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5.2 Coordinate Geometry

HYPERBOLA: DEFINITION 1

The hyperbola is the set of all points in a plane, the difference of
whose distance from two fixed points in the plane is a constant.

The term “difference” that means the distance to the farther
point minus the distance to the closer point. The two fixed
points are called the foci of the hyperbola. The midpoint of
the line segment joining the foci is called the centre of the
hyperbola. The line through the foci is called the transverse
axis and the line through the centre and perpendicular to the
transverse axis is called the conjugate axis. The points at
which the hyperbola intersects the transverse axis are called
the veertices of the hyperbola.

‘We denote the distance between the two foci by 2¢, the
distance between the two vertices (the length of the transverse
axis) by 2a and we define the quantity b as b = V¢* — a*.

Conjugate axis

»Transverse axis

F, F,

I 2
F
ocus Centre Focus
Vertex
Vertex
Fig. 5.1

PIFZ—P1F1=P2F2—P2F1=P3F] _P3F2

Standard Equation of Hyperbola

Let the foci of a hyperbola be (xc, 0). Then its centre is
(0,0).
According to the definition of hyperbola,

PFl —PF2=2a (2a<2¢ ie.c>a)

y

F 1 (_C> 0) (0]

Fig. 5.2

= AV +ey ) - \/(?C—C)Z+y2 =2a

ie. x+eP+y*=2a+(x—c) +y

Squaring both sides, we get

c+e)+)yP=4d +da\(x— ) + )7
+(x—c) +y7?

On simplifying, we get
%—a=\[ x—c) +)

On squaring again and further simplifying, we get

x_2 _ 24 =1
& F-ad
2 2
R X y R
Le. =1 (since ¢* — a* = b?)
a b

Hence, any point on the hyperBola satisfies the equation
2V
o
This is same as the standard equation of ellipse except 5
has been replaced by —b%.

This is a second degree equation in which the powers of
x and y are even, hence the curve is symmetric about both
the axes. For each x > a or x < — g there are two values of y
symmetrically situated on either side of x-axis and for each
value of x lying in (—a, a) the curve fails to exist. Hence, the
curve denoted by Es. (i) consists of two symmetrical branches,
each extending to infinity in two directions.

Eccentricity
_ Distance from centre to focus
Distance from centre to vertex
_c
=a
I b
€=53=" 7 1+
a a a
= e’ = a* + b*

Therefore, equation of hyperbola in terms of eccentricity
can be written as
2
E S AN
a di& - 1)
Coordinates of the foci are (+ae, 0).

Two hyperbolas are said to be similar if they have the
same value of eccentricity. '

Rectangular or Equilateral Hyperbola

If a = b, hyperbola is said to be equilateral or rectangular and
has the equation x* — 3 = 4%,

Eccentricity for such a hyperbola is V2 as



Directrix

It is possible to define two lines, x = + £, corresponding to
each focus, which satisfy the focal directrix property of the
hyperbola, i.e. PF| = e PM and PF,=e PM,.

Hence, for any point P on the hyperbola,
PF
1 =

B = e (constant)
PM,

Focal Distance (Focal Radius)

The difference of the focal radii of any point on the hyperbola
is equal to the length of the major axis. We have

Y4 D,

1

(xn Y1)

: » X
O [N\ F, (ae,0)

a
e

Fig; 5.3
PF =ePM =e (xl —%)

=ex —a @) -

= a
PF =e (x T e)
=ex ta (ii)
Subtracting Eq. (i) from Eq. (i), we get
PF —PF =2a

Equation of Hyperbola Whose Axes are Parallel
to Coordinate Axes and Centre is (h, k)

Equation of such hyperbola is
(- hP -k _
a4 v
(h*ae, k)

- a
x=h=+3

1 (a>b)

Foci:

Directrix:

Definition and Basic Terminology

Yﬂ

Latus rectum
Double ordinate
casd | \4 o

(- O)F, |Q

Focal chord

! |

B Lo @
. B, —+(0, bjl 1
1A A= 2a—»!

Fig. 5.4

Hyperbola 5.3

« Line containing the fixed points ¥ and F, (called foci) is
called transverse axis (TA) or focal axis and the distance
between F| and F, is called focal length.

*  The points of intersection 4, and 4, of the curve with the
transverse axis are called vertices of the hyperbola. The
length ‘2@’ between the vertices is called the length of
transverse axis (TA). )

*  The points B, (0, b) and B (0, -b) which have special
significance, are known as the extremities of conjugate
axis and the length ‘25’ is called the length of conjugate
axis. The point of intersection of these two axes is called
the centre ‘O’ of the hyperbola. (Transverse axis and
conjugate axis together are called the principal axes).

+  Any chord passing through centre is called diameter (PQ)
and is bisected by it.

«  Any chord passing through focus is called a focal chord
and any chord perpendicular to the transverse axis is
called a double ordinate (4B).

. A particular double ordinates which passes through focus
and perpendicular to focal axis is called the latus rectum
L)

Latus-Rectum Length

The two foci are (fae, 0)

We have the equation of the hyperbola,
2

£ Y
a b
Putting X =qae, we get
b i
= e =1=(Br)
b2
=
2
= y=i%

Hence, coordinate of the extremities of LR

= (+ae, £ ba)

Lengthof LR = 222
_ 4p* _ (minor axis)’
2a major axis
Also LL =2a-1)
= 2e (ae - %)

= Ze(OF1 - OA])(as shownin Fig. 5.4)

= 2e x (distance between focus
and corresponding foot of the
directrix)



5.4 Coordinate Geometry

POSITION OF A POINT (h, k) WITH RESPECT
TO A HYPERBOLA

J’ bel
s

point (xl, yl) -lles within, upon or outside the curve.

r'
The quantlty — 1 is positive, zero or negative as the

Explanation
¥4 P(x,»)
0 (x, )
—- X
(o, 0) M
Fig. 5.5

If (xl, »,) lies on the hyperbola, then

x yi_l
@ B
oo
= -1 b=y
a

Now if P lies outside the curve, then

V¥
¢
= yl>(7—l)b'
a
L
—-=5-1<0
& b

CONJUGATE HYPERBOLA

Corresponding to every hyperbola there exists a hyperbola
such that the conjugate axis and transverse axis of one is equal
to the transverse axis and conjugate axis of the other. Such
hyperbolas are known as conjugate to each other.

Hence, for the hyperbola

if—:—l (ii)

Co{j:gate
hyperbola

Fig. 5.6
Notes

« If e and e, are the eccentricities of a Izypei bola and
" its con]ugate, respectively, then e + e =1.

Proof: :
L 2 2 2
For hyperbola, €=1+ b—2 = _“_"'z_b
a a
And for conjugate hyperbola,
: 22, g2
d=1+2_4+b
Y A &
L+l
e e

* The foci of a hyperbola and its conjugate are
concyclic and form the vertices of a square.

Proof:

All the four sides of the quadrilateral F, F F F are
obviously equal to their diagonals at rlght angles

Hence it is a vthombus.
Now to prove that F FLEF is a square it is sufficient

to prove that }
ae 1' = be
2
or ‘ azel = bze =q" (e - l)e
2 2 2 2
or e =ee, —¢,
2 2 2 2
or e te =¢ege,
1,1_ .
or = +5=1which is true
1 2
Hence ae, = be2

= F 1F3F2F I8 asquare.

AUXILIARY ‘CIRCLE AND ECCENTRIC ANGLE
Definition
A circle drawn with centre C and transverse axis as a diameter

is called the auxiliary czrcle of the hyperbola Hence, equation
of the auxiliary circle is x* + y = &°



YA / Q (a cos 0, a sin 6)

9 N
0,0)

P (a sec 6, b tan 6)

»

A, 0)

A'(-a, 0) C

- Fig. 5.7

Note: From Fig.5.7, Pand Qarecalledthe “corresponding
poirtts” on the hyperbola and the auxiliary circle. ‘9 is
called the eccentric angle of the point ‘P’ on the hyperbola
(0 < 6<2m).

The equations x = a sec 6 and v= b tan 0 together represent

5

the hiyperbola x_; - %2= 1, where Oisa parameter.
a

6 ‘Q(a. cos 0, asin 6) | P (a sec 0, b tan 6)
0 <[0%) I I
0<% n} I I -
6 e [r 2] 11 .
0 < (32, 2| v v

at
o o

The parametric form of the hyperbola =5 — )b% =1 can be

represented as x =a sec 0,y = b tan 0.

—’h 2 _k 2
For hyperbola G 5 ) v 2 )
a

x=h+asecH

2

= 1, parametric form is

y=k+btanf

COMPARISON OF HYPERBOLA AND ITS
CONJUGATE HYPERBOLA

Hyperbola 5.5

Foct (xae, 0) (0, +be)
Equation of direc- |x=+9% y== %
trices '

7. ;2 2, 12
Eccentricity e= (a_+2b_) e= (—q%l—)—)

a SR AN

Length of latus 2b* 24
rectum a b
Parametric (asec B, btan 0), | (bsecH,atanO),
coordinates : .

Focal radii of point

SP = ex— a and

SP =ey — b and

conjugate axis

P(xl,yl) SP=ex ta SP=ey + b
Differen_(_:e of focal | 2a 2b

radii (S'P — SP)

Tangents at the x=—-a,x=a y=—-b,y=b
vertices

Equation of the y=0 x=0
transverse axis

Equation of the x=0 y=0

Fundamentals Hyperbola Conjugate
' Hyperbola
PR R
a b a v
Centre (0, 0) 0,0)
Length of trans- 2a 2b
verse axis
Length of 2b 2a
conjugate axis

a. whose axes are coordinate axes and the distances of
one of its vertices from the foci are 3 and 1;

b. whose centre is (1, 0), focus is (6, 0) and transverse

axis is 6;

c. whose centre is (3, 2), one focus is (5, 2) and one vertex

is (4, 2);

d. whose centre is (-3, 2), one vertex is (-3, 4) and

eccentricity is %;
e. whose foci are (4, 2) and (8, 2) and eccentricity is 2.

Sol.

Y4

=

Also from

Fig. 5.8

age—a=landae+a=3

et1
e—1

=3

e=2 anda=

1

b*=a*(e’ - 1) =3, the equation is




5.6 Coordinate Geometry

or -
3
b. Equation of hyperbola with centre (1, 0) is
Y

C (1,0)

Py ;X
0 F(6,0)

Fig. 5.9

-0 ¥
a & (&~ 1§

Givena =3 and ae = 5; hence e = %
Therefore, Eq. (i) becomes »
(x—1y ¥

EC]

=1

@-1 y_
= 9 ~16°- 1
¢. Equation of hyperbola with centre (3, 2) is

x-3° (-2
& & (@-1)

= 1, with axis parallel to x-axis

a = distance between centre and vertex = 1
3,2

T A4(4,2)

o/
Fig. 5.10

ae = distance between centre and focus.

Hence, ac=2=e=2
Hence, the equation is
G-3 -2,
I " @4-n"
2
= (x-3) _(y i =1

@)

a+3° -2y

d. Equation of the hyperbola is > T -1
a

(as the line joining centre to the vertex is parallel to
y-axis)
Now b = 2 (distance between centre and vertex)

Focus=be=2><%=5

Y;r
(3,4)
Q____/
(3,2
‘ St .
Y‘/ﬂ \V
(‘3’ 0)
Fig. 5.11
Also, a=b- 1)
‘ 25
4(4 1)
=21

Therefore, the required equation is

(x+3)° -2
) B e

. Line joining the foci is parallel to x-axis.

Distance between the two foci =4 = 2qe
Hence, a=lase=2
P=d-1)

=3
Now centre is midpoint of the line joining the foc1 which
is (6, 2).
Hence, equation of the hyperbola is
-6 (-27
1 3

If base of triangle and ratio of tangents

=1

of half of base angles are given, then identify the locus of
opposite vertex.

Sol. In AABC, base BC = a is given

A

Fig. 5.12

tan g
Also,

= k (constant)
tan

e



Hyperbola 5.7

S(S—b) . Y4
w=k ' P(h, k)
s{s~c¢) 1
VoG5 |
s—b 0 120 » X
= S—¢=k ol—)—>— Aa, 0)

-b)-(-0) _k-1

= S = Fig. 5.14 |
If they rotate according to question, then at some time ¢,
c-b _k-1 they are in the position as shown in the figure.
= 2—(b+e) k+1 k e
From the figure tan § =7 and tan 20=_"7
-1
= ¢ — b=a 75 = constant 2 tan 0 k
k+1 = LT Kk
1—tan’@ a—h
= AB — AC = constant
' 2k
So, locus of 4 is a hyperbola. . b k
= P “a-h
Two circles are given such that they neither 1- »
intersect nor touch. Then identify the locus of centre of
variable circle which touches both the circles externally. = h22hk Z = Ij A
Sol.
= 2h(a—hy=W ¥
= 2ah 20 =K - I
= 3%} —y* = 2ax=0

= Locus is hyperbola.

Xé , Find the vertices of the hyperbola 9x’
—16y" — 36x + 96y — 252 =0. '
Sol. The equation can be rewritten as
9% —4x +4—4) - 16()" — 6y + 9 — 9) =252
9(x—2) — 16(y —3)*=252+36— 144 = 144

Fig. 5.13

In the figure circles with solid line have centres C | and

2 2
C andradiir andr.. =2 -3y _,
2 ! 2 16 9

Let the circle with dotted line is variable circle which ¥ P

touches given two circles as explained in the question which or L2 g =1

has centre C and radius r.
Now. CC.=r+r, Hence, vertices are X=+4,Y=0
and CCI=rl+r = (x=2)=+4, y-3=0

‘ Hence, CC1 -CC=r v, (= constant) . x=6,—2and y=3

Then locus of C is hyperbola whose focii are Cl and Cz. — Vertices are (6, 3), (-2, 3)

R

% Find the coordinates of foci, the eccentricity

Two rods are rotating about two fixed
pon'lt's n fopp.osi.ts dir_ecti((i)ns. I tthtey s:?ll;t fr;m:l th;:r and latus -~ rectum, equations of directrices for the
position of co-incidence and one rotates at the rate double 12 957 — 1617 — + B _ :

that of the other, then find the locus of point of intersection hyperbola 9x” — 16y" - 72x + 96y — 144 =0.

of the two rods. Sol. Equation can be rewritten as

2 2
Sol. Suppose two rods are co-incident on the x-axis. One (x _24) _ (y—23) =1
rotates about point O and the other about point A(a, 0). So 4 3 .= 4,h=3




5.8 Coordinate Geometry

B =a¥(e - 1) gives e =3,
x—4==qe,
y~3=0
give the foci as (9, 3), (-1, 3)

Foci:

Centre: x—4=0,y-3=0,
i.e. centre is (4, 3)

Directrices: x—4=x5,

. -+ 16

i.e. x—4== S

Hence, directrices are 5x —36=0; 5x —4=0.

7.2
Latus rectum: % =2 x %:%

2

If the foci of the ellipse 2 y— — 1 and the

16 "

2 2
hyperbola -/ 1 44 ;;1 215 coincide, then ﬁnd the value of
b2
Sol. For hyperbola, B
=1+ -
a
—1+81 _225
=1+ 1424= 144
,_15_ 5.
124
Also, a’= i54

Hence, the foci are (+ae, 0) = (:i: 1?2 X i

0)=e3, 0)

Now for ellipse ae=3 or a’e’ 9

Now P =d'(1-¢%
= V=d -ade
=16-9=7

TR0 If PQis a double ordinate of the hyperbola

= - ‘;Lz = 1such that OPQ is an equilateral triangle, O

being the centre of the hyperbola, then find range of the
eccentricity e of the hyperbola.

Sol.

Let double ordinate PQ be such that P = (a sec 6, b
tan #), and Q = (a sec 6, — b tan 6) and O is centre
(0, 0).

y

4 ,
\ (asec 0, b tan B)P
x’ < C » X
/ (asecO,—btan 8)Q

v y’

Fig. 5.15

AOPQ is equilateral
. 300 = btan 6
= tan 307 = sec @
s 2
= 3= =cosec” 0
a
= 3(e* - 1) =cosec” 6
Now, cosec’ 0> 1
= 3 -1)21
25 4
= e 2 3
2
> —_—
"\
g If the latus rectum subtends a right angle
- g 2
at the centre of the hyperbola yz =1, then find its
eccentricity.
Seol.
3 :
P(ae, b’la)
) 0 (ae, 0)
0 (ae, —b'la)
v
Fig. 5.16
Mop ™ Mog = -1
b b
R
b4
= w =1
= (@ -1yY=e
= et-3¢ +1=0
= o=3%V5
2
= &= 3445
2
N o \/§2+ 1

Concept Application Exercise 5.1 -

1. Ifthe latus rectum of a hyperbola forms an equilateral
triangle with the vertex at the centre of the hyperbola,
then find the eccentricity of the hyperbola.

2. The distance between the two directrix of a rectangular
hyperbola is 10 units, then find the distance between
its foci.

3. Ancellipse and hypérbola are confocal (have the same -

focus) and the conjugate axis of the hyperbola is



equal to the minor axis of the ellipse. If e and e_ are
the eccentricities of the ellipse and hyperbola, then

prove that l + L =2.

1 eZ
4. Two straight lines pass through the fixed points
(+a, 0) and have slopes whose product is p > 0. Show
that the locus of the points of intersection of the lines
is a hyperbola.

5. Show that the locus represented by x = % a (t + %),

_1
y=3

6. Find the lengths of transverse axis and conjugate axis,
eccentricity, the coordinates of foci, vertices, lengths
of the latus rectum and equations of the directrices of
the following hyperbola: 16x> — 9" =—144.

7. If AOB and COD are two straight lines which bisect
one another at right angles, show that the locus of a
point P which moves so that P4 x PB=PC x PD isa
hyperbola. Find its eccentricity.

8. IfSandS be the foci, C the centre and P be a point on
a rectangular hyperbola, show that SP x S'P = (CP)*.

9. Find the equation of the hyperbola whose foci are
(8, 3), (0, 3) and eccentricity = %

a (t - %) is a rectangular hyperbola.

HYPERBOLA: DEFINITION 2

We can also define hyperbola w.r.t. one fixed point and a fixed
line. Hyperbola is the locus of a point which moves in a plane
such that ratio of its distances from a fixed point (i.e. focus)
and the fixed line (i.e. directrix) is constant and more than
1. This ratio is called eccentricity and is denoted by e. For a
hyperbolae> 1.

7

Fig. 5.17
From the diagram, for any point P on the curve, we have
by definition,
FP
P €
or F 2P = ¢ PM (focal length or focal radius of point P)

Hyperbola 5.9

Also, 4 and A" divide F Z in the ratio e:! internally and
externally, respectively. '

If the focus F. has coordinates (a, §) and equation of
directrix ZM is Ix + my + n = 0, then equation of hyperbola is

3 5 ellx+my+n|
Vx—a)y +(-p) SN -

which is of the form ax® + by* + 2hxy +2gx + 2y + ¢ =0,
where ah g

hbf
gfc

and h*>ab.
From the diagram length of latus rectum

=pPQ
=2F P

=2e x P' M)

=2ex F.2)

=2e x (distance of focus from

A= =0

corresponding directrix)

Note: :
If ¢(x, y) = 0 is the equation of hyperbola and %?—x denotes
the differential coefficient of ¢ w.rt. x keeping y as

constant and likewise %, then centre C is the solution of

%’;c =0, %% = 0. (This is valid for all conic.)

Find the equation of the hyperbola whose
directrix is x + 2y = 1, focus is (2, 1) and eccentricity is 2.

Sol. Let P(x, y) be any point on the hyperbola, then by

definition
SP=exPM
where S is focus and M is foot of L from P on directrix.
= SP*=¢* PM
' +2y—1\?
s &
= x-2+@-1y=4 N

= x*—léxy—11y"—12x+6y+21=0
This is the required equation of the hyperbola.

The equation of one of the directrices of

a hyperbola is 2x + y = 1, the corresponding focus is (1,
2) and e = V3. Find the equation of the hyperbola and
coordinates of the centre and second focus.

Sol. Let S be the focus and PM be perpendicular distance of a
point P(x, y) from the directrix, then

PS=e PM gives



5.10 Coordinate Geometry

Iy L [@x+y-—1P Taking OA as x-axis, O as origin, let the equation of OB
z(le') +(y—2)—3[ NGS be y = mx. '
Sx+y —2x—4y+ :
=>5[x"+y - 2x— 4y + 5] Then M=(x,0)

=3[dx” + ) + dxy — 4x — 2y +1
[y day = 4 =2y 4] Equation of the perpendicular PN is

= T+ 12— -2x+ 14y-22=0 (i) my+x=my +x
1M
Equation of the perpendicular from S to directrix, i.e. of Solving the equations OB and PN, we get
SZis ’
x—2y=-3 (ii) v my +x m(my +x)
= 1 + m2 ? 1 + ”12
7 7l . Area of the quadrilateral OMPN (by stair method)
s J# | ¢ [4\ sap 0 0
X, 0
. 1 X |
Fig. 5.18 T2 |my,+x; m(my, +x,)
Solving Eq. (ii) and 2x + y ~ 1 = 0, we get . 1+ m? 1+ m?
({17
z=(-3.3) 0 0
Since A and 4’ divide SZ in the ratio V3:1 internally and
‘ 1 m(my1 +x)
externally, we get =ax y +x —L 10
[ 5-v3 10+7V3 2700 1 a P
5(3+1) 5(V3 + 1) my +x
¥ 7tk (say)
and A’=(— 5+3 7@—10) lam
5(V3 -1 5(3-1) Therefore, locus of P is
Since C is midpoint of 44, we get after simplification, mx® + 2mixy —my* £ 2(1 + mHk =0
_{ 411 ' o2
C—(— 3 1_0) Here h=m",
Now, if §' is the second focus, C is midpoint of SS" and S’ a=m,
= (x],yl), then xl. +1 4 =-m,
2 775 f=g=0
»nt2og and ¢ = £2(1 + mP)k
and 5 =10
13 1 A = abe + 2fgh — of* — bg” — ch?
So, s-(-%.3)

=£2m*(1+m’) k £ 2m* (1 + A £ 0
g,,m g OA, OB are fixed straight lines, P is any and W>ab
point and PM, PN are the perpendiculars from P on OA,

OB. Find the locus of P if the quadrilateral OMPN is of
constant area.

Sol. Equation of a Hyperbola Referred to Two

3 Perpendicular Lines
y=mx

So the locus is a hyperbola.

&S]

= | as shown in figure.

5

2
Consider the hyperbola x_2 -
a

Q-|‘<

P, » )
G 7 Let P(x, y) be any point on the hyperbola. Then, PM =y

and PN = x.

v
=2

o )

M(x,, 0)

Fig. 5.19



Y4
Np===-2 P (x.9)
§
_p XY
0 M
Fig. 5.20
PN PMZ_I
2 2
a b

It follows from this that if perpendicular distance
p, and p, of a moving point P (x, y) from two mutually
perpendlcular coplanar straight lines L = ax + by+ec =0,
L2 = blx aytc,= = (), respectively, satxsfy the equat10n

b s,
aZ b2
a|x+b1y+cl > [bx—ay+tc,
@’ + b, \}bzl-i-aj

2 - 7
a b
then the locus of point P denotes an hyperbola in the
plane of the given lines such that

i. the centre of the hyperbola is the point of intersection of
the lines L1 =0and L =0;

L=bx—ay+tec,=0

Fig. 5.21

ji. the transverse axis lies along L, = 0 and the conjugate
axis lies along Ll =(;

jii. the length of the transverse and conjugate axes are 2a and
2b,ifa>b.

] apte Find the coordinates of the foci and the
centre of the hyperbola

(3x—4y - 12)’
100

(4x+3y-12)
- 225

=1

Hyperbola 5.11

Sol. Let 3x—4y — 12 =Xand 4x + 3y — 12 = 1.

X Y |
1215 = 1 (note that X and Y are two perpendicular
lines)

Centre is the point of intersection of X=0and Y= 0.

Hence, Ix-4y=12 6]
dx +3y=12 (ii)
Solving (i) and (i), we get x = %, y=- %
: 3_ 1,225 _325
Now, e =17760 =100
. 13
)
Also, a=10;b6=
Focus is (ae, 0).
Hence, X=ae
and Y=0
= 3x-4y—12=qe
and 4x+3y—12=0
Solving, we get _84+3ae_84+15V13
25 25
- 12+15V13
and y="""95
(844 15V3 —12+15V13
Hence, focus is 55 , 75 .

Find the eccentricity of the conic 4(2y —
x—3)* - 9Q2x +y—1)* = 80.

Sol. Here 2y — x — 3 = 0 and 2x + y — 1 = 0 are perpendicular
to each other.

Therefore, the equation of the conic can be written as

4x5[—2y/——_x——3 "9 ——zxﬁ—”—l]z“so
221 |2 742
Zy—x—f')}z 2x+y—l]2_
= ‘ i - NG =16
On putting 253 = ¥ ana 2L - v the g
n putting 7 - Xan NRRL e given
equation can be written as
4X* -9Y° =16
2 2 -
E X X 3=
4 43y
The eccentricity is given by
- 43
e=41+ 4
-2
V3



5.12 Coordinate Geometry

Intersection of a Line and Hyperbola

y=mx+tc ‘ (i)
and
x2 J’z .
? — ? =1 (i1)

Solving (i) and (ii), we get
bx’ — d(mx + c)* =a’b’

am’) ¥ —2d mcx— (B +cH)=0 (iii)
|

D=0

Tangent
D>0 U
Secant

= (b* -

D<0

c=am-b nor secant

y=mx+tc
Y4

>

0 Secant

Tangent

Fig. 5.22

Hence, y = mx = Na’m® — b* is a tangent to the standard
hyperbola.

In the above equation a’m” — 5> >0 = m* >

QN|°L

=me(-0-g]u[f, )

Hence, for given m, there can be two parallel tangents to
the hyperbola. )

If tangents passes through (%, k) then

(k— mhy* = a"m* - b*

(W= am*=2mh + I+ b =0 (iv)

Hence, passing through a given point (4, k) there can be a
maximum of two tangents.
V)

Now, m + m, =

Fig. 5.23

Neither tangent

_ kz + b2 .
m|m2 - hz _ a2 (Vl)

B is the angle enclosed by the tangents as shown in the
figure.

2
(m +m) - 4m m,

Now, tan’ 8 =

(1+ mlmz)2

(substituting the value of m +m, and m m, to get the
locus of P)

If . ,8=90°thenm1m2=—1

hence from (vi), we get

B+b=a-n

x> +y' = @ — b* which is the equation to the director
circle of the hyperbola. .

If a > b, director circle is real with finite radius.

If a = b, director circle is a point circle which is origin.

If a < b, no real circle or no such point on the plane.

Note:
-8
b2

AL
For hyperbola e 3 ) -
a

=1, equation of tangent at

point P (xl, yl) is

Y-y, =mx —xl) £ Va*m® - b*

Equation of Tangent to the Hyperbola at
Point (x , y.)

Y4
P (xla yl)
»X
0 /
Fig. 5.24
2 yz
Differentiating = — X 1 w.r.t. x, we have
a .
2 B,
&P
dy _ bx
= a = azy
2
- () _rn
dx (X)"VI) azy[



bx

Hence, equation of tangent is y —y, = —2—1 (x— xl)
: ay
1

or SR I
. Cl2 b2 a2 b2

But (xl, yl) lies on the hyperbola. So,
' 2 2

xl
2l

2
a b

Hence, equation of tangent is

XX WY, _
7! — @
xx, yy’l
or ?—?—1=OorT=O
XX
344
here T=— -4

w a b

Note:

Equatioh of tangent at péint P,y ) o the hypei‘bola

-k} G-k . &-BE -1 0-BE-H
e —T=lts . - o =1

Equation of Tangent at Point (a sec 6, b tan 0)

Putting x, = a sec 6 and y, = b tan 0 in (i), we have

%sec@—%tan0=l (ii)

‘Point of Contact When Line y = mx + ¢ Touches
the Hyperbola

2

2 )
Line y = mx + ¢ touches the hyperbola % - )b_z = 1, when
a

o) 2 2
c=x=Nam -b".
XX

Yy
Comparing lines y = mx = Na*m? — b” with —2' — ‘bT] -1
=0 we have d

|
S5 ‘ s

N S

§|QN|_><
|
_

b2

2
am
= (x y)E(_L +
e Nam® — b N — b

2 2

a T2 3 12
or(:t A ,i%),wherec= am’ - b

Hyperbola 5.13

Point of Intersection of Tangent at Point P(c)
and Q(p)

If point of intersection is R (xl, yl), then

a-B

COoSs 3

and

CcoSs )

For all real values of m the straight line
y=mx +V91® — 4 is a tangent to which of the following
certain hyperbolas:

a. 9’ +4y7=36 b. 4x* + 9y =36

c. O -47=36  d.4x*-97'=36
Sol. Comparing y = mx+ V9m27 4 with y=mx+\/a2m2 - b,
we have
a=9and b’ =4
Therefore, the hyperbola is
X y2
971
or 4x* — 9y =36

el Find the equations of tangents to the
curve 4x* — 9y* = 1 which is parallel to 4y = 5x + 7.
Sol. Let m be the slope of the tangent to 4 -9 =1.

Then, m = (slope of the line 4y = 5x + 7)
=3
4
P
We have, 74~ 1/8 " 1
21,21
where a =y b 9

The equations of the tangents are y = mx + Natm® — b°

5 25 1
or yZZx:I: "6—4—§ ]
or 30x — 24y £ v161 =0

or 24y — 30x = =161

If the line 5x + 12y = 9 touches the

hyperbola x* —b9y2 =9, then find its point of contact.
Sol. Solving line 5x + 12y=9ory = 9 IZSX and ¥ — 92 =9,

we have




5.14 Coordinate Geometry.

. _9(9 Sx) —9

(9592 =9

-

=>16x> - (25x* — 90x + 81) = 144

= 9x* — 90x +225=0
= X —10x+25=0
—> x=5
N _9-25_ 4

12 73

conic X’ —y* —8x+ 2y + 11 =0 at (2, 1).

Sol. The equation of the tangent to x* — y* — 8x + 2y + 11 = 0
at(2, 1)1is
-y —4x+2)+(p+1D+11=0
= x=2
Find the value of mzfor which y =mx + 6
2
Yo
a tangent to the hyperbola -+ 100 49 1.
2 ’ 3
Sol. If y = mx + ¢ touches %5 b2 =1,thenc’=a m2 -
. a
_ Here =6, =100, 5> =49
36 = 100m* — 49
= 100" = 85
=47
- nef

)
P is a point on the hyperbola % —% =1,

N is the foot of the perpendicular from P on the transverse
axis. The tangent to the hyperbola at P meets the transverse
axis at 7. If O is the centre of the hyperbola, then find the
value of OT x ON.

Sol. Let P (x , y) be a point on the hyperbola.

Then the coordinates of N are (x 0).

. 2

The equation of the tangent at (xl, yl) 18S— — e =1
a

2
This meets x-axis at T(?—, O)
1

2
OT .ON=%x =d
1

On which curve does the perpendicular

o
tangents drawn to the hyper bola 2= 75 f6 1 intersect ?

Sol. The 1001715 ot; the point of intersection of prependicular
tangents to x_; — =5 =1 1s the director circle given by

a x2+y2=a2—b2. , R
Hence, the perpendicular tangents drawn to —;—5— - % =1
intersect on the curve x> + 32 =25 — 16,

i.e. X +7=9.

Find the equation of the tangent to the

Tangents drawn from the point (c, d) to
2

b2
x-axis. If tan « tan 8 = 1, then find the value of ¢* — &.
Sol. Any tangent to hyperbola is y = mx + Va’m® — b, It passes

through (¢, d), so
d=mc +Na*'m* - b*

the hyperbola %5 =1 make angles ¢ and f with the
a

= (d—me) = a*'m® — b*
= (= &)m® - 2cdm+d*+ b2 =0
2
= product of roots =m m =dz+b2
"2 ¢*—a
2
= tanatanﬁ—dz+b 1
c-a
. F+b=c-d
= - =d+ b

Tangents are drawn from the points on
a tangent of the hyperbola x* - y* = &* to the parabola )
= dax. If all the chords of contact pass through a fixed
point O, prove that the locus of the point Q for different
tangents on the hyperbola is an ellipse.

Sol. Tangent at a point {(a sec 0, a tan 8) on the hyperbola

X~y =dis
xsecO—ytanf=a @)
tsec@—a)

Any point on (i) will be of the form (t, fan g

Equation of chord of contact of the point w.r.t. parabola
¥ =4 ax will be

tsec8—a _

(1522629) 54 (x+0)=0
a ysecf )_ .
:(tanﬂ )+ (tan@ ~2a)=0 (i)

(1i) represents a family of straight lines each member of
which passes through the point of intersection of straight lines

ay _ sec 6 _
—tane—Zax—Oandytan9—2a—0
= y=2asinf,x=—acosf

So the point Q is (—a cos 8, 2a sin 6)

Let a=-acos0,B=2asin6
2 2
. y .
= 7 +f = 1. So locus of Q is ‘zz + 2 1, which

- is an ellipse.

Find the equations to the common tangents

2 2 2 2
: Jy Y X

to the two hyperbolas % — - =1and 5 -%X =1.
o the two hyperbolas Ry an 2B




2 2
Sol. Tangent to x_2 L1
a

b2
'y=m1x:1:\a2m7-—b2

The other hyperbola is
R
(-5°) (-d)

Any tangent to this hyperbola is given by

y=mx B — ()
(i1)
If (i) and (ii) are same, then‘ml
am - =d-b'm
(@ +bym =ad* + b
=1
m = +1

=m, and

RN

Equation of Pair of Tangents from Point (x_, y )

Combined equation for pair of tangents PQ and PR is given
by 7% =SS,

where T=x—);1—!—);—l 1,
a b
2 2
x Y
S=?—?—1
2 2
XN
and Sl =5 -
a
YA
X’:/A, Y > X
P
xl!l
(x,2) >
v’y
Fig. 5.25

How many real tangents can be drawn

16 §——1 Find the

equation of these tangents and angle between them.

from the point (4, 3) to the hyperbola

Sol. Given point P = (4, 3)

2 2
=X Y
Hyperbola S= 16-9 -1
=16 9 ,__
S =16-9"1 1<0

= Point P = (4, 3) lies outside the hyperbola

Hyperbola 5.15

Hence, two tangents can be drawn from the point P

(4,3).
Equation of pair of tangents is
Ss =T
2 2 2
X ¥ (& )
3(16“ g ‘1)(‘1)‘(1 91
i+}ﬁ+1=x_2+ﬁ+1_ﬂ_£+2_y
= 1679 16" 9 6 273
" )
x X ox 4
= g 2t370
= 3%’ —dxy—12x+ 16y =0
—tan ' (4
6 =tan (3)
Concept Application Exercise 5.2
. X yz
1. From the centre C of hyperbola =5 — 7 =1
. a

. PN s the ordinate of any point P on the hyperbola

. C s the centre of the hyperbola
a

perpendicular CN is drawn on any tangent to it at the
point P (a sec 6, b tan 0) in the first quadrant. Find the
value of 8 so that area of ACPN is maximum.

Find the common tangent to 9x* — 16y* = 144 and x*
+yP=9.

Find the equation of the tangent to the curve 4x* — 9
= 1.which is parallel to 4y = 5x +7.

Find the locus of a point P (¢, ) moving under the

condition that the line y = ax + f is a tangent to the
2

2
hyperbola ig -—==1L

Yy
b2
A point P moves such that the chord of contact of
the pair of tangents from P on the parabola 3* = 4ax
touches the rectangular hyperbola x> — y* = ¢*. Show
2

2
that the locus of P is the ellipse %5 + L -1
c

a)*

I\)| o

2
- %;3 = 1 and A4’ is its transverse axis. If Q d1v1des

AP in the ratio a® : b°, then prove that NQ is
perpendicular to A'P. '

2 yz
bz
The tangents at any point P on this hyperbola meet
the straight lines bx —ay=0and bx + gy =0 at points
Q are R, respectively, Then prove that CQ - CR =d’
+ b

=1.




5.16 Coordinate Geometry

Equation of Normal to the Hyperbola at Point
(x, ¥,)

YA
Px,y)
»X
0 / -
Fig. 5.26
2
ay,
Slope of normal at point (x , y } is - —-
b*x
Hence, equation of normal is ]
azy1
-y =—"(x-x
Y=y b, (x—x)
2. by
or i—x + y— =gt + b @)

Normal at Point P (a sec 6, b tan 6)
Putting x, = a sec @ and y = b tan G in (i), we get

ax +'by
sech tang

=a2+b2

(i)

Note:
* Normal other than fransverse axis never passes

_ through the focus.
* Locus of the feet of the perpendtcular drawn from

' focus of the hyperbola x - b_ = 1 upon any tangent is

its auxiliary circle, i.e. xz +y'=d.

«  The product of the feet of these perpendiculars is b
(semi-conjugate axis)*.

¢ The portion of the tangent between the point of
contact and the directrix subtends a right angle at the
corresponding focus. '

s The tangent and normal at any point of a hyperbola
bisect the angle between the focal radii. This spells the
reflection property of the hyperbola as “an incoming
light ray” aimed towards one focus is reflected from
the outer surface of the hyperbola towards the other
Sfocus. If follows that if an ellij;se and a hyperbola
have the same foci, they cut at right angles at any of
their common points.

A Tangent '
" xsec§_ ytanf
b

v

x=

NS

Fig. 5.27
.Y P
Note that the elltpse =5+ o 1 andthe hyperbola——— 2 P
k2—b2 =1 (a >k> b > 0) are confocal and therefore

orthogonal.

»  The foci of the hyperbola and the poznts Pand Q in
which any tangent meets the tangents at the vertices
are concyclic with PQ as diameter of the circle.

Cyclic.
quadrilateral

Fig. 5.28

If the normal at P (6) on the hyperbola

2 Al
% - 2y_ = 1 meets the transverse axis at G, then prove
a a
that AG x A'G = a2(e4 sec” # — 1) (where A and A’ are the

vertices of the hyperbola).

Sol. 4. The equation of the normal at P (a sec &, b tan 0) to the
given hyperbola is ax cos @ + by cot § = (a* + b?).
This meets the transverse axis, _i.e. x-axis at G.

2 2

ab )secG,O)

So, the coordinates of G are ((a



The coordinates of the vertices 4 and 4' are (a, 0) and
(—a, 0, respectively.

a Z b sec 9)

a+b
(a+ a

=(—a+ ae’sec Oy (a+a sech)=d (¢* sec” 6 1)

- AG-AG=(—a+

sec 0)

. 2
Normals are drawn to the hyperbola x_z
j a

2
- % = 1 at points 0 ) and 92 meeting the conjugate axis at

7
G, and G, respectively. If0 + 0, = 3, prove that CG I-CG2

2 4
= ‘zl € 1 where C is the centre of the hyperbola and e is its
e —_—

eccentricity.

Sol. Normal at point P (asec g, b tan 01) is

ax cos 91 + by cot 61 =(d*+ b).

2 72
It meets the conjugate axis at G| 0,% Jl; b tan O 1)
Normal at point O (a sec 6, b tan 6,) is
ax cos 6, + by cot 6, = (a*+ bD).
) 2 2
It meets the conjugate axis at G, (0, ¢ Z b tan 92)
~ (a2 + b2)2 0
= CG-CG,= Yy tan ¢, tan 0,
_ (az + b2)2 Ny i 7
TR (6,79, 7)
2\2
(1+2)
de
e

Normal is drawn at onezof the extremities

2

of the latus rectum of hyperbola x_z —'i% = 1 which meets
a

the axis at points 4 and B. Then find the area of triangle
OAB (O being the origin). )

ax by
1

Sol. Normal at point P (x , y,) is ¥ t5-= a* + b
1

(a+ bz)x1

It meets the axes at 4 ( e ) 0) and

(@ + by,
Blo.——

Hyperbola 5.17

lmuﬁnlm%#m
Area of AOAB=5|———= ||
1 (az + bz)z XV
2 &b

Now normal is drawn at the extremity of latus rectum.

Hence,
2 222
1 (a‘+b)bel
= Area= 5| ——=35
rea= 5 2B
2\2
. a4(1+§5) e
=5 g
_%azes

A ray emanating from the point (5, 0) is

incident on the hyperbola 9x* — 16y” = 144 at the point P
with abscissa 8. Find the equation of the reflected ray after
first reflection if point P lies in the first quadrant.

Sol. Given hyperbola is

27
9

16~ @
Now, x coordinate of point P is 8. Let y coordinate of P
isa :

Fig. 5.29
As (8, a) lies on (i),
64 o _
16 9
= o= 27
= a= 333 (- P lies in first

quadrant)
Hence, coordinates of point P are (8, 333).
The equation of reflected ray passes through P (8,33)
and S’ (— 5, 0).
Therefore, its equation is

0-3V3
~5-8

or 3V3x-13y+15V3=0

y—0= (x+5)



5.18 Coordinate Geometry

Equiation of Chord Joining Points P () and Q (3)

Equation of chord passing through the points P (a sec a,
b tax1 o) and Q (a sec B, b tan B) is given by
x y 1

aseca ptana 1
asecf btanf 1

=0

bx (tan o - tan B) — ay (sec a — sec B) + ab (sec a
tanfB —sec ftan ) =0

bx sin (@ —B) — ay (cos - cos @) + ab (sin B—sina)
=0

bxcos(#)—aysin(%‘é)—abcos(%é)
=0 ‘

Z cos a—gﬁ*%sin C%‘é:cosa—;—ﬁ

If (a sec O, b tan 0) and (a sec @, b tan @)
2

2
are the ends of a focal chord of x_z - ‘;}% =1, then prove that
a :

tan %tan?=%;2.

Sol. The equation of the chord joining (a sec 6, b tan 6) and
(asec ¢, btan¢)is

0— 0+
%cos%—%sin 2¢= cos —

This passes through (ae, 0)

— € COS (_T¢): COS (0+T¢)
o0+

_ 57

cos (152

. _ 2 2
Te+1 0+ 60—
¢ cos(—2¢)+cos(—2¢)
= e_1=—tathan—
e+1 2 2
= tathan£= ey
2 2 1+e
Chord of Contact
Y
4 Plx,»)
—> X
o
R
0]

Fig. 5.30

intersect the hyperbola

In the diagram from point P tangents PQ and PR are drawn.
Line QR is called chord of contact.

Its equation is

XX yy
1 71 1=
a b
or 7=20
where o
YY1
T=—+ 221 1
at b

If tangents to the parabola y* = dgx
2 .

x—;—%= 1at 4 and B, then find

a

the locus of point of intersection of tangents at 4 and B.

Sol. 4 Let P = (h, k) be the point of intersection of tangents
at 4 and B. Therefore, the equation of chord of contact AB of
hyperbola is '

sh_vE_ |
2B
2 2
or = x:_zh - % which touches the
a
parabola y* = 4ax
b a
Th -7 = 7=
en 2 »h
adk
P _kd
- kT v
4
= y=- %x

Equation of the Chord of the Hyperbola Whose
Midpoint is (x.v.) '

Y
A Q
P(x, »)
O L
R
Fig. 5.31

Here chord QR is bisected at point P.

XX W x

Its equationis — ~—5-1="2_=L _§
q PRI P

2 2
1



or T=S1,where
IR
2 B
and
2 2
5N
Sl_az—bz_1

Find the locus of the middle points of

chords of hyperbola 3x* — 2y* + 4x — 6y = 0 parallel to y
=2x.

Sol. By 7=S§ | the equation of chord whose midpoint is (h,
k)is
Boch — 2pk + 2(c + ) = 3y + k) = 30° = 2k% + 4h — 6k

= x(3h+2)—y(2k+3)+ =0

1ts slope is %%% = 2(as it is parallel to y = 2x)

= 3h—4k=4
= 3x—4y=4
Find the condition on ‘@’ and ‘b’ for
2 2
"which two distinct chords of the hyperbola Py ivbz =1

passing through (a, b) are bisected by the line x +y = b.
Sol. Let the line x + y = b bisect the chord at P (o, b — o)
Therefore, the equation of chord whose midpoint is P (a.,

b — o) is given by

o Yb-0)_ & (-
24°

2w 288 20
Since it passes through (g, b), therefore
a (b-a_ g (-0’

2a” 26 2P 2

oro’ (;15—;2>+a(%~%)=0

or a=0,a=

Hence, the required condition is a # —

" Concept Application Exercise 5.3

1. If any line perpendicular to the transverse axis cuts
2

2 2
the hyperbolai2 - ’Z—z =1 and conjugate hyperbola x_z
a a

2

PN 1 at points P and Q, then prove that normals

bZ

at P and Q meet on the x-axis.

Hyperbola 5.19

2
Z—z = 1 meets the
axes in M and N and lines MP and NP are drawn
perpendicular to the axes meetmg at P. Prove that the

locus of P is the hyperbola ax - by = =(d* + b
3. Find the equation of the chord of the hyperbola 25x°
— 16y* = 400, which is bisected at the point (5, 3).

4. Find the equation to the locus of the middle points
of the chords of the hyperbola 2x” — 3y* =1, each of -
which makes an angle of 45° with the x-axis.

2
2. A normal to the hyperbola —Z—z -

5. Prove that the locus of the point of intersection of
the tangents at the ends of the normal chords of the
hyperbola x* - = a* is (" — x°) = 4xHy?, '

6. If ¢+ = 3=, then the chozrd joining the points & and

B for the hyperbola \—; - )Z; = 1 passes through which
a :
of the following points:

a.focus
b. centre
¢. one of the end points of the transverse axis

d.one of the end points of the conjugates axis

Asymptotes of Hyperbola : Definition

If the length of the perpendicular from a point on a hyperbola
to a straight line tends to zero as the point on the hyperbola
moves to infinity along the hyperbola, then the straight line is
called the asymptote of the hyperbola.

The asymptote of the hyperbola can be found as follows,

2
Let y = mx + ¢ be the asymptote of the hyperbola % - %
=1 a
Solving these two Eq. we get the quadratic as
B — P - 2a* mex— d(BP+ ) =0 (i)

Ya Conjugate

, Hyperbola X Y=o
a b
B (O,jb)/

(7}
Ca,0) |4 ‘ Ao
Blo, -5
X, ¥_
2 570
Fig. 5.32

In order that y = mx + ¢ be an asymptote, both roots of
Eq. (i) must approach infinity, the conditions for which are as
follows:
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coefficient of x* = 0 and coefficient of x = 0
= b2—a2m2=00rm=i—3anda2mc=0:c=0
"Therefore, equations of asymptote are % + % =0
and

x Y
a~p=0

2
The combined equation to the asymptotes is % -==0.

Important Points

1. - If the angle between the asymptotes of a hyperbolé

p) 2 .
. 2%—7= 118 26, then e =sec &
a b .
Also acute angle between the asymptotes is
— 4ol 2ab
&= tan ﬁ

asymptote.

3. The asymptotes pass through the centre of the
hyperbola and the bisectors of the angles between the
- asymptotes are the axes of the hyperbola.

4. The equation of the pair of asymptotes differs from
- the equation of the hyperbola and the conjugate
hyperbola by some constant only.

‘5. The asymptotes of a hyperbola are the diagonals of
the rectangle formed by the line drawn through the
extremities of each axis parallel to the other axis.

6. For réctangular hyperbola we have b = 4. Then the
asymptotes of the rectangular hyperbola x* — y* = &7
are y = £x which are at right angle.

7. If from any point on the asymptotes a straight line
is drawn perpendicular to the transverse axis, the
product of the segments of this line, intercepted
between the point and the curve is always equal to

- the square of the semi-conjugate axis. -

8. Perpendicular from the foci on either asymptote meets
it at the same point as the corresponding directrix and
the common points of intersection lie on the auxiliary

circle.
;A ?I
1 !
i i
I,
N e VA R
(—ae, OFNY ! 'A Fiae,0)
1 I
1 1
] 1
2 2 2 2
0“7 + i_ _4a 'i‘ b -7
e ¢ a
Fig. 5.33

2. A hyperbola and its conjugate have the same

Proof:

Q= -
S
i

Q> ©

G
Line throﬁgh the focus and perpendicular to asymptote:

Asymptote: o y=

y—0=-— %(x —ae)

or . bytax=de (it
Solving (i) and (ii) for x, we have ’

(%2+a)x= aze

= (o + ) x= ad’e
= (d*D)x= dae
= x= %,hencey:g%:g

Now (%, 2) lies on the auxiliary circle. ,

2
9. The tangent at any point P on a hyperbola % - ;)LZ

= 1 with centre C meets the asymptotes at Qand R
and cuts off ACQOR of constant area equal to ab from
the asymptotes and the portion of the tangent inter- -
cepted between the asymptotes is bisected at the point
of contact. This implies that locus of the centre of the
circle circumscribing ACQOR in case of a rectangular
hyperbola is the hyperbola itself.

. Find the eccentricity of the hyperbola
with asymptotes 3x + 4y =2 and 4x — 3y=2.

Sol. Since the asymptotes are perpendicular, hyperbola is
rectangular and hence eccentricity is V2.

- Find the equation of the hyperbola which

has3x—4y+7=0and4x+3y+1=0asits asymptotes and
which passes through the origin.

Sol. Combined equation of the asymptotes is
Bx—4y+7)(dx+3y+1) =0
or 12x* = Txy = 1257 + 31x + 17y + 7 =0 (i)

Since equation of hyperbola and combined equation of
its asymptotes differ by a constant, therefore the equation of
hyperbola may be taken as

12 = Txy =122 + 31x + 17y +k = 0 (i)
As (i1) passes through origin (0, 0), we have k& =0.
Hence, equation to the required hyperbola is

12x* ~ Txy ~ 12)% + 31x + 17y =0
Find the equations of the asymptotes of
the hyperbola 3x* + 10xy + 8)° + 14x + 22y + 7 = 0.




Hyperbola 5.21

Sol. Since equation of hyperbola and combined equation of £ Y _ 1
its assymptotes differ by a constant, equations of asymptotes o 2T T ‘
should be _laseca—2btanallaseca+2b tanal
5 s i = PQ-PR=
32+ 10xy + 82 + 1dx +22y + 4 =0 ) . V3 V3
A 1S to be chosen so that (i) represents a pair of straight _ dsec’ o — 2b* tan’
lines. 3
Comparing (1) with 2(sec’ a —tan’ @
omp g(hHw 2 | _ AUsee —_ ) (as a=~7Z and b=1)
cax®+ 2hxy + by* +2gx+ 2y +¢ =0 (i1) ’
we have ' 3

a=3,b=8,h=5g=7,
f=1l,c=Ax
‘We know that (i1) represents pair of straight lines if abc +
2gf — af* —bg* — ch’ =0
- 3-8A+27115-3121-849-125=0
= A= 15

Hence, combined equation of the asymptotes is 3% +
10xy + 8"+ 14x + 22y +15=0.

537 @i hyperbola passing through the origin
has 3x — 4y — 1 =0 and 4x — 3y — 6 = 0 as its asymptotes,

. then find the equations of its transverse and conjugate
axes.

Sol. Axes of hyperbola are bisectors of pair of asymptotes.
Transverse axis is the bisector which contains the origin
and is given by
3x-4y-—1 4x—-3y—-6
5 T3
or x+y-5=0

Conjugate axis is
3x—4y—-1_  4x-3y-6

5 5 -
x-y—-1=0

Find the product of the lengths of
perpendiculars drawn from any point on the hyperbola

P 2y2 —2 =0 to its asymptotes
SeolL
y=xN2

0

P(a sec o, b tan o)

y ==xN2

Fig. 5.34
Given hyperbola is *-2"-2=0

- Concept Application Exercise 5.4

. Find the angle between the asymptotes of the hyperbolg

. Find the area of t?e triangle formed by any tangent to the

. Find the asymptotes of the curve xy — 3y —2x =0.
. Show that the acute angle between the asymptotes of the

2 yz
X —
691

2
hyperbola x_z - %5 = 1 with its asymptotes.
a

2 2
hyperbola % - Jb)—z =1(@>b)is2 cos”! (%), where e i

the eccentricity of the hyperbola.

Rectangular HyperbolaReferredtoIts Asymptotes
as the Axes of Coordinates

Referred to the transverse and conjugate axes along the axes
of coordinates, the equation of the rectangular hyperbola is

-y =d _ (1)
yEoE ny=c2 y=x
xz_))z :al
4a 4
G5

X ¢ —» X
A (a, 0)

v

Y

Fig. 5.35

The asymptotes of (i) are y = x and y = —x. Each of
these two asymptotes is inclined at an angle of 45° with the
transverse axis. So, if we rotate the coordinate axes through
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14
an anigle of 7 keeping the origin fixed, then the axes coincide
with the asymptotes of the hyperbola.

INow for new hyperbola equation of asymptotes is xy
=(.

Then equation of hyperbola is xy = k (constant)

The hyperbola passes through the point
poepein (5. )

_a
. k= > 2
Then equation of hyperbola is xy = —% or xy = ¢’ where
2_ a’
<=5

Lf the asymptotes of a rectangular hyperbola are x = a,
y =[5, then its equation is (x — @) (y — f) = %

——“LImportant Points

For hyperbola xy = ¢
+ Asymptotes: x =0;y =10
« Transverse axis: y = x; conjugate axis: y = —x
* Vertex: A(c, ¢) and 4'(~c, ~C)
» Foci: (¢V2, c¥2) and (- V2, — cV2)
* Length of latus rectum = length of 44" = 2\2¢
* Equation of auxiliary circle: X +y?=2c

* Equation of director circle: x* + y* = 0

o X' y2 =landxy= ¢? intersect at right angle

Properties of Rectangular Hyperbola xy = ¢

* Eccentricity of rectangular hyperbola is V2.

. Parametrlc form of rectangular hyperbola xy = ¢?
is P(ct, t) where f € R — {0}.

. Slope of chord joining the point P(ct , t) and
et -) is—
. Slope of tangent at point (cz, %) is— %2

* Equation of tangent at point whose parameter is ‘7 is

1
? (x—~cf)

y-E=_
t

or x+yf—2ct=0
* Equation of normal at point whose parameter is ‘¢’
18
y- —? =2 (x—c1)
o  xf-yt—ctt+c=0

+ Equation of tangent at (xl, y l) is

Xy, txy= 2

or “T=0
where

T= Xy, txy-— 2¢°
. Equat1on of normal at (xl, Y, )is
XX, = yy, =x,—y,
* Chord with a given middle point as (%, k) is
Jox + hy = 2hk |

A triangle has its vertices on a fectangular

hyperbola. Prove that the orthocentre of the triangle also
lies on the same hyperbola.

Sol. Let A(z‘ ), B(2), C(f ) be the vertices ofthe triangle ABC,
described on the rectangular hyperbola xy = ¢*.
¢
ct, 7|,
( 2 tz) _

. Coordinates of 4, B and C are (Ctr t—),
( ct, %), respectively. :

ct3—ctﬁ 1
‘Now slope of BC is 43 cbz*ﬁ
[ 23

Hence, slope of AD is z‘ ..

Equation of altitude AD is

Fig. 5.36
y— % = t7z‘ﬁ(x —ct )
or ty—c= xl112t3—cttt (i)
Similarly equation of altitude BE is
Ly-c=xttt —ct i (1)
Solving Eqns. (i) and (ii) we get the orthocentre

c_ 1 _ 2
(— AR ctlt2t3> which lies on xy = ¢*.

@ If A, B and C be three points on the
hyperbola xy = ¢* such that AB subtends a right angle at



C. then prove that AB is parallel to normal to hyperbola
at poimt C.

Sol.

Fig. 5.37
Let coordinates of 4, B and C be (ctl, t£) (ct ) and
1 4

c
ct,—)
(et

Slope of CA =- tLt

L

Slope of CB=— X

Given that CA L CB

1 1
= —S\*[-F7 =~
( f3) ( txtz)
slope of tangent at point C x slope of AB = -1

Tangent at C L AB
Normal at C is parallel to AB

If PN is the perpendicular from a point on

a rectangular hyperbola xy = ¢’ to its asymptotes, then find
the locus of the midpoint of PNV,

Sol. Let xy = ¢” be the rectangular hyperbola, and let P (x,y 1)
be the point on it.

Let Q (b, k) be the midpoint of PN. Then the coordinates

(5]
of Qare{x, 5|

= x1=handyl=2k

_ yl_
xl—hand—2~—k

Hyperbola 5.23

YA

X
hil 0
vY
Fig. 5.38

But (xl, y]) liesson xy=¢
h(2k) = ¢
2
= k=%

2
Hence, the locus of (4, k) isxy = %, which is a rectangular
hyperbola.

PQ and RS are two perpendicular chords

of the rectangular hyperbola xy = ¢ If C is the centre of
the rectangular hyperbola, then find the value of product
of the slopes of CP, CQ, CR and CS.

Sol. Let coordinates of P, O, R, S be (cz‘, t) respectively
(wherei=1,2,3,4)

Now, PQ L RS

Concyclic Points on the Hyperbola xy = o

If a circle and the rectangular hyperbola xy = ¢* meet at the
four points 7,7, £, and 7,, then

a. t112t32‘4 =1

b. the centre of the mean position of the four points bisects
the distance between the centres of the two curves
Proof:
a. Let the equation of the circle be
. Xyt +2gx+ 2y +d=0 ()
Solving Eq. (i) and the equation of hyperbola, we have

4 2
x2+c—2+2gx+2f%+d=0
x
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= x4+ 2gx + d® + 2fx +ct=0 (i) using xy = ¢, we have
. 1,11
From Eq. (i), yl+y2+y3+y4=clel+x_2+x—3+g
xxxx =c
1234 3
o __ ¢
[tltzt3t4] XX XX, 2x X x,
= t1t2t3t4 =] .
b. Again, centre of the mean position of the four points of A C2e)==2f
2x, 2y, ‘
intersection is ( e T = - ‘ 24)/ i :_%
Now from Eq. (i),
X, P tx Fx =2 (i) Hence (Zi %)=(_§ _Z)
1 2 3 4 g 4 4> 4 /-\ 2272
X, g
= =5

EXERCISES

.. T T Solutions on vase 5.36 8. If one axis of varying central conic (hyperbola) be fixed in
Subjective Type T S wns onpage magnitude and position, prove that the locus of the point
R of contact of a tangent drawn to it from a fixed point on

the other axis is a parabola.
. A transverse axis cuts the same branch of a hyperbola

1. A variable line y = mx — 1, cuts the lines x = 2y and y 9

=—2x atpoints 4 and B. Prove that locus of the centroid of 2 5
the triangle OA4B (O being origin) is a hyperbola passing 2 7 I at P, P’ and the asymptotes in Q. Q". Prove
through origin. 2 2 that (i) PQ = P'Q' and (i) PQ’ = P'Q.

Y .
2. Two tangents to the hyperbola %5 — =5 = | having slopes 2
a v 10. Anormal is drawn to the hyperbola x_2 - % =1 at P which
a

m and m, cut the axes in four concyclic points. Find the

value of m 1 . meets the transverse axis (74) at G. If perpendicular from
1" :

G on the asymptote meets it at L, show that LP is parallel
to conjugate axis.

11. Find the angle between the rectangular hyperbolas
(y —mx) (my +x) = a” and (m” - 1) (" — x°) + 4mxy = b’.

3. Let P be a point on the hyperbola x* - 1* = o* where 'a’ is
a parameter, such that P is nearest to the line y = 2x. Find
the locus of P.

4. Find the range of parameter a for which a unique circle will
pass through the pomts of intersection of the rectangular ‘ »
hyperbola x* — y* = ¢ and the parabola y = x*. Find also ot * Solutions on page 5.39
the equation of the circle. '

S. Show that the midpoints of focal chords of a hyperbola Each question has four choices a, b, ¢, d, out of which only

_JC_C; _ ;}Lz =1 lie on another sirn7ilar hzyperbola. one answer is correct. Find the correct answer.

6. A tangzent to the hyperbola :7; - % = 1 cuts the ellipse 1. If the distance between two parallel tangents drawn to the
)—;; % =1latPand 7QzShOW that the locus of the mid- hyperbola %2 - % = 1 is 2, then their slope is equal to
pointofPQis(i;Jr%;) =§~§. a; i% b,:l:%

7. Prove that t?e pagt of the tangent at any point of the c. i% d. none of these
hyperbola ? - % = 1 intercepted between the point 2. If the distance between the foci and the distance between
of contact and the transverse axis is a harmonic mean the two directries of the hyperbola X y =1 are in the

between the lengths of the perpendicular drawn from the b

foci on'the normal at the same point.

ratio 3:2, then b:a is

a. 12 b. V32 ¢ 12 d. 2:1



2

A tangent drawn to hyperbola x_2 -5 =1atP ( 6) forms
: a

bz
a triangle of area 34 square-units, with coordinate axes,
then the square of its eccentricity is

a. 15 b. 24 ¢ 17 d. 14

The length of the transverse axis of the rectangular
hyperbola xy =18 is

a 6 b. 12 c. 18 d. 9

A straight line has its extremities on two fixed stralght

lines and cuts off from them a triangle of constant area &

Then the locus of the middle point of the line is
a. 2xy=c’ b. xy+c*=0

c. 4’ =c d. none of these

. If a variable line has its intercepts on the coordinate axes

e, e', where %, % are the eccentricities of a hyperbola and

its conjugate hyperbola, then the line always touches the
circle x* +y* = r*, where r =

b. 2

d. cannot be decided

a. 1
c. 3

. The equation of the transverse axis of the hyperbola
(=3 + @+ 1Y =Ex+3)is
a. x+3y=0 b. 4x+3y=9
c. 3x—4y=13 d. 4x+3y=0

. The family of curves for which the length of the normal

at any point is equal to the radius vector of that point is

a. hyperbola b. straight line

¢. parabola d. ellipse
9. The eccentricity of the conic represented by Xt =yt —4x
+4y+16=01s »
a. 1 b. I ¢ 2 d 3
10. The equation 16x” — 3y? — 32x + 12y — 44 = 0 represents
a hyperbola

11.

12.

a. the length of whose transverse axis is 443
b. the length of whose conjugate axis is 4
¢

. whose centre is (—1, 2)

B

d. whose eccentricity is 17

If the vertex of a hyperbola bisects the distance between
its centre and the corresponding focus, then ratio of square
of its conjugate axis to the square of its transverse axis is

a. 2 b. 4 c. 6 d. 3

The eccentricity of the hyperbola whose latus rectum is 8
and conjugate axis is equal to half the distance between

the foci is (axes are coordinate axes)
4

b.v—g

d. none of these

a.

3
2
¢ 5

13.

14.

15.

16.

17.

18.

19.

20.

Hyperbola 5.25

Let LL' be the latus rectum through the focus of the
2

2
hyperbola % - %2 =1 and A’ be the farther vertex. If

AA'LL' is equilateral, then the eccentricity of the hyper-
bola is (axes are coordinate axes)

a. V3 b. V3+1
. M3l g B+l
) N3
The latus rectum of the hyperbola 9x*— 16y* — 18x — 32y
—151=0is
9 3 9
a. 7 b. 9 C. 5 d. 5

The eccentricity of the conjugate hyperbola of the
hyperbola x* — 3y =11is

2 4
a. 2 b. ) c. 4 d. 3

The equations of the transverse and conjugate axes of a
hyperbola are respectively x + 2y —=3=0,2x -y +4 =0,

and their respective lengths are V2 and %
of the hyperbola is

The equation

a 2e+2y-3P-d@-y+ay=1
b. 2 (2x—y+ 4P -3 (x+2p-3)P=1
c. 22x—y+4P-3x+2y-3y=1
d. 2(x+2y -3¢ -3Q2x-y+4yY=1

The locus of the point of intersection of the lines \V3x

—y—43r=0and V3tx + fy — 4¥3 = 0 (where ¢ is a
parameter) is a hyperbola whose eccentricity is

2 4
a. \3 b. 2 ¢ 5 d. 3

If the eccentricity of the hyperbola x°* — ysectoa=5isV3
times the eccentricity of the ellipse x* sec” o + y* =125,
then a value of o is

s s T T
a. ¢ b. 7 ¢ 3 )
With one focus of the hyperbola 9 1 3 =1 as the centre,

a circle is drawn which is tangent to the hyperbola with
no part of the circle being outside the hyperbola. The
radius of the circle is

b. 2

d. none of these

a. less than 2
c. 1/3

7 2
If ax + by =1 is tangent to the hyperbola =1, then

a — b* equals to

22
b. ge

c. b d. none of these



5.26

21.

22,

23.

24,

25.

26.

27.

28.

29.

Coordinate Geometry

I ocus of a pomt whose chord of contact with respect to
thecirclex’ + y* =4 isa tangent to the hyperbola xy =1

is a/an
a. ellipse b. circle

<. hyperbola d. parabola -

The sides AC and 4B of a AABC touch the conjugate

2
hyperbola of the hyperbola x_z - %2 = 1. If the vertex
A lies on the elhpse X + y—z = 1, then the side BC must
touch b

a. parabola b. circle
c. hyperbola d. ellipse . 5
The tangent at a point P on the hyperbola a_; - ;}% =1

passes through the point (0, —5) and the normal at P
passes through the point (2aV2, 0) then eccentricity of
the hyperbola is

b. V2 c. 3 d 3

If values of m for which the line y = mx + 25 touches the
hyperbola 16x* — 9% = 144 are roots of the equation X =
(a +b)x—4 =0, then value of (a + b) is equal to

b. 4

a. 2

d. none of these
2 2
Portion of asymptote of hyperbola %2 =1 (between
. a
centre and the tangent at vertex) in the first quadrant is cut
by the line y + A(x — a) = 0 (A is a parameter) then

a. 2 C. Zero

a. AeR b. A € (0, )
c. e (—x,0) d. none of these 5
If angle between asymptotes of hyperbola Z— =1is

120° and product of perpendiculars drawn from foci upon
its any tangent is 9, then locus of point of intersection of
perpendicular tangents of the hyperbola can be

b. x2+y2=9
d. ¥*+y* =18

The co-ordinates of a point on the hyperbola, 2 ﬁ
2

a. x2+y2=6
c. ¥*+y*=3

18 =1, which is nearest to the line 3x + 2y +1 =0 are
a. (6,3) b. (-6,-3) ¢ (6,-3) d.(-6,3)
The number of possible tangents which can be drawn to
the curve 4x* — 95 = 36, which are perpendicular to the
straight line 5x + 2y — 10=10is

4. zZero b. 1 c. 2 d. 4

Locus of the feet of the perpendiculars drawn from either
focus on a variable tangent to the hyperbola 16)* — 9x?
=11is

a. ¥’ +y°=9 b. x2+y2=é

c x2+y2=TZ—4 d. x2+y2=—1]€

30.

The locus of the foot of the perpendicular form the centre

. of the hyperbola xy = 1 on a variable tangent is

31.

32.

33,

34,

3s.

36.

-y =4xy b. (P +yY =21
d. (F+yH =dxy

a. (x*
c. (P+y)=4dxy

2
—% =1, N is the foot
of the perpendicular from P on the transverse axis. The
tangent to the hyperbola at P meets the transverse axis at
T.If O is the centre of the hyperbola, the OT. ON is equal

to

2
. . X
P is a point on the hyperbola 2

2
a. & b. & c. v d. b—2
a
. 2 y2
The tangent at a point P on the hyperbola % T 1

meets one of the directrix in F. If PF subtends an angle 0
at the corresponding focus, then 6 equals

3In

b.g'c.T d n

a Ik
" 4

The locus of apoint, from where tangents to the rectangular
hyperbola x* — y* = &* contain an angle of 45°, is

a. (FF+) + 20—y = 4d

b. 202 +)7) +4d° (- yP) = 4d

c. P+ +4a’ (- =4d"

d (xz + yz)z + 4 (xz _ y2) =4 '
If tangents PQ and P2R are drawn from variable point P to

2
the hyperbola x_z - ;Lz =1 (a> b) so that the fourth vertex
a

S of parallelogram POSR lies on circumcircle of triangle
POR, then locus of P is
a. x*+y*=p* b. X*+y'=d’

¢. x*+y*=(a’— b d. none of these
7_ 2

? = 3, from
which mutually perpendlcular tangents can be drawn to
the circle x* + y* = o, is /are

a. 0 b. 2 ¢c. 3

2 2
A normal to the hyperbola xz - % = 1 has equal intercepts

Number of points on the hyperbola
Cl

d 4

on positive x- and y-axes. If this normal touches the

2
ellipse % + }’_2 = 1, then &* + b* is equal to
a. 5 b. 25
¢ 16 d. none of these

. If the normal to the given hyperbola at the point (cz, t)

meets the curve again at (c?/, t’) then

a. £r=1 b. ££=-1"
c. = d. #'=~1



38.

39.

40.

41.

42,

43.

44.

45.

1£ the sum of the slopes of the normal from a point P to
the hyperbola xy = ¢* is equal to A (A € R"), then locus of
point P is '

b. y*=Ac

d. none of these

a. x¥’=i
c. =\
IT a ray of light incident along the line 3x + (5 — 442)

2 2 :
= 15 gets reflected from the hyperbola %6- - % =1, then
its reflected ray goes along the line

a. x\2-y+5=0 b, V2y-x+5=0
c. 2y—x—5=0 d. none of these

X y2
25 16
= 1 be produced on both sides to meet the asymptotes in
Q and @', then PQ-P'Q is equal to-

a. 25 b. 16

c. 41 d.
For a hyperbola whose centre is at (1, 2) and asymptotes
are parallel to lines 2x + 3y = 0 and x + 2y = 1, then
equation of hyperbola passing through (2, 4) is
. (2x+3y-5)(x+2y—8)=40
b. 2x+3y-8) (x+2y—5)=40
. Qx+3y—8) (x+2y—5)=30
d. none of these

L et any double ordinate PNP' of the hyperbola

none of these

]

d

The chords of contact of a point ‘P’ w.r.t. a hyperbola and
its auxiliary circle are at right angle, then the point P lies
on

a. conjugate hyperbola
b. one of the directirx

¢. one of the asymptotes
d. none of these

2 42 2 7
Asymptotes of the hyperbola % - X— =1land% —% =1
1 bl 2 N
are perpendicular to each other, then i
a _b
a.g =y b. aa =bb,

c. a1az+b1bz=0 d. a —a,=b = b,
If § = 0 be the equation of the hyperbola x* + dxy + 3y* -

4x + 2y + 1 =0, then the value of & for which S+ K =0
represents its asymptotes is

a. 20 b. -16 ¢ -22 d. 18
If two distinct tangents can be drawn from the point (c, 2)
2 2
on different branches of the hyperbola % - %}E =1, then
3 2
a. |0L|<§ b. |OL|>§
c. |af>3 ¢. none of these

46.

47.

48.

49,

50.

51.

52.

53.

Hyperbola 5.27

A hyperbola passes through (2, 3) and has asymptotes 3x
—4y+5=0and 12x + 5y — 40 =0, then the equation of
its transverse axis is

a, 77x—-21y—-265=0
b. 21x—-77y+265=0
¢ 2lx—77y-265=0
d. 2lx+77y—-265=0

) 2
From any point on the hyperbola x_2 - % =1 tangents are
a
2 2
drawn to the hyperbola x_z - ;—2 = 2. Then area cut-off by
a

the chord of contact on the asymptotes is equal to

a. % b. ab

From a point P (1, 2) two tangents are drawn to a
hyperbola ‘H’ in which one tangent is drawn to each
arm of the hyperbola. If the equations of asymptotes of
hyperbola H are V3x —y+5=0and V3x +y—1=0, then
eccentricity of ‘H’ is

a. 2 b. % c. V2 d. V3
The combined equation of the asymptotes of the hyperbola
2x2f5xy+2y2+4x+5y=0is

a. 2>+ 5xy+ 27 +4x+5y+2=0

b. 2X*+5xy+2)° +4x+5y—2=0

¢ 2%+ 5xy+2)4=0

¢. 2ab d. 4ab

d. none of these
The asymptotes of the hyperbola xy = hx + ky are

a. x—k=0andy—h=0

b. x+h=0andy+k=0

¢. x—k=0andy+h=0

d. x+k=0andy—-%h=0 )

>y
The asymptote of the hyperbola x_2 9 =1 form with any
a

tangent to the hyperbola a triangle whose area is atan )
in magnitude then its eccentricity is

a. sec A b. coseche. sec’A  d.-cosec’ A

The centre of a rectangular hyperbola lies on the line

y = 2x. If one of the asymptotes is x +y + ¢ = 0, then the

other asymptote is
a. x—y—3c=0 b. 2x—y+c=0

c. x—y—c=0 d. none of these

Hence, equation of other asymptote isx + y — 3¢ =0.

Equation of a rectangular hyperbola whose asymptotes
are x = 3 and y = 5 and passing through (7, 8) is

a xy—-3y+5x+3=0

b. xy+3y+4x+3=0

c. xy—3y+5x-3=90

d xy-3y-5x+3=0
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54. Xf foci of hyperbola lie on y = x and one of the asymptote
is y = 2x, then equation of the hyperbola, given that it
passes through (3, 4) is

2

a. xz—y“—%xy+5=0
b. 2 =27+ 5xy+5=0
¢ 2X*+2)*~5xp+10=0
d. none of these
55. (x— 1) (»—2)=5and (x — 1)’ + (y + 2)* = #* intersect at
four points 4, B, C, D and if centroid of AABC lies on line
3y =3x—4, then locus of D is
a. y=3x b. ¥+ +3x+1=0
c. 3y=x+1 d. y=3x+1
56. If'tangents OQ and OR are dawn to variable circles having
~  radius r and the centre lying on the rectangular hyperbola
xy = 1, then locus of circumcentre of triangle OQOR is (O
being the origin)
a. xy=4 b. xy= %
c. xy=1 d. none of these

57. Four points are such that the line joining any two points is
perpendicular to the line joining other two points. If three
points out of these lie on a rectangular hyperbola then the
fourth point will lie on

a. the same hyperbola
" b. conjugate hyperbola
‘¢. one of the directrix
d. one of the asymptotes
58. Equation of conjugate axis of hyperbola xy — 3y — 4x + 7

=01is
a. y+x=3 b. y+x=7
c.y—x=3 d. none of these

§9. If S| and S are the foci of the hyperbola whose transverse
axis length is 4 and conjugate axis length is 6, S, and S
are the foci of the conjugate hyperbola, then the area of
the quadrilateral S1S S.S is

37274
a. 24 b. 26
c. 22 d. None of these

60. Suppose the circle having equation x* + 3* = 3 intersects

the rectangular hyperbola xy = 1 at the points 4, B, C and
D. The equation x> +y* =3 + AM(xy — 1) =0, A € R, repre-
sents

a. a pair of lines through origin for A = -3

b. an ellipse through 4, B, C and D for L =-3

c. a parabola through 4, B, C and D for A = -3

d. acircle forany A € R

61. The family of the curves which intersects the family of
rectangular hyperbola xy = ¢* orthogonally is

a. family of parabola
b. family of ellipse
c. family of circle
d. family of rectangular hyperbola , 2
62. If two points P and Q on the hyperbola % - %5 =1, whose

centre C be such that CP is perpendicular to CQ, a < b,

~then the value of # + CIQZ is
b -d 1,1 2ab 1 1
a. 5 p b. 72 + A d. 2R

63. The equation of the chord joining two points (xl, »,) and
(x,, y,) on the rectangular hyperbola xy = cis

X Y 1

+ =
+ +
xl x2 yl yZ

a.

Yy
b, %t =1
XX, VY,
c X Y =1
Ty, X tx
X y
d. yl—y2+x1—x2_1

64. If P (xl,yl), 0 (xz,yz), R (x3,y3) and S (x4,y4) are four con-
cyclic points on the rectangular hyperbola xy = ¢?, then
coordinates of the orthocentre of the triangle POR is

a. (x4a '—y4) b. (x4: )’4) c. (—X4,-—y4)d. (_x43 y4)

65. The chord PQ of the rectangular hyperbola xy = a* meets
the axis of x at 4; C is the midpoint of PQ and ‘O’ is the
origin. Then the AACO is

a. equilateral b. isosceles
¢. right angled d. right isosceles

66. The curve xy = ¢ (c > 0) and the circle x* + y* = 1 touch at
two points, then distance between the points of contacts is
a. 1 b. 2 c. 2¥2  d. none of these
67 Let ‘C” be a curve which is locus of the point of the
intersection of lines x =2 + m and my = 4 ~ m. A circle
s =(x —2)" + (y + 1)’ = 25 intersects the curve C at four
points P, O, R and S. If O is centre of the curve ‘C’, then
OP* + 0Q* + OR* + 08* is
a. 50 b. 100 ¢ 25 d %
68. The ellipse 4x* + 9y = 36 and the hyperbola a** — ¥

= 4 intersect at right angles theén the equation of the circle
through the points of intersection of two conic is

a. x2+y2=5
b. V5’ +3)-3x—4y=0
c. \/_5_(x2+y2)+3x+4y=0
d. X*+)*=25



69.

70.

71.

72.

Multiple Correct § SR 4
Answers Type |}

T he locus of the point which is such that the chord of
»

contact of tangents drawn from it to the ellipse =+ ﬁ
a
= 1 forms a triangle of constant area with the coordinate

axeis
a. astraightline  b. ahyperbola

<. an ellipse d. acircle

T'he angle between lines joining the origin to the points of
intersection of the line V3x + y =2 and the curve y* —x* =
4 is

(2 il
a. tan ( \/?) b. 3
c. tan™ (ﬂ) d. z
2 2 " 5
A variable chord of the hyperbola Lz - % =1({>a
a

subtends a right angle at the centre of the hyperbola, if
this chord touches

a. afixed circle concentric with the hyperbola

b. a fixed ellipse concentric with the hyperbola

c. afixed hyperbola concentric with the hyperbola
d. afixed parabola having vertex at (0, 0)

The exhaustive set of values of o such that there
exists a tangent to the ellipse x* + oX* = o such that
the portion of the tangent intercepted by the hyperbola
o*x* — y* = 1 subtends a right angle at the centre of the
curves is

a. [‘/—52*—12] b. (1,2]
S e SR

" Solutions on page 549

Each question has four choices a, b, ¢, and d, out of which
one or more aNswers are correct.

1.

2.

The equation |\x* + (v — 1) — \x* + (y + 1)} = K will
represent a hyperbola for

a. Ke(0,2) b. Ke(-2,1)

c. Ke(l,o) d. K e (0,)
If x, y € R then the equation 3x* — 2(19y + 8)x* + (361)°
+2(100 + y*) + 64) = 2(190y + 2°) represents in rectan-
gular Cartesian system

a. parabola b. hyperbola

¢. circle d. ellipse

2
. If foci of 25 -
a

Hyperbola 5.29

.If(5, 12) and (24, 7) are the foci of a hyperbola passing

through the origin, then
_N386 b, o= V386
12 " T3
_121 - 121
c. LR="¢ d. LR=-3

. If (5, 12) and (24, 7) are the foci of a conic passing through

the origin then the eccentricity of conic is

V386 b V386
a1 * 13
V386 d V386
¢ 725 © 738

. For which of the hyperbolas, we can have more than one

pair of perpendicular tangents?

2 42 2 42

x ¥ x_ Y _
a. Z—g—l b. 4—9 -1
c. ¥*—y' =4 d. xy=44

. For the hyperbola 9x* — 16y> —18x + 32y —151 =0

a. one of the directrix is x = 25—1

N\O

b. length of latus rectum =
c focii are (6, )and (—4,1)

d. eccentricity is%
o 2
)b)_ =1 coincide with the foci of 3 =1

and eccentricity of the hyperbola is 2, then

a. @ +b’ =16

b. there is no director circle to the hyperbola
¢. centre of the director circle is (0, 0)

d. length of latus rectum of the hyperbolé =12

. If the circle x* +y = &* intersects the hyperbola xy = ¢” in

four points P(x, ),  (,, ».), R (x,, ), S (x,, »,) then
a. x +x2+x3 +x4=0

b. ¥, +y2+y3+y4=0
4

x =
C. x1x2x3 4 =c

d yy,y,7=¢ p

3
. The differential equation Ey = % represents a family of

hyperbolas (except when it represents a pair of lines) with

eccentricity
A2
b. 3

: f
¢ \3 d. )
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10. Circles are drawn on chords of the rectangular hyperbola
x:y =4 parallel to the line y = x as diameters. All such circles
pass through two fixed points whose coordinates are

a.(2,2) b (2,-2) ¢ (-2,2) d. (-2,-2)

11. The equation (x — o)f® + (v — B)* = k(Ix + my + n)*
represents
a. aparabola for k < (P + m?)™!
b. an ellipse for 0 <k < (2 + m*)™
¢. ahyperbola for k> (2 + m?) !
d. apoint circle for k=0
12. If P is a point on a hyperbola, then

a. locus of excentre of the circle described opposite to
£P for APSS' (S, S are foci) is tangents at vertex

b. locus of excentre of the circle described opposite to
£S5 is hyperbola

c. locus of excentre of the circle described opposite to
ZP for APSS’ (S, S are foci), is hyperbola

d. locus of excentre of the circle described opposite to
/S, is tangent at vertex

13. The lines parallel to normal to the curve xy = 1 is/are

a. 3x+4y+5=0 b. 3x—4p+5=0
c. 4x+3y+5=0 d. 3y—4x+5=0

14, From point (2, 2) tangents are drawn to the hyperbola
2 2
%% - % =1 then point of contact lies in

a. I quadrant b. II quadrant

d. IV quadrant

1S. If the two intersecting lines intersect the hyperbola and
neither of them is a tangent to it, then number of intersect-
ing points are

a. 1 b.

c. quadrant

c. 3 d. 4

b~|‘< \S]
L8]

2
16. For hyperbola x_z ——5 =1, let n be the number of points
a
on the plane through which perpendicular tangents are
drawn.
a. ifn=1,thene=2
b. ifn>1,then0<e<+2

c. ifn=0,thene>~2
d. none of these

17. If the normal at P to the rectangular hyperbola x* — )
= 4 meets the axes in G and g and C is the centre of the
hyperbola, then

a. PG=PC

¢. PG=Pg

b. Pg=PC
d. Gg=2PC

ERLUNNT  Soluionsonpage 55

Each question has four choices a, b, ¢ and d, out of which
only one is correct. Each question contains Statement 1
and Statement 2.

a. Both the statements are True and Statement 2 is the
correct explanation of Statement 1.
" b. Both the statements are True but Statement 2 is not
the correct explanation of Statement 1.
¢. Statement 1 is True and Statement 2 is False. -
d. Statement 1 is False and Statement 2 is True.
1. Statement 1: Asymptotes of hyperbola 3x + 4y = 2 and
4x - 3y =5 are bisectors of transverse and conjugate axes
of hyperbola.

Statement 2: Transverse and conjugate axes of hyperbola
are bisectors of the asymptotes.

2. Statement 1: Every line which cuts the hyperbola in two
distinct points has slope lies in (- 2, 2).

Statement 2: Slope of tangents of hyperbola lies in (~co,
-2) U (2, ).

3. Statement 1: A bullet is fired and it hits a target. An
observer in the same plane heard two sounds, the crack
of the rifle and the thud of the bullet striking the target at
the same instant, then locus of the observer is hyperbola
where velocity of sound is smaller than velocity of
bullet.

Statement 2: If difference of distances of a point ‘P’ from
the two fixed points is constant and less than the distance
between the fixed points then locus of ‘P’ is a hyperbola.

2 ﬁ:

4. Statement 1: Ellipse 55 + ¢ = 1 and 12x* — 4y* = 27

intersect each other at right angle.

Statement 2: Given ellipse and hyperbola have same
foci.

5. Statement 1: If a circle S = 0 intersects a hyperbola xy
= 4 at four points. Three of them are (2, 2), (4, 1) and
(6, 2/3), then coordinates of the fourth point are
(1/4, 16).

Statement 2: If a circle’S = 0 intersects a hyperbola xy

= 2 pa— — — =
c”at tl,tz,t3,t4,thentl L—t,—1, L.

6. Statement 1: If a point (xl, yl) lies in the shaded region

-2 2 xz 2
L 2~ 1, shown in the figure, then — el

-1 <.
a B & b



10.

11.

a b
. Statement 1: Equations of tangents to the hyperbola 2x

A
v

F (—,0)

v

Fig. 5.39

Statement 2: If P (x> y) lies outside the a hyperbola
2 2

=1, the nx' Y,

2
_-7£_ y _<1
b*

— 3y* = 6 which is parallel to the line y =3x + 4 is y = 3x
—Sandy=3x+5.

Statement 2: For given slope two parallel tangents can
be drawn to the hyperbola.

. Statement 1: There are infinite points from which two

mutually perpendicular tangents can be drawn to the
2

hyperbola 9~ 16 =1.

Statement 2: The locus of point of intersection of
perpendicular tangents lies on the circle.

2
. Statement 1: Iffrom any point P(x,,y )onthe hyperbolax—2
a

[N

5 2
— )b)_Z = —1, tangents are draws to the hyperbola LZ - %3
a
=1, then corresponding chord of contact lies on another
2 y2
branch of the hyperbola x_2 T -1.
a

Statement 2: From any point outside the hyperbola two
tangents can be drawn to the hyperbola.

Statement 1: If (3, 4) is a point on a hyperbola having

focus (3, 0) and (A, 0) and length of the transverse axis
being [ unit then A can take the value 0 or 3.

Statement 2: |S'P — SP| = 2a, where S and S’ are the two
foci, 2a = length of the transverse axis and P be any point
on the hyperbola.

Statement 1: Given the base BC of the triangle and the
ratio radius of the ex-circles opposite to the angles B and
C. Then locus of the vertex 4 is hyperbola.

Statement 2: |.S'P — SP| = 2a, where S and S are the two
foci, 2a = length of the transverse axis and P be any point
on the hyperbola.

Hyperbola 5.31

Linked Comprehension fZ "€f: ff1fff“”‘:Un”‘“:
Type : SN

Based upon each paragraph, three multiple choice
questions have to be answered. Each question has 4 choices
a, b, ¢ and d, out of which orly one is correct.

For Problems 1-3

A conic passes through the point (2, 4) and is such that the
segment of any of its tangents at any point contained between
the coordinate axes is bisected at the point of tangency.

3
o

1. The eccentricity of the conic is

a. 2 b. V2 e \3
2. The foci of the conic are

a. (2v2,0) and (-2V2, 0)

b. (2V2,242) and (22, -22)

¢. (4,4)and (—4,—4)

d. (4V2,4~2) and (42, —42)
3. The equations of directrix are

a. x+y=48 b. x+y==+4

c. x+y==24V2  d. none of these

For Problems 4-6

The locus of foot of perpendicular from any focus of a
hyperbola upon any tangent to the hyperbola is the auxiliary
circle of the hyperbola. Consider the foci of a hyperbola as
(-3,-2) and (5, 6) and the foot of perpendicular from the focus
(5, 6) upon a tangent to the hyperbola as (2, 5).

4. The conjugate axis of the hyperbola is
a. A1 b. 2VI1 ¢ 422 4. 2422

5. The directrix of the hyperbola correspondmg to the focus
(5,6)1s
a. 2x+2y—-1=0 b. 2x+2y-11=0
€ 2x+2y-7=0 d. 2x+2y-9=90
6. The point of contact of the tangent with the hyperbola is

B w32 eBo) o)

For Problems 7-9
Let P (x, y) is a variable point such that
e =17+ (=27 = (x=5) + (v~ 57 | =3 which

represents hyperbola.

7. The eccentricity ¢’ of the corresponding conjugate
hyperbola is

S 4 3 3
a. 3 b. 3 ¢ 7 d. 7
8. Locus of intersection of two perpendicular tangents to the

hyperbola is
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6ol df 5
Rl
o =33}

d. none of these ,
9. If origin is shifted to point (3, %) and the axes are rotated

thirough an angle 6 is clockwise sense so that equatizon of

2
given hyperbola changes to the standard form % - % =1,

then 0 is
a. tan_l(%) ’ )
c. tan"(%) d. tanfl( )
For Problems 10-12
Inhyperbolaportion oftangent 1ntercepted between asymptotes
is bisected at the point of contact.

b. tan"l(

W KW

Consider a hyperbola whose centre is at origin. Aline x +y =2
. touches this hyperbola at P (1, 1) and interests the asymptotes
at 4 and B such that 4B = 672 units.
10. Equation of asymptotes are
a. Sxy+2x°+2)°=0
b. 3x° +4)° + 6xy=0
c. 288 +24—5xy=0
d. none of these
11. Angle subtended by 4B at centre of the hyperbola is

a. sin™’ % b. sin' g c. sin’' % d. none of these
12. Equation of the tangent to the hyperbola at ( 1, %)
a. S5x+2y=2 b. 3x+2y=4

€ 3x+dy=11 d. none of these

For Problems 13-15
A point P moves such that sum of the slopes of the normals
drawn from it to the hyperbola xy = 16 is equal to the sum of
ordinates of feet of normals. The locus of P is a curve C.

13. The equation of the curve C is

a. x’=4y b. x*=16y
14. If the tangent to the curve C cuts the co-ordinate axes at 4
and B, then the locus of the middle point of 4B is

4. x*=4y b, =2y ¢ ¥ +2y=0d.x*+4y=0
15. Area of the equilateral triangle, inscribed in the curve C,
having one vertex as the vertex of curve C'is
a. 772V3 sq. units b. 7763 sq. units
¢. 7603 sq. units d. 7683 sq. units
For Problems 16-18

The vertices of AdBC lie on a rectangular hyperbola such that
the orthocentre of the triangle is (3, 2) and the asymptotes of

¢ =12y d.y* =8

the rectangular hyperbola are parallel to the coordinate axes.

The two perpendicular tangents of the hyperbola intersect at

the point (1, 1).

16. The equation of the asymptotes is
b. xy+1=x+y
none of these

a. xy—l=x—y
¢ 2xy=x+ty d.
17. Equation of the rectangular hyperbola is
a xy=2x+ty—2 b. 2Xxy=x+2p+5
¢ xyy=x+y+l1 d. none of these

18. Number of real tangents that can be drawn from the point
(1, 1) to the rectangular hyperbola is

a. 4 b. 0 c. 3 d. 2

Matrix-Match ) . '
Type g

Each question contains statements given in two columns

which have to be matched.

Statements (a, b, ¢, d) in column I have to be matched with

statements (p, q, I, §) in column IL If the correct matches

area—>p,a—>s,b—>q,b>r,c—>p,c—~>q,andd — s, then.
the correctly bubbled 4 x 4 matrix should be as follows:

OO
D O@®OE
OO E
d@@@@

% = 1 be the vertices

; tSol‘utione on page 5.56

1. Let the foci of the hyperbola
2 2 A

of the elhpse >+ % =1 and the foci of the ellipse be

the vertices of the hyperbola. Let the eccentricities of

the ellipse and hyperbola be e - and €. respectively, then

match the following.

Column I Column I
a. %is equal to P 1
b.e +e, is aIways greater than q. 2
c. if angle between the asymptotes off r3
2n

hyperbola is 3 then 4e,. is equal to
d. If ez=%and (x,y) ispoint of intersection | s. 4

of ellipse and the hyperbola then g_x;

. 34

is
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d.1f the angle between the 3

asymptotes of hyperbola is 35
7t/3, then the eccentricity of | ~

its conjugate hyperbola is

5. If e and e, are the roots of the equation Poax+2=0,

then match the following.

Column 1 Column II

.If e and e, are the eccentricities of p- 6

the élhpse and hyperbola, respectxvely
then the values of & are

. If both e and e , are the eccentricities | q.

2.
o “Column I . Column II
a. T he points common {o the hyperbola “| p (45, —4)
——y = 9 and circle x* +y =41 are
b, T;I‘angents are drawn from point (0, - %) a4 G, 4)
tothehyperbolax’ —y*=9, then the point
‘of tangency may have coordinate(s)
The “point which is “diametrically | . (5,4
“opposite of pomt (5 4y with respect to |
. ;the hyperbolax -y*=9is
d. IfPand Qlieonthe hyperbolax —-y*= 9' 8. (5,-4)

suchthatareaoftheisoscelestriangle POR
“where PR = QR is 10 sq. units, where R=
(0, — 6), then P can have the co-
ordinate(s) ‘

bofn

of the hyperbolas, then Valugs of a are

VI e, and e, are eccentricities of

I. 23/7

hyperbola and conjugate hyperbola,
then values of a are

3. A(-2, 0) and B(2, 0) are the two fixed points and P is a
point such that P4 — PB = 2. Let § be the circle *+y

= 72, then match the following.

fe s the eccentricity of the hyperbola | s. 5

" the hyperbola in which no such points | .

for which there exists infinite points
from which perpendicular tangents can
be drawn and e, is the eccentricity of |-

, Column I Column II exist then the values of g are
a. If 7= 2, then the number of points P sat— p-2
" isfying PA — PB =2 and 1y1ng on x* + ¥
=/is Integer Type § T
b. If =1, then he number of points satisfy- | q. 4 1. Eccentricity of the hyperbola
ing PA — PB =2 and lying on x* +y* = \/ \[ 5 AN
) or=37 + =27~ w0 + 7| =1 is
= 2 2
c. fsorr—2 the number of common tangents | . 0 Ify = mx + ¢ is tangent to the hyperbola % B y_2 -1,
a
: : ‘ s. 1 having eccentricity 5, then the least positive integral val-
- d. For r = 1/2, the number of common tan- ) ue of m is
. gents is
& . Consider the graphs of y = Ax* and y? +3 = x>+ 4y, where
Y
4. A is a positive constant and x, y € R. Number of points in
Column I Column II which the two graphs intersect is
a. If z is a complex number o N3 ‘ . Tangents jlre drawn from the point (¢, B) to the hyperbola
such that Im (%) = 3, then . 3x’~ 2y* = 6 and are inclined at angles 0 Zrzld ¢ to the x-
eccentricity of the locus is axis. If tan 6. tan¢ = 2, then the value of 2 —Bis
b. If the latus rectum of a 02 I 2tangeznts drawn from the point (a, 2) to the hyperbola
hyperbola - through one| Xy

focus subtends 60° angle
at the other focus, then its
eccentricity is

. If hyperbola P

¢. If4(3,0)and B(-3, 0) and P4 V2
— PB =4, then eccentricity |
of conjugate hyperbola is

% 9 =1 are perpendicular, then the value of a’is

= 4 is rotated by 45° in anticlock-
wise direction about its center keeping the axis intact then
equation of hyperbola is xy = a*, where o* is equal to

. The area of triangle formed by the tangents from point (3,

2) to hyperbola x* — 9y*= S and the chord of contact W.r.t.

point (3, 2) is
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8. If a variable line has its intercepts on the co-ordinates

7

e .
axes e, ¢, where >3 are the eccentricities of a hyper-

bola and its conjugate hyperbola, then the line always

touches the circle x* + ) = #*, where r =

9, If the vertex of a hyperbola bisects the distance between
its centre and the corresponding focus, then ratio of square
of its conjugate axis to the square of its transverse axis is

10. If distance between two parallel tangents having slope m
2 2

drawn to the hyperbola % - -f;—9 =1 is 2, then the value

of 2|m| is
11. If L is the length of latus rectum of hyperbola for which
x =3 and y = 2 are the equations of asymptotes and which

passes through the point (4, 6), then the value of L/A/2

is
12. If the chord x cosa + y sin @ = p of the hyperbola
2 2
ch_6 - f—g =1 subtends a right angle at the centre, and the

diameter of the circle, concentric with the hyperbola, to
which the given chord is a tangent is 4 then the value of
d/4 is

2 2
13. A tangent drawn to hyperbola x_z - Z—z =1 at P(%)
a

forms a triangle of area 3a” square units, with coordinate
axes. If the eccentricity of hyperbola is e, then the value
~of e —9is
14. If the eccentricity of the hyperbola x>~ y* sec’6 =5 is V3
times the eccentricity of the ellipse x*sec’@+ y’= 25, then
smallest positive value of @1s % , value of ‘p’ is

1S. Iflocus of a pomt whose chord of contact with respect to
the c1rcle X +y =4isa tangent to the hyperbola xy=1
is xy = ¢%, then value of ¢? is

Archives

Subjective Type

Solutions on page 5.59

1. Tangeznts are drawn from any point on the hyperbola

2
g—— % = 1 to the circle x* + y* = 9. Find the locus of mid-

point of the chord of contact. (IIT-JEE, 2005)

Objective Type
Fill in the blanks
1. An ellipse has eccentricity % and one focus at S (%, 1).

Its one directrix is the common tangent (nearer to S) to

the circle x> + y* =1 and x> — y* = 1. The equation of the
ellipse in standard form is (IIT-JEE, 1996)

Multiple choice questions with one correct answer
2 2

: X Y

1. The equation 7 1+7°

b. a hyperbola

, 7> | represents

a. anellipse

¢. acircle d. none of these

which is not possible for any values of x and y.
(IIT-JEE, 1981)

2. Each of'the four inequalities given below defines a region
in the Xy plane. One of these four regions does not have

the following property. For any two points (x yl) and
X, + X, ¥, +y,
2 2

the region. The inequality defining this region is-

(xz, ¥,) in the region, the point ( ) is also in

a. X’ +2y°<1
b. max {jx], |} <1

c. X¥*—y*<1

d. y' -x<0 (IIT-JEE, 1981)
3. The equation 2x* + 3y* — 8x — 18y + 35 = k represents

a. nolocusif k>0 b. anellipseif k>0

c. apointif k=0 d. ahyperbolaif k>0

(IIT-JEE, 1994)

4. The equation 2x* + 3)* — 8x — 18y +35 =% represents

a. nolocusifk>0

b. anellipse if k<0

¢. apointifk=0

d. ahyperbolaifk>0

(IIT-JEE 1994)
5. Let P (a sec 6, b tan 0) and @ (a sec ¢, b tan ¢), where

2
—%=LH

2
O+¢= %, be two points on the hyperbola x_z
a

(h, k) is the point of intersection of the normals at P and

O, then k is equal to

2+ bZ 2 + b2
a a b. _(a a )
2 2 2 2
. T30 d. —("—Z—b) (IIT-JEE, 1999)

6. If x = 9 is the chord of contact of the hyperbola x* — *
= 9, then the equation of the corresponding pair of
tangents 1

a. 9’ —87+18x—-9=0
b. 9x* -8 - 18x+9=0



c. 9 —87—18x—9=0

4. 97 -8 +18x+9=0 (IIT-JEE, 1999)

7. Which of the following is independent of o in the
2

2
hyperbola (0 <o < %) X -

— =17
cos"a sin’«

a. eccentricity b. abscissa of foci

c. directrix d. vertex

8. If the line 2x + 6y = 2 touches the hyperbola x* — 2
= 4, then the point of contact is

a. (-2,6) b. (-5, 2V6)
11 _ L
c. (2, \/g) d. (4,—V6)  (IT-JEE, 2004)

9. A hyperbola, having the transverse axis of length 2
sin @ is confocal with the ellipse 3x” + 4y* = 12. Then its
equation is

a. x*cosec’ 0 —y*sec’f=1
b. x*sec’ —y?cosec’ @ =1
c. x*sin’0—y*cos’0=1
d. x*cos’@—3?sin” 6= 1 (IIT-JEE, 2007)
10. Consider a branch of the hyperbola x* — 2" —2\2x — 4
N2y — 6 = 0 with vertex at the point 4. Let B be one of

the end points of its latus rectum. If C is the focus of
the hyperbola nearest to the point 4, then the area of the

triangle ABC is
a2 \E
a. 1 \/g b. 5 -1
T e
c. .1 + \j; d. 5+ 1

11. Let @ and b be non-zero real numbers. Then, the eqhation

(IIT-JEE, 2008)

(ax® + by* +¢) (X — Sxy + 6y%) = 0 represents
a. four straight lines, when ¢ = 0 and a, b are of the
same sign
b. two straight lines and a circle, when a = b, and c is of
sign opposite to that of a
¢. two straight lines and hyperbola, when a and b are of
the same sign and ¢ is of sign opposite to that of a
d. a circle and an ellipse, when @ and b are of the same
sign and c is of sign opposite to that of a
‘ (IIT-JEE, 2009)

2 2
12. Let P(6, 3) be a point on the hyperbola * - i’? =1.1f
a .

Hyperbola 5.35

the normal at the point P intersects the x—axis at (9, 0),
then the eccentricity of the hyperbola is

5 3
(A) \E (B) \E

©) 2 (D) 3

(IIT-JEE, 2011)

Multiple choice questions with one or more than one correct

answer
1. Let a hyperbola passes through the focus of the ellipse
Iy 2

;—5 + % = 1. The transverse and conjugate axes of this
hyperbola coincide with the major and minor axes of the
given ellipse, also the product of eccentricities of given
ellipse and hyperbola is 1, then

2

2 5
a. the equation of hyperbola is % - % =1
P

b. the equation of hyperbola is g~ 95" 1
~ ¢. focus of hyperbola is (5, 0)

d. vertex of hyperbola is (5V3, 0) (IIT-JEE, 2006)

2. An ellipse intersects the hyperbola 2 -y =1
orthogonally. The eccentricity of the ellipse is reciprocal
of that of the hyperbola. If the axes of the ellipse are along

the coordinates axes, then (IIT-JEE, 2009)
a. equation of ellipse is ¥ +2t=2
b. the foci of ellipse are (1, 0)
¢. equation of ellipse is ¥+29°=4
d. the foci of ellipse are (£V2, 0)
o ¥ y2 .
3. Let the eccentricity of the hyperbola a—l - b—2 =1

be reciprocal to that of the ellipse x* + 4y” = 4. If the
hyperbola passes through a focus of the ellipse, then

22
a. equation of hyperbola is %—}— =1
b. a focus of hyperbola is (2, 0)
¢. eccentricity of hyperbola is —

ty ot hyp NE]

d. equation of hyperbola is X =3y =3
(IT-JEE, 2011)
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Comprrehension Type

For Problems 1-2
2 2
The circle x*+)? — 8x =0 and hyperbola % - y? =1 intersect

at the points 4 and B. :
1. Equation of a common tangent with positive slope to the
circle as well as to the hyperbola is’

a. 2x—+/5y-20=0 b. 2x—~/3y+4=0
c. 3x—4y+8=0 d4x-3y+4=0
(IIT-JEE, 2010)
2. Equation of the c1rcle with AB as its diameter is
a. X¥*+3y*—12x+24=0 b.x*+)*+12x+24=0
c. ¥ +y +24x-12=0 d.x2+1*-24x-12=0
(IIT-JEE, 2010)

Match the following

1. Match the conic in Column I with the statements/
expressions in Column II. (II'T-JEE, 2009)

Subjective Type

1.
Y
A
y=—-2x
x=2y
0 » X
(x1, )4
B(x, y,)
y=mx—1
Fig. 5.40
Solving the variable line y = mx — 1 with x = 2y, we get
2 .
X = 2m 1 ©

Solving with y =—2x, we get

__1
L Tmr2

Y, +y2=m(x1 +x2)—2

Now,
Let centroid of the triangle OA4B be (h, k)

ANSWERS AND SOLUTIONS

Column 1 ~ Column 11
*a. Circle p. The locus of the point (k, k) for which
: the hne hx + ky = 1 touches the 01rcle

. X+yP=4 )
b. Parabola | q. Point z in the complex plane sétisfying

z+2|=|z—-2|=

c. Ellipse r. Points of the conic have parametric
representatmn x —\/— ( I+ t;) -7 »-zftt?_

The eccentricity of the conic lies in the

d. Hyperbola | s.
1 interval 1 <x <

t. Points z in the complex p]ane satlsfymg
Re(z+ 12 =[z?+1 '

Integer type

: 2 2
1. The line 2x + y = 1 is tangent to the hyperbola x_2 - Z—z

a

= 1. If this line passes through the point of intersection of
the nearest directrix and the x-axis, then the eccentricity

of the hyperbola is (IIT-JEE, 2010)

X *+x
_ 1 2
So, h= 3
3y, ml+x)=2
and k= 3= 3
_3k+2
= m="3
S0, 3h=x +x =21
’ 1 ™ 2(3k+2)_’1 (3k+2)+2
3h 3k .
5 i i [using (i)]

S Ck—3h 4 T Gh+3k+2

Simplifying we get the final locus as 6x” — 9xy — 6y* — 3x
- 4y 0 which is a hyperbola passing through orlgm as
K> aband A#0.

Y
A

D

-
E
O

Fig. 5.41



I et the tangent be

y=mx+ \a’m. — b
y=mx+\a'm- b

Points of intersection of these tangents with axes are

[E

i m)c@,&ﬁ—#)

am. - b
B S e

2

,JD@,J%—#)

Now as the four points are concyclic
0A-OB = 0C-OD

2 2\ 2.7 P
:>( \/a’rl b)( \/amz b)=\/aTmf—b2-\/a2mi—b2

1 m
2

= m1m2=1

. Consider any point P (a sec 8, atan §) onx’ ~y* = d’.

This point will be nearest to y = 2x, if tangent at this point
is parallel to y = 2x.

a
Differentiating X’ —y* =d’wrt. x, we get a{- =§
Z)
ay (a sec 6, atan 8) = cosec §
Slope of y=2x1is 2,
= cosec # =2 or § =n/6
Thus P =(a sec 7/6, a tan 7/6)
—[{2a a)-
=[FH)m0n
h= 2a h

—V?ka=Q%:>k=2
So required locus is 2y ~x = 0.
. Equation of family of curves, passing through the points
of intersection of x* —y* = a” and y = X’ is
xz—yz—a2+k(x2—y)=0
=31+ -d-Wy=0
It will be a circle if A=-2
=y -d+2y=0
x2+y2—2y=—a2
Z+y-1P=1-d
1-a>0=>4d"<1
ae(-1,1) )
Also both the curves will intersect at real points if > — y
+ a* = 0 for some real y,

UV R

- 1 1
if —2<a<2

() and (i), a e (-4, 3)

Hyperbola 5.37

Equation of chord 4B with T'= S1 is

x b _n_ K

@& V¥ & b

If passes through (ae, 0)

he _ W K
- e
2 2
Locus is %—%=%
2
1.2 Y
= Sl -aex]-% =0
pix —aex =5
22
aey de
x-dyep_4ae 5
-5V 7 _
= = —?—0
aey?
:(‘2)_ﬁ_§
a2 bZ 4

which is also a hyperbola with eccentricity e.

A

P(6)
(h, k)

0

v

Fig. 5.43

Tangent to hyperbola at P(0) is

xsecH ytan0 )
—a T p =1 1)

Also the chord of the ellipse with middle point (#, k) is

ok W K. ..
ﬁ+?=?+P:me (ii)
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Comparing (i) and (ii), we get

sec O 42 tan6 p?> |
a h b kA
= Sec&—{l andtan&——x—kb
2
7\—};;2 7»/;;)2 1 (eliminating 6)
PR _ (K BV
= 2T (a2+b2 -1
2 2\2 , .2
- x Y x Y
Hence, locus is (? + ?) = - ?
X sec 0 _ ytan 6
7. Tangent at point P is — 57— 5 =1;
by _ 22
Normal at point P is sec 9 ang %€
4 T
(asecO,btan )
P, N
P G(e'acos 0, 0)
Q/ F(ae, O) "
(~ae, 0) (a cos\ , 0)
Fig. 5.44
- r_9G
From the diagram P, = FG
_ezasec0—ac056
e‘asec 0 — ae
e’ —cos’ @
e’ —ecos 6
e+tcosf
=
p _, cosf
= p_] =1 e
. P cos 6
Similarly, =1l
b,
= pﬁ +P )
1 pZ
2_1 .1
= PP T,
2
8. Equation of tangent to hyperbola at point P (a sec 6, b
tan 6) is
xsecO tan 6
— - (i)
Since (1) passes through the point (0, ¢), therefore
—ctanf =5 (1)

P, k)

Fig. 5.45
Now substituting the value of & in (ii), we get

2
c=—tan’ @ andh—2=sec2 0
Adding, we have a

ko W
vl + ? =1
W_. k
= == 1-%
7
= =% (c-k
2
*=-2 (y - ¢) which is a
parabola
9. Hyperbola is b*x* — a*y* = a*b* : 1) .
Let the transversal be y = mx + ¢ ‘ (i)

Solving (i) and (ii), we get

bx* — d*(mx + o = a* b

= (b — ’m®) x* — 2a* mex — A +p)=0
x +x 5,2
2
= gl )
(3, 35)
YA
Px,, 1)
o 7Y e
(% 7,)
(s 33)
Fig. 5.46
Solving y = mx + ¢ with pair of asymptotes »* x* — a*°
=0, we have
(b = W) x* = 2d* mex — a*c* =0 @v)
x3txs_ 24 mc
=
2 b — d*m? )
= MQ = MQ' and MP = MP'
= PO =P'Q

10. Equation of GL with slope —a/b and passing through
(ele, 0)is

y—0=—%(x—e2x1)



Hyperbola 5.39

= 02 :
ax+by—aexl (i) = %:%
b e
Put y=gx - A= 3
Y _b X 2
A y=a b2 3
L = 1+ e =5
F b__1
9 = =
0 2N T T\ p(2a b
(&x,, 0) 3.c. P(a sec 5, b tan 6) = P( NER \/§)
Ther_efore, equation of tangent at P is '\/—ﬁ - ﬁ =1
. 2
Fig. 5.47
b , Area of the triangle =% x \/ga x\3b=3d"
axtbg x=aex, b
a - 4
x[ a+ b ] = ae’x b
N ! ’ F=1+% =17
X=x a
Thus abscissa of point L is x, which is same as that of 4. b. Transverse axis is along the line y = x.
point P. Solving y = x and xy = 18, we have x* =18 or x =%3+2.
Hence, LP is parallel to conjugate axis. Then two vertices of the hyperbola are (£3v2, £342).
p Jug

11. For first hyperbola, Distance between them = V72 + 72 = 12.

(v — mx) (m 2 + 1) + (my +x) ( @ m) =0 5. a. Let the given straight line be axis of coordinates and let
dx dx : ; ;
the equation of the variable line be

b _ ﬂzy;zz”ﬁ o LYoy .

A 2mytx-mx l This line cuts the coordinate axis at the point 4 (a, 0) and
For second hyperbola, B (0, b).

) dy dy Therefore, the area of AAOB is
(m —-1) (Zya42x)+4m (xa’+y)=0 1,
. 5 ab=c »

dy_-2mytmx-x_ = ab=2c )

d iy —y+2m ? 1If (h, k) be the coordinates of the middle point of 4B,

mm, == 1 then
=> Angle between the hyperbolas = g— h= % and k= %

On eliminating @ and b from Eqns. (i) and (ii), we get

Objective Type 2hk =
Hence, the locus of (A, k) is 2xy = o
A 2 ’
2N9m” — 49 _ 2 6. b. Since % and % are eccentricities of a hyperbola and its

1. a. According to the question = ——
L+m conjugate hyperbola, therefore

= Om?—49 = 1+ 4+d=)
= 8m” =50 ¢ ¢ e
= m:i% = . _ 4=e’2. 2 .
The line passing through the points (e, 0) and (0, ') is
2. a. Given that , ex+ey—ee' =0
Distance between foci 3 It is tangent to the circle x* +y” = r’.
Distance between two directrix =~ 2 ee'

Hence, e—z—\/—fez =y



5.40 Coordinate Geometry

2 12

ee
== 7= =4
ez+e,2

= _ r=2
7. €. (x =3V + (¥ + 1)* = (4x + 3y)?

= -3 rerr=os( B2

= PS=5PM
= directrix is 4x + 3y = 0 and focus (3, —1)
So equation of transverse axisisy + 1 = % x—3)
= ) 3x—4y=13

8. a. Given that

p
-
= ydy = +xdx
= y2 £x =
=> family of curves may be a circle or rectangular
hyperbola
9. b. We have

=y —dx+4p+16=0
= (x-2Y-@-2°=-16

@-2 -2y
£
This is a rectangular hyperbola, whose eccentricity is
always V2.
10. d. We have v
16(x* — 2x) — 3(* — 4y) = 44
= 16(x—1—-3(y—2)* =48

-1 -2
3 16 |

This equation represents a hyperbola with eccentricity
_ ;16 _ \@
e=141+ 3 =\3
2

2 2

-1

11. c. Let the hyperbola be Z—; — ’;% =1
then 2a=ae ie,e=2
2
B gy
a
@2b)?
2a)y*
12. ¢. We have
2p*

“a =8

and 2b =1 (2ae)
2 (aey2 _
a(7)=
= ae* =16 (i)
bz
Also, 2 =
= b =4a
= a(e~1)=4a
= ad*—a=4 ‘ (i)
From (i) and (ii), we have
16
16——=4
2
= % =12
¢ 2
= e= ﬁ
13. d.
A
L (ae, b'la)
_ 3¢ [ | _
A’ (-a, 0)
- ! (ae, —b'la)
v
Fig. 5.48
b2
o_ a4
tan 30° =—— ae
l+e 2
=e -1
= \/g e
-1
= e—1 NEY
N =3 \/; 1
14. d. Hyperbola 9x* — 16y* — 18x — 32y — 151 = 0 can be
written as

9(* - 2x) — 16 (4 + 2) = 151
= 9x—1Y-16(y+1P>=151+9~16= 144

G RV

1

16 9
X _r_
or 16_9_1
[where X=x—-1,Y=yp+1]
Here a=16,1*=9

2209
Latus rectum =2%=%=%

15. a. Given hyperbola is

2 .2

x_ Y

171!
3



Tts eccentricity ‘e’ is given by

=
3=1(-1)
Hence, eccentricity e’ of the conjugate hyperbola is given
by 1
o2
1= 3(e 1)
= et=4
= e=2

b. The equation of the hyperbola is

s B
1 !

2 3
or Zox-y+ap-Iery-3p=1

16.

17. b. Eliminating ¢ from the given two equation, we have
L7
16 48
whose eccentricity is
- 48 _
: e=\l+7¢=2
18. b. For hyperbola
2o
5 5cos’a
‘We have . s
b 5cos’a
e = 1 + ;2‘ = 1 + ——5—
=1+cos’a
For ellipse
2 2
X Yy _ 1
25c08’a 25
We have
& nav ez_l_ZSCOSzazsmza
2 25
Given that
e, =3¢,
= e =3e
= 1+ cos’ @ =3 sin*a
= 2=4sin’a
= . sina = %
19. b. Given hyperbola is
2 2
Y .
916! @

Y
4

o (3, O)V PA

v,

Fig. 5.49

20.

Hyperbola 5.41

25
9

2

— 1416
= e—+9

=
Hence, its foci are (£5, 0).
The equation of the circle with (5, 0) as centre is
(x— 57+ y2 =7
Solving (i) and (ii), we have
165 —9[2 — (x— 5] = 144
or 25x*-90x—-97+81=0

Since the circle touches the hyperbola, above equation
must have equal roots. Hence,

90% — 4(25)(81.— 97%) =0
9-(9-7)=0
» = 0 which is not possible.

e=

W —

(i)

=
et
Hence, the circle cannot touch at two points.

It can only be tangent at the vertex. Hence, ¥ =5-3 =2,
a. Any tangent to hyperbola is

%sec@—%tan9=l @
Given tangent is
axthy=1 (ii)

Comparing Egs. (i) and (ii), we have
sec 6 = ¢’ and tan O = —b’
Eliminating 6, we have

at- =1

= (- (@+b)=1

Also @+ b =a'e
242 1

= a7 - b7 =57

21. c. Let the point be (%, k).

22,

or —

Then equation of the chord of contact is ix + ky = 4.
Since Ax + ky = 4 is tangent to xy = 1

x(ﬂ) = 1 has two equal roots

k
= b —dx+k=0
= hk =4
= locus of (A, k) is xy =4
= ct=4

d. Let the vertex 4 be (a cos 0, b sin )
Since AC and 4B touch the hyperbola

2V
a b

BC is the chord of contact. Its equation is

xcosf ysinf _

a 5

xcos6’+)’5in9 _

a b

-1

1
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23.

24,

rxcosgn—G)ersin(n—O)

5 =1

which is the equation of the tangent to the ellipse

2 2
x* Y
=]
e s

at the point (a cos (7 — 0), b sin (7r — 6)).

Hence, BC touches the given ellipse.

b. Equation of tangent at (x,»)is
xXx,  yy
L =1l
aZ bZ
Tt passing through (0, —b). So,
y
0+ ?1 =1 =y=05
Equation of normal is
2 by
ax bV _ 2o

ae
X
1 yl

which passes through (2aV2, 0). Hence,
2
a 2xa\/§ — 2
= x = 2a\2/f
€

Now (x »Y l) lies on the hyperbola

2 2

XN _ 1
a b
8
= 2—1 =1
= e =2
c. Equation of hyperbola is
2 2
x Y o_
9 16!

Equation of tangent is

y=mx+N9m - 16

Vom? — 16 =245

3 .
= m==2
= a+ b =sum of roots =0
b.
Y
4
X'e
o (a,0)
Y,
Y
Fig. 5.50

26.

27.

The line y + A(x — a) = 0 will intersect the portion of the
asymptote in the first quadrant only if its slope is negative.
Hence,

A <0
= A>0
R A €(0, )
d. Product of perpendiculars drawn from foci upon 'any
of its tangents = 9 -
= b =9

Also, =tan 30° =

%

»

Qo

)

-y

X0
Y /
X'« 30 »X

30°
y,
Y
Fig. 5.51
a=3b=27

Therefore, required locus is the director circle of the
hyperbola which is given by x* + )* =27 -9

or F+y' =18

if b — tan 60°, then
2 b _9_
a=3=3 3

Hence, the required locus is x* + y* = 3 — 9 = — 6 which is
not possible.

C.

X'« & X

Plx,, y)

v,
V' 3x+2y+1=0

Fig. 5.52

Point P is nearest to the given line if tangent at P is
parallel to the given line.

Now slope of tangent at Px,y)is

dy 18y 3Y _ 3
(%)C".u".) = Tx: =7 x_: which must be equal to — )

Yy

X
1

3
= 2

~w



Hyperbola 5.43

= ¥, =2x ) (i) 31.b.
. YA
Also (x, y) lies on the curve. Hence,
g , ] Piasec6,btan )
X Y : g
2418 ! (i) T N, o
Solving (i) and (ii) we get two points (6, —3) and (-6, 3) ol /
of which (6, —3) is nearest.
x* }’2
. a. Tangent to 5" 1 at P(3 sec 6, 2 tan 0) is
5 ' Fig. 5.54
%secO’—Etan():l _
This is perpendicular to Tangent at point P is
5x+2y—10=90 ‘ %sec@—%tan@il
. 2sech 2 It meets the x-axis at point T (a cos 6, 0) and foot of
= 3tand 5 perpendicular from P to x-axis is N (a sec 6, 0)
= sin 6 = % which is not possible. From the diagram,
here is 16 such OT =acos f and ON = a sec 8
Hencez, t erze is no such tangent. N OT - ON=d
.d. yT - XT =1 - 32.b. Let directrix be x = & and focus be S (ae, 0). Let
16 9 P(a sec 0, b tan 6) be any point on the curve.
Y Equation of tangent at P is
1 xsecf
ytan 0
(0, 1/4) .
Let F be the intersection point of tangent of directrix.
b(secO-e) )
: (g =7 =
) > Then F_(e’ etan g
- b(secB—e)
m_=————
SF —etan O(d* — 1),
(0.-1/4) btan 6
Mps ™ a(secl —e)
Fig. 5.53
Locus will be the auxiliary circle = mem,.="1
2y 2oL
TV T8 33.c.Lety=mx £ \m?* &* — a* be two tangents and passes
. d. Let the foot of perpendicular from O(0, 0) to tangent to through (4, k). Then :
hyperbola is P(h, k). Slope of OP = % (k—mhy =m’a’ - a
, _ Smt (R —a*) - 2khm+ K +a =0
Then equation of tangent to hyperbola is S
h = m tm, =73 4 3
y—k=—%(x—h)  h-a
or C hxtky=h+ i e
S _ a
Solving it with xy =1, we have and mm, = 2
he+k=p @
m-m,
or h-(F+)x+k=0 Now, tan 45° = 77— —-
mm,
This equation must have real and equal roots. Hence,
D=0 (ml +mz)2—4mlm2
- (2 + 1Y — dhk =0 = T (U tmmy

o+ = 4y

Y



5.44 Coordinate Geometry

B+ad*\* ([ 2kh V2 P, Therefore, the required locus is x* = Ac%.
= 1+h2 2) A\ 2_4h2 2 ) )
—a —a —a 39. d. The given hyperbola is
= (7 + Y = 4"k — 42 + D)W - o) 2 P
- =1
— (x2+y2)2 _ 4(a2y2 _ R+ a4), 16 9
. 5
= (@ + ) + 4% (P —?) = 4d° = €=
Its foci +5, 0).
34. c. Fourth vertex of parallelogram lies on circumcircle s foci are ( _ ) .
- = parallelogram is cyclic 4
—=> parallelogram is a rectangle
= tangents are perpendicular P (42, 3)
—> locus of P is the director circle
. . . 2002 2.2 2 _ 2 X'¢ »X
35. a. Director circle of circle x° + y* = a”is x* + " = 24°. 55,0 0 56, 0)
The semi-transverse axis is V3a.
Radius of the circle is V2a.
Hence, director circle and hyperbola do not intersect. J
2 .
36. d. The equation of the normal to the hyperbola xz - }% Y
=lat(2sect, tanf)is 2xcos@+ycot@=5 Fig. 5.55
Slope of the normal is —2 sin § = —1 The ray is incident at P (4V2, 3).
. o 1 4 The incident ray passes through (5, 0); so the reflected ray
- - osinf=5=0=% must pass through (-5, 0).
o y-0 3
5 5 Its equation is x¥5°3 N
Y-intercept of the normal = 0=V
cotf ~3 or 3x—y@V2+5)+15=0
2 ) 40. b.
As it touches the ellipse 2 + fEin 1 A 0, y)
. P
We have a+b= 29—5
37. b. Equation of normals is given by £y = £x — ¢’ + ¢ = 0. It N
passes through (c?', ¢/t'). Hence, :
—;7'=t3ct’—ct4+c=0 \
t=07—tt+¢ P
£t =-1 o \
38. a. Equation of normal at any point ( ct, %) is
P Fig. 5.56
ct'—xt'+ty—c=0
NP =325
= Slope of normal = £
Let P be (4, k) Qmony:%x
4 3
£ —ht +th—c=0
= ¢ ¢ NO - % x,
- ZQ=%MMZQG=O PQ =NQ-NP =4 (x,—y¥ - 25)
2 . 4 7
= Zt,. = (Zti)z PQ= 3 (xl +4x, - 25
PQ-PQ=16

= =



41.

42,

43.

44,

45,

b. Let the asymptotes be 2x + 3y + A =0 andx +2y+A,

=0

It will pass through centre (1, 2). Hence,

A =8, A, ==5

T he equation of the hyperbola is

2x+3y-8)x+2y-5+A=0

It passes through (2, 4), therefore

(4+12-8)2+8—-5)+A=0=A1=-40

Hence, equation of hyperbola is

QCx+3y—-8)(x+2y—5)=40

c. Let P be (%, k) be any point. The chord of contact of P

w.r.t. the hyperbola is
hx

=

ky

= =1

aZ b_

The chord of contact of P w.r.t. the auxiliary circle is
hx+ky =a* — b

e[ )

(M)

(i)
Now,
= v 07

Therefore, P lies on one of the asymptotes.

c. Slopes of asymptotes are

-
. : 1 a4y 4,
According to the question,
mm =-1

2

= a1a2+b1b2=0

c. For equation S+ K = 0 to represent a pair of lines,

12 =2
23 1 |=0
21 1+k%

=31+ -1-2Q2+2k+2)-22+6)=0
= k=-22

a.

&)

\

Fig. 5.57

For two distinct tangents on different branches the point
should lie on the line y = 2 and between 4 and B (where 4
and B are the points on the asymptotes).

46.

47.

48.

49,

Hyperbola 5.45

Equations of asymptotes are 4x = £3y

Solving with y =2, we have
—43
x == 5
_3 3
2°%%3

d. Transverse axis is the equation of the angle bisector
passing containing point (2, 3), which is given by
3x—4y+5 12x+5y-40
5 B 13
21x+ 77y =265

=
2 2
d.LetP(x,y 1) be a point on the hyperbola 26—2 - % =
a
The chord of contact of tangents from P to the hyperbola
is given by

1.

XX, w,

a b

The equations of the asymptotes are

=1 ®

Y
-390
and %Jr)—l;:O

The points of intersection of (i) with the two asymptotes
are given by

x = 2a __2b
X VN Ty
a~p aTp
__2a __2b
%2 % yl’yz XY
—_ —_— _+_
a p a p

Area of the said triangle = % (xy,—xy)

_1 4ab x 2
- 2 2
XN

"3 =4ab

aZ' bZ

b. Since c.c, '(ala2 + blbz) < 0, therefore origin lies in

acute angle. P (1, 2) lies in obtuse angle.

T
Acute angle between the asymptotes is 3 Hence,
0 /)

e=sec 3 =sec g= =
a. Let the equation of asymptotes be

2+ 5xy+ 2 +4x+ 5y + A =0
This equation represents a pair of straight lines.
Therefore, abc + 2fgh — af — bg* — ch* = 0.
We have

25 25 _
4X+25—7—8—K4 =0
_ L9 _

= 4+2——0
= A=2
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50.

51.

52.

53.

Putting the value of X in (i), we get
22X+ 5xy + 29 +4x+ 5y +2=0
"This is the equation of the asymptotes.

a. The given hyperbola is

xy—hx—ky=0 @
The equation of asymptotes is given by
' xy—hx—ky+c=0 (i)

Equation (ii) gives a pair of straight lines. So,

o Lk
AHG 9 2 Z‘
HBF=0:>§‘0—§=O
GFC k¢
_72
hk | hk ¢
= g Tg 40
= c=hk_

Hence, asymptotes are
xy—hx—ky+hk=0
or x—-k@@-h=0

a. Any tangent to hyperbola forms a triangle with the
asymptotes which has constant area ab.
Given
ab = a’ tan A
= 2 =tan A
= ¢ —1=tan’ A
= e =1+tan’ A =sec’ A
= . e =sech
a. The asymptotes of a rectangular hyperbola are

perpendicular to each other.
Given one asymptote,

xty+te=0
Let the other asymptote be
x—y+Ai=0

We also know that the asymptotes pass through centre
of the hyperbola. Therefore, the line 2x — y = 0 and the
asymptotes must be concurrent.

Thus, we have

2-10
11 c¢c|=0
1 -1 A
= A=-3¢c

d. The equation of rectangular hyperbola is
x-3)@p-5+r=0

which passes through (7, 8). Hence,
4x3+A=2A==-12
xy—-5x-3y+15-12=0
= xy—3y—-5x+3=0

54. c. Foci of hyperbola lie on y = x. So, the major axis is

y=x.
Major axis of hyperbola bisects the asymptote
= equation of other asymptote is x = 2y »
= equation of hyperbola is (y —2x) (x —2y)+ k=0
Given that it passes through (3,4) = k=10
Hence, required equation is

22+ 2~ Sxy+10=0

55.a. If (x, ) is the point of intersection of given curves,

then
4 4
Z xi yI
j=; —ldzrlandj:i1 =0
23: 3
x
~ ' 4-x Z i y
Now = fand T —=_"%
3 3 3 4
Centroid lies on the line y = 3x — 4.
Hence,
y, 34-x)
3 3 T
= y, = 3x4

Therefore, the locus of D is y = 3x.

56. b.

Fig. 5.58

Let S be a pointon the rectangular hyperbola [say (t, %) }



Now, circumcircle of AOQOR also passes through S.
Therefore, circumcentre is the midpoint of OS. Hence,

L ,=
RVIE AT
So, the locus of the circum centre is xy = %

57. a.Thepointsaresuchthatone ofthe pointsisthe orthocentre
of the triangle formed by other three points. When the
vertices of a triangle lie on a rectangular hyperbola the
orthocentre also lies on the same hyperbola.

58. b.

Ya .
. transverse axis
— (3,4)
74 » X
0] . .
Conjugate axis
Fig. 5.59
(x=3)p—-4=5

The axes of the hyperbola are x =3 and y =4

Since the hyperbola is rectangular, axes are bisectors of
these axes.

Hence, their slopes are £1, out of which conjugate axis
has slope m = —1 and passes through (3, 4).

Hence, its equation is
y—4=—1(x—-3)
59. b.

saes
“x

S,

Fig. 5.60
Required area = 4 area AS,0S, =4 x % ae x 8 be,
—4xgx2x3xee )

2_ 2,2 2_9 _13
b—a(e—l):e—4+l 4

Hyperbola 5.47

1 1 4 _ 9
50 e, ez 13 13
»_ 13
e‘]—?
Required area = 12 \/5—3 X \/;—3
=2x13=26

60. a. For A = -3, the equation becomes
X+ y2 -3xy=0
which represents a pair of lines through origin.
6l.d.xy=¢"
dy '
= Yiy=0
x Ty

‘ d
Replacing d—i by - % , we have

dx o _
—xFy—O
= ydy—xdx =0

Integrating, we have

-y =
where k is the parameter which represents family of
hyperbolas.

62. d.

A
v
e

v

Fig. 5.61

Let CP =r be inclined to transverse axis at an angle & so
that P 1s (rl cos 6, r, sin 0) and P lies on the hyperbola. It
gives

N

F

(cosze sin29)
— )71
a b

Replacing 6 by 90° + 7, we have

) (sin2 6 cos’O )
F, - =
a b
1 1 cos’@ sin’@ sin*f cos’6
= St =—F 3 tT 1 2
¥ a b a b
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63.

64.

65.

1,1 _ 1 1 1
= r_:+r_§ 00529(?—?)4‘51{9)((?.——2)
1,1 _1 1
St S =
= roF a b
. I 1 1 1
- — ===
CP2 CQ2 a2 bz
x +x y ty
a. The midpoint of the chord is( 5 %)
"The equation of the chord in terms of its midpoint is
T=S5
y1+y2) ( x1+x2) 2 (xl+x2)(yl+y2)
:”(2 A T )e=A 3 2

2
—C

= X, +y)+ M, +x) =(x, +x) (), +7)

LY
1,

x .
—r 4 =
- x1’+x2 1

c. A rectangular hyperbola circumscribing a triangle also
passes through its orthocentre,

If (cti, tg), where i =1, 2, 3, are the vertices of the triangle

. [ —C
thel:n the orthocentre is (t1 A —c?lt2t3), where 1L ,t .

Hence, orthocentre is (—ct 1 _t—c ) =(~ X, = y4),
4
b.

Y
4
P
- »X
o A(2h, 0)
C(h k)
o
Fig. 5.62
Hyperbola is
xy=d
or 2xy—2a" =0

Chord with a given middle point is given by
hy + ke — a* = 2hk — o
X, Y
= 2 + 2 2
From the diagram AOCA is isosceles with OC = CA.

66. b.

Ya
I
0 » X
Q9
Fig. 5.63
From the diagram PQ = diameter of the circle = 2
67.b.x—2=m
e
P
Y
O ) —» X
3 J
R
Fig. 5.64
yl=7
x-2y(y+1)=4
= XY=4,where X=x-2,Y=y+1
S=(x-22+@+1Y=25
= ' X+1 =25

Curve ‘C” and circle S both are concentric.
2 OP*+ 00"+ OR* + OS* = 4 = 4 x 25 = 100

68. a.

Y

4
W P(x,y)
X« 0 »X
v
]

Fig. 5.65

Since ellipse and hyperbola intersect orthogonally, they
are confocal.

Hence, a = 2 (equating foci).



69.

70.

L et point of intersection in the first quadrant be P (x Y 1).

P lies on both the curves. Therefore,

4x*+9y* =36 and 4’ -y’=4
A dding these two results, we get
8(x; +,) =40

= X+y=5=>r=+5

Hence, equation of the circle is
2+p=5
b. The chord of contact of tangents from (x pY 1) is

X

2

bZ
%)

. L,
Tt meets the axes at the points (g—, 0) and (O
' 1

242
Area of the triangle is % %— % = k (constant)
171
2,2
= xy = %= ¢? (¢ is constant)
= xy = ¢* is the required locus.
c.

—_—
»

(0]
/ Q
Fig. 5.66

Homogenizing the hyperbola using the straight line, we
get pair of straight lines OP and OQ, which are given by

VBx+y V
yz_x2=4( & y)

= yz—x2=3x2+y2+2\/§xy
= 4+ 23 xp =0
= ~x=0and2x+V3y=0

: 7
Angle between the lines is 5 — tan“(%) = tan”" (—?)

71. a. Let the variable chord be

xcosatysina=p

®

M

72.

1.

Hyperbola 5.49

Let this chord intersect the hyperbola at A4 and B. Then
the combined equation of O4 and OB is given by

2 ) _(xcos,05+ysinat>2

2772
a p

o

2 2 p y=0

2 .2 .
x2(_1,_0_05_9_)_y2 (%+ s1n2a)_2sma cosa
a P b

This chord subtends a right angle at cenﬁe. Therefore,
Coefficient of x* + coefficient of > = 0

1 cosa 1 sinzoe=0

: — —_—
7 7 ¥
1 1 _1
= eyl
' 2,2
2 ab
= R R

Hence, p is constant, i.e. it touches the fixed circle.

a. Equation of tangent at point P (0. cos 8, sin 0)is

%c050+%sin9=1 @
Let it cut the hyperbola at points P and Q.

Homogenizing the hyperbola o? x* — y* = 1 with the help
of the above the equation, we get '

oAt —yt = (-3 cos 6 +y sin 9)2
This is a pair of straight lines OP and OQ.
ZPOQ =%
— Coefficient of x* + coefficient of > = 0

Given

2
0
:az—co(zz —1-sin6=0
2
9 .
= a2_0022 —1-1+cos’0=0
2 2
a(2-a
= 00520=—(§2—1—)
Now,
0<cos’d<1
22_ 2
= 0< a—(z—al—)g
a —
Solving, we get
azelﬁzﬂ’z}

ultiple Correct o

Answers Type DA

a. We have,

o ) =K
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which is equivalent to ISIP — §,P| = constant, where
S,=(0,1),8,=(0, - 1) and P=(x, y).
"The above equation represents a hyperbola. So, we have
2a=K
and 2ae = §S5,=2
where 2a is the transverse axis and e is the eccentricity.

Dividing, we have
-2

_ e=%

Since, e > 1 for a hyperbola, therefore K < 2.

Also, K must be a positive quantity.

So, we have X € (0, 2).

.a.,b,c :

3x*! —209y+8h:+[09w +(MD-+UO)+y +yt +8%

=2(19 x 10y + lOy -89

= 3 —2(19y + 8)x* + (19 = 10)* + (10 ~ ¥ + O+
8)*=0 :

= 3x* —2(19y—10+10 ¥+ + 8)x? +(19y - 10)* +
(10 — % +(G7+8)*=0

= [ = (19~ 10T+ [¥ - (10 AP + [~ (* + §)]
=0
= - 19 +10=0,2>-10+3*=0and ¥ —* - 8
=0
The three curves represented by the given equatlon are x*
= 19y — 10 (parabola), x* + y* = 10 (circle) and x* — 32 = 8
(hyperbola).
- 2., C.|PS, — PS |=2a
2a=K
= 2a=Y(24-0+(7-0) -\122+ 52 =12
: a=6
2ae = (24— 57 + (12— 7)
386
_N386
712
2 2 2,2 -1
[r=2_2ae 1)
386 _121
~2x6({35-1)=12
ca,d.,
Let A (5, 12) and B (24, 7) be two fixed points.
So, |OA — OB| =12 and [O4 + OB| =
If the conic is an ellipse, then
=388 (.. 2eq = V386 and a
=19)
If the conic is a hyperbola, then
=386 (. 2ae= 386 and a

= 6)

5. b. Locus of point of intersection of perpendicular tangents
2 2
is director circle for x_2 - %= 1. Equation of director circle
a
is x* + 3% = &® — b* which is real if a > b.
6.a.,b.,c,d.
Given hyperbola can be written as

-1 @-17

16 — -9
X Y
= 16" 91
(Where X=x—1,Y=y—1)
_ B _ 9 5
. e= 1“7— 1+16—4
Directrices are
X=+4
= x—1=ﬂ:%:>x=?andx——15—1

Length of latus rectum = <5-= %
The foci are given by

=(6,1), (4,1
7. a., b.,d.
For the ellipse,

_ _ f25—9_i
a=5ande= =55 =3

ae=4
Hence, the foci are (—4, 0) and (4, 0).
For the hyperbola,
ae=4,¢e=2
a=2
P=4@4-1)=12
= b=+12
8.a.,b.,c,d.
Solving xy=c"and x> + y* =a’, we have
.
x+ 2 =aqa
= o+t =0
= in=Oandxlx2x3x4=c4
Similarly, if we eliminate y, then ¥ y,=0and VY,
= C4
9. b.,d.
e Y
&y 2x
= J. 2xdx = j 3ydy
2
= X = 5 +c



2 5

Circle with points P (2t1, 2/t 1) and Q (2¢,2/t 2) as diameter
is given by : )

r 2y
© 372

w6

If ¢ is positive, then

If c is negative, then

10. a., d.

2 2 : .
Gr-21) (x-20)+ (y—;l-)(y—g) =1 )
Also, slope of PQ is given by
e
tt 2

12
Hence, from (1), circle is

P+ —8) = (1, +1)(x~3) =0
which is of the form S+ AL=0.

Hence, circles pass.- through the points of intersection of
the circle x* + y* — 8 = 0 and the line x = y.

The points of intersection are (2, 2) and (-2, —2).

11. b., ¢c., d.

(= o)+ (y = B = k(lx + my + n)’

= \f(x—a)2+(y_ﬂ)2=@mw

m

NP+ m?
PS _ 72 2
W—\/E l +m

where point P (x, y) is any point on the curve.

et

Fixed point S (a, p) is focus and fixed line Ix + my +n=0
is directrix.

If k(# + m®) = 1, P lies on parabola.
If ‘ k(? + m®) <1, P lies on ellipse.

If k(* + m*) > 1, P lies on hyperbola.

If k =0, P lies on a point circle.

12. a,b.

P(asec 6, b tan 0)

S
(ae, 0) (ae, 0)

Fig. 5.67
Let (h, k) be excentre, then

_a(ae sec 0 + a) — ae(ae sec 6 — a) — 2ae(a sec 0)
B 2ae (sec 8- 1)

h

13.

14.

Hyperbola 5.51

=—q => x = —a (for a sec 0 > 0)-
Similarly, x = a for a sec 0 <0
= locus is x* = @
Again let (k, k) be excentre opposite £S5,
= 2d%e sec @+ a’¢* sec B + a’e + d’e’ sec 0 —d’e
2a+ 2ae

= _ 2aeb tan 6
=h=gesecO k= 5a + dae

=> locus is hyperbola.

b., d. Differentiating xy = 1 w.r.t. x, we have .

d 1
&

Hence, the slope of normal at any point P (x , yl) is
x>0 '

Therefore, slope of the normal must always be positive.

Hence, possible lines are (b) and (d).

c., d.

Equations of asymptotes are 4y —3x =0 and 4y +3x=0

4y—-3x=0

4y+3x=0 | (2,2)

Fig. 5.68
As point (2, 2) lies above the asymptote.

Hence, points of contact of the tangents are in III and IV
quadrants.

15. b., c., d.

AN

B

L/

P

b

/

L/

A B

)
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16.

17.

X7
7N

A

Fig. 5.69

Different cases have been shown in the above diagrams.
Therefore, number of points can be 2, 3 or 4.

a., b, c. .
Locus of point of intersection of perpendicular tangents is
director circle x* + y? = @ — p2.
Now,
2 b

e=1+ -

a

If &> b, then there are infinite (or more than 1) points on
the circle = ¢ <2 = e <2,

If & < b there does not exist any point on the plane
= &>2=e> 2.

If & = b, there is exactly one point (centre of the
hyperbola) = e = 2.

a., b, c., d.
Normal at point P (2 sec 6, 2 tan ) is

2x- 2y _
SeCg " tang
It meets the axes at points G (4 sec 6, 0) and g (0, 4 tan ).

Then

PG =\/4 sec’ O + 4 tan® 6

Pg= \/4 sec’ O + 4 tan® 6

PC=\/4 sec’ @ + 4 tan’ §

Gg=\/l6 sec’ @ + 16 tan 6

=2\4sec’ @ +tan’ 6 =2 PC

Reasoning Type

1.

b. Statement 1 is correct, see the theory.

Also statement 2 is true as asymptotes are perpendicular,
they are bisectors of transverse and conjugate axes of
hyperbola.

But statement 2 does not explain statement 1, as in

hyperbolas other than rectangular hyperbolas asymptotes
are not bisectors of transverse and conjugate axes.

2. a. Tangent to hyperbola having slope m is

y=mx+Ndm’ — 16

which is real line if
4m’ —16>0=>m’ >4 = m e (<00,-2)U(2, )
Hence, statement 2 is correct.

Also statement 1 is correct and statement 2 is correct
explanation of statement 1.

- 4. Let P be the position of the gun and Q be the position of

the target. Let u be the velocity of sound, v be the velocity
of bullet and R be the position of the man. Then, we have

S

R
Fig. 5.70
PR _OR PO
u u v
PR QR _PQ
= T TV ,
= PR—-QR = % PQ = constant
and 2 po<pPo
Therefore, locus of R is a hyperbola.

2

J

2
. X _
. a. For ellipse 7712~ 2774 = 1

=1/1_E:§
€ 25°5
a=15

The foci are (£3, 0).

> 2
X Yy
For hyperbola m - m =1

A1+ 12
e= 1+4—2
=3 _

-.ad=

|

The foci are (+3, 0).

Therefore, the two conics are confocal. Hence, curves
are orthogonal.

5. a. See the theory.
6. d. Statement 2 is true. See the theory.

For the points (2, 2), (4, 1) and (6, 2/3), 1, =11 =2and
1, =3, respectively. )
For the point (174, 16), t, =

rrtit=

Now 1234

71

Bl ocg[»—-

Hence, statement 1 is false.

. d.

Statement 1 is false as points in region 4 lie below the
asymptote

_]>O

;
=X ——
y a2 b2



= F,(=,0) 51

10.

v

!
Fig. 5.71

Statement 2 is true (standard result). Indeed for points in
region 4

5 Y
0< ; - ;< 1
b. Given hyperbola is
R
3 2

Now line having slope m = 3 is tangent to the hyperbola.
So, its equation is

y=3x+\33Y2-2

or : y=3x=*5
Hence, statement 1 is correct.

Also statement 2 is correct, but information is not enough
to get the equations of tangents. '

. d. The locus of point of intersection of two mutlzlally

2
perpendicular tangents drawn on to hyperbola x_z_ %2 =1
a

is its director circle whose equation is x* + y* = a* — b%.

2 y2
For GT-g=1L¥+)y =9-16
So director circle does not exist.

2 2

b. Chord of contact ofx—2 - %:5 =1 wrt pomt P (x, y)

CxXx vy, a ]

is— -5 =1 (1)
a b )

Equation (i) can be written as

xox) ey

2 .2
a b

which is tangent to the hyperbola

2

o

=-1

S

QN|><

at point (—xl, »,)-

Hypérbola 5.53

. Obviously, points (xI , yl) and (—x P yl) lie on the different
branches of hyperbola

Hence, statement 1 is correct.
Ya

N
/ »X

0 >

X
Conjugate

hyperbola

Fig. 5.72

Statement 2 is also cortect but does not explain statement
L

11. d. We have

(A-3Y+16-4=1=A=00r6

12. a. Given that

v
r—j = k (constant)

A
s~b
A

s—C

=k

where A is area of triangle and s is semi-perimeter

s—c _
= =D k
b-c k-1

= 2-G+e) k+1

=b-c= a(]]:—:r-i—) (constant) (as BC = a is given)

Therefore, the locus of vertex 4 is a hyperbola.

Linked Comprehension 3
Type :

For Problems 1-3
1.b.,2.¢.,3.b.

Let the curve be y = f'(x).
Now tangent at point P to the curve is
Y-y=mX-x) -
It meets y-axis when
X=0=>V=y—mx
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}( =10
o | 200 =VF 18 =8v2 me=—
(0, y — mx) B).. (5.9) ' , V5
' » ’ b =de-a"=32-10=22
= 2b =222 '
13) > X 5. b. Directrix is perpendicular to the transverse axis. Let it
A (x—y/m,0) bex+y=k :
. Its distance from centre %
Fig. 5.73 [1+2-kl__5 5_11
= = k=355
and x-axis when V2 2\2 2 2
Y=0:>X=x—% 6. ¢. The tangent is s o
. o . y-5=-2"%(-2)
Giiven that P is midpoint of 4B. Hence, _
’ = x+y=11
X—m =2 The hyperbola is 5
2 2_16  (2x+2y—11)
_ y_ R e
" ] Solving, we get
7y 2
— EJ’:_; (=57 +(5-3x)° =£ (2x+22-6x—11)
) 2 _40x+50] = — 4x)?
— 7y+%=0 = _5[10x 240x 501 =2 (11 —4x)
N log xy = ¢ = 9x" —12x+4 =0
2 = (Bx-27=0 = x=3,y=9
= xy=c »
As the curve passes through (2, 4), so For Problems 7-9
=8 7.¢,8.d.,9.b.
. . _ ' Sol. 7.¢.2a=3
Solving with y =x, we get i ] i
Distance between the foci (1, 2) and (5, 5) is 5.
x=2\2 ' 2ae =5
. S
A e= 3
s 3
y Now if € is eccentricity of the corresponding conjugate
hyperbola, then ‘
> X B 1.1
0 =S +—=1
62 8,2
= _ e = %
8. d. Director circle is given by
-4 2 + -k 2_ 2 bZ
Fig. 5.74 (c=hy+G-h=a
where (4, k) is centre, i.e. the
0A=~8+8=4 145 245 ;
N 0S = 453 midpoint of foci (T’ —2—) = (3, f)'
Hence, coordinates of S are (4, 4) or (4, —4). Y—y=mX-x)
Directrix is at distance 4/~2 from origin. 2 '
. . s w-ae-n=-3)(3) 1)
Hence, its equations x + y =+ 4. -4 2 3
For Problems 4-6 - ' Therefore, the director circle is
4.d.,5.b.,6.c. 72 9
| o+ (r-2f 3

Sol. 4. d. Centre = (1, 2)
. - . _ 12 92 —7\2
Radius of auxiliary circle =a = V(2 — 1>+ (5 - 2) N (-3 + ( y - ) _ %




This does not represent any real point.
9. b. Slope of transverse axis is T

T herefore, the angle of rotation is
1

f=tan e
For Problems 10-12
10.a., 11. ¢, 12. b.

Sol. 10.a. Equation of tangent in parametric form is given by

x-1 _y=-1_
S R A
= A=4,-2), B=(-2,4)

E quations of asymptotes (OA4 and OB) are given by

y+é=_72(x—4):>2y+x=0
and
y—4=j4§(x+2):>2x+y=0
Hence, the combined equation of asymptotes is
2x+y)(x+29)=0
= 2%+ 27+ 5xy =0

__1 -
1l.c.m_ = 3y Mg = 2

—12+2] 3
tang“ 177 1”3

= sin ¢ =% = 0= sin‘l(%)
12. b. Let the equation of the hyperbola be
25+ 27 +5xy+A=0
It passes through (1, 1). Therefore,
2+2+5+A=0
= A=—9
So, the hyperbola is
2%+ 2%+ 5 =9

Equation of the tangent at (— 1, —;—) is given by

ax(-1y+ 2 ()¢ s D IEY g

= 3x+2y=4
For Problems 13-15
13. b., 14. ¢, 15 d.
13. b. Any point on the hyperbola xy = 16 is (4!, %)
Normal at this point is y — 4/t = £(x — 4%).
If the normal passes through P (4, k), then k — 4/t = Ah
— 41
= 4 —Ph+tk-4=0
This equation has roots 1oby Lt which are parameters

of the four feet of normals on the hyperbola. Therefore,
_h

Zl - 4
2t =0

k
ZG%“Z
and
tlt213t4:_1
1., 1,1 ,1_k
R N
tl t2 t3 l‘4 4
= Yty Ty, Ty, <k

According to the question,

Priiiri=t-
1+z+3_+4—1_6—_k

Hence, the locus of (4, k) is

x* =16y
14. ¢. x* = 16y
Equation of tangent of P is
16(+7
x4t= —0}2—)
@, O
A
M\ B
Fig. 5.75
= 41x =8y + 87
= =2y + 27

"Hyperbola 5.55

A=(21,0),B=(0,-1)

M(h, k) is the middle point of 4B.

h=tk=—

L ok=—p

Therefore, the locus of M (h , k) is x> + 2y =0.

4t
4
15. d. tan 30° = —- =~
Lo
d_4
= 3 tl =1t 43
A4 B
(-4, t:) (+4z, [;)
309
01(0,0)
Fig. 5.76
AB =81 =323
Area of AOAB =g %3243 % 3243

= 7683sq. units
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For

Problems 16-18

16. b., 17. ¢c., 18. d.

Sol.

17.

18.

16. b. Perpendicular tangents intersect at the centre
of rectangular hyperbola. Hence, centre of hyperbola
is (1, 1) and equation of asymptotes are x — 1 = 0 and
y-1=0.

c. Let the equation of hyperbolaisxy —x—y+ 1+ A =0.
It passes through (3, 2) hence A = -2.
So the equation of hyperbola is
xy=x+ty+1
d. From the centre of hyperbola we can draw two real
tangents to the rectangular hyperbola.

Type LT

1.

a->pib-op,gco>q;dos.
‘We have
A=aeEanda=AeH

= e, eH=1:>eE+eH>2
B =4 (e,-1)=d"(1-¢)
=}?
b_
= B 1
Also the angle between the asymptotes is
1B _2n
2 tan 3
B b > 1
Also, ZZ@DCI—@;=\/§:>€E=Z
2 2 2
. x Y X Y
$01V1ng ;+ ?F 1 and azez I =1
et 3
wes 2 _ 24° €
(1 -€)

2.a—>p,qrns;b>qr;c—>p;d—op,s.

Y

-
\/
&

o
' %\

@

Y
A
(5,4) 5, 4)
> X
0
5,4
o)
Fig. 5.77

a. Obviously all the points in column II are common to

the hyperbola and circle.

b. Chord of contact of hyperbola w.r.t. (O, - %) is

6)~ (-2 =9ory=4
- Solving this with hyperbola we have
X¥-16=9=x=25=>x=15
Hence, points of contact are (15, 4).
¢. Obviously the required point is ( -5, —4).
d. Let the points on the hyperbola be P(h, k) and
O(-h, k).
Then area of triangle is % [2h|| —6—k| =10

= |All6 + & =10 (1)
Also points P and Q lie on the hyperbola. Hence,
W-iK=9 (ii)

Obviously points (£5, —4) satisfy both Eqs. (i) and (2).
a—->p;bos,cor;d-op.

Y
A - Branch of

X +y' =4 hyperbola

Xe )< —

v

Fig. 5.78

Locus of point P satisfying P4 — PB =2 is a branch of the
hyperbolax® —y*/3=1.



¥ or r=2 the circle and the branch of the hyperbola intersect
at two points. For 7 = 1 there is no point of intersection.

If m be the slope of the common tangent, then
' m—3=r(1+m’).

2
s _r+3

= =
TP

Hence, there are no common tangents for » > 1 and two
common tangents for r < 1.

4, a—>r;bopic—o>s;d—>q.
a. Im(z*) =3
= Im((x+ 1)) =3
= 2xy =3, which is a rectangular hyperbola having

eccentricity V2
b.
AY
(P (ae, b'/a)
X »X
(—aes 0) 9 (aes 0)
. LQ(ae: - bz/a)
vy’
Fig. 5.79
2
tan 30° = 214
ae
= % e=e—1

= V38 -2¢—-V3 =0
- e:2iv4+12=2i4
243 243

-3 _5
= e 3 3
AB 6

¢. Eccentricity of the hyperbola =555 =41 =5

—

If eccentricity of conjugate hyperbola is €', then (3 )2
1 =
2

+3= 1
e
= e = 3
V5
. | 2ab |
d. Angle between the asymptotes is tan | — y =3
a2
%
= 5 =3
a
? -1
.‘{ 2
= %‘;—ﬂ =13 (where ¢’ is eccentricity of conjugate
e —-—
hyperbola)

= e=2
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5.a-—)p.,s.;b—}q,r;c—)r;d—)p,s.
a. We must have
el<1<62:>f(1)<0:>1—a+2<0:>a>3

b. We must have both the roots greater than 1.
i. D>0ora®—4>0o0rae (—»,-2) U (2,x)
ii. 1.{1)>0o0rl-a+2>00ra<3

jii. %>=1:>a>2

From Egs. (i), (ii) and (iii) we have a € (2, 3).
c¢. We must have

Wl
2

2
(el + e2) —Ze‘e2 _

|~
o

= 2 2
. ee,
2
a—4 _
= a=+242
d. We must have
e2<\/7<e1
f2) <0
2-aV2 +2<0
a>2\2

=
=
-
Integer Type BN : - o

1. (5) For given equation of hyperbola foci are S(3, 2) and
S'-1,-D,
Using definition of hyperbola |SP — S'P| = 2a,
We have S’ =5 and 2a=1

4

Hence eccentricity is =5.
2 P
2. (5) & =f’7+1=>b—2=e2 —1=24
a . a

2 2
Now y = mx + ¢ is tangent to hyperbola x_2 - )b)—2 =1, then
a

we must have a’m” — b*2 0
or m*> b*/a* or m*> 24 then least positive integral value of
mis 5.

3. (4) Wehave y=4dx?, y’+3=x"+4y;4>0
Nowy2—4y=x2—3
= -2 =x"+1
= (y-2Y-¥=1
Ifx=0,y-2=lor-1=y=3o0rl
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©, 1)—- 0,2)

Fig. 5.80
Hence the two graphs of y = 4Ax* (4 > 0) and the hyper-
bola (y — 2)* — x* = 1 are as shown which intersects in 4
points.
4. (7) Given hyperbola is
2 2

3~ =6or -2 =]
23

Tangents from the point (¢, 3)
y=mx+ \Ja’m® - b?
or (y—mx)’=d*m—p
or (B—ma) =2m*—3 (- a*=2and b* = 3)

or mal + B —2mof—2m* +3=0
m* (02~ 2) = 2apm + F+3 =0
R
ml.mz—m—Z—tan 6 tan¢g
B +3=2(c-2)
or2¢8 - =7

5. (3) Since tangent drawn from the point A(a, 2) are per-
pendicular then 4 must lie on the director circle X+
= 7. Putting y = 2 we get the value of x> = a° = 3

6. (3) (a, 2) lies on director circle x* + y* = 7.
2
a=3

2 2

7. (8) Hyperbola is x* — 9% = 9 or % _ J’T =1

Equation of tangent is y = mx + Ja’m” — b* (1)

It passes through (3, 2)

= 2=3m+ \/9)772 —1

or 4+9m*— 12m=9m’*~
Solving we get values of m as m, = % and m, = oo

Equation of tangent (1) for m = —

2
5 5
=2 fo[ 2]
T (12)

5
ory:ExiZ

on taking (-)ve sign point P(3, 2) does not satisfy the
equation of tangent therefore rejecting (—)ve sign. Hence
equétion of tangent is y = 5% + 3 , 2)
12 4

now equation of tangent (1) for m,=ecoisx+3=0
rejecting (+) sign (since taking (+) 51gn point P(3, 2) does
not satisfy this equation.)

Hence equation of tangentis x — 3 =0 3)

Now equation of chord of contact w.r.t. point P(3, 2)is
T=0

or3x—18y=9
or x—6y=3 4
Solving (2) and (4); x =5, y = - ;

Solving (3) and (4); x=3,y=0
Now vertices of triangle are (3, 2), (3, 0), (-5, —4/3)

13 2 1
s Area=—|3 0 1
2 4
-5 — 1
3
1 4
==X 3(;)—2(3+5)+1(~4)’
=—1—l4—16—4|
2 .
= 8 sq. units

4

. (2) Since EZe-and % are eccentricities of a hyperbola and

its conjugate
4 4

—_t— = 1
27
o272
A= s
e’ +e

line passing through the points (e, 0) and (0, ¢’)

extey—ee’ =0

It is tangent to the circle x* + y? =

’

ee

C—e——=
\/ez +e?

2 2

. (3) Let the hyperbola be x_2 - 2}—2 =1
a

_then2a=ae,ic.e=2

2
. b—2=e2—1=3
a



(2b)

" @ay
10. (5) Equation of tangents to hyperbola having slope m are

y =mxt 9m* —49

Distance between tangents is 2

24/9m? — 49 )
\/1+m2

9’49 =1+ m?

ﬁ .
5 5
= 8m =50=>m=% >
11. (4) Equation of hyperbola (x — 3) (v = 2) = c
or xy—2x-3y+6= e

1t passes through (4, 6), then
4x6-2x4-3%x6+6=C

= c¢=2
Latus rectum = 2J2c=22 x2= 4\/—
2 2
12. (6) Equation of hyperbola is e % =
or 9x*— 8y*~ 144 =0

Homogenization of this equation using
X cos o + ysina

p

=1
080+ y sinat g
we have 9x’— 8)°— 144 (f‘i’——yl——] -0
p

Since these lines are perpendicular to each other

. 9p’— 8p® — 144 (cos’a + sin’c) =0
pP=144orp==%12

radius of the circle = 12
diameter of the circle = 24

Y. n 7 (2‘1 _b_]
13. (8) The point P(E) is (asecg, btan gj or Pl 3’ J3

. . X
.. Equation of tangent at P is \/_ -—=1
3a

\/—b

-, Area of the triangle = % X i_ﬂ
b

a

\/_b=a2

=4

2
=1+ b—z =17
2 .

14. (4) Eccentricity of the hyperbola =y sec’ @ =5 is

/1 6
e = —+—SE%— \/1+cos9
sec
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Eccentricity of the ellipse ¥ sec’@ + yF = 25 is
2
sec“ -1 .
e = ,|———— =lsinf
2 sec’ 6 |

Givene = s e,
= 1+ cos’@=3sin’6

1
= cosf=t—

N

. least positive value of 61s 2

~p=4
15. (4) Let the point be (%, k). Then equation of the chord of
contactis hx + ky =4

Since hx + ky = 4 is tangent to xy = 1

x(4 _khxj = 1 has two equal roots

i.e. hx*— 4x + k= 0 has equal roots
sohk=4

- locus of (, k) is xy =4
ie.c’=4

Archives _

Subjective Type
1. Con31der any point P (3 sec 6, 2 tan §) on the hyperbola 9

4
Then, equation of chord of contact to the circle P+ =9
w.r.t. point P is

BsechHx+(2tan )y =9 i) -
If (h, k) be the midpoint of chord of contact, then equation
of chord of contact will be

hx+ky—9 =0+ -9 (from T=5 )

or hx +ky =1+ I (i)
But Egs. (i) and (ii) represent the same straight line.
Hence,

3secf 2tanf 9

h ko r+ i
__3h __ %
= sec & h2+k2:tan6 2(h2+k2)
Eliminating ¢, we have
ot 8IK  _
(R+ 1P 4+ IY

= 41 = 9K = (1 + Y

BE_(FRY
= g 4°\U9
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Therefore, the locus of (4, k) is
2 ) (x t+y )

9 4 -9
Obj ective Type '
- Fill Zn the blanks
1.
x=-1
1
)
1 S( l, 1)
1 2
1
I .
B(-1,0) ) o

' :
! !
! I
' |

Fig 5.81
For the circle x* + 3 = 1 and rectangular hyperbola
x* - ¥* =1, one common tangent is evidently x = 1, the
other bemg x = — 1. The required standard form of the el-

lipse with focus at S(%, 1) and directrix x =1 is
2 2
(=3f + 0 -2 =(L Y —»p
= 3x Z+p-17=0 '

= %(x—%) 01 =

= 9(x—%)2+ 120 -1y = 1

Multiple choice questions with one correct answer

1. d. Given that

x* 4 =1
l-r 1+r
As r>1,s0l—r<0and1+#>0
Let l-r=-d’,1+r=0p"
Then we get
2 2 2 2
X Y Y
———1:>—+———1
-a B & b
2. c.

x>+ 2y* < 1 represents interior region of circle, where on
taking any two points the midpoint of that segment will
also lie inside that circle.

Max {lx|, )} <1 =<1, |<1=>-1<x<land-]
<y<l

which represents the interior region of a square with its
sides x = £1 and y = %1 in which for any two points, their
midpoint also lies inside the region.

¥ -y <1 represents the exterior region of hyperbola in
which we take two points (4, 3) and (4, —3). Then their °
midpoint (4, 0) does not lie in the same region (as shown
in the figure).

A

exterior.
intrior
2,0

-0 | o (1,0)

interior
»X

v

Fig. 5.82

y* < x represents interior region of parabola in which for
any two points, their midpoint also lies inside the region.

¢. We have

2 +3y*—8x— 18y +35 =k

=22 —4x)+ 307 — 6p) +35=k
= 26— 2 +3(y -3y =k
For k=0, we get

26— 22 +3(y—3)* =0
which represents the point (2, 3).

. ¢. We have

27 +3y7 — 18y +35 =k
=202 —4x)+30° - 6y) +35=k
= 2 -2 +3(y - 37 =k
For k=0, we get
2x =2 +3(y =3y =0
which represents the point (2, 3):

. d. Normals at p(8), Q(¢) are

ax cos 0 + by cot 0 = &* + b*
ax cos ¢ + by cot p =’ + b’

where o =T 6 and these pass through (&, k).
Therefore,
ah cos 6+ bk cot & = a* + b

and
ahsin 6+ bk tan 6 = o* + B*

Eliminating 4, we have
bk(cot O sin 8 — tan 6 cos ) = (a® + b?) (sin 6 — cos 7))

' B a2+b2)
= k“(T



6. b. Let a pair of tangents be drawn from point (xl, y l) to

hyperbola
X - y2 =9
Then chord of contact will be
XX~y = 9 (1)
But the given chord of contact is
x=9 (ii)

As Egs. (i) and (ii) represent the same line, these equa-
tions should be identical and hence -
' *) )
T°70° 9757 Ly, =0

Therefore, the equation of pair of tangents drawn from
(1,0)tox* —y* =9 s

-y =D -0"-9)=(x.1-y.0-9)
(using SS = 7

= &=y - 9) (-8) =(x -9y
= - 8’ +87+72=x"—18x+8l

= 9% -8 —18x+9=0

2 -2
b sin“a 1
.b.62:1+'_2=1+—2:_—"2_
a cos“a cos‘a
a =cos’ a
=1

Hence, the foci are (ae, 0) = (x1, 0), which are indepen-
dent of a.
. d. BEquation of tangent to hyperbola x* — 2)* =4 at any
point (xl, yl) is XX~ 2y, = 4.
Comparing with 2x + V6 y = 2 or 4x + 2V6 y = 4, we
have
: x =4and 2y = 26
= (4, —V6) is the required point of contact
. a. The length of transverse axis is 2 sin § = 2a
= a=sin0
Also, for ellipse

3+ 47 =12
or ,

2 2

x Yo

573
=4, =

b 3_1

e=\1-3=\1-7=3

Hence, the focus of ellipse is (2 x % ) O) =(1,0).

As hyperbola is confocal with ellipse, focus of hyperbola
=(1, 0). Now, I
ae=1=sinfxe=1

= e =cosec 0

Hyperbola 5.61

o b =a’(e® — 1) =sin® O (cosec’ 6 — 1) =cos’ §

Therefore, the equation of hyperbola is
R
sin@ cos’ 6

1
or

x* cosec” @ —y* sec’ =1

10. b. The given hyperbola is

G-V 0+

4 2 B
= a =2,b=\/§,e=\g
Theref i -1 i

erefore, the required area = ) ale-1)x35 .
_1(3-V2)x2
2 2
_(3-2)
V2

()

1L b. (@ + by? + ¢) (¢ = Sxy + 6y°) = 0

=>ax’+ by +c=0
or
X —5xy+6y* =0
:>x2+y2=(—%)iffa=b,x—2y=0andx~3y=0
Hence, the given equation represents two straight lines

and a circle, when a = b and c is of sign opposite to that
of a

2 2

X Yy
12.b. —-= =1
a2 b2
2
.z s,
a’ b dx
2
L, D _xb
dx ya2

2

—  slope of normal at (6,3) is%

2
Equation of normal is (y — 3) = ;—Zz— (x—06)

It passes through the point (9, 0)

a* \F
= —2=1:>€: —
2b 2

Multiple choice questions with one or more than one correct answer

1. a, c. For the given ellipse
2 2

+9 =1

‘ <

Rl
N
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Comprehension type
1. b.

- 16 _
e=\l-35 =

W

Hence, the eccentricity of hyperbola = % .

Let the hyperbola be
X y2 _
£ 5!
Then
2 _ .2 25 _16
=% -1)=164
Therefore, the equation of hyperbola is
LY
4 164

As it passes through (3, 0), we get 4> =9, B* = 16.

The equation is ,
EP A
9 16
Focus of hyperbola is (+ ae, 0) = (£ 5, 0).
Vertex of hyperbola is (3, 0).

. a, b Ellipse and hyperbola will be confocal. So,

( + axi, 0) =(+1, 0)

V2
_ =1
= a—\/Zande N
= P=d"(l-&)=b=1

Therefore, the équation of ellipse is

[¥]

Y _
+7 =1

lew

.b,d

2 2

For ellipse )26—2 + %— =1,

V3

= 1’=22(1-H=e= >

2
eccentricity of the hyperbola is —
ty yp 5
= b2=a2(§—lj =30 =4

One of the foci of the ellipse is (\/E , 0)
Hyperbola passes through (\/g ,0)

= = -l1sd=3adbi=1
a

.. Equation of hyperbola is x* — 3y* = 3
2

Focus of hyperbola is (ae, 0) E(\/g X Nk 0) =(2,0)

2 2 '
A tangent to %—yj=1 isy=mx+ \/9m2 -4,m>0
It is tangent to x* + 1> —8x =0
4m+\/9m2—4 —4
J1+m?

= 495m*+ 104m> — 400 =0

= m2=iorm=—
5 NG

= thetangentisy=im+i
5

= 2x—-[5p+4=0.

. a,

\

A point on hyperbola is (3sec, 2tan)

It lies on the circle , so 9sec’@+ 4tan’0 — 24secd= 0

=$ 13sec’0—24secO—4 =0 = sech = 2, —%
secO=2= tanf=+/3.

The point of intersection are A(6, 243 )and B(6, — 243 )
The circle with AB as diameter is

(x—62+3y* =BV =x* +y? —12x+24=0

Match the following

lLLa—p; bos,tic—>r;d—q,s.

p. Line hx + ky = 1 touches the circle x* + y* = 4. Hence,
1

_— = 2
i+ K
. 2 2 1\2 . . .
= - locusisx™+y" = (7) which is a circle

q. If|z~zl| - [z—22| =k where k£ < I, —z), thelocusisa

hyperbola:/

r. Letr = tana

= x =3 cos 2a and y = sin 2a
= oS 2a=%and sin2a =y

2
= 53— +y* =sin® 2a * cos? 2 =1 which is an ellipse.

s. If eccentricity is [1, o), then the conic can be a parabola
(ife=1) and a hyperbola if e € (1, ).

t. Let z=x+iy;x,yeR
N (x+1)2_y2:x2+y2+1
= 3 = x; which is a parabola.



Integer yype
1. (2)
Substituting (f{’ 0) iny=-2x+1
e
0=~ 2_a +1
e
2a _
e
Ca=

Hyperbola 5.63

Also, 1= \/az m? — b?

= l=dam -V

= 1=4d"-b

= =£—b2

4

= B=&-1

Also, B*=d* (¢ - 1)
a=1,e=2






Appendix

Solutions to
Concept Application Exercises

Chapter 1

Exercise 1.1
1.c.L=Vd+12=4

= P =16and (p -2 + (g - 2V3)* =16
= p+\V3g=4

Now from options, only (4, 0) satisfies the equation.

2. ¢. Distance = \[az(cos a — cos )’ + d’(sin @ — sin BY

= g\sin’a + cos’c + cos’ B + sin’ f — 2 cos & cos f — 2 sin a sin

= g\2{1 - cos(a - B)}

P a-ﬂ)
—2asm( 3
3.InAABC,A=(-3,0); B=(4,-1),and C=(5,2)

BC= \(5-4PF+@2+ 1Y =1+9=+10

and area of AABC = %[—3(—1 “2)+4(2-0)+(0+1)]

=11
. _2A4BC _2x11_ 22
Therefore, altitude AL BC Jio  ~N10
A
B C
L
Fig. S-1.1

4. Midpoints of the diagonals must be the same. Therefore,

x-2_-3+3
2 2
= x=2
and %3 2ty
2 2
= y=4
5. Let the vertices of triangle be (x, y 1), (x, yz) and (x,, y})
x +x x +tx, x, T x,
- 12222’22 3,=-1, 3 =4

Solving, we get  x, =7,x,= —3andx, =1

Similarly, YoV and ¥, can be found.

6.c.a=V@8+27+(2-2) =116

b=v(4—8)*+(-3+2)y =145

c=VC4+2)7+(=3-2?=29
S>d+dE=b
7.d. The given points -are collinear as the point
[(ke + la)/(k + 1), (kd + Ib)/(k + 1] divides the points
(a, b) and (c, d) in the ratio of k : L.

8.d.1 =(2a) + (2b)’ = 2Wa? + b
1= (@ -af +b(a-1’=(a- IWa®+ b2 (ifa>1)
=@+ af + a+ 1) =@+ N+’

Now [ +1,= I,. Hence, points are collinear.

Alsowhen0<a<1.

L =1-aVa@+P,
and hence I = L+ L.
In that case also points are collinear.

9.b. Since circumcenter P(x, y) is equidistant from the
vertices of the triangle 4(0, 0), B(-2, —2), C(—4, —8)

we have AP = CP and AP = BP
or xz-i-y2=(x+4)2+(y+8)2
= 8x+16y+80=0 )
and A+ =@+ +2)
= 4x+4y+8=0 (ii)

Solving (i) and (ii), we gety = —8 and x = 6.
10.The required area

11
21

1|7 -3

“ 2l 2
0 -3
11

=%{(21—21 + 14~ 36+ 0)— (7 + 147 - 36 + 0 - 3)}
= 127/2 sq. units

11. As we know that the centroid of the triangle 4BC and that
of the triangle formed by joining the middle points of the
sides of triangle ABC are same.

Therefore, the required centroid is

(4+§—2,5—§+3)=(2’%)




A.2 Coordinate Geometry

12. - =35 ¥T1=126
T T — ) :
B M : - 2 2
(bcosa, bsina) (acosp,asinpf) | BC| \l(3+1) HACRE
' Fig.S-12 ~ V16736 =52
%=§ and ICA | = (4 —3)> + (0 5)
abcosa—abcosf absina—absinf =v1+25 =28
(a-b) ’ (a—b) '
= M(x, y) Clearly, |AB|=|CA|
= Triangle is isosceles.
— . X _cosa—cosf
Y~ sina—sinf And BC*=AB*+CA* [ 52=26+26]
’ = Triangle is right angled.
-2 sin(c%é)sin(a—g—é)
- B B rcise 1.2
2 sin(a 5 )cos(a ; ) Exercise
1. Let the point be (4, k). Therefore,
——n(28) (h—a) +(k— 07 =
K+d—2ah+ k=1
a+B. _ =
= X+ tan( 2 )y 0 _ Hence, locusis y*—2ax + a* = 0.’
13. Let (x, y) be the required point. Therefore, 2. Let the point be (x, y). Then,
x y -af+y - (x+ay -y =20
11 5 = —dax 2K = 0
- =+21 .
23 -7 _ = 2ax+ =0
x y The required equation to the line of the point P.

o Sx—y—T-15+3p+Tx = £42 3. Let (A, k) be the centroid of the tr1'angle, then
N . p=Ftosatsnatl
= 12x+2y=640r12x +2y = - 20 3
ing— +2
= 6x+y=320r6x+y=-10 and k:w
14.Let4=(4,-8), B=(-9,7),and G=(1,4).
Let C(x, y) be the third vertex of A4dBC. Then,

1=(@4-9+x)/3 orx=8

= '3h~1=cosa+siha
and 3k—-2=sina—cosa
Squaring and adding, we get (32 — 1)*+ (3k —2)* =2

' =(8+7+ =
and 4=(8+7+y)/3 ory=13 =9 +K) -6h—12k+3=0
Hence, C=313 307+ 1)~ 2h - 4k+1=0
Now area of AABC = X ) L 24,
Therefore, locus of centroid is 3(x* +y*) —2x —4y+ 1 =0.
: 4 81 4.Let Cbe (a, B)
=3 -9 71 The centroid is
8 13 1 (2—2+a —3+1+ﬂ). (a 13—2)
3 5 3 s 1.€., §7T

= %I[4(7 —13) +8(-9 - 8) + 1(-117 - 56)]|
This lies on 2x + 3y =1, therefore, we get
=166.5 sq. units
15.a. Let 4 (4,0), B (— 1, — 1), and C (3, 5) be the given 2(%‘) + 3(‘35—2) =1
points. Then, we get
= 20+38=9

- 2 2
| 4B | = \/(_ 1-4+(-1-0) Hence, the locus of (o, ) is 2x + 3y = 9.




5.1_et O be the point (X, ¥) and P the point (x, y); the
coordinates of O satisfy the equation 2x + 3y + 4 =0, so
that 2X+3Y+4=0.

Applying the section formula for OQ, O being (0, 0), we

et
g C0+3x 0437

TETE3YT T3

frrom which we get X = % x, Y= % y
Substituting these values, then the locus of P is
8

§x¥4y+4=0
= 2x+3y+3=0
6 B
Y

xcosa+ysin =p

0 ANE

Fig. S-1.3
Equation of the variable line is
xcosatysina=p 1)
Here p is a constant and « is the parameter (variable).

Let line Eq. (i) cut x- and y-axes at 4 and B, respectively,
then

Putting y = 0 in Eq. (i), we get 4 = (p sec a, 0)

Putting x = 0 in Eq. (i), we get B = (0, p cosec )

AB is the portion of the Eq. (i) intercepted between the
axes.

Let P (h, k) be the midpoint of 4B. We have to find the
locus of point. P(h, k), For this, we will have to eliminate
« and find a relation in 4 and k. Therefore,

h=pseca+0 p

5 =5seca (i1)
0+pcoseca
and k=L L cosecar (i)
From Eq. (i), we get
cosa =37 (iv)
From Eq. (iii), we get
sina = % W)
Squaring and adding Egs. (iv) and (v), we get
2 2
L p_ P 1.1_4
cos’a +sin’ a = 4—hz+ﬁ—2 or?+k—2 217
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Hence, locus of point P(h, k) is

1,.1_24
2t 2=3

x y p
7. Let (h, k) be the point of intersection of x cos @ +y sina
=gand x sin @ — y cos a = b. Then,

hcosa+ksina=a (i)
hsina—kcosa=> (ii)
Squaring and adding Egs. (i) and (ii), we get
(hcosa +ksina) + (hsina ~kcosa)=d" +b*

= R+ =d+
Hence, locus of (%, k) is
2+ y2 =a + b

Exercise 1.3
1.

AN
\“
Vk

(0]
)
x=3y=6
Y
Fig. S-1.4
6 = 90° — tan”'(%)
= 6 = tan"' (3)

2. Midpoint of 48 = E(%5%, 24P

) and midpoint of

Hence, equation of line EF is

b+b b—b’—b—b’( a+a’)
y- = X -

2 a—-a—-a-a 2
A(a, b) £ B@,b)
D(a',-b") F  C(-a,b)
Fig. S-1.5

On simplification, we get.
2ay—2b'x=ab—a'd’
3. Required equation of median is

—%+8
y+8=—5-5(-3)

= 13x+14y+47=0



» A4 Coordinate Geometry

4. The given line is
bx—ay=ab
Obviously, it cuts x-axis at (a, 0).
The equation of line perpendicular to Eq. (i) is

ax+by=1k
but it passes through (g, 0)
= k=d*

Hence, the required equation of line is

ax+by = o
Y
+E=

a
b

. X
1.€., B

5.Slope of DE=1=3 = |

= Slope of AB = 1

E
(1,3)
Fig. S-1.6
Hence equation of 4B is
y=—7=x+5)
= x-y+12=0

6. Angle between both the lines is

tan"'m=+ tan”' m = tan™ 12m 5 ortan”! 0
—m

Therefore, the equations of the lines are
2mx
1—m?

7. The midpoint of P(-2, 6) and O (4, 2)is

( 2+4 6+2)“3 (1, 4)

y:O,yz

2 2
_2-6_=2
and the gradient of line PO = m 5
Therefore, the slope of L = 5.
P4,2)
0(-2,6) L
Fig. §-1.7

Hence, the equation of line which passes through point

(1,4)is

y=4=3(x-1)
= 3x—2y+5=0
8. Slope of given lines are — 1/(a—1)and — 2/a2

Since the lines are perpendicular, therefore, we get

(=) (-5)-

2 B
m=_1
= (a-1d*
= 2+d@-1)=0
= @-d+2=0
= a=-1
9.x+2p|=1and x = 0 gives
1
=3
1
y=+3
Y
1
©, 112"8
x+2y=

, 1/2)
Fig. S-1.8

The required area = area of A4BC (where 4B is x + 2y
=land ACisx~2y=1)

Required area = £ (BC)(04) = Lo -4
10. Point of intersection of x — 2y=1landx+3y=2 is
(7/5, 1/5).
Any line parallel to 3x + 4y = 0 is 3x + 4y+K=0.
As this line passes through (7/5, 1/5), we get

21
Fr5rK=0

= K=-5
Therefore, the required line is
Ix+4y-5=0
11.V3x + y = 0 makes an angle of 120° with OX, where as
V3x — y = 0 makes an angle of 60° with OX. Therefore,

the required line is
y—2=0



12.

13.

14.

L et ‘a’ and ‘b’ be the intercepts on the axes. Then the
equation of the line is % + % =1 @)
Since Eq. (i) passes through (4, 3), we get
4,3 .
+ b 1 , (1)
Also giventhata+ b =—1 (1ii)
From Eq. (iii), we get
. b=-1-a ()
Putting in Eq. (ii), we get
4, 3 _
atT1a" !
= —4-4g+3a=—a—-d
= a=4
= a=+x2

When a = 2, then from Eq. (iv), b=—1-2=-3

and when a=-2,b=-1+2=1
Therefore, the line is
x, Y _ x Y_
_ 2+_3—1and_2+1 1
L et the line be
Y
%-i--b':l

This line meets x-axis at 4(a, 0) and y-axis at B(0, b).
Therefore, we get

a b
3.4 = (2 2)
_ab_
= 3,5 5=
= a=6,b=8.
Therefore, the required line is
x Y
6 T8~ 1
=2 4x +3y =24
m =e=2-2
1
= Mep ™72
D c
A(3,2) B
Fig. S-1.9
Thus, the equation of BD is
1
¢-6) =7 -5,
ie., 2y+x-17=0

Appendix: Solutions to Concept Application Exercises A.5

15. Let P(3, —4) be the foot of the perpendicular from the

origin O on the required line. Then the slope of OP
—4-0__4

3-0 3
and therefore the slope of the required line is 3/4.

Hence, its equation is

ya=2(c-3)
= 3x-4y=125
16. The given form is 3x + 3y + 7=0.
3 3 7
= x+ + =
B+ 2+ B3
3 -1
> TR
=‘;7_=_7_
P73z 32

17. Given line is x + V3 y + 3+3 = 0. Therefore, we get

1
s
Therefore, slope of Eq. (i) = — 1/43.

Let the slope of the required line be m.
Also the angle between these lines is 60°

- e

L e

S Bmrl_
Jj;m—+m1 -3

- ey

Using y = mx + ¢, the equatlon of the- required line is
y= \/— x+0,
i.e., x — V3 y =0 (as the line passes through the origin,

) V3m-1
Nom=1)_ 7
N3 —m 3

= NAm+1=-3+\3m
= m is not defined.

Therefore, the slope of the required line is not defined.
Thus, the required line is a vertical line. This line passes
through the origin.

Therefore, the equation of the required line is x = 0.



A.6

18. Any point 4 on the first line is (¢, 5¢ — 4). Any point Bon

19.

Coordinate Geometry

the second line is [ Gr 7 ) J Hence,
_2rt+t
1="3
3r—2_4— +5t-4
and 5= 3
= 2r+t=3and 3r+10:=42 -
On solving, we get = Z—S
Hence 4 is (%, %)
Y
r
P > L
Bs
S
5°145¢
45045° 45° 75° R
M 0 0 "X
Fig. S-1.10

Equation of line OT: (0, 0) and slope of OT = tan 45°
= 1. Therefore, equation of line OT will be

y=0=1x-0orx-y=0
Equation of line OS': (0, 0) and ASOX = 135°. Therefore,
the slope of line OS = tan 135° ==1.
Equation of line OS will be
y=0=(-1)(x-0)
or y=-xorx+y=0
Equation of line SP: Given that OT = 2V2. Therefore,
OP = OT sec 45° =2\2V2 =4
.. P=(0, 4). Also the slope of SP = tan 45° = |
Therefore, equation of line SP will be
y=4=1x-0orx-y+4=0
Equation of QR: Given that OQ = OT sec 45° = 2

V2v2= 4. Therefore, 0 = (4, 0). Also slope of line
QR =tan75° = 2+ 3.

Therefore, equation of line OR will be
y=0=@2+3)(x-4)
or 2+V3)x—y-8-4V3=0
Equation of PR: P = (0, 4)
PR=tan15°=2-+3
Therefore, equation of line PR is

y-4=02-V3)x-0)

Slope of line

or y-4=02-
or 2-V3)x-y+4=0
Equation of PQ: P=(0,4) and O = 4,0)
Therefore, equation of line PO will be

\3)x

x, Y _
4t7=1
or xty=4

20.Let m and m, be the slbpes of the straight lines
x—2y+3=0and3x+y—1=0. Then,

—_1_1 3_
m=-_5=andm =- 1=-3
_ m —m, % +3
Let tan@—i(H_mm)—i 3 =x7
172 1-
2
= 6 = tan” ' (£7)
Thus, the acute angle between the lines is tan™' (7) and
the obtuse angle is 7z — tan™ (7).
21.LetA=(a,0),B=(0,b),4 =(a’,0), B =(0, b")
Equation of 4'B is
x Y :
prb (i)
and the equation of 4B’ is
rra=1 (ii)

Subtracting Eq. (i) from Eq. (ii), we get,

-dolip)-

xd'—a) yb-b')

=0

= =0 [usinga’ —a=b-b']

Exercise 1.4

1. P2, - 1) goes 2 units along x + y = 1 up to 4 and 5 units
along x — 2y =4 up to B. Then,

slope of P4 = — 1 = tan 135°

slope of PB=1/2=tan 0
ng=-L -2
= sin @ N cos & NS

The coordinates of B, i.e., (x +rcos0, y, + rsin 0) are

@V5+2,45-1).

The coordinates of 4, i.e. (x +rcos 135°, y, *rsin135°)

are (2 —~2,+2 - 1).



2. Since m = 3/4, then cos 6 = 4/5 and sin 6 = 3/5.

Any point on the line through 4 has the coordinates
(2 +4r/5,3 +3r/5).

If this point is also the point of intersection, P, then these
coordinates satisfy the equation of the given line. Hence,

s(2+4r)+7(3+3r)+20=0
or r(4+%)+71=0

or r=—ﬁ
41

Thus, the distance between 4 and P is 355/41 units,
—
the vector AP being in the negative direction of the line.

D C
0(0, 0)
A2, 1) B
Fig. S-1.11
Let ABCD be the square whose centre is O.
Given A=(2,1)and 0=(0,0).
Now A0 =+5

1

-0_1
and slope of A0 = -0 2 fan 0 (say)

R IO
= cos 6 \B-andsme N

Now coordinates of the points on AC which are at a
distance V5 from O will be
(0 £ 5 cos 8,0+ 5 sin 6)

ie, (x2,x1)or(2,1)and (-2,-1)

But A =(2,1), therefore C=(-2,~1).
Again BD 1 AC
= slope of BD = — 2 =tan «a (say)
= cosa:—Landsina=—2—
5 5

Since B and D are on BD at a distance V5 from
0, therefore their coordinates (in some order) will be

(0 £+5 cos @, 0 =5 sin ).
ie,(0F1,0£2)or(-1,2)and (1, -2)

Appendix: Solutions to Concept Application Exercises A.7

Exercise 1.5

1.Since the perpendicular  distance between the given

lines is V2. Therefore, the required line is a straight
line perpendicular to the given parallel lines and passes
through (-5, 4).

Any line perpendicular to given lines is

x-y+k=0
This line passes through (-5, 4), therefore
-5-4+k=0
k=9
Hence, the required line is
x—-y+9=0

.Lines 3x + 4y + 2 =0 and 3x + 4y + 5 = 0 &re on the same

side of the origin.
The distance between these lines is

_|2-5 | 3
el

Lines 3x + 4y + 2 = 0 and 3x + 4y — 5 = 0 are on the
opposite sides of the origin.

The distance between these lines is

g =|-2t5 .1
a3

Thus, 3x + 4y + 2 = 0 divides the distance between
3x+4y+5=0and3x+4y—5=0intheratiod :d,
te,3:7.

. Equation of any line parallel to 3x —4y = 5=0is

3x—4y+A=0 : @)
Distance of (i) from 3x — 4y — 5 =0 is 1 unit.
I5+A]
= 5 —1
= A=-100r0

= Required line is 2x —4y —10=0o0r3x -4y =0
These are the equations of the required lines.

-k ~kcos2a
. Here,p = \/—2———-2_ N p’ = \/——2—————2—
sec” o + cosec” a cos“ a +sin” a
2, 4% 12 (cos’ a—sin’a)’
Hence, 4p” +p'" =—— 7+ 1
sec” a+cosec” a

= 47 sin® a cos® & + K (cos* @ + sin® ) — 2# cos’ a
x sin’ a :

=KGin’a+ cos’ @)t =k
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Exercise 1.6
1. a. L1(8, -9=28)+3(-9)-4=-15
L(8,-9)=6(8) +9(-9) + 8= -25

Hence, the point lies on the same side of the lines.

2.d. L(-1,-1)=3(-1) - 8(-1) - 7<0
L(3,7)=3x3-8x7-7<0

Hence, (-1, ~1) and (3, 7) lie on the same side of the

line.
3.L=2x+3y-6
= L(a,2+a)=5a

_L (%a,az) =3a+3a®-6
For the given condition, we get
5a(3a+3a’-6) < Oora(@+2) (@—1)<0
= a € (-0, -2) U (0, 1)

Exercise 1.7
l.(a-2b)x+(a+3b)y+3a+4b=0
ora(x+y+3)+b(-2x+3y+4)=0

which represents a family of straight lines passing
through the point of intersection of x + y + 3 = 0 and

—2x+3y+4=0,ie, (-1,-2).
2.a, b, c are in H.P,, then

2_1.1
p-atc
Given line is
§+%+%=0

Subtracting Eq. (ii) from Eq. (i), we get
La-1+Ee+2=0
Since a#0,b=0,we get
x—1=0andy+2=20
= x=1
and y=-2
3. b. Let the equation of the variable line be
ax+tby+tc=0
Then according to the given condition, we get

2a+c 2b+c +—2a—2b+c=0
Vi +8 N+t AP+
= c=0

4. Lines 5x+3y -2 +4 (3x—y—4)=0 are concurrent at (1,
~1) and lines x —y + 1 +4 (2 -y~ 2) 0 are concurrent
at (3, 4).

Thus, the equation of line common to both families is

—3 (x-3)

ie., 5x-2y-7=0

y—4==

(D Fig. S-1.12
Exercise 1.8

(1) 1. The given pair is (2x +y) (x— ) = 0
So, the required pairis 2x +y + k) (x —y + k') =0,
where 2x + y +k=0and x — y + K =0 pass through

(1, 0).
: k=-2,k=-1

Therefore, the required pair is
@x+y-2(x-y-1)=0
2.If m, 2m are the slopes, then

__2/h_ 2b
mt2m==1p="7,

which shows that the line passes through (0, 0) for all

values of g, b.

~Va_b
and m><2m—1/b—a
Eliminating m, we get
26 _ b
15 -4
ab_9
= hz - 8



3.Let
y=mx ®
be a line through the origin making an angle of 60° with
the line
Ax+By+C=0 ' (ii)
"Then, we have
., m—(—A/B)
tan 60° = £ T+ mC A/B)

From Eq. (i) we have, m = y/x. Substituting this value of
n in the above result, '

ie., 3(B — Am)* = (mB + A)*, we bave

(L2 3B+ 84Bxy + (B - 34)y* =0 (iif)
These are the straight lines passing through the origin
and making angles of 60° with Eq. (ii), i.e., forming an
equilateral triangle with Eq. (ii).
Now, OL = length of perpendicular to Ax + By + C=0

from (0, 0)
Cc

N+ B
. _ )
So, area = —Cz;—z
\3(4* + B

4. Let ax’ + 2hxy + by* = b(y £ x) (y — mx)
Taking + ve sign, we get -~
ax’ + 2hxy + by = b(y +x) (y — mx)
Equating coefficient of x°, we get
—-bm=a

= m=-4
b

Equating coefficient of xy, we get
b—bm=2h
5. Given equation is
22+ 5xp+ 3P +6x+Ty+4=0
Writing the Eq. (i) as a quadratic equation in x, we have
22+ (5y+6)x+3y +Ty+4=0

() EGy 6 -4x23) +Ty+4)

4
_—(5y+6) =25 + 60y + 36 - 24” - S6y—32
- —
Gyt 0\ rAyt4 —(5y+6)+(p+2)
- 4 - 4

. =5y-6+y+2 —S5y-6-—y-2

JOX = 4 ’ 4

or 4x+4y+4=0and4x+6y+8=0

or x+y+1=0and2x+3y+4=0

Hence, Eq. (i) represents a pair of straight lines whose
equations are

Appendix: Solutions to Concept Appl%cation Exercises A.9

x+y+1=0 ' @)
“and 2x+3y+4=0 , (ii)
Solving ‘these two equations, the required point of
intersection is (1, — 2).
6.y—1=m(x-2)

= y-mx=1-2m
yomo
or 1-2m

Homogenizing the given pair of straight lines, we get

(x—4y)(y—rmc)_Z(y—mx)z=
1-2m (1-2m)y

@ +y) =

= (1 -2m)* (@ +y*) — (x — 4)(y — mx)(1 - 2m) —
2(y—mx)*=0

Equating coefficient of xy to 0, we get
4m—(1+4m) (1 -2m) =0 or 8m* +2m—1=0

or 8m*+4m—-2m—-1=0
= 4mQ2m+1)-2m+1)=0
= m=—12otm=1/4

Therefore, lines are y ~1= —% x-2)
and y—1=%(x—2)

~

Fig. S-1.13
7. Since lines are parallel
W—ab=0
@+ w’
T —ly =0
= A-n)’=0
= A=u

8. Bisector of the angle between the positive directions of
the axes is y =x.
Since it is one of the lines of the given pair of lines
ax’ + 2hxy + by* = 0, we have
x{a+2h+b)y=0o0ra+b=-2h



A.10 Coordinate Get;rﬁetry

9. The given equation of pair of straight lines can be
rewritten as

(VBx-y) (x=\3p) =0
Their separate equations are

y=\/§xandy=%x

= tan 60° x and y = tan 30° x
After rotation, the separate equations are

or. y

C - y = tan 90° x and y = tan 60° x
or  x=0andy=+3x
Therefore, the combined equation in the new position is
x(V3x—y)=0o0r V3x*—xy=0
10. The given equation will represent a pair of real and
distinct lines if #* > ab,

i.e.,

(—§)>(2) @) or > 16

or k-Hk+4H>0
i.e. ke(—o,-4) U4, ).

11. Let ¢ (x, ) = 6x° + 5xy — 21y% + 13x + 38y — 5 = 0.
Differentiating with respect to x treating y as constant, we
get

a¢
=125y +13

Differentiating with respect to x treating y as constant, we
get

g
F 5x - 42y + 38
Solving equations 12x + 5y + 13 = 0 and 5x — 42y + 38
=0, we get
_ 32 dv=37
*T 3ty Tay
Therefore, the point of intersection is (— 32/23, 17/32).
12. Let ¢ be the angle between the lines represented by

X+ 2xysecH+y* =0 )
Here, a=1,b=1,h=sech
Hence,

enee 2sec 01 1)

tang = i1
2\(sec’ 6 - 1
= tan¢ = % =tan 6
¢p=0

Hence, the angle between the lines represented by Eq. (i)

is 0.

Chapter 2

Exercise 2.1

1. Here the centre of circle (3, —1) must lie on the line x +
2by +7=0.
Therefore, 3 -2b+7=0=b=5.

2. Let a triangle has its three vertices as (0, 0), (a, 0), (0,
b).
We have the moving pomt (h, k) such that #* + i + (h -
a)’ +k2+h2+(k b)Y =c
= 3K + 3K —2ah—2bk+d* + b =

Therefore, locus is 3x* + 3y* — 2ax — 2by+d*+ b=
which is circle.

3. Here, radius \j(%—)z + ( %)2 - 5<5

=22-2A-119<0
1= 2239 <i<lt 239 = —7.2 <A < 8.2 (approx.)
A= —7 -6, ..., 8
4. Radlus = perpendicular distance from (1, —3) to 3x — 4y -
3+12-5
5=0,ie.,|—/—F—~=|=2.
V52
5. Centre of the given circle is (1, 2). Let (a, B) be the other
end.
a+3_ . B+t2_
o=l 5—=2
= a=-1,=2
= Other end is (-1, 2).
6. Let (h, k) be the centroid, then s =208 12 bsint+ 1 -
and p=asini—bcost+0
3 .
= 3h—1=acost+bsint (i)
and Jk=asint—bcost (i1)
Squarmg and adding Eqs. (i) and (i), (3% — 1)* + (3k)*
=a’+b.

Hence, the locus of (&, k) is (3x — 1)* + (3y)* = & + b°.

7. Let centre be (h, k), then (h — 3)* + (k+2)* = (h + 2)* + I
= 10h—4k—9=0
Also the centre lies on the given line, so 24 — k=3,

- p=_3
k==6h=—5

Radius is (1 = 3) + (k + 2 = 13>

On solving



8. Extremities of diameter are (5, 7) and (1, 4) and radius is
half of the distance between them

-G a-a7=3

Y

AL

L
'

Fig. S-2.1
Coordinates of point 4 are (7‘1_2—: %),

and coordinates of point B are (%, - %)

Now from the geometry, 4 and B are end points of
diameter of the circle.

Then, equation of circle is

(-5 ) B z) =
or #+y —2ax=0
Similarly, circle with C and D as end points of diameter is
X+ y2 +V2ax =0
With similar arguments, circles with 4 and C and B and
D as end points of diameter are given by ‘
¥+ y2 £2ay=10
10. Centre (1, 2) and since circle touches x-axis, therefore,
radius is equal to 2.
Hence, the equation is (x — D+ @ — 20 =22
= P4y -x-4y+1=0
11.

Appendix: Solutions to Concept Application.Exercises A.11

Since the circle touches both the coordinate axes and the
line x = ¢, so there will be in all two such circles with
centres C and C, in 1st and 4th quadrants.

Hence, diameter of the circle = ¢,
Therefore, radius of the circle = ¢/2
and the coordinates of the centres are (¢/2, £ ¢/2).
Hence, the equation of the two circles are (x — c/2)* +
(v cl2)* = (cl2)’,
or P#+y*—extey+c/A=0.

12.

Fig. S-2.3
If the circle cuts off a chord 4B of length 6 from the line

2x — 5y + 18 = 0, then CL =
C(3,— 1) on the line

length of L from centre

[23-5.(-1)+18|

@+25 V29
But, AL =BL=3
In right-angled triangle, CLA, C4* = CL* + AL’ =29 +9
=38,

Therefore, radius of the circle = C4 = V38
Hence, the equation of the circle is (x - Y+ @+ 1)

= {\38}%

= xX+y*—6x+2y—-28 =0
13. g’ —¢c =2a : ')
WfP—c=2b (ii)

On squaring Egs. (i) and (11) and then subtracting Eq. (ii)
from Eq. (1), we get g -ff=d- ».
Hence, the locus is x* — yV=a - b

14. The circle x > + y* +2gx + 2fy + ¢ = 0 passes through
2,0).

4+4g+c=0 )

Intercept on x-axis is 2 g—-c=5

Ag*+4g+4)=25

' 91
or (2g+9)(2g- 375
Since centre (—g, —f) lies in first quadrant, we choose

[by Eq. ()]
DN=0=>g=-



A.12 Coordinate Geometry

15.

16.

17.

18.

19.

20.

g=- % so that —g = % (positive)
c=14, [from Eq. (i)}

Value of ¢ is variable.

Obviously, (3, 0) and (0, 4) are end points of diameter.
Then, equation is (x —-3) (x-0) +(y - 0) (y—4)=0 or
¥y —3x—4y=0 ‘
Given, equation of circle is x* + 3> — 3x — 4y +2 = 0 and
it cuts the x-axis.
X+0-3x+2=0

= ¥=3x+2=0
= (@-DE-2=0
= x=1,2

Therefore, the points are (1, 0) and (2, 0).
Coniparing the given equation with x* + y* + 2gx + 2fy +
c=0,wegetg=>5

Length of intercept on x-axis

=2Vg ¢

=2V5?_9=38
Circle passing through points (1, 0), (0, 1) and (0, 0) is
x-D+yp-1)=0
It also passes through the point (2k, 3%)
=2k(2k— 1)+ 3k(3k-1) =0
= k=0ork= %
One end of the diameter is P(1, 1).

Let centre be (Xa, ).

Now Q is midpoint of PR where R lies on the line
x+y=3

Then, point Ris 2a—-1,28-1).

This point lies on the line, then 22 — 1+ 28-1=3

= 20+26 =5

Hence, the locus is 2x + 2y = 5.

Ya

(228, & A2,2)

[
0 » X

0 ~P@, 0)

)B(/Za _2)

Fig. S-2.4

2V2 _ 1
cos 8 = 7 = N3
6 = 45°
o A=(2,2)
Let B=(x,y)
Given AB=14

S =20+ (-2 =16
xf+yf—4xl—4yl =8

21.

Also xX,+y =8
x +y =0
2 =8
x == 2
" B=(2,-2)or(-2,2)
Alx, ») B(x,, )

_Fig.S-2.5
Equation of circle with AB as diameter, we get
(=x) (=X )+ (=3 (-3 = 0
since 4B subtends obtuse angle at (x, ,)
.. P lies inside the circle.
5y =x) (5, = %) + 0, =) (7, ~7,) <0

Exercise 2.2

1. Let the equation of the tangent be % + )E) =1,

ie., xty=a (6]
.. Length of perpendicular from the centre (-2, 2) on (i)

=radius=v4+4 -4

o E2r2-d_
ie., NEST
= a=2\2

Hence, the equation of the tangent is x +y = 2v2.

2. According to the question,

V5P + (B +2(5) +k(3) + 17 =7



= 61+3k=49=k=—-4

3. Liney=mx+cistangent,ifc=d:a\ll +m?

MNow x+my+n=0

or

or = a(m*+ P
4. Equation of pair of tangent is given by S§, = T
Here S=x"+) +20(x +y)+20, S, =20

T=10(x+y)+20

SS T
:>20{x +y +20(x+y)+20} =10 (x+y+2)
= 2+ +5xp=0
5. Normal passes through the centre of the circle.
Hence the equation of normal is x — y = 0.
6. Equation of line perpendicular to 5x + 12y + 8 =0 is 12x
—5y+k=0.
Now it is a tangent to the circle.
If radius of circle = Distance of line from centre of
circle

12(11) - 5(2) + &

= V121+4-25 = A4 T 05
k=8 or—252.

Hence, equations of tangents are
12x — 5y + 8 = 0 and 12x — 5y =252
7. Clearly the point (1, 2) is the centre of the given circle
and infinite tangents can only be drawn on a point circle.

Hence, radius should be 0.
V12422 =

8. We must have

0=A=5

Radius of given circle > Perpendicular distance from the
centre of circle to the given line

v 13(2) — 4(4) — m|
Ny vy S w2 s .
= 6 NoESTS
= |m + 10| <25
= —35<m<15

9. The equation of tangents willbe y=mx ory —mx =0
Then, applying condition for tangency,

Appendix: Solutions to Concept Apptication Exercises A.13

—5—-4m 4m

1+m
= 25+ 16m* +40m=25+25m2
= 9m’ —40m =10
= m= 0,490

10. Let P(x,y ) be a point on x 24yt =4
Then, the equation of the tangent at Pis xx + »y = 4 which

meets the coordinates axes at A(xi> 0) and B(O, }jil)
1

Let (A, k) be the midpoint of AB.
2 2. 2
h=x,k- 1e x1 h’y1=f

But (x, y,) lies on Ly =4
4 4
= +==1
VG
= 46 +y7) = Y
11. Let the point be (x , y))

\’x +y+ 4x + 3
According to question,
\fxl +y - 6x + 5

" X +y+ 4x +3
t ____——
Squaring both sides, T 6x s

wll\)

_4
9

= 9 +9y?+36x1 +27 = 4xf+4yf—24x1 +20
= 5x+5y,+60x +7=0
Hence, locus is 5x* + 5)* + 60x + 7 =0.

12.Let (x,, y,) be any point on the circle X +y +2gx +2fy
te = 0

xi+yi+2gx +2fy +c =0 (@)

Length of the tangent from (x yl) to the circle
X+ +2gx+ 2+, =0is

ARy 2ge +2h e, =6, C (using (i) )

Exercise 2.3

1. Here the intersection point of chord and circle can be
found by solving the equation of circle with the equation
of given line. Therefore, the points of intersection are

(- 4, — 3) and (24 ;) Hence, the midpoint is

4+ —3+1)
S e | ERE




A.14 Coordinate Geometry

2. a. An equation of the chord of contact of P with respect

to the given circle is
2xh+2yk—%(x+‘h)+%(y+k)—7=0

::>x(2h—%) ) 2k+3)-3n+3k-7=0 G)

which should be same as the given line

Ix+y—18=0 ‘ @ii)

Comparing Eqs. (i) and (ii), we get -
4h—~3 _4k+5_3h-5k+14

18 2 36
Comparing first two ratios, we get
h—9% =12 . (iii)
Comparing first and last ratios, we get
h+tk=4 @iv)
Solving (iii) and (iv) for (&, k) we get
TS
5 5

Hence point P is (%, ?)

. Equation of common chord will be

3x+4y+11=0 @,

Let the point of intersection of the tangénts be (a, f).

" Equation of the chord of contact of the tangents drawn
from (e, B) to first circle will be

xx+yB=9 (ii)
- Equations (i) and (ii) are identical
3_4_ 1
a~p 9

@p) = (‘%‘%)

4. Chord of contact from origin=gx + fy + ¢ =0

and from (g, f)=gx+fy+gx+g) +f(y+f)+c=0
or2gx +2f+ g+ +c=0

grfl+e
7 g+ =

YR Sy

5. Suppose point be (h, k). Equation of chord of contact is

Distance =

hx+ky—a2=OElx+my+n=O

or 7:m_T

or hZ—T,k=_n

Exercise 2.4

1. a. Centres of circle Cl(6, 6), C,(3,-3)

CC,=\(6+3)+(6+3P =02

Radius of the circles = V36 + 36, V9 + 9 = 6v2, 32 -

Since N2 =6V2+3V2
~. Circles touch each other externally.

2. The equation of common chord PQ is Sax + (¢ — d).

yt+ta+1=0 ‘ : @A)
Also equation of PQis 5x + by —a=0 (ii)
Sa_c¢c—d_a+tl
5 b —-a
= 'a=a_+al :

= d+a+1=0

= No value of a. [ D<0]

. d. Equation of circles is

S =x+y+2x-3p+6=0 (i)
S,=x'+y’ +x—8-13=0 (i)
.. Equation of common chord is
S =8, =0=>x+5y+19=0 (iii)
and out of the four given points only point (1, — 4) satisfies
it.

. b. Centres and radii of the given circles are

Centres: CI(O, 1), Cz(l, 0); Radii : r= 3, r,= 5
Clearly, CC,=\2< r,~r)

Therefore, one circle lies entirely inside the other.

A(CCY=ri+r

= 2¢°=18=qa=3

. Given circles are

2+ —3x+6y+k=0

3 k .
or x2+y2—§x+3y+§=0 0]
andx*+y* —4x+ 10y + 16= 0 (ii)

Circle (i) and (ii) cut orthogonally, then

2gng + 2“/;'}2 - cl + 02
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-2 )ev+23)s=E+16 1.
3+15=5+16= k-4

7. Clearly, roor,> ClC2

r= R, CI(O, 0); r,= C2(3, 4)

4 x+y=5\2

R—r >3 -0)*+(4-0y
Fig. S-2.7
R—r>
:d' ! r>s Here, OB = radius =2
8. Radical axes are : The distance of (0, 0) from x +y = 5v2 is 5.
4x+6y=100r2x+3y=>5 i -
Y orexTy ® .. The radius of the smallest circle = STZ = % and
and 2x+2y=4orx+y=2 (ii) OC=2+1=1
Point of intersection of (i) and (ii) is (1, 1). The slope of 20 A 2 =tan 6
9. Such circle is orthogonal to the given three circles. Let cos@=-L.sing= 1
circle be x* + y* + 2gx + 2fy + ¢ = 0. Then, according to . V2 V2
the conditions given, ) = C= (0 +0C. cqs 0, 0+ 0C.sin 9) — (L, 7 )
g+af=c+3 0 22 2
Y
2g+4f=c+5 (ii) ‘ A
-Tg-8f=c—9 (iii)
2., 2
= g=§’f=§’0=—1
Therefore, the required equation is X' X
32+ +4(x+y)—3=0
10.
v,
M
Fig. S-2.8
AB =V4+4=2\2
= AB=2N2-2=2(\2-1)
Thus, equation of required circle is x* + y* = (V2 — 1)’
=3-242.
13.
Fig. S-2.6
Clearly, diameter of ‘C 1’ will be the common chord.
Let the common chord be PQ and centre of C, be
A(h, k).
We have AP = 5, PB = 3 = AB = 4 units, where B =
(1, 2). Fig. S-2.9
Using parametric equation of line, we get The given circle is x> + )" —4x— 6y — 12 =0, ®
whose centre is C (2, 3) and radius » = C 4 =5.
h—1_k=2__ 4 1 1 1
-3/5 4/5 If Cz(h, k) is the centre of the circle of radius 3 which
7 26 17 6 touches the circle (i) internally at the point 4(— 1, — 1),
= h=-gk=Forh="%k=-% then C,4 =3.
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and CC,=CA-CA=5-3=2 From A MLN .
. . a—
Thus C (h k) d1v1de CA in the rat102 3 internally, sinf@ = ath
. —1{a=b
_2(-1+32 4 6 =sin"' (2
h=—%3%3 -3 (&53)
. .. Angle between 4B and 4D
and k—T—g ' : (a+ )

17. Given circles are
Hence, the equatlon of the requ1red circle is

G405+ (=TSR =3 or 52+ 52— 8x— 14y -32=0. - (x_l)?(”‘z)i:l @
14. The two circles are x* + y* — 4x — 6y — 3 = 0 and and (x=7)"+(y=10y'= 4 (i)
x* +y +2x+2y+1=0.

Centres: C (2, 3) C,(-1, 1)

radii: r= 4 r,= 1

‘We have, cC =5= r, T r, circles touch externally
therefore there are three common tangents to the given

circles. Flg $-2.12
15. Let4=(0,0)and B=(r, +r, 0) be the centres of the two Let =@1,2),B=(, 10) r=lr,=2
given fixed circles. 4B =10,r +r,=3

AB> r, + r,, hence the two circles are non-intersecting.
Radius of the two circles at time ¢ are 1 +0.3tand 2 + 0. 4.
For the two circle to touch each other

= [(r, + 030 + (r, + 0.4)T

= 100 = [(1 +0.37) £ (2 + 0.4)]?
= 100 = (3 +0.7¢)%, ((0.1)r + 1)
Fig. $-2.10 = 3+407r=+10,01s+1==%10
18. 5= - =10, =90 [ t>0]
Let C = (a, 0) be the point of intersection of direct The two circles will touch each other externally in 10
common tangents. seconds and internally in 90 seconds.
r, a-(r+r)
Now, P T a Exercise 2.5
= —p2_ : 1.
= r,a=ra r r,
r:+r 7
= “= rl "
ri+ rr,
Locus of Cis x = 57—~ =a
1 2
which is a straight line. k
16- (s
Fig. $~2.13

The coordinates of the centre and radius of the given
circle are (1, 1) and 2, respectively. Let 4B be the chord

2
subtending an angle of 3~ at the centre. Let M be the
Fig. S-2.11 _ midpoint of 4B and let its coordinates be (4, k).



3.

In. AOAM, AM = O4. sin T = 2(%) =3
c- OM? = 042 —AM* =4 —(\3)’=1
But OM? = (h— 1) + (k=12

Therefore, (h— 1Y +(k—1)*=1

Hence, the locus of (4, k) is (x — 1> + (y — 1)’ =1
or x*+y?—2x—-2y+1=0

Y
A
/A P(h, k)
a
5] I8 >
Fig. S-2.14
Let OA=a,OB=b

Since tangents at 4 and B meet at right angles in P(h, k),
OAPB is a rectangle.

- OP=OR*+BP =W +K=d+b
.. Locusof Pis
Ly =a+b

which is concentric circle with given circles.

YA
B(0, 2k)

: Rk, &) ‘
\(2, 2)
- N
7

A(2h, 0)

Fig. S-2.15

Let midpoint of AB is R(h, k).
Then, coordinates of 4 and B are (2h, 0) and (0, 2k),
respectively.
Equation of line AB is 55+ 7= 1.
Since this line touches given circle, we have

5!
T 1

o

On simplifying, we get locus x +y —xy + \x* +y* =0.

=2

4.

Appendix: Solutions to Concept Application Exercises A.17

HA(o,aJi)

P(h,
60° 60°
>X
B (4,0 (a, 0)C
Fig. S-2.16

Taking midpoint of BC as origin, BC as x-axis and
perpendicular to BC through O as y-axis, let C be (a, 0),
then B is (- a, 0).

Since AABC is equilateral, 4 lies on y-axis.

As ZC = 60°, 4 will be (0, a V3). Let P be (h, k).
Equation of 4C and BC are x V3+y-aV3=0
and x 3 —y+a~3 =0, respectively.

2
According to the problem, 2+ (M)

+ (——————h\/§ — ]5 ha aﬁ)z = A (say)

= 6K+ 6k —4a N3k + 64> —44 =0

Hence, required locus of P(h, k) is 6x* + 6y° — 4a 3y
+ 6a° — 41 = 0, which is a circle.

ﬁuY
(x, + r cos 8, y, + rsinf)

—» X
A(_g5 0)
Fig. $-2.17

(0,-/)B

Let the circle be x* +y* +2gx + 2y + ¢ =0
Let the centroid of the ACAB be (%, k)

3h =xl—g+rcose
and 3k=y ft+r sin'@

where X, =—g;yl=—f

3h=-2g—+rcosf
3k=-2f+rsinb
=@h+2g +Gk+2f) =7

=(x +2g/3)* + (y + 2137 = /9

Hence, proved.
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6-

x, )

k+2,0)
A4 (£ 0) B
Fig. S-2.18
SS = T?

= (i +yi-a) (k-1 - a] = [(k ~Ayx -’ (i)
and ‘
@} yi-a) [(k+ ) - &= [(k+A)x, - T (ii)
Equation (ii) — (i) gives
X +y - - [+, —a*+ (k= A)x, - o]
x [(k+A)x, ~ (k~A)x ]
= [2(kx, — )] [24x ]
= 4hx [kx —d’]
= kxityl-d)=ki-d’x,
= ky=a'(k-x)
= Hence, the locus is ky* = a*(k — x).

7.Let A(— a, 0) and B(a, 0) be two fixed points. Taking
AB as x-axis and its right bisector as y-axis. Let the
equation of the given line be

xcosa+ysina=p : (1)
and line perpendicular to it and passing through (—a,0)
is given by

ycosa—xsing=asina (i)

Let AN and BM be the perpendiculars from 4 and B, then

—acosa+0sina—p
X

Vsin® & + cos® a

AN x BM =

acosa+0sina—p

— > = A*(contanstant)
Vsin® a + cos” a

= PP = +dcos’a (iii)

Eliminating p and @ from Egs. (i) ahd (ii), we get
x*+y* =2+ & which is the required.locus.

By changing a into — a, we get the same locus.
Hence, proved.

Chapter 3

Exercise 3.1

Y
)
y=6
©,2 P(x, y)
XI/ \ » X

v

YI
Fig. S-3.1

Since the focus and vertex of the parabola are on y-axis,
therefore its directrix is parallel to x-axis and axis of the
parabola is y-axis.

Let the equation of the directrix be y = £.

The directrix meets the axis of the parabola at (0, k).

But vertex is the midpoint of the line segment joining
the focus to the point where directrix meets axis of the
parabola.

k22 _4=k=6
Thus, the equation of the directrix is y = 6.
Let (x, y) be a point on the parabola.

Then, by definition’
(=0 +(-2Y = (y-6)

= x*+ 8y =32
. The equation is ,
C OV 4 (- 1V = M)
=07 + (v~ 1) ( =
or -1’ =4x+1)

Clearly, x=t*~ 1 and y = 2¢ + 1 satisfy it for all values
of z.

. Solving given parabola and circle, we have

F+4x+3)+4x =0
= A8 +12=0 _
= x = —2 (x =—6 is not possible)
Since parabola and circle both are symmetrical about
x-axis length of common chord is 4.

x2=2(2x+y)
or X —dx+4=2@p+2)
or (x—2)*=2(y+2).

So, the vertex is (2, — 2).



5. The given cqﬁation can be written as (x — 2)* =3(y — 2).
Shifting the origin at (2, 2), this equation reduces to
=3Y, wherex=X+2,y=Y+2
The directrix of this parabola with reference to new axes
is

- =3
Y= a,whgrea—4

= y.—2=_T3
5.
= y=Z

Fig. S-3.2
X =-8Y
= (x—2y=-83-2) ,
7. 2a=perpendicular distance of the focus from the directrix
= '_ L‘ -1
V71l 1T
Therefore, latus rectum = 4g = %
8.
Y P
R__,x
5 >
0o
Fig. $-3.3
Let PQ be a double ordinate of length 8a.
PR = RQ =4a.

Coordinates of P and Q are (OR, 4a) and (OR, —4a),
respectively.

Since P lies on the parabola y* = 4ar,
(4a)* = 4a(OR)
- OR = 4qa
Thus, the coordinates of P and Q are (4a, 4a) and (4a,
—4a), respectively.

-0
-0

- ~4a-0_
Now, =slope of OP =7~ —¢=1

Appendix: Solutions to Concept Application Exercises A.19

_ _—4a-0_
and m, = slope of 0@ =—7 "5 =~ 1

Clearly, mm, = -1
Thus, PQ subtends a right angle at the vertex of the
" parabola.

9.
1': L(t)
M)
Xa 0w
‘L N (AA
Y’ M (t4)
Fig. S-3.4

Equation of LOL': 2x — (¢, +1)y+2att, = 0
Since chord LOL' passes through (c, 0) '
: tt=-4
S1m11ar1y, for chord MOM’,
=_c
W,=-a
Now circle with LL' as diameter, the equation is
(x—af)(x—at)+ (y=2at )y - 2at,)=0
or x> +* — a(tf + ti)x— 2a(t1 +'t2)y +c?—4ac=0 (i)
(as a*ff, = c* and 4d’t t, = — 4ac)
Similarly, circle with MM as diameter, the equation is
x2+y2—a(t§+ti)x—2a(t3+t4)y+cz—4ac=0 (i)
Radical axis of Egs. (i) and (ii) is (i) — (ii) '
ora(f,+6,—f—{)x—2a(t, +1,-1,~1)y=0,

which passes through the origin (vertex of the parabola).

10.
Y

4 (2a+1,2b)
(a, )
X 4— X
1,0 19)
Y
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Since ((2a + 1), 2b) lies on y* = 4(x + 1)
4b* = 4(2a +2)

B =2a+1)
11. The parabolas are y* — x =0 and 3* + x = 0. The pomt “,
—1) is an exterior point if
1-2>0and1+4A>0
A<landi>-1
-1<i<l1

12. Let the fixed circle is x* + y* = 4° and fixed line is
x =b.

e
g

Y
A N

/‘ R
o0
Py~
! )

<
<

Y" x=b
Fig. S-3.6
We have
PQ = PR
= b—h= NP+ -2
= P+ -2bh =W+ -4

= b* —2bx =)" — &* which is equation of parabola.

13

C (0, b) k

Fig. $-3.7

From the figure, CD = AD

= AP+ k-0 =N+
= WP+ -2bk+b =+ 1

= x* - 2by + b’ = &, which is equation of parabola.

Exercise 3.2

1.  X—4x+6y+10=0
= X —dx+4=-6-6y
= (x — 2)* =—6(y + 1) circle drawn on focal distance as

diameter always touches the tangent drawn to parabola at
vertex.

Thﬁs, circle will touch the line y + 1 =0,
2. Extremities of the latus rectum are (2, 4) and (2, —4)..

Since any circle drawn with any focal chord as it’s
diameter touches the directrix, radius of the circle is
2a=4(" a=2).

3. Length of focal chord making an angle ‘a’ with x-axis
is 4a cosec’a. Fora e [0, 7/4], its maximum length is
4a % 2 = 8q units.

4. Latus rectum length of y = ax® + bx + ¢ is 1/a. Now, semi-
latus rectum is.H.M. of SP and SQ.

Then, we have

1,1 2
SP S0 12a
_1,1_5
= 4a=4t6=12
= =i
=38

5. Llne joining P(x y) = (at,, 2at1) and o, y,) =

( 2 dat ) isa focal chord

:> ’1’2__1
Now

- 24,4 2, _ 2 42

x1x2+y1y2—a2t1 L, +4a<t1t2 a —4a

=_3d

Exercise 3.3

1. The equation of any tangent to the parabola y* = 4ax in
terms of its slope m is

_ a
y=mxtogy

[\

Coordinates of the point of contact are ( a2 , Wa)
m

Therefore, the equation of tangent to y* = ax is
a
A ™
and the coordinates of the point of contact are (

4m?’ 2m)
It is given that m = tan 45° = 1.

Therefore, the coordinates of the point of contact are
(%3)
42/



Y
4 Common tangent

7
C

v
B

Fig. S-3.8
Equation of tangent to parabola y* = 8ax having slope m
is . .

y=metie o)
Equation of tangent to circle x* + y* = 2a” having slope m
is : '

y = mx £2aV1 + ni (ii)

Equations (i) and (ii) are identical

2_’:;' =.:l:\/fa\ll +m?

-

= m+mt-2=0
= M+2)mM-1)=0
= m—-1=0
= m==x1

Hence, required tangents are x = y +2a = 0.

3. Given parabolas intersect at (16, 18) the slope of the
tangent to parabola y* = 4x at (16, 8) is given by

MET R P
1 \dxJus. ey \2y Jas,s) “87 4

The slope of the tangent to parabola x*=32yat (16, 8) is

given by
(-
2 dx /a6, 8) \32/us,®)
1
1-=
tan @ = —?— =%
1+
4
- o ()
4. Here, S=y"—4x=0
and §(0,-2) = 0*—(-2)=2>0.

Thus, point (0, —2) lies outside parabola, hence two
tangents can be drawn.

5.c.We know that the tangents to the parabola
y* = 4ax at the points (aﬁ, 2at1) and (ati, 2at2) meet at
(atltz, a(t, + tz)).

* Appendix: Solutions to Concept Application Exercises A.21

Here,a=1,1 =1,1,=2. So, they meet at (2, 3), which
is on the line y = 3.
6.Let P(af, 2at), O(af, 2at,) be two points on the
parabola
¥y = dax )]
Equatlons of tangents at P and Q on Eq. (1) are
ty= x+atfandt2_y ;c+atz,
The point of intersection of these tangents is
Tlat t, a(t +1,)].
The coordinates of the focus S are (a, 0).
(ST =(att, - q)2 +[a(z, + 1))
=a(1+£)(1+5)
=(a+af)(a+af)
= SP x SQ
7. Eliminating y, we have
a-x=x—-xorx*—2x+a=0

Since the line touches the parabola, we must have equal
roots.

4—4a=0o0ra=1

8. Equation of tangent to parabola having slope m is

y=mit
= It passes through (%, k), therefore mh—mk+1=0
= m +m2 ]}i, mm,= ]11
Given 9+6— :>tan(9 +0)—1
m +m
- _1_2=1:>k=1_l
l-mm h h
12
= ' y=x—1
9. Equation of tangent y = mx+ passing through (1, 3)
= m-3m+1=0
Hence, the roots are m =3+\/§,m _3=3%5
1 2 2 2
3+v5 3-+5 5
S I A R _5’
= tan 0 G 1593 -5) >
1+——F—
4
6 = tan™ (—"/2—3—) or 7z — tan”" (%)

10. Any tangent to the parabola Y =8xisy=mx+ 2/m,
which is normal to the given circle.

Hence, tangents must pass through centre (-3, —4) of the
circle.

Then, we have
—-4=-3m+1;
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11.

12.

13.

14.

15.

3m* —4m~2 =0
4i\/_ 2&:\/—

frm]

framand

“The line. y=x—1 passes through a, 0) That means it is
a focal chord. Hence, the required angle is 725

We know that perpendlcular ‘tangents meet on the
directric.

Given parabola is y* + 4y — 6x~2=0

or @+2°=6(x+1)

Equation of directrix is x + 1 =~ 6/4 or x =—5/2 or 2x +
5=0.

Diameter of triangle PAB = focal chord
.. .+ length of latus ractum
—> minimum radius = 5 =8

Origin (0, 0) lies on the directrix of given parabola which
1s y = 0. Then, angle between tangents is 90°.

Let Pbe (4, k). Any tangent y = mx + a/m

or k=mh+almor m’h-mk+a=0
m + 3m1 =kih

m. 3m1 = alh

Tts roots are m and 3m1

Eliminating m,
= Locus is 3y” = 6x

Exercise 3.4

1.

‘We have

y—xV2 +4a\2 =0
or y =xV2 —4a\2 )]
Comparing Eq. (i) with the equation y = mx + ¢, then

m=~\2,c=—4a\2
a(+\2)
=—2a0V2 —2aV2 =—4a\2

=cC

Since — 2am — am* = — 2a\2 —

Hence, the given chord is normal to the parabola
¥ = 4an.
The coordinates of the point are (am’, — 2am)

= (2a, — 2\2a).

. The equation of a normal to the parabola y°* = 24x having

slope m is y = mx — 12m — 6m°.

It is parallel to y = 2x + 3, therefore, m =2

Then equation of the parallel normal is
y=2x-24—-48

or y=2x—-T72

The distance between y=2x+3 andy=2x—-72is \742—;%

255.

3. Slope m of the normal x +y=6is— 1 and a = 2.
Normal to parabola y* = 4ax at point (am?, — 2am) is
y = mx — 2am - 2am —am’
= y=—x+4+2at(2,4)
e x+y=6isnormal at (2, 4)
4. Normal at P(af’, 2at) is y=—tx+2at+af.
It meets the axis y = 0 in G(2a + af, 0).
If (x, y) be the midpoint of PG, then
2x =2a+af +af, 2y =2at
. Eliminating ¢, we have
x—a = af’ = a(yla)*
ory’ = a(x — a) which is the required locus.
5. '

Y
Fig. S-3.9
Slope of normal at-point P(¢) is —¢
or slope of line PQ = —
Now, point Q has parameter —¢ — %
. 1 —t
Slope of tangent at point Q = =
—f— % A+2

Now, angle between normal and parabola at Q is
equivalent to angle between normal and tangent at point

t
t+
Q=>tanf= ——t2+—2 l

Hence,

~

Fig. $-3.10



LetP (at L,a(t + tz)); P must satisfy y* = a(x + b)

12

2 2 _
¥lence 4 (1,+1) =a ((atltz) + b)
2 2 _
afi+L+1t)=b
Now coordinates of point of intersection of normals at
z and t, are

h=a(tf+t§+t1t2+2) @)
and =-—att, (1+1) (i)
From Eq. (i), h=5b+2a '
= x=b+2a

. If normal at P(ac®, 2aa) meets the parabola at

O(af’, 2ap)

2
B=-a-3
' __4da
or 2afta)y=——¢
20p +2a0 =~ 38 3
4a =-3a
= 2a =—-1.5a

. For y* = 4ax, normal is
y =mx—2am— am® i)
For y* = 4c (x — b), normal is
y=m(x—b)—2cm— cm’ (ii)
If two parabolas have common normal, then Eq. (i) and
(ii) must be identical.

After comparing the coefficients we, get

a—c)-b
m= g

which is real if — 2 -~ 725> 0

= aéc>2

. Normal having slope m is y = mx — 2am — am’

mx —y
or —_— =
2am + am’

‘Make the parabola y* = 4ax homogeneous and since the
lines are at right angles, sum of the coetficients of x* and
y* is zero.

= m=2orm=12
or tan 6 = 2
or 0 =tan"' (V2)

Appendix: Solutions to Concept Application Exercises A.23

Exercise 3.5

1. Chord of contact of (h, k) is
Ry,
0
(e, 5|2
F
7 l\
Fig. S-3.11
ky =2a(x + h).
It passes through (— a, b)
: bk =2a(—a+h)
by = 2a (x— a).

v

= Locus is

2. The chord of contact of parabola w.r.t. (a, 2) is

2y=2(x+a)
or x—y+ta=0
Given M=4
V2
= la —1] =2V2
= a=1£2V2.
= a=1-2V2

(as for & = 1 + 22, point lies inside paraboia)

3. Any chord PQ which get bisected at point R(h, k) is

T =S10rky—2a(x+h)=k2—4ah.
Now given that this chord is focal chord, then it must
passes through focus S(a, 0).

Then k(0) —2a(a + k) = k¥* — 4ah
= K = 2ah —4d*

= V= 2a(x — a)

4. Chord of contact of P(0, ) is Ay = 2ax.

= 2ax ~Ay =0

Line Ax + 2ay = ¢ perpendicular to it passes through
(0,4)

= c=2ak

" Fig. S-3.12
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Fence equation of PN is | 4,

Ax+2ay =2al L
or 2ay+Ax-2a)=0. B(0, b)

T his passes through (24, 0).

. | !

Exercise 4.1

1 Y
Fig. S-4.3
4 _
P Mpp - My
L b-0 . 5-0
: N = O-ae Otae
(0] > 2
b
/ = e
2
il = e2=1—%=1——e2
Fig. S-4.1 = =12
The maximum area corresponds to P when it is at either = e= %
end of the minor axis and hence area for such a position 4
ofPis%(Za)(b)=ab. S.Hereqe=4ande=3" So,a=5.
. x , y , Now, b =ad(l-&)
2.Given 3 =cos ¢ +sin? andz=cost—sm L .
= 5 =25(1-28)=9
Squaring and adding, we have 25 ,
2 2 ‘ Hence, the equation of the ellipse is 2z + %
X+ 22 = (1 +sin 20) + (1 - sin 27) : Peras
9 16 6.
Y

) 2
x Y _
or '§+16—2

. P(a, B)
which is the equation of the ellipse. K a\\
3. Let the equation of the semi-elliptical arch be X' / >

N

A

9
2 14
Fig. S—4.4
2 2
Since (a, B) lies on the ellipse % + 7 1
2
= o
Fig. $4.2 = A
Length of the semi-minor axis = b = 3 Area of ASPS l'ﬂ 55
2 2 VL
So, the equation of the arc becomes Lo AR A 1
81 9 ~1lsn
65 1 7 B2ae)

If x =2, then y* = G >Y=3 V65 =-§- approximately.



or

or

2
=bae\1—?

= beNa* - a?

~

\g\\\\§ S3.0)
Fig. S4.5
Given ellipse
. .
x Y _ .
E-FTE—I (l)
2_ ¢ 16 . _3
= e = 1—25:>e—5

Then foci are (+ ge, 0) = (£ 3, 0).
Now circle having centre (3, 0) is (x — 3)* + 2 =+
Eliminating y* from (i) and (ii), we get

(ii)

2P (x-3)
e el
16 x> +25 - 25 (x* — 6 x + 9) = 400
~9x%+150x+257#—625=0
Since circle touches ellipse, above equation has equal
roots. Hence, D = 0 = 25500 + 36 (25 r* — 625) = 0.
which is not possible. ' -

Then circle will touch the ellipse at the end of the major
axis (5, 0). Hence, radius is 2.

. The given equation can be written as

G @12

9 25

which represents an ellipse whose centre is (— 1, — 2) and
semi-major and minor axes are 5 and 3, respectively.

1

The eccentricity of the ellipse is given by
9=(1-P)ye=1
Shifting the origin at (— 1, —2), the given equation reduces
to
2 2

L+L- @)
where x=X-1,y=Y-2 (i1)
Coordinates of the foci of (i) are (X =0, Y == be), where
b=35,e=4/5,ie, fociof (i) are (X=10, Y=+ 4).

9.

- Appendix: Solutions to Concept Application Exercises A.25

Therefore, the coordinates of the foci of the given ellipse
are (- 1,2) and (- 1,-6).

)
Given ell_ipse is 1£6- % =1

Here @ =16,*"=9=a=4,b=3
Sum of the focal distance from any point on the ellipse,

 2a=2(4)=8.

10.

11.

2
We have a” = 16, b* = 9. Then, e=\fl —b—2 =¥.
a

Coordinates of focus § are (N7, 0).

Therefore CS=+7.

Hence, CS: Majoraxis= \7: 2a=+7 : 8.

Fig. S-4.6
1 oo
APSS 288Dy
APA " 1,,,
5 (44" y
_ 2ae _
2a ¢

5 L2
12. Let the ellipse be i; + % =1(a<b)

Since foci are (0, + 1)
= be=1and2a=1
[Since minor axis is of length = 1]

Also ad=b(1-é)

= l-p-pd-p-1
21,15

= b—1+4—4

2 2
Hence the equation of the ellipse is ﬁ + 75))/—4 =1 or

20x* + 4y =5.

Exercise 4.2

_(Bx+4y+ 5y

1.(3x — 122+ 3y + 15)* = 55

Ix—dy+5
:>\}(x——4)2+(y+5)2=%———[x ke |

Here, ratio of distances of variable point P(x, y) from
fixed point (focus) (4, 5) to that from fixed line (directrix
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=3x—4y+5=0)is 1/3 . (a+ﬁ) (a—ﬂ)
o ) o : 2 sin 5 jcos|—>
Elence locus is ellipse and its eccentricity is 1/3. = Y y
a a
Also length of latus rectum = 2(e)(distance of (4, 5) from 2 sin ( 5 )cos ( 5 )
the line 3x—4y +5=0) sina + sin 8
:2Xl|3><4—4><5+.5|=2 =——sin(a+,3)
3 5 5 3.
2. The given equation is
Pe)
(3x—4y+2)2 (4x—3y—5)2 /
5 S -
6 9 7!
25 25 \\ A(a,0)
2 2 _
Hence a 5 and b= (B)
= Length of major axis = 2a = -g— and Iength of minor
axis =2b = 2 - Fig. S—4.7
7 =_
and ez=1—1—96 =e= 4 mAmeQA 1
. b si b si
Exercise 4.3 = Zosg—a a Cossl?;li it
1. The coordinates of any point on the elllpse = + y_2 =1 a a . B
b 4 sin fcosfsinfcos§ 2
whose eccentric angle is 6 are (a cos 8, b sin (9). = 3 = :b%
The coordinates of the end points of latus rectum are (2 sin 2) (2 sin’ 5 )
b* ) : B 2
+% b
( as= 2 , = tanftan§=—?

acos¢9=aeandbsin0=i% )
Exercise 4.4

_ . b
= tan 0 = + 5z ' 1. We know that the line y = mx + ¢ is a tangent to the
= tan- (4 D 2y 2
ey 6 = tan (i ae) el]ipse x—z + ;Lz =1life = a2m2 + bz-
a

Hence four points of latus rectum have eccentric angles
tan” (b)n tan (b)yﬁ-tan (b)Zn tan (b )

in ¥, 1™, 1, vt quadrants respectively.

Then comparing the given line x cos @ + y sin @ = p with

P __cosa.
sin @ sinq -

y=mx+c,wehave c=

So, the given line will be a tangent if

2. Here P(a cos a, b sin a), Q(a cos B, b sin ), S(ae, 0) are I’

) 2 cos a
collinear, then +b

sm a

sinza
acosa psina 1

2_ 2 2 2 i 2
acosP bsinf 1= = P =a cos”a+ b sina

ae 0 1 2. The equation of any tangent to the given ellipse is
cosq sina | y = mx + Nd*m* + b*
ceosﬂ S;)nﬁ % B Ifit touches x*+)* =/~
. 2 2 2 _ 2
= e(sina —sin B) +sin (B —a) = 0 Then,  Na'n’+5° =1 +m
. a-p a+p . a-f a-p = m(a® — ) = ¥ — b
= 2e sin cos =2 sin cos :
2 ) 3 2 P
= m=
a- 7
cos[2) 77
= = ( a+ ,3) - 3.The equation of tangent to the given ellipse at point
“S\72 P(acos@,bsinG)is%cosB+%sin9=1.
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2 2
. X Y
Tntercept of line on the axes are ﬁ and ﬁ . Hence, the perpendicular tangents drawn to 5%+ 16
. ) a b a ) b intersect on the curve x* +3? =25 + 16, i.e., x* + Y =41.
Given that o 9 =g /= cos0=7andsin6=7 7. Let P(a cos 6, b sin 6) be any point on the ellipse.
, 2 2 . :
— cos2 6 +sin? @ = a_2 n b_2 Equation of tangegt at P(0) is
, ro xcos@  ysinf .
“a T =1 )
= P=d+b o _
Tangent meets the major axis at 7{(a sec 6, 0).
= I=Va*+ b? Applying sine rule in APST, we get
’ PSS _ ST
. T(h, k) sin(w—-a) sinf

0] .
: PO)
B a
. ~ N
% Fig. S-4.9
y

a(l-ecosf) a(secB-e)

A

sina sin 8
Fig. S4.8
Equation of tangent to the ellipse at a given point is - 1-ecosf _1 _ e cos 0
sina cos 6 sin
x(L) +2y (l) =1
\2 2
or x+V2y =2 _ i) )
Now QR is chord of contact of circle x* + y* = 1 with = cos 0 = ‘:linn—g
respect to point 7(4, k). b
“Then Slope of tangent is — 5 cot @ = tan @
OR=hx+ky=1. (ii) B , ,
Equations (i) and (ii) represent same straight line, then = & tan” a (sec” 6~ 1)
. . . h _ k. _ 1
comparing ratio olf coefficients, we have 15 -1 L i sin? f — sin’ &
Hence, (h, k) = (6’ 1). ' = b'/a” = tan" @ T ala

. For a given ellipse, equation of tangent whose slope is m :
. 2 .2
is y = mx + V18m® + 32. _sin’f—sin’a
4 cos’ a
Form=—- 3, tangent is
y= —%x x 18(%)4- 32

sin® f —sin’ «
e=\{l-———nr—

p
_ % e ) cos” @
or 4x+3y =24 _ Il—sinzﬁzéosﬁ
This intersects major and minor axes at 4(6, 0) and B(0, 8). V cos’q 08¢
Then, area of ACB is 3(6)(8) = 24. Exercise 4.5
6. Since the locus of t2he point of intersection of perpendicular 1. Let the line i + my + n = 0 be normal to the ellipse at the
tangents to z—z + %;7 = 1 is the director circle given by point (a cos 8, b sin 6).

Now the equation of the normal at (a cos 0, b sin 8) is
X+t =at+ b -
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ax_ _bx
cosf sin@

=d - b @)

Comparing this line with the line Ix + my + n = 0, we
have ' ' '

a __-b _d-p
Icos@ msiné —hn
- COSO=I(—‘;2‘%IbT)
. - bn
and Sln0=m

Squaring and adding, we get
2.2 2 2
2azn 72t 2b2n N2
Ha-b) mia-b)

Q@ B _@-b)

=g w
12 m n2

= 1

2. The equation of the normal at (*»¥,) to the given ellipse

is
2. p?
ax by
____=a2_b2
. 2
Here, x =aeandy =7

So, the equation of the normal at positive end of the latus

rectum is
bZ
f%2i=ﬁ2 [ B =a(1—&)]
= %—ay=a262:>x—ey—e3a=0
3.
4
-
\4

Fig. $-4.10

From the above question, equation of normal at the
extremity of latus rectum is x — ey = ae’.

This passes through the extremity of the minor axis, i.e.,
B'(0, - b)

Then O+eb—ae’=0
= . b=ae® =b=d¢
= Al-=de =e'+—1=0

4. The equations of the normals at P(xl, yl), Q(xz, yz) and
R(x3, y3) to the ellipse are

o
ax Y _ 2 32

ax _“Z_F2-b

xl yl

2. p?

ax Y_ 2 32

ax T _F-b

X 2 .

a’x b’y 2 _ 32 i
S ———=ad" - b", respectively
ERN 4

3
These three lines will be concurrent, if

2
a -b 242
'x—l y—l a b
d =B 5 .
[ _ =0
xz y2 a b
2
a b 2 32
= = a-b
¥ Y
1l 1
X9 !
:>—a2b2(az—b2)xl2 ylz 11 =0
L1,
XY
Y5 X
= Y, ¥ BN =0
Y3 X3 XY

Exercise 4.6

1. The equations of the chords of contact of tangents drawn
2

: 2
. y :
from (x, yl) and (xz, y2) to the ellipse i; + 7 =1 are
xx, +J’}’l i @
0 RIS i
& v
yy
2 2 .
—+t—=1 ii
a2 b2 ( )
It is given that (i) and (ii) are at right angles.
_ b2 xl _ b2 X2
—S 5 X— 5 =-1
ad N N
XX 4
172 a
= 12__ &
Y b
2.
A4,3)
E
B F
C

Fig. S-4.11



=1.

W=

T he equation of the chord of contact is % +

—= Slope of line EF is :42
=> EFisy=—%x+\/T8—.

24 - 418
—> Distance of (4, 3) from EF is |—§_|

3. Equation of chord of ellipse which gets bisected at P(h, k)

iST+§=’74_+§' | : )

.

o

(o]

e

7]

o

N
—
kS

+
oo,
S——

il

—
ENLW

+
o<,
s

4.

Fig. S—4.12

Equation of chord which gets bisected at point P(1, 1) is

2.7 L _1.1
6t9-1716%97!
x Y _25
or 1679144
or O9x + 16y =25 ()
Also line QR is chord of contact with respect to point
1(h, k).
Its equation is .
hx kv 3
T%Jr? =1 or Ohx + 16ky =144  (ii)
Equations (i) and (ii) represent the same straight line.
o _ 16k _ 144
Hence, 9 ~1 >
144 144
= b = (55 55)
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B(0, b)

ey

(h, k

N

Fig. $—4.13

From the diagram, P is a midpoint of BC
= Coordinates of C are (2h, 2k-b)
Now C lies on the ellipse, then

182
@hP | kb _

1
@ »?
42 Qy-b)
=1
or a?' b2

which is the ellipse with centre at (0, 5/2).

Chapter 5

Exercise 5.1
1.
A
P(ae, b'la)
< 30° o
N O . S Ll
O(ae, —b'/a)
v
Fig. S-5.1
2
tan 30° = %
e _ 2
= Nl e —1
= V3t —e—-\V3=0
113
= e= 2@
L 1+413
= N

2. Distance between the two directrix is 2a/e =10 units

= a=5e
Now distance between the foci

= 2ae = 10¢® = 10(2) = 20 (as rectangular hyperbola,
e=12)
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3.

Ya
} } —»X
o 4 (a,0)
Fig. S-5.2

I_et foci of ellipse are (iael, 0) and those of hyperbola are
(e, 0).

According to question, we have

ae = A€2 (i)
Also it is given that the conjugate axis of hyperbola is
equal to the minor axis of the ellipse. Therefore,

a(1-¢) = 4(e-1)
From (i) and (ii), we have

1,1

2
1 2

- (i)

. Let equation of the lines be
y=m(x-a)
and
y=m(x+a)
mm, = p
Yy = mlmz(x2 —-d) =p(x*— a)
Hence locus of the points of intersection is
Y =p&*-d’)
or
=3 = pd
which is a hyperbola.
. Squaring and subtracting the given equations, we get
Py =g
which is rectangular hyperbola.
.Let P=(asecH, b tan 0)
Then N=(asech,0)
Since Q divides AP in the ratio a* : b*

ab*+a*secO &’ btan 6
A+ P+

Therefore, coordinates of Q are

Y .
4 P(asecHbtan6)
v
Fig. S-5.3
- b tan 6
Slope of AP= 0D pe 0
’ b tan 0
lope of N = &
Slope o 0 ab* + a’ sec 0 — ab® sec 0
_ a’b tan 6
ab® (1 - sec 6)
- , _ab’p*tan’§ _
.. Slope of A'P x slopeonN—m =—

L ONLAP

7. Taking 40B and COD as x- and y-axes and their point of
intersection O as origin, clearly O is midpoint of 4B and
CD. Let A be (a, 0) and Cbe (0, ¢). Then B is (-a, 0) and
Dis (0, ).
Let P=(x,y).
Given that PA-PB = PC-PD

= Vx—al+y* Jx+ay +y’
=V + G- <+ +e)

A

(0, ¢) .
P(x, y)

Aa,0)

B(-a, 0)
DO, —¢)

Fig. S-5.4
After simplification, we have
-y = (@ - D).
which is a rectangular hyperbola whose eccentricity is V2.

8. Let any point P on the hyperbola
x*—3* =’ be (x],yl).
Now SP=ex —~aand S'P= ex +a
= SPxSP=é%x-a
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— 2x2 _ a2 . or 2
2 2 Yy
=2x - (x,—y) : 1679
[~ point (x , y ) lies on the hyperbola] Equation of tangent to hyperbola having slope m is
2 2 ’
=X 1Y,
= CP? y=mx:t\]16m2—9
9. The centre of the hyperbola is the midpoint of the line If it touches the circle, then distance of this line from
joining the two foci. , centre of the circle is radius of the circle. Hence,
So the coordinate of the centre are (8—;—0 , 3%), ie. i6m2—9
. Vw1
Let 2a and 2b be the lengths of transverse and conjugate ) 2 )
axes and let e be the eccentricity. = O + 92 = 16m" -3
Then the equation of the hyperbola is = Tm" =18
2
G-4' -3 _ 0 me3
—_ = 1
& b So, the equation of tangents is

Now, distance between the foci = 2ae
- : 2 15

y=ENgxE =
—s(8—0) + (33 =2ae = ae=4 7

3. Let m be the slope of the tangent to 4 —9*=1.

= a=3 ( e =%) v " Then, m = (slope of the line 4y = 5x + 7) = 5/4.
s o We have,
Now, b'=a(e 1) )
lcz_ Y 1
= p=of-1+22)=7 1741
or
Thus, the equation of the hyperbola is ‘ ) 2 )
| R
@-4 0= _,
9 7 B 31 42 1
where a =g b= )

Exercise 5.2 .
The equations of the tangents are

y=mx:!:\!azm2—b2

1. Equation of tangent is
secOx—atanfy—ab=0

b or
CN= < _
Vp* sec? 0 + o tan® O y= Sxi %Z 1
Equation of normal P is
P ;o = 24y —30x = V161
+ =a +b
ax cos bycotf=a"+b 4. The line y = ax + f3 touches the hyperbola
+ B2 2
CM = o 2y .
Va? cos’ 6 + b cot@ x_z—_zzl:lfﬂ2:a2(12—bz
A= CM CN= ab(d + b) “ b
X = .
2 dh + b4 cose? O +a s 0 Hence, the locus of (a B)is i
A is maximum when b* cosec’0 + o sin’6 is minimum y=daxi-b
) 2.2 _ 12
= @t -y =b
Now, b* cosec’ + a*sin® 6 > 240 2y
x
b 2 + bZ 2 2 = 2,272
Amax=a (gab )=a;b,wher69=sin_l%~ bila® b
which is a hyperbola.

2. Given equation of hyperbola is
5. Equation of chord of contact of parabola w.r.t. P(x , y ) is

9x? — 16y* = 144 given by
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Y,
)
X
Fig. S-5.5
w, = 2a(x+x) o)
(i) touches the curve
-yt =c (ii)
Using the condition of tangency on
' 2ax
2ax
= =4 —
Y y 1 y 1
2 y2
‘We get, *+ (i) is tangent to x_2 ~-—=1 J
C C
4a’x’ :
. 1 CZ 4% _ c2
Y Y
= 4a2x2 = 4a°c - czyf
= 4+ ' = 4d°P
Hence locus is
P,y _— .
=z 2ay = 1 which is an ellipse.

6. Let P=(asec, btan )
Since Q divides AP in the ratio o : b*

Then N € (asec 8, 0) :
Theref: dinates of ( ab’ + a’sec ) a’btan 0)
erefore, coordinates of Q are | — 2+ R )

Y
t
P(asec 8, btan 6)

yA, e ' -

v

Fig. S-5.6
fAp = btan 6
Slope o T a(secO+1)
a’b tan 6
Slope of QN =

ab*+ a’ sec 0 — a° sec O — ab® sec 6
_ a’b tan 6
ab*(1 - sec 6)
242 2
ab tan” 6
.. Slope of 4'P x slope of ON = T e

L ONLAP

tan 8
7. Tangent at P (a sec 6, b tan 6) is % - }% =

It meets bx — ay =0 at Q. The point Q is given by

(rec o)
secf—tan 6 ’sec § —tan O
It meets bx + ay = 0 at R. The point R is given by

(secas 5+ m0)
secO+tan 0’ sec O +tan O

__Na+H Va + b
CO-CR = (sec 0 —tan 6) (sec 6 + tan 6)
- a2 + bZ
Exercise 5.3
2 2
1. Let the perpendicular line cuts the hypc;rbola ;%
=1 at point P(x,y ) and hyperbola - % =-1 atpoint
0, ,).
x* y2
Normal to hyperbola i 1 at point P is
2, b
Ty =ap 0)
X }’2
Normal to hyperbola 2R =-1 atQis
2 b
S (i

In Egs. (i) and (ii), putting y = 0 we get

Waya
=50

Hence both normals meet on x-axis.

2. The equation of normal at the point Q (a sec ¢, btan @) to
. 2

2
the hyperbola % - ;7% =1is

N
v

Fig. S-5.7

ax cos ¢ + by cot ¢ = a* + b* @)
The normal (i) meets the x-axis at ‘

2 2
M( +b sec ¢, 0 )andy—ax1s atN(O @ +b tan¢)




L et point P be (h, k).
From the diagram,
2 2
h=4 Zb sec ¢
and
2 2
k=42 -Ii; b tan ¢

Eliminating ¢ by using the relation sec’p —tan’ g =1, we
have

( M)Q(bkle
a2+'b2 a2+b2

—> a*x* - b*y* = (@* + b*) is the required locus of P.

. Equation of the given hyperbola can be written as
2

x_ Y _

16 25
Therefore, equation of the chord of this hyperbola in
terms of the middle point (5, 3) is

1

Sx_ ¥ 58 9 4
16 25 16 25
= 125x — 48y = 481

(h K74

N
TN

Fig. S-5.8
Equation of chord 4B with T= S is given by
b b i ¢
372 3 2
Given that it has slope tan 45° = 1. Hence,
h2 _
3% ]
= 2x =3y, (as which is the required locus)

. Normal at a point (a sec 6, atan6)is
xcos@+ycot@=2a (i)

IfP (xl, y 1) be the point of intersection of the tangents at
the ends of normal chord (i), then (i) must be the chord of
contact of P(h, k) whose equation is given by
hx—ky = d* (ii)
Comparing (i) and (ii) and eliminating 6, we get
a4

Appendix: Solutions to Concept Application Exercises A.33

Hence the locus is

x* y a
6. b. Equation of chord joining a and j is

fon(£52) 3823

a+f=3xn

MELRS

It passes through the centre (0, 0).

Exercise 5.4

1. Angle between asymptotes is given by

tan_l( 2ab ):mn—l(i@@)

aZ_b2 16-9

(3

=7t—2tan“1(

P N[
N

Fig. S-5.9
Consider point P(a sec a, b tan c) on the hyperbola.
Tangent at P is

%C,-seca—%tana=1 ' @) -

Asymptotes are

y = (bla)x (ii)
and

=—(bla)x (iii)

Solving (i) and (ii), we have

Q( a b )
seca—tana ' seca —tana

Solving (i) and (iii), we get

et sz )
seca +tana’ secattana

Then area of AOQR = %
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0 0 1 or
a b _
Iseca—tana seca-tana li=ab 0-2)(x-3)=0

e —b Therefore the asymptotes are x — 3 = 0 and y-2=0.

seca +tan ¢ seca ttana 1 _
4. Equation of the asymptotes of the given hyperbola is

3. Since equations of a hyperbola and its asymptotes differ ,

In constant terms only, therefore the pair of asymptotes is Xy

' —= =0

given by a b
-3y-2x+4=0 i

xy. 4 . .() = B -dy? =0
‘where A is any constant such that it represents two straight
lines. Hence, If 6 is an angle between the asymptotes, then
abc +2fgh~af* —bg? — ch*=0 53

2 . . tanezj:bzab2=jE 2abb2
=02 G (§)-o-0- (4o s
: b

=1=6 . tan 6 = aza_ Y

From (1), the asymptotes of the given hyperbola are given

- 2
by = cos (012) = | 59— =1
xy=-3y-2x+6=0 a+b



