8 sin 0) (d) None of these

2 2

If P(8)and Q(% + 9} are two points on the ellipse X—z + z—z =1, then locus of the mid-point of PQ is
a

2 2 2 2 2

X 1 X y X y
a) — + == by —+2-=4 C) —+—==2 d) None of these
@ — > ® 5 © — -+ (d)

<

o
[N

Position of a point, Tangents, Pair of tangents, and Director circle of an Ellipse O

92.

93.

94.

95.

96.

97.

98.

99.

100.

101.

102.

Basic Level
asic Leve 3

2 2
The line Ix +my —n = 0 will be a tangent to the ellipse X—2+Z—2 =1, if
a

(@ a%1? +b*m? =n? (b) al®> +bm? =n? () a’l+b’m=n (d) None of these
2 2
The line x cos & +y sina = p will be a tangent to the conic X—z + z—z =1, if [Roorkee 1978]
a
(@ p?=a’sina+b?cos?a (b) p?=a+b?
() p?=b%sina+a’cos®a (d) None of these
The equations of the tangents of the ellipse 9x? +16y? =144 , which passes through the point (2, 3) is [MP PET 1996]
@ y=3x+y=5 (b) y=-3,x-y=5 (c) y=4,x+y=3 d y=-4,x-y=3
The equation of the tangent to the conic x2 —y2 —8x +2y +11 =0at (2, 1) is [Karnataka CET 1993]
@ x+2=0 (b) 2x+1=0 () x-2=0 d x+y+1=0
The position of the point (1, 3) with respect to the ellipse 4x? +9y? —16x —54y +61 =0 is [MP PET 1991]
(a) Outside the ellipse (b) On the ellipse (c) On the major axis (d) On the minor axis
2 2
The ellipse X—2 + Z—Z =1 and the straight line y = mx + c intersect in real points only if [MNR 1984, 1995]
a
(@) a’m? <c? -b? (b) a’m? >c? —b? (c) a’m? >c? -b? (d c=b
2 2
If the line y = mx + c touches the ellipse 2—2 + y_2 =1,thenc= [MNR 1975; MP PET 1994,95,99]
a
(@ +vb’m?+a? (b) ++va’m? +b? () ++vb’m?-a? (d) ++va’m? —p?
2 2
If the line y = 2x + ¢ be a tangent to the ellipse % + yT =1, thenc= [MNR 1979; DCE 2000]
(@ =4 (b) £6 (c) #1 (d) =8

The equation of the tangent to the ellipse x2 +16y? =16 making an angle of 60 ° with x-axis

(@) \/§x7y+7=0 (b) \/Exfy77=0 (©) \/Exfyi7=0 (d) None of these
The position of the point (4, —3) with respect to the ellipse 2x? +5y? = 20 is

(a) Outside the ellipse (b) On the ellipse (c) On the major axis (d) None of these

The angle between the pair of tangents drawn to the ellipse 3x2 +2y? =5 from the point (1, 2) is [MNR 1984]

(@) tan —1(2] (b) tan'(6+/5) (c) tan™* 12 d) tant(1245)
5 J5
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103.

104.

105.

106.

107.

108.

109.

110.

111.

112.

113.

114.

115.

2 2 2 2
If any tangent to the ellipse X—2 + z—z =1 cuts off intercepts of length h and k on the axes, then 2—2 + E_Z =
a
@ o (b) 1 () -1 (d) None of these
The equation of the tangents drawn at the ends of the major axis of the ellipse 9x? +5y? —30y =0, are [MP PET 1999]
(@) y=4+3 (b) x=+J5 (€ y=0y=6 (d) None of these
. . ) . _ox? oy? )
The locus of the point of intersection of mutually perpendicular tangent to the ellipse —+ b_2 =1,is [MP PET 1995]
a
(a) Astraight line (b) A parabola (c) Acircle (d) None of these
2 2
Two perpendicular tangents drawn to the ellipse )2(—5 + 1—6 =1 intersect on the curve
@ x=§ () x%+y?=41 © x2+y2=9 (d) x2-y2=41
The product of the perpendiculars drawn from the two foci of an ellipse to the tangent at any point of the ellipse is [EAMCAT 2000]
(@) a’ (b) b? (c) 4a? (d) 4b?

The equations of the tangents to the ellipse 4x? +3y? =5, which are inclined at 60 ° to the axis of x are

(a) Y=\/§Xi\/§ (b) yzﬁxi\/g (©) y:%i\/% (d) None of these

2 2

If the straight line y = 4x + cis a tangent to the ellipse % + yT =1, then c will be equal to

@ +4 (b) +6 © # d) +.32)

Tangents are drawn to the ellipse 3x2 +5y2 =32 and 25x? +9y? = 450 passing through the point (3, 5). The number of such tangents are

(@ 2 (b) 3 (c) 4 (d 0
Xy o ox?oy? . . .
If 3 + b = /2 touches the ellipse — + b_z =1, then its eccentric angle @ is equal to [EAMCET 1995]
a
(@ o0° (o) 90° (c) 45° (d) 60°
2 2
Locus of point of intersection of tangents at (acos «,b sine)and (acos g,b sin ) for the ellipse X—2 + Z—Z =1is [T Allahabad 2001]
a
(@) Acircle (b) A straight line (¢) Anellipse (d) A parabola
2 2

The equation of the tangent at the point (L/4,1/4)of the ellipse XT + >1/_2 =1is

(@ 3x+y=48 (b) 3x+y=3 (c) 3x+y=16 (d) None of these

2 2

If F, and F, be the feet of the perpendiculars from the foci S; and S, of an ellipse X? + y? =1 on the tangent at any point P on the ellipse,

then (S,F,)(S,F,)isequal to
@ 2 (b) 3 (c) 4 (@ 5

2 2

Equations of tangents to the ellipse % + yT =1, which cut off equal intercepts on the axes is

@ y=x+13 () y=-x+13 © y=x-13 d y=-x-13
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117.

118.

119.

120.

121.

122.

123.

124.

125.
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2 2

The line x = at? meets the ellipse X—2+z—2 =1 in the real points , if
a
@ |2 b) |t|<1 () |t]>1 (d) None of these
Advance Level
dvance Leve 3
2 2
The locus of mid points of parts in between axes and tangents of ellipse X—z + z—z =1 will be [UPSEAT 1999]
a
a2 b? a? b? a? b? a? b?
(a) X—2+y—2=1 (b) X—2+y—2:2 (C) X—2+y—2:3 (d) X—2+y—2:4
. . ox?oy? . 5 .
The angle of intersection of ellipse —- + el =1andcircle x“ +y“ =ab, is
a
4(a-b 4(a+b 1 a+b 4[a-b
(@) tan 1[—j (b) tan [ j (¢ tan'|Z— (d) tan'|Z—
ab ab Jab Jab
XZ y2
Locus of the foot of the perpendicular drawn from the centre upon any tangent to the ellipse —- + el =1,is
a
(a) (XZ +y2)2 :b2X2 +a2y2 (b) (X2 +y2)2 :bZXZ _aZyZ
(C) (XZ +y2)2 :aZXZ _beZ (d) (XZ +y2)2 :aZXZ +b2y2

2 2

If a tangent having slope of — %to the ellipse )1(_8 + );—2 =1 intersects the major and minor axes in points A and B respectively, then the area

of AOAB is equal to (O is centre of the ellipse)
(@) 12 sg. units (b) 48 sg. units (c) 64 sg. units (d) 24 sg. units

2
Tangent is drawn to ellipse ;—7 +y2 =1 at (3\/5 cos 6, sin @) (where 6 (O%J ). Then the value of @ such that sum of intercepts on axes

made by this tangent is minimum, is [T Screening 2003]
@ /3 (b) =16 © /8 d z/4
If the tangent at the point (4 cos ¢,%sin ¢] to the ellipse 16x? +11y? = 256 is also a tangent to the circle x? +y? —2x =15, then the
11
value of ¢ is
T v v v
a) *— by £— c) = d ==
(a) 5 (b) 2 (© 3 (d) 5

An ellipse passes through the point (4, —1) and its axes are along the axes of co-ordinates. If the line x + 4y —10 = 0 is a tangent to it, then
its equation is

2 2 XZ 2 2 2

X y y X y
Q) —+—=1 by —+—=1 c) —+—=1 d) None of these
@ 100+5 (b) 80+5/4 © 20+5 @

The sum of the squares of the perpendiculars on any tangent to the ellipse x2/a% +y?2 /b2 =1from two points on the minor axis each
distance va? —b? from the centre is
(@) a? (b) b? (c) 2a? (d) 2b?

The tangent at a point P (acos 8,b sind) of an ellipse x? /a® +y? /b? =1, meets its auxiliary circle in two points, the chord joining which
subtends a right angle at the centre, then the eccentricity of the ellipse is

(@ @+sin®6)* (b) (1+sin? )2 (c) (L+sin?6)32 (d) @+sin?6)?
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126.

127.

128.

129.

130.

The locus of the point of intersection of tangents to an ellipse at two points, sum of whose eccentric angles is constant is
(@) A parabola (b) Acircle (c) Ancellipse (d) A straight line

2 2

The sum of the squares of the perpendiculars on any tangents to the ellipse X—2+Z—2 =1 from two points on the minor axis each at a
a

distance ae from the centre is

(@) 2a? (b) 2b? () a®+b? (d) a®-b?
X2 yZ X y2
The equation of the circle passing through the points of intersection of ellipse —+ b_z =1and b—z —=1 is
a a
2K 2 2K 2
2 2 2 2 2 2 2 2 a‘h 2 2 _ 2a‘hb
a) X“+y‘=a b) x“+y“=b C) X +y° = d x°+y° =
(a) y (b) y (© V= e (d) V= e
x2 y? . o
The slope of a common tangent to the elllpse — +—= 7" =1 and a concentric circle of radius r is
2 2 2 2 2 2 2
r--b -b r<—»b a“—r
2 _ 2 (®) a2 © [ 2 _ 2 ] () 2 2
a“—r —r? a“—r r--b
The tangents from which of the following points to the ellipse 5x? +4y?2 = 20 are perpendicular
@ @ 2v2) b (V2,1 © (@+5) @ 5.2

Normals , Eccentric angles of the Co-normal points O

131.

132.

133.

134.

135.

Basic Level >

2 2

The line y =mx + c is a normal to the ellipse );—2+Z—2 =1,ifc=
(@ - (2am+bm?) (b) M () _M (d) M

va? +b’m? va? +b’m? va? +b?
The line Ix + my +n = 0 is a normal to the ellipse a_ + Z—Z =1 if [DCE 2000]
(@) :1—22+T—22:@ (b) T—Zz+r:—22:(a2;# (©) T—zz—:q—zz:(az;# (d) None of these
If the line x cos « + Yy sina = p be a normal to the ellipse a_ + Z—Z =1, then [MP PET 2001]
(@) p2@%cos?a+b?sin®a)=a?-b? (b) p3@2 coszoz+bzsin2a):(e12—bz)2
(c) p?(@?*sec? a+b?cosec?a)=a? —b? (d) p?@?*sec? a+b?cosec %) = (a2 —b?)>
The equation of the normal at the point (2, 3) on the ellipse 9x2 +16y? =180 , is [MP PET 2000]
(a) 3y=8x-10 (b) 3y-8x+7=0 (©) 8y+3x+7=0 (d) 3x+2y+7=0

2 2

. . . X
The eccentric angles of the extremities of latus-rectum of the ellipse — Z—Z
a

(@) tan™ (i Ej (b) tan™ (i b_ej (c) tan’t (i ij (d) tan”t (i ij
b a ae be

=1 are given by



136.

137.

138.

139.

140.

141.

142.

143.

144,

145.
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The number of normals that can be drawn from a point to a given ellipse is

(@ 2 (b) 3 () 4 @ 1
XZ y2
The eccentric angle of a point on the ellipse 3 +7 =1, whose distances from the centre of the ellipse is 2, is
Vs 3z 57 Tz
a) — by — c) — d —
@ - (0) = © @

Advance Level 3

2 2

If the normal at the point P () to the ellipse )1(—4 + y? =1 intersects it again at the point Q(26), then cos @ is equal to
2 2 3 3

a) — b)- = c) — d) -—

@ 3 (0) -3 © @ -3

2 2

If the normal at any point P on the ellipse X—z + z—z =1 meets the coordinates axes in G and g respectively, then PG : Pg=
a

(@ a:b (b) a?:b? (c) b2 :a’ (d b:a
If « and g are eccentric angles of the ends of a focal chord of the elllpse —+ Z—Z =1,then tan % tan g is equal to
a’
l-e e-1 e+1
a b ) —— d) None of these
@ 1 ®) o © o1 @
ox?oy? . .
If the normal at one end of the latus-rectum of an ellipse — +°5 =1passes through the one end of the minor axis, then
a
(@) e*-e’+1=0 (b) e?-e+1=0 () e?+e+1=0 (d) e*+e?-1=0
The line 2x +y = 3 cutsthe ellipse 4x> +y2 =5at Pand Q . If & be the angle between the normals at these points, then tan @ =
[DCE 1995]
(@ 12 (b) 3/4 (c) 3/5 (d) 5
The eccentric angles of extremities of a chord of an elllpse —+ z—z =1are 6, and 9, . If this chord passes through the focus, then
a’

(a) tan Pt 2 128 g (b) cos =02 g o5 01192

2 2 1+e 2
© e:sw?01+sm02 (d COta—l.COt9—2=e+1

sin(@, +6,) 2 2 e-1

Let F,,F, be two foci of the ellipse and PT and PN be the tangent and the normal respectively to the ellipse at point P then
(@) PN bisects ZF, PF, (b) PT bisects £F, PF,

(c) PT bisects angle (180° — ZF,PF,) (d) None of these

If CF is the perpendicular from the centre C of the elllpse —+ Z—Z =1 on the tangent at any point P and G is the point when the normal at P
a’

meets the major axis, then CF. PG=

(@) a? (b) ab (c) b? (d) b®

Chord of contact, Equation of the chord joining two points of an Ellipse O

Basic Level 3
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146. The equation of the chord of the ellipse 2x 2 + 5y 2 = 20 which is bisected at the point (2, 1)is

(@ 4x+5y+13=0 (b) 4x+5y=13 (c) 5x+4y+13=0 (d) None of these
x2 y? X1X,
147, If the chords of contact of tangents from two points (x,,y,) and (x,,y,)tothe ellipse —- + bE =1 are at right angles, then ———= is equal to
a’ 1Y2
a? b2 at b*
(a) be (b) - el © - bt d - P
148.  Chords of an ellipse are drawn through the positive end of the minor axis. Then their mid-point lies on
(@ Acircle (b) A parabola (c) Anellipse (d) A hyperbola

149. The length of the common chord of the ellipse =1landthecircle (x —1)2 +(y—2)®> =11is

x-1* , (¢y-2)°
9 4
(@) Zero (b) One (c) Three (d) Eight

Advance Level >

2

150. If tan @, tan @, = - Z , then the chord joining two points &, and 8, on the elllpse —+ Z—z =1 will subtend a right angle at
(@ Focus (b) Centre (c) End of the major axis (d) End of the minor axis
151. If @ and ¢ are the eccentric angles of the ends of a focal chord of the elllpse —+ Z_Z =1, then
a’
(a) cos 2=2 _ecos 02 (b) c0s 222 tecos I () cos 20 _ecos 927 (d) None of these
2 2 2 2 2 2
( Diameter of an ellipse, Pole and Polar and Conjugate diameters ()
Basic Level Y
152.  With respect to the ellipse 3x2 +2y?2 =1, the pole of the line 9x +2y =1 is
(@ (-1-3) (b) (-1.3) © @G- @ @1
153. Inthe elllpse —+ Z_Z =1, the equation of diameter conjugate to the diameter y = %x, is
a?
b a b
@ y=-—x (b) y=——x ) x=-—y (d) None of these
a b a
y

154, If CP and CD are semi conjugate diameters of the ellipse ~— b_z =1,then CP? +CD?=
a’

(@ a+b (b) a*+b? (c) a®-b? (d) va?+b?
155.  The eccentricity of an ellipse whose pair of a conjugate diameter are y = x and 3y = -2x is

@ 2/3 (b) 1/3 (c) 1/ J3 (d) None of these
156. If eccentric angle of one diameter is 5?” , then eccentric angle of conjugate diameter is

2 4 2 4
- b) — —Oor — d N f th
(@ 3 (b) 3 (©) 3 O (d) None of these



Conic Section : Ellipse 221

2 2

157.  For the ellipse X—z + z—z =1, the equation of the diameter conjugate to ax —by =0 s
a
(@) bx+ay=0 (b) bx—ay=0 () a’y+b3x=0 (d) a’y-b3x=0

2 2

158. Equation of equi-conjugate diameter for an ellipse ;—5 + 31/_6 is

©) x:i%y (b) y:i;x () x=x—y (d) None of these

Advance Level )

159.  The locus of the point of intersection of tangents at the ends of semi-conjugate diameter of ellipse is
(a) Parabola (b) Hyperbola (c) Circle (d) Ellipse

160. ABis a diameter of x? +9y? = 25 . The eccentric angle of A is /6. Then the eccentric angle of B is

@ 57/6 (b) -57/6 () -2x13 (d) None of these
X 2 y2 XZ y2
161. If the points of intersection of the ellipse — +t5=1 and — +—=1 be the extremities of the conjugate diameter of first ellipse, then
P~ q
2 2 2 2 2 2
(@ —+¥_ -2 (b) a—2+b—2:1 © 2+2_.4 (d) a—2+b—2=2
p q P~ q P q p q

*k*
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a c b c c b b a d b c c d b gLt b d d d d
121 122 123 124 125 126 127 128 129 130 131 132 133 134 135 136 137 138 139 140
b c b,c c b d a d b abcd c b d b c c a b c b
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d c abed 3¢ ® b ® c a b a d a b c c c a d b
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Apollonius writes Conics in which he

introduces the terms "parabola”, " ellipse" and
"hyperbola".

De Beaune writes Notes brieves which contains
the many results on "Cartesian geometry", in
particular giving the now familiar equations for
hyperbolas, parabolas and ellipses.

The hyperbola is also useful for describing the

path of an alpha particle in the electric field of
the nucleus of an atom.

Hyperbola has its application in the field of

Ballistics. Suppose a gun is fired. If the sound
reaches two listening posts, situated at two foci
of the hyperbola at different times, from the time
difference, the distance between the two listening
posts (two foci) can be calculated.




5.3 Hyperbola

5.3.1 Definition

A hyperbola is the locus of a point in a plane which moves in the plane in such a way that the ratio of its distance
from a fixed point in the same plane to its distance from a fixed line is always constant Z
which is always greater than unity.

Fixed point is called focus, fixed straight line is called directrix and the constant
ratio is called eccentricity of the hyperbola. Eccentricity is denoted by e and e > 1.

A hyperbola is the particular case of the conic

Directrix =

S(F
ax® + 2hxy +by? + 2gx + 2fy+¢c =0 (Focus)

N

When, abc+2fgh—af? —bg® —ch? #0ie, A= 0 and h®> > ab.

Let S (h,k) is the focus, directrix is the line ax + by + ¢ =0 and the eccentricity is e. Let P(x,,y;) be a point which
moves such that SP =e.PM

= Jox, —h)? +(y, —k)? =e

ax, +by, +c
- Va?+p?
= (@ +b?)[(x, —h)* +(y, —k)’]=e?(@ax, + by, +c)?
Hence, locus of (x,,y;) is given by (a® + b?)[(x —h)? +(y —k)*] = e?(ax + by +¢)?

Which is a second degree equation to represent a hyperbola (e > 1).

Example: 1 The equation of the conic with focus at (1, — 1), directrix along x —y +1 =0 and with eccentricity J2 s
[EAMCET 1994; DCE 1998]
(@) x> -y? =1 (b) xy =1 () 2xy —4x+4y+1=0 (d) 2xy +4x—-4y-1=0
Solution: (c) Here, focus (S) = (1, 1), eccentricity (e)= J2
From definition, SP =e PM
(x —1)2 +(y +1)2 = M
12 412

= (xX-1)%+@y+12 = (x—y+1)? = 2xy —4x +4y+1 =0, which is the required equation of conic (Rectangular hyperbola)

Example: 2 The centre of the hyperbola 9x2 —36x —16y% + 96y —252 =0 is [Karnataka CET 1993]
(@ (273 (b -2,-3) © (23 d 2,-3)
Solution: (a) Here a=9, b=-16, h=0, g=-18, f=48 , ¢ =-252

Gentre of hyperbola = [hf —bg gh- afj _ ((O)(48)—(—16)(—18) (-18)(0)— (9)(48)

ab~h*"ab - h* ©(16)-0 ' (©)(16)-0 J:(“)

5.3.2 Standard equation of the Hyperbola

Let S be the focus, ZM be the directrix and e be the eccentricity of the hyperbola, then by definition,
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SP
= ——=e = (SP)* =e?*(PM)’ Y 0
2 ) N
2 2 _ a2 a ‘ NS S Ay)\ N
= (x-ae)" +(y-0)" =e [x _Ej % (“'015’_ S il I il O -
2 2 2 2 £ g
X X ' £ = '
= - 2y2 1= XY _1 where b2 =a%@?-1) L' 5 & ol
a a‘(e -1 a? b x=—ale Y x=ale

This is the standard equation of the hyperbola.
2 2

Some terms related to hyperbola : Let the equation of hyperbola is X—2 _Z_Z =
a

(1) Centre : All chords passing through C are bisected at C. Here C(0,0)
(2) Vertex: The point A and A" where the curve meets the line joining the foci S and S ' are called vertices of

hyperbola. The co-ordinates of A and A’ are (a, 0) and (- a, 0) respectively.

(3) Transverse and conjugate axes : The straight line joining the vertices A and A’ is called transverse axis of
the hyperbola. The straight line perpendicular to the transverse axis and passing through the centre is called conjugate
axis.

Here, transverse axis = AA' = 2a

Conjugate axis = BB’ = 2b
2 2

(4) Eccentricity : For the hyperbola X—2 Y
a? b?

2 } . 2
We have b? =a?(e? -1), ez\/lJ{;bj :\/1+[C0njugate ax|sj
a

Transverse axis

(5) Double ordinates : If Q be a point on the hyperbola, QN perpendicular to the axis of the hyperbola and
produced to meet the curve again at Q’. Then QQ' is called a double ordinate at Q.

If abscissa of Q is h, then co-ordinates of Q and Q' are (h,E\/h2 —a? j and (h, —E\/h2 —a? j respectively.
a a

(6) Latus-rectum : The chord of the hyperbola which passes through the focus and is perpendicular to its
transverse axis is called latus-rectum.

2h?

Length of latus-rectum LL'=L,L; =

b? b?
L, (— ae, —J i (— ae,— —J respectively.
a a

(7) Foci and directrices: The points S(ae,0) and S'(—ae,0) are the foci of the hyperbola and ZM and Z'M’ are

2 2
=2a(e? —1) and end points of latus-rectum L(ae,b—J; L'[ae, b J;
a a

. . i . a a .
two directrices of the hyperbola and their equations are x = — and x = —— respectively.
e e

Distance between foci SS’ = 2ae and distance between directrices ZZ' = 2a/e.
(8) Focal chord : A chord of the hyperbola passing through its focus is called a focal chord.
(9) Focal distance : The difference of any point on the hyperbola from the focus is called the focal distance of the point.

From the figure, SP:ePM:e(xl—Ejzexl—a, S’P:ePM’ze[xl+Ej=ex1+a
e e
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The difference of the focal distance of a point on the hyperbola is constant and is equal to the length of transverse

axis.

| S'P —SP |=2a = AA’ = Transverse axis

Example: 3

Solution: (b)

Example: 4

Solution: (c)

Example: 5

Solution: (c)

Example: 6

Solution: (d)

The eccentricity of the hyperbola which passes through (3, 0) and (BJE ,2) is [UPSEAT 2000]
(@ a3) (b) @ © % (d) None of these

Let equation of hyperbola is x?/a% —y?2/b? =1. Point (3, 0) lies on hyperbola

2 2 2
So, %_%=1 or %:1 or a®> =9 and point (3\/5,2) also lies on hyperbola. So, 3(‘/25) —%:1
a b a a b
Put a2 =9 Weget,E—izzl rZ—i_l or—izzl Zori_l orb?=4
9 b b2 b b2

We know that b? =a?(e? —1). Putting values of a? and b?

4=92-1 ore —1:%ore _1+— ore=+(0+4/9)ore=,(13)/9 g

The foci of the hyperbola 9x? —16y2 =144 are [MP PET 2001]
(@ (4,0 (b) (0,+4) () (5,0) (d) (0,x5)

) o x2 yz
The equation of hyperbola is . 1

9
Now, b2 =a?(?-1) = 9=16(*-1) = e :%. Hence foci are (+ae,0) = (14.%0] i.e, (+5,0)

2 2 2 2

If the foci of the elllpse —+ y_ =1 and the hyperbola — — y o _ L coincide, then the value of b? is
16 b2 144 81 25
[MNR 1992; UPSEAT 2001; AIEEE 2003]
(@ 1 (b) 5 () 7 (d) 9
2 y2 1

X
For hyperbola, — —=— =
w 144

SO A

Therefore foci = (ae,,0) = [i% %O] (£3,0) . Therefore foci of ellipse i.e., (+4e,0)=(+£3,0) (Forellipse a=4)

2 9
= e=—, Hence b [1 —j 7.

16
2
If PQ is a double ordinate of hyperbola X—Z—Z—z =1 such that CPQ is an equilateral triangle, C being the centre of the
a

hyperbola. Then the eccentricity e of the hyperbola satisfies [EAMCET 1999]
@ l<e<2/43 (b) e=2/3 © e=+3/2 @ e>2/43

Let P(asec 8,btan 8); Q(asec 6,—btan &) be end points of double ordinates and C(0,0) is the centre of the hyperbola

P (asec 6 btan 6
c(oﬁ/ﬁ

Now PQ=2btan@; CQ=CP=+va’sec2d+b%tan?6
Since CQ =CP =PQ, .. 4b%tan?6=a’sec?d+b?tan? o
= 3b%2tan?0=a’sec?6 = 3b?sin? H=a>

= 3a’(e? -1sin?0=a%? = 3@?-1sin’9=1

\/

1 ) e cin 2
= —3(62_1)—sm f<1 (-sin© 0<1) O 35t 6b tand)
= 21 <3:>e2—1>l:>e2>i:>e>i
e? -1 3 3 J3

5.3.3 Conjugate Hyperbola
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The hyperbola whose transverse and conjugate axis are respectively the conjugate and transverse axis of a given
hyperbola is called conjugate hyperbola of the given hyperbola.

Hyperbola 2 2 > 2 2 )
Fundamentals X_z_y_zzl -+t Or_z_y_z:_l
a“ b a b a b
Centre 0, 0) 0, 0) =
Length of transverse axis 2a 2b Z|BOD) y=ble
Length of conjugate axis 2b 2a X c
Foci (tae,0) (0, +be) 7zl y=-ble
: : : B(0-b
Equation of directrices x=zale y=tb/e oo
Eccentricity . (az b2 J . W
= - — .
a b v
Length of latus rectum 2p2 252
a b

Parametric co-ordinates

(asecg,btang), 0<gp<2x

(bsecg,atan ¢),0 < p < 27

Focal radii SP =ex;—a & S'P=ex;+a | SP=ey;-b & SP=ey, +b
Difference of focal radii 2a 2b
(S'P-SP)
Tangents at the vertices X=-aXx=a y=-b,y=hb
Equation of the transverse axis y=0 x=0
Equation of the conjugate axis x=0 y=0
T_Note :Q Ifeand e’ are the eccentricities of a hyperbola and its conjugate, then iz + iz =1.
e’ e
U The foci of a hyperbola and its conjugate are concyclic.
Example: 7 The eccentricity of the conjugate hyperbola of the hyperbola x? —3y? =1, is [MP PET 1999]
2 4
(@ 2 (b)) — (c 4 d -
J3 3
ion- ; x2 8 2 2_1
Solution: (a) The given hyperbolais — ———=1.Here a“ =1 and b* ==
1 1/3 3
Since b? =a?(? -1) = %:l(e2 -1) = e? :% =e :%
If e’ is the eccentricity of the conjugate hyperbola, then iz + % =1= % =1- iz =1 —% :% = e'=2.
e’ e e e

5.3.4 Special form of Hyperbola
If the centre of hyperbola is (h, k) and axes are parallel to the co-ordinate axes, then its equation is

(x=h)® _(y—k)*

=1. By shifting the origin at (h, k) without rotating the co-ordinate axes, the above equation reduces

a’ b?
X? y?
to —-—=1, where x=X+hy=Y +k.
a
Example: 8 The equation of the hyperbola whose foci are (6, 4) and (- 4, 4) and eccentricity 2 is given by [MP PET 1993]

(@) 12x2 —4y? —24x +32y 127 =0 (b) 12x? +4y? +24x —32y —127 =0
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(€) 12x2 —4y? —24x 32y +127 =0 (d) 12x2 —4y? +24x +32y +127 =0
Solution: (a) Foci are (6, 4) and (—4,4)and e =2.

. Centreis 6_4, 4+4 =(1,4)
2 2

So, a8 +1=6 = ae =5 = a:% and b:%ﬁ

_1)\2 _ 2
Hence, the required equation is (0t S ) SR P L 4y? —24x +32y —127 =0

2574  (75/4)
Example: 9 The equations of the directrices of the conic x2 +2x —y% +5=0 are
(@) x=+1 (b) y=+2 © y=x+2 d) x=++3
2 2
Solution: (c) (x+1)%-y?-1+5=0 3_%+y7:1

y2 X2 b
Equation of directrices of b_2 -——=larey=£—
e

a
Here b=2, e=V1+1=42. Hence, y:i% = y:i«/E.
2
5.3.5 Auxiliary circle of Hyperbola
2 2
Let X—Z—Z—Z =1 be the hyperbola with centre C and transverse axis A'A. N )
a ’
Q
Therefore circle drawn with centre C and segment A'A as a diameter is called 7N
. x2 y? X < TZOAAO0C A(2.0)
auxiliary circle of the hyperbola —- Y =1 /\P\
a
. Equation of the auxiliary circleis x? +y? =a? Y
Let ZQCN =¢

Here P and Q are the corresponding points on the hyperbola and the auxiliary circle (0 < ¢ < 27)

(1) Parametric equations of hyperbola : The equations x =asec¢ and y=Dbtan ¢ are known as the
2 2

parametric equations of the hyperbola X—2 —:3/—2 =1. This (asec ¢,btan ¢) lies on the hyperbola for all values of ¢ .
a

Position of points Q on auxiliary circle and the corresponding point P
which describes the hyperbolaand 0 < ¢ < 27

¢ varies from Q(a cos ¢,asing) P(a sec ¢, b tan @)
I I

OtoZ
2

Zt07r
2

3z 1] Il
7 to —
2

S v v
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[Noi;e : U The equations x =acosh@ and y =bsinhé are also known as the parametric equations of the

2 2
. . X .
hyperbola and the co-ordinates of any point on the hyperbola —- _y_2 =1 are expressible as
a~ b
6 -0 6 -0
. e’ +e€ . e’ —e

(acosh @, bsinhg), where coshéd = — and sinhéd = —
Example: 10 The distance between the directrices of the hyperbola x =8 sec 8, y =8 tan fis [Karnataka CET 2003]

@) 1642 () 2 © 8v2 @ 4,42
Solution: (c) Equation of hyperbolais x =8sec9,y =8tan 9 = % =secd, % =tan @

2 2
sec’d—tan?6 = l:x y =
b2
Here a=8,b=8.Now e = 1+— 1+—=
~. Distance between directrices = 28 _2x8_ 8.2 .
e 2
5.3.6 Position of a point with respect to a Hyperbola
x2 y2
Let the hyperbola be —- -~ =1. Y . P (outside)
a~ b o
o . x? y? on)
Then P(x;,y;) will lie inside, on or outside the hyperbola —- - =1 * P(inside)
a b X A C| A X
x2 y / \\
according as —2 —b—1 —1 is positive, zero or negative.
a
v
XZ y2

Example: 11 The number of tangents to the hyperbola R 1 through (4, 1) is [AMU 1998]

(@ 1 (b) 2 (© 0 (d) 3
Solution: (c) Since the point (4, 1) lies inside the hyperbola [ %—%—1 > O} ;.. Number of tangents through (4, 1) is 0.

5.3.7 Intersection of a Line and a Hyperbola

2

2
The straight line y =mx + ¢ will cut the hyperbola X—2 Y _1intwo points may be real, coincident or imaginary
a

v
according as c? > = <a’m? —b?.
2 2

Condition of tangency : If straight line y =mx + ¢ touches the hyperbola X—2 _y_2 =1, then ¢ =a’m? —b?.
a

5.3.8 Equations of Tangent in Different forms

2

(1) Point form : The equation of the tangent to the hyperbola X—Z - y*
a

b_z_

1 at (x,,y,) is Xxl %zl.
a? b

2

2
(2) Parametric form : The equation of tangent to the hyperbola X—Z—)t:—z =1 at (asec ¢,btan ¢) is
a

isquzﬁ—Xtanggﬁ =1
a b
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2 2
(3) Slope form : The equations of tangents of slope m to the hyperbola X—Z—Z—Z =1 are y =mx ++a’m? —b?
a
. . a’m b?
and the co-ordinates of points of contacts are | + t .
JaZm? —b?  am? —b?

2 2

|Note : O If the straight line Ix +my +n =0 touches the hyperbola X—Z—z—z =1, then a°l*> —b’m? =n”.
a

2 2
QO If the straight line x cosa +Yysina = p touches the hyperbola X—Z —z—z =1,
a
then a? cos® o —b?sin’a = p?
U Two tangents can be drawn from an outside point to a hyperbola.
Important Tips

2 2 2 2
& For hyperbola X—Z—z—z =1 and y—z—;—z =1, the equation of common tangent is y=+x++a®-b?, points of contacts are
a a
2 2 2 2
+ 2 x and length of common tangent is «/E.M .
Ja?-b? a2 -p? Va? —h?
2 2
@ Iftheline y =mx +va’m? —b? touches the hyperbola X—2 —z—z =1 at the point (asecd,btan ), then 6 = sin’l(almj .
a
. : x? y? .
Example: 12 The value of m for which y =mx + 6 is a tangent to the hyperbola 00 49 =1,is [Karnataka CET 1993]
17 20 3 20
a — b — c — d —
(a) ,/20 (b) 7 (©) 20 (d) 3
Solution: (a) For condition of tangency, ¢ =a’m? —b? . Here c=6, a=10,b=7
Then, (6)% = (10)*.m? —(7)?
36 —100m? —49 = 100m? =85 = m? = 2L = m = }H
20 20
XZ y2
Example: 13 If m; and m, are the slopes of the tangents to the hyperbola = 15 1 which pass through the point (6, 2), then
24 20 48 11
a) m;y+m, =— b) mm,=— c) m+m,=— d mm,=—
@ my+m, == (0) mym, = @ my+m, = (@ mm, ==

Solution: (a, b)  The line through (6, 2)is y—2=m(x—-6) = y =mx +2—-6m

Now, from condition of tangency (2 —6m)? =25m? —16
= 36m%+4-24m-25m?+16 =0 = 11m?-24m+20 =0

Obviously, its roots are m, and m,, therefore m; +m, =% and mm, = %

Example: 14 The points of contact of the line y = x —1 with 3x? —4y2 =12 s [BIT Ranchi 1996]
@ (4,3 (b) (3,4 () 4,-3 (d) None of these

Solution: (a) The equation of line and hyperbolaare y = x -1 ....(i) and 3x%—4y? =12 .....(ii)

From (i) and (ii), we get 3x2 —4(x —1)> =12
= 3x2—4(x*—2x+1)=12 or x> -8x+16=0 = x =4
From (i), y =3 so points of contact is (4, 3)

2 2
. . m
Trick : Points of contact are | + a £ b .
a’m? b2 a?m?—b?

Here a2 =4, b®> =3 and m =1. So the required points of contact is (4, 3).



Example: 15

Solution: (b)

Example: 16

Solution: (c)

Example: 17

Solution: (b)

Conic Section : Hyperbola 231

2 2
P is a point on the hyperbola X—Z—z—z =1,N is the foot of the perpendicular from P on the transverse axis. The tangent to the
a

hyperbola at P meets the transverse axis at T. If O is the centre of the hyperbola, then OT.ON is equal to

2
@ e 0 @ © b’ @ 2
a
Let P(x,,y,) be apoint on the hyperbola. Then the co-ordinates of N are (x,,0). Y (XPy
1y
The equation of the tangent at (x,,y,) is Xx—zl —% =1 \ /
a
' X

X
a’ a’ o T \ (o)
This meets x-axis at T| =0 |3 = OT.ON ==—xx; = a?
1 Xy

2 2

If the tangent at the point (2sec ¢, 3tan ¢) on the hyperbola XT _y? =1 is parallel to 3x —y +4 =0, then the value of ¢ is

(@) 45° (b) 60° (c) 30° (dy 75°
Here x =2sec¢ and y =3tan¢
Differentiating w.r.t. ¢

dx dy 2
— =2secgtang and —— =3sec
ag - 2seestang and 2 ¢

2
", Gradient of tangent d_y: dy /dg = 3sec” 4 S d—yzicosecqﬁ ..... 0]
dx dx/d¢ 2secgtang dx 2
But tangent is parallel to 3x -y+4=0; .. Gradient m=3 . (i)
From (i) and (ii), %cosecqﬁ =3 = cosecg=2,.. $=30°
X2 y2 y2 X2

The slopes of the common tangents to the hyperbola T =1 and T =1 are [Roorkee 1997]
@@ -22 ) -1,1 (© 1,2 @ 2,1

) x2 y2 ) yz x2 -
Given hyperbolaare —-=—=1 .. iyand —-—=1 .. i

vP 9 16 ® 9 16 )

Any tangent to (i) having slope mis y =mx +v9m?-16 .. (iii)
Putting in (ii), we get, 16[mx £v9m?2 —16]% —9x?2 =144
= (@16m? —9)x2 +32m(Im? —16)x +144m? — 256 —144 =0
— 16m? -9)x? £32m(9Im? —16)x +(144m? —400)=0 .. (iv)

If (iii) is a tangent to (ii), then the roots of (iv) are real and equal.
. Discriminant=0; 32x32m?(©Om?2 —16) = 4(16m? —9)(144m? —400) = 64 (16m? —9)(9m? — 25)
= 16m?(©Om? —16) = (16m? —9)(9m? —25)= 144m* —256m? =144m* —481m? + 225

= 225m?2=225=>m?=1=>m==+1

5.3.9 Equation of Pair of Tangents

If P(x,,Yy,) beany point outside the hyperbola X—2 b
a
The equation of pair of tangents PQ and PR is SS, =T?

where,

2
=1 thena pair of tangents PQ, PR can be drawn to it from P.

2 2 2 \
a b a b2 (X1.y1)
R

\'4

y:
2

T(h,k)Q

2
Xy
s=X Y 15
aZ bZ 1
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Director circle : The director circle is the locus of points from which perpendicular tangents are drawn to the given
2

2
hyperbola. The equation of the director circle of the hyperbola X—z - :;—2 =1is x?+y*=a?-b?
a

S

A \\
v’
Example: 18 The locus of the point of intersection of tangents to the hyperbola 4x% —9y? =36 which meet at a constant angle 7 /4 , is
(@) (x*+y?—5)° =4(9y%—4x*+36) (b) (x*+y2—5)=49y* —4x?+36)
() 4(x*+y?-5)? =9y? -4x? +36) (d) None of these
Solution: (a) Let the point of intersection of tangents be P(x,,y;). Then the equation of pair of tangents from P(x,,y,) to the given

hyperbola is (4x2? —9y? —36)(4x2 —9y? —36) =[4x,x — 9y,y — 36]°
From SS; =T2 or x?(yZ +4)+2X,y;xy +y*(x2 =9) +..... =0 .....(ii)

Since angle between the tangentsis =z /4 .

2JIx2y2 — (v + 8)(x2 —9)]

y2+4+x2-9

. tan(z/4) =

. Hence locus of P(x,,y,)is (x? +y? —5)? =4(9y? —4x? +36).

5.3.10 Equations of Normal in Different forms

2 2 2 2
(1) Point form : The equation of normal to the hyperbola X—2 - Z—z =1 at (x;,y,) is aX_x + by_y =a?+b?.
a 1 1
2

2
(2) Parametric form: The equation of normal at (asec 8,b tan 8) to the hyperbola X—2 _Z_Z =11is

axcosé + by cotd = a? +b? Tangent

P(x1,y1)
Normal

(3) Slope form: The equation of the normal to the hyperbola

—

2 2 X' - X
L S in terms of the slope m of the normal is y = mx F m(a +b?) A ¢ ¢
2 2
a b Ja b m
Y/
2 2
(4) Condition for normality : If y =mx + c is the normal of X—Z—Z—z =1
a
2 2 242 232
then ¢ = $M or ¢? = % , Which is condition of normality.
ﬂaz_mzbz (a. -m b )

2 2
(5) Points of contact : Co-ordinates of points of contact are ( a F mb ]

T
Ja? —b?m?  a? —b?m?
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2 2
|!jote : Q If the line Ix+my +n=0 will be normal to the hyperbola X—Z—Z—zzl,then
a
a2 b2 _(a2+b2)2
2 m? a2

Important Tip

& In general, four normals can be drawn to a hyperbola from any point and if «, 3,7, be the eccentric angles of these four co-normal points,
then o+ B+ y + 4 isanodd multiple of = .
2 2
& If «, B,y are the eccentric angles of three points on the hyperbola. X—Z —Z—Z =1, the normals at which are concurrent, then,
a
sinfa+ B)+sin(B+y)+sin(y +a)=0
& If the normal at P meets the transverse axis in G, then SG =e.SP . Also the tangent and normal bisect the angle between the focal distances
of P.
x? y? .
@ The feet of the normals to — —7 1 from (h,k) lie on a?y(x —h)+b?x(y —k)=0.
a
. x? y? . .
Example: 19 The equation of the normal to the hyperbola % 9 =1 atthe point (8, 3J§) is [MP PET 1996]
(@) 3x+2y=25 () x+y=25 (€ y+2x=25 d) 2x++/3y=25
2 2
Solution: (d) From X DY _ 2, p2
Xy Y1
Here a? =16 , b> =9 and (x,,y,) =(8,3v3)
= 16—X+9—y=16 +9 ie, 2x +J§y=25 .
8 33
X2 y2
Example: 20 If the normal at '¢' on the hyperbola —- Y =1 meets transverse axis at G, then AG.A'G =
a
(Where Aand A’ are the vertices of the hyperbola)
(a) a’(e*sec?¢-1) (b) (a%e*sec?p—1) (c) a*(l—e’sec? ) (d) None of these
Solution: (a) The equation of normal at (asec ¢,btan ¢) to the given hyperbola is ax cos ¢ + by cot ¢ = (a® +b?)
2 2
This meets the transverse axis i.e., x-axis at G. So the co-ordinates of G are ([a +b Jsec ¢,OJ and the co-ordinates of the
vertices Aand A" are A(a,0) and A'(—a,0) respectively.
2
2 2 2 2 2 2
AG.A'G —(—a+[a +b ]secgﬁ}[a{a b jsec¢}=[a ;b J sec?gp—a’=(ae?)?sec’g—a’=a’(e* sec’ g —1)
a a
Example: 21 The normal at P to a hyperbola of eccentricity e, intersects its transverse and conjugate axis at L and M respectively, then the
locus of the middle point of LM is a hyperbola whose eccentricity is
e e e
@) (b) ) —— (d) None of these
e?-1 Vet -1 VvaZe? -1
Solution: (a) The equation of the normal at P(asec ¢,b tan ¢) to the hyperbola is ax cos ¢ + by cot ¢ = a® +b? = a%?
) ) a%e?tan g
It meets the transverse and conjugate axes at L and M, then L(ae“sec ¢,0); M O,T
. . . ae?sec ¢ 2a .
Let the middle pointof LM is (&, B) ; then @ = ——— = secgp=— .. 0]
ae
2,2
a‘e“tang 2bp .
and f=—— > tang=—~ i
B m ¢ e’ (ii)
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4a2 4b2ﬁ2 XZ y2

, .. Locus of («, B) is
a%e*
4
[aze4 a‘e*

+7

4 4b2] a? a? +b? a%e? e

= 1+ = = | Doy = .
[aze‘*] b b a’(e? -1 02 1

a%e* a*e*

l=sec’gp—tan’g; 1=

It is a hyperbola, let its eccentricity e, =

4

5.3.11 Equation of Chord of Contact of Tangents drawn from a Point to a Hyperbola
2 2
Let PQ and PR be tangents to the hyperbola X—2 —Z—z =1 drawn from any external point P (x,,y,).
a

Then equation of chord of contact QR is {
o Il
X1,Y1
or T=0 (At X1,Y4) l R
M

5.3.12 Equation of the Chord of the Hyperbola whose Mid point (X3, y1) iS given
2 2
Equation of the chord of the hyperbola X—2 —Z—Zzl, bisected at the given
a

Y
_— . 12 y12 \ | Wzyz)
oint (X, js —~-22L_1="21_722_1 , P
point (x,,¥1) a> Db? a’? b? x/ C| Wx
R (X3,y3)
v
2
2

ie, T=S,

2
|Note : O The length of chord cut off by hyperbola X——g—zzl from the line y=mx +c is
a

2abyJ[c’ —@’m? —b2)]L+m?)
(b? —a’m?)

5.3.13 Equation of the Chord joining Two points on the Hyperbola
The equation of the chord joining the points P(asec ¢,, btan ¢,) and Q(asec ¢,,btan ¢,) is

b tan ¢, —b tan ¢, (x—asec 4,)
asec ¢, —asec ¢,

icos(mj - Xsin(mj = cos(—¢1 ¢, j
a 2 b 2 2

y—btan ¢, =

T.N_OIQ : QO If the chord joining two points (asec &,,btan 6,) and (asec é,,btan 8,) passes through the focus of

2

2
X 0 0, l-e
the hyperbola —- —y—z =1, then tan -t tan 2=—"——.
a“ b 2 l+e
Example: 22 The equation of the chord of contact of tangents drawn from a point (2, —1) to the hyperbola16x2 —9y? =144 is
(a) 32x+9y =144 (b) 32x+9y=55 (c) 32x+9y+144 =0 (d) 32x+9y+55=0
2 2
Solution: (a) From T=0ie, 22 _W1_1 Here 16x2 —9y? =144 e, x Y

= L -1
a2  p? 9 16
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So, the equation of chord of contact of tangents drawn from a point (2, —1) to the hyperbola is % - % =1
i.e, 32x+9y =144
2 2
Example: 23 The point of intersection of tangents drawn to the hyperbola X—Z—z—z =1 at the points where it is intersected by the line
a

IX+my +n=0 is

a2 p2 2] K2 2 2 20 K2
@ [L'b_mJ ) (a_', bmJ © (_ﬂ,b_n] @ [ﬂ, bnj
n n n n I " m | m

Solution: (a) Let (x,,y;) be the required point. Then the equation of the chord of contact of tangents drawn from (x,,y,) to the given
hyperbola is % - % =1 L. 0)
The given lineis Ix+my +n=0 ... (i)

Equation (i) and (ii) represent the same line
X, oy 1 -a’l b%m

= = = = X =—,Y; =
a’2l  b’m -=h n

2 2
; Hence the required point is (— aTI‘ b nm J .

Example: 24 What will be equation of that chord of hyperbola 25x2? —16y?2 =400 , whose mid pointis (5, 3) [UPSEAT 1999]

(@ 115x-117y =17 (b) 125x —48y =481 () 127x+33y=341 (d) 15x +121y =105
Solution: (b) According to question, S =25x% —16y2? —400 =0
Equation of required chord is S, =T .. 0)

Here S, = 25(5)% —16(3)2 —400 = 625 —144 —400 =81 and T =25xx, —16yy, — 400 , where x, =5, y, =3
= 25x(5)-16y(3)— 400 =125 x — 48y — 400
So, from (i) required chord is 125x — 48y —400 =81 = 125x —48y =481 .
Example: 25 The locus of the mid-points of the chords of the circle x2 +y?2 =16 which are tangent to the hyperbola 9x? —16y2 =144 is

(@) (x2+y?)?=16x2-9y? (b) (x2+y?)? =9x2 —16y?
(€ (x2-y?)?=16x> —9y? (d) None of these
_ ) _x2 y?
Solution: (a) The given hyperbola is T 9 r @)
Anytangentto (i) is y =mx ++v16m?-9 (ii)

Let (x,,y,) be the mid point of the chord of the circle x? +y? =16
Then equation of the chord is T =S, i.e, xx;, +yy, —(xZ +yZ)=0 ... (iii)
Since (ii) and (iii) represent the same line.
m -1 +16m®-9
X1 Vi —Z+yD)
= m =—§—i and (x? +y2)? =yZ@6m? —-9) = (x2 +y2)? =16.%y12 —9yZ = 16x7 - 9y?

Locus of (x;,y;) is (x? +y?)? =16x2 —9y?.

5.3.14 Pole and Polar

Let P be any point inside or outside the hyperbola. If any straight line drawn through P interesects the hyperbola at
A and B. Then the locus of the point of intersection of the tangents to the hyperbola at A and B is called the polar of the
given point P with respect to the hyperbola and the point P is called the pole of the polar.

A
(hwk)Q,Pole
X’\ polar—);l P(X1.,Y1) «
< B
BV

The equation of the required polar with (x,,y,) as its pole is
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XX Vy

IN-OIE -0 Polar of the focus is the directrix.

Q Any tangent is the polar of its point of contact.

(1) Pole of a given line : The pole of a given line Ix+my +n =0 with respesctta.thahimarhala

’

Q(h,k) B’
A
— Polar

2 2

X yo oo,

a’l b?m
n’' n

(X1,Y1)= (——,

X Pole \ X
(X1,y1) A ‘ 5

Q

(2) Properties of pole and polar

(i) If the polar of P(x,,y,) passes through Q(x,,y,), then the polar of Q(x,,y,) goes through P(x,,y,) and such

points are said to be conjugate points.

(ii) If the pole of a line Ix+my +n =0 lies on the another line I'x +m’y +n" =0 then the pole of the second line

will lie on the first and such lines are said to be conjugate lines.
(iit) Pole of a given line is same as point of intersection of tangents as its extremities.

Important Tips

2 2 4
& If the polars of (x,,y;)and (x,,Y,) with respect to the hyperbola X—Z—Z—zzl are at right angles, then ﬂ+§—4
a Yi¥Y2
X2 yZ X2 y2
Example: 26 If the polar of a point w.r.t. _2+b_2:1 touches the hyperbola —Z—b—zzl , then the locus of the point is [Pb. CET 1999]
a a
(@ Given hyperbola (b) Ellipse
(c) Circle (d) None of these
Solution: (a) Let (x,,y,) be the given point.
2 2 2 2 2
Its polar w.r.t. X—2+y—2:1 is XX_21+W_21:1 ie., y:b—( —Xx—zljz—ble x+b—
a a b Y1 a a%y, Y1
2 2 2\? b2 4 24,2 2 2,2 2 2
This touches X—Z—y—zzl if b” =a?. 2_X1 -b? = b_zzat: )2(1 b = b_zzbzx; - X_;_y_lzz
a b Y1 ay,; Y1 a’y; yr awy; a b
X2 y2
- Locus of (x,,y,) is —Z—b—zzl . Which is the same hyperbola.
a
X2 yZ
Example: 27 The locus of the poles of the chords of the hyperbola —- — VT =1, which subtend a right angle at the centre is
a
x2 y? 1 1 x2 y? 1 1 x2 y2 1 1 x? 1 1
) —+—=—-— by ——-"+==—-— () ——-F——=—+— d —-*——=—-—
@ a* b* a’? b? ® a? b? a? b? © a* b* a? b? @ a* b* a’? b?
X2 yZ
Solution: (a) Let (x,,Yy;) be the pole w.r.t. —Z—b—zzl ...... (i)
a

Then equation of polar is h_>2< - b_ ..... (i)
a
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The equation of lines joining the origin to the points of intersection of (i) and (ii) is obtained by making homogeneous (i) with the
2 2 2 2
y hx  ky ] (1 h 1 Kk 2hk
help of (ii), then | — — 2 |=| — - —- X —=-— |-y |—=+—|+——xy =0
P or . (a bz] [az b? a2 at) " b2 bt ) e Y
Since the lines are perpendicular, then coefficient of x? + coefficient of y? =

1 h? 1 k2 h? k2 1 1 y2 1 1
— c T =0 = —. Hencereqwredlocuss—+—4=—2 —
a® a b b a b a® b a b a“ b

5.3.15 Diameter of the Hyperbola

The locus of the middle points of a system of parallel chords of a hyperbola is called a diameter and the point where'
the diameter intersects the hyperbola is called the vertex of the diameter.
2 2

Y (xa, yl)

Let y =mx +c a system of parallel chords to x_2 —Z—Z =1 for different chords \
a
2
then the equation of diameter of the hyperbola is y = b2 X , Which is passing through J\%h 9
am
(O, O) Y’ (%2.y2)
Conjugate diameter : Two diameters are said to be conjugate when each bisects all chords parallel to the others.
2
If y=m,x, y=m,x beconjugate diameters, then mym, = b—2
a
[NOIE :a If a pair of diameters be conjugate with respect to a hyperbola, they are conjugate with respect to

its conjugate hyperbola also.

Q Ina pair of conjugate diameters of a hyperbola. Only one meets the curve in real points.

2

2
O The condition for the lines AX? +2HXY +BY? =0 to be conjugate diameters of X—Z—Z—zzlis

a
a’A=b’B.
Important Tips
2 2
& If CD is the conjugate diameter of a diameter CP of the hyperbola X—Z - Z—z =1, where P is (asec ¢,btan ¢) then coordinates of D is
a
(atan ¢, b sec ¢) , where Cis (0, 0).
Example: 28 If a pair of conjugate diameters meet the hyperbola and its conjugate in P and D respectively, then CP? —CD? =
2

(@) a?+b? (b) a?-b? (©) Z—Z (d) None of these

Solution: (b) Coordinates of P and D are (asec ¢,btan ¢) and (atan ¢, b sec ) respectively.

Then (CP)? —(CD)? = a%sec?g+b?tan?gp—a’tan® p—b?sec? ¢
= a’(sec? p—tan? g)—b2(sec? g —tan’ ¢) = a®(1)—b?() = a® —b?.

2 2

Example: 29 Ifthe line Ix + my +n =0 passes through the extremities of a pair of conjugate diameters of the hyperbola X—Z - Z—z =1 then
a
(@) a?l> -b’m?=0 (b) a?l? +b*m? =0 () a?l> +b?m? =n? (d) None of these
2 2
Solution: (a) The extremities of a pair of conjugate diameters of X—Z - Z—Z =1 are (asec ¢,btan ¢) and (atan ¢,bsec @) respectively.
a

According to the question, since extremities of a pair of conjugate diameters lieon Ix +my +n=0
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lasecg)+mbtang)+n=0 = l(atang)+m(secg)+n=0
Then from (i), alsec ¢ +bmtan g =-n or a®l? sec? ¢ +b?m? tan? ¢ + 2ablm sec ¢ tan ¢ =n>
And from (i), altan g +bmsecg=—n or a’l’tan® g+b’m? sec® ¢ + 2ablmsec gtangp=n> ... (i)
Then subtracting (ii) from (iii)
a’l?(sec® g —tan? g)+b?m?(tan® g —sec? ¢)=0 or a?l> —b?m? =0.
5.3.16 Subtangent and Subnormal of the Hyperbola
Let the tangent and normal at P(x,,y,) meet the x-axis at A and B respectively.

Y
a? (Xl yl)
Length of subtangent AN =CN —CA =x; —— \
X1
l X

X'
2

Length of subnormal BN =CB —CN = (a;zb)xl X, = b—xl_(e -1x, /
a a?

v

5.3.17 Reflection property of the Hyperbola

If an incoming light ray passing through one focus (S) strike convex side of the hyperbola then it will get reflected
towards other focus (S")

LIPS = ZILPM =«

v M Light ray

Reflected ray . D

’

X - [ « X
(cae,0)s /A C lT A\ S(ae0) N
Tangent

Y’

Example: 30 Aray emanating from the point (5, 0) is incident on the hyperbola 9x? —16y® =144 at the point P with abscissa 8; then the
equation of reflected ray after first reflection is (Point P lies in first quadrant)

(@) 3v3x-13y+15V3 =0 (b) 3x-13y+15=0  (c) 33x+13y-15+3 =0 (d) None of these

2 2
Solution: (a) Given hyperbola is 9x? —26y? =144 . This equation can be rewritten as X Y (i)

9
Since x coordinate of P is 8. Let y-coordinate of P is «

(8, ) lies on (i)

2

el ;o a=27 (- Pliesin first quadrant) o >/
19 SCae0 JA” C|T AGGD N X
a=3J3

Hence coordinate of point P is (8,3«/5)

&4

Equation of reflected ray passing through P(8,3J§) and S'(-5,0); .. Its equation is y ~343 = 0 53‘/_ (x-8)

or 13y-3943 =3v3x-244/3 or 3/3x-13y+15y3 =0
5.3.18 Asymptotes of a Hyperbola

An asymptote to a curve is a straight line, at a finite distance from the origin, to which the tangent to a curve tends
as the point of contact goes to infinity.

2
The equations of two asymptotes of the hyperbola X—2 - Z—z =1 arey= +Ex or X + b
a a

|'~<

=0.



|Note :

Q

a
a
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. . x? y? _x? 2
U The combined equation of the asymptotes of the hyperbola —- Yl =1lis -+
a a

When b = a i.e. the asymptotes of rectangular hyperbola x* —y? = a® are y = +x , which are at right angles.
A hyperbola and its conjugate hyperbola have the same asymptotes.

The equation of the pair of asymptotes differ the hyperbola and the Y
conjugate hyperbola by the same constant only i.e. Hyperbola — X Asymptotes
Asymptotes = Asymptotes - Conjugated hyperbola or, i<;‘

=

N

2,2 2,2 2,2 2,2 N

X X X X : K
e T B B v B R RS N | ¥R

a~ b a~ b a~ b a~ b / \ «

2

. y
g B AN S |

///\ a b2

The asymptotes pass through the centre of the hyperbola.

Y2 2
The bisectors of the angles between the asymptotes are the coordinate :_Z_Z_Z -1
axes.
o ox?y? . . b 1
The angle between the asymptotes of the hyperbola S =0 i.e, — - oF =1is2tan™ — or2sec " e.
a a

Asymptotes are equally inclined to the axes of the hyperbola.
Important Tips

@ The parallelogram formed by the tangents at the extremities of conjugate diameters of a hyperbola has its vertices lying on the asymptotes and

is of constant area.

Y
Area of parallelogram QRQ'R’ = 4(Area of parallelogram QDCP) = 4ab = Constant \
R
@ The product of length of perpendiculars drawn from any point on the hyperbola X—Z—y—2=1 to the X' , X
a
22 \
+h? \4

. a
asymptotes is —
a

Example: 31

Solution: (d)

2 2 2 2
From any point on the hyperbola, X—z—z—z =1 tangents are drawn to the hyperbola X—Z—Z—Z =2 . The area cut-off by the
a a
chord of contact on the asymptotes is equal to
(@) % (b) ab (c) 2ab (d) 4ab

2 2 2

2
Let P(x,,y,) be apoint on the hyperbola X—Z - z—z =1, then % - g—lz =1
a a

x2 y? XX, WY )
The chord of contact of tangent from P to the hyperbola —- Y =2 is —21 - b—zl =2 .. (i)
a
. X Yy _ .
The equation of asymptotes are — — v e (i)
a
Ad 24¥Y=o0 (iii)
a b

The point of intersection of the asymptotes and chord are 2a , 2b ; 2a , —2b ,(0,0)
X, la—y, /b x;/a-y, /b )\ x;/a+y, /b x;/a+y,/b
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Area of triangle = %| X1y, —XoYp)| = % [)(12/;28—%} =4ab.
Example: 32 The combined equation of the asymptotes of the hyperbola 2x2 +5xy + 2y% + 4x +5y =0 [Karnataka CET 2002]
(@) 2x%+5xy+2y2=0 (b) 2x%+5xy +2y? —4x+5y+2=0=0
(€) 2x%+5xy +2y2 +4x+5y—-2=0 (d) 2x%+5xy +2y2 +4x+5y+2=0
Solution: (d) Given, equation of hyperbola 2x2 +5xy + 2y +4x +5y =0 and equation of asymptotes

2X2 +5%y +2y2 +4X+5y+1=0 ...... (i) which is the equation of a pair of straight lines. We know that the standard equation
of a pair of straight lines is ax? + 2hxy +by? + 2gx + 2fy +¢c =0

Comparing equation (i) with standard equation, we get a=2,b=2, h= % g=2f :% andc=21.

We also know that the condition for a pair of straight lines is abc + 2fgh —af?> —bg? —ch? =0.

Therefore, 4/1+25—2—5—8—2—5/1:0 or ﬁ+2:0 or A=2
2 4 4 2

Substituting value of 4 in equation (i), we get 2x% +5xy +2y2 +4x +5y+2=0.

5.3.19 Rectangular or Equilateral Hyperbola
(1) Definition : A hyperbola whose asymptotes are at right angles to each other is called a rectangular hyperbola.

The eccentricity of rectangular hyperbola is always V2.
The general equation of second degree represents a rectangular hyperbola if A =0, h® > ab
and coefficient of x?+ coefficient of y*> =0

2 2

The equation of the asymptotes of the hyperbola X—2 —Z—z =1 aregivenby y =+=x.
a

| T

b_(_b
a a)  2b/a  2ab

b(—bj 1-b?%/a? a?-b?’
1+ =
a a

The angle between these two asymptotes is given by tan @ =

If the asymptotes are at right angles, then @=7/2 :taneztan% :%:tan%:az -b?2=0
a —

—a=b=2a=2b. Thus the transverse and conjugate axis of a rectangular hyperbola are equal and the equation is
x? —y? = a?. The equations of the asymptotes of the rectangular hyperbola are y =+x i.e.,y =x and y = —x. Clearly,

each of these two asymptotes is inclined at 45° to the transverse axis.
(2) Equation of the rectangular hyperbola referred to its asymptotes as the axes of coordinates :
Referred to the transverse and conjugate axis as the axes of coordinates, the equation of the rectangular hyperbola is
x?—y? =a? (i)
The asymptotes of (i) are y = x and y = — x. Each of these two asymptotes is inclined at an angle of 45° with the

transverse axis, So, if we rotate the coordinate axes through an angle of — /4 keeping the origin fixed, then the axes

coincide with the asymptotes of the hyperbola and x = Xcos(-z/4)-Y Sin(—ﬂ/4)=X\/+EY and

. Y - X

= Xsinl-z/4)+Y cos(-z/4)=———. Y
y (-714) (m14)=—7 |
Substituting the values of x and y in (i), Xy=e

X X

wo
YV
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2 )2 2
We obtain the (erYJ —(uJ A’ = XY =& o Xy =¢?
J2 2

Ny

2

a

where ¢ = =,
2

This is transformed equation of the rectangular hyperbola (i).
(3) Parametric co-ordinates of a point on the hyperbola XY =¢? : If t is non-zero variable, the coordinates

of any point on the rectangular hyperbola xy =c? can be written as (ct,c/t). The point (ct,c/t) on the hyperbola
Xy = c? is generally referred as the point ‘t’.
For rectangular hyperbola the coordinates of foci are (ia\/f ,0) and directrices are x = +ay/2 .

For rectangular hyperbola xy =c?, the coordinates of foci are (J_rc\/i t c\/E) and directrices are X +y = +cv/2 .
(4) Equation of the chord joining points t; and t> : The equation of the chord joining two points

c ¢
c c , . C ot
ct,— |and | ct,,— | on the hyperbola xy =c“ isy ——=———(Xx—-ct)) = x+ytit, =c(t, +t,).
(5) Equation of tangent in different forms
(i) Point form : The equation of tangent at (x,,,) to the hyperbola xy = ¢ is xy, +yx, = 2¢* or R A
X1 Y,

(if) Parametric form : The equation of the tangent at (ct,%j to the hyperbola xy =c? is §+yt =2¢.0n

replacing x, by ct and y, by % on the equation of the tangent at (x,,y,) i.e. Xy, +yx, = 2¢* we get §+yt =2C.

|!§Iote : Q Point of intersection of tangents at 't,;' and 't," is w—ltzi
t,+t, )+,
(6) Equation of the normal in different forms : (i) Point form : The equation of the normal at (x,,y,) to the
hyperbola xy = c? is xx, —yy, = xZ —y2. As discussed in the equation of the tangent, we have (g—yj Y
X X
(X1,Y1) 1

So, the equation of the normal at (x,,y;) ISy -y, = dy_—l(x —-X)=>y-y, = ﬁ(x -X;)
—7 1
(dX j(xp)’l)
=YY =Y = XX = X{ = XK —YYy = XYy
This is the required equation of the normal at (x,,y;).

(if) Parametric form: The equation of the normal at ct,E to the hyperbola xy =c? is xt® —yt—ct* +¢c=0.
t

On replacing x, by ct and y, by ¢/t in the equation.

2
We obtain xx, —yy; = X{ -y, xct—% =c*t? —(:—2 = xt® —yt—ct’ +c=0

|§lote :Q  The equation of the normal at {ct, %j is a fourth degree in t. So, in general, four normals can be

drawn from a point to the hyperbola xy = ¢?
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Q If the normal at [ct, %j on the curve xy =c? meets the curve again in't’' then; t' = ;—31 :

O Point of intersection of normalsat 't," and 't," is b, + ity +1) -1} c{tity +(t + ity +t§)}J
it (t +1,) tit, (4 +1,)

Important Tips

< Atriangle has its vertices on a rectangular hyperbola; then the orthocentre of the triangle also lies on the same hyperbola.
< All conics passing through the intersection of two rectangular hyperbolas are themselves rectangular hyperbolas.

@ Aninfinite number of triangles can be inscribed in the rectangular hyperbola xy = ¢? whose all sides touch the parabola y? = 4ax .

Example: 33

Solution: (c)

Example: 34

Solution: (d)

Example: 35

Solution: (a)

Example: 36

Solution: (c)

If 5x2 +Ay? =20 represents a rectangular hyperbola, then A equals

@ 5 (b) 4 (¢ -5 (d) None of these

Since the general equation of second degree represents a rectagular hyperbola if A =0,h? >ab and coefficient of
x2 + coefficient of y2 = 0 . Therefore the given equation represents a rectangular hyperbolaif 1+5=0 i.e, 1=-5

If PN is the perpendicular from a point on a rectangular hyperbola to its asymptotes, the locus, the mid-point of PN is

(@) Circle (b) Parabola (c) Ellipse (d) Hyperbola
Let xy =c? be the rectangular hyperbola, and let P(x,,y,) be a point on it. Let Q(h,k) be the mid-point of PN. Then the
coordinates of Q are (xl , %] . Y
Q(h. Kk
*~ X, =h and y71:k:> X, =hand y; =2k
. 6]
But (x,,y;) liesonxy =c2 X
h.2k)=c® = hk =c?/2
Hence, the locus of (h,k) is xy =c¢? /2, which is a hyperbola.
v
If the normal at [ct, %j on the curve xy = c? meets the curve again in t', then
1 1 1 ) 1
a) t'=-— by t'=-= 0 t'== d t*=-=
(@) o (b) ; (© 2 (d) "

. c) .
The equation of the tangent at (Ct'T) isty=t3x—-ct* +c
. c
If it passes through [c t', Fj then
1
= %ztsct’—ct“ +0 = t=tt"7 -t +t = -t =t 1) = t’:—t—3
If the tangent and normal to a rectangular hyperbola cut off intercepts a, and a, on one axis and b, and b, on the other axis,

then
(@ ayb, +a,b, =0 (b) a;b, +b,a; =0 (c) aa, +bb, =0 (d) None of these

Let the hyperbola be xy = c?. Tangent atany pointtis x +yt? —2ct =0

Putting y =0 and then x =0 intercepts on the axes are a; =2ct and b, = %

Normal is xt3 —yt —ct* +¢=0.

c(t* -1 b2 - —c(t* -1)

Intercepts as above are @, = —— "
t
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c(t* -1 2c -—ct*-1) _ 2c¢® , 2c? o
alaz +blb2=2Ct>< t3 +T>< ” _t_z(t _1)_t_2(t —1)20, S alaz +blb2:0.
Example: 37 A variable straight line of slope 4 intersects the hyperbola xy =1 at two points. The locus of the point which divides the line
segment between these two points in the ratio 1 : 2 is [NT 1997]
(@) 16x2 +10xy +y2=2 (b) 16x2—10xy +y®> =2 (c) 16x2+10xy +y2 =4 (d) None of these
Solution: (a) Let P(h,k) be any point on the locus. Equation of the line through P and having slope 4is y -k =4(x —h) ... (i)
Suppose thismeets xy =1 ... (i) in A(Xy,yy) and B(X,,Y,)
Eliminating y between (i) and (ii), we get 1 k=4(x —h)
X
= 1-xk=4x%>-4hx = 4x*-(@h-k)x-1=0 .. (iii)
. . 4h -k . 1
This has two roots say X;,X,; X; + X, = T (iv) and x,x, == (V)
Also, ZXIT”Z _h [+ P divides AB in the ratio 1 : 2]
i, 2x, +x,=3 L. (vi)
(vi) — (iv) gives, x, _an-Ah-k_8h+k g X, _3p_p Bhtk__2h+k
4 4 4 2
.. 8h +k 2h +k 1
Putting in (v), we gt —| - —— |=-—
gin (v), we get — [ 5 ] 2
= (Bh+k)@h+k)=2 = 16h% +10hk +k?=2
Required locus of P(h,k) is 16x2 +10xy +y? = 2.
Example: 38 PQ and RS are two perpendicular chords of the rectangular hyperbola xy =c?. If C is the centre of the rectangular hyperbola,
then the product of the slopes of CP, CQ, CR and CS is equal to
@ -1 (b) 1 (¢ O (d) None of these
Solution: (b) Let t;,t,,t5,t, be the parameters of the points P, Q, R and S respectively. Then, the coordinates of P, Q, R and S are [ctl,tEJ ,
1
ctz,i , ct3,i and ct4,£ respectively.
t2 t3 1:4
c c c c
t, 4ty t, 1
Now, PQLRS = 22—t x—2—3 =1 = - —x—-——=-1 = tttt, =-1...()
ct,—ct, ct, —cty tt,  tt,

Product of the slopes of CP,CQ,CR and CS
1 1 1 1 1

2T N N T T 22,252
2121212 222t

=1 [Using ()]

5.3.20 Intersection of a Circle and a Rectangular Hyperbola

If a circle x?+y?+2gx+2fy+k =0 cuts a rectangular hyperbola xy =c? in A, B, C and D and the parameters
of these four points be t,,t,,t; and t, respectively; then

i 2 N k
@ @) =t =2 (i) Ztyt, =
¢ c
(i) Tttty = =20 @ =1 @ st
1
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(2) Orthocentre of AABC is H [— ct4,;—cj but D is (Ct‘“tiJ

4 4

Hence H and D are the extremities of a diagonal of rectangular hyperbola.

(3) Centre of mean position of four points is {%Ztl %2[%} ie., (—% - %)
1

-+ Centres of the circles and rectangular hyperbola are (— g, — f) and (0, 0); mid point of centres of circle and

hyperbola is (—g —%j . Hence the centre of the mean position of the four points bisects the distance between the centres

of the two curves (circle and rectangular hyperbola)
(4) If the circle passing through ABC meet the hyperbola in fourth points D; then centre of circle is (—g, —f)

i.e., Et1+t2+t3+ 1 ;E l+i+i+t1t2t3
2 ttt, ) 20t t,

Example: 39 If a circle cuts a rectangular hyperbola xy =c? in A, B, C, D and the parameters of these four points be t,,t,,t;and t,
respectively. Then [Kurukshetra CEE 1998]
(@ tt, =tst, (b) tttst, =1 () t =t d ty=t,

Solution: (b) Let the equation of circle be x?+y?=a%> .. 0]

. . . c
Parametric equation of rectangular hyperbolais x =ct,y = T

2
. L c
Put the values of x and y in equation (i) we get ct? + o a?= cit' —a’t?+c? =0

2
c
Hence product of roots tt,t;t, = — =1
c

Example: 40 If the circle x? +y? =a? intersects the hyperbola xy =c? in four points P (Xy,Y;), Q(X5,Y,), R(X3,Y3), S(X4,Y,) then
[1IT 1998]
(8 X +X;+X3+X, =0 (0) Yi+Y,+Ys+Ys =0 (0 XiXpXgX, =c¢* (@) yiY,Yays =c’
Solution: (a,b,c,d) Given, circleis x> +y?=a®> ... (i) and hyperbolabe xy =c2 .. (ii)

2 4
Ny S R 2, C 2 4_ 2,2 4 _
from (ii) y = ” . Putting in (i), we get x +X2 =a° = x"—a’x“+c" =0

4
Xy + Xy +Xg+X, =0, X1XpX3X, =C

Since both the curves are symmetricin xandy, .. y; +Y, +Ys +Y, =0 Y1Y,Ysys =C* .

*k*
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Definition, Standard form of hyperbola, Conjugate hyperbola O

10.

11.

12.

Basic Level >

The locus of the centre of a circle, which touches externally the given two circle, is[Karnataka CET 1999; Kurukshetra CF
(a) Circle (b) Parabola (c) Hyperbola (d) Ellipse
The locus of a point which moves such that the difference of its distances from two fixed points is always a
constant is

[UPSEAT 1995; Kerala (Engg.) 1998; Karnataka CET 2003]

(a) A straight line (b) A circle (c) An ellipse (d) A hyperbola

The one which does not represent a hyperbola is [MP PET 1992]

(@) xy =1 (b) x?-y? =5 (© x-Dy-3)=3 (@ x*-y?=0

The equation of the hyperbola whose directrix is x +2y =1, focus (2, 1) and eccentricity 2 will be [MP PET 1988, 1989]
(a) x?-16xy —11y2 —12x +6y+21=0 (b) 3x% +16xy +15y% —4x —14y—-1=0

() x%+16xy +11y2 —12x -6y +21=0 (d) None of these

The locus of the point of intersection of the lines J3x - y— 44/3k =0 and V3kx + ky —44/3 =0 for different value of
kis

(a) Circle (b) Parabola (c) Hyperbola (d) Ellipse
Locus of the point of intersection of straight line i—% =m and £+% = L is [MP PET 1991, 2003]
a a m
(a) An ellipse (b) A circle (c) A hyperbola (d) A parabola
The eccentricity of the hyperbola 2x? —y? =6 is [MP PET 1992]
(@) V2 (b) 2 © 3 (@ V3
Centre of hyperbola 9x2 —16y? +18x +32y —151 =0 is
() (1, -1) (b) (-1, 1) (©) (-1,-1) (@ (1,1
The eccentricity of the conic x? —4y? =1, is [MP PET 1999; Kurukshetra CEE 1998]
2 J3 2 J5
@ — (b) — (o) —= () —
V3 2 J5 2
The eccentricity of a hyperbola passing through the point (3, 0), (BJE, 2) will be [MNR 1985]
J13 J13 J13
(a) V13 (b) == O @ ==
3 4 2
If (4, 0) and (-4, O)be the vertices and (6, 0) and (-6, 0) be the foci of a hyperbola, then its eccentricity is
(a) 5/2 (b) 2 (c) 3/2 @ 2

If e and e’ are eccentricities of hyperbola and its conjugate respectively, then
[UPSEAT 1999; EAMCET 1994, 95; MNR 1984; MP PET 1995; DCE 2000]
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

2 2 2 2
() (1) +[ij -1 w 1ilg © [lj +[i] ~0 @ L:i-»
e e e e e e e e
If e and e'are the eccentricities of the ellipse 5x? +9y? =45 and the hyperbola 5x? —4y? = 45 respectively, then
ee'=
[EAMCET 2002]
(@) 9 (®) 4 (© 5 (d) 1
2 2

The directrix of the hyperbola is X? - yT =1 [UPSEAT 2003]
() x=9/V13 (b) y=9/413 (©) x=6/\13 (@ y=6/\13
The latus rectum of the hyperbola 16x2—9y? =144 , is [MP PET 2000]

16 32 8 4

a) — b) — c) — d) —
(a) 3 (b) ) ()] 3 (d) 3
The foci of the hyperbola 2x2? —3y? =5, is [MP PET 2000]
5 5 J5
a) |[t—.0 b) |£=0 c) |[t—,0 d) None of these

(a) [ 75 j (b) ( 5 j () [ 5 ] (d)
The distance between the directrices of a rectangular hyperbola is 10 units, then distance between its foci is [MP PET
(a) 1042 (™ 5 (©) 52 (d) 20
The difference of the focal distances of any point on the hyperbola 9x? —16y2 =144 ,is [MP PET 1995]
(a) 8 (b) 7 (c) 6 (d) 4

If the length of the transverse and conjugate axes of a hyperbola be 8 and 6 respectively, then the difference of
focal distances of any point of the hyperbola will be

(a) 8 (b) 6 (c) 14 (d) 2
The length of transverse axis of the hyperbola 3x? —4y? =32is [Karnataka CET 2001]
(a) ﬂ (d) ﬂ © 3 (D) 64

J3 J3 32 3

A hyperbola passes through the points (3, 2) and (-17, 12) and has its centre at origin and transverse axis is
along x-axis. The length of its transverse axis is

(a) 2 (b) 4 (c) 6 (d) None of these
2 2
The equation of the hyperbola whose foci are the foci of the ellipse >2<_5+y? =1 and the eccentricity is 2, is
2 2 2 2 2 2 2 2
X y X~y X~y X~y
a) ——+2-=1 b) Z—-21 =1 ) —+1-=1 d) —-L =1
()4 12 ()4 12 ()12 4 ()12 4

The distance between the foci of a hyperbola is double the distance between its vertices and the length of its
conjugate axis is 6. The equation of the hyperbola referred to its axes as axes of coordinates is

(a) 3x2-y?2=3 (b) x2-3y?2=3 () 3x2-y2=9 (d) x*>-3y2=9
If (0,44) and (0,£2) be the foci and vertices of a hyperbola then its equation is

2 2 2 2 2 2 2 2

X"y X"y y X y X
a) ——--=—=1 b) ———=1 c) ———=1 d —-—-=1
()4 12 ()124 ()4 12 ()12 4
The length of the transverse axis of a hyperbola is 7 and it passes through the point (5, -2), the equation of the
hyperbola is
4 , 19% , 49 , 51 , 4 , 51 ,
a) —x"-—y° =1 b) —x"-——y° =1 c) —x"-———y° =1 d) None of these
()49 51y () 4 196y ()49 196y (@
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37.

38.
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40.
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If the centre, vertex and focus of a hyperbola be (0, 0),(4, 0) and (6, 0) respectively, then the equation of the
hyperbola is
(a) 4x2-5y2=8 (b) 4x2 -5y2 =80 (c) 5x%—4y?2 =80 (d) 5x%-4y2=8
The equation of a hyperbola, whose foci are (5, 0) and (-5, 0) and the length of whose conjugate axis is 8, is

(a) 9x? —16y? =144 (b) 16x% —9y? =144 (c) 9x%-16y% =12 (d) 16x%-9y? =12

If the latus rectum of an hyperbola be 8 and eccentricity be 3/ J5 , then the equation of the hyperbola is

(a) 4x2-5y2 =100 (b) 5x% -4y? =100 (c) 4x?+5y% =100 (d) 5x%+4y? =100

The equation of the hyperbola whose conjugate axis is 5 and the distance between the foci is 13, is

(a) 25x%-144y? =900  (b) 144x? —25y? =900 (c) 144x2 +25y2 =900 (d) 25x2 +144y? =900
2 2

X y

For hyperbola 5 —
cos‘a sin“a

=1 which of the following remains constant with change in '«' [IIT Screening 2003]

(a) Abscissae of vertices (b) Abscissae of foci (c) Eccentricity (d) Directrix
The hyperbola is the conic with eccentricity [BIT Ranchi 1998, UPSEAT 1998]
(Ae>1 (b)e<1 (c) e=1 (d) e=0
The eccentricity of the conic 9x2 —16y? =144 is [DCE 1994]
4 5 4
a) — b) — c) — d) V7
(a) 5 (b) 2 (9] 3 (d)

If e,e’ be the eccentricities of two conics S and S’and if e® +e’? =3, then both S and S’ can be [Kerala (Engg.) 2001]

(a) Ellipses (b) Parabolas (c) Hyperbolas (d) None of these

If e,,e, be respectively the eccentricities of ellipse 9x? +4y? = 36 and hyperbola 9x? —4y? =36, then

(a) el +e3 >3 (b) ef +e5=2 (c) eZ+el >4 (d) el+es<4
X2 y2
The length of the latus rectum of the hyperbola —- are =-1 is
a
2a’° 2h? b® a’
(a) — () — (e — (d) —
b a a b

The distance between the foci of a hyperbola is 16 and its eccentricity is J2 , then the equation of hyperbola is
[DCE 1998; MNR 1984; UPSEAT 2000]

(a) x?+y?=32 (b) x*-y?=16 () x*+y2=16 (d) x?-y?>=32

The equation of the hyperbola with vertices (3, 0) and (-3, 0) and semi-latus-rectum 4, is given by

(a) 4x2-3y?+36=0 (b) 4x2-3y2+12=0 (c) 4x2-3y?-36=0 (d) None of these

Equation of the hyperbola with eccentricity 3/2 and foci at (+2,0) is

2 2 2 2 4 2 2

X<y 4 X°y Xy
a) ———=— b) ———=— c) ——=1 d) None of these
@ 4 5 9 () 9 9 9 © 4 9 (@

The eccentricity of the hyperbola with latus rectum 12 and semi-conjugate axis 23 , is

(a) 2 (b) 3 ©) @ (@ 2V3

The eccentricity of the hyperbola 3x? —4y? =-12 is
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41.

7 J7 7 J7
L b) XL —|L d) -YXo
(a) \/; (b) 2 (o) 3 (d) 2
X 2 y2
The equation —— + =1represents
12-k 8-k
(a) A hyperbola ifk <8 (b) An ellipse ifk >8
(c) A hyperbolaif 8 < k < 12 (d) None of these

Parametric equations of Hyperbola, Special form of Hyperbola O

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

Basic Level 'Y

2 2
The auxiliary equation of circle of hyperbola X—2 —z—z =11is
a
(a) x?+y?=a? (b)) x%?+y?=p? () x*+y?=a%+b? (d) x%+y?=a%-b?
X2 y2
A point on the curve F - ? =1is [Karnataka CET 1993; MP PET 1988]
(a) (Acos6,Bsind) (b) (Asecd,Btan6) (c) (Acos?@,Bsin?6) (d) None of these

The locus of the point of intersection of the lines axsecd+bytand =aand axtan@+bysecd =b, where @ is the
parameter, is

(a) A straight line (b) A circle (c) An ellipse (d) A hyperbola

The eccentricity of the conic represented by x2 —y2 —4x +4y+16 =0 s

(a) 1 (b) V2 (© 2 (@ 1/2

The latus rectum of the hyperbola 9x? —16y% —18x —32y —151 =0 is [MP PET 1996]
9 3 9

a) — b c) — d) —
(a) 2 (®) 9 (© 5 (d) >
The vertices of a hyperbola are at (0,0)and (10,0) and one of its foci is at (18,0). The equation of the hyperbola is
2 2 B\2 2 2 B\2 B2 Y

(a) Y (d) M_Y_Zl © X__uzl (D) u_uzl

25 144 25 144 25 144 25 144

The equations of the transverse and conjugate axis of the hyperbola 16x? —y?> +64x +4y+44 =0 are

(a) x=2,y+2=0 (b) x=2,y=2 (c) y=2,x+2=0 (d) None of these
2 2
Foci of the hyperbola 2— _O=D g are
16 9
(a) 6,2,(-5,2 (b) 6,2,6,-2 (c) 5,2,(-5-2 (d) None of these

The eccentricity of the conic x? —2x —4y2 =01is

1 3 J5 J5
a) — b) — c) — d) —
(a) 2 (b) 5 (© > (d) 2
The equation 16x%—3y? —32x +12y —44 =0 represents a hyperbola
(a) The length of whose transverse axis is 4\/§ (b) The length of whose conjugate axis is 4

(c) Whose centre is (-1, 2) (d) Whose eccentricity is 1{%



52.

53.

54.

55.

56.

57.
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59.
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The equation of the hyperbola whose foci are (6,5),(—4,5) and eccentricity %is

_1)\2 Y 2 2 2 Y
@ 80057 gy Xy © &V _0-80
16 9 16 9 16 9
etyet et et
The equation x = 5 Yy = 5 ;te R represents

(a) An ellipse (b) A parabola (c) A hyperbola

The vertices of the hyperbola 9x? —16y? —36x + 96y — 252 =0 are

(a) (6,3) and (-6,3) (b) (6,3) and (-2, 3) (¢) (-6,3) and (-6, -3)
The curve represented by x =a(cos h@+sinhé),y =b(cos hd —sinh6)is

(a) A hyperbola (b) An ellipse (c) A parabola
The foci of the hyperbola9x? —16y? +18x + 32y —151 = 0 are

(a) (2,3),(5,7) (b) (4, 1), (-6, 1) (c) (0,0),(5,3)

Advance Level )

The equations of the transverse and conjugate axes of a hyperbola respectively are

2z

NE)

2x —y +4 =0 and their respective lengths are J2 and

(a) é(x+2y—3)2 —%(2x—y+4)2 =1

(€) 2x-y+4)2 -3(x+2y—-3)2 =1

(d) None of these

[Kerala (Engg.) 2001]

(d) Acircle

(d) None of these
[EAMCET 1994]

(d) A circle

(d) None of these

X+2y-3=0,

. The equation of the hyperbola is

(b) é(Zx—y+4)2 —%(x+2y—3)2 =1

(d) 2(x+2y-3)* -3@2x-y+4)* =1

The points of intersection of the curves whose parametric equations are x =t>+1y=2tand x =2sy=2/sis

given by

(a) (1, -3) (b) (2, 2) (© (-2,4)

Equation % = % + %cos 0 represents

(a) A rectangular hyperbola (b) A hyperbola

(d) (1,2)

[EAMCET 2002]

(c) An ellipse (d)

Position of a Point, Intersection of a line and Hyperbola, Tangents, Director circle, Pair o_){)

60.

61.

62.

Basic Level Y

2 2

The line y =mx + ¢ touches the curve X—2 - z—z =1,if
a

(a) c?=a’m? +b? (b) c? =a’m? —p? (¢) c2=b’m?-a?

2 2
The line Ix +my +n =0 will be a tangent to the hyperbola X—z —Z—z =1,if
a

(a) a%l”> +b%m? =n? (b) a%l> —-b?m? =n? () a’m?-b%n?=2a%?
2

2
If the straight line xcosa +ysina = p be a tangent to the hyperbola X—2 - z—z =1,then
a

(a) a’cos?a+b?sin?a=p?

(c) a’sin?a+b%cos?a=p?

(b) a’cos?a—b?sin®a =p?

(d) a’sin?a—-b?cos?a=p?

[Kerala (Engg.) 2002]
(d) a?=b’m?+c?
[MP PET 2001]

(d) None of these

[Karnataka CET 1999]



250 Conic Section : Hyperbola

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74-

75-

76.

77-

78.

2 2

The equation of the tangent at the point (asec ,b tan 8) of the conicx—2 _;)/_2 =1,is
a

(a) xsec?2f-ytan?0=1 (b) isece—%tanezl
a

(o) X+ a;ec 0_y+ b tan & =1 (d) None of these

a b?
If the line y = 2x + 4 be a tangent to the hyperbola 36x2 —25y2 = 3600, then A =
(a) 16 (b) -16 (c) 16 (d) None of these
The equation of the tangent to the hyperbola 4y? = x? —1 at the point (1, 0) is [Karnataka CET 1994]
(@) x=1 (b) y=1 (c) y=4 (d) x=4
The straight line x +y = +/2p will touch the hyperbola 4x2 —9y? =36, is [Orissa JEE 2003]
(@) p*=2 (b) p?=5 (c) 5p? =2 (d) 2p* =5

The equation of the tangent to the hyperbola 2x2 — 3y2 =6 which is parallel to the line y = 3x + 4, is [UPSEAT 1993, 99, 2
(a) y=3x+5 (b) y=3x-5 (c) y=3x+5and y=3x-5 (d) None of these

The equation of tangents to the hyperbola 3x2 —4y? =12 which cuts equal intercepts from the axes, are

(a) y+x=+=1 (b) y—x=+1 (c) 3x+4y=+1 (d) 3x-4y=+1

The line 3x —4y =5 is a tangent to the hyperbola x2? —4y? =5 . The point of contact is

(a) (3, 1) (b) (2,1/4) (© (1,3) (d) None of these

XZ y2 y2 2
The equation of a common tangent to the conics —- -
a

X .
b—zzland a—z—b—z:l,ls
(a) x+y=a’-b? (b) x+y=+va?-b? () x-y=+va%-b? (d) x+y=+vb%-a?
The equation of common tangents to the parabola y? = 8x and hyperbola 3x2 —y? =3, is
(a) 2xxy+1=0 (b) 2x+y-1=0 () xx2y+1=0 (d) xx2y-1=0

2 2
The radius of the director circle of the hyperbola X—2 —Z—Z
a

(a) a-b (b) Ja-b () Va?-b? (d) +a®+b?

The tangents to the hyperbola x? —y? = 3 are parallel to the straight line 2x +y + 8 = 0 at the following points. [Roorkee

=1,is [MP PET 1999]

(a) (2, 1) or(3,2) (b) (2, -1) or (-2, 1) (c) (-1,-2) (d) (-2, -1)
The line y = 4x + ¢ touches the hyperbola x2 —y? =1iff [Kurukshetra CEE 2001]
(a) c=0 (b) c=+/2 (©) c=+/15 (d) c=+/17
The line 5x +12y = 9 touches the hyperbola x? —9y? =9 at the point
4 4 1
(a) | -5 3 (b) 5,—5 (©) 3,—5 (d) None of these
XZ yZ
The number of tangents to the hyperbola—- - b =1 from an external point is
a
(a) 2 (b) 4 (c) 6 (d) 5
The slope of the tangent to the hyperbola 2x2 —3y? =6 at (3, 2)is [SCRA 1999]
(a) -1 (b) 1 (c) o d 2

A common tangent to 9x® —16y? =144 and x° +y? =9is
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3 T 2 15 3
() y=—=x+— (b) y=3\/:x +—= () y=2\/:x +15ﬁ (d) None of these
N 7T 7
2 2
The product of the perpendiculars from two foci on any tangent to the hyperbola X—2 - y—z =
a
(a) a? (b) -a? (c) b? (@) -b?

If the two intersecting lines intersect the hyperbola and neither of them is a tangent to it, then number of
intersecting points are
[IIIT Allahabad 2001]

(a) 1 (b) 2 (c) 2,30r4 (d) 20or3

The equation of a tangent parallel to y = x drawn to % —ﬁ =1lis

(a) x-y+1=0 (b) x+y+2=0 (c) x+y-1=0 (d) x-y+2=0

The equation of the tangent to the conic x 2 —y2 -8x+2y+11=0 at (2, 1) is [Karnataka CET 1993]
(a) x+2=0 (b) 2x+1=0 (c) x-2=0 (d) x+y+1=0

The equation of tangents to the hyperbola x2 —4y? =36 which are perpendicular to the line x—-y+4 =0

(a) y=—x+ 3\/5 (b) y=-x- 3\/§ (c) y=-x=%2 (d) None of these

The position of point (5, - 4) relative to the hyperbola 9x2 —y2 =1

(a) Outside the hyperbola (b) Inside the hyperbola (c) On the conjugate axis(d)

Advance Level

2 2
If the two tangents drawn on hyperbolax—2 —:;—2 =1 1in such a way that the product of their gradients is c?, then
a

they intersects on the curve

(a) y2+b2=c?(x?2-a?) (b) y2+b?=c?(x?+a?) () ax?+by? =c? (d) None of these
2 2
C the centre of the hyperbola X—2 —Z—Z =1. The tangent at any point P on this hyperbola meets the straight lines
a
bx —ay =0and bx +ay = 0in the points Q and R respectively. Then CQ. CR =
2 2 2 2 1 1 1 1
(a) a“ +b (b) a“ -b (c) a_2+b_2 (d) Z 5

2 2
Let P(asecd,btand)and Q(asec g,btang), where 6+ ¢ = %, be two points on the hyperbola X——)b/—z =1. If(hk)is

2
a
the point of intersection of the normals at P and Q, then k is equal to [IIT 1999; MP PET 2002]
2 2 2 2 2 2 2 2
a“+b a“+b a‘+b a“+b
() (b) - () (@ -
a a b b

Let P be a point on the hyperbola x? —y? =a?where a is a parameter such that P is nearest to the line y = 2x.
The locus of P is
(a) x-2y=0 (b) 2y-x=0 (c) x+2y=0 (d) 2y+x=0

An ellipse has eccentricity %and one focus at the point P[E ,lj . Its one directrix is the common tangent nearer

to the point P, to the circle x? +y? =1 and the hyperbola x? —y? =1. The equation of the ellipse in the standard
form, is [IIT 1996]
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2 2 2 2

(@ &9 -, by &=L 4D
1/9 1/12 1/9 1/12

© (x-1/3 (-1* _, @ (x-1/3° +1° _,
1/9 1/12 1/9 1/12

Normals, Co-normal points O

90.

o1.

92.

93.

Basic Level Y
The condition that the straight line Ix + my = n may be a normal to the hyperbola b®x? —a’y? =a®h?is given by [MP PET
2 2 2 2\2 2 2 2 2\2 2 2 2 2\2 2 2 2 2\2

a b a +b | m a +b a b a‘—b | m a‘-b
(@) -2 =C S gy Lo D) (@ S+ =820 @ DT &)

| m n a b n | m a b n

X 2 y2

The equation of the normal to the hyperbola o 9 =1at (-4, 0) is [UPSEAT 2002]
() y=0 (b) y=x (c) x=0 (@ x=-y
The equation of the normal at the point (asec 6,b tan §) of the curve b2x? —a?y? =a®b?is [Karnataka CET 1999]
(a) X +F)—y:a2+b2 (b) 2, by =a? +b? X b—y:azjtb2 @ 24 by =a? -ph?

cosd sind tand secd secd tané secd tané

2 2
The number of normals to the hyperbolax—2 - Z—Z =1 from an external point is [EAMCET 1995]
a

() 2 (b) 4 (c) 6 (d) 5

Chord of Contact, Equation of the Chord whose Mid point is given and Equation of Chord joining ( j

_ =

94.

95.

96.

97.

98.

Basic Level >

The locus of the middle points of the chords of hyperbola 3x? —2y? +4x —6y = 0 parallel to y = 2x is [EAMCET 1989]
(a) 3x—-4y =4 (b) 3y—-4x+4=0 (c) 4x—-4y=3 (d) 3x—-4y=2

The equation of the chord of the hyperbola x? —y? =9 which is bisected at (5,-3)is

(a) 5x+3y =9 (b) 5x -3y =16 (c) 5x+3y=16 (d) 5x-3y =9

2 2

If the chords of contact of tangents from two points (x,,y;)and (x,,y,)to the hyperbolax—z—y—2 =1 are at right
a

angles, then XaXa is equal to
Yi¥2
2 2 4 4
a b b a
(a) —b—2 (b) —a—z (© —a—4 (d) _b_4
Equation of the chord of the hyperbola 25x2? —16y? =400 which is bisected at the point (6, 2) is
(a) 16x —75y =418 (b) 75x —-16y =418 (c) 25x -4y =400 (d) None of these

Advance Level )

If x=9is the chord of contact of the hyperbola x? -y? =9, then the equation of the corresponding pair of
tangent is [1IT 1999]
(a) 9x*-8y? +18x—-9=0 (b) 9x2—-8y>-18x+9=0 () 9x*>-8y?—-18x-9=0 (d) 9x>-8y>+18x+9=0



99.
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2

2
If (asec d,btan )and (asec ¢,btan ¢) are the ends of a focal chord of x_z_y_z =1, then tan%tan%equals to
e-1 l1-e l+e e+1

a) — b) — c d
()e+1 ()1+e ()1—9 (@ e-1

X2 y2
If —2+b—2=1 (a>b)and x? —y? =c? cut at right angles, then

a
(a) a®+b? =2c? (b) b?-a®=2c? (c) a®>-b?=2c? (d) a’b®=2c’

The locus of the middle points of the chords of contact of tangents to the hyperbola x? —y? =a?from points on
the auxiliary circle, is

(a) a?(x2+y?)=(x?-y?) (b) a®?(x? +y?)=(x?—y?)? () a’(x2+y?*)=(x-yy (d) None of these
2 2
The locus of the mid points of the chords of the hyperbola X—2 - Z—z =1, which subtend a right angle at the origin
a
x 2 yz 2 1 1 x 2 yz x 2 yz 2 1 1 x 2 yz
@ 7| |7 7)) Tt O b il eyl ek gy
a b a b a~ b a~ b a“ b a b
XZ y2 1 1j XZ yZ
O |5 -S|l =-S5 |l==+=5 d) None of these
(© [az b2 (az b2) a? b (@)

Pole and Polar, Diameter and Conjugate diameter O

103.

104.

105.

106.

107.

Basic Level >

The diameter of 16x? —9y? =144 which is conjugate to x = 2yis

16 32 16 32
a =—X b =—X c) X=— d x=—
(ay 9 (b) y 9 ) R (d) 5V
XZ y2
The lines 2x +3y +4 =0 and 3x —2y +5 = 0 may be conjugate w.r.t the hyperbola — - =1, if
a
(a) a®+b? =% (b) a*-b? =% (c) b?-a’ =% (d) None of these
XZ y2
The polars of (x,,y;)and (X,,y,)w.r.t — - b =1 are perpendicular to each other if [AMU 1998]
a

X X b2 X, X a a’ a’
(a) 2122 7 (b)) 2lz -2 (©) XiXp +Y1Y, =— (d) x1X3 =Y1Yo =—

ViYs a’ VoY b 1R2 1Y2 b2 1422 = Y1¥o b2

Advance Level )
XZ y2
The locus of the pole of normal chords of the hyperbola —- s =1is
a
(a) a®/x%-b®/y? =@%+b?)? (b) x%/a®> —y?/b? =@*+b?)?
(c) a?/x®-b%/y? =@*+b?)? (d) None of these
2 2
The locus of the pole with respect to the hyperbola X—Z—Z—z =1 of any tangent to the circle, whose diameter is
a

the line joining the foci is the
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(a) Ellipse (b) Hyperbola (c) Parabola (d) None of these

Asymptotes of Hyperbola 0

Basic Level 'Y

108. The product of the lengths of perpendicular drawn from any point on the hyperbola x?-2y% -2 =0to its
asymptotes is
[EAMCET 2003]
1 2 3
a) — b) — c) — d) 2
(a) > (b) 3 (© 5 (d)
X 2 y2
109. The angle between the asymptotes of — —b—z =11is equal to [BIT Ranchi 1999]
a
-1 b -1 a -1 a -1 b
(a) 2tan| — (b) 2tan— — (c) tan™ — (d) tan™ —
a b b a
Advance Level )
110. The product of perpendicular drawn from any point on a hyperbola to its asymptotes is [Karnataka CET 2000]
212 2 2
a‘b a‘+b ab ab
(@) ——~ ®) ——— © ——= (d)
a?+b? apb? Ja++b a?+b?
XZ y2 X 2 yZ
111. From any point on the hyperbola — —+5 =1 tangents are drawn to the hyperbola —z—b—z =2 . The area cut-off
a a
by the chord of contact on the asymptotes is equal to
() % (b) ab (c) 2ab (d) 4ab
112. The equation of the hyperbola whose asymptotes are the straight lines 3x-4y+7 =0and 4x+3y+1=0and
which passes through origin is
(a) Bx—4y+7)(@x+3y+1)=0 (b) 12x% —7xy —12y% +31x +17y =0
(c) 12x% —7xy +2y? =0 (d) None of these
113. The equation of the asymptotes of the hyperbola 2x2 +5xy +2y% —11x -7y —4 =0 are
(a) 2x% +5xy +2y2 —11x—-7y-5=0 (b) 2x% +4xy +2y? —7x—11y+5=0
(c) 2x% +5xy +2y2 —11x-7y+5=0 (d) None of these
Rectangular Hyperbola O
Basic Level Y
114. Eccentricity of the curve x? —y? =a’is [UPSEAT 2002]
(a) 2 (b) \/E (©) 4 (d) None of these
115. The eccentricity of curve x? —y? =1is [MP PET 1995]
1 1
(@ = (b) —= (© 2 (@ 2
2 NF)
116. The eccentricity of the hyperbola x? —y? =25 is [MP PET 1987]
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128.

129.

130.
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1
(a) 2 (b) = (©) 2 (@ 1+v2
J2
If transverse and conjugate axes of a hyperbola are equal, then its eccentricity is [MP PET 2003]
1
(a) V3 (b) V2 (© — (@ 2
J2
The eccentricity of the hyperbola @(x2 -y =1is [Karnataka CET 1999]
(a) V3 (b) 2 (©) 2 @ 2v2
1
Eccentricity of the rectangular hyperbola I e¥ (% - %]dx is [UPSEAT 2002]
o X
1
(a) 2 (b) 2 (©) 1 @ —=
J2
The reciprocal of the eccentricity of rectangular hyperbola, is [MP PET 1994]
1 1
(a) 2 (b) = (© 2 @ —=
2 V2

The locus of the point of intersection of the lines (x +y)t =aand x —y =at, where t is the parameter, is
(a) Acircle (b) An ellipse (c) A rectangular hyperbola (d) None of these

Curve xy =c?is said to be

(a) Parabola (b) Rectangular hyperbola (c) Hyperbola (d) Ellipse

What is the slope of the tangent line drawn to the hyperbola xy = a(a # 0) at the point(a,1) [AMU 2000]
1 -1

(a) = () — (o) a (d) —a
a a

The coordinates of the foci of the rectangular hyperbola xy =c®are

c c
(a) (xc,+c) (b) (irc\/zic\/i) © |t—=,t— (d) None of these
V272
XZ y2
A tangent to a hyperbola —-—+— =1intercepts a length of unity from each of the coordinate axes, then the

a2

point (a, b)lies on the rectangular hyperbola

(a) x?-y?=2 (b)) x?-y?=1 () x?-y?=1 (d) None of these

A rectangular hyperbola is one in which

(a) The two axes are rectangular (b) The two axes are equal
(c) The asymptotes are perpendicular (d) The two branches are perpendicular

If e and e, are the eccentricities of the hyperbolas xy =c?and x? —y? =c?, then e” + ¢/ is equal to [EAMCET 1995; UPSE

(a) 1 (b) 4 (©) 6 (d) 8
If the line ax + by + ¢ =0 is a normal to the curve xy = 1, then
(a) a>0,b>0 (b) a>0,b<0or a<0,b>0 (c) a<0,b<0 (d) None of these

The number of normals that can be drawn from any point to the rectangular hyperbola xy = c?is
(a) 1 (b) 2 () 3 (d) 4

The equation of the chord joining two points (x,,y,;) and (x,,y,)on the rectangular hyperbola xy = c’is

@ ——+—F -1 ) 22—+ -1 (0 ——+—L -1 @ —2—+—L =1
X1 +Xz YitYs Xp =Xz Y1~ Y2 YitYe XX Y=Yz X17X;
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131. If a triangle is inscribed in a rectangular hyperbola, its orthocentre lies

(a) Inside the curve (b) Outside the curve (c) On the curve (d) None of these

Advance Level

132. The equation of the common tangent to the curves y? =8x and xy = -1is [IIT Screening 2002]
(a) 3y=9x+2 (b) y=2x+1 (c) 2y=x+8 (d) y=x+2

133. A rectangular hyperbola whose centre is C is cut by any circle of radius r in four points P,Q, R and S, then
CP2+CQ2+CR?+CS2%=
() r? (b) 2r? (c) 3r? (@ 4r?

134. If P(x;,y;),Q(X,,Y,)R(X5,ys)and S(x,,y,)are four concyclic points on the rectangular hyperbola xy =c?, the
coordinates of orthocentre of the APQR are

(@) (X4:7Y4) () (X4.Y4) (©) (X4,7Y4) (@) (%4.Y4)
135. If a circle cuts the rectangular hyperbola xy =1in the points (x,,y,)where r =1,2,3,4 then

(a) Xy X,Xg3X, =2 (b) X X,x3x, =1 (€) Xy +X,+X3+X, =0 (d) y,+y,+y;+y, =0

*k*
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