Gottfried Wilhelm Leibnitz

14" November 1716)

Introduction

ifferential

(1° July 1646 -

equations, began with

Gottfried Wilhelm Leibnitz. He was a Germen
Philosopher, mathematicians, and logician.

In lower class, we have studied algebraic equations like
5x—3(x—6) =4x,

x*—7x+12=0, [18x—5/=3. The goal

here was to solve the equation, which meant to find the value (or
values) of the variable that makes the equation true.

For example, x =9 is the solution to the first equation because only
where 9 is substituted for x both sides of the equation are identical.

In general each type of algebraic equation had its own particular )

method of solution; quadratic equations were solved by one method
equations involving absolute values by another, and so on. In each case, an equation was presented,
and a certain method was employed to arrive at a solution, a method appropriate or the particular

equation at hand.

are equations involving derivatives. There are different types of differential
equations, and each type requires its own particular solution method.

when formulated in mathematical forms, lead to differential equations. Many
of these problems are complex in nature and very difficult to understand. But

These same general ideas carry over to differential equations, which

Many problems related to economics, commerce and engineering,

when they are described by differential equations, it is easy to analyse them.

Learning Objectives

After studying this chapter , the students will
be able to understand

.

order of the differential equations
degree of the differential equations

general and Particular solution of
Differential equations
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® formation of Differential equations

® differential equations with variable
separable

® homogeneous differential equations
linear differential equations

® second order linear differential
equations with constant coeflicients.
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A differential equation is an equation with
a function and one or more of its derivatives.
(i.e) an equation withzthe function y = f(x) and

its derivatives ﬂ d_y ... is called differential

. dx’ dx’
equation.
For example,
. dy . dy J1-x2
(i) —==x+5 (i) == —F7—
dx dx [p_ y?

o dy (dy ’ o dx
(111) E'Fz(a) =0 (IV) ?+m2x=0

Differential equations are of two types.
One is ordinary differential equations and other
one partial differential equations. Here we study
only ordinary differential equations.

4.1 Formation of ordinary differential
equations

4.1.1 Definition of ordinary differential
equation

An ordinary differential equation is an

equation that involves some ordinary derivatives

2
(Z—yj—);) of a function y= f(x). Here
X dx

we have one independent variable.

4.1.2 Order and degree of a differential
equation

The highest order derivative present
in the differential equation is the order of the
differential equation.

Degree is the highest power of the
highest order derivative in the differential
equation, after the equation has been cleared
from fractions and the radicals as for as the
derivatives are concerned.

For example, consider the differential
equation
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Py (3y) (dyY
NS INED
dx dx dx
d3y

Here the highest order derivatives is e
( i.e 3rd order derivative). So the order of the

differential equation is 3.

Fe Now the power of highest order derivative
—= is L.

dx’

The degree of the differential
equation is 1.
Example 4.1

Find the order and degree of the following
differential equations.

Iy (dyY
i) —2+3|=| +4y=0
W dx* (dx) 4

2
) XY 5

dx? dx
3 6
(iii) %— (%) +2y=x"

3
Iyl &y
i I+—=| =a—=
() { dx2:| dx?

’

W y+(")

1
d’y (dy)?
NS 2 S
o) dx’ (dx)

(x+y7)

2
(vii) y= Z(d—y) + 4xd—x
dx dy

Solution

d’y dy)z
) 243 2| +4y=0
W dx* (dx 4

Differential Equations I 81 -
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is 1.

(ii)

is 1.

(iii)

® (iv)

(v)

(vi)

2

Highest order derivative is —=-
dx
.. order =2
d’y
Power of the highest order derivative—=

X

Degree =1
2

d—f—zd—y+3y:o
dx dx dZ

Highest order derivative is ol
X

*. order =2
d’y
Power of the highest order derivative—=

X

. Degree = 1
&y (dyY )
— =3 =1 +2y=x
dx’ (dx) 4
*. order =3, Degree =1
3
2.1, 2
WAL L
dx dx

Here we eliminate the radical sign.

Squaring both sides, we get

2y L (&yY
1+—)2/ =a’ —)2/
dx dx

.. Order=2, degree =3
y/ + (y”)z — (x + y”)z

’ //2 ” //2
y +(y ) :x2+2xy +(y )
d d’
" =x%+2x ":>—y:x2+2x—y
4 4 dx dx?

. Order=2, degree=1
1

d’y (dy )2
_ < _| £ — O
dx’ dx

Here we eliminate the radical sign.

For this write the equation as

y_ (d_y)i
dx® dx

- 82 I 12" Std. Business Mathematics and Statistics
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Squaring both sides, we get

£y d
ayl|l_a
(dx3] dx

.. Order=3, degree=2

3
yd—y=2(d—y) +4x
dx dx

*. order=1, degree=3

00 AN
“ ~

M4 KNOW?

Order and degree (if defined) of
a differential equation are always
positive integers.

Family of Curves

Sometimes a family of curves can be
represented by a single equation with one
or more arbitrary constants. By assigning
different values for constants, we get a family of
curves. The arbitrary constants are called the

parameters of the family.
For example,

(i) y>=4ax represents the equation of a
family of parabolas having the origin as
vertex where ‘a” is the parameter.

(i) x>+ y2 =a’ represents the equation of
family of circles having the origin as centre,
where ‘a’ is the parameter.

(iii) y = mx+c represents the equation of a
family of straight lines in a plane, where m
and c are parameters.
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4.1.3 Formation of ordinary differential
equation:

Consider the equation f (x, y,cl) =0 --(1)
where ¢, is the arbitrary constant. We form the
differential equation from this equation. For
this, differentiate equation (1) with respect to the
independent variable occur in the equation.

Eliminate the arbitrary constant ¢, from (1)
and its derivative. Then we get the required
differential equation.

Suppose we have f(x,y,cl,cz) =0. Here
we have two arbitrary constants ¢, and c, . So,
find the first two successive derivatives. Eliminate
c,and ¢, from the given function and the
successive derivatives. We get the required
differential equation.

The order of the differential equation

to be formed is equal to the number

of arbitrary constants present in the
@ equation of the family of curves.

Example 4.2

Find the differential equation of the
family of straight lines y=mx+c when
(ii) c¢ is the
(iii) m and c¢ both are

(i) m is the arbitrary constant
arbitrary constant
arbitrary constants.

Solution:
(i) misan arbitrary constant

y=mx+c (1)
Differentiating w.r. to x ,
dy
we get —=m ..(2)
dx

Now we eliminate m from (1) and (2)

For this substitute (2) in (1)

y=xd—y+c

dx
xd—y—y+(;=0 which is the
dx
required differential equation of first

order.
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(ii)  cis an arbitrary constant
Differentiating (1), we get d_y =m
x

Here ¢ is eliminated from the given
equation

d
d—yzm is the required differential
X

equation.

Fig. 4.2 ®

(iii) both m and c are arbitrary constants
Since m and ¢ are two arbitrary constants
differentiating (1) twice we get

a_
dx

2
7 _y
dx

Here m and ¢ are eliminated from the
given equation.

d2
—)2/ =0 whichistherequired differential
dx
equation.
oo
&
Ay N
I
\ )
X ‘L\\\V) *
N ‘{-X
4

Fig. 4.3

Differential Equatz'oml 83 -
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Example 4.3
Find the differential equation of the family
of curves y = —+b where a and b are arbitrary
constants.
Solution:
_ a
Given y=—+b
X
Differentiating w.r.t x , we get
dy -a
dx  x°
d
P A
dx

Again differentiating w.r.t x we get

2
xzd y+2xd—y:0

dx* dx
2
:>xd—)2/+2d—y=0 which is
dx dx

the required differential equation

Example 4.4

Find  the differential ~ equation
corresponding to y =ae** +be”* where a, b
are arbitrary constants,
Solution:

Given y =ae** +be ™. (1)

Here a and b are arbitrary constants

dy = 4ae* —be™  (2)

F 1), —
rom (1) »
2
and % = 16ae** +be™ (3)
X
d)’ 4x
(D+(2) = y+d— = 5ae (4)
X
2
@+(3) = Z—Mj—{ _ 20a¢™
x dx
= 4(5ae4x)
dy
e
dy  d’y Zj
LSl = ayrat
dx dx dx

‘ ‘ XII Std - Business Maths & Stat EM Chapter 4.indd 84
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d’y dy

dx? dx

required differential equation.

y = 0, which is the

Example 4.5

Find the differential equation of the family
of curves y = e* (acosx + bsinx) where aand
b are arbitrary constants.

Solution :
y=ex(acosx+bsinx) (1)
Differentiating (1) w.r.t x, we get
dy = ex(acosx+bsinx)+
dx
e (—a sinx + bcos x)
= y+e (—asinx+bcosx)
(from (1))

dy . ,
= ——y= e (—asinx+bcosx) (2)

dx
Again differentiating, we get
dy_dy _
x> dx
e*(—a sinx+b cosx)+e*(—a cosx —b sinx)
d’y _dy _
x> dx
e*(—asinx+bcosx)—e* (acosx+bsinx)
dy dy _(dy
X2 2oy |-y (from(1)and
dx2 dx (dx y )’ (rom()an ())

2
d_)2/ -2 dy +2y =0, which is the requited
dx dx

differential equation.

% Exercise 4.1

1. Find the order and degree of the following
differential equations.

(i) d—y+2y=x3

dx
3 3

(ii) d—y+3(d—y) 2P g
dx’ dx dx
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2
y_ |, Y
(i) dx? 4 dx
3
(iv) d—xf -0
) s\
(V) d_y + + d_y — d_)/ 0
dx* dx dx’

2. Find the differential equation of the

following
(i)y:cx+c—c3 (ii)y:c(x—c)2
(iii) xy = c* (iv) x* + yz =a’

3. Formthedifferential equation by eliminating
a and B from (x—oz)2 +(y—ﬁ)2 =r’.

4. Find the differential equation of the family
of all straight lines passing through the
origin.

5. Form the differential equation that
represents all parabolas each of which has a
latus rectum 4a and whose axes are parallel
to the x axis.

6. Find the differential equation of all circles
passing through the origin and having their
centers on the y axis.

7. Find the differential equation of the family
of parabola with foci at the origin and axis
along the x-axis.

Solution of a Differential Equation:

The relation between the dependent and
independent variables not involving derivatives
is called the solution of the differential equation.

Solution of the differential equation must
contain the same number of arbitrary constants
as the order of the equation. Such a solution
is called General (complete) solution of the
differential equation.
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4.2 First order and first degree differential
equations
A differential equation of first order and first

d
degree can be written as f (x, y,d—y) =0. Here
X

we will discuss the solution of few types of

equations.

4.2.1 Generalsolutionand particularsolution

For any differential equations it is possible
to find the general solution and particular
solution.

4.2.2 Differential Equation in which
variables are separable
If in an equation it is possible to collect all
the terms of x and dx on one side and all the
terms of y and dy on the other side, then the
variables are said to be separable. Thus the
general form of such an equation is

fx)dx = g(y)dy (or) flx)dx + g(y)dy =0
By direct integration we get the solution.
Example 4.6
Solve: (x* +x+1)dx+ (y2 —y+3)dy=0

Solution:
Given (x* +x+1)dx+ (y2 —y+3)dy =0

It is of the form f(x)dx+ g(y)dy = 0

Integrating , we get

j(x2+x+1)dx+J(y2—y+3) dy=c

3 2 3 2
(x_+x_+xJ (y__y_+3y]=c
3 2 3 2

Example 4.7
d x — _
Solve—yze Y xte
X
Solution :
d _ _ _ _
Given —y=ex YyxPe 7V =e Ve + e0x°
X
_ —y( x 2)
=e e +x

Differential Equatz'oml 85 -

08-12-2021 17:26:31‘ ‘



B [ [ [ ® . EEES

Separating the variables, Integrating, we get
we get e’dy = (e" +x2)dx J'sec2 x Jrjsecz Y gy .
Integrating, we get Jey dy = j(ex +x° )dx tanx tany
\ logtanx +logtan y = logc
X
e =e"+—+c log(tanxtan y) = logc
3
Example 4.8 tanx tan y _ .

Solve 3¢* tan ydx + (1+¢*)sec” ydy =0

) e Example 4.10

given y(O) =— ,
4 Solve ydx —xdy —3x*y*e* dx=0.

Solution:
Given 3e” tan ydx + (1+e*)sec’y dy =0 Solution:
X X Given equation can be written as
3¢“tany dx = —(1+e")sec’y dy ydx — xdy q2 I
30" sec? y ————-3x"¢" dx=0
- dx - dy Y ydx —xdy 5 3
l+e tan y Integrating, J.—Z—J.3x e dx =c
Integrati t 3 _[ a dx fﬂd +c 9)61 t
ntegratng, we ge =— RO P —
LA TP tanyy Jd(y) Iedt - ¢
3log(1+e*) = —logtany+logc

(where t =x° and df =3x%dx )

[-;j?((j)) dx=logf(x):| X _.

® i’ ®
log(1+e*)’ +logtany =logc ;_ex =c
x)? Example 4.11
log (1+e ) tany| =logc ple <. dx , dx
Solve: x —y—=a| x" +—
1 x\3 _ d)/ dy
(I+e")tany  =c (1) Solution:
- =T 4l Givenx—yd—x:a x2+d—x
Given ,V(O)-Z (i) y= 1 at x=0 dy dy
X 2 X
)= 1+ tanl = ¢ XxX—y—=ax +a—
()= Qe ung 5 5
2°(1) =¢ 5 dx  dx
Xx—ax" = a—+y—
=c =8 dy ~dy
Hence the required solution is X (1 — ax) = (a+y) d_x
(1+e*)’tany =8. dy
Example 4.9 By separating the variables
Solve sec’ x tan ydx+ sec’ ytanxdy =0 dx dy
we get, =
Solution: x(l—ax) a+y
Separating the variables, we get a 1 dy
sec” x sec’ +— |dx=
)
dx+ dy =0 l—ax x aty
tanx tan y

- 86 I 12" Std. Business Mathematics and Statistics
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+l)dx _ Y

Integrating, J(l PR aty

—log(1- ax) +log x =log(a+ y) +logc

log( i ) =log(c(a+y))

1—ax

( X ) = c(a+y)
1—ax

x= (l—ax)(a+ y)c which is the required
solution.

Example 4.12

The marginal cost function of
manufacturing x gloves is 6 +10x —6x”. The
total cost of producing a pair of gloves is ¥100.
Find the total and average cost function.

Solution:
Given MC = 6+10x—6x"
ie., de = 6+10x—6x>
dx
de = (6+10x —6x7)dx

[ac

C

j(6+10x—6x2)dx+k
2 3

6x+10x——6x—+k
2 3

6x+5x> =2x>+k (1)

C

Given ¢=100 whenx=2

(1) = 100 = 12+5(4)—-28)+k
= k =84
(1) = c(x) = 6x+5x*—2x>+84
Average Cost AC = i = 6+5x—2x° +%

Example 4.13

The normal lines to a given curve at each
point(x, y) on the curve pass through the point
(1,0). The curve passes through the point (1,2).
Formulate the differential equation representing
the problem and hence find the equation of the
curve.

‘ ‘ XIlI Std - Business Maths & Stat EM Chapter 4.indd 87

Solution:

Slope of the normal at any point

dx
Pix,y)=——
(er)=-3
Let Q be (1,0)
Slope of the normal PQ is YA
-0 xZ_xl
ie., r—o_
x—-1 x-1
", _@:L:@:L’ which is the
dy x-1 dy 1-x
differential equation
ie., (I1-x)dx = ydy
J(l—x)dx = Jydy+c
2 2
- =L
2 2
Since it passes through (1,2)
1 4
1-— = —+¢
2 2
C:l—z = —é
2 2
-3
Put ¢ = — in 1
5 (1)
2 2
EE S A
2 2 2
2x—x" = y* -3
= y2 = 2x—x*+3

which is the equation of the curve

Example 4.14

The sum of 32,000 is compounded
continuously, the nominal rate of interest being
5% per annum. In how many years will the
amount be double the original principal?
(log,2=0.6931)

Solution:

Let P be the principal at time ‘¢’
dp 5
—=——P=0.05P
dt 100

Differential Equatz'oml 87 -
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Given

. Solve:

dP

J
|
Il

jo.os dt+c

log, P = 0.05t+c

0.05¢
P = ¢

P = CleO.OSt (1)
P=2000 whent=0
= ¢, = 2000
(1) = P = 2000e"

To find t,when P =4000

()= 4000 = 2,000e"%"
5 = 00t
0.05t = log2
0.6931 )
t = = 14 years (approximately)

0.05

* Exercise 4.2

2
(i) d_ ae’ (i) Lt dy
dx

= xy—=

1+y dx

dy

.Solve: y(1-x)—x—=o0

dx

. Solve: (i) ydx—xdy=0

(ii) d—y+e" +ye* =0
dx

. Solve: cos x(1+ cos y)dx—sin y(1+sinx)dy=0

.Solve: (1—-x)dy—(1+ y)dx=0

d
. G) 2

. Solve —= ysin2x

(ii) log(jy) =ax+by

X

. Find the curve whose gradient at any point

? and which passes

P(x,y) on it is Al
through the origin.

88 I 12" Std. Business Mathematics and Statistics
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4.2.3 Homogeneous Differential Equations
A differential equation of the form

dy_fxy)

dx  g(x,y)
differential equation if f(x,y)and g(x, y) are

is called homogeneous

homogeneous functions of the same degree in

x and y (or) Homogeneous differential can be

written as 4 _ F(Z)
dx X

Method of solving first order Homogeneous
differential equation

Check f(x,y) and g(x,y) are

homogeneous functions of same degree.

ie. d_y =F (Z)
dx X

d d
Put y=wvx and Doy
dx dx

The given differential equation becomes

d
v+x Z=F (v)
dx
Separating the variables, we get
d d d
x —v:F(v)—v - 2 2
dx F(v)-v x
By integrating we get the solution in terms
of vand x.

Replacing v by 2 we get the solution.
X

Note i

Sometimes it becomes easier by

taking the Homogeneous differential
equation as @zF(fj (1)
dy  \»y

In this method we have to substitute x

dx dv
=vyand —=v+x — then (1) reduces
to variable %}eparable tyf;e. By integrating,
we get the solution in terms of v and y. The

solution is deduced by replacing v = =

08-12-2021 17:27:02‘ ‘



Example 4.15

Solve  the  differential  equation

yidx+(xy+x*)dy =0

Solution
yidx+(xy+x)dy = 0
(xy+x*)dy = —y’dx
g M)
dx B xy +x°

It is a homogeneous differential equation,
same degree in x and y
d dv
Put y=vx and YDy
dx dx

.. (1) becomes

% —v2x?
Vix— = —
dx X VX +Xx
B v+1
dv —y?
X— = -y
dx v+1
v —v—v
v+1
dv —(v+2v2)
X— = —r
dx 1+v
Now, separating the variables
1+ —d
TV g, - I
v(1+2v) X
1+2v)—v —d
(*2v)-v - dx
v(l+2v) X
( 1+v = 1+2v—v)
1 1 —d
11, —dx
v 142y X

On Integration we have

(it o
v 14+2v X

log v —% log (1+2v)

—log x+log ¢

iz - ()

‘ ‘ XII Std - Business Maths & Stat EM Chapter 4.indd 89

v __ £
1+2v x
Replace v = Lowe get
X
Y
X _ L
2 X
Ji+=2
X
yx
A
JxX+2y
vr
T+ 2y
where k = ¢?
D\
Note i
I+v
J. > dv can be done by the
vo+2v

method of partial fraction also.

Example 4.16
Solve  the  differential  equation

dy _x-y

dx x+y
Solution:
dy x-—
e (1)
dx x+y
This is a homogeneous differential
equation.
d d
Now put y=vx and YDy
dx dx
dv X—vx
()= v+x— =
x X +vx
_ L=v
I+v
dv 1-v
xX— = —=v
dx 1+v
o 1-2v- v
I+v

Differential Equatz'oml 89 -
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1+v —dx
L -
v +2v—1 b
Multiply 2 on both sides
2+2 d
L .
vi+2v—1 x
On Integration
2+2 d
[—"—av = 2=
vi+2v—1 x

log (v +2v —1) —2log x + log ¢

v 42y -1 - =
X

x* (v +2v-1) = ¢

Now, Replace v -2
x

|
a

2
x’ [y—2+2—y—1:|
xT X

y2 +2xy — x* cis the solution.

Example 4.17

Find the particular solution of the
differentialequation x* dy + y (x + y) dx=0
given that x=1, y =1

Solution

xdy+y(x+y)dx = 0
x’dy = —y (x+y) dx

dy —(xy+y°
dy_ —y )’)(1)

dx x*
Put y =vx andd—y=v+xﬂ in (1)
X dx
dv — (xvx +1vx?)
Vbx—= —————~
dx x’
= —(v+v2)
dv )
X— = =V —v—v
dx
= — (W +2v)

‘ ‘ XIl Std - Business Maths & Stat EM Chapter 4.indd 90
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On separating the variables

dv _ —dx
v +2v X
dv _ —dx
v(v+2) X
+2)- -
1 (V ) v dv = —dx
2 v(v+2) X
[ T
2 v v+2 X
%[log v—log (v+2)] = —log x+log ¢
1 v C
21 — log —
2 Ogv+2 ng
We have 5
v o _°c
v+2 x?
Replace VZZ,WC get
X
y k

2
x(y+2) x
X

2
where ¢* =k

2
X
4 -k )
y+2x
When x=1,y=1
1
SL2) =2k = —
@ 1+2
1
ko= =
3

. The solution is 3x” y =2x+ y

Example 4.18

If the marginal cost of producing x shoes
is given by(3xy+ y*) dx+(x* +xy) dy=0.
and the total cost of producing a pair of shoes is
given by 312. Then find the total cost function.

Solution:
Given marginal cost function is

(x* +xy) dy+(Bxy+y*) dx=0

08-12-2021 17:27:24‘ ‘



dy _ =Gxy+y%) M

dx x2+xy
d d
Put y =vx and—y:v+x—v in (1)
X dx
dv = (Bx vx+v2x?)
V+x— =
dx X2+ x vx
—(3v+v2)
- 1+v
dv 3y —?
Now, X—= ——y
dx 1+v
B —3v—v: —v—v?
1+v
dv —4v—2v2
X—= —
dx 1+v
1+ —d
Y gy
4v +2v X

On Integration

1+ d
J—Vz dv = —[=
4y +2v x

Now, multiply 4 on both sides

J4+4v Jy - _4Jd_x
X

4y + 21/2

log (4v+2v2) —4 log x+log ¢

4y +2v° = %
X
x* (v+20?) = ¢
Replace v = b4
X
2
a2l |- ¢
X ox
4 4xy+2y2
X =c
X2

c = 2x° (2xy+y2) (2)

‘ ‘ XIl Std - Business Maths & Stat EM Chapter 4.indd 91

Cost of producing a pair of shoes =12
(i.e) y=12 when x=2
c =8 [48+144]=1536
. The cost function is x* (2xy + y*) = 768

Example 4.19

The marginal revenue ‘)’ of output ‘q is

2 2
+
given by the equationd—y = M Find
dq 29y

the total Revenue function when output is 1

unit and Revenue is 35.

Solution: 5 5
Given that MR = d_y - 4Ty 3y (1)
dq 2qy
Put y=vq and d—y:v+qﬂin (1)
dq dq
Now (1) becomes 5 5 5
dq 29 vq
14302
- 2v
dv 14 3v2
q— = -V
dq 2v
143 -
- 2v
1+ v2
- 2v
2
v2 dv = dq
1+v q
On Integration
2
R
1+v q
log (1+v2) = logg+logc
1+ v2 = cq
Replace v = b4
q

Differential Equations I 91 -
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2
1+)/_2 = cq

q
q2+y2 = cq3 (2)

Given output is 1 unit and revenue is 35
2= 1+25=¢c = ¢c=26
~. The total revenue fonction is

6]2+)/2=266]3

* Exercise 4.3

Solve the following homogeneous
differential equations.

1. xd—y=x+y
dx p

2. (x—y)—y=x+3y

dx

3. xd—y—yz x2+y2
dx

A dy 3x-2y

~ dx  2x-3y

5. (y* —2xy)dx=(x" —2xy)dy

6. The slope of the tangent to a curve at any
point (x, y) on it is given by
(y® —2yx”)dx +Q2xy* —x°) dy=0
and the curve passes through (1, 2).
Find the equation of the curve.

7. An electric manufacturing company makes
small household switches. The company
estimates the marginal revenue function for
these switches to be (x”+ y*)dy = xydx
where x represents the number of units (in
thousands). What is the total revenue
function?

4.2.4 Linear differential equations of first
order:

A differential equation is said to be linear
when the dependent variable and its derivatives
occur only in the first degree and no product of
these occur.
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The most geneéal form of alinear equation
of the first order is dy +Py=Q (1)

X
P and Q are functions of x alone.
Equation (1) is linear in y. The solution is
d d d
given byyejp * = J‘erp “dx +c. Here ejp y
is known as an integrating factor and is denoted
by LE

Note i

For the

differential

equation

—+ Px=Q (linear in x) where P and
Qare functions of yalone, the solution

is xejpdy = J’Qe'[pdydy +c

Example 4.20

d
Solve @ + Zz x°
X X

Solution:

1
Given —y+—y=x3
dx «x

It is of the form —y+ Py =Q
dx

1
x
dex = J.idx: log x

LE = ol

logx __

=€ X

The required solution is

y(LF) = [Q(LF)dx+c
yX = jx3.xdx+c

= jx4dx+c

5
X

= —+c
5

S

. VX -
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tanx tanx

no i = tanxe e +c
— Y““ = .
"G A linear differential equation is ye'tht = el (tanx—1)+c
always of first degree but every
differfential equation of the first
d d be I Example 4.22
egree need not be linear dy
Sol x*+1) =% +2xy=4x°
d’y 3dy ) ove ( ) dx 4
— ———+2y"=0
dx~ dx Solution:
is not linear. The given equation can be reduced to
dy , 2x 0 4x
Example 4.21 dx  x*+1 V= 41
2 dy
Solve cos”x—*—+y =tanx dy
dx Itis of the form —~ +Py = Q
. dx
Solution: ,
2 4
. . . Here P= zx Q= 2x
The given equation can be written as x> +1 x> +1
dy N 1 _ tanx 2
dx cos’x’ cos’x _[de = _[ 21 dx = log(x"+1)
d
A +ysec2x = tanxsec’ x [ logl*+1)
x J IF =™ =™ =x2 41
- )
It is of the form —~+ Py =
® oTe o X y=Q The required solution is ®
Here P=sec’x,Q = tanxsec’ x y(IF) :IQ(I.F)dx+c
5 ) 4y )
Ide = jsec x dx =tanx y(x"+1) =J > (X +1)dx+c
x"+1

A
y(x*+1) = %+c

dx
LF = ejp =e""*

The required solution is

Example 4.23
y(LF) = [Q(LF)dx+c

d
Solve d_y —3ycotx=sin2x given that
x

ettt = jtanxseczxeta“ dx+c -
y =2 when x :5
Put tanx =t Solution:
d
Then sec” xdx = dt Given d—y—(3cotx).y=sin2x
X
t : Itis of the form 2.+ Py = Q
L yettt is of the form — =
soye = Jte dt+c Ix Y
= [ud(e')+c Here P=-3cotx, Q=sin2x

te' —e' +¢

Differential Equatz'oml 93 -
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Jde = I—3 cot xdx = —3logsinx

1
-=—logsin’x=log— 5
sin”
log !
LE —e sin3x _ 1
sin3x
The required solution is
y (L.F)= jQ(I.F)dx +c
1
—— = J.sin2x —— dx+c
sin” x sin” x
— :IZSinxcosxx ——dx +c
sin” x . sin” x
COS X
= 2J.' X ——dx+c
sinx sinx
= ZIcosecxcotxdx+c
1
— = —2cosecx+c (1)
sin” x
T
Now y = 2whenx=z
1
(1) = 2(1) = =2Xl4+c=>c=4
1
()= y— = —2cosecx+4
sin” x

Example 4.24
A firm has found that the cost C of
producing x tons of certain product by the
3

equation x—=——Cand C = 2 when x = 1.
dx x

Find the relationship between C and x.

Solution:
xd—c = ——C
dx X
ac _ 3 ¢
dx x> x
dc C 3
— Yt — = —
dx x x°
ie, d—C+lC = %
dx «x X

- 94 I 12" Std. Business Mathematics and Statistics
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It is of the form d—C +PC= Q
dx

1 3
Here, P=—,Q=—2
X X

Jde = J‘idx = logx

IF = ol 2 e

=e =X

The Solution is

C(LF) = [Q(LF)dx+k where k is

constant

Cx :I%xdx+k

1
:3j—dx+k
X
Cx =3logx+k (1)
Given C =2 When x=1

(1) = 2xl1=k=k=2

.". The relationship between C and x is

Cx = 3logx+2
% Exercise 4.4
Solve the following:
d
1. _)’_sz
dx x
dy ,
2. —+y cosx=sinxcosx
dx
d
3. x—y+2y:x4
dx
A d_y+ 3x°  1+x°
dx 1+x3y 1+x°
d
5. —y+1=xe"
dx x
d
6. —y+ytanx:cos3x
dx
dy . .
7. If d—+2ytanx=smx and if
x

y=0 when x= g express yin terms of x
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d Replace D by m. This equation is called
e x xe auxiliary equation qb(m) =0is a quadratic

equation. So we have two roots, say m, and m,.

9. A bank pays interest by continuous Now we have the following three cases.

compounding, that is by treating the interest
i Nature of roots Sy Gy
rate as the instantaneous rate of change of function

principal. A man invests ¥1,00,000 in the

Real and different
bank deposit which accures interest, 8% per (m, #m,) Ae™" + Be™"
year compounded continuously. How much Real and equal
will he get after 10 years. 2 m = m, = m(say) (Ax+ B)e™
4.3 Second Order first degree differential Complex roots ox _
equations with constant coefficients: (a £iB) ¢ (Acosfx+ Bsinfix)

Here A and B are arbitrary constants
4.3.1 A general second order linear differential

equation with constant coefficients is of Example 4.25
the form
Solve (D*—3D—4)y=0
d’y ., dy Solution:
aF+bE+Cy=f(x) olution:
x
- Given (D*-3D - 4)y =0
d d
® aD’y+bDy+cy= f(x), where I D:E =D’ The auxiliary equations is @
2 —_—
¢(D)y=f(x) (1) m —3m—4 = 0
= (m—4)(m+1) =0
where ¢(D)=aD’+bD+c (a,bandc m = —l4

are constants)
Roots are real and different

To solve the equation (1), we first solve the
equation (b(D) y = 0. The solution so obtained
is called complementary function (C.F).

.. The complementary function is
Ae™ + Be**

The general solution is y = Ae™* + Be**

1
Next we operate on f (x) with W , the

Example 4.26
solution so obtained is called particular integral P

D) Solve 9y” —12y"+4y=0

PI = ;)f(x) Solution:

D
g Given (9D” —12D+4)y = 0
General solutionis y=C.F+P.I 5
The auxiliary equation is (3m - 2) =0

Typel:f(x)=0
(i.e)gb (D)y =0
To solve this, put ¢ (D) =0

(3m—2)(3m-2)=0 =>m=§,

[SSH

Roots are real and equal.

Differential Equatz'oml 95 -
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2
x

The C.EF. is (Ax + B)eg

2
—Xx

The general solution is y = (Ax + B)e ’

Example 4.27
2

Solve d—)zl —4d—y+5y=0

dx dx
Solution: 2
Given —)2/—4d—y+5y =0
dx dx

(D*-4D+5)y =0

The auxiliary equation is

m* —4m+5 = 0
=(m-2) —4+5 = 0
(m—z)2 = -1
m—2 = i\/——l
m =2%1i,itisif the form o xif3

s CF= ¥ [Acosx+ Bsinx]

The general solution is

y=e"* [Acosx + Bsinx]

Example 4.28

d’x 3d
Solve 22> -2 4 9x=0 given that when

dt* dt
t=0,x=0 and d—le
dt

Solution:

2
d_x_3d_x+2x
dt*>  dt

Il
(e

Given (D* -3D+2)x

0 where D = i
dt

AE is m*-3m+2

Il
(e

(m—1)(m—2)

Il
(e}

‘ ‘ XIl Std - Business Maths & Stat EM Chapter 4.indd 96
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m = 1,2
CF = Ae' + Be*
The general solution isx = Ae' + Be*! (1)

Now when t =0, x=0 (given)

(1) = 0= A+B (2)
Differentiating (1) w.r.t €
dx Ae' +2Be*
dt
When t =0, d_x = 1
dt
A+2B = 1 (3)

Thus wehave A+ B=0 and A+2B=1
Solving, weget A=-1,B = 1

So() = x = —elve?
(ie) x = e¥-e!
TypeII: f (x)=e*(ie)¢(D)y=e*
1
PI = e™
¢(D)

Replace D by a, provided ¢ (D) #0 whenD=a

If (b(D) =0 when D = a,then

X ,1 e™
¢ (D)
Replace D by a, provided ¢’(D)#0
whenD =a

If ¢ (D) =0 when D = a, then

1
PI = x* 5 e”™ and so on

Example 4.29
Solve : (D2 —4D - l)y =e "
Solution:

(D*-4D-1)y=e

The auxiliary equation is

08-12-2021 17:28:19‘ ‘



(m - 2)2 = 5
m—2 = i\/g
m= 2% \/g
CF = Ae(2+ﬁ)x +Be(2_\ﬁ))C
1
Pl = ——f(x
- ;e%x
D*-4D-1
= 1 e—3x
(-3 -4(-3)-1
(replace D by -3)
- 1 e—3x
9+12-1
e—3x
T 20
Hence the general solution is
y = CF+PI
—3x
=y Alr Bl 620

Example 4.30
Solve: (D2 -2D+ l)y =e* +e*

Solution:
(D2 —2D+1)y = e +e"

The auxiliary equation is

m’ —2m+1= 0

= (m—l)(m—l) =0
m-= 1,1

CF = (Ax+ B)ex

571 )

PI = @f(x):

XIlI Std - Business Maths & Stat EM Chapter 4.indd 97

1
Now, Pl = ————¢*
D*-2D+1

1
e2x
4—-4+1
(replace D by 2)

e
(D1
Replace D by 1. (D —1)2 =0 whenD =1

Pl = x—l e’
- P, '2(D—1)
Replace D by 1. (D—I)ZO whenD =1

1
. PI, = x’=¢*
2

The general solution is

y C.F+P.I1 +P.I

2
(Ax+ B)e" +e* + %ex

y

Example 4.31

-7
x

Solve: (3D*+D—14)y =4 —13¢’

Solution: _

(3D* +D-14)y=4 _13¢

The auxiliary equation is

3m*+m—14 = 0
Bm+7)(m-2) =0
-7
m = —,2
3
-
CF = Ae? +Be™
1 1 =
=— = |4-13¢°
= Fl ¢(D)f(x) 3D2+D—14[ ‘

Differential Equations I 97

|

08-12-2021 17:28:30‘ ‘



1 1 5
_ 55— (4)+———| 13
3D*+D—14 3D*+D—14

Il
=

+
=

0+0—-14
(replace D by 0)

pr - -2

14 7

1 3

3

Pl =——— x(-13)e
> 3D*+D-14 (-13)

replace D by —
3

7
Here 3D*+D—-14=0 ,whenD:_g

1 —X
. PI,  =x. ~13¢”’
6D +1
repl Db _~
place y 3
1 =
. PI, =xf “13e’
6()+1
3
T
=x—1| —13e ’
=7
3x
= xe

The general solutionis y = C.F.+P.I, +P.I,
-7 , T
y =Ae’ +Be2x—;+xe3
Example 4.32
Suppose that the quantity demanded

Q;=29-2p-5 % +ZT§) and  quantity

‘ ‘ XII Std - Business Maths & Stat EM Chapter 4.indd 98
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supplied Q, =5+ 4p where p is the price. Find
the equilibrium price for market clearance.
Solution:

For market clearance, the required
condition is Q,; = Q,

dp d’p
= 29-2p-5-L4- L  _ 544
P P
2
= 24—6p—5d—p+d—12) =0
dt  dt
d’p _dp
= — —-5---6 = 24
dt? dt P
(D*-5D—-6)p = 24

The auxiliary equation is

m*—5m—6= 0
(m—-6)(m+1)= 0

= m= 6,-1

CF= Ae® +Be™

PI= —— f(x)
¢(D)
1
e
D”-5D -6
—24
= — (Replace D by 0)
= 4
The general solutionis p = C.F+P.I

— Ae® +Be '+ 4

* Exercise 4.5

Solve the following differential equations

d’y _dy
1) =2 -6=2+8y=0
W) dx* dx J
d’y  dy
2) 242 44y=0
2) dx* dx )
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(3)
(4)

(5)

(6)
(7)
(8)
(9)
(10)

(11)

® (12)
(13)

1.

(D*+2D+3)y=0

2
d—y—zkd—y+ kKy=0
dx* dx

(D2 —2D - 15)y= 0 given that

2

d_y:() and d—)2/=2 when x=0
dx dx

(4D +4D-3)y=¢>

d’y
dx®

+16y=0

(D* 3D +2) y=e** which shall vanish

for x = 0 and for x = log 2
(D2+D—6)y:e3x+e_3x

(D*—10D+25)y =46 +5

-3

(4D*+16D+15)y=4¢ 2"
(307 + D-14) y =13¢>

Suppose that the quantity demanded

dp d’p .
=13 -6p +2— + — and quantit
< TR 1 !
supplied Q, =-3+2p where p is the
price. Find the equilibrium price for
market clearance.

* Exercise 4.6

The degree of the

differential equation
4

dy (dy)  dy

a2 T

dx dx

(a) 1 (b)2  (0)3 (d)4

The order and degree of the differential

equation f d2_y _ ﬂ 45 A€ respectively
de*  \dx

(a)2and 3 (b) 3and 2

‘ ‘ XII Std - Business Maths & Stat EM Chapter 4.indd 99

(c)2and 1 (d)2and 2

The order and degree of the differential

3
2. )2
equation (d—);J - (d_y) —4=0 are
dx dx

respectively.

(a) 2and 6
(¢)land 4

(b)3and 6

(d)2and 4
1

3
d 1
The differential equation (d_xj +2yr=x
o4
is
(a) of order 2 and degree 1
(b) of order 1 and degree 3

(c) oforder 1 and degree 6
(d) oforder 1 and degree 2

The differential equation formed by
eliminating a and b from y =ae” +be " is

2 2
(a) 4y __9 (b) dy 4 _,

y_y dx? dx
42 42
© d—xfzo d) d—xf—xzo

If y=cx+c—c’ then its differential
equation is

_ b dy (&Y
@ y_xdx+dx (dx)

dy) _ dy dy
b) y+| L] =x2 -2
() y (dx) xdx dx

dy dy\ __dy
© dx 4 (dx) dx

d’y
(d) —5=0

dx’
The integrating factor of the differential
equation Z—x +Px=Q is

(b) [ pax
(©) [ Pdy @e™

The  complementary  function  of

(D2 +4)y: e** s

Differential Equatz'oml 99 -
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10.

11.

12.

13.

14.

(a) (Ax+B)e™

(b) (Ax+B)e™*

(c) Acos2x+ Bsin2x
(d) Ae™>* + Be™*

The differential equation of y =mx +c is
(m and c are arbitrary constants)

(b) y:xd—y+c
dx

(c) xdy+ydx=0 (d) ydx—xdy=0

The particular integral of the differential
2

d
equation is —)2/ —s 16y = 2™

dx X
2 4x 4x
X e e
(a) 1 (b) o
(c) x2e** (d) xe**

Solution of d_x +Px=0
dy

(a) x =ce?” (b) x=ce?”

(ax=py+c (d) x=cy

If sec’x is an integrating factor of the

d
differential equation d_y +Py=Q then P=
x

(b) secx

(d) tan* x

(a) 2tanx

(c) cos® x

d
The integrating factor of Proam y=x"is
X

-1 1
(a) — (b)—
x x

(c) logx d) x

The solution of the differential equation

d—y+Py=Qwhere P and Q are the

dx

function of x is
(@) y= JQeJdedx +c
(b) y= JQe_Ipdxdx +c

- 100 I 12" Std. Business Mathematics and Statistics
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15.

16.

17.

19.

20.

. The  complementary

(c) yeJ P J.er dedx +c

(d) yeJ P _ J.Qe_J M x+C
The differential equation formed by
eliminating A and B from

y=e*(Acosx+ Bsinx)is
(@ y,—4y,+5=0

(b) y+4y-5=0

(©) 7, ~4y,~5=0

(d) y,+4y,+5=0

The particular integral of the differential

equation f (D) y=e" where
f(D)=(D~a)
2
(a) x?e“x (b) xe™
(C) geax (d) XZeax

The differential equation of x* + y2 =a’
(b) ydx-xdy=0
(d) xdx+ydy=0

(a) xdy+ydx=0
(¢) xdx—ydx=0

function of

2
d_y _d_y =0 is
dx* dx
(a) A+ Be* (b) (A+B)e*

(c) (Ax+B)e* (d) Ae*+B

The P1of (3D* + D —14)y=13¢*" is

(a) X g (b) xe™*

2

x2
(c) —e** (d) 13xe™

2
The genefial solution of the differential
equation Y CcosXx is

dx

() y=sinx+1 (b)y=sinx-2
(c) y =cosx +c, cis an arbitrary constant

(d) y =sinx+c, cisan arbitrary constant
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21.

22.

23.

24.

A homogeneous differential equation of

the form d—ny(Z) can be solved by
dx x

making substitution,
b)v=yx
(d)x=v

(@) y=vx

(Qx=vy

A homogeneous differential equation of
d

the form == f X lcan be solved by

dy y

making substitution,

(a) x=vy b)y=vx
Qy=v (d)x=v
The variable separable form of
dy YD) ing
dx  x(x+y)
y:vxandd—y:v+xﬂis
dx dx
2
@ =
1+v X
212
(b)Ldvz—@
I+v X
2 2
(c) 4 dvzd—x
1-v X
@ gy =&
2v X

Which of the following is the homogeneous
differential equation?

(@) (3x—5)dx= (4y-1)dy
(b)xy dx —(x*+y°) dy = 0
(©y* dx+ (x* —xy—y*) dy =0
(d) (x2+y) dx =(y2+x) dy

‘ ‘ Xl Std - Business Maths & Stat EM Chapter 4.indd 101

25. The solution of the differential equation

. Suppose that Q,=30-5P+2—+—

dy_l

i
(a) f(§)=kxa»xf(f)=k

@)f(f)=ky (d) yf(§)=k

Miscellaneous Problems

is

dP  d’P
¢ 2
and Q, =6+3P. Find the equilibrium

price for market clearance.

Form the differential equation having for its
general solution y = ax” + bx

Solveyx’dx+e “dy =0
Solve [xz + yz)dx +2xydy =0

SOlVde—y+2y:x4

dx
A manufacturing company has found that the
cost C of operating and maintaining the
equipment is related to the length ‘m’ of
intervals between overhauls by the equation

mzd—c+2mC=2 and ¢ = 4 and when
dm

m = 2. Find the relationship between Cand m.

Solve (D2—3D+2))’:e4x given y = 0
whenx=0and x=1.

Solve d—y+ycosx+x:2605x
dx
Solve xzydx—(x3 +)’3)d)’ =0

dy

. Solve —=xy+x+y+1
dx

Differential Equations I 101 -
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* A differential equation is an equation with a function and one or more of its derivatives.
2

dy d’y

(i.e) an equation with the function y=f ( x) and its derivatives d_ s F ... is called differential
X dx

equation.

®  Order of the highest order derivative present in the differential equation is the order of the
differential equation.

® Degree is the highest power of the highest order derivative in the differential equation, after the
equation has been cleared from fractions and the radicals as for as the derivatives are concerned.

* A function which satisfies the given differential equation is called its solution. The solution
which contains as many arbitrary constants as the order of the differential equation is called a
general solution and the solution free from arbitrary constants is called particular solution.

* To form a differential equation from a given function we differentiate the function successively
as many times as the number of arbitrary constants in the given function and then eliminate
the arbitrary constants.

* In an equation it is possible to collect all the terns of x and dx on one side and all the terms
of y and dy on the other side, then the variables are said to be separable. Thus the general form
of such an equationis f(x)dx = g(y)dy (or) f(x)dx+ g(y)dy =0 By direct integration,
we get the solution.

d d
* A differential equation which can be expressed in the form d_y — i (x, y) or d—x =g (x, y)
x

where f ( X, )’) and g (x, y) are homogeneous function of degree zero is called a homogeneous

differential equation.

* A differential equation of the form d_y +Py=Q where P and Q are constants or functions of

X only is called a first order linear differential equation.

® A general second order linear differential equation with constant coefficients is of the form
2

LR
adx2 +bdx+cy—f(x)
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ICT Corner

Expected Result is shown
in this picture

GeoGebra work Book named 12t

Standard Business Mathematics and

there are two Volumes. Select “Volume-1”,

‘|

Equation”

There is a video explanation and a graph
in a single worksheet. Observe and learn

the concepts.

Browse in the link

12" standard Business Mathematics :

Equation :2* 4+ y* = 4

Dif ferential Equation :

Open the Browser, type the URL Link : _
given below (or) Scan the QR Code. | .. ...

Statistics ” will open. In the work book |

Select the worksheet named“ Differential :

* L & -

Comparne graph of DE with solution

Compare graph of DE with Sckution.

Equation : £ 4 y* = 25

Dif ferential Equation :

L
“+";r_:“"

Dt Ecpastion | |

https://ggbm.at/uzkcrnwr (or) Scan the QR Code.

‘ ‘ XII Std - Business Maths & Stat EM Chapter 4.indd 103

Differential Equations I 103 -

08-12-2021 17:29:12‘ ‘



	XII Std - Business Maths & Stat EM Chapter 4

