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2.2 (o ordinate Geometry

DEFINITION

Acircle is the locus of a point which moves in a plane such that
its distance from a fixed point in plane is always a constant.
The fixed point is called the centre and the constant distance
is called the radius of the circle.

Equation of Circle with Centre (h, k) and Radius r

The equiation of circle is

(A’ + o=k =1 @
In partlcular If the centre is at the origin, the equation of
circle is x> + y P

P(x, )

Fig. 2.1
General Equation of a Circle

The general equation of circle is
X+ +2gx+2fy + =0,

where g, fand ¢ are constants.

(i)

To find the centre and radius: Eq. (ii) can be written as

G+l + @+ =Ng+f —c)

Comparing with the equation of circle given in Eq. (i),
h=—g k=-f

. Co-ordinates of the centre are (— g, — f) and radius
=g+ /7=, (/22 0)

Note:

1. 4 general equation of second degree ax* + 2hxy
+ 5yt + 2gx + 2fy +tc=0inxy represent a circle if

. 1. coefficient of x* = coefficient of V' i.e.a=b.
ii. coefficient of xy is zero, i.e. h = (.
iii. A=abc+2hgf—-af*—bg®—ch*#0
However for a point circle (whose radius is zero), A=0

and

2. Rule to find the centre and radius of a circle whose
equation is given:

i Make the coefficients of x* and y* equal to 1 and
right hand side equal to zero.

ii. Then co-ordinates of centre will be (a, B, wherea =
! (coeﬁicient ofx)andff =~ % (coefficient of ).
iii. Radius = \/(a + ,8 — constant term)
3. Nature of the circle: radius of the circle x* + y2
+2ex+2fy+e=0is (@@ +1f2-0).
Now the following cases are possible.
i If & +f%—c>0, then the radius of circle will be
 real. Hence in this case, real circle is possible.
il If g + 1% — ¢ = 0, then the radius of circle will be
~ zero. Hence, in this case circle is called a point
circle.
iiil. g +f2—c <0, then the radius of circle will be

imaginary number. Hence, in this case, circle is .
called a virtual circle or imaginary circle.

4. Concentric circles: Two circles having the same centre
C (b, k) but di ifferent radii i and 7, , respectively, are-
called concentrzc circles. Thus z‘he czrcles (x - h)?

R = and (x — h) + - kY =7, FLET,
are concentric circles. Therefore, the equatzons of
concentric circles differ only in constant terms.

If the lines 3x — 4y + 4 =0 and 6x — 8y — 7
= 0 are tangents to a circle, then find the radlus of the circle.
Sol. The diameter of circle is perpendicular dlstance between
the parallel lines (tangents) 3x — 4y + 4 = 0 and 3x — 4y — %
M;ﬁ%g” g Hence, radius is i
If the equation px* + (2 — g)xy + 3% — 6gx

+ 30y + 64 = 0 represents a circle, then find the values of
pand gq.

=0 and so it is equal to

Sol. In the equatlon of circle, xy term does not occur and the
coefficient of x* and y? are equal.

Therefore, 2-g=0=g=2andp=3.
Also for this value of p and g circle is real.
A point P moves in such a way that the

ratio of its distance from two coplanar points is always a
fixed number (= 1). Then, identify the locus of the point.

Sol. Let two coplanar points are (0, 0) and (g, 0). Under given
conditions, we get

x2 +y2

Voe-aP+)7

(where A is any fixed number)
/12

-1

which is the equation of a circle.

AA#D

= x2+y2+( )(aZ—Zax)=0



w1th rational coordinates on a circle whose centre is
(3, 0) is two.

Sol. There cannot be three points on the circle with rational
coordinates as for then the centre of the circle, being the
circumcentre of a triangle whose vertices have rational
coordinates, must have rational coordinates (. the coordinates
will be obtained by solving two linear equations in x, y having

rational coefficients). But the point (¥3, 0) does not have
rational coordinates. Also, the equation of the circle is

=3P +1P=rP = x=V3 £\ )
For suitable 7, x, where x is rational, ¥ may have two

rational values.

For example, r = 2, x = 0, y = 1, -1, satisfy x = V3

£ ——yz.

So, we get two points (0, 1) (0, —1) which have rational
coordinates.

' Prove that for all values of 6, the locus of

the point of intersection of the lines x cos 6 +y sin 6 =4 and
x sin 0 —y cos O = b is circle.

Sol. Since point of intersection satisfies both the given lines
we can find locus by eliminating 6 from given equation.

Therefore, by squaring and adding, we get equation
x? + y* = a* + b* which is equation of circle.

Find the length of the chord cut-off by
y=2x + 1 from the circle x* +yt=2.
Sol.

R

Fig. 2.2
We have, OM = length of the perpendicular from (0, 0) on

y=2x+1= OM=
=2.

7% and, OP = radius of the given circle

PO =2PM=2NOP* - OM*

le 2 Let A=(-2,-2)and B = (2, - 2) be two
points and 4B substends an angle of 45° at any point P in

ie #L Prove that the maximum number of points -

Circle 2.3

the plane in such a way that area of AAPB is 8 square unit,
then find the number of possible position(s) of P.

Sol.

Fig. 2.3
AB =4 and area of AAPB ='8
Ixdaxn=8=n=4;
h the height of AAPB.

From Fig. 2.3, it is clear that P lies on circle of radius 2V2
unit with 4B as its chord so there are four possible positions
of P.

An acute triangle PQR is inscribed in the
circle x* +y* =25, If Q and R have coordinates (3, 4) and

(- 4, 3), respectively, then find ZQPR.
Sol.

Fig. 2.4

We know that ZLQPR = % ZQOR; O being the centre
(0, 0) of the given circle x* + y* = 25.

Let m = slope of OQ =~
and m, = slépe of OR=~- %
As m m2=—1,4Q0R=%
= ZQPR=2

4



2.4 Coordinate Geometry

E Two tangents to the circle x* + y* =4 at the

pomts A and B meet at P(— 4, 0). Then, find the area of the
quadrilateral PAOB, where O is the origin

Sol.
A
» X
Fig. 2.5
Clearly, sin @ = % = %
0=730°
So, ar(APOA) = % 2 x 4 x sin 60°
ar(quad PAOB)=2 x % X 2 x 4 sin 60°
= g =43

Equation of a Circle Passing Through Three Given
Points

The general equation of circle, i.e., x*+ y* + 2gx + 2 +c
= 0 contains three independent constants g, # and ¢. Hence,
for determining the equation of a circle, three conditions are
required.

i. The equation of the circle through three non-collinear
points A(xl, Y B(xz, yz), C(x3,y3):
Let the equation of circle be
X+ 42+ 2 +c=0. (i)
If three points (x PV (xz, yz), (x}, y3) lie on the circle Eq.
(i), their coordinates must satisfy its equation. Hence,
solving equations
X4y +2gx + 2 +c=0
x§+y§+2gx2+2ﬁ/2+c=0
x§+y§+2gx3+2ﬁ)3+c=0
g, /. c are obtained from (ii), (iii) and (iv).

(i)
(iii)
(iv)

Note:

Concyclic quadrilateral: If all the four vertices of a
quadrilateral lie on a circle, then the quadrilateral is
called a cyclic-quadrilateral. The four verfzces are said to
be concyclic. - -

| If a circle passes through the point (0, 0),
(a, 0), (0 b), then find its centre.

Sol: Let the equation of circle be x* + 3% + 2gx + 2 + ¢ = 0.
Now on passing through the points, we get three equations:

c=0 @
@ +2ga+c=0 (ii)
B +2b+c=0 (iii)-

On solving them, we get g = [2)

_%’f=__

Hence, the centre is (-2~ 3)

- Find the equation of circle which passes
through the points (1, — 2), (4, — 3) and whose centre lies
on the line 3x + 4y = 7.

Sol: Let the equation of the circle be
x2+y2+2gx+2fy+c=0 i)
If Eq. (i) passes through the points (1, — 2) and (4, — 3),
then

5+2g—-4f+c=0 (ii)

and 25+8g—6f+c=0 (iii)
Since the centre (— g, — f) lies on the line 3x + 4y =7,

—3g—-4f=7 @iv)

Solvmg Eqs. (ii), (iii) and (iv), we get

11
g=- 15f—sandc 3

Substituting in Eq. (i), the equation of the circle is
155" + 15y* — 94x + 18y + 55 = 0.

. Show that a cyclic quadrilateral is formed
bythe ines x+3y 9, x=3py,2x=yandx +4y+2=0
taken in order. Find the equation of the circumcirele.

Sol. Solving the given equation in pairs taken in order, the
coordinates of the vertices of the quadrilateral ABCD are

A5 3 w00n (-3 - S)mnfE - 1)

First, we shall find the equation of the circle passing
through 4, B and C. Let the equation of this circle be
X+ +2gx 4 2y +c=0 ®
Coordinates of the points 4, B and C must satisfy Eq. (1),
so substituting in Eq. (i), we have

3g+fte+3=0 (i)

c=0 (iii)

and 4g+8f~9c=2 (iV)

Solving Eqgs. (ii), (iii) and (iv), we get g = — 5~ f— and
c=0.

Substituting in Eq. (i), the equation of the circle through
the vertices 4, B, C'is

9x* +9y* — 20x + 15y=0 (v)



Circle 2.5

gince the coordinates of the vertex D( ‘11%, - }—2) also - Then, x tx,= —2a,xx,=~ b’
satisfy” Eq. (v), hence a cyclic quadrilateral ABCD is formed by © and WY, =mw Yy, =4 ’

the giveen lines, and Eq. (v) is the equation of the circumcircle
of the quadrilateral.

Equation of Circle on a Given Diameter

The equation of the circle with P(x » yl) and Q(xz, y2) as
the end points of diameter is
(x—x)(x—x)+ G -y)r—-y) =0
2, .2 =
= Py -xx +x) -y, ty) txx, tyy, =0

x x2+y2+2ax+2py—b2— 2 =0.
*,7) q

50° Tangents P4 and PB are drawn to
e y = &* from the point P(x, y,). Then find the equation

(x, A B(x,, v of the circumcircle of trlangle PAB

Cth, k) Sol. Clearly the points O, 4, P and B are concycllic, and OP is
the diameter of circle.
. Thus, equation of circumcircle of triangle PAB is
Fig. 2.6 x(x—x)+tyy-y)=0
To find the equation of the circle on the line segment joining or X +y—xx ~w, =0

7))

P such that £ APB = m/2.

In

points of a diameter and let P(x, y) be any point on the circle.
Y- y

Now, slope of AP=%—% and slope of BP=3—%x"

1 2

Since ZAPB=90°

*. Slope of AP x Slope of BP =~ 1.

=

S —x)(x—x) + -y ) -r) =0

which is the required equation of circle.

passes through (1, 0) and (0, 1) and has its radius as small as

and (x,, yz) as diameter. We will find the locus of point

the figure given above, 4(x , y 1) and B(xz, yz) be the end

Yy

(y-y) 0-y)
(x—X) (x—x)

=-1

Find the equation of the circle which

possible.
Sol. The radius will be minimum, if the given points are the
end points of a diameter. <« >
Then, equation of circle is ‘}0
x=DE-0)+F-0@r-1)=0 Fig. 2.8
= 2+y—x-y=0. The parametric coordinates of any point on the circle

P and Q are the roots of the equations x?+2ax —b*=0and

(x—h)2+(y—k)2=r2 are given by (h+ rcos 6, k +r

If the abscissa and ordinates of two points sin 6), where  is parameter (0 < 6 < 277).

x4+ 2px— q2 =0, respectively, then find the equation of the As from Fig. 2.8, cos 0 = oM _x=h and sin 6 = PM
circle with PQ as diameter. bk ’ PQ r PQ
Sol. Let x , x, and y , y, be roots of x> + 2ax — b* =0 and =T

¥ +2px — ¢° = 0, respectively. = x=h+rcos@andy=k+rsin6



2.6 Coordinate Geometry

In particular, coordinates of any point on the circle
x?+y* =+ are (rcos 6, r sin 6) (0<6<2x).

ii. The parametric coordinates of any point on the circle
xZ+y*+2gx+2fy+c=0arex=—g+\g* +f>~ccosd
and y=—f+yg’+f2—csin0 (0 <6 <2m).

sesmsert . Find the parametric form of the equation
of the circle x’ +y* + px +py =0.
Sol. Equation of the circle can be rewritten in the form

(B o575

Therefore, the parametric form of the equation of the
given circle is

__b_ P
x= 2+\/-2-cose

=§(—1+\/§cosej

and y=—%+%sin0
_P N
=3 (—1+~2sin @),
where 0<6<2m.

’ Find the centre of the circlex=—1+2 cos 6,

y=3+2sin6.

Sol. Given that > ; 1

SRR

Gr1y+@-37=4

-3
=cos 6 and yT=sin9

=

=

whose centre is (- 1, 3).

Intercepts Made on the Axes by a Circle

AY

From the diagram PM = |f| and PN = | g|

Also AP = CP, radius = \g* +f> - ¢
AB =24M=2NAP? - PM?

=20(g*+/ o) - =g ~c
Similarly, CD = 2\[} ¢
Note: B '
e Intercepts are always positive.
o [f circle touches x-axis then |AB| =0 . ¢ = gand if
circle touches y-axis then |CD| =0 .. c=f>.
- o If circle touches both axes, then |AB| = 0 = |CD|
Le= g2 =f2- .

Find the length of intercept, the circle
x*+3* + 10x — 6y + 9 = 0 makes on the x-axis.

Sol. Comparing the given equation with X+ + 2gx + 2fy
+e=0,wegetg=5f=-3andc=09.
~. Length of intercept on x-axis = 2yg’ — ¢

=2v(5)-9 =8
If the intercepts of the variable circle on

the x-axis and y-axis are 2 units 4 units respectively, then
find the locus of the-centre of the variable circle.

Sol.
Given that W -c=2and 2P —c=4
= F—c=landf*—c=4
N fz—g2=3

. 2
Hence, locus is Y —x'=3.

DIFFERENT FORMS OF THE EQUATIONS OF A
CIRCLE

When the circle passes through the origin (0, 0) and has
intercepts ¢ and § on the x-axis and y-axis, respectively:

Clearly, A and B are end points of diameter.
Hence, equation of circle is

x-a)x—0)+(y-0)(y-p)=0
or X+y —ax—fy=0
Y .

A

B(0, )

»

0\_/ A(a, 0)

Fig. 2.10




When the circle touches x-axis:

| Fig. 2.11
—ayl+@-p=p

When the circle touches y-axis:

Fig. 2.12

@—ay+-py=d

When the circle touches both axes:

A

Fig. 2.13
x-ay+@r-a)=d
When the circle touches x-axis at (a, 0) and cuts off

intercept on y-axis of length 2/:

Y

A

2 -
C

—

Circle 2.7

From the figure, § = Vo’ + I
Hence, equation of circle is (x — @)* + (y — B =B

When the circle touches y-axis at (0, ) and cuts off
intercept on x-axis of length 2&: ’

ﬁk

From the figure, & = \B* + ¥

Hence, equation of circle is (x — a)* + (y — ,B)'2 =a’

# Find the. equation of the circle which
touches both the axes and the straight line 4x + 3y = 6 in
the first quadrant and lies below it.

A

~N

{a, a)

—» X

A

Fig. 2.16

Sol. Since the circle touches both the axes and the straight
line 4x + 3y = 6 in first quadrant, therefore coordinates of its
centre are (a, a) and radius = g, where a > 0. Since 4x + 3y
— 6 = 0 touches the circle.

Ja—6 —ig
V16 +9
= -7a—6=i5a:>a=3,%

Since (0, 0) and (1/2, 1/2) lie on the same side of the line

4x + 3y = 6, where (0, 0) and (3, 3) lie on the opposite side of
the line.

Therefore, for the required circle, a = % Hence, equation
of the required circle is

(x— 172+ (y = 112)* = (1/2)

or  4x’+4y’ —dx—4dy+1=0



2.8 Coordinate Geometry

Exar le 2 21 | A circle touches the y-axis at the point
(0, 4) nd cuts the x-axis in a chord of length 6 units. Then
find thre radius of the circle.

-Sol. O’ is centre and from the figure given below,

Radius () = V(4)* + (3)* = 5.
Y
t
0, 4) 4
.
4
o] \\3_y X
Fig. 2.17

. Find the equation of the circle which is

touched by y = x, has its centre on the positive direction of
the x-axis and cuts off a chord of length 2 units along the
line V3y —x=0.

Sol. Since the required circle has its centre on x-axis. So, let
the coordinates of the centre be (a, 0). The circle touches

y=x.

Therefore,
= 0is a2

radius = length of the L from (a, 0) on

The circle cuts off a chord of length 2 units along
x-3y=0.

4&
S
oY
R
1.
A

Fig. 2.18

From diagram,
CP* = CM* + MP*
a \2 a-3x0\V
LN = /== +
(2) ( 12+<@2) 1

2 2
= %=1+Z—:>a=2

Thus, centre of the circle is at (2, 0) and radius = %
-2

So, its equation is x* + y* —4x + 2 =0.

Example pBe] Find the equations of the circles passing
through the pomt (—4 3) and touching the linesx+y=2 and
x-y=2..

Sol.
Y
A
43) xty=2
« o VA
(%, 0)
x—y=2
v
Fig. 2.19

Since the circle touches both the lines x + y = 2 and
x —y =2, its centre must lie on the x-axis. Let the centre of the
circle be (4, 0).

Now radius of the circle = perpendicular distance of point
(A, 0) from the linex+y-2=0

_p+0-2] |h-2]
R ) )
(h—2)
Then, equation of the circle is (x — #)° + (y — 0)* = 5

Since the circle passes through the point (— 4, 3),

h-2
(—4-h’+3B- 0)—( y
= h2+20h+46 0
—20i\/400—18
= , h=
=—10:i:3\/3

POSITION OF A POINT WITH RESPECT TO A
CIRCLE

Let the circle is x* + y* + 2gx + 2fy + ¢ =0

P

Px,, y)

Fig. 2.20

Point P lies outside, on or inside the circle accordingly as

CP >, =, <radius
N, QP+ @ N > = <Ng -

or S, =x+y +2gx +2f, +c > =<0




Maxismum and _Minimum Distance of a Point from
the Circle :

Let any point P(x ,y,) and circle F+y +2gx+2fy+c=0
The centre and radius of the circle are (-g, —f) and

\/g2_+7TE , respectively.

P(x,, y)

Fig. 2.21

The maximum and minimum distance from P(xl, yl) to

the circle are i
PB=CB+PC=r+PC

and P4=|CP~CA|=|PC~—V|
(P inside or outside)
where r=v\g’+f-c

Note: If PC <r then P inside, PC > r then P outside.

E\ ] Plé‘zz.-v‘"f Find the greatest distance of the point
P(10, 7) from the circle x* +y* — 4x — 2y — 20 =0.

Sol. Since S, = 102+ 72— 4 x10—-2 x 7 —20> 0. So, P lies
outside the circle. Join P with the centre C(2, 1) of the given

circle. Suppose PC cuts the circle at 4 and B (where 4 is nearer
to C). Then, PB is the greatest distance of P from the circle.

We have: PC =(10 -2 +(7-1)
=10

and CB =radius = 4+1+20
=5

PB=PC+CB=10+5=15
Find the values of o for which the 'point

(@ — 1, @ + 1) lies in the larger segment of the circles
x>+ y* — x — y — 6 = 0 made by the chord whose equation

isx+y-2=0.

Sol.
xty-2=0
Fig. 2.22

Circle 2.9

The given circle S(x, y) = ¥+y —x-y-6=0 @)
(11
c=(33)
According to the required conditions, the given point
P(a ~ 1, a + 1) must lie inside the given circle i.e.

Sa-1La+1)<0
=@-1)?+@+1) -@-)-(@+1)-6<0

has centre at

= a*—a-2<0,
i.e. (@a-2)(@+1)<0
= -l<a<2 (ii)

and also P and C must lie on the same side of the line (see
Fig. 2.22)

Lix,y)=x+ty-2=0 (iii)
ie. L(%, %) and L(a — 1, a + 1) must have the same sign.
11y_1,1 |
Lz5)=3+3-2<0
Therefore, we have Lia — l,a+ 1) =(a - 1)+ (a + 1)
-2<0, ’

Le. a<l. @v)
Inequalities (ii) and (iv) together give the possible values
ofaas—1<a<l.

"Now, since

Eme1226 Find the number of points (x, y) having
integral coordinates satisfying the condition x* + y* < 25.
Sol. Since x* + y* < 25 and x and y are integers, the possible
values of xand yare (0, + 1, £2,+ 3, + 4).

Thus, x and y can be chosen in nine ways each and (x, y)
can be chosen in 9 x 9 = 81 ways.

However, we have to exclude cases (£ 3,+4), (x4, £3)
and (+ 4, +4), i.e., 3 x 4 = 12 cases (as these points lies either
on the circle or outside circle). '

Hence, the number of points are 81 — 12 =69.

The circle x* + y* — 6x — 10y + k= 0 does
not touch or intersect the coordinate axes, and the point (1,
4) is inside the circle. Find the range of the values of £.

Sol.




2.10 - Coordinate Geometry

T he equation of the circle is
X+ —6x—10y+k=0 (i)
whose centre is C(3, 5) and radius » = V34 — k

Lf the circle does not touch or intersect the x-axis, then
radius » < y-coordinate of centre C,

or 3Gk <5
— 34—k <25
— k>9 (ii)

Also if the circle does not touch or intersect the y-axis,
then the radius r < x-coordinate of centre C

or V34 -k <3
= 34—k <9
= k>25 (iii)

If the point (1, 4) is inside the circle, then its distance
from centre C < r (radius),

or VIB-112+(5-4) <34—k
5<34—k

= k<29 (iv)
Now all the conditions (ii), (iii) and (iv) are satisfied if
25 < k < 29 which is the required range of the values of £.

—

: - Concept Application Exercise 2.1

1. If the line x + 2by + 7 = 0 is a diameter of the circle
x* +3? — 6x + 2y = 0, then find the value of b.

2. Prove that the locus of a point that moves such that
the sum of the square of its distances from the three
vertices of a triangle is constant is a circle.

3. Find the number of integral values of A for which
X +y* +Ax + (1 -A)y+5=0 is the equation of a
circle whose radius does not exceed 5.

4. If a circle whose centre is (1, — 3) touches the line
3x — 4y — 5 =0, then find its radius.

5. If one end of a diameter of the circle 2x* + 2)* — 4x
-8y + 2 =201is (3, 2) the find the other end of the
diameter.

6. Prove that the locus of centroid of the triangle whose
vertices are (a cos ¢, asin t), (b sin ¢, — b cos £} and (1,
0), where ‘¢’ is a parameter is circle.

7. Find the equation of the circle which passes through
the points (3, —2) and (-2, 0) and centre lies on the

line 2x —y = 3.
8. Find the radius of the circle (x - S)(x - 1)+ (y = 7)
y-4=0.

9, Find the equations of the circles which pass through
the origin and cut off chords of length a from each of
the lines y=xand y = —x.

10.Find the equation of the circle which touches x-axis
and whose centre is (1, 2). '

11. Find the equation of circle which touches both the
axes and the line x = c.

12.Find the equation of the circle with centre at (3, —1)
and which cuts off an intercept of length 6 from the
line 2x — 5y + 18 =0. ' ‘

13.Find the locus of the centre of the circle which cuts
off intercepts of length 24 and 25 from x-axis and
y-axis, respectively. _

14. Circles are drawn through the point (2, 0) to cut
intercept of length 5 units on the x-axis. If their centres
lie in the first quadrant, then find their equation.

15.Find the equation of the circle passing through the
origin and cutting intercepts of length 3 and 4 units
from the positive axes.

16. Find the point of intersection of the circle x* + y* — 3x
— 4y + 2 = 0 with the x-axis.

17. Find the length of intercept, the circle x* + y* + 10x —
6y +9 = 0 makes on the x-axis.

18. Find the values of k for which points (2%, 3k), (1, 0),
(0, 1) and (0, 0) lie on a circle.
19.1f one end of the diameter is (1, 1) and other end lies
- on the line x + y = 3, then find the locus of centre of
circle.

20. Tangent drawn from the point P(4, 0) to the circle
x> +y* =8 touches it at the point 4 in the first quadrant.
Find the coordinates of another point B on the circle
such that AB = 4.

21.1f the join of (x5 yl) and (x,, yz) makes an obtuse
angle at (x}, y3), then prove that (x3 - xl)(x3 - xz)

0, -y) 07, ~7,) <0.

INTERSECTION OF A LINE AND A CIRCLE

Let the equation of the circle be

Py =d @)
and the equation of the line be
y=mx+c (i1

Solving Egs. (i) and (ii),

X+ (mx + c)2 =4
or (1+mx*+ 2mex + & —a* = 0 (iii)
Case I: When points of intersection are real and distinct. In
this case Eq. (iii) has two distinct roots.



—44C>0
= 4w’ — 41 + m) (P - d®) >0
2
.
= a 1+m2

= a> Lz = length of perpendicular from (0, 0)
V(1 + m?)
toy=mx+c
= a> length of perpendicular from (0, 0) toy =mx + ¢
Thus, a line intersects a given circle at two distinct points

if radius of circle is greater than the length of perpendicular
from centre of the circle to the line.

Case II: When the points of intersection are coincident. In
this case, Eq. (iii) has two equal roots.

B2-44C=0

___
= a= =
(I+m’)

= length of the perpendicular from the point (0, 0) to y
=mx tc

Thus, a line touches the circle if radius of circle is equal
to the length of perpendxcular from centre of the circle to the
line.

Case III: When the points of intersection are imaginary. In
this case, Eq. (iii) has imaginary roots.

B> —44C<0

2 c
= a <
1 +m

2

lc]
RN Ty

toy=mx+c

length of perpendlcular from (0, 0)

or a < length of perpendicular from (0, 0) to y =mx + ¢

Thus, a line does not intersect a circle if the radius of
circle is less than the length of perpendicular from centre of
the circle to the line.

| Find the range of values of m for which

the line y = mx + 2 cuts the circle x* + y* =1 at distinct or
coincident points.

Sol. The length of the perpendicular from the centre (0, 0) to
2

1+m

the line = =

The radius of the circle =1
For the line to cut the circle at distinct or coincident

points, 2Slorl—%mzz4ormzz3.

+m

Circle 2.11

Segments of Secants, Chords and Tangent

Fig. 2.24(i)

Fig. 2.24(ii)

Secants AB and CD intersect insider the circle in Fig.
2.24(i) and outside the circle in Fig. 2.24(ii).

From the figure, we have ZDCB = ZDAB and
LADC = LABC.
Hence AADE ~ ACBE.

. AE _DE

. S AEXBE=CEXDE
"CE BE

V4
AN

B

Fig. 2.24(iii)
In Fig. 2.24(ii1), AD is secant and 4B is tangent.
From Fig. 2.24(iii), AABD ~ AACB

=22 - AB*=ACx AD

i _ Ifthelinesax+bly+c—Oandax+bzy
te, 0 cut the coordinate axes in concyclic points, then
prove that |aa | = |bb R

Sol. Let the given lines be L=ax+tby+tc =0andl =ax+
by +c,=0. Suppose L , meets the coordinate axes at P and Q
and L_ meets at R and S. Then, coordinates of P, O, R, S are
AY

0
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cl cl .
P(—a—l,O), Q 0,*;71) Different Forms of the Equations of Tangents
C C y
R(—az—,O), andS(O,—f) Point Form
2 2 -
Since P, Q, R, S are concyclic, A P& ») B

OP-OR = 0Q-0S

S:|__

= ke

= |a1a2| = |b1b2|

B ‘3‘0‘7? If a line is drawn through a fixed point
P(c, 3) to cut the circle x* +y* = a’ at A and B, then find the
value of P4-PB, :

Sol. From the figure, P4A-PB = constant

Fig. 2.38

To find the equation of the tangent to the circle X+ +2gx

- C +2fy+c=0at the point>P(x1, y,) on it.
19) CP is perpendicular of tangent at P
P(a,B) 4 B Slope of CP = i)l :‘];
’ 1
Fig. 2.26 o x,+g
Also PAPE = PC? ope of tangent =~ y1—+f
But PC*=0P*-0C* Slope of tangent at point P can be obtained by
—d+f-d differentiation also.
— PAPB=a*+f - d Differentiating equation of circle w.r.t. to x

dy dy
‘ weget2x+2ya+2g+2fa=0
TANGENT TO A CIRCLE AT A GIVEN POINT

dy x tg
: = . (a)(xl’yl) - y. +f
Let PO be a chord and 4B be a secant passing through P. !
Let P be the fixed point and Q move along the circle ~. equation of tangent at P(x , y) is
towards P, then the secant PQ turns about P. In the limit, when '
0 coincides with P, then the secant 4B becomes a tangent to y =_ x e _
Y=y =y )

a circle at the point P.

= xx tyy tgxtx)Tfry)te

=x,ty+2gx + 26 te

or xx +yy +gxtx)+f(rry)+e=0

(since point (xl, yl) lies on the circle x, + y, + 2gx + 2ﬁ/1

+c¢=0)
or T =0,
where T =xx +yy tgx+tx)+f+y)+c

Fig. 2.27



Note

1- For equation of tangent of c1rcle at (x ) substxtute
, , XX
XX for x Y, for y~, 5

+
for x, Tl for y and

keep the constant as such. :

. For circle CHy=4 equation of tangent at pomt .
(x,2, ) is given by xx tyy = =ad S

» For circle (x— h)* + (y k) =g equation of tangent

at point (x , y,) is given by (x — B)(x —x) + (y — k)

G-y)=a |

Since parametric coordinates of circle © + V=a

are (a cos 0, a sin 6), then equation of tangent at

(a cos 6, a sin ) is x.a cos 6 + y.a sin 8 = a* or
xcos@+ysinf=a

Slope Form

Let y = mx + c is the tangent of the circle x* + y* = 4*
Length of perpendicular from centre of circle (0, 0)
on (y = mx + ¢) = radius of circle

%=a:>c=ia\ﬂ+m2
m

substituting this value of ¢ in y = mx + ¢, we get y = mx
£ ag\'1 + m* which are the required equations of tangents.
Corollary : It also follows that y = mx + ¢ is a tangent
to x> + )’ =& if ¢* = a*(1 + m?) which is the condition of
tangency.
Note:
1. If slope of tangent is given, then two parallel tan-

gents can be drawn the circle at the ends of diam-
eter. ‘

2. Equation of tangent to the circle x* + y* + 2gx + 2/

* + ¢ =0 1in terms of slope is _

y+f=mx+g) :‘C\/g2+.f2—c V1 +

Points of Contact

If circle x> + y* = 4* and tangent in terms of slope
g P

y=mxxa\(1+n)

Solving x* +y*=a’ andy=mx+ a1 +m?, simultaneously,
we get
am

x =+ =
(1+m?)

— a

A

and

Circle 2.13

Thus, the coordinates of the points of contact are

am___ _ a
+ =<2 ¢ .
( V(1 +md) 1+ mz))
Alternative Method
Let point of contact be (xl, y 1‘), then tangent at (x, y D of
+yt=dis xx +yy = a.
Since xx +yy = a* and y = mx + aV1 + m” are identical

- DN +d
Lo

U safi+nm?
= x =+ =2

1

+
m

V1 + m?
d __ __a
an y1_+7'—1+m2

Thus, the coordinates of the points of contact are

am__ _ a
N .
( V+m) " A +m2>)
Note: , ]
1. If the line Yy = mx + ¢ is the tangent to the circle
mr® r?
X+ y =71, then point of contact is given. by( o ?)

2. Ifthe line'ax + by + ¢ = 0 is the tangent to the circle
* o+ = A then point of contact is given by
(La’ _br)

C c

Tangents from a Point Qutside the Circle

If circle is x* + * = @)
any tangent to the circle Eq. (i) is

y=mx+am

If outside pomt is (t y) theny = mx, +aVNl + m®
or(y —mx) —a(l+m)

(i)

2
l—a *+ a*m

or y+m X — 2xm y

= mz(xf —a’) - 2mx y, +y —a" =0

which is quadratic in m which given two values of m.

Substituting these values of m in Eq. (ii), we get the
equation of tangents.

Example 2.31 JiyS R angle between the two tangents
from the origin to the circle (x - 7)* + (y + 1) = 25,

Sol. Any line through (O 0) be y — mx =0 and it is a tangent to
circle (x — 7)° + (y + 1)* =25, if
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|-1=Tm| _

,/1+m2
m=3_
= 473

Theerefore, the product of both the slopes is — 1 i.e.,

T

Hence, the angle between the two tangents is %

| Find the equation of the tangents to the

circle x2 +y* — 6x + 4y =12 which are parallel to the straight
line4x +3y+5=0.

Sol. Let equation of tangent be 4x + 3y + k =0, then radius =
distance of centre from the line

43)+3(-2)+k

. +4+12= ——
= 9 1 T
= 6+k=125

= k=19 and - 31

Hence, the tangents are 4x + 3y + 19 = 0 and 4x + 3y
-31=0. '

Tangent to clrcle X+y'=5at(1,-2)
also touches the circle x* + y* — 8x + 6y + 20 = 0. Find the
coordinate of the corresponding point of contact
Sol. Equation of tangent to x* + ¥y =5 at (1,-2)isx -2y
-5=0.

Putting x = 2y + 5 in second circle, we get (2y + 5% + 57
-8(2y +5)+6y+20=0

= 57 +10y+5=0
= y=-1
= x=-2+5=3

Thus, point of contact is (3, —1).

g Prove that the equation of any tangent
to the circle x* + y* — 2x + 4y — 4 = 0 is of the form
y=m(x—1)+3\N1+m’ - 2.

Sol. The circle is (x — 1) + (y + 2)* = 3%

2

As any tangent to x” + y* = 3% is given by y =

+3V1 +m?, any tangent to the given circle will be

y+2=mx—1)+3V1 +m’.

! If @ > 2b > 0 then find the positive value of

m for which y = mx — b N1 + m? is a common tangent to
P+ yF = b, and (x - a)2 +y* = b

Sol. y=mx - bN1 +m 1satangentto the circle x* + y* = b S1=a2+,32—a2

for all values of m.

If it also touches the circle (x — a)® + )* = b°, then the
length of the perpendicular from its centre (a, 0) on this
line is equal to the radius » of the circle, which gives

ma — bN1+ m?
V1 + m?

Taking negative value of R.H.S., we get m = 0, so we
neglect it.

=+b.

Taking the positive value of R.H.S., we get

ma =2bN1 +m?
= m(a* - 4b%) = 4b*
= m= 2b

Na? — 4b° .
Length of the Tangent from a Point to a Circle

Let circle be x* + y* + 2gx + 2fy + ¢ = 0, then centre and radius

of circle are (— g,}— ) and y(g* + > - ¢), respectively, and let

P(x, ) be any point outside the circle.

P(x,, y)

Fig. 2.29

In APCT,

T =\(PCY* - (CT)
=G, g+ S g - e

= () + Y, + 2gx, + 2y, +©)

=4S

1’
where S =x +y + 2gx + 2y te
Note:

1. ForS§ , firstwrite the equation of czrcle in standard form
and coeﬁiczent of x* = coefficient of ¥* = 1 and making
R.H.S. of circle is zero, then let L.H.S. be S.

| Prove that the angle between the tangents

2 , where
VS,

from (a, f) to the circle x* + y* = a* is 2 tan”



Sol.
T
6/2
P o 0
T’
Fig. 2.30

Let PT and PT be the tangents drawn from P(a, f) to the
circle x> +y* =a* and let ZTPT' =6. If Ois the centre of the

circle, then /TPO=/T'PO="2.

2
tan2-9L_ a
2-PT~

s,

0 =2tan ' (-2,
= an(S)

1

. Find the ratio of the length of the tangents
from any point on the circle 15x” + 15y° — 48x + 64y = 0
to the two circles 5x* + 57 — 24x + 32y + 75 = 0, 5% + 5)°
— 48x + 64y + 300 = 0.

Sol. Let P(h, k) be a point on the circle 15x* + 15)* — 48x + 64y
=0.

Then, the lengths PT and PT ofthe tangent from P(h, k) to
550+ Sy —24x+ 32y + 75 0 and 5% +5y —48x + 64y + 300
=0, respectively, are

PT = \jh2+k2 ﬁh+2k+15

and P, = {#+# -85+ & 4 60
Since (h, k) lies on 15x* + 5) — 48x + 64y =0

+i - h+@k 0

PT = \/ h-tk e Zpes
32, 24
ﬁk 15h+15
_ 48, &, &
and, PTZ—\}Eh—ﬁk 5 h+—k+60
—y=20,1128, o

15 15

o2

. PTI:PT2= 1:2.

h+—k+ 15 = 2(PT))

If from any point P on the circle
x*+y* +2gx + 2fy + ¢ =0, tangents are drawn to the circle

Circle 2.15
X +y" +2gx + 2y + ¢ sin’ a + (g% + %) cos’ @ = 0, then find

the angle between the tangents.
Sol.

)

Fig. 2.31

Let P(x , y,) be a point on the circle Ay +2ex+2fy+e
=0. Then
X, Y, +2gx + 2y +¢=0 ®
and the length of the tangents drawn from P(x ¥ ) to x*
+y2 +2gx + 2fy + ¢ sin® a+ (@ +1%cos’a= OISPQ PR

=\/xf+yf+2gxl +2j§11 +csin*a+ (g8 +/7) costa

=\/—c+csin2a+(g2+f2)cos2-a

=(Wg+f -c)cosa

The radius of the circle x* + y* + 2gx + 2fy + ¢ sin® a
+(g +fYcos’a=01is

CQ = CR

=\ + 2 —csin’a— (g + /) cos’ a

= '(\}gz +f~c)sina
In ACPQ,

_C0
tanB—E

\/g2+f2—c sin &
=T =tana=>0=a
Vg +f —ccosa

If the dlstance from the origin of the
centres of three circles x* + y* + ka =03=1,2, 3) are
in G.P., then prove that the lengths of the tangents drawn
to them from any point on the circle x* + y* = ¢* are in
G.P.

Sol. The centres of the given circles are (—/1 0)@i=12,3).
The distances from the origin of the centres are /l ,(1=1,2,3).
It is glven that A2 =1 /1 Let P(h k) be any pomt on the circle
X +yt=ch Then h2+k2—

Now L, = length of the tangent from (h, k) to
X+y +2/1x =0
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=\jﬁ+k2+mih—cz

= \Icz + 21’_h -
= Zlih,i=1,2,3
“Therefore,

Ly=2h=2h(AA) [ A=AA.]

Hence, Ll, Lz, L3 are in G.P.

[ P+ =c]

Pair of Tangents

P(x,, y)) R

Fig. 2.32

Let the circle be x* +y* = d’

Its centre and radius are C(0, 0) and a, respectively. Let
the given external point be P(x , ¥ ).

From point P(x by 1), two tangents PT and PR can be
drawn to the circle, touching circle at 7 and R, respectively.

Let O(cr, B) on PT, then equation of PQ is
B-y,

y=y = a-x &%)

or ya-x)-(B-y)-ay +px-=0
Length of perpendicular from C(0, 0) on PT = a(radius)

Bx, —ay |
= 2 > =a
V@ —x)+(B-y)
or Bx,—ay) =d{a—x Y +B-y))
. Locus of Q(a, B) is (»x, — xy )’ = af{x - x)

+ -y
= Y+ Ky~ 2xy Xy, = A+ x - 2xx + y: o+
-2}
S PE Y - d) X Y - d) - d @y - )
= (ox, +yy, — @)
= @+ -d) (X +y -a)=(x, Ty, - @)

= SS1=T2

This is the required equation of pair of tangents drawn
from (xl, yl) to circle x* +y* = a.

where S=x* +)* - &, S, =xf+yf—a2,

and T=xx +yy, - a.

NORMAL TO A CIRCLE AT A GIVEN POINT

The normal of a circle at'.any point is a straight line which is
perpendicular to the tangent at the point of contact. Normal
always passes through the centre of the circle.

Point Form

The normal of a circle at any point is a straight line which is
perpendicular to the tangent at the point of contact.

The normal of the circle always passes through the centre of
the circle.

P(x,, ¥) T
\

Fig. 2.33
To find the equation of normal to the circle 43P+ 2gx
+ 2fy + ¢ = 0 at the point (xl, yl) on it.
Since normal passes through the centre, we have slope of
v t+f
X, +tg

normal CP =

y
Hence, equation of normal is y —y, = xl—+§ (x—x)
B X — xl y— yl 1
or =
X, +g ¥, +f

o Find the equations of the normals to the
circle x* + yz —8x-2y+12=0atthe points whose ordinate
is—1.

Sol. The abscissa of point is found by substituting the ordinates

and solving for abscissa
= x> —8x+15=0

= x=50r3
= Points are (5, — 1) and (3, — 1).

Normalisgivc:nby)scii=_1*1




= 2x+y—-9=0

x—3_y+tl
and 3-4-21-1
— 2x—y-7=0

A £18 Find the equation of the normal to the
c1rcle xz + y —2x=0 parallel to the line x + 2y = 3.

Sol. Any line parallel to x + 2y =3 is x + 2y + 1 =0 and for this
to be a normal to the given circle, must pass through its centre
(1,0),ie,A=-

So,normal isx +2y—-1=0.

Concept Application Exercise 2.2

1. Find the equation of the tangent to the circle X+

" +4x— 4y +4 =0 which makes equal intercepts on the
positive co-ordinates axes.

2. If the length of tangent drawn from the point (5, 3) to
the circle x*+ y* + 2x + ky + 17 = 0 be 7, then find the
value of £.

3. If the line Ix + my + n = 0 is tangent to the circle
x> +3* = d’, then find the condition.

4. Apairoftangents are drawn from the origin to the circle
x>+ y* +20(x + y) + 20 = 0. Then find its equations.

5. Find the equation of the normal to the circle X+ 3

_ S S
9 at the point (\5, \5)

6. Find the equations of tangents to the circle x4y
— 22x — 4y + 25 = 0 which are perpendicular to the
line 5x+ 12y +8=0.

7. An infinite number of tangents can be drawn from
(1, 2) to the circle x* + y* — 2x — 4y + 1 = 0, then find
the value of A.

8. If circle x* + y* — 4x — 8y — 5 = 0 intersect the line
3x — 4y =m in two distinct points, then find the values
of m.

9. If a line passing through origin touches the circle
(x — 4)* + (y + 5)* = 25, then find its slope.

10. The tangent at any point P on the circle x* + y* = 4,
meets the coordinate axes in 4 and B, then find the
locus of the midpoint of AB.

11. Find the locus of a point which moves so that the
ratio of the of the length of the tangents to the circles
X*+)*+4x+3=0andx’ +)* —6x+5=01s2:3.

12.Find the length of the tangent drawn from any point
on the circle x* + y* + 2gx + 2fy + ¢ = 0 to the circle
x2+y2+2gx+2fy+cz=0.

Circle 2.17

CHORD OF CONTACT

From any external point 4(x oY 1) draw pair of tangents 4P and
AQ touching the circle at P(x', y") and O(x", »"), respectively.
Then PQ is the chord of contact with P, O as its points of
contact.

-y
P

A X Chord of
1)) contact .
o
(xll, yYI

Fig. 2.34

Let the circle be x* +y* = a’.
Then equations of tangents 4P and AQ are xx' +yy' = a
and xx" + yy" = a°, respectively.
Since both tangents AP and AQ pass through A(x , y ),
thenxx +yy =4 andxx +yy =4
Points P(x', y') and Q(x", y") lie on xx tyy = a.
Equation of chord of contact PQ is xx +yy = a

or T=0,where T'=xx +yy -d

. Equatzon of chord of contact at (x, y,) with circle X

+y +2gx+2fy+c=0isxx +yy, +g(x+X)+f(y+y)
+c—OorT 0.

i If the chord of contact of tangents
drawn from a point on the circle x* + y* = a* to the circle
x? +" = b? touches the circle x* + y* = ¢, then prove that
a, b, care in G.P.

Sol. Let (4, k) be a point on x>+ y* = a*. Then

P+iP=a 0

The equation of the chord of contact of tangents drawn

from (h, k) to x* + y* = b’ is
hx +ky = b? (ii)
22 2 -
This touches the circle x™ + y° = ¢". Therefore ‘ =
: W+ K

_p?
= —|=c [Using Eq. (i}

Ve 8
= b= ac=a,b,carein G.P,

If the straight line x — 2y +1 = 0 intersects

the circle x> + y* = 25 in points P and Q, then find the
coordinates of the point of intersection of tangents drawn
at P and Q to the circle x* + y* =25,
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Sol. corresponding chord of contact passes through a fixed

x-2p+1=0 ‘ point whose coordinates are
. s h (31
(b o (13
0 Sol.

Fig. 2.35

Let R(h, k) be the point of intersection of tangents drawn
at P and Q to the given circle. Then PQ is the chord of contact
of tangents drawn from R to X +y* =25

So, its equation is -

hx+ky—-25=0 @)
1t is given that the equation of PQis x -2y +1=0
, (i)
Since Eq. (i) and (ii) represent the same line, therefore Fig. 2.37
% % = 125 Let any point on the line 2x +y —4 =0 be P = (a, 4 - 2a).
_ Equation of chord of contact of the circle x*+y* =1 with
= h=-25,k=350 , respect to point P is
Hence, the required point is (25, 50). x.a+y (4-2a)=1
If the chord of contact of tangents drawn =@ -Dtakx-2)=0
from the pomt (h, k) to the circle X+ y = 4* subtends a This line always passes through a point of intersection of
right angle at the centre, then prove that B+ =24 the lines 4y — 1 = 0 and x ~2y = 0 which is fixed point whose
Sel. coordinate are y = l andx=2y= %

Example 2. 46 : Find the area of the triangle formed by
the tangents from the point (4, 3) to the circle X+yt=9
and the line joining their points of contact.

Sol.

><V

Fig. 2.36

As shown in diagram ZROQ = 7/2 also ZPRO = LPQO
=mn/2.

Then quadrilateral PROQ is square and hence PR = RO
= 2+ —d=a =>WP+k=2d Fig. 2.38

The equation of the chord of contact of tangents drawn
from P(4,3)to x>+’ =9isdx + 3y =9.

Goe Tangents are drawn to x*+y' =1 from
any arbltrary point P on the line 2x + y — 4 = 0. The



The equation of PO is y = %x.
Now, OM = (length of the L from (0, 0) on 4x + 3y -9

=0 9
=Uu1s 5 »
OR = 2. QM =20Q* - OM
_ 81 _24
=2\9-25=75
Now, PM= OP—0M=5—%=15—6
_1{24\(16
So, area of APQR—Z(s)(S).

= (17952) sd. units.

EQUATION OF THE CHORD BISECTED AT A
GIVEN POINT

Dx,»)
B
Fig. 2.39

Let any chord AB of the circle x’+ 3 + 2gx + 2fy + ¢ =0 be
bisected at D(x P y).

y +
Then slope of DC = ¥ g
x t+g
Therefore, slope of the chord 4B is — = Y
x + g
then equation of AB is y —y, == yll - (x— xl)

= xx by tglxHx)Ffry)te=x Ty + gy
+2]§;1+c

= T=S

where T=xx +yy, +g(x+x)+f(y+y)+candS =x
+y +2gx, 2/, +c

Note:

Chord bisected at point (x , y) is the farthest from
centre among all the chords passing through the point
(x,y 1). Also for such chord, the length of the chord is
minimum.

Circle 2.19

Lxamp/ Find the equatlon to the chord of the
clrcle *+ y* =9 whose middle point is (1, -2).
Sol. The required equation is
x-2y-9=1+4-9
[Using 8" =T
or x=2y-5=0

DIE « ,.48. A varlab]e chord is drawn through the
ongm to the circle x* +y* — 2ax=0. Find the locus of the
centre of the circle drawn on this chord as diameter.

Sol. Let (%, k) be the coordinates of the centre of the circle
of which the given chord is the diameter. Then (%, k) is the
mid-point of the chord and so its equation is

=S
ie. W+ -2ah= hJ]c+ky—a(x+h)
= x(h—a)+ky= W+ —ah
It passes through (0, 0), therefore W+ —ah=0
So, the locus of (#, k) is x* +3y*—ax=0.

Alternative Method:
Y
A
O(2h, 2k)
P(h, k)
«— —> X
v
Fig. 2.40

Since point P is midpoint of chord OQ, Q has coordinates
(2h, 2k), which lies on the given circle.

(2h)? +(2k) = 2a(2h) = 0 or x* + 3 —ax=0.

Find the equation of chord of the circle
X+ y2 = g’ passing through the point (2, 3) farthest from
the centre.

Sol.

/|

(2’
Fig. 2.41
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Let P(2, 3) be given point, M be the middle point of a
" chord of the circle x* + y2 =4 through P. .

T hen the distance of the centre O of the circle from the
chord is OM.

and (OM)* = (OP)* —(PM)* which is maximum when PM
is minimum,

i.e. P coincides with M, which is the middle point of the
chord.

Hence, the equation of the chord is 7= S » ie. 2x + 3y

—at= Q2 +@Y-ad=>2+3y=13

———[ “Concept Application Exercise 2.3 I—

1. Find the middle point of the chord of the circle
x* +y* =25 intercepted on the line x — 2y = 2.

2. The line 9x + y — 18 = 0 is the chord of con-
tact of the point P(h, k) with respect to the circle
2x*+2y* = 3x+5y—7=0, for

(24 —4J
a. | —,—
575

c. P(=3,1)

b. PG, 1)

o (22)
55

3. Tangents are drawn to the circle ¥+ =9 at the
points where it is met by the circle X+ + 3+
4y + 2 = 0. Find the point of intersection of these
tangents.

4. Find the distance between the chords of contact of the
tangents to the circle x* + y* +2gx + 2fy + ¢ = 0 from
the origin and the point (g, /).

5. Aline Ix + my + n = 0 meets the circle x* + y* = a at
the points P ard Q. If the tangents drawn at the points
P and Q meet at R, then find the coordinates of R.

DIRECTOR CIRCLE AND ITS EQUATION

Director Circle: The locus of the point of intersection of
two perpendicular tangents to a given circle is known as its
director circle.

Equation of Director Circle: The equation of any tangent to
the circle x* + y* =’ is

y= mx +a (1 +m) 0)

Let P(h, k) be the point of intersection of tangents, then
P(h, k) lies on Eq. (i)
k=mh+a(NT+m?)

or (k- mhy’ = a* (1 + m®)
or m* (W — a*) = 2mkh+ k* —a* =0

Fig. 2.42

This is quadratic equation in m, let two roots are m . and

But tangents are pefpendiculars, therefore m m =—1
2 2
:}’j;‘af—l S R-d=Krd >R R=2d
—a
Hence, locus of P (h, k) is x* + y* = 24",
Equation of director circle for circle (x PP+ -gP=d
is given by (x — p)* + (v — ¢)* = 24"

Alternative Method:

From the figure, -

CRPQ is a square

. CQ = CPcos 45°

or 2= AR |

or x* +y* = 24* which is the required locus.

INTERSECTION OF TWO CIRCLES

Different cases of intersection of two circles:
Let the two circles be (x — xl)2 +(—y 1)2 =y} 1)
and (x—x )’ +(y -y ) =r: (ii)
~ with centres Cl(xl, y 1) and Cz(xz, y2) and radii r and i~
respectively. Then following cases may arise:
Case I:

When |Cl C2| >r tr, i.e., the distance between the
centres is greater than the sum of radii, then two circles neither
intersect not touch each other .

P . Direct common
tangents

Transverse common tangents

Fig. 2.43



In this case, four common tangents can be drawn to two
circles, in which two are direct common tangents and the other
two are transverse common tangents.

cr

FromFig.2.43,AC MTand AC NTaresimilar. Hence, T
2

C 1M r _ _ )
= C2 N, Using this, we can find point T.

' CcD
Similarly, AC PD and C QD are similar. Hence, ﬁ
2

CIP i

o N

To find equations of common tangents:

Now assume the equatiori of tangent of any circle in the

form of the slope (y + /) =m (x + g) + a V(1 + m*) (where a

is the radius of the circle).

T and D will satisfy the assumed equation. Thus ‘m’ is
obtained. We can find the equation of common tangent if we
substitute the value of m in the assumed equation.

Case II:
When |[C .G, |= rotr, i.e, the distance between the centres

is equal to the sum of radii, then two circles touch externally.

Direct common
tangents

Transverse common
tangents

Fig. 2.44

In this case, two direct common tangents are real and
distinct while the transverse tangents are coincident.

In such cases, the point .of contact T divides the line
... . — . . C1T r]
joining C, and C, internally in the ratio r : r, = W= 7

+ ry +
" TIN T T Y

Then coordinates of T are FET rET
The equation of tangent at point 7 is S T S , = 0, where

S = 0 and 52 = 0 are equations of circles.

Case III:

When |rl - r2| < ]C1 C2| <rtr, i.e., the distance between
the centres is less than sum of radii then two circles intersect
at two distinct points.

Circle 2.21

irect common tangents-

Fig. 2.45

In this case, two direct common tangents are real and
distinct while the transverse tangents are imaginary.

C r
Here, also point D divides C G, externally, C;—D = ,,—;

Case I'V:

When |C1C7| = |rl - r, i.e., the distance between the
centres is equal to the difference of the radii, then two circles
touch internally.

Tangent at the
point of contact

Fig. 2.46
In this case, there is only one common tangent.
If circles are represented by s =0 and s, =0, then
equation of common tangent is §, -5, = 0.

In such cases, the point of contact T divides the line

CT r
joining C, and C, externally in the ratio r : 7, = oy 7
: FX —FX FY.—FY)
Then coordinates of T are ( ! ,,2 — ,,2 L, rz — ,?yl )
1 2 1 2

Case V:
When |C1C2 | <] r

centres is less than the difference of the radii.

—r, |, Le., the distance between the

In this case, all the four common tangents are imaginary.

Fig. 2.47
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Leng#h of an External Common Tangent and Internal
Comrmon Tangent to Two Circles

Fig. 2.48

Length of external common tangent L =

and length of internal common tangent

L, = - @, +r)

[Apphcable only when d > (r + )]

- where d is the distance between the centres of two
circles

and r, and 7, are the radii of two circles where |C 1C2|

Find the number of common tangents to
+2x+8y-23=0and x*+)* —4x— 10y +9

circles x“ +y
=0.

Sol. Forx* +° +2x+8y—23=0
C, (—1,—4),r]=2m

For }cz+y2—4x—10y+9=o. C,2,5),r,=25

‘Now cC, = distance between centres
= G 81 =310 = 9.486

and rl+r2=2(m+\/§)=10.6

rl-—r2=2\/_5_(\/§f1)

=2x22x04
=44x04=176

= rT <CC rotr

| 2
= Two circles intersect at two dxstmct points

= Two tangents can be drawn.

Find the equatlon of a circle with centre

(4 3) touchmg the circle x* +y* = 1.

Sol. Let the circle be x>+ y* — 8x — 6y + k = 0 touching the
circle x* +y* =1, Then the equation of the common tangent is
S —85,=0=8+6y—1 k=0

This is a tangent to the circle x* + y* = 1. Therefore,

k+1
tl=—"F— =k+t1=£10=2k=-110r9
V82 + 6 :

Hence, the circles are x* + y* — 8x — 6y + 9 = 0 and,
X+ —8x—6y—11=0.
Alternative Solution: )

The given circle is x* + * = 1, which has centre C(0,0)
and radius r= 1. The required circle has centre C 2(4, 3) and
radius 7,

If the circle are touching externally then, rotr,= C C,
= r,=5-1= 4 If circles are touching mternally then
r,or = C C =>r,= 6

Thus, requlred circles are (x — 4)° + (y -
or (x —4)? + (y — 3)* = 36.

3 =16

Find the condition if circles whose

equations are x> +y* + ¢* = 2ax and X+ y2 +ct-2by=0
will touch one another externally. :

Sol. The two circles are x* + y* — 2ax + ¢ = 0 and
x2+y2—2by+c2=0 »

Centres: o (a, 0) CZ(O, b)

Radii: = Va* - &%, r,= b -

Since the two circles touch each other externally, therefore
C'1(:'2 = rl + "2

= Vo + b =

Va? — & + b - &

Sd+b=a -+ -+ 2d - N -

= . ct= B~ + b))+t

’ 232 202 32 1.1 _1
b= +)=>5+3=75

= a c(a ) JERT I

Find the equation of the smaller circle that

touches the circle x* + y* = 1 and passes through the point
4, 3).

Sol.

Fig. 2.49

For smallest circle O4 will become common normal 04 = 5
= AB=4.



Equation of line O4 is y-= %x. ‘Putting this value of ‘y’ in
X+ 3° =1, we get

x+?—)é—1:>x i%
N BE(%, %) Thus, required circle is (x—%) (x-4)
o930
2, .2 24 18

orx +y —?x——s—y+5=0.

B , Show that the circles x* + y* — 10x + 4y
—20 = 0 and x* + y* + 14x — 6y + 22 = 0 touches each
other. Find the coordinates of the point of contact and the
equation of the common tangent at the point of contact.

Sol.

Fig. 2.50

VIG+7)?+(=2-3)]

13=r +r,

Hence, the two circles touch externally.

CC

Coordinates of the point of contact:

If P is the point of contact of the two circle, then P will divide
cC, internally in the ratio 7 : 7,,1.e. 7. 6.

T(=7) + 6.5 7.3 +6.(-2) ) o

-. Coordinates of P are ( T¥6 = T+6

(—19/13, 9/13)
Equation of the common tangent:

Since the two circles touch each other, S — 52 = 0 is the
common tangent at the point of contact which is —24x + 10y
-42=0o0r 12x—5y+21=0.

Find all the common tangents to the
circles X+ —2x — 6y +9=0and x> + y* + 6x — 2p + 1
=0.
Sol. Here for the first circle, centre is C/(1, 3) and radius
ro= 1;

and for second circles, centre is CZ(*3, 1) and radius
r,= 3.

Thus, C,C, = N5andr +r,=4=C,C,>r +r,r #r,;
thus we have 4 common tangents.

© ratio r

Circle 2.23

To find direct common tangents:

The coordinates of the point P dividing line C,C, in the ratio
iy i.e. 1: 3 externally, are

(1-(—3)—3-1 1.1-3.3
1-3 > 1-3

)or 3,4)

Therefore, equation of any line through point P(3, 4) is
y—a4=m(x- 3)

or mx - y+4-— 3m =0. )

If Eq (i) is tangent to first c1rcle then length of L from
centre C1(1’ Nof ()= r (radius)

Im =3 +4-3m|
>t L1 (-2m)=m+1
(mi+ 1) 1

= 3m —4m =0=>m =0,4/3

Substituting m = 0 and 4/3 in Eq. (i), the equatlon of
direct common tangents arey=4and 4x — 3y =0.
To find transverse common tangents:

The coordinates of the point Q dividing the line C C in the
rpiel:3 internally, are (0, 5/2).

". Equation of any line through Q(0, 5/2) is y — 5/2
=m2(x—0) or mzx*y+5/2=0. (i1)

If Eq. (ii) is tangent to first circles, then length of L from
centre C 1(1, 3) on Eq. (ii) =7 (radius)

[m,—3 +5/2| 5
S S 12— 2y
T3 1= QCm,—1)"=4(m+1)
= -4m -3=0
o m, = —3/4 and o, as coeff. of m; =0.
Substituting m, = — 3/4 and oo in Eq. (ii), the equations of

transverse common tangents are
3x+4y—10=0andx=0.

ANGLE OF INTERSECTION OF TWO CIRCLES
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Let the two circles S=x* + 3> + 2gx + 2fy +c=0 and §
=x*+ y2 + 2g1x + 2f1y te = 0 intersect each other at the
point 72 and Q. The angle § between two circles S = 0 and
S = 0 is defined as the angle between the tangents to the
two circles at the point of intersection. & must be taken acute

angle.

C1 and C2 are the centres of circlés S=0and S
CI =(—g,—f)and C2 =(- g, —fl) and radii of circles = 0 and

S' =0 are rl=\/g2+f>2—c‘andr2=\/gf+f,2—c1

= |CI C, | = Distance between their

Let
: centres

“\Cg+ey /sy
=&/ + g +/ 288, — )

ClPLAA’:LCIPB—j—O
, T
C2PJ_BB :_LCZPA—2 0
= ZCPC,=5-0+5-0+6=n-0
| ritr-d |
Now, in APC/C,, cos 6 = 2r 7, @)

If the angle between the circles is 90°, i.e., 8 = 90°, then
the circles are said to be orthogonal circles or we say that the
cirlces cut each other orthogonally.

Then, from Eq. (i),

ri+ri-d
0= ——"—7
2rr,
= ritr: —d =0
= ritri=d

= gHfi-ctgitf ¢
=g+ g ) —2gg 2,

= 2gg t2f =c+tc

| Find the angle at which the circles x* + y*

+x+y 0 andx +y* +x —y =0 intersect.
Sol. The angle of intersection of two circles is given by
rit+r-C . C2
cos O = )

2rr
12

=0, then -

where r,F,are radii of two circles and C1 C2 is the distance
between their centres.

N TR T -
Here, ro= 4+4—v\j27——rzandClC2—1
= cos@=0

b4
= 0=§

[ 11 the circles x* + ) + 2a'x + 2by + ¢’ =0
and 2x* + 2)% + 2ax + 2by + ¢ = 0 intersect orthogonally,

. . ’
then prove that aa’ + bb' =c + %

Sol. The given circles are x*+y* +2a'x +2b'y + ¢’ =0 and

x2+y2+ax+by+%=0

These two intersect orthogonally,

2(a’.%+b'.%)= c’+%:>aa'+bb’=c’+%

2 8 A circle passes through the origin and has
lts centreony x. fitcuts x> +y* —d4x -6y +10=10
orthogonally, then find the equation of the circle.

Sol. Let the required circle is x> +y* +2gx +2fy +¢c=0
®
This passes through (0, 0), therefore ¢ =0

The centre (— g, — f) of Eq. (i) lies on y = x, therefore

g=r
Since Eq. (i) cuts the circle x> + y* — 4x — 6y + 10 = 0
orthogonally, therefore

2(-2g-3f)=c+10 = -10g=10
_ ' [~ g=fand ¢ = 0]
= g=f=-1

Hence, the required circle is x* +3* —x —y =0

RADICAL AXIS

The radical axis of two circles is the locus of a point which
moves such that the lengths of the tangents drawn from it to
the two circles are equal.

Consider, S=x*+)*+2gx+2fy+c=0 (i)
(i)

and S’Ex2+y2+2glx+2f1y+cl=0

Let P (x, y,) be a point such that |P4 | = |PB|



=> X Ty} +2gx +2gy +c

= \jxf +tyit2gx t2fy tc

P(x,, y1)

Fig. 2.52

On squaring, we get

x> tylt2gx + Ay te=xity + 2gx + 2fly1 +e
= 2g-g)x +2(f~f)y tc—c =0

Therefore, locus of P(x Y 1) is

2(g—g)x+2Af~f)y+c—c =0
which is the required equation of radical axis of the given
circles. Clearly, this is a straight line.

Properties of the Radical Axis

1. Radical axis is perpendicular to the line joining the
centres of the given circles. '

~f+f [,
Slope of C1C2=:m=g_—gl=m1 (say)

—8) _

(g
Slope of radical axis is — —m m, (say)

mm, =~ 1

Hence, C,C, and radical axis are perpendicular to each
other.

2. The radical axis bisects common tangents of two circles:

Let OR be the common tangent. If it meets the radical
axis P, then PQ and PR are two tangents to the circles. Hence,
PQ = PR since length of tangents are equal from any point on
radical axis. Hence, radical axis bisects the common tangent

OR.
" Note:

Radical axis need not always pass through the mid
point of the line joining the centres of the two circles.

Circle 2.25

3. If two circles cut a third circle orthogonally, then the
radical axis of the two circles will pass through the centre
of the third circle, or the locus of the centre of a circle
cutting two given circles orthogonally is the radical axis
of the given two circles.

§=0

Fig. 2.53

Sincve‘ circle S” = 0 intersects the circle S=0and §' =0
orthogonally

cpPL CPand C.O L CQ. (where C is centre of the circle
$7=0)

But CP = CQ = radius of the circle " =0

Hence, C lies on the radical axis of the circles S = 0 and

"=, as CP and CQ are also the length of tangents from C to
the given circles.

4, The position of the radical axis of the two circles
geometrically is shown below:

Radical axis is
common tangent

Qe

Radical axis is
common chord

De
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Radical axis is
common tangent

Fig. 2.54

Radi cal Centre

The radical axes of three circles, taken in pairs, meet in a point,
which is called their radical centre. Let the three circles be

5 =0 1)

S =0 (ii)

S =0 (iif)

Let OL, OM and ON be radical axes of the pair sets of

circles {S, = 0,5,= 0}, {S3 =0,8 = 0} and {S, =0, S, = 0}
respectively. s
s=0 |

5,=0
Fig. 2.55
Equations of OL, OM and ON are respectively
s -5,=0 (iv)
5,-5,=0 )
5,-5.=0 - (vi)

Let the straight lines (iv) and (v) i.e., OL and OM meet in
0. The equation of any straight line passing through O is

(5,-5) +A (5,-5)=0
where A is any constant.

For A = 1, this equation becomes S2 - S3 =0 which is, by
(vi), equation of ON.

Thus the third radical axis also passes through the point
where (iv) and (v) meet. In the above figure, O is the radical
centre.

Properties of Radical Centre

1. Coordinates of radical centre can be found by solving the
equations S, = S2 =5, = 0.

2. The radical centre of three circles described on the
sides of a triangle as diameters is the orthocentre of the
triangle. Draw perpendicular from 4 on BC.

ZADB = ZADC = 7/2
A

B D . C
Fig. 2.56

Therefore, the circles whose diameters are A8 and AC
passes through D and A. Hence, 4D is their radical axis.
Similarly, the radical axis -of the circles on 4B and BC
as diameter is the perpendicular line from B on C4 and
radical axis of the circles on BC and CA as diameter is
the perpendicular line from C on 4B. Hence, the radical
axis of three circles meet in a point. This point / is radical
centre but here radical centre is the point of intersection
of altitudes, i.e., AD, BE and CF. Hence, radical centre
= orthocentre.

3. The radical centre of three given circles will be the

centre of a fourth circle which cuts all the three circles
orthogonally and the radius of the fourth circle is the
length of tangent drawn from radical centre of the three
given circles to any of these circles.
Let the fourth circle be (x — h)* + (v — k)* = 2, where
(h, k) is centre of this circle and - be the radius. The centre
of circle is the radical centre of the given circles and r is
the length of tangent from (4, k) to any of the given three
circles. :

If the radical axis of the circles x* + J’

+2gx+2fy+c=0and 2x* + 2y + 3x + 8y + 2¢ = 0 touches
the circle x* + y* + 2x + 2y + 1 = 0, show that either g = 3/4
or f=2.

Sol. The radical axis of the given circles X4y 2gx + 26

Hc=0and X’ + )y +(3/2)x+4y+c=0,

is (2g — 3/2)x + (2f — 4y =0 or (4g = 3)x+4(f-2)y=0

@
This radical axis (i) touches the circles XY+ 2+ 2
+1=0, (i)

if the length of L from centre (—1, —1) on the line (i)
= radius of circle (i1),

-3 +Ag-2C D)
€. =x4(1+1-1
Ny ey B S




[(4g —3) +4(f - 2)F = (4g — 3)° + 16(/— 2)°

8(4g-3)(f=2)=0
g=3/4orf=2

fosanrd

A8l The equation of the three circles are given
X +y —1 X +y —8x+15=0,x"+)y* + 10y +24=0.

Determine the coordinates of the point P such that the
tangents drawn from it to the circles are equal in length.

Sol. We know that the point from which. lengths of tangents
are equal in length is radical centre of the given three circles.
Now radical axis of the first two circles is

GE+y -1 -+ —8x+15)=0,

ie,x-2=0, @)

and radical axis of the second and third circles is

P+ —8x+15) — (P +)7 + 10y +24) =0,

j.e,8x+10y+9=0 (ii)
Solving Egs. (i) and (ii), the coordinates of the radical

centre, i.e. of point P are P(2, — 5/2).

The line Ax + By + C = 0 cuts the circle

X+ y*+ax+by+c=0inPand Q. Theline A'x+ B'x+C

=0 cuts the circle x* + > + a'x + b’y + ¢ =0in R and S. If

P, Q, R, S are concyclic, then show that

a-a b-bc-c
A B C
A B c’

=0.

Sol. P and Q are the points of intersection of the line L = Ax
+By+C=0 @)
S =x+ytax+tby+te=0, (i)

R and S are the points of intersection of the line
L=Ax+By+ =0 (iii)
S, = x2+y2+d’x+b’y+c’=0 @iv)

and the circles

and the circle

Fig. 2.57
Radical axis of circle S1 =0and S2 =01is SI - S2 =0,

“circles S =

Circle 2.27

ie. L, =(@a-ax+G-by+(c—c)=0 W)

If P, Q R, S are concyclic and S, =0 is the equation of
this circle through P, O, R, S, line (1) is the radical axis of
0 and 83 = 0 and line (ii) is the radical axis of the
circles S, = 0and S =0.

Thus, the straight lines given by Egs. (v), (i) and (iii) are
the radical axes of circles S1 =0, S2 =0 and S3 = 0 taken in
pairs.

Since the radical axes of three circles taken in pairs are

concurrent or parallel, .. we have

a-a'b-bc-¢
A B C

. =0.
A B cn

Find the equation of a circle which cuts the
threec1rclesx +yP—3x—6y+14=0, Kyt —x—dp+8=0,
X' +y* + 2x — 6y + 9 = 0 orthogonally.

Sol. The circle having centre at the radical centre of three given
circles and radius equal to the length of the tangent from it to

any one of three circles cuts all the three circles orthogonally.
The given circles are

Xy —3x—6y+14=0 @
F+y —x—4y+8=0 (i)
X+ +2x—6y+9 =0 (iii)

The radical axes (i), (ii) and (iii) are, respectively
x+y—-3=0 (iv)
and 3x-2y+1=0 V)

Solving Egs. (iv) and (v), we getx=1,y =2

Thus, the coordinates of the radical centre are (1,2).

The length of the tangent from (1, 2) to Eq. (i) is
F=N1+4-3-12+14=2

Hence, the required circle is (x — Y+ @y-2°= 2%or ¥

~2x—4y+1=0.

COMMON CHORD OF TWO CIRCLES

The common chord joining the point of intersection of two
given circles is called their common chord.

If §=0and S’ = 0 be two intersecting circles, the equation
of their common chord is

S-§=
Let SEx2+y2+2gx+2fy+c=O
and S'=xX+y+2gx+2y+c' =0

be two circles intersecting at P and Q.
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G
§=0
S-§'=0
Fig. 2.58
Then PQ is their common chord.

c. S5—§ =
= 2g-g)x+2(/-fyte-c=0
is the common chord of two circles S= 0 and §' = 0.

Length of the Common Chord

PQ = 2(PM) =2y{(C,PY - (C M)’}

where C, P =radius of the circle S =0 and C M is the length

of perpendicular form C, on common chord PQ.

Note:

1. The length of common chord PQ of two circles is
maximum when it is a diameter of the smaller circle.

2. If circle is described on the common chord as a diameter
then centre of the circle passing through P and Q lie on
the common chord of two circlesi.e, S — 8" = 0.

3. If the length of common chord is zero, then the two
circles touch each other and the common chord
becomes the common fangent to the two circles at the
common point of contact.

If the tangents are drawn to the circle

x>+ y2 12 at the point where it meets the circle

X+ y2 — 5x + 3y — 2 =0, then find the point of intersection
of these tangents.

Sol.

Let (4, k) be the point of intersection of the tangents.
Then the chord of contact of tangents is the

" common chord of the circle x*+ y*= 12
and x*+)* - Sx+3y—-2=0

5x—3y—-10=0

Also, the equation of the chord of contact w.r.t. P is is

ie.

hx+ky—12=0
Equations /x + ky — 12 =0 and 5x — 3y — 10 = 0 represent
the same line 'ﬁéi=ﬁ2h=6 k=_—18
s =3 -10 > 5

Hence, the required point is (6, —18/5).

XAMPe =t Find the angle which the common chord
of x* +y* — 4x — 4y = 0 and x* + y* = 16 subtends at the
origin.

Sol.
AY
Ty —dx—dy =
0, 4) =Y
X 0 ) X
(4, 0)
¥+ =16
VY’
Fig. 2.60

The equation of the common chord of the circles
X +y —4x—4y=0

and x* +3? = 16 is x + y = 4 which meets x* + y* = 16 at
A(4, 0) and B(—4, 0). Obviously 04 1 OB.

Hence, the common chord 4B makes a right angle at the
centre of the circle ¥* +y*= 16.

. Find the length of the commeon chord of
the circles x’ +y* + 2x + 6y =0and x* + y*- dx —~ 2y - 6 =0

Sol.




The equation of common chord PQ of the circles
S x4y +2x+6y=0
and Sz:x2+y2—4x—2y—6=0
is Sl—S2=00r6x+8y+6=00r3x+4y+3=0
—3), radius = Ji+9 = 10
C M=length of the | from (-1, -3) to 3x + 4y +3=0
_|=3-12+43] 12
5

Jo+16
Now  PQ=2PM=2./CP'—CM

=2 ho_ﬂ
25

centre ofS1 is (-1,

. 6 If the circle x* + y* +2gx+ 2y +c=10
blsect the circumference of the circle x* + y* + 2g'x + 2f'y +
¢’ = 0, then prove that

28 -g)+ Y (f~f)=c—¢
Sol. It is given that the circle x* + y* + 2gx + 2fy + ¢ = 0 bisects
the circumference of the circle

x> +y*+2g'x +2f y+¢' =0, therefore the common chord
of these two circles passes through the centre

(—g',—f) of £ +y +2gx+2f'y+c =0

XV +2gx+2ftc= O

YH+y+2gx+2'x+c =0

Fig. 2.62

The equation of the common chord of the two given
circlesis2x(g— gy +2y(f—f)+c—<c' =0.

This passes through (—g’, ~1")
28 g —g)-2'(F—f)+ec—c' =0
=28'(g-g)+2f (f~f)=c—¢

Concept Application Exercise 2.4

1. The circles x* +y* — 12x— 12y = 0 and
Xy +6x+6y=0

a. touch each other externally

b. touch each other internally

Circle 2.29

c. intersect in two points
d. none of these

2. If the circle x° + Y+ 2ax + ¢y + a =0 and
x* +y* = 3ax + dy — 1 = 0 intersect in two distinct
point P and Q, then find the values of a for which the
line 5x + by — a = 0 passes through P and Q.

3. Which of the following is a point on the common
chord of the circle x* + y* + 2x = 3y + 6 = 0 and
X+ +x- 8y-31=0
a. (1,-2) b. (1, 4)

c. (1,2) d.(1,-4)

4. Consider the circles x* + (y = 1)) =9, (x — 1)* +
= 25. They are such that
a. These circles touch each other
b. One of these circles lies entirely inside the other
‘¢. Each of these circles lies outside the other
d. They intersect in two points

5. Ifthe circles of same radius a and centres at (2, 3) and
(5, 6) cut orthogonally, then find 4.

6. If the two circles 2x* + 2)° — 3x + 6y + k= 0 and
x*+3y* —dx+ 10y +16=0 cut orthogonally, then find
the value of £.

7. Find the condition that the circle (x — 3)* + (y — 4)?
= #* lies entirely within the circle x*+ y* = R?.

8. Find the radical centre of the circles x* + ) + 4x + 6y
=19, +y*=9andx* +)° - 2x - 2y =5.

9. Find the equation of the circle which intersects circles
CH+yY Hx+2y+3=0,x"+y*+2x+4y+5=0and
X+ —Ty-8-9=0at right angle.

10.Two circles ‘C ’and ‘C |’ intersect in such a way that
their common chord is of maximum length. Centre
of o is (1, 2) and it’s radius is 3 units. Radius of

G, is 5 units. If slope of common chord i 1s , then find

the centre of C2

11. The equation of a circle is x* + * = 4. Find the centre
of the smallest circle touching the circle and the line
xty= 52.

12.Consider four circles (x + 1) + (y = 1) = 1. Find the
equation of smaller circle touching these four circles.

13. Find the equation of the circle whose radius is 3 and
which touches internally the circle

12 = 0 at the point (-1, —1).

14.Find the number of common tangents that can be

drawn to the circles x* + y* — 4x — 6y — 3 = 0 and
Y22+ 2+ 1=0.

X +y - 4x— 6y -

15.Two fixed circles with radii », and rir, > 1),
respectively, touch each other externally. Then
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1dentify the locus of the point of intersection of their
direct common tangents.

16. Two circles with radii a and b touch each other
externally such that 6 is the angle between the direct
common tangents (@ > b > 2), then prove that 8 = 2
sin™ (a -b )

atb/)

17.If the radius of the circle (x — 1)* + (y = 2)* =1 and

- 7)* + (y — 10)* = 4 are increasing uniformly w.r.t.
* time as 0.3 and 0.4 unit/sec, then at what value of ¢
will they touch each other?

FAMILY OF CIRCLES

1. The equation of the family of circles passing through the

- point of intersection of two given circles S=0and §' =0

is given as .
S +AS' =0 (where 1 is a parameter, A #— 1)

= __-” S:_O

Fig. 2.63

2. The equation of the family of circles passing through the
point of intersection of circle S = 0 and a line L = 0 is

givenas S+AL=0
(where A is a parameter)

3. The equation of the family of circles touching the circle
S = 0 and the line L = 0 at their point of contact P is §

+AL=0
(where A is a parameter)

kS S SHAL=0
5=0 L=0
Fig. 2.65

4. The equation of a family of circles passing through two
given points P(x Y 1) and Q(xz, yz) can be written in the
form

x Y 1

(x—x) (x=x)+ (¢ =y)o-y) +A| % K 1|=0
xZ yz 1

S+AL=0

(where A is a parameter)

TP )

‘."-‘Q(xz,)’z)

Fig. 2.66

Here S = 0 is equation of circle with £ and Q as end point
of diameter and L = 0 is line through points P and Q.

5. The equation of family of circles which touchy —y =m
(x— xl) at (xl, yl) for any finite m is
@—x)Y+@-y)P+M{-y)-mx—x)}=0andif
m is infinite, the family of cirlces is
(c=x )+ -y P +Ax—x)=0
(where A is a parameter).

Here (x — xl)2 +(- yl)2 =0 is point circle at point (xl,'yl)

A




A
\ i
C
(b)
Fig. 2.67

Family of circles circumscribing a triangle whose sides
are given byL =0;L,=0and L, =0 isgivenby L L, +/1L
- +upl L =0 prov1ded coefﬁc1ent of xy =0 and coefﬁ01ent of

xt= coefﬁc1ent of y%.

Equation of circle circumscribing a quadrilateral whose
- sides in order are represented by the lines L =0, L, = 0,

L =0 and L , = 0is givenby L L + AL L, = 0 provided
coefficient of x* = coefficient of y* and coefficient of xy = 0.

, If the c1rclex2+y +2x +3y+1=0 cuts
x +y:Z +4x +3y+2=0in 4 and B, then find the equation
of the circle on AB as diameter.

Sol. The equation of the common chord 4B of the two 01rcles
1s2x+ 1=0. [UsmgS S, = =0]

The equation of the required circle is (* +y* +2x + 3y
+1)+A(2x +1)=0. [Using S, +/1(S2 —5)=0]

=+ +2x(A+ 1) +3y+A+1=0

Since AB is a diameter of this circle, therefore centre lies
o it. '

So, 24-2+1=0=>1=-1/2

" Thus, the required circle is x> + > + x + 3y + 1/2=0

or2x*+ 2 +2x+ 6y +1=0
Show that the equation of the circle
passmg through (1, 1) and the points of intersection of the
circles x> + 3+ 13x — 3y =0 and P+ 2 +ax—Ty— 25

=0is 4%’ + 4y* +30x — 13y — 25 =0.
Sol. Equation of the circle passing through the points of
intersection of the given circle is

WPy +13x=3) +A2* + 2  +4x - Ty-25)=0 (i)
If this circle passes through the point (1, 1), then
(1+1+13-3)+A2+2+4-7-25)=0

= A=112

Substituting A = 1/2 in Eq. (i), the equation of the required
circle is 4x* + 4y* + 30x — 13y —25=0.

Circle 2.31

-‘69 " Find the equation of the smallest circle
passmg through the intersection of the Iine x + y = 1 and
the circle x* +y* =9,

Sol. Any circle passing through the points of intersection of
the given line and circle has the equation

x2+y2_9+l(x+y—-1) =0 ItSCentrez(—%,”%)

The circle is the smallest if (— %, - '%) is on the chord
x+y=1

=

|
NI>—'
>,

3“13;{_—

Puttmg this value for 4, the equation of the smallest circle
isx*+y"—9—(x+y-1)=0.

: C, and C, are circles of unit radius with
centres at (0, 0) and (1, 0), respectively. C3 is a circle of
unit radius, passes through the centres of the circles
C, and C, and have its centre above x-axis. Find the
equation of the common tangent to Cl and C3 which does
not pass through C..

Sol.
Y
F 3
G,
C, G > X
(0,0 (1, 0)
Fig. 2.68

Equation of any circle through (0, 0) and (1, 0) is

x V1
0 0 1l=0
1 01

G-DE-0)+@-0F-0+1
= 4yt —x+iy =0

If it represents C., its radius = 1
= 1 =(1/4) + (A*/4)
= A=x3

As the centre of C lies above the x-axis, we take
— 3 and thus an equatlon of C,

is X +y*—x—3y =0.
Since C1 and C3 intersect and are of unit radius, their

common tangents are parallel to the line joining their centres
(0, 0) and (1/2, V3/2).
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So, let the equation of a common tangent be V3x — y
+k= 0.
L]

Tt will touch Cl, if NEEw
From the figure, we observe that the required tangent

makes positive intercept on the y-axis and negative on the
x-axis and hence its equation is V3x —y +2=0.

=]l=k=x2

5 Yt | Find the radius of the smallest circle

touches the straight-line 3x — y = 6 at (1, —3) and
also touches the line y = x. Compute upto one place of
decimal only.

Sel. FEquation of the circle touching the line

3x—y—6=0at(l,~3)isgivenby (x - 1)* + (y + 3)?
+A3x-y-6)=0

ie. X+ +(BA-2x+(6-Ay+10-61=0 @)

Equation (i) touches . y=x,
LA+ +10-64 =0
HA+2x+5-31=0
has equal roots
= @A+ —45-3)=4+161-16=0
—> A =1 [~ 16+ 2367 64) | = - 8 = \[(50)

% [(BA—2)% + (6 — A)* — (10 — 60)4]

1.€.

(i)

Now (radius)* = R* =
— 41047
:>R=\/1—?’l r(—8i4x/’)—|—4x/_i10x/_|

= radius of smaller circle = | — 4 V10 + 10 V2| = 1.5
approx.

Exampe 2 B2 A variable circle which alwaystouches

,the line x + y — 2 =0 at (1, 1) cuts the circle
x*+y? +4x+5y—6=0. Prove that all the common chords of
intersection pass through a fixed point. Find that points.

Sol. Any circle which touches the linex + y—2=0at (1, 1)
will be of the form
=12+ @1 +AMx+y—2)=0

or ¥+ +(A-2x+A-2y+2-24=0

The common chord of this circle and x* + y* + 4x + Sy
—6 =0 will be

A-6x+@A—-Ty+8-21=0o0r (-6x — Ty +8) +
Alx+y—2)=0

which is a family of lines, each member of which will be
passing through a fixed point, which is the point of intersection
of the lines — 6x — 7y + 8 =0 and x + y — 2 = 0 which is
6, —4).

i LetS bea circle passing through A(0, 1),

B(—-2 2) and S is a circle of radius V10 units such that AB
is common chord of S ands,. Find the equation of S

Sol. Equation of line AB is
y-2= 2 O(X+2) 2(X+2)
=>x+2y—-2=0 @)
Equation of circle whose diagonally opposite points are

Aand B:
x-0E+2)+GG-1)(F-2)=0
= L+y +2x—3y+2=0 (ii)
Family of circles passing through the points of intersection
of Egs. (i) and (ii)
Xy +2x =3y +2+A(x+2y—2)=0
= XY HQFA (A -3y +2-2=0

Equation (iii), represents a circle of radius V10 units
2 _ 2
A (BT 20

= 4+ 41+ 1)+ @A+
=>A=£+7

Hence, required circles are

X+ +2x—3y+2£T (x+2y-2)=0

There are two such circles poss1b1e
' 74 BT C, C, and C, belong to a famlly of
clrcles through the pomts (x , y) and (xz, Yy, ), prove that

the ratio of the lengths of the tangent from any point on C,
to the circles C, and C is constant.

(iii)

9 — 124) + 81 — 8 = 40

Sol. Equations of the circles through (xl, y 1) and (xz, y,) are

x Y 1
(-x)r-x)+p-y)G-y)+A [ K 1]=0
(r=1,2,3) HEA

Let (A, k) be a point on C
=  ¢(h, k)+l p(h, k) =

where ¢(hk)—(h—x)(h—x)+(k y)
(k- yz)
nokg

and wh,ky=1*% N1
xZ yZ 1

Let 7, be the length of the tangent from (h, k) to C, and
T, be the length of the tangent from (h, k) to C..

= T,= (b, &)+ 1,9, B), T, = ¢, )+, (k)

T, $hBTALYEH @, -2 ¢
T~ oG+ 2,9 k) O~ 2w (1, )

A,—4,
/1 l L which is independent of the choice of (4, k) and

hence a constant.
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PROB LEMS BASED ON LOCUS = - A 0= m=0
X e © If a line segment AM = a moves in the Hence, the locus of (#, k) is
plane XOY remaining parallel to OX so that the left end

xy =0.
point A slides along the circle x* + y* = &%, then find the — ‘
locus of M. S X ; f Find the locus of the point of intersection
Sol. ' of the tangents to the circle x* +y* = a* at points whose
Y. parametric angles differ by /3.
Y Amy) ' Sol.
a_ MGk 4
.0
> R, k)
0 p X
P
<+ 5 >
Fig. 2.69
Let the coordinates of 4 be (x, y) and M be (h, k) . v
Since 4M is parallel to OX, h Fig. 2.70
h=x+aandk=y Let the parametric angles of two points on the circle
= x=h—aandy=k x*+y* =a’be@andn/3 +0.
As A(x,y) lies on the circle Then, the two points are P(a cos 6, a sin 6) and
¥+ =a* we have O(a cos (/3 + 0), a sin (/3 + 6))
(h-ap+ K =a =K -2ah+K=0 In the figure £POQ =n/3 and ZPOR = /6.
— Locus of M(h, k) is ' In AOPR, OP = OR cos 30°
2437 =2ax.
FoyAen - a= NP2
The tangents to x° + y° = a" having

=L fR(A, k)i
inclinations  and § intersect at P. If cota + cot =0, then ocu§ of R(h, k) s

find the locus of P. 32 + )% =4d.

Sol. Let the coordinates of P be (4, k). Let the equation of a
tangent from P(h, k) to the circle X +y*=dbe

ISPV LR Find the locus of the centre of a circle
touching the circle x* + y* — 4y — 2x = 4 internally and

y=mx+a VI + .. tangents on which from (1, 2) is making a 60° angle with
each other.
Since P(h, k) lieson  y =mx+a Nl + m. ] Sol.

k =mh+al+m?
= (k—mhy: = a1 +m)

= m*(h* — a®) — 2mkh + K —a’ =0

This is a quadratic in m. Let the two roots be m and

+ =
m,. Then, m, +m, R

Buttana=m ,tanf=m, and it is given that cota +cot =0

Fig. 2.71

-t =0=>m +tm,=0 Let » and R be radius of required and given circle

11

+
! 2 respectively and let centre is (4, k).
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B3y given condition (4 - 1)2 +(—2F=R—r

Now, E—sm30°

— r=ABsin30°=(R—r)%
(U4B=R-7)

— (h—1)2+(k—2)2=R—§=%

Now, R=3

= -1+ (k-2 =2
—> Locusis
(=1 + (=27 =4

. Two rods of lengths a and b slide along the

x-axns and y-ax1s, respectively, in such a manner that their
ends are concyclic. Find the locus of the centre of the circle
passing through the end points.

Sol.

y 3
o
M C(h, k)
P .
Ol4 I3 B
Fig. 2.72

Let C(h, k) be the centre of the circle passing through the end
points of the rod AB and PQ of lengths a and b, respectively,

CL and CM be perpendiculars from C on AB and PQ,

respectively.

Then AL =(1/2) AB=a/2,

PM =(1/2) PO =b/2
and CA = CP (radii of the same circle)

7 2
a 2, b

= K+ 4 =h'+
= 4H -1 =d b

So that locus of (b, k) is 4(x* —y*) =d* — b’

A circle with centre at the origin and

radius equal to a meets the axis of x at 4 and B.P () and
Q(p) are two points on the circle so that ¢ — B = 2y, where
y is a constant. Find the locus of the point of intersection
of AP and BQ.

(-a,0) 4 0

Fig. 2.73
Coordinates of 4 are (—a, 0) and of P are

(acos a, asina)

.. Equation of 4Pis y = ﬁ%‘l—) (x+ta)
or y =tan (a/2) (x + a) i)
Similarly equation of BQ is
__a sin B (x—a)
Y T a(cosp-1) a
or ) y=—cot(B2)(x—a) (ii)
We now eliminate @, 8 from Eqgs. (i) and (ii)
tan (/2) = 7, tan (B12) =
Now a-f=2
N ¢ _ tan(@/2) —tan(B/2)
1+ tan(er/2)tan(B/2)
Y _a—x
_at+x_ Y
Y a-x
1+ PE
2 2 2
y —(@ ~-x)
B B "+ xy T @a-xy
_ X+ y —-d
-
= x2+y2—2aytany=a2.

Find the locus of the midpoint of the

chords of the circle x* +y* = a* which subtend a right angle
at the point (c, 0).

P (h)k)

0 A490°
(¢, 0)

Fig. 2.74



Let P(h, k) be the midpoint of a chord BC which subtends
atight angle at A(c, 0).

Then, clearly
AP = PC=PB=[(h-c)*+K] @)

Also PC = \(d" - OP).

=\l -7+ ©)] (if

From Eq. (i) and (i1}, generalizing (4, k); we get the locus

of Pas .

@—o)+y =a' - +)")
ie. 20+ ) ~2ex + - =0.

A variable circle passes through the point
A(a; b) and touches the x-axis. Show that the locus of the
other end of the diameter through A is (x —\a)2 = 4by.

Sol.

Y
A
(a, b
P (h, k)
0 » X
Fig. 2.75
[y-coord. of centre| = radius
k+by _(h—a)’ +(k-b)
= ( 2 ) - 4
—> Locus of P(h, k) is
(x - a)’ =4by.

Subjective Type § Solutions on'page 2.56

1. A circle passes through the vertex C of a rectangle ABCD
and touches its sides AB and AD at M and N, respectively.
If the distance from C to the line-segment MN is equal to
5 units, find the area of the rectangle ABCD.

2. Let ABC be a triangle right angled at 4 and S be its
circumcircle. Let S, be the circle touching the lines
AB, AC and the circle S internally. Further, let 52 be the
circle touching the lines AB and AC produce and the circle
S externally. If r and #_ be the radii of the circles S and
Sy respecttvely, show that rr, =4 area(A4BC).

Circle 2.35

2. A tangent is drawn to each of the circles x* + »*

3. The circle x* + y* — 4x — 4y + 4 = 0 is inscribed in

4. A point moves so that the sum of the squares of

5. ‘P’ is the variable point on the circle with centre at’

6. Tangents are drawn to the circle x* + y* = &* from

1. anCept;:Appﬁcatipn:Eigeyrciie«;2;.5 ;

Find the locus of the midpoint of the chord of the
circle x* + y* — 2x — 2y — 2 = 0, which makes an angle
of 120° at the centre

= ¢ and x* + y* = b*. Show that if the two tangénts
are mutually perpendicular, the locus of their point
of intersection is a circle concentric with the given
circles.

a variable triangle OA4B. Sides O4 and OB lie along
the x-and y-axis, respectively, where ‘O’ is the origin.
Find the locus of the midpoint of side AB.

the perpendiculars let fall from it on the sides of an
equilateral triangle is constant, prove that its locus is
a circle.

C. CA and CB are perpendicular from C on x-axis
and y-axis respectively. Show that the locus of the
centroid of triangle PAB is a circle with centre at the
centroid of triangle CAB and radius equal to the one
third of the radius of the given circle.

two points on the axis of x, equidistant from the point
(k, 0). Show that the locus of their intersection is
k= a* (k- x).

A straight line moves so that the product of length
of the perpendiculars on it from two fixed points
is constant. Prove that the locus of the feet of the
perpendiculars from each of these points upon the
straight-line is a unique circle.

EXERCISES

3. Find the range of parameter ‘a’ for which the variable line

y =2x + g lies between the circles x* + > — 2x — 2y + 1
=0 and x* + y* — 16x — 2y + 61 = 0 without intersecting or
touching either circle.

. Find the locus of the centres of the circles x* + y* — 2ax

— 2by + 2 =0, where ‘a’ and ‘b’ are parameters, if the
tangents from the origin to each of the circles are
orthogonal.

. Three concentric circles, of which biggest is x* + y* = 1,

have their radii in A.P. If the line y = x + 1 cuts all the
circles in real and distinct points, then find the interval in
which the common difference of A.P. will lie.
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6.

10.

11.

12.

13.
14.
15.
16.
17.

18.

19.

Let 4 =(-1,0), B= (3, 0) and PQ be any line passing
thxrough (4, 1) having slope m. Find the range of ‘m’ for
which there exist two points on PQ at which 4B subtends
a right angle.

. The equation of radical axis of two circles is x + y = 1.

Omne of the circles has the ends of a diameter at the points
(1, —3) and (4, 1) and the other passes through the point
(1, 2). Find the equations of these circles.

. § is a circle having centre at (0, a) and radius b(b < a).

A variable circle centred at (¢, 0) and touching circle
S, meets the X-axis at M and N. Find a point P on the
Y-axis, such that £ MPN is a constant for any choice of a.

. S(x, y) = 0 represents a circle. The equation S(x, 2) =

0 gives two identical solutions x = 1 and the equation
S(1,3) =0 gives two solutions y = 0, 2. Find the equation
of the circle.

Find the equation of a family of circles touching the lines
¥ =y +2y—1=0.

A and B are two points in xy-plane, which are 2v2 unit
distance apart and subtend an angle of 90° at the point
C(1, 2) on the line x — y + 1 = 0, which is larger than any
angle subtended by the line segment AB at any other point
on the line. Find the equation(s) of the circle through the
points 4, B and C.

From the variable point 4 on a circle x* + y* = 24%, two
tangents are drawn to the circle x* + y* = a® which meet
the curve at B and C. Find the locus of the circumcentre
of AABC.

Find the circle of minimum radius which passes through
the point (4, 3) and touches the circle x* + y* = 4 exter-
nally.

Two variable chords 4B and BC of a circle x* +y* = #* are
such that 4B = BC =r. Find the locus of point of intersec-
tion of tangents at ‘4’ and ‘C”.

If 3x+y =0 is a tangent to a circle whose centre is (2, —1),
then find the equation of the other tangent to the circle
from the origin.

Find the length of the chord of contact with respect to the
point on the director circle of circle x* + y* + 2ax — 2by
+at-b=0

A circle x* + y* + 4x — 242 y + ¢ = 0 is the director circle
of circle S . and Sz’ is the director circle of circle S and
so on. Ifthe sum of radii of all these circles is 2, then find
the value of c.

Consider three circles C, C, and C, such that C is
the director circle of C and C is the director cncle of
C . Tangents to C from any point on C intersect C at
P and Q. Find the angle between the tangents to C at
P and Q. Also identify the locus of the point of 1ntersec
tion of tangents at P and Q.

From a point P on the normal y = x + ¢ of the circle X+
~ 2x— 4y +5— A% =0, two tangents are drawn to the same

20.

21.
22,
23,
24,
285.
26.

27.

28.

29.

Objective Type .

circle touching it at point B and C. If area of quadrilateral
OBPC (where O is the centre of the circle) is 36 sq. units.
Find the possible values of 4, it is given that point P is at
a distance |41 (V2 — 1) from the circle.

Find the centre of the smallest circle which cut circles
x*+y*=1and x* +)* + 8x + 8y — 33 = 0 orthogonally.
Perpendiculars are drawn, respectively, from the points
P and Q to the chords of contact of the points Q and
Pwithrespect to a circle. Prove that the ratio of the lengths
of perpendiculars is equal to the ratio of the distances of
the points P and Q from the centre of the circles.

Find the number of such points (a + 1, V3 a), where
a .€ Z, lying inside the region bounded by the circles
X+y’—2x—3=0andx*+y* - 2x— 15 =0.

If eight distinct points can be found on the curve
|x| + [y| = 1 such that from each point two mutually per-
pendicular tangents can be drawn to the circle x>+ = &,

then find the range of a.’

A circle of radius 5 units has diameter along the angle
bisector of the lines x + y =2 and x — y = 2. If chord of
contact from origin makes an angle of 45° with the posi-
tive direction of x-axis, find the equation of the circle.

Let AB be the chord of contact of the point (5, —5) w.r.t.
the circle x* + y* = 5, then find the locus of the orthocentre
of the triangle PAB, where P be any point moving on the
circle.

Let P be any moving point on the circle x* +y* — 2x = 1.
AB be the chord of contact of this point w.r.t. the circle
x*+y? —2x=0. Find the locus of the circumcentre of the
triangle CAB, C being centre of the circle.

AB is a diameter of a circle, CD is a chord parallel to A8
and 2CD = AB. The tangent at B meets the line AC pro-
duced at E. Prove that AE = 248B.

Two parallel tangents to a given circle are cut by a third
tangent in the points R and Q. Show that the lines from
R and Q to the centre of the circle are mutually perpen-
dicular.

A circle of radius 1 unit touches positive x-axis and
positive y-axis at 4 and B, respectively. A variable line
passing through origin intersects the circle in two points
D and E. If the area of the triangle DEB is maximum when
thé slope of the line is m, then find the value of m ™.

Solutions on page'2».6‘2A

Each question has four choices a, b, ¢ and d, out of which
only one answer is correct.

1.

The number of rational point(s) (a point (a, b) is called
rational, if a and b both are rational numbers) on the cir-
cumference of a circle having centre (7, €) is

b. at least two
infinite

a. at most one
¢. exactly two d.



2. If the equation of any two diagonals of a regular pentagon
belongs to family of lines (1 + 0y - Q2+Ax+1- A=0
and their lengths are sin 36°, then locus of centre of circle
circumscribing the given pentagon (the triangles formed
by these diagonals with sides of pentagon have no side
common) is

a. X+ —2x—2y+1+sin’72°=0
b. x2+y2—2x—2y+cos272°=0
C. x2+y2—2x—2y+ 1 +cosz72f’=0
d. x2+y2—2x—2y+sin272°=0

3. If OA and OB are equal perpendicular chord of the circles
x? +y* = 2x + 4y =0, then equations of 04 and OB are
where O is origin.

a. 3x+y=0and3x—y=0
b. 3x+y=0o0r3y—x=0
c. x+3y=Oandy—3x=0
d x+y=0orx—-y=0

4. Equation of chord of the circle x* + yP—3x— 4y — 4
= (0, which passes through the origig such that the origin
divides it in the ratio 4 : 1, is o '

a. x=0 b. 24x+7y=0
c. Tx+24y=0 d. 7x—24y=0 ]

5. The line 2x —y + 1 =0 is tangent to the circle at the
point (2, 5) and the centre of the circles lies on
x — 2y = 4. The radius of the circle is

a. 335 b. 5V3 ce. 245 d.5V2

6. In a triangle ABC, right angled at 4, on the leg
AC as diameter, a semicircle is described. If a chord joins
A with the point of intersection D of the hypotenuse and
the semicircle, then the length of AC equals to

a " AB.AD b AB. AD
" 4B+ AD? " AB+4D
AB-AD
c. VAB.AD d. ————=
NAB* — AD’
7. A thombus is inscribed in the region com-
mon to the two circles ¥+ -dax-12 = 0 and

¥+ +4x—12=0 withtwo of its vertices on the line join-
ing the centres of the circles. The area of the rhombus is

a. 83 sq. units b. 43 sq. units .
¢. 6Y3 sq. units d. None

8. The locus of the centre of the circles such that
the point (2, 3) 18 the midpoint of the chord
5x+2y=16 1is

a. 2x—Sy+11=0 b. 2x+5y—11=0
¢. 2x+5y+11=0 d. None

9. Two congruent circles with centres at (2, 3) and (5, 6),
which intersect at right angles, have radius equal to

a. 2\2 b. 3 ¢ 4 d. None

Circle 2.37

10. A circle of radius unity is centred at origin. Two particles

11.

12.

13.

14.

15.

16.

start moving at the same time from the point (1, 0) and
move around the circle in opposite direction. One of the
particle moves counterclockwise with constant speed
v and the other moves clockwise with constant speed 3v.
After leaving (1, 0), the two particles meet first at a point ‘
P, and continue until they meet next at point Q. The coor-
dinates of the point {) are

a. (1,0) b. (0,1) c. (0,-1) d. (-1,0)
The value of ‘¢’ for which the set {(x, ¥) b+ y* + 2x
<3N {xypk-ytez 0} contains only one point in
common is o

a. (—0,~1]U[3,0) b. {-1,3}

c. {3} d {1}

A circle is inscribed into a thombous ABCD with one
angle 60°. The distance from the centre of the circle to the
nearest vertex is equal to 1. If P is any point of the circle,
then | P4 2 +|PBR +\PCP+|PD P is equal to

a. 12 b. 11

c. 9 d. None of these

Two circles with radii a and b touch each other externally
such that 0 is the angle between the direct common tan-
gents (a > b 2 2), then

a. 9=2c0§" (a—b)

a+b
b. 0=2tan'l(ztlg)
c. H=2sin” (Ztg)
d. §=2sin"’ (Z:rl;))

B and C are fixed points having co-ordinates (3, 0) and
(=3,0), respectively. If the vertical angle BAC is 90°, then
the locus of the centroid of the AABC has the equation
a, P+y =1 b. X+ =2
e 9+ =1 d I +y)=4
ABCD is a square of unit area. A circle is tangent to two
sides of ABCD and passes through exactly one of its ver-
tices. The radius of the circle is

a. 2-V2 b. V2 -1
1 1
¢ 3 d. NG

A pair of tangents are drawn to a unit circle with centre at
the origin and these tangents intersect at 4 enclosing an
angle of 60°. The area enclosed by-these tangenis and the
arc of the circle is -

oNE]

a. b. V3 —%

g
=l

d. ﬁ(l-%)
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17.

18.

19.

20.

21.

22.

23.

A stralght line with slope 2 and y-intercept 5 touches the
circle, X’ +y% + 16x + 12y +'¢=0 at a point Q. Then the
co-ordinates of O are

a. (-6,11) b. (-9,-13)

c. (-10,-15) d. (-6,-7)
A circle of constant radius ‘a’ passes through origin
‘@’ and cuts the axes of co-ordinates in points P and 0,
theen the equation of the locus of the foot of perpendicular
from O to PQ is

a. (F+y9) (Lz + Lz) =44
Xy

c. (x2+y2)2(l2+%) = 44°
Xty

1
) =<

A line meets the co-ordinate axes in 4 and B. A circle is
circumscribed about the triangle O4B. If d and a’2 are the
distances of the tangent to the circle at the origin O from
the points 4 and B, respectively, then the diameter of the
circle is

d. (xz +y2) (Lz +
x

2d1 + a’2 b d1 + Za’2
a. 2 . 2
dld2
C. dl+d2 d. d1+d2

If a circle of constant radius 3k passes through the origin
‘0O’ and meets co-ordinate axes at 4 and B, then the locus
of the centroid of the triangle OA4B is

a. X'+’ =2k b 2+y =k

e X+y=@R"  d £ +yP=(6k)
The equation of a line inclined at an angle 7/4 to the X-
axis, such that the two circles x* + )* = 4, x* + ¥ — 10x
— 14y + 65 = 0 intercept equal lengths on it, is

a. 2x-2y-3=0 b. 2x-2p+3=0

c. x—y+6=90 d x—y-6=0

Let C be a circle with two diameters intersecting at an
angle of 30°. A circle S is tangent to both the diameters
and to C, and has radius unity. The largest radius of C is

a. 1+V6++2 b. 1++6 -2

c. V6 ++vV2-11 d. None of these

A straight line I, with equation x -2y + 10 = 0 meets the
circle with equation x* + y* = 100 at B in the first quad-
rant. A line through B, perpendlcular to / cuts y-axis at
P(0, 1). The value of ‘" is

a. 12 b. 15 c. 20 d. 25

24.

25.

26.

27.

28.

29.

30.

Let g and b represent the length of a right triangle’s legs.
If 4 is the diameter of a circle inscribed into the triangle,
and D is the diameter of a circle circumscribed on the
triangle, then d + D equals

a a+t+b b. 2(a+b)
c. 3@+b) d. Va2 +
If the chord y = mx + 1 of the circles x* + * = 1 subtends

an angle 45° at the major segment of the circle, then value
ofmis

a. 2 b. 2
d. None of these
A variable chord of circle _xz +3* =4 is drawn from the
point P(3, 5) meeting the circle at the points 4 and B.
A point Q is taken on this chord such that 2PQ = P4 + PB.
Locus of *Q’is

a. x2+y2+3x+4y=0

b. x*+3°=36

c. X*+y*=16

d. xX’+y"—3x—5y=0
In triangle ABC, equation of side BC is x — y = 0. Circum-
centre and orthocentre of the triangle are (2, 3) and (5, 8),
respectively. Equation of circumcircle of the triangle is

a. X +)y —4x+6y—27=0

b. xX*+y*—4x—6y—27=0

¢ X+ +ax+6y-27=0

d. X’ +y +4x+6y-27=0
The range of values of r for which the point

(3o

segment of the circle x* + y* = 16, cut-off by the line
x+y=2is

a. (—oo, 542)

b. (42 -+14 ,5V2)

c. (42414 ,42 ++14)

d. None of these
A square is inscribed in the circle x* + y* — 2x + 4y — 93
= 0 with its sides parallel to the coordinate axis. The co-
ordinates of its vertices are

a. (=6,-9), (=6, 5),(8,-9), (8, 5)

b. (=6,9), (-6, -5), (8,-9), (8, 5)

¢ (76,-9),(=6,5),(8,9), (8, 5)

d. (=6,-9), (-6, 5), (8, ~9), (8, —5)
(=6, 0), (0, 6) and (- 7, 7) are the vertices of a A 4BC.
The incircle of the triangle has the equation

a. X’ +)' -0 -9y +36=0

b. ¥*+)*+9x—9y+36=0

. X*+y"+9%x+9y-36=0

d. X’ +3"+18x— 18y +36=0

c. -1

\/—) is an interior point of the major



31.

32.

33.

34.

3s.

36.

37.

38.

39.

If O is the origin and OP, OQ are the tangents from the
oxigin to the circle x> +y* — 6x + 4y + 8 = 0, then circum-
center of the triangle OPQ is

a. (3,-2) b. (%,—1)

e (3-2) (31
The locus of the midpoint of a line segment that is drawn
from a given external point P to a given circle with centre
O (where O is origin) and radius 7, is '

a. a straight line perpendicular to PO

b.

c.

a circle with centre P and radius »
a circle with centre P and radius 2»

d. acircle with centre at the midpoint PO and radius #/2

The difference between the radii of the largest and the
smallest circles which have their centre on the circum-
ference of the circle x? + y* + 2x + 4y — 4 = 0 and pass
through the point (a, b) lying outside the given circle, is

a. 6 b. V(a+ 1) +(b+2)?

d. V@+t1P+(G+2" -3

An isosceles triangles ABC is inscribed in a circle 4y
= 4* with the vertex 4 at (a, 0) and the base angle B and
C each equal to 75°, then coordinates of an end point of
the base are

c. 3

a (F229) b (5
e (2854w (324

The equations of four circles are (x & a+ @ ta)= a.
The radius of a circle touching all the four circles is
a. (V2 +2)a b. 2V2a '
c. (V2+1a d 2+2)a
The locusof a point which moves such that the sum of the
squares of its distance from three vertices of a triangle is
constant is a/an
a. circle b. straight line
c. ellipse d. None of these
A circle passes through the points A(1, 0), B(5, 0) and
touches the y-axis at C(0, 4). If LACB is maximum then
a. h=35 b. n=2V5 ¢ h=~5 d. h=2V10
A circle with centre (a, b) passes through the origin. The
equation of the tangent to the circle at the origin is
b. ax+by=0
d. bx+ay=0
The area of the triangle formed by joining the origin to

the points of intersection of the line x5 + 2y = 3v/5 and
circle x* +y* =10 is

a. 3 b. 4 c. 5

a ax—by=0
c. bx—ay=0

d. 6

40.

41.

42.

43,

44,

45.

46.

47.

48.

Circle 2.39

If (@, B) is a point on the circle whose centre is on the
x-axis and which touches the line x + y=0at (2, — 2), then
the greatest values of a is

a. 4-2 b. 6 c. 4+242 d. 4++2
A region in the x—y plane is bounded by the curve
y=\25 —x* and the line y = 0. If the point (a, a + 1) lies
in the interior of the region, then

a. ac(4,3) b. aec(-o,-1) e (3,x)

c. ae(-1,3) d. None of these
There are two circles whose equations are ¥ +y*=9and
x*+y* —8x— 6y +n* =0, n e Z. If the two circles have
exactly two common tangents then the number of pos-
sible values of # is

a. 2 b. 8

c. 9 d. None of these
C is a circle of radius 1 touching the x-axis and the
y-axis. C, 18 another circle of radius > 1 and touching the
axes as well as the circle C " Then, the radius of C 5 is

a. 3-2\2 b. 3+22

c. 3+2V3 d. None of these

Equation of incircle of equilateral triangle 4BC where
B=(2,0) C=(4, 0) and A lies in fourth quadrant is

2y
. XY —6bx+—=+9=
a. x"+y —o6x NG} 9=0
2y
. X+ —bx——=+9=
b. x*+y " —6x NG} 9=0
2y
L Xyt ext=+9=
c. x“+y +6x 5 9=0

d. None of these

f(x,y)=x*+y*+ 2ax + 2Ly + ¢ = 0 represents a circle. If
f(x, 0)= 0 has equal roots, each being 2 and f(0, y) = 0 has
2 and 3 as it’s roots, then centre of circle is

a. (2,5/2)
c. (~2,-5/2)

b. Data are not sufficient
d. Data are inconsistent

The area bounded by the circles x* +y* = 1,x* +)* = 4 and
the pair of lines V3 (x* + %) = 4xy, is equal to

n sn x
a. 5 b. 5 c. d. 1
The straight line x cos 6 + y sin 8 = 2 will touch the circle
X+ —2x=0,if

3

a. O=na,nel b. A=C2n+Dm,nel

d. None of these

Let ABCD be a quadrilateral with area 18, with side
AB vparallel to the side CD and AB = 2CD. Let AD be
perpendicular to 4B and CD. If a circle is drawn inside the
quadrilateral ABCD touching all the side, then its radius is

a. 3 b. 2 d 1

¢. O0=2nm,nel

e 2
"2
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49.

50.

51.

52.

53.

54.

55.

56.

Consider a family of circle which are passing through the
point (-1, 1) and are tangent to x-axis. If (&, k) are the co-
ordinates of the centre of the circles, then the set of values
of kis given by the interval

1 _1 1
a. k22 b. 2Sk52

1 <1
c. ksz d 0<k< 5

If the conics whose equations are S = sin® 0 x* + 2hxy
+cos” 0> +32x + 16y + 19=0, S’ = cos’ @ x* + 2h'xy
+ sin® 6y + 16x + 32y + 19 = 0 intersects in four concyc-
lic points then, (where 6 € R)

a. h+h' =0 b. h=h'

c. h+h =1 d. None of these _
The range of values of (1 > 0) such that the angle 6 be-
tween the pair of tangents drawn from (4, 0) to the circle

x> er2 =4 lies in (%, zTﬂ) is
—-=, 2V2 . (0N2
c. (1,2) d. None of these

The circles which can be drawn, to pass through (1, 0)
‘and (3, 0) and to touch the y-axis, intersect af an angle 6,
then cos 8 is equal to

1
a. 5

1

1 1 _1
d. a

b- - i C. Z
Locus of midpoints of the chords of contact of x* + j*
= 2 from the points on the line 3x +4y =10 is a circle with
centre P. If O be the origin then OP is equal to

1 1

a. 2 b. 3 C. f d.g

Suppose ax + by + ¢ = 0, where a, b, ¢ are in A.P. be nor-
mal to a family of circles. The equation of the circle of
the family intersects the circle x* +)* —4x — 4y — 1 =0
orthogonally is

a. X +y —2x+4y-3=0
b. ¥+’ +2x—4y-3=0
¢ X’+y’ —2x+4y-5=0

d. X’ +)" ~2x—4y+3=0

If a circle of radius r is touching the lires x* — 4xy + )’
= 0 in the first quadrant at points 4 and B, then area of
triangle OAB (O being the origin) is

33 2 b V3
a. 3 - T3
2
C. 3Tr d. #

Let P be any moving point on the circle x* + y* —2x = 1.
AB be the chord of contact of this point w.r.t. the circle
** +y* — 2x = 0. The locus of the circumcnetre of the tri-
angle CAB (C being centre of the circles) is

a. 2 +27—4x+1=0
b. X+ —4x+2=0
. X¥+y —4x+1=0

d. 2 +2)* —4x+3=0

57. Two circles of radii ‘a’ and ‘b’ touching each other exter-

58.

59.

60.

61.

nally, are inscribed in the area bounded by y = V1 —x° and
the x-axis. if b= % , then a is equal to
1 1 1 1

a. 3 b. g . 3 d. NG
From an arbitrary point ‘P’ on the circle X+ =09,
tangents are drawn to the circle x* + y* = 1, which meet
x*+3* =9 at A and B. Locus of the point of intersection of
tangents at 4 and B to the circle x> +)* =9 is

a. xz+y2=(277)2 b. xz—y2=(27—7 )2

2
If r and r_ are the radii of smallest and largest circles
which passes through (5, 6) and touches the circle
(x—2)°+)* =4, thenrr, is
4 41 S
a7 b. 4 . 47
Minimum radius of circle which is orthogonal with both
the circles x* + y* — 12x +35=0and x>+ y* + 4x +3 =0
is

d. None of these

41
d. %

a. 4 b. 3 ¢ Vi5 d. 1
IfC : x> +)* = (3 + 242)? be a circle and P4 and PB are

pair of tangents on C ,» Where P is any point on the direc-
tor circle of Cl, then the radius of smallest circle which
touch C| externally and also the two tangents P4 and PB

is

62.

63.

a. 233 -3 b. 242 -1 ¢ 2vV2-1d. 1

From a point R(5, 8) two tangents RP and RQ are drawn
to a given circle S = 0 whose radius is 5. If circumcentre
of the triangle POR is (2, 3), then the equation of circle
S=0is

a X+ +2x+4y-20=0

b, X*+y +x+2y—10=0

c. X¥+y'—x—-2y—-20=0

d. X+ —4x—6y—12=0

On the line segment joining (1, 0) and (3, 0), an equi-
lateral triangle is drawn having its vertex in the fourth
quadrant, then radical centre of the circles described on
its sides as diameter is

a. (3,—%) b. (3,-3)
c. (2;%) 4 (2,-3)



64.

65.

66.

67.

68.

69.

70.

71.

If the tangents are drawn from any point on the line
x +y=3tothecircle x> +3? =9, then the chord of contact
passes through the point

a. (3,95 b. (3,3)

¢ (5,3) d. None of these
If the radius of the circumcircle of the triangle TPQ,
where PQ is chord of contact corresponding to point
T with respect to circle x* + > — 2x + 4y — 11 =0, is
12 units, then minimum distance of T from the director
circle of the given circle is

a. 6 b. 12

c. 632 d. 12-42

P is a point (a, b) in the first quadrant. If the two circles
which pass through P and touch both the co-ordinates
axes cut at right angles, then

a. a*—6ab+b'=0 b. a*+2ab-b'=

¢. d—4ab+b’=0 d. a —8ab+b2—
The number of common tangent(s) to the circles x*+°
+2x+8y~23=0 and x*+3? —4x —10y—19=0 is
b. 2 c. 3 d. 4
Two circles of radii 4.cm and 1 cm touch each other

externally and € is the angle contained by their direct
common tangents. Then sin @ is equal to

a. 1

.24 12
2. 35 b. 25
c. % d. None of these

The locus of the midpoints of the chords of the circle
x>+ y* —ax — by = 0 which subtend a right angle at

(5:3)1s

a. ax+by=0
b. ax+by=d*+b

2., 42

c. x2+y2—ax—by+%b_=0
2, 42

d. x2+y2‘ax—by—a —gb =0

From points (3, 4), chords are drawn to the circle
x2+)?—4x = 0. The locus of the midpoints of the
chords is

a. x2+y*—5x—4y+6=0
b. ¥*+y*+5x—4y+6=0
X2+ -5x+4y+6=0
X2+ =5x—4y-6=0
The locus of the centers
cut the circles x>+ +4x — 6y + 9 =
x*+y* - 5x+4y—2=0 orthogonally is

a. 9x+10y—-7=0 b. x—y+2=0

c. 9x—10p+11=0 d. 9x+10y+7=0

/o

of the circles which
0 and

72.

73.

74.

75.

76.

77.

78.

79.

80.

Circle 2.41

The angle at which the circles (x — 1 + »* = 10 and
P+ @y-2Y=5 intersect is _
/4 T T T

a. E b. 4 . C. 3 d. 2

A tangent at a point on the circle x> +)* = o intersects a
concentric circle C at two points P and Q. The tangents to
the circle X at P and O meet at a pomt on the circle x* +
= b?, then the equation of circle is

a. x2+y2=ab b. x2-|-yz=(a—b)2

¢. X+y'=(a+b) d x2+y2—a2 +b

Tangents are drawn to the circle X + y = 1 at the
points where it is met by the circles, X+ - @A+
+(8—21)y —3 =0, 4 being the variable. The locus of the
point of intersection of these tangents is

a. 2x—y+10=0 b. x+2y—-10=0

¢ x—2y+10=0 d. 2x+y—-10=0
If point 4 and B are (1, 0) and B (0, 1).If point C is on
the circle x* + y* = 1, then locus of the orthocentre of the
triangle ABC is

a. X*+y =4

b. x2+y2—x—y=0

e X¥*+yP-2x-2y+1=0

d. X +y +2x-2y+1=0

If the line x cos® + y sin@ =2 is the equatlon of a
transverse common tangent to the circles x¥*+y* =4 and
x*+y* = 63x — 6y +20 =0, then the value of 6 is

a. 5m/6 b. 27/3 c. 7/3 d. 7/6
Any circle through the point of intersection of the lines
x + 3y =1 and V3x — y = 2 if intersects these lines at

points P and O, then the angle subtended by the arc PQ
at its centre is

a. 180°
b. 90°
e. 120°

d. Depends on centre and radius

If the angle between tangents drawn to Xy 2gx+ 26
+ ¢ =0 form (0, 0) is /2, then

a. g +f =3¢ b. g+ =2c

c. g2 -I-f2 =5c d. g2 +f2 =4c
The common chord of the circle x* +y” + 6x+ 8y —7=0

and a circle passing through the origin, and touching the
line y = x, always passes through the point

a. (—1/2,172) b. (1, 1)
c. (1/2,1/2) d. None of these

The chord of contact of tangents from three points 4, B, C
to the circle x> + y2 = a* are concurrent, then 4, B, C will

a. be concyclic

b. be collinear

c. form the vertices of a triangle
d. None of these
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81.

82.

83.

84.

85.

86.

87.

88.

89.

Thae chord of contact of tangents from a point P to a
circle passes through Q. If , and /, are the lengths of the
taragents from P and Q to the circle, then PQ is equal to

A+é Q—@,
a- 5 b. 5

c. Vi+1 d 2\ +1 .
If C:x*+y"—20x + 64 =0 and Cx* +y" +30x + 144
= Q. Then the length of the shortest line segment PQ
whiich touches C ,at Pand to C,atQis
20 b. 15 c. 22 d. 27

The ends of a quadrant of a circle have the coordinates
(1, 3) and (3, 1) . Then the centre of such a circle is

2,2) b. (I,1) ¢ (4,4) d.(2,6)

If the line ax + by = 2 is a normal to the circle x* + y* — 4x
— 4y =0 and a tangent to the circle x> + y* = 1, then

a.

a.

_1l,_1

a. a—2,b o)
147, 147

b. a= 5 b= 5
1,3

c. a—4,b—4

d. a=1,6=+3

Radius of the tangent circle that can be dawn to pass
through the point (0, 7), (0, 6) and touching the x-axis is

9

5 3 7 9
d. 3

a. 5 b. 5 ¢ 5
The equation of the tangent to the circle x* + y* = 2%, which
makes a triangle of area a” with the coordinate axes, is

a. xty=a\2 b. xty=+aV2
¢c. xxy=2a d. xty=%2q

If the circle x* +y* + 2gx + 2fy + ¢ = 0 is touched byy=x
at P such that OP = 6V2, then the value of ¢ is

a. 36 b. 144

c. 72 d. None of these

The circle x* + y* = 4 cuts the line joining the points
A(1, 0) and B(3, 4) in two points P and Q. Let BP

PA
= ¢ and %% =f. Then & and § are roots of the quadratic
equation

a. 3x°+2x-21=0 b. 3 +2x+21=0

¢. 2x*+3x—21=0 d. None of these

The area of the triangle formed by the positive x-axis and
the normal and tangent to the circle x* + y* =4 at (1, v3)
is :

a. 23 sq. units

¢. V6 sq. units

b. 3V2 sq. units
d. None of these

90.

91.

- 92,

93.

Let P be point on the circle x* + y* =9, Q a point on the
line 7x + y + 3 = 0, and the perpendicular bisector of PQ
be the line x — y + 1 = 0. Then the coordinate of P are

a. (0,-3) b. (0,3)
%5 (5%

A straight line moves such that the algebraic sum of the
perpendicular drawn to it from two fixed points is equal
to 2k. Then, the straight line always touches a fixed circle
of radius

a. 2k b. k2
c. k d. None of these

The coordinates of the middle point of the chord cut-off
by 2x — 5y + 18 = 0 by the circle
X +y —6x+2y—54=0are
a. (1,4 b. (2,4) c¢. 4,1) d.(1,1)
The locus of a point from which the lengths of the tan-
gents to the circles x* + y* =4 and 2(x* + »*) - 10x + 3y

- —2=0are equal to

94.

95.

96.

a. a straight line inclined at 7/4 with the line joining
the centres of the circles

b. acircle
¢. an ellipse

d. astraight line perpendicular to the line joining the
centres of the circles

The equation of circumcircle of an equilateral triangle is
x>+ y* + 2gx + 2fy + ¢ = 0 and one vertex of the triangle
is (1, 1). The equation of incircle of the triangle is

a. 40’ +y) =g +f

b. 4(x*+ %) + 8gx + 8
=(1-g1+3g+(1A-H1+3f)

c. 407+ +8gx+8fp=g"+/

d. None of these

A light ray gets reflected from the x = —2. If the reflected
ray touches the circle x* + 17 = 4 and point of incident is
(-2, —4), then equation of incident ray is

a. dy+3x+22=0
b. 3y+4x+20=0
¢ 4y+2x+20=0
d. y+x+6=0

Tangents P4 and PB drawn to x* + y* = 9 from any arbi-
trary point ‘P’ on the line x + y =25. Locus of midpoint
of chord 4B is

a. 2507 +3%) =9(x+y)
b. 25(*+3%) =3(x+y)
e 5(x*+y%)=3(x+y)
d. None of these



97, T he circles having radii » | and v, intersect orthogonally.
L ength of their common chord is

2 2
a 2}"]]"2 rl + rz
. =
Pt 2rlr2
rr P47
12 d 1 2
¥r

c. —— .

98, I the pair of straight line x yV3 — x*= 0 is tangent to the
circle at P and Q from origin O such that area of smaller
sector formed by CP and CQ is 37 sq. unit, where Cis the
centre of circle, then OP equals to

a. (3V3)2 b. 3v3 c. 3 d. V3

99. The two circles which passes through (0, @) and (0, —=a)
and touch the line y = mx + ¢ will intersect each other at
right angle, if

a. &=72m+1) b, & =322 +m)
c. 2=dQ+m’) d. F=dCm+1)

100. The condition that the chord x cosa¢ +ysina —p =0 of
x% 4y — a* =0 may subtend a right angle at the centre of
the circle is

b. p* =24

The locus of the midpoints of a chord of the circle x+y

= 4, which subtends a right angle at the origin, is

b Y =1

d x+y=1
If the chord of contact of tangents from a point P to a

given circle passes through Q, then the circle on PQ as
diameter

a. a4=2p° c. a=2p d.p=2a

101.

a. x+ty=2
c. ¥+y’=2
102.

a. cuts the given circle orthogonally .
b. touches the given circle externally
¢. touches the given circle internally
d. None of these

Let these base 4B of a triangle ABC be fixed and the
vertex C lie on a fixed circle of radius ». Lines through
A and B are drawn to intersect CB and CA4, respectively,
at £ and F such that CE : EB=1:2and CF : F4 =
1 : 2. If the point of intersection P of these lines lies on
the median through 4B for all positions of A8 then the
locus of P is

103.

. . r
a. a circle of radius 5

b. a circle of radius 2r
¢. aparabola of latus rectum 4~
d. arectangular hyperbola

104. The number of integral values of y for which the chord of

the circle x* + y* = 125 passing through the point P(8, y)
gets bisected at the point P(8, y) and has integral slope is

a. 8 b. 6 c. 4 d. 2

Circle 2.43

105. Consider a square ABCD of side length 1. Let P be the set
of all segments of length 1 with end points on adjacent
sides of square 4BCD. The midpoints of segments in
P enclose a region with area 4, the value of 4 is

7z T
a. b. 1- 4
c. 4 —% v d. None of these

106.The range of values of a for which the line 2y = gx + « is
a normal to the circle x* + ¥ + 2gx + 2gy — 2 = 0 for all
valugs of g is
a. [1, ) b. [-1,0) ¢ (0,1) d. (—oo, 1]
107. Six points (xl,, yi), i=1,2, ..., 6 are taken on the circle

. 6 6

x*+ 3% = 4 such that Z x =8and z y,=4. The line
i=1 i=1

segment joining orthocentre of a triangle made by any

three points and the centroid of the triangle made by

other three points passes through a fixed points (4, k),

then 2 + k is
a. 1 b. 2 c. 3 d 4
108. A circle with radius |a] and centre on y-axis slides along it

and a variable lines through (g, 0) cuts the circle at points
P and Q. The region in which the point of intersection of
tangents to the circle at points P and Q lies is represented
by . '
a. Y >4 ax—-d)

c. y>4(ax— a)

b. y* <4(ax— )
d. y<4(ax—d)
If the angle of intersection of the circles EyYtx+y
=0andx’+3* +x —y=0is 6, then equation of the line
passing through (1, 2) and making an angle 6 with the

109.

y-axis is
a. x=1 b. y=2
c. x+y=3 d x—y=3

110. The centres of a set of circle, each of radius 3, lies on the
circle x* + y* = 25. The locus of any point in the set is
a. 4<x’+)’<64 b. x*+)y°<25
c. X' +y°>25 d. 3<x’+)°<9
111. The co-ordinates of two points P and Q are (xl, ») and
(%) and O is the origin. If circles be described on OP

and OQ as diameters then length of their common chord
is

‘x1y2+x2y1| b leyz_x2y1|
: “PQ o PO
c |xlx2 +y1y2| |x1x2 +y1yzl
) PQ PQ

112.Consider a circle x* + y* + ax + by + ¢ = 0 lying com-
pletely in first quadrant. If m and m_ are the maximum
and minimum values of y/x for all ordered pairs (x, y)
on the circumference of the circle, then the value of
(m +m)is
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2
a —4c 2ab
, =4 b, 240
2 0 4 b —4c
2ab 2ab
. a. =240
€ 4o b —4ac

113. If the circumference of the circle x> + y* + 8x + 8y — b
= ( is bisected by the circle x* +y* — 2x + 4y + a = 0, then
a + b equals to
a. 50 b. 56 e =56  d. 34

114. The equation of the circle passing through the point of
intersection of the circle x* + y* = 4 and the line 2x +y
= [ and having minimum possible radius is
a. S°+57+18x+6y—5=0
b. 5x+57+9%+8 - 15=0
Cc. 5X+57+4x+9y—-5=0
d. 5x°+57—4x—2y—-18=0

115. The locus of the centre of the circle touching the line
2x—y=1lat(l,1)is
a. x+3y=2 b. x+2y=0
c. x+ty=2 : d. -None of these

116. The distance from the centre of the circle x* +3* = 2x to
the common chord of the circles x* +y* + 5x — 8y + 1
=0andx’+y*—3x+7y—25=0is

34 26
a. 2 b. 4 ¢ 3 d. 17

117. The equation of the circle passing through the point
of intersection of the circles x* + y* — 4x — 2y = 8 and
x* +3* — 2x — 4y = 8 and the point (-1,4)is
a. ¥+ +4x+4y-8=0
b. X’ +y' —3x+4y+8=0
c. ¥+y +x+y—-8=0
d. X¥*+y —3x—3y—-8=0

118. If the radius of the circle (x — 1) + (y — 2)* = 1 and
i 6 10)* = 4 are increasing uniformly w.r.t.
time as 0.3 and 0.4 unit/sec, then they will touch each
other at ¢ équal to

a. 45sec  b. 90sec ¢ 1lsec d. 135sec

119. The equation of a circle which has normals (x — 1)
x (y—2)=0and a tangent 3x + 4y =6 is

a. X+’ =2x—4y+4=0
P+ =2x—4y+5=0
x2+y2=5

=3 (-4 =5

Multiple Correct Solutions on page 2.82
Answers Type ,

Fach question has four choices a, b, ¢, and d, out of which
one or more answers are correct.

ae @

1. The circle x* +* + 2a xte= 0 lies completely inside the
circle x* + y* + 2ax+c= 0, then

a. a1a2>0 b. a1a2<0' c. ¢c>0 d.c<0

. Three sides of a triangle have the equations L.

2. Consider the circle x* + y* — 10x — 6y + 30 = 0. Let O be

the centre of the circle and tangent at A4(7, 3) and B(5, 1)
meet at C. Let S = 0 represents family of circles passing
through 4 and B, then

a. area of quadrilateral O4ACB =4

b. the radical axis for the family of circles S = 0 is
x+y=10

¢. the smallest possible circle of the family §= 0 is x”
+y'—12x —4y+38=0

d. the coordinates of point C are (7, 1)

. If the circle x* + )7 + 2x + 2ky + 6 = 0 and x* + 3 + 2ky

+ k = 0 intersect orthogonally, then & is

a. 2 b. -2 c. —% d.%
A L L is a point on the circle x*+y*=1and B is

anot 2er \pgint on the circle such that arc length AB = 2

units. Then, co-ordinates of B can be
cfed) s
S\ R

1 =1
c. (— \5,\5) d. None of these

. Let x, y be real variable satisfying the X4y + 8x -

10y — 40 = 0. Let a = max {\/(er2)2+(y—3)2 } and

b:min{J(x+2)2+(y—3)2},then
a. a+bh=18 b. a+b= 2
c. a-b=4\2 d. a-b=73

;=7
-mx=0;i=1, 2,3.ThenL L, +/1L2L3 +uLL =0,
where A # 0, u # 0, is the equation of the circumcircle of
the triangle if

a. 1+A+u=mm, +Amm. +Aimm

b. m (1+u)+m,(1 +/'L)~l-m3 (u+1)=0

|
c. WJFWJr@:l“%”’

d. None of these

. If equation x* + y* + 2hxy + 2gx + 2fy + ¢ = 0 represents

a circle, then the condition for that circle to pass through
three quadrants only but not passing through the origin
is

a. fi>c b. g>c¢

c. ¢>0 d. 5=0

. The points on the line x =2 from which the tangents drawn

to the circle x> + 1> = 16 are at right angles is (are)

a. (2,27) b. (2,25)



9.

10.

11.

c. 2,-27) d. (2,-245)
C o-ordinates of the centre of a circle, whose radius is 2
unit and which touches the line pair x* — Y -2x+1=0,
are

a. 4,0) b. (1+2+2,0):

c. 41) d. (1,22)
If the circles x* +y* — 9 =0 and x> + y* + 2ax + 2y + 1
= 0 touch each other, then a is

a. -3 b. 0 1 dj
Point M moved on the circle (x — 4)* + (y — 8)* = 20. Then
it broke away from it and moving along a tangent to the

- circle, cuts the x-axis at the point (-2, 0). The co-ordi-

nates of a point on the circle at which the moving point
broke away is

(2% » (39
c. (6,4) d (2,4

12. The equation of a tangent to the circle x*+y* =25 passing

13.

14.

15.

16.

17.

through (-2, 11) is

a. 4x+3y=25 b. 3x+4y=138

c. 24x—Ty+125=0d. 7x + 24y =250

If the area of the quadrilateral formed by the tangents
from the origin to the circle X +y*+6x—10y+c=0and
the radii corresponding to the points of contact is 15, then
a value of c is

a. 9 b. 4 c. 5 d. 25
The equation of the circle which touches the axes of coor-

dinates and the line % + % = 1 and whose centre lies in the

first quadrant is ¥ +y*—2ex—2cy+ ¢* =0, where c is
b. 2 c. 3 d. 6

The equations of tangents to the circle X+ —6x— 6y
+ 9 = 0 drawn from the origin are

c. y=0 dox+y=0
If a circle passes through the point of intersection of the
lines x +y+ 1 = 0 and x + 1y — 3 = 0 with the co-ordinates
axes, then

a. 1

a x=0 b. x=y

a. A=-1
b. 1=1
c. =2

d. A can have any real value

Which of the following lines have the intercepts of equal
lengths on the circle, x* +y” — 2x + 4y = 0?
a 3x-y=0
. x+3y=0

b
¢c. x+3y+10=0
d 3x—-y-10=0

18.

19.

20.

21.

22,

23.

24,

Circle 2.45

The equation of the lines parallel to x — 2y = 1 which
touches (touch) the circle P+y —4x-2-15=0is
(are)
a, x-2y+2=0
b. x-2y—-10=0
c. x—2y-5=0
d x-2y+10=0 _
The circles x* + 3% — 2x — 4y + 1 =0 and x* +)* + 4x + 4y
-1=0
a. touch internally
b. touch externally
¢. have 3x + 4y — 1 = 0 as the common tangent at the
_point of contact
d. have 3x + 4y + 1 = 0 as the common tangent at the
point of contact
The circles x* + >+ 2x +4y —20=0 and x* + y* + 6x
—-8y+10=0
a. are such that the number of common tangents on
them is 2
b. are orthogonal
c. are such that the length of their common tangent is
5(12/5)"
d. are such that the length of their common chord is

3
s

A point P(~3, 1) moves on the circle x* +y* = 4 and after
covering a quarter of the circle leaves it tangentially. The
equation of a line along which the point moves after leav-
ing the circle is

b. By=x+4

a. y=V3x+4
c. y=3x-4 d. V3y=x-4

The equation of a circle of radius 1 touching the circles
X+t -2 =0is

a. X+y +22x+1=0

b. x2+y2—2§/—3—)’+2=0

. ¥+y +2\3y+2=0

d. X+ -2V2+1=0

If the circles x> +31* —9=0and x* +1* + 2ax +2y + 1 =0
touch each other, then a =

a. —4/3 b. 0 c. | d. 4/3

The range of values of ‘a’ such that angle ¢ between the
pair of tangent drawn from (a, 0) to the circle +yt=1

satisﬁes%<9<ﬂ, lies in
a. (1,2) b. (1,2)
e (-v2,-1) d. (=2,-1)
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25.Let L be a straight line passing through the origin and
L, be the stralght line x + y = 1. If the intercepts made by
the circlex’*+3y* —x+3y=00n L and L, are equal, then
which of the following equations can represent L
a. xty=0 b, x-y=0
c. x+7y=0 d. x-7y=0
26. The centre(s) of the circle(s) passing through the points
(0, 0), (1, 0) and touching the citcle x*+y*=9 is/are

a (3) b (3:3)
e (127 o (L-27)

Reasoning Type Sy : ,Sohttions onpage 2.86

Each question has four choices a, b, ¢ and d, out of which
only one is correct. Each question contains Statement 1
and Statement 2.

a. Both the statements are True and Statement 2 is the
correct explanation of Statement 1.
b. Both the statements are True but Statement 2 is not
the correct explanation of Statement 1.
c. Statement 1 is True and Statement 2 is False.
d. Statement 1 is False and Statement 2 is True.
1. Statement 1 : The number of circles that pass through the
points (1, - 7) and (- 5, 1) and of radius 4, is two.
Statement 2: The centre of any circle that pass through

the points 4 and B lies on the perpendicular bisector of
AB.

2. Statement 1: The chord of contact of tangent from three
points 4, B, C to the circle 2+ y2 = o’ are concurrent,
then 4, B, C will be collinear.

Statement 2: Lines (alx + bly + cl) + k(azx + bzy + c2) =
0 always pass through a fixed point for k € R.

3. Statement 1: Circles x* + % = 144 and x* + y” — 6x — 8y
= 0 do not have any common tangent.

Statement 2: If two circles are concentric, then they do
not have common tangents.

4. Statement 1: The least and greatest distances of the point
P(10, 7) from the circle x*+y? —4x-2y—-20=0are 5 and
15 units, respectively.

Statement 2: A point (xl, y) lies outside a
circle § = x* + )’ +2gx+2ﬁ)+c= 0, if S >0,
where S =x]+y;+ 2gx + 2y te.

5. Statement 1: Number of circles passing through (1, 2),
(4, 8) and (0, 0) is one.

Statement 2: Every triangle has one circumcircle.

10.

11.

12.

13.

14.

. Let C be the circle with centre O, (0, 0) and radius 1 and

C2 be the circle with centre 02 (t, £ +1) (¢ € R) and radius
2. .

Statement 1: Circles C and C2 always have at least one
common tangent for any value of £.

Statement 2: For the two circles, O 0,2 | ¥ - |, where
7 and r, are their radii for any value of L.

. Tangents are drawn from the origin to the circle X+

—2hx—2hy+ =0 (h=0).
Statement 1: Angle between the tangents is 7/2.

Statement 2: The given circle is touching the co-ordinate
axes.

. Consider two circles x* +* —4x—6y—8=0and x* +

~2x—-3=0.
Statement 1: Both circles intersect each other at two dis-
tinct points.

Statement 2: Sum of radii of two c1rcles in greater than
distance between the centres of two circles.

. From the point P (v2, V6), tangents P4 and PB are drawn

to the circle x* +)* = 4.

Statement 1: Area of the quadrilateral OAPB (being
origin) is 4.

Statement 2: Area of square is a* where a is length of
side. :

Statement 1: Centre of the circle having x + y = 3 and
x —y =1 as its normal is (1, 2).

Statement 2: Normals to the circle always passes through
its centre.

Statement 1: The circle having equation X +y* 2x + 6y
+ 5 = 0 intersects both the coordinate axes.

Statement 2: The lengths of x and y inter-
cepts made by the circle having equation

C+y +2gx+ 2y +c=0are?2 gz—candZ\I;z—c,

respectively.

Statement 1: Number of circles touching lines x + y =1,
2x—y=>5and3x+5y—1=0is four.

Statement 2: In any triangle, four circles can be drawn
touching all the three sides of triangle.

Statement 1: Chord of contact of the circle x* + y* = 1
w.r.t. points {2, 3). (3, 5) and (1, 1) are concurrent.
Statement 2: Points (1, 1), (2, 3) and (3, 5) are collinear.
Statement 1: The equation X +y—2x—-2ay-8=0
represents, for different values of ‘a’, a system of circles
passing through two fixed points lying on the x-axis.

Statement 2: S= 0 is a circle and L = 0 is a straight line,
then S + AL = 0 represents the family of circles passing
through the points of intersection of circle and straight
line (where A is arbitrary parameter).



15.

16.

17.

18.

19.

20.

21.

22.
. (-2, 4) which is farthest from the centre of the circle

23.

Statement 1: The chord of contact of tangent from three
points 4, B, C to the circle X+ y2 = 4’ are concurrent,
then A4, B, C will be collinear.

Statement 2: 4, B, C always lies on the normal to the
circle x* +y* =4

Statement 1: Points 4(1, 0), B(2, 3), C(5, 3)and D(6, 0)
are concyclic. v
Statement 2: Points 4, B, C, D forms isosceles trapezium
or AB and CD meet in E, then EA-EB=EC-ED.
Statement 1: The equations of the straight lines joining
origin to the points of intersection of x* + y* — 4x — 2y =4
andx®+)y*—2x—4y—4=0isx—y=0.

Statement 2: y + x = 0 is common chord of X2+ - 4x
—2y=4andx’+y’ —2x -4y -4=0.

Statement 1: Two orthogonal circles intersect to generate
a common chord which subtends complimentary angles
at their circumferences.

Statement 2: Two orthogonal circles intersect to generate
a common chord which subtends supplementary angles at
their centres.

Statement 1: The point (a, — a) lies inside the circle
x*+y* —4x+ 2y — 8 =0 whenevera € (- 1, 4)
Statement 2: Point (x , y,) lies inside the circle x* + y*
+2gx +2fy+e=0,if x+))+2gx +2fp +c<0.
Statement 1: If circle with centre P(¢, 4 — 2f), t € R cuts
the circles x* + y* = 16 and x? + y* — 2x — y — 12 = 0; then
both the intersections are orthogonal.

Statement 2: Length of tangent from P for ¢ € R is same
for both the given circles.

Statement 1: Let S, : x* +y* - 10x - 12y =39 =0

S, ix+y —2x—4y+1=0

and S, : 2x + 2y" = 20x — 24y + 78 =0

The radical centre of these circles taken pairwise as
(-2, -3).

Statement 2: Point of intersection of three radical axis of
three circles taken in pairs is known as radical centre.

Statement 1: The equation of chord through the point

X+ —6bx+10y-9=0isx+y—2=0.

Statement 2: In notations, the equation of such chord of
the circle S = 0 bisected at (xl,yl) must be 7= Sl.
Statement 1: If two circles x* + 3* + 2gx + 2fy = 0 and
x> +y* + 2g'x + 2f'y = 0 touch each other, then f'g = fg'.
Statement 2: Two circles touch other, if line joining

their centres is perpendicular to all possible common tan-
gents.

Circle 2.47

24. Statement 1: The circles x’ +'y2- +2ox+r=0,x+ )
+ 2qy + r =0 touch, if%+%=%-
r q
Statement 2: Two circles with centre C’I, C2 and radii
r,» 7, touch each other if|r £r|=cec, '

Linked Comprehension ]
Type

Based upon each paragraph, there multiple choice
questions have to be answered. Each face equation has four
choices a, b, ¢, and d, out of which only one is correct.

For Problems 1-3

Each side of a square has length 4 units and its centre is at
(3, 4). If one of the diagonals is parallel to the line y = x, then
answer the following questions.

1. Which of the following is not the vertex of the square?
a. (1,6) b. (5,2) c. (1,2) d.(4,0)
2. The radius of the circle inscribed in the triangle formed
by any three vertices is

a. 2V2(V2 +1) b. 242(V2-1)
c. 2(\2+1) d. None of these

3. The radius of the circle inscribed in the triangle formed
by any two vertices of square and the centre is

a. 2(V2 - 1) b. 202 +1)

c. V2(\V2-1)
For Problems 4-6
Tangents P4 and PB are drawn to the circle (x — 4)* + (y — 5)°
= 4 from the point P on the curve y = sin x, where 4 and B lie
on the circle. Consider the function y = f(x) represented by the

locus of the center of the circumcircle of triangle P4B, then
answer the following questions.

4, Range of y = f(x) is

d. None of these

a [—2,1] b. [-1,4] ¢ [0,2] d.[2,3]
5. Period of y = f(x) is

a. 2w b. 37

c. d. Not defined

6. Which of the following is true?

. f(x) = 4 has real roots

=]

b. f(x)=1 has real roots
c. Rangeofy=/"'(v)is[-F+2,5+2
d. None of these’

For Problems 7-9

Consider a family of circles passing through the points (3, 7)
and (6, 5). Answer the following questions.
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7. Number of circles which belong to the family and also
toraching x-axis are

a. 0 b. 1 e 2 d. Infinite

8. If each circle in the family cuts the circle x4yt - dx— 6y
— 3 =0, then all the common chords pass through the
fix ed point which is

a. (1,23) b. (2,2302)
c. (-3,372) d. None of these.

9. If circle which belong the given _fémily cuts the circle
© 4yt =29 orthogonally then centre of that circle is

a. (1/2,3/2) b. (9/2,7/2)
c. (7/2,9/2) d. (3,-7/9)
For Problems 10-12

Consider the relation 47 — 5m* + 6/ + 1 = 0, where [, m < R,
then the line /Ix + my + 1 = 0 touches a fixed circle whose

10. Centre and radius of circle one
a. (2,0),3 b. (-3,0),V3
c. (3,0), \5 d. None of these

11. Tangents P4 and PB are drawn to the above fixed circle
from the points P on the line x + y — 1 = 0. Then chord of
contact 4B passes though the fixed point

v (373 »(33)
c. (—%, %) d. None of these

12. Number of tangents which can be drawn from the point
(2, —3) are

a. 0 b. 1 c. 2
For Problems 13-15
A circle C whose radius is 1 unit, touches x-axis at point 4.
The centre Q of C lies in first quadrant. The tangent from
origin O to the circle touches it at 7 and a point P lies on it
such that AOAP is aright-angled triangle at 4 and its perimeter
is 8 units.

13. The length of PQ is

d. lor2

1 4
a.. 7 b. 3
C. % d. None of these

14. Equation of circle C is
a. (x—-Q+V3)P+@-1)Y=1
b. {x-(V3-V2)}’+@-17=1
c. x—BY+@-17’=1
d. None of these
15. Equation of tangent OT is
a. x—V3y=0 b. x—V2y=0
c. y—V3x=0 d. None of these

For Problems 16-18

P is a variable point on the line L = 0. Tahgents are drawn
to the circles x* + y* = 4 from P to touch it at O and R. The
parallelogram POSR is completed.

16. If L = 2x +y — 6 = 0, then the locus of circumcentre of
APQR is

a, 2x—-y=4 b. 2x+y=3
c. x—2y=4 d. x+2y=3
17. If P = (6, 8), then the area of AQRS is
' 632 (24)"
2. ~3z 5q. units b. ~57z—sq. units
486 " d 19246 it
€. ~5z Sq. units - ~55  $q. units
18. If P = (3, 4), then coordinates of S are
46 63 —51 —68
(-55.53) b (53753
46 68 68 51
(-35.53) a. (~55.%s)

For Problems 19-21

To the circle x> + 1» = 4, two tangents are drawn from
P(— 4, 0), which touches the circle at T1 and T o} rhombus
PT P'T, is completed.

19. Circumcentre of the triangle PT T, 1s at

a. (-2,0) b. (2,0)
c. (g, 0) d. None of these
20. Ratio of the area of triangle PT P'to that the P'T T is
a. 2:1 : b. 1:2
c. V3:2 d. None of these

21. If P is taken to be at (%, 0) such that P’ lies on the circle,
the area of the rhombus is

a. 6\3 b. 23
c. 3\3 d. None of these
For Problems 22-24

Let a chord of a circle be that chord of the circle which
subtends an angle a at the centre.

22. If x+y=11is achord of x¥* + y* = 1, then « is equal to

g T
a. g b. )
c. % d. x+y=11isnotachord

4
23. If slope of a 3 chord of x* + y* = 4 is 1, then its equation
is :

a. x-y+vV6=0
c. x—y=+3

b. x-y=2V3
d x-y+V3=0



2w
24, Dristance of 3 chord of X + y* +2x + 4y + 1 = 0 from the

centre is
1
.1 .2 . .=
a b c. V2 d 5
For Problems 25-27

Two variable chords 4B and BC of a circles x* +)* = a” are
such that AB = BC = a, and M and N are the midpoints of AB
and B C, respectively, such that line joining MN intersect the
circles at P and Q, where P is closer to AB and O is the centre
of the circle. .

25. ZOAB is
a. 30° b. 60° c. 45° d.15°
26. Ahgles between tangents at 4 and C is
a. 90° b. 120° c. 60° d. 150°
27. Locus of point of intersection of tangents at 4 and C'is
a. X+y’=d b. x> +)? =24
c. ¥+y'=44 d. X+y' =82

For Problems 28-30

Given two circles intersecting orthogonally having length of

common chord 24/5 units. Radius of one of the circles is 3 units. -

28. Radius of other circle is

a. 6 units b. 5units ¢ 2units d. 4 units
29, Angle between direct common tangent is
a. sin’! —%—% b. sin’lﬂ
1 i —1 12
c. sin 3 d. sin 35
30. Length of direct common tangent is
a. V12 b. 433 c. 246 d.3V6

Matrix-Match

Type

Each question contains statements given in two columns
which have to be matched. Statements (a, b, ¢, d) in

column I have to be matched with statements (p, g, r; s) in

column IL. If the correct matches area—p,a—s,,b—>q,
b—r,¢—p,c— qandd - s, then the correctly bubbled
4 x 4 matrix should be as follows:

P q r s
PO
EOOE

Circle 2.49

1.
Column I - Column IT
a. Number of circles touching given three | p. 1
non-concurrent lines ’
b. Number of circles touching y =x at (2,2) | g. 2
and also touching line x + 2y -4 =0 o
¢. Number of circles touching lines x % y=lr 4
" 2 and passing thorough the point (4, 3) »
d. Number of circle intersecting given three | s. Infinite

circles orthogonally

two circles of radii 3 and 4 units which

intersect orthogonally is k then %

equals to 3

2. Let x* + y* + 2gx+ 2fy + ¢ = 0 be-an equation of circle.
‘ Column I Column 11
a. Ifcircle lie in first quadrant, then p. g<0
b. If circle lie above x-axis, then 1q. g>0
«c. “Ifcircle lie on the left of y-axis, then | r. g*—¢ <0
d. If circle touches positive x-axis and
. . . . s. ¢>0
does not intersect y-axis, then -
3.
Column 1 Column II
a, Ifax+by—5=0is the eguation ofthe | p. 6
chord of the circle (x — 3)° + (y — 4)’ =
4, which passes through (2, 3) and at the
greatest distance from the centre of the
circle, then la + b} is equal to
b. Let O be the ongln and P be a variable | q. 3
point on the circle Xy 2+ 2y 0
If the locus of midpoint of OPis x* + y*
+2gx +2fy + ¢ =0, then (g + /) is equal-
to
¢. The x-coordinates of the centre of the | r. 2
smallest circle which cuts the circles
X +y'=2x—4y—4=0andx’ +)°~ 10x
+ 12y + 52 = 0 orthogonally is
d. - If 6 be the angle between two tangents s. 1
which are drawn to the circles x* + y
— 6V3x — 6y + 27 = 0 from the origin,
then 23 tan 6 equals o
4.
» Column I Column II
a. The length of the common chord of | p. 1
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b. .The circumference of the circle x4y iq 24
H dx + 12y + p = 0 is bisected by the
circle x* + ) —2x+8y q = 0, then

P tqisequalto

. TNumber of distinct chords of the circle | r. 32
2x(x —\2) + y(2y — 1) = 0; chords are :
passing through the point (\/_ , 2) and |
are. bisected on x-ax1s is :
One of the diameters of the circle | 5. 36

circumscribing the rectangle ABCD is
4y =x+ 7. If 4 and B are the points
(— 3, 4) and (5, 4), respectively, then
the area of the rectangle is

LetC and C, be two circles whose equations are x* + y*

~ 2x=0andx’+)*+ 2x =0, P(4,, A) is a variable point.

Then match the following.

Column I Column I

P lies inside C but outside C, | p. Ae(—e0, 1) (0, o)

P lies inside C, but outside C, * | q. Ae(—o, ~1) /1, )

Plics outside C, andoutside C, | r. Ae (-1, 0)
. P does not lie inside C, s. Ae(0,1)

Column I Column I

If two circles x> + > + 2ax+b=0 | p. (2,2,2)

and x> +y* + 2ax + b =0 touch each '

other then triplet (a a, b) can be

If two circles x* + y* +2ax+b 0 1‘ 1

and x° +y2+2a2y+b Otoucheach 9 ( ’1’2)

other then triplet (a] a, b) can be

If the straight line ax — by + =0 [ r. (2,1,0)
touches the circle x> +y* =a Xt by,
then triplet (a 9, b) can be
If the line 3x + 4y — 4 = 0 touches the 3
circle (x —a )’ + (y —a )’ = 5 then | S (1’ L §)
triplet (al, a, b) can be

Integer Type : Solutions on pag'e--2‘.93

1. Let the lines (y ~ 2)=m(x—5)and(y+4)—m(x~3)
intersect at right angles at P (Where m, and m, are param-

eters). IflocusofPlsx +y tgetpy +7= O then the

value of lf +glis

. Consider the family of circles x* + % — 2x — 22y-8=0
passing through two fixed points 4 and B. Then the dis-
tance between the points 4 and B is

10.

11.

12.

13.

14.

. The line 3x + 6y

. The number of points P(x, y) lying inside or on the circle

x* + y* = 9 and satisfying the equation tan*x + cot*x + 2
=4 sin’y, is
If real numbers x and y satisfy (x + 5)* + (y —

then the minimum value of \/xz + y2 is

= k intersect the curve 2x> + 2xy + 3y =1
at points 4 and B. The circle on AB as diameter passes
through the origin. Then the value of &° is

12)= (14},

. The sum of the slopes of the lines tangent to both circles

X4y =1and (x-6)’ +y* =4 is

. Acircle ¥ + y* + 4x — 24/2 y+ ¢ = 0 is the director circle

of circle S and S is the director circle of circle S and
soon. If the sum of radii of all these circles is 2, then the

value of ¢ = k\/— , where value of k£ is

. Two circles are externally tangent. Lines PAB and PA’B’

are common tangents with 4 and 4" on the smaller circle
and B and B’ on the larger circle. If P4 = AB =4 then the
square of radius of circle is

. The length of a common internal tangent to two circles is

7 and a common external tangent is 11. If the product of
the radii of the two circles is p, then the value of p/2 is
Line segments AC and BD are dianieters of circle of radius
one. If ZBDC = 60°, the length of line segment 4B is

As shown in Fig. 2.76, three circles which have the same
radius r, have centres at (0,0), (1,1) and (2,1). If they
have a common tangent line, as shown, then the value of

10\/§r is

A3

Fig. 2.76

The acute angle between the line 3x — 4y = 5 and the cir-
clex’+y* —4x+2y—4=01s 6, then 9 cos @

If two perpendicular tangents can be drawn from the ori-
gin to the circle x* — 6x + y* — 2py + 17 =0, then the value
of |p| is :

Let A(— 4, 0) and B(4, 0). If the number of points on the
circle x* + y* = 16 such that the area of the triangle whose
vertices are 4, B and C is a positive integer, is N then



15.

16.

the value of [N/7] is, where N represents greatest integer
function _

If the circle x* + 3* + (3 + sin B)x + (2 cos @)y =0 and x*
+ y* + (2 cos a)x + 2cy = 0 touches each other then the
maximum value of ‘c’ is ,
Two circles C, and C, both passes through the points A(1,
2) and E(2, 1) and touch the line 4x — 2y =9 at B and D

" respectively. The possible coordinates of a point C such

17.

Archives -

that the quadrilateral ABCD is a parallelogram is (a, b)
then the value of |ab| is '

Difference in values of radius of a circle whose centre is
at the origin and which touches the circle x* + y* — 6x — 8y
+ 21=0is

~ Soltons o pge 296

Subjective Type

1.

3.

Find the equation of the circle whose radius is 5 and
which touches the circle x* + y* — 2x — 4y — 20 = 0 at the
point (5, 5). (IIT-JEE, 1978)

. Find the equation of a circle which passes through the

point (2, 0) and whose centre is the limit of the point of
intersection of the lines 3x + 5y = 1 and (2 + ¢)x + 5¢
y =1lasctendstol.

Let A be the centre of the circle x* + y* — 2x — 4y — 20
= (. Suppose that the tangents at the points B(1, 7) and
D(4, —2) on the circle meet at the point C. Find the area
of the quadrilateral ABCD. (IIT-JEE, 1981)

. Find the equations of the circle passing through

(— 4, 3) and touching the linesx + y=2and x —y = 2.
(IIT-JEE, 1982)

. Through a fixed point (4, k) secants are drawn to the circle

x? +y* = #*. Show that the locus of the midpoints of the
secants by the circle is x* + y* = hx + ky.
(IIT-JEE, 1983)

. The abscissa of the two points 4 and B are the roots of the

equation x” + 2ax — b°= 0 and their ordinates are the roots
of the equation x* + 2px — ¢* = 0. Find the equation and
the radius of the circle with AB as diameter.

(IIT-JEE, 1984)

. Lines 5x + 12y — 10 = 0 and 5x — 12y — 40 = 0 touch

acircle C, of diameter 6. If the centre of C| lies in the
first quadrant, find the equation of the circle C, which 1s
concentric with C| and cuts intercepts oflength 8 on these
lines. (IIT-JEE, 1986)

10.

11.

12.

13.

14.

15.

16.

17.

18.

Circle 2.51

. Let a given line L intersect the x and y axes at P and Q,

respectively. Let another line Lz’ perpendicular to L ;> cut
the x and y-axis at R and S, respectively. Show that the
locus of the point of intersection of the lines PS and QR is
a circle passing through the origin. (IT-JEE, 1987)

. The circle x* + y* — 4y + 4 = 0 is inscribed in a triangle

which has two of its sides along the co-ordinate axes.
The locus of the circumcnetre of the triangle is x +y —xy
+ k(o +y%)'? =0. Find k. (IIT-JEE,1987)
Let S=x*+)* +2gx + 2fy + ¢ = 0 be a given circle. Find
the locus of the foot of the perpendicular drawn from the
origin upon any chord of S which subtends a right angle
at the origin. (IIT-JEE, 1988)
If(mi, %), m> 0,1=1, 2, 3, 4 are four distinct points on
a circle, then show that m mm.m, = 1. (IIT-JEE, 1989)
A circle touches the line y = x at a point P such that
OP = 42, where O is the origin. The circle contains the
point (—10, 2) in its interior and the length of its chord on

the line x + y = 0 is 6¥2. Determine the equation of the
(IIT-JEE, 1990)

Two circles, each of radius 5 units, touch each other at

circle.

(1, 2). If the equation of their common tangent is 4x + 3y

= 10, find the equation of the circles.  (II'T-JEE, 1991)
Let a circle be given by 2x(x —a) + y(2y — b) =0, (@ £ 0,
b # 0). Find the condition on a and b if two chords, each
bisected by the x-axis, can be drawn to the circle from

b
(a, 5). (IIT-JEE, 1992)

Consider a family of circles passing through two fixed
points 4(3, 7) and B(6, 5). Show that the chords in which
the circle x* + y* — 4x — 6y — 3 = 0 cuts the members of -
the family are concurrent at a point. Find the coordinates
of this point. (IIT-JEE, 1993)

Find the coordinates of the point at which the circles
_x2+y2—4x—2y=—4andx2+y2— 12x — 8y =— 36 touch
each other. Also find equations common tangents touch-
ing the circles in the distinct points. (IIT-JEE, 1993)

Find the intervals of values of a for which the liney +x=0

bisects two chords drawn from a point (1_3@,1_—2\/@)

to the circle 2x* + 2y ~ (1 + V2a)x - (1 —\2a)y = 0.
(IIT-JEE, 1996)
Consider a curve ax’ + 2hxy + by’ = 1 and a point P not on
the curve. A line from the point P intersects the curve at
points Q and R. If the product PQ- PR is independent of
the slope of the line, then show that the curve is a circle.

(IIT-JEE, 1997)
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19.

20.

21.

22,

23.

24.

25.

I_et C be any circle with centre (0, ¥2). Prove that at the
rost two rational points can be there on C (a rational
point is a point both of whose coordinates are irrational
(IIT-JEE, 1997)

C'l and C2 are two concentric circles, the radius of C2
being t\yice that of Cl. From a point P on C,, tangents
P24 and PB are drawn to C.. Prove that the centroid of the
triangle PAB lies on C - (II'T-JEE, 1998)
Let T, T, be two tangents drawn from (- 2, 0) onto the
circle C : x> + )* = 1. Determine the circles touching
C and having T, T, as their pair of tangents. Further, find
the equations of all possible common tangents to these

numbers).

circles, when taken two at a time.

Let 2x* +y* — 3xy =0 be the equation of a pair of tangents
drawn from the origin O to a circle of radius 3 with centre
in the first quadrant. If 4 is one of the points of contact,
find the length of OA. (IIT-JEE, 2001)
For the circle x* + y* = %, find the value of r for which the
area enclosed by the tangents drawn from the point P(6,
8) to the circle and the chord of contact is maximum.
 (IIT-JEE, 2003)
Find the equation of circle touching the line
2x + 3y + 1 =0 at (1, —1) and cutting orthogonally the
circle having line segment joining (0, 3) and (-2, —1) as
(IIT-JEE, 2004)

The centres of two circles C | and C2 each of unit radius

diameter.

are at a distance of 6 units from each other. Let P be the
midpoint of the line segment joining the centres of C, and
C, and Cbe a circle touching circles C, and C, externally.
If a common tangent to C, and C passing through P is
also a common tangent to C2 and C, then the radius of the

circle C. (IIT-JEE, 2009)
Objective Type
Fill in the blanks
1. If 4 and B are points in the plane such that % =k

(constant) for all P on a given circle, then the value of

k cannot be equal to (IT-JEE, 1982)

. The points of intersection of the line 4x — 3y — 10 =0 and

the circle x* + y* — 2x + 4y ~ 20 = 0 are and

(IIT-JEE, 1983)

. The lines 3x — 4y + 4 = 0 and 6x — 8y — 7 = 0 are tangents

to the same circle. The radius of this circle is .
(IIT-JEE, 1984)

10.

11

12.

13.

14.

15.

. Let 2 + y* —4x — 2y — 11 = 0 be a circle. A pair of tan-

gents from the point (4, 5) with a pair of radii form a

‘quadrilateral of area (IIT-JEE, 1985)

. From the origin chords are drawn to the circle (x — 1)

+y* = 1. The equation of the locus of the midpoints of

these chord is (IT-JEE, 1985)

. The equation of the line passing through the points of in-

tersection of the circles 3x* + 3y — 2x + 12y ~9 =0 and
X¥+y +6x+2y—15=01is . (IIT-JEE, 1986)

. From the point 4(0, 3) on the circle x* + 4x + (y — 3’ =0,

a chord 4B is drawn and extended to a point M such that
AM=2A4B. The equation of the locus of M is

(IT-JEE, 1986)

. The area of the triangle formed by the tangents from the

point (4, 3) to the circle x* + y* = 9 and the line joining
their points.of contact is . (II'T-JEE, 1988)

. If the circle C: x* + 3 = 16 intersects another circle C,

of radius 5 in such a manner that common chord is of
maximum length and has a slope equal to %, then the
coordinates of the centre of C2 are . 1IT-JEE, 1988)

The area of the triangle formed by the positive x-axis and
the normal and the téngent to the circle x* +y* = 4 at (1,
V3) s, (IIT-JEE, 1989)
If a circle passes through points of intersection of

the coordinates axes with the lines Ax —y + 1 =0 and
x—2y+ 3 =0, then the value of A is___.(IIT-JEE, 1991)

The equation of the locus of the midpoints of the circle
4x* + 4y” — 12x + 4y + 1 = 0 that subtend an angle of

27 ot its centre is (IIT-JEE, 1993)

3

The intercept on the line y = x by the circle x* + * — 2x
= 0 is AB. Equation of the circle with AB as a diameter
is . (IIT-JEE, 1996)

Two vertices of an equilateral triangle are (~1, 0) and
(1, 0), and its third vertex lies above the x-axis. The equa-
. (IIT-JEE, 1997)

The chords of contact of the pair of tangents drawn from
each point on the line 2x +y = 4 to circle x* + y* = 1 pass
through point (IIT-JEE, 1997)

tion of its circumcircle is

True or false -

1.

2.

No tangent can be drawn from the point (5/2, 1)
to the circumcircle of the triangle with vertices
(1,V3), (1, — V3, (3, - V3). (IT-JEE, 1985)
The line x + 3y = 0 is a diameter of the circle
X+ —6x+2y=0. (IIT-JEE, 1989)



Multipple choice questions with one correct answer

1. A square is inscribed in the circle x* + 3> — 2x + 4y + 3
= 0. Its sides are parallel to the coordinate axes. The one

vertex of the square is (IIT-JEE, 1980)
a. (1+v2,-2) b. (1-+2,-2)
c. (1,-2+2) d. None of these

. Two circles x* + y* = 6 and x> + y* — 6x+8=0are given.
Then, the equation of the circle through their points of
intersection and the point (1, 1) is

a. X’+)y -6x+4=0

b. X*+y —-3x+1=0

c. X*+y —4y+2=0

d. None of these (IT-JEE, 1980)

. The equation of the circle passing through (1, 1) and

the points of intersection of x> + 3* + 13x — 3y = 0 and
2x2+ 2% +4x—Ty-25=01s

a. o +47-30x—10y—-25=0

b. 4x°+4y* +30x— 13y —25=0

c. 47+47—17x—10y+25=0

d. None of these (IIT-JEE, 1983)

. The locus of the midpoint of a chord of the circle x* + y*
= 4 which subtends a right angle at the origin is

b. x2+y2=1
d x+ty=1

a. x+ty=2
c. ¥+ y2 =2
(IIT-JEE, 1984)
. If a circle passes through the point (¢, ») and cuts the

circle x* + y* = k* orthogonally, then the equation of the
locus of its centre is (IIT-JEE, 1988)

a. 2ax+2by— (A + 0 +i)=0

b. 2ax+2by— (@ — b +i)=0

C, x2+y2—3ax~4by+(a2+b2—k2)=0

d. x2+y2—2ax—3by+(a2—bz—k2)=0
. If two circles (x — 1> + (y — 3)> = /2 and x* + )* — 8x
+ 2y + 8 = 0 intersect in two distinct points, then

a. 2<r<8 b. r<2
d r>2

. The lines 2x — 3y = 5 and 3x — 4y = 7 are diameters of
a circle of area 154 sq. units. Then the equation of this

c. r=2

circle is

a X+y +2x—2y=62
b. x2+y2+2x—2y=47
¢ X +) = 2x+2y=47
d ©+)y —2x+2p=62

Circle 2.53

8. The centre of-the circle passing through the points
(0, 0), (1, 0) and touching the circle x* +* =9 is '

(IIT-JEE, 1992)
» (33)

) e

9. The locus of the centre of a circle, which touches exter-
nally the circle x* + y* — 6x — 6y + 14 = 0 and also touches
the y-axis, is given by equation (IIT-JEE, 1993)

a. X’ —6x—10y+14=0
b. x*—10x—6y+14=0
Y —6x—10y+14=0
d. - 10x—6y+14=0

i

10. The angle between a pair of tangents drawn from

a point P to the circle x> + y* + 4x — 6y + 9 sin’® «
+ 13 cos® a = 0 is 2a. Then equation of the locus of the
point Pis

(IIT-JEE, 1996)

a. X+ +4x—6y+4=0
b. ¥*+y’+4x—6y—9=0
c. X+ +ax—6y—4=0
d. X+ +4x—6y+9=0

11. If two distinct chords, drawn from the point (p, ¢) on the

circle x* + y* — px — gy = 0 (where pq # 0) are bisected by
the x-axis, then '

2_ 2
a p=q
c. pP<84

b. p’ =84
d. p*>84
(IIT-JEE, 1999)

12. The triangle PQR is inscribed in the circle x* + y* = 25.

If Q and R have co-ordinates (3, 4) and (- 4, 3) respec-
tively, then ZQPR is equal to

T T T 14
a. 5 b. 3 c. 4 d. 6
(IIT-JEE, 2000)

13. If the circles x* + ) + 2x + 2ky + 6 = 0, x* + > +2ky + k

= ( intersect orthogonally, then & is
(IIT-JEE, 2000)

b. *20r—3

a. 2or— )

[\ST[US]

3 e
c.2or2 d. 20r2

14. Let 4B be a chord of the circle x* + y* = #* subtending a

right angle at the centre. Then, the locus of the centroid of
the triangle P4B as P moves on the circle is
(II'T-JEE, 2001)

a. aparabola b. acircle
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15,

16.

17.

18.

19.

20.

21.

c. an ellipse d. a pair of straight lines

I_et PO and RS be tangents at the extremities of the diam-
eter PR of a circle of radius r. If PS and PQ intersect at a
point X on the circumference of the circle, then 2r equals

(IIT-JEE, 2001)
a. \PORS b. (P—QZLISS—)
2P0 x RS V(PO +RSY) -
© Porrs v 2

If the tangent at the point P on the circle x* + y* + 6x + 6y
= 2 meets a straight lines 5x — 2y + 6 = 0 at a point Q on
the y-axis, then the length of PQ is (IT-JEE, 2002)

d. 3v5
The centre of circle inscribed in square formed by the
lines x* — 8x+ 12=0and y* — 14y + 45 =0, is
a. 4,7 b. (7,4) c. 9,4 d. 4,9
' (IIT-JEE, 2003)
If one of the diameters of the circle x* + y* — 2x — 6y + 6

= 0 is a chord to the circle with centre (2, 1), then the
radius of the circle is (IIT-JEE, 2004)

a. V3 b. V2 c. 3 d. 2

A circle is given by x* + (y — 1) = 1, another circle
C touches it externally and also the x-axis, then the locus
of its centre is

a. {(x,y): X’ =4y} U{(x,»):¥y<0}
b. {(x,y): XX+ - 11=4} U{(x,») :y<0}
) X =y} U {(0,5) 1y <0}
- A y) X =4y} U {(0,y) : y < 0}

a. 4 b. 25 e 5

& o

(IIT-JEE, 2005)

Tangents drawn from the point P(1, 8) to the circle x* +
y* —6x—4y — 11 =0 touch the circle at the points 4 and B.
The equation of the circumcircle of the triangle PAB is

a. X’ +)y +4x—6y+19=0

b. X+’ —4x—10y+19=0

c. X¥*+yP—2x+6y-20

d. X+’ —6x—4y+19=0

The circle passing through the point (- 1, 0) and touching
the y—axis at (0, 2) also passes through the point

3 5
w20 w(3

(©) (—% —Z—) (D) (—4,0)  (IIT-JEE, 2010)

Multiple choice questions with ane or more than one correct
answer

1. The equations of the tangents drawn from the origin to
the circle x* + y* — 2rx — 2hy + h* =0, are
a. x=0 '
b. y=0
c. BP—rx—2rhy=0
d. (B —P)x+2rhy=0
. (IIT-JEE, 1988)
2. If the circle x° +* = o” intersects the hyperbola xy = ¢* in
four points P(x , y,), Q(x,, y,), R(x,, y,), S(x,, y,), then
(IIT-JEE, 1998)
a x +x2+x3+x4=0
e +yz+y3+y4=0

b

¢ xxxx =c
17237

d

_ 4
C I TC
Comprehension Type

For Problems 1-3
Let ABCD be a square of side length 2 units. C, is the circle
through vertices 4, B, C, D and C 1 is the circle touching all the
sides of square ABCD. L is a line through 4.

LIf P is a point on C| and Q in another point on C,

PA*>+ PB*+ PC* + PD* . |
then 047+ 0B+ 0C + OD? 18 equal to
a. 0.75 b. 1.25 c. 1 d. 0.5
(IIT-JEE, 2006)

2. A circle touches the line L and the circle C1 externally
such that both the circles are on the same side of the line,
then the locus of centre of the circle is

b. hyperbola
d. pair of straight line

a. ellipse
¢. parabola
3. Aline M through A4 is drawn parallel to BD. Point S moves
such that its distance from the line BD and the vertex 4
are equal. If locus of S cuts M at T, and T, and AC at T,
then area of ATl T2T3 is (IIT-JEE, 2006)

b. 2/3 sq. units
d. 2 sq. units

a. 1/2 sq. units
c. 1 sq. units

For Problems 4-6

A circle C of radius 1 is inscribed in an equilateral triangle
PQR. The points of contact of C with the sides PQ, OR, RP
are D, E, F, respectively. The line PQ is given by the equation
V3x +y—6=0 and the point D is (¥= %) Further, it is given

that the origin and the centre of C are on the same side of the
line PQ. (IIT-JEE, 2008)
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4. T he equation of circle C'is where p is a real number, and C': ¥+ +6x—10y+30=0.

a. (x-23)+(y-1Y=1 Statement 1: If line L, is a chord of circle C, then line
Ry L is not always a d1ameter of circle C.
b. (-2 +(y+3) =1

2 and
c. (x—B)P+@Ep+1)*=1 Statement 2: [fline L 1 is a diameter of circle C, then line
d. -3V +(y-1=1 L, is not a chord of circle C.

a. Statement 1 is true, Statement 2 is true; Statement 2

5. Points E and F are given by ) )
: : " is a correct explanation for Statement 1. -

(ﬂ 1) 03,0) b. Statement 1 is true, Statement 2 is true; Statement 2
' is NOT a correct explanation for statement 1.

. t i ' t21
b. (_\/21’ %)’ (\E, 0) c. Statement 1 is true, Statement 2 is false

d. Statement 1 is false, statement 2 is true

(\/_ 3 ) (\/_ 1 ) (IIT-JEE, 2008)
¢ \22h\ 22

Matrix-match
d. (%, _‘lzi), (g’ %) 1. This question contains statements given in two columns

which have to be matched. Statements (a, b, ¢, d) in Col-
umn I have to be matched with statements (p, g, 7, ) in
Column II. The answers to-these questions have to be ap-
) propriately bubbled as illustrated in the following exam-

6, Equation of the sides R, RP are

-2 -_2
a. y= \/§X+ Ly=- N 1 ple. If the correct matches are a-p, a-s, b-q, b-r, c-p, c-q,
1 and d-s, then the correctly bubbled 4 x 4 matrix should be
b. y= BYrT 0 - as follows:
3 V3 b4
« ymPrtlym gl (@0 [0]6
d. y=3x,y=0 @ © OO
N S ECHECENGENC
ssertion and reasoning
o o S ECRECREGENC
1. Tar;gents are drawn from the point (17, 7) to the circle x (IIT-JEE, 2007)
+y°=169.
. Col I Col
Statement 1: The tangents are mutually perpendicular. 2 un'm olumn II
) ) a. | Two intersecting circles | p. | have a common tangent
Statement 2: The locus of the points from which mu-
: . ] . | Two mutually external q. | have a common normal
tually perpendicular tangents can be drawn to the given circles
. . 2 _
circle is x* + y =338 (IIT-JEE, 2007) c. | Two circles, one strictly | r. | do not have a common
a. Statement 1 is true, Statement 2 is true; Statement 2 inside the other tangent
is a correct explanation for Statement 1. d. | Two branches of a s- | do not have a common
hyperbola ) normal
b. Statement 1 is true, Statement 2 is true; Statement 2
Integer type

is not a correct explanation for Statement 1.
1. The straight line 2x — 3y = 1 divides the circular region X

. . <
d. Statement 1 is false, Statement 2 is true. +* < 6 into two parts. If

2 onsid =23} 33)53) (g,ij}.

L:2x+3y+p—3=0 4 S
! then the number of point(s) in S lying inside the smaller
L,:2x+3y+p+3=0, part is (IIT-JEE, 2011)

c. Statement 1 is true, Statement 2 is false.
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Subjective Type

-
.

©, 9D s )

NP

A40,0) M(r,0) B, g

0, N

Fig. 2.77
T et us take AB and AD as coordinate axes
If r be the radius of circle, then its centre is P(r, 7).
Equation of circle is (x — 7)* + (y — =
= X+ -2 —2ry+r=0.
Let the coordinates of - C= (p, q)
Equationof MNis x+y=r

. . . p+g-+
Its distance from C is 5 units = v
= (p+q=r*=50
Since (p, g) lie on the circle,
PP+g—2rm—2rg+r =0
= (ptq—r’-2pg=0
= 50-2pg =0=pg=25
Area of rectangle = 25 sq. units
Y
S
C(, b)

A(0, 0) c B(c, ©

Fig. 2.78
Take AB as the x-axis and AC as the y-axis
Let BC=a

Centre of S'is (%, %) and radius is %
If a circle S’ touches the rays AB and AC, its centre must

be (r, r) and its radius must be r, for some » > G.
Circle S and S’ touch each other if

=57 +(r=3) -5+

ANSWERS AND SOLUTIONS ==

Squaring both sides and using the fact that a=b+c ,we
get .
r=btcta

= rl=b+c—a,r2'=b+c+a
= r.r,=(b+c)f—d’ =2bc

(as @* =b* + &%)
= 4 area (AABC)

. The given circles are

C G-+ @-1Y=1r=2
and C,: (x—8)°+(y— 1y’ =4,r,=2
The line y — 2x — a = 0 will lie between these circles if
centre of the circles lie on opposite sides of the line,
ie.(1-2-a)(1-16-a)<0
= a e (-15,-1)

Line wouldn’t touch or intersect the circles, if

|1—2—a|> [ |1~16—a|>
V5 N5
= 1+al>~5,[15+a>2~5

=a>Vy5—lora<v¥5 —1,a>2V¥5-15
or a<-2Vv5-15
Hence, common values of ‘a’ are (2V5 — 15, - V5 — 1).

. The given circle is:

¥4y —2ax—-2by+2=0
or (x—al+@y-bY=d+b -
it’s director circle is
x—al+@-b=2d"+b"-2)
Given that tangents drawn from the origin to the circle

are orthogonal, it implies that director circle of the circle
must pass through the origin,

= a+b =2 +b-2)

= a+b =4

Thus, the locus of the centre of the given circle is,
P+yP=4

. If ‘d’ be the common difference of A.P., then radius of

the smallest circle is 1 — 2d. If the given liney —x — 1
= 0 cuts the smallest circle in real and distinct points, then
it will definitely cut the remaining circles in real and dis-
tinct points.

| 0-0-1
= —B <(1-2d)

_ 1
= 12d>\/§



- <449
Hence, de (0,l( _L))
2 V2
. Equation of line PQ is
G- =mx—-4)
or y—mx+t4dm—1=10

For the required ‘m’, we have to make sure that the line
P Q meets the circle, with diameter 4B, at real and distinct
points.

Equation of circle having 4B as diameter is
x°+ y2 -2x—3=0

[0—m+4m—1|

— <2
V1 + m? :
= Sm*—6m—3>0
3246 3+2V6
= me\—s 5

. Equation of the circle having the ends of diameter at
(1,-3)and (4, 1) is _
-DE-H+E+3)r-1)=0

= Ay -Sx+2y+1=0

Other circle will be x* + 3y — 5Sx + 2y + 1 + A(x + y — 1)
=0

1t passes through (1, 2)

-2
= A=-5
5. ¥v.,7_
= circle is; x* +)° —5 x—3t5 =0
. Letradius=r
.. From figure Va’+d* =b+r . @)
Y
5
4 b
©,a
.
X
Fig. 2.79

Consider a point P(0, k) on the y-axis
M —r,0)and N(a +r, 0)

Now, slope of MP = _k,, , slope NP ==+

+r

If LMPN=6

Circle 2.57

tan @ =

2kr
ad-rF+i

According to the given condition, 6 is a constant for any
choice a

2? 2 = constant
PP+

= constant

ie —Lr
£, 7y

Vo2 +a* = b _ st
_( '——a2+a2—b2)+kz constan

(From Eq. (1))

e Vo’ +d —b
o+ & —d - B+

N’ +d* —b

Y
where {(Z—-Fzégi} =1

= constant
= constant
which is possible only, if A = b

2 2
i SO N RS gy

2b
p=(0,+37 %)

. S(x, 2) = 0 given two identical solutions x = 1

= line y = 2 is a tangent to the circle S(x, y) = 0 at the
point (1, 2) and S(1, y) = 0 gives two distinct solutions y
=0, 2.

= Line x = 1 cuts the circle S(x, y) = 0 at points (1, 0) and
(1, 2).

= A(1, 2) and B(1, 0) are diametrically opposite points.
A(1,2)

y=2

T,0)

x=1
Fig. 2.80
. Bquation of the circle is (x — 1)* + y(y —2) =0
R4y ~2x—2p+1=0
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10.

11.

2 =y +2y-1=0

G—y+Dh@E+y-1=0
The centre of family of circles touching the above lines
will lie on the angle bisectors of the above lines.

Equations of the angle bisectors of the above lines are

ivenb
g1 y Xyl

2

x+y—1
\2

= x=0andy=1
Casel: '
LetA(h, 1) be apoint on the liney =1, 4P= %

Equation of circle touching the given line is (x — k)*

h2
+(y—1f=§—

Loty -2+

x+y-1=0 .
xl= 0
Fig. 2.81
Case 2: ‘
Let B(0, k) be a point on the line x = 0.
Now, &sz%

Equation of circle touching the given lines is

O
2
x2+y2—2ky+%=()
AB subtends the greatest angle at C, so the line x — y + 1
= 0 touches the circle at C and hence 4B is the diameter.

'A
1&

B
Fig. 2.82

Family of circle touching line x — y + 1 = 0 at point (1, 2)
is(x-1P+@-2+Ax~y+1)=0

or

Its radius = \/('1:22)2 + ('HT4)2 -(5+4)

-2

= A=+2

~ Therefore, The equations of circle are x* + Y —64+7
=0
and xX*+)y —4x-2y+3=0.

12.

13.

14.

Fig. 2.83

Clearly, X+ = 24% is director circle of the circle
P2+

Hence, in the diagram 4BCO is a square and circumcentre
P(h, k) of AABC is midpoint of O4

Hénce, NI+ i = %

2
or locus is x* + )7 = %
Circle of minimum radius that touches the given circle
x* +y* = 4 will be possible only if (4, 3) is the end point
of the diameter of the required circle. Let the centre of the
required circle be O and point of contact of circles B.

A
(4’ 3)

B
(0,0)
o
¥+y =4
'Fig. 2.84
Now OA=5and OB=2
BA=5-2=3
= Point B divides O4 in the ratio 2 : 3 internally
; - (86
= Point B_(S"S)

int O is (14 21).
= Point O 13( 3> 10)
- . . 1412 21 _9
Hence, the required circle is (x - ?) + (y - W) =2
Let the point of intersection of tangents at 4 and C is
P=(x,y).
Since AB=A0=BO=r

= LAOB = 60°



P(x,y)

4
N

.

C

Fig. 2.85
= P4 _ tan 60°=3
= N +yF - = \Br

= x*+y* =47 is the locus of the point P.

15. Angle between 3x + y = 0 and the line joining (2, -1) to
(0,0)1s
1

~3+5

EER

6 = tan'

n
= -1 = —
= tan" | — 1} 7

= Other tangent is perpendicular to 3x +y = 0.
= Equation of the other tangent is x — 3y = 0.

16.
9 N P
2
(0]
R S
Fig. 2.86
From the diagram, OMPN is square and P lies on director
circle. . :
MN = OP

= radius of the direction of
given circle

=2 N2 b|=2b

19.

17. Radius of given circle=V4+2 -¢c = V6 — ¢ =a (say)

Radius of circle | S = %2—
Radius of circle S, = 52’— and so on.
a 48, .. -
-a+\/§+2+ +oo=2
1 _ 2 )=
- a1—1/\/§] 2:>“(Q_1 2

Circle 2.59

a=2-\V2=V6-c =2-2

6-c=4+2-42 >c=4\2

Fig. 2.87

Let C | be a circle of radius .

So radius of C,= v2 r and that of C,=2r.

0 r _1 _T
In AAOT, siny =-- =7 :>6—3
- La1B=%
- __r _n
= In AAOP, . sin LAPO—N7 = LAPO 1
_n o _m
In AOPT, LpoT=2%.% - %
In AOPH,
LOPH=7,
o) — .o my_Sn
LPHO =7 ~(5+{5)=15
= LPHQ = 2% As LPOQ=T%

OPHQ is a cyclic quadrilateral. Hence, locus of H is a
circle.

.'.,"P

: A',",|/l|‘(w/'2 -1
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20,

21.

Sizace line y =x+ ¢ is normal to the given - (xx, +rp,)|
circle - Pis ER)
' 1 ’ X +y1
= c= N+
. i Xty
= Equation of line is Hence, ratio of the lengths of perpendiculars = —;l;
y=x+1 (1) VX, T ¥,
Also, radius of the circle = |J| » _ distance of the point P from the centre of the circle
Given AP=|(\V2-1) ~ distance of the point O from the centre of the circle
= OP=21 - 22. The given circles are (x — 1)* + ¥ =4 and
= : PC =}l

x-1Y+y =16

=> Area of quadrilateral OBPC The points (a + 1, V3a) lie on the line

=2x P =36=4=%6

. . 4 s = x=a+1,y=3a
iezt ﬁt,hf ce(iugtlon of thé required circle be x | + 7+ 2gx - y=\3(x—1) [eliminating a]
This is orthogonal to given circle
= © 28.0+2f.0=-1+c=c=1 5
and 2-4-g+2-4-f=-33+¢c=-32
= g+f=-4
’ 4 C4=2
" Hence, ' radius =g’ + 2 — ¢ 60° - CB=4
' : 0 (.0
=g gty 1 - / 0
ie., C r=2g+8g+15 »
=2(g+27+7
For minimum r,g+t2=20 o . Fig. 2.90
= g = ~2= the centre is (2, 2). This line makes an angle 60° with the +ve-direction of the
X-axis.
o) Hence, we have
A4 =(1+2cos 60° 2 sin 60°) = (2, V3)
and B =(1+4 cos 60°, 4 sin 60°)(3, 23)
Hence, there is no point on the line segment 4B whose
abscissa is an integer since abscissa of 4 is 2 and that of
5( ] C(o;o%_ Bis3. -
23.
B
Q(x,, ) / 1
Fig. 2.89 o1 4
: 2
Let the circle be x* +)” = a>. Then the chord of contact of
Q(xz, »,) w.r.t. the circle is
xx,+yy, =d (i)
. . |a2—(x1x2+y1y2)| Fig. 2.91
Its distance from P(x,, y )18 iy The director circle x* + 3% = 24 must intersect the square
formed by the lines [x| + [y| = 1 in eight points.

Similarly, distance of Q from the chord of contact of
: for which —= < V2 a<1ord < g <L

V2 2790



24,

25.

26.

Obviously angle bisectors are x =2 and y =0

TNow centre cannot lies on y = 0 because their chord of
contact from origin will always be parallel to y-axis. So
1et the centre (2, ), then equation of circle will be

x-2+@-ay =5
=+  —dx - 2ay - 21a*= 0

MNow chord of contact is

—4%—2a%+a2—21 0= x+ap-a?+21=0

2

Now, =1 =»a=-2

So equation of circle is (x — 2)* + (y + 2)* = 5%

Equation of chord of contact 4B is Sx — Sy =135

Solving it with x* + y* = 5 we get,

P+Ex-1Y=5
¥—x-2=0=x-2)(x+1)=0

= x=-1,2andy=-2,1

So, 4 and B are (-1, —2) and (2, 1).

=

Let P =(~5 cos 6, V5 sin 6)

Now as circumcentre of the triangle P4B is origin, or-
thocentre would be % = x tx, tx and k& =y, Tyt
(as centroid divides line joining orthocentre and circum-
centrein 2 : 1).
ie. h=~5cos6+1
and k=+5sin6~1

So the required locus is

G-+ @+ 1)’ =5

YA

[
\

4

Fig. 2.92
The two circles are
(x-17+y =1 @
(x—1P+y"=2 (ii)
So the second one is the director circle of the first circle.
So LAPB=%
= LACB=5

27.

28.

Circle 2.61

Now, circu_mcentré of the right angled triangle CAB
would lie on the midpoint of 4B.

So, let that point be M=(h,k)
' CB sin 45° = L
Now, CM= CBsin 45 N3
2
So, (-1 +# = ()
S 2, .21
So, locus of Mis (x - 1)" +y =5
YA
A4(0, a)
\C&3al2, al2)
“ 44 .
of L X
“ D
B(0, —a) E

Fig. 2.93

_Let origin be taken at the centre of the circle and y-axis

along the diameter 45.

Then, equation of the circle is x* + VY =a" )
and coordinates of 4 and B are (0, a) and (0, — a), respec-
tively. .

If CD is parallel to AB such that 2CD = AB, then
CD=14B=a

Obviously, CD is bisected by x-axis say at L, then

CL=a/2.

In AOLC, OL = \(0C* - CL?)

=@ - a2/4 =+3a/2
= The coordinates of the point C are (V3a/2, a/2).

= Equation of line ACisy—a= _a2-a_ (x—0) or
V3a/2-0

(i)
Equation of the tangent to the circle at the point B (0, — a)
on it is

1
= —=x+
¥y FXta

x0+y(-a)=aory=-a (1i1)
Solving Egs. (ii) and (iii), their point of intersection is
EQ2V3 a, -a).

= AE =\[(2\3a- 0> + (~a - a)]
=4a=24B
Equation of tangent to the circle at the point (#, k) is

hx+hky=a
Pair of linesy=aandy=—-aisy’ —a*=0

(@)

Pair of lines OR and OQ is given by making y* — 2’ =0
homogeneous with the help of line (i)
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Y4
4(0, a)R
/ P(h, k)
‘KO #X
BO,-a). O
Fig. 2.94

Vod (hx+2ky)2= 0
a

or @V —(hx+ky)=0
now, coefficient of ¥+ coefficient of y?

=K -KP+d

= () (as (A, k) lies on the circle)
Hénce, lines OR and OQ are perpendicular.

29.

A
y
Bloeeeoaomioa e T
D
A » X
Fig. 2.95
The equation of the circle is (x — P +@y-1r=1
= Py -2x-2y+1=0 (i)
Let the equation of the variable straight line be y = mx
(i)
Solving Egs. (i) and (ii), we get
(1+mH)x* = 2x(1 +m)+1=0
: — . sm
.. Length DE Tt P
Area of ADEB,
A= %DE X distance of B from
DE
4= 1. 8m . _ 1
4 1 +\m2 1+ m?
__ 2m
(1+m*)
N2m
= =17

diz_14i_=
dm a1+ m?)
= m= ivl—?,—
&4 . 1
Z45 < =
i 0ifm Nl
.. Area is maximum for m = €L

V3

Objective Type

1. a. If there are more than one rational points on the cir-
cumference of the circle x* + y* — 2mx — 2ey + ¢ = 0
(as (7, e) is the centre), then e will be a rational multiple
of 7, which is not possible. Thus, the number of rational
points on the circumference of the circle is at most one.

2. a. Point of intersection of diagonals lie on circumcircle
ie. (1,1),since (y —2x+ 1) +A(2y-x-1)=0

Fig. 2.96
/= 2R sin 72°

_sin 36°_

R= 2 sin 72°

=cos 72°
= Locus is (x — 1)* + (y — 1)* = cos® 72°

—x*+1? —2x—2p+ 1 +sin’ 72°=0
3. c. Let the equation of the chord O4 of the circle

X +y -2x+4y=10 @)
be y=mx (i)
. ?Y
A
C—
|
|
B |
i
»X
2l
Fig. 2.97
Solving (i) and (ii), we get -

= P4+m*-2x+4mx=0
= (1+m)xX*-Q2-4m)x=0



Circle 2.63

= x=0andx=2—4"; or Coxty=12

1+m ' . Intersection with x — 2y = 4 will give coordinates of .
centre which are (8, 2)

Hence, the points of intersection are

2—4m m2—4m)
(OaO)andA(Hmz’ e r=04=v8-2+2-5" =35
e (2=4mY 2 6. d.
= +
= 04 (1+m2) (+md) 2
_(2-4m) T D
1+ m? i
: 3
Since OAB is an isosceles right-angled triangle 0A* = % l / 0
2 Al C
AB | —
where AB is a diameter of the given circle 04” = 10 :
: , Fig. 2.99
(2 —4m)y ’
- 2 =10 fni
1+m A ABC and A DBA are similar -
= 4—162m+ 16m” = 10 (1+m)’ , - Ix= WP+
= 3Im®—8m-3=0 - 2 = X1+ 2
_ 1
= m=3or —‘3'
. . - _ ZZ(XZ _ 2) — x?. 2
Hence, the required equations are y = 3x or x + 3y = 0. = y g
. b. y = mx be chord. ’ J= Xy _ ABAD
. . . . = T2 VAR _AD
Then point of intersection are given by \/; y AB*—AD
(1 +m)=x(3+4m)—4=0 7. c
| 34dm . __—4
x tx,= . and x x, = T
Since (0, 0) divides chord in the ratio 1 : 4
: X, =~ 4)c1
—3x =M7zland4xf=— 5
I 1+m l+m
9+9m* = 9+ 16m’ + 24m - b
, Y : ' Fig. 2.100
1.€. m=0,— 5=

Circles with centre (2, 0) and (—2, 0) each with radius 4.
= y-axis is their common chord.

- A ABC is equilateral. Hence, area of ADBC is 2.215 (4)?

A2,5) =
( 2r—y1=0 . 8+3.
. A

Therefore, the lines are  y = 0 and y +24x=0.

x—-2x=4
Fig. 2.98 7 S 2= 16
2x —y+ 1= 0is tangent
' | Fig. 2.101
Slope of line 04 = _% ig. 2.10

1 Slope of the given line = —3
Equationof O4, (y-5)=-5(x-2)
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3+f

S22 = Bl
= B)ae) - = e
= 15+5f=4+2¢ = e—1=2
— Locusis 2x—Sy+11=0 = c-l==%2
o b = c=3or-1
e = ¢ =1 for c =3 there will
X _ be infinite points common
" lying inside circle)
' 12. b.
Y
4
A(0, 1)
Fig. 2.102 30
P D(f3,0)
2/=3"+3"=18=/=9 < 5 >
. _ B (_"/ga O)
= r=3
10. d.
I C(0,~1)
P 1%
/ \v\ Fig. 2.105
0 TROM 04 =1
kJ/ r=0Acos30°=g
' 3v ' Equation of circle is x*> + y* = 3/4
PA*+ PB* + PC* + PD?
Fig. 2.103 R ) D s 2 5 )
. : . . =X T, D G H VB Hy a+H( + 1) (x, - V3)
The particle which moves clockwise is moving three +5 ! ! ! !
times as fast as the particle moving anticlockwise. ] . ‘
This means the clockwise particle travels (3/4)th of the =dx, 4y, +8=4(x +y)+38
way around the circle, the anticlockwise particle will —4x 3, g
travel (1/4)th of the way around the circle and so the sec- 4
ond particle will meet at P(0, 1). " =11
. d.

Using the same logic they will meet at O(-1, 0) when
they meet the second time.

11. d.

Fig. 2.106
From A MLN
sing = 24=5
atb
_ . 1fa-b
Fig. 2.104 . a=sm (a + )
.. Angle between AB and 4D

X+ +2x-1=0
Centre (-1, 0) and radius = V2
Line x — y + ¢ = 0 must be tangent to the circle.

Q

b
=20 = sin™" (a:—?))



14. a. 17. d.
A(a, b)
90°
Gt(h, k)
C : 0 B
(—3, 0) (0’ 0) ) (35 O)
Fig. 2.107

Iet A(a, b) and G(h, k)

(cw 3) =2+ 5

Fig. 2.110

From the figure, we have

Circle

. . +6
Now 4, G, O are colhnearw1tl_1AG :GO=2:1 ¥, =2x + 5 andxl = 7=_1
= h= 2_-03_+£ !
= x1=-—6 and y =-7
= a=3h and similarty b=3k 18. c.
Now (a, b) lies on the circle ¥+yP=9 X
Therefore, locus of (h, k) is x*+y° = 1. 072 1)
15. a. R
(LD > X
/ ‘ (0, 0) 0(x,, 0)
L (nn '
\ Fig. 2.111
e P
Equation of line PQis y—k=— T x—h)
Fig. 2.108 or hx+ky = B+ I
From Fig. 2.108, ‘ 2 2
’ . W+ i ) ( h +k2)
= Points ( ,0} and PO,
21-m*="7 e k
= V2(1-r=r Also 2a=\x +Y
= (V2 +1)=+2 = x?+yf=4a2
= r= \/f\/i o= V(2 -1)=2-2 Eliminating x and y, we have
+
16. b. r=1,L=V3 (x2+y2)2(%+i2)=4a2
. oy
Area of quadrilateral = 3 19.c.
0,20
B
.

A220)

Fig. 2.112

2.65
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20.

21.

Letthecirclebe x*+3% +2gx + 2 =0 22. a.
Tangent at the origin is
gex+fy=0"
2 2 2 2
d = g = and &= S

_ 2 2
= . d+d =2\g +f

= diameter of the circle

<— » X

e \_//1(3;7, 0

A\ 4

Fig. 2.113
Let the centroid of triangle O4B is (p, g).

@
o150

{{ i
@

Fig. 2.115

cosecls5® = f

Xx = cosec 15°
R=x+1=1+cosec15°

2V2
V3 -1

=1+

4
T -z
=1++6++2

Hence, points 4 and B are (3p, 3q). 23.¢c.
But diameter of triangle AB = 6k
Hence, \9p* + 94° = 6k
Therefore, locus of (p, q) is x* + )* = 4k°.
a.
Slope of
Slope of
Fig. 2.114
'8 Equation of
Let equation of linebe y=x+cory-x=c¢ (1)
Perpendicular from (0, 0) on line (i) is i ' =
. Hence,
In  AAON, |2 - (%)2 = AN
S 24. 3. AB=Nd’ + b’
: 2 —C\"
and in ACPM, 43 —( N3 ) =CM. Hence,
c 2- C)z

Given AN = CM:4—*‘2——9f 3 ) Now.
= c=-3

2

3 or2x-2y-3=0

Therefore, Equation of line y = x - 3

(-10, 0)\j(10, 0) >

L,y =~2x-10)

@

y+2x =20
=20
D=\b+d
d_A_ab i o
57§ T o (where s is semi-
perimeter)
d_ ab
2 a+p+Vd+ ¥



2ab

at+tb+ N+ b

or d=

(ii)
From Egs. (i) and (i1)

_\/;2—+—b2[(a+b)¥ \Ja2+b2]+2ab
atb+N+p

d+D

(a+b) +(a+bNd + b
= =a
at+tb+VNd?+ b

+b

25. c.
d

D>
4545°
y=mx+1
P R

Fig. 2.117

Given circle is X+y*=1.
(0, 0) and radius = 1 and chord is y =mx + 1

o CP
cos 45° = CR

CP = perpendicular distance from (0, 0) to chord
y=mx+1
1

CP = (CR =radius = 1)
Vm* + 1
o INmE+1
= cos 45° = — 1
1 1
- 2 mt+ 1
= m+1 =2
= m==1
26. d.
P(3,5) B
A
Fig. 2.118
2PQ = PA+ PB
= PO -P4=PB-PQ
= AQ = OB
= @ is midpoint of 4B.

27.

28.

29.

Circle 2.67

Let Q has coordinates (%, k).
Then equation of chord 4B is given by T = S

or hx+ky—4=n+K -4
This variable chord passes through the point P(3, 5).

= 3h+5k =K+ 1
= x2+y2-—3x—5y=0
which is required locus.

b.

N

Fig. 2.119
Let orthocenter be H(5, 8). '
Now, ZHBM = a/l2 - C
Also, LDBC = LDAC=m/2-C
Hence, ABMH and ABMD are congruent.
= HM = MD
= Dis image of H in the line x — y = 0 which is D(8, 5).
Thus, equation of circumcircle is
(x-2+(p-3P=@8-2 +(5-3)
ie. X¥+y —4x—6y—27=0

b. The given point is an interior point

—5+ -V o (m3 LV -
. (5\5)(3\/§>16<O
= r2—8\/77+18<0
- AT -G < r<dV3 +14 (1)

The point is on the major segment
=> The centre and the point are on the same side of the
linex+y=2

= -5+ 3 2<0°

+-r_
V2

= r < 5V2

From Egs. (i) and (ii). 4V2 — V14 <r <52

a.Letx=a,x=5,y=c,y=dbe the sides of the square.

£+
V2
(ii)

The length of each diagonal of the square is equal to the
diameter of the circle, i.c., 2V/98.
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Let [ be the length of each side of the square. Then, 27  32. d.

= (Diagonal)’ ' _ rcos 6, rsin O
= =14 D P, B)
Therefore, each side of the square is at a distance 7 from
the centre (1, —2) of the given circle. This implies that a 0
=—6,b=8c=-9,d=5
Hence, the vertices of the square are (—6, —9), (-6, 5),
(8, -9), (8, 5).
30. b. _ Fig. 2.122
4Y : 2h=q+rcos 6
2k=B+rsin @
ce D 2 2
= (h-af+@2k-p*=r
B(0, 6 2 2 2
50, 6) (h__«zj +( _é) _(r
2 2 2
2 2 2
locus is (x——q— + y—éj = 1]
. ~ 2 2 2
2(5.0) ) X which is a circle with centre as midpoint of OP and radius /2
Fig. 2120 33. a. .
The triangle is evidently isosceles and therefore the me- : P(a, b)
dian through C is the angle bisector of £C. O
The equation of the angle bisector is y = — x and in centre
I = (—a, a) where a is positive.
Equation of ACisy—0=—7(x+6)or 7x+y+42=0and
equation of ABisx —y+6=0. R
The length of the perpendicular from /to 4B and AC are
equal. Fig. 2.123
. ‘—7a+a+42‘=‘~a—a+6{
V50 V2 The given circle is (x + 1)? = (y + 2)* =9, which has radius = 3.
a=2(a>0) The points on the circle which are nearest and farthest to

the point P(a, b) are Q and R, respectively.

.. Centre is (— %, %) and radius = % .
2 Thus, the circle centred at Q having radius PQ will be the

. . . 932 9\?
- The equation of the circle is (x + ‘2‘) + (}’ - j) =3 smallest circle while the circle centred at R having radius
2+ +9%x -9 +36 =0 PR will be the largest required circle.
31. b. Hence, difference between their radii = PR — PQ=0QR =6
34. a.
B AY
C(3 s 2)
B
P 30° A((l, 01
0@,0) 0 X< M 0 > X
Fig. 2.121

Clearly, OPCQ is cyclic quadrilateral, then circumcircle c

of AOPQ passes through the point C.

For this circle, OC is diameter, then centre is midpoint of

Yv

... {3
OCwhichis|3,-1).
15(2 ) Fig. 2.124



35.

Since ZB = /C=175°
= £BAC = 30°
N ZBOC = 60°
—> B has coordinates (- a cos 30°, a sin 30°)
or (—_‘gg, %) and those of C are (— %, - %)
c.
A
Y
a a
< - <~
a' 5
v
Fig. 2.125

36.

37.

The four circles are as shown in the Fig. 2.125.

The smallest circle touching all of them has the radius
= v2 g — a and the greatest circle touching all of them has
the radius =V2 a + a.

a. Let 4 (x, YD) B(x,, y,) and C(x,, »,) be the vertices

of the triangle ABC, and let P(k, k) be any point on the
locus.

Then, P4>+ PB*+PC* = c (constant)
3
= Y t-x) +k-y) =c
i=1
2 2h 2k
= .h2+k TRl x tox) - 30ty
3
+

(+y)-c=0

i=1

So, locus of (&, &) is

2 2
Y =S x, Fx) ~F (3, ) TA=0,

3
where A =Z (' +y)—c= 0 constant
i=1
¢. Equation of any circles passing through (1, 0) and
(5,0 is

Y+E-D@E-5+iy=20

ie. X+y +ly—-6x+5=0

38.

39.

40.

Circle 2.69

If ZACB is maximum, then this circle must touch the
y-axis at (0, /). Putting x =0 in the equation of circle, we
gety? +Ay+5=0. It should have y = & as it is a repeated
root. )

W =5andi=-2h

framed

= NERE
b.

Ay
(a, b
X
(0]
Fig. 2.126

. i (1Y
Otc)lv'lously, the slope of the tangent will be ( 5 /a)’ ie.,

b

Hence, the equation of the tangent isy=-— % x, i.e., by
+ax=0. :
c.

L

Fig. 2.127

Length of perpendicular from origin to the line x5 +2p
=35 is

35 w6
_ V(3P +22 V9
Radius of the given circle = V10 = 0Q = OP
PQ = 20L =20Q* - OL?
= 2V10-5=2V5

AOPQ=%><PQ><0L

:%xzxj—X\f_=5

¢. If (g, 0) is the centre C and P is (2, — 2), then ZCOP
=45°
Since the equation of OPisx+y=0

OL =

Thus, area of

OP = 2\2= CP. Hence, OC = 4
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41

42,

Ary

P(2,-2)

Fig. 2.128
The point on the circle with the greatest x coordinates is B.

a=0B=0C+CB=4+2V2

. Ce

A

Fig. 2.129
v = \/ﬁz, » = 0 bound the semicircle above the
X-axis.

at1>0 (1)
and aH(a+1P-25< 024" +2a-24<0
= Fra-12<0
= —4<a<3 (ii)
From Eqs.(i) and (ii)

-1<ag<3

¢. For K+ y* =9, the centre = (0, 0) and the radius = 3
Forx*+)” —8x - 6y +n* =0,

2

the centre = (4, 3) and the radius = Va2 +32 2572
AT > 00rnP<5tor-5<n<s

Circles should cut to have exactly two common tangents.
So, r + r,> d (distance between

centres)

342527 > 42+ 32

25— > 2

25— >4

or

or

43,

44.

< 2lor—21 <n<~21

Therefore, common values of n should satisfy
—\21 <n<+21.
ButneZ So,n=-4,-3,...,4
b.
Y
A
X
Fig. 2.130
or 25-n" >4
: in450 = 4B
From the diagram sin 45° = O
OC+ CD+ D4
=—r
V2+1+r
= V2+1+r=2r
V2 +1 ~
- = =3+2v
= N 2
a.
Y
4 BR2,0 4,0
- Y
o
A4
Fig. 2.131
Clearly, A4 =(3,-3).

Centroid of triangle ABC is
incircle is

(x~3)2+(y+ jg)z -4

1 :
(3, - \5)’ thqs equation of

= x2+y2—6x+%+9=0
45.d.x + 2ax + ¢ = (x — 2)°

= 2a=4,c=4

= a=-2,c=4,



Y +2y+te= (-2 (»-3)
— 2b=5c=6

= b=- %, ¢ = 6 clearly the data are not consistent.
46. d.

Fig. 2.132

The angle 6 between the lines represented by
~3x% — 4xy + V3y? = 0 is given by

Ii2 —ab

— -1
6 = tan EE]
o 222231
B+ 3
: ' -
Glyes . 8= 6
/6

' _ 2 42y _ T
Hence, the shaded area = 3o x (22 - 1% = 4

47. c. Centre of circle is (1, 0) and radius is 1. Line will touch
the circle if jcos @ —2[=1 = cos 6 =1, 3.

Thus, cos@=1=>0=2nn,nel
48. b.’
Y A
D N C(x, 27
M
P
(r, r)
A —> ¥
(0,0) L B(2x,. 0)
Fig. 2.133
Here £%3x x2r = 18
1
= X Xr==6 (1)

1

Equation of BC is: y = — 2 (x — 2x)
1
BC is tangent to the circle (x — #)* + (y — > = ¥

. Perpendicular distance of BC from centre = radius

Circle 2.71

= =r
A7
xl
2
= %—’2—3r=m1+4r—2
! X,
= Qr=3x)" =x+47
= rox =%x2 >3r=02 (i)
37 1

From Egs. (i) and (ii), » = 2 units

49. a.

Fig. 2.134

From the figure, & > %

50. a. Curve passing through point of intersection of S and §’'
is

= S+A8" =0
— ¥X(sin® O + A cos’ 0) + y*(cos’ O + A sin” ) + 2 xy
(h+AR)Y+x(32+ 16A) + (16 +320) + 19(1 +A) =0
for this equation to be a circle
sin@ +Acos’@=cos’H+Asin*H=>1=1
and h+tAh =0=h+h' =0
51. a.

= P(4, 0)

Fig. 1.235
We have £<6<2—ﬂ. i.e £<Q<l
2 324 72 73
1. 6. 33
= \/7<sm2<2
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6_2_1_2_V3
But, s1n2—}~:>\[2_</1<2
= %<ﬂ.<2\/§
52. a.
AY
> X

Fig.2.136

LetA=(1,0),B=(3,0)and CI, C2 be the centre of cir-
cles passing through 4, B and touching the y-axis at £ and
P,. If » be the radius of circle (here radius of both circles
will be same), CA=CA=r=0D=2 and C =@, h)

" where W=ACl—AD’=4-1=3
= Cl = (2> ﬁ)’ C2 = (2’ - ‘\jj)
If ZCAC,=6

AC/+AC;-CC,
= csO="34c 4c, "2

53. ¢. Chord with midpoint (%, k) is
hx+ky=H+ 1 )

Chord of contact of (x by ]) is

xx tyy, =2 (ii)
Comparing, we get

X :Land :L
! h2+k2 yl h2+k2
(x1’y|) lies on 3x + 4y = 10 = 6k + 8k = 10(4* + k)

.. Locus of (4, k) isx2+y2—%x— y=0

which is circle with centre P (13—0, %)

=1
OP =5

54. a.a, b, care in A.P., 50 ax + by + ¢ = 0 represents a family
of lines passing through the point (1, — 2). So, the family

of circles (concentric) will be given by x* + y* — 2x + 4y
+ ¢ =0. It intersects given circle orthogonally.
= 2(-1x-2)+@2x-2)=—-1+c=c=-3

55. d.

A Y
A
. \r\
B
z
3 -
0 » X
Fig. 2.137

Here tan 20 = 2 42—1 =13
= O=xn/6

Area of AOAB = (r cot 6 (sin 26)
_1 243
=5 (3’5

56. a. Let Pbe (1 + V2 cos 6, V2 sin 6) and C'is (1, 0).
Circumcentre of triangle ABC is midpoint of PC.

= 2h=1++2 cosO+1
and 2k =2 sin 6
= [2(h— DI+ (2k)* = 2
= 20- 1P +K-1=0
= 2% +2y" —4dx+1=0
57. a.
b
a
G
C
/\ [«
bl & {7 | a
(1,0 (,0)
Fig. 2.138

Let centre of the circles be C : and Cz.

=C, is(\/l—2a,a)andC2is(\/l—2b,b)

1

Now C1C2=a_+b=a+§



59.

=

=
58, a. Since APOQ and A4OQ are congruent
ZPOQ = ZQOA=06

Hence,

¥ +y' =9

=

=

Fig. 2.139

cos = ; , since ZPOR = 180°

(5, 6)
K

ZAOR=m—20
Now in triangle AOR, ZAOR =m — 20 and AO =3 unit
04 3
cos (m —20) = OR™ o
i+ I = 277
2, 2_ 27V
2y = (%)
Fig. 2.140

Given circle is (x —2)* +y* = 4
Centre is (2, 0) and radius = 2

Therefore, distance between (2, 0) and (5, 6) is V9 + 36 =

35

=

and

35—
| 2

, =35 +2

2 2
=rr=ﬂ
12 4

Circle 2.73

60. c. P+ —12x+35=0 )
X+y +ax+3=0 : (ii)
Equation of radical axis of circles (i) and (ii) is
—16x+32=0=>x=2

It intersects the line joining the centres, i.e. y = 0 at the
pomt 2,0)

. Required radius = V4 — 24 + 35 = 15 (length of
tangent from (2, 0)

61. d.

Fig. 2.141
AQ=3+2V2
PQ=3V2+4
Let » be required radius
32 +4=3+22+r+r2
(- £LRPD=
VZ+1l=r(1+2)=r=1

D

62. a.
P

\
)

[
Fig. 2.142

Let C be the centre of the given circle.
Then, circumcircle of the ARPQ passes through C.
". (2, 3) is the midpoint of RC.
.. Coordinates of C are (—1, —2).
.. Equation of the circle is X4y +2x+4y—-20=0.

03.c.

R(5,8

B(1,0) D ((3,0)
9 H

A

Fig. 2.143



2.74 Coordinate Geometry

64.

65.

66.

67.

R adical centre of the circles described on the sides of a = C1C ,=r tr,
triangle as diameters is the orthocentre of the triangle. ) ‘
] D=(2,0) Hence, circles touch externally.
- DH=—BDtan % = L 68. a.
an g =~ NE)
.. Coordinates of H are (2, - %) \
b. Let(a, 3 —a) be any point onx + y = 3. : / on 0/2
". Equation of chord of contactis ax + (3 —a)y =9
ie, a(x-y)+3y-9=0 3
. The chord passes though the point (3, 3) for all values
of a.
d. Given circle (x — 1)* + (y + 2)*=16
Its director circle is (x — 1)* + (y + 2)° = 32 Fig. 2.145
= 0S=4\2 sin2-=3
2 5
R S and cos§=%
S § *Director circle of given circle
! . sing=2.2 2-24
S o 55 25
ple 69. c.
12
Fig. 2.144
Therefore, required distance, 7S = OT - SO =12 — 42
¢. Equation of the two circles be (x — 7)* + (y — r)? =/
ie. X +)" = 2rx — 2rmp + 2 = 0, where r = r, and
ry Condition of orthogonality gives
2k +2rr =R r = Arr =R+ F
12 2 it 2t
Circle passes through (a, b)
= &+ 2ra-2b+r* =0
(Qh-ay (2k-by
ie. ¥ =2r(a+h)+a*+b* =0 —+
- 1_ 4 4 4
r tr, =2(a+b)and f’ll"z:aerbz 2 a+b
2 2 2 2 2 2
, Aa +b)=4a+ by —2d + b Simplify to get locus x* +y” — ax — by — arbh_
i.e. A —dab+ b =0 70. a.
c. C1=(—1,—4);C2=(2,5);

r, = T 16723 = 2VT0;

r,=V4+25+19 =10;

CC =V9+18 =310

Fig. 2.147

= mlmz——l

|



= $=hs)=

Hence, locus is x* +y* —5x -4y + 6=0

71. ¢. Locus of the centre of the circle cutting Sl =0 and
S, = 0 orthogonally is the radical axis between § =0 and
S; =0,ie,S ~5,=00r9x—10y+11=0.

72. b. For given r = V10, C/(1,0)

and - ' r,= V5, C(0,2)
d=CC = V5
If 6 is the angle between the circle then
| d*—v - r=nl
cos 6 = T )
_]5-10-5]
2410 V5
-1
V2
=7
Hence, 6= 7
73. a.
xl +y2 — b2

(b cos 6, b sin 6)
A

P

RN
N

C x2 +.V2 — r2

Fig. 2.148
Chord of contact of the point 4 w.rt. x*+ P =ris
xb cos @+ ybsin @ = r* (i)
This must be a tangent to the circle x* + ) = a*

2
7

= =a= r=ab
Vb? cos? 6 + b* sin? 0

Hence, equation of circle is x” + y* = ab.

74. a. Locus of point of intersection of tangents
chord of contact of (x,, y,) wrt.

4yt =1is xx +yy, =1 (4B)
6y
AB is also common chord between two circles

-1+ A+6—(8-20)y+3=0

Circle 2.75

s 3)
A
0
WY
Fig. 2.149
= A+6x—(8—2A)y+2=0 (i)

Comparing Egs. (1) and (ii), we get

)
X 3 -1

| - S

A+6 24-8 2

Fliminate A = 2x —y + 10 = 0 which is required locus.

75. c.

C(cos 0, sin8)

AN,
L

J Circumcentre

(h K G (0, 0)
(cos@+ 1’sin0+]
\ 3 3
Fig. 2.150

Let C (cos 0, sin 8); H (h, k) is the orthocentre of the A

ABC.

Since circumcentre of the triangle is (0, 0), for orthocen-
tre k=1+cos@and k=1+sin 6.

Eliminating @, (x — 1)* + (y— 1> = |

76. d.

Py -2x-2p+1=0

Fig. 2.151

=7 +
CICZ rl r?_



2.76 Coordinate Geometry

77.

78.

79.

80.

C, =(0,0); C2 =(3V3,3)
and "= 2, r2=4

= Circles touch each other externally.

Equation of common tangent is V3x +y -4 =0 @)
Comparing it with x cosf + y sin@ = 2, we get
=2
6
a.

Fig. 2.152
L et the point of intersection of two lines is 4.

.. The angle subtended by PQ on centre C
= 2 x the angle subtended by PQ on point 4.

Forx++3y= I,m1=_—éandfor\/§x—y=2,m2=\/§

_— _
m1xm2_‘\/§x 3=-1,
ZA =90°

.. The angle subtended by arc PQ at its centre
=2 x90°=180°

b. Clearly (0, 0) lies on director circle of the given cir-
cle.
Now, equation of director circle is

@+ +o+N =2+ ¢
If (0, 0) lies on it, then

=2+ -0

= g+ =2
c. Let the second circle be x>+ + 2gx + 2y = 0.’
But y = x touches the circle.
Hence, x> + x* + 2gx + 2fx = 0 has equal roots, i.e.,
f+g=0
Therefore, the equation of the common chord is 2(g — 3)x
+2(—g—4y+7=0
or (—6x — 8y + 7) + g(2x — 2y) = 0, which passes through
the point of intersection of
~6x — 8+ 7=0and 2x — 2y = 0 which is (1/2, 1/2).
b. Let the coordinates of 4, B and C be (¥, (x,, %)

and (x}, y 3), respectively. Then, the chords of contact of
tangents drawn from 4, B and C are

xXx *yy, = a4, xx, +yy, = a* and xXx, +yy, = &, respec-

tively. These three lines will be concurrent, if

% Y g

XY =0
*3 Yy g
RPN

= —a2 x2 yz 1;=0
X
X

= X, Y =0
X Y31

= Points (x:3) (x2, yz) and (x,, ya) are collinear.

81. c. Let P(x ,y ) and O(x,, y,) be two points and x* + % = o®

be the given circle. Then, the chord of contact of tangents

drawn from P to the given circle is xx Ty = a.

It will pass through Ox,, y,), if
Xty = @ ®

Now, [ =

and PQ = \/(J\f2 —x)’+(y,-y)

= 0 ) + (& ) 26xx, + v, y)

PO = \[(Z+y) + (& +y) 2d"]
. ' [Using Eq. ()]

= PO = (x+y -d)+@E+y-d)

= PQ=AI+I

82. a. Centres are (10, 0) and (- 15, 0)

and radii are ~ r= 6; r,= 9
Also d=25
rotr,<d

Fig. 2.153

= circles are neither intersecting nor touching



83.

84.

8s.

86.

= 625 - 225

=20
b. If (@, B) is the centre

then (a—-1P+@-3"=(@-3+@B-1) @)
and '3_?; g_; -1
or @-D@-3)+B-1)B-3)=0 (i)
€) >4a-48=0"

II
»—‘R

(ii) =2(-D@-3)=0
(a@,p=(01,1,0, 3)
b. The centre of x> +)* —4x -4y =01is (2, 2).

Tt is ax+by=2
2a+2b=2o0rat+b=1
ax+by=2touchesx2+y2=1.

-2
So, 1=
R : 1’a2+b2
F+b=dord+(1-ay=4
or 20°-2a-3=0
_2:V4+24 _1£V7
4 2
_ L 1:NT _1FNT
b=1-a=1-—"7 5

c. Equation of any circles through (0, 1) and (0, 6) is
P+y-DE-6)+ix=0

= X+y+ix-Ty+6=0

If it touches x-axis, then x* + Ax + 6 = 0 should have equal

Toots

= =241 =%24

Radius of these circles = \’ 6+ 449 6= % units.

That means we can draw two circles but radius of both
circles is %
b. Let the tangent be of form xil + }% =1 and area of
A formed by it with coordinate axes is

pocd 0
Again, yxr¥rxy-xy = 0

Applying conditions of tangency

X ty a (ii)

. ¢. The equation of the line y = x in distance form is

Circle 2.77

From Egs. (i) and (i1), we getx , v, which gives equation
of tangent as x £ y =+ aV2.

cos 6
Yy

“sin@
For point P, » = 6V2. Therefore, coordinates of P are

= .
=r, where 0 = 1

givenby—if— n—é\/—:>x 6,y=6.
CcOS & sin 5
4 4
Since P(6, 6) lies on x> + y* + 2gx + 2y + ¢ = 0,
therefore '
72+12(g+H+c=0 (i)

* Since y = x touches the circle, therefore the equation

2% + 2x(g + f) + ¢ = 0 has equal roots

= Hg+/f)=
= (g+/f)P=2c (ii)
From (i), we get
[12(g +NF = [Hc + 72T
= 144(g +1)* = (c + 72
= 144(2¢) = (c + 72)°
= (c-T2=0=c=T72
a
73 B(3,4)
P(8/5, 6/5)
X < 0 /TN » X
0(0,-2)
Y
Fig. 2.154

The equation of the line joining 4(1, 0) and BG3, 4) is
y=2x-2.
This cuts the circle x* + y* = 4 at O(0, - 2) and P(%, g)

WehaveBQ:wg»QA=V§,BP=%andPA=73_5—
_BP_IN5_7
P4 345 3
BQ 35

o boi=" 53

.. a, B are roots of the equation *-xa+P+ef=0
q

e, - x(3-3)+7(3)=0



2.78 Coordinate Geometry

or 3 +2x-21=0 : 92. a. The midpoint is the intersection of the chord and
89.a. perpendicular line to it from the centre (3, -1).
va The equation of perpendicular line is 5x + 2y — 13 = 0.

Solving this with the given line, we get the point (1, 4).

P(1,V3) 93. d. The locus is the radical axis which is perpendicular to
the line joining the centres of the circles.

«— o v3 < 94. b. In an equilateral triangle, circumcentre and in centre
X' AN X are coincident.
Incentre = (- g, — 1)
X+y =4 (1, 1) lies on the circle
Yy!
Y =  PP+1°+2g+2f+c=0
Fig. 2.155 '

= c=-2g+f+1)

The equations of the tangent and normal to x> + y* = 4 at . . .
Also, in an equilateral triangle,

(1,V3)arex+V3y=4andy=~3x

. Circumradius = 2 x inradius
The tangent meets x-axis at (4, 0).

| .
Therefore, area of AOAP = % (4)V3 =243 sq. units Therefore, inradius = 5 x Vg +fi-c
90. d. Any point on the line 7x + y + 3 = 0 is Q(¢, -3 — 74), it is continuous single word.
teR

.. The equation of the incircle is
Now P(h, k) is image of point Q in the linex -y +1=0 L2
(xtgl +o+fP = 3@+ -0
het_k=(3-70)
1 -1

_2t—-(=3-79+1) 95, a.
T 1+1

Then, 1 0
= T@ S+ 2g+f+1))

— -84 : N
- (h k)= (Tt—4, 1+ 1) '

This point lies on the circle x* +* =9

=  (Tt-4P+(@+1)P*=9
507 +58t+8=0

=
= 254 +29t+4=0
= 25t+dH(t+1)=0
= t=-4/25,1t=-1

19 91 Fig. 2.156
- k= (222 0r 3,0

Any tangent of x> + y* =4 isy=mx+2V1 +m? ifit passes
91. c. Let the coordinates be A(a, 0) and B(~a, 0) and let the through (=2, ~4) then (2m — 4)* = 4(1 + n?)
straight line be y = mx + ¢. Then, .

. . = din* + 16 — 16m = 4 + 4m*
AR AL _
= c=kll+m Hence, slope of reflected ray is %
Sb, the straight lineis  y = mx + N1+ Thus, equation of incident ray is (y + 4) = — % (x+2),

Clearly, it touches the circle x* + y* = ¥* of radius k. ie,4y+3x+22=0.



Circle 2.79

96. a. Any pointon linex+y=25is P=(a,25-a),ac R o_ F_
g tan 30° = OP
E quation of chord AB is T=0,
ie, xa+ (25 —a)=9 Q) = OP =r\3
If midpoint of chord 4B is C(#, k), then equation of Also ,2 % ZTJI =3n
chord 4B is
T=5,ic,xh+yk=+E (i) "
. . p e T YRR TR OP =33
Comparing the ratio of coefficients of Egs. (i) and (ii), we
get 99. ¢c.
) a_25-a__ 9
h kR Y y=mx+tc
a+25—-a_ _ 9 0, a)
— 25 s ﬁi
. ‘XI : :X
Thus, locus of ‘C”is 25(x* + %) = 9(x + y).
: (0’ _a)
97. a.
A ¥
/“ Fig. 2.159
(™
‘F - Equation of family circles through (0, ) and (0, — a) is
F+@y-ay+a)]+ix=01ecR
24029 2
Fig. 2.157 = ¥y HAe—a =0
Let ZABB =0 AV ‘%* ¢
72 . and (5) +d* = =
_ . 1+m
= AD = r sin 0
- 2 BV
and AD=r, cosb - a +m2)[%+a2 - (mTI_C)
= AD? (lz + lz) -1
ror 2 242
[ Z = (1+m2)[%+a2]=%—mc/l+c2
"
= AD = == ' 2 2 2 2
: m DA +dmcd+4a (1 +m°) - 4c =0
2rr, AA, =4[ +m) -]
Thus, length of common chord = —=== . NP
: Nt = g8, =la(l +m)-c]
98. b. ¢ te,
Y and g8, +fl fz -T2 i}
A
= Al +m’)-c*=-d°
0 C Hence, & =dQ+m)
273\ r 100.a. Distance of given line from the centre of the circle is
y I |
300 Now line subtends right angle at the centre.
—»X
0 Hence, radius = V2 | p|
Fig. 2.158 = a=2|p|
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. jnmecd (12=2p2

101.c. Let the midpoint of the chord be P(#, k).
Then CP = Vh* + K, where C is centre of the circle.
Since chord subtends right angle at the centre.

Radius = V2 Vh* + I?

2= VIR + K

x2+y2=2

famoncd
—> locus of P is

102.a. Let P(xl, yl) and Q(xz, ¥,) be the given points and
x? +y* = a* be the circle.

The chord of contact of tangents drawn from P(x,, y,) to

2, . 2_ 2: 2
4= =
x“ty =aisxx tyy =a

If it passes through O(x,, y,), then
% +y1y2 =d )
The equation of the circle on PQ as diameter is
(—x)x—x)+ =) =-y)=0
= X4y (e +x) -y Hy) Fax,ty y, =0
This circle will cut the given circle orthogonally, if
0(x, + xz) +0y +y,)=- a+ XX, tyy,

= xx, tyy, - a* = 0, which is true by Eq. (i).
103. a.
4Y
E
- »X
A(_ a, 0) o B(aa 0)
Fig. 2.160

Let 4 and B be (- a, 0) and (a, 0). Also let P be (4, k).

CP_CF, CE
Then by geometry, we know P0-Fi T EB
cP_,
PO

IfC (a, B) lies on x* + y* + 2gx + 2fy + ¢ = 0, then @ = 2A
and 8 =2k

= AP+ +gh+fl)+c=0

. Locus of P(h, k) is X* +y* + gx + f + 5 =0 which is a

)
circle of radius = (%)2 + (g) _%

104. b. The slope of the chord is m = - 5
- y=+1,42, 44, +8

But (8, y) must also lie inside the circle x* + y* = 125
= ycanbeequaltot 1, £2,+4 = 6 values.

" 105.b.

A P B
Fig. 2.161

Let S be the midpoint of PQ.
Since ZPAQ =T, we get AS = SP =S50 =7
= S lies on the quarter circle of radius % with centre at 4.

Similarly S can also lie on quarter circle of radius -;— with
centre at B, Cor D.
T

= areaA='l—4

106.b. The line 2y = gx + a should pass through (-g, —g), so
_2g=—g2+a2a=g2_2g=(g_1)2— 1>2-1

6 6
107.c.Let x =cand ) y =8
)

Let O be the orthocentre of the triangle made by (xl, yl),
(x,7,) and (x,, y,) |

= O0is (v, +x, tx,y, ty, ty)=(a.B)

Similarly let G be the centroid of the triangle made by
other three points

x tx +x y ty +y)
. 4 5 6 74 5 6
= G1s( 3 ) 3



‘ a-a, B-p )

. 1 1
= Gis ( 3 >3
The point dividing OG is the ratio 3 : 1 is (%— g) =(2,1)

— h+tk=3

108, a&. Let the centre be (0, @) equation of circle x* + (y — a)*
= laf’

~ .. Equation of chord of contact for P(h, k) is
xh+yk—aly+b+a?—a*=0

q(h k)

0 @0

Fig. 2.162
It passes through (a, 0)
a’—ak+ah-a =0

As a isreal

p—

= ¥ —4@h-a)20

109. b. Let 4 and B be the centres and » ] and 7, the radii of the
two circles, then

-1 _1
TN
r?*i-rf—AB2
cos 0 = P
rr
12
N )
-
0=73

.. Required line is parallel to x-axis and since it passes
through (1, 2), therefore its equation will be y = 2.

Circle 2.81

110.a.

“_----..

-
- -

Fig. 2.163

Let (A, k) be any point in the set, then equation of circle
is

Cc-h+(-k’=9

But  (h, k) lies on x* + y* = 25,

then W+ =25

.. 2 £ Distance between the centres of two circles < 8
4<H+I<64 '

Therefore, locus of (b, k) is 4 < x*+)? < 64.

2 area of AOPQ
111.b. OR= — pP0
R
' Pm 0(x,, ;)
&) 90 90°
o
Fig. 2.164

1
_ 2 2 (9, =%,
= PO
_ *1Ys —xz)}1|
PQ
112.c. Substituting y = mx in the equation of circle we get

X +mx+ax + bmx + ¢ = 0 (y/x denotes the slope of the
tangent from the origin on the circle)

Ya y=mx
y=mx
0,0) —» X

Fig. 2.165
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Since line is touching the circle, we must have
discriminant

— (a+bm)P—4c(1+m?)=0
— a* + b*m’ + 2abm — 4¢ — dem® =0
m? (b* —4c) + 2abm + a* —4c=0
This equation has two roots 7, and m,,
motm o=— 2ab _ _2ab
T A
113.¢. Equation of radical axis (i.e. common chord) of the two
circles is

==

=

10x+4y—a-b=0 (i)
Centre of first circle is H(— 4, — 4). :

Since second circle bisects the circumference of the first
circle, therefore, centre H(— 4, — 4) of the first circle must
lie on the common chord Eq. (1).

~40-16-a—b=0

= atb=-56
114.d. Let the equation of circle be

Ay —4+k2x+y-1)=0

where k is a real number

Radius = \/i Ak

4
Radius is minimum when k= — %
.. The required equation will be
5x2+ 57 —4x—2y~18=0
115.b.
(h, k)
(1,1
2x-y—1
Fig. 2.166
Obviously, locus of centre is line perpendicular to the
given line.

k-1 1
Hence, locus is ; —7 =—7 orx+2y= 0.

116. a. Centre of the circle x* +3 = 2x is (1, 0).
Common chord of the other two circles is
8x—15y+26=10
Distance from (1, 0) to 8x - 15y +26 =10
_I8+26] _ 2

117.d. Equation of any circle though the points of intersection
of given circles is

X4y —dx -2y -8+ kX +y = 2x—4y—-8)=0 (i)
Since circle Eq. (i) passes through (-1, 4)
: k=1
Required circle is
*+yP-3x-3y-8=0
118.b. Given circles are
-+ @-2"=1 ®

and (x—7P+(@y-107=4 (i)

P

Fig. 2.167
Let4=(1,2),B=(7,10),r, =1,r,=2
AB=10,r +r,=3
AB>r tr, hence the two circles are separated.

Radius of the two circles at time ¢ are (1 + 0.3¢) and
2+0.40)

For the two circle to touch each other
AB* =[(r +030) £ (r,+ 0.4)]

or 100 = [(1 + 0.37) £ 2 + 0.4)T

or 100 = (3 + 0.76%, [(0.1)t + 177

or 34+0.7t=+%10,0.1t+1=%10
t=10,1=90 [ ¢>0]

The two circles will touch each other externally in
10 seconds and internally in 90 seconds.
119.a. The two normals are x = 1 and y =2

Their point of intersection (1, 2) is the centre of the

required circle
) |3+8-6
Radius = —5 = 1
Required circle is
@-1)+@-2y=1

ie., x2+y2—2x—4y+4¥0

Multiple Correct
Answers Type

1. a., c. Equation of radical axis of the given circle is x = 0.

If one circle lies completely inside the other, centre of
both circles should lie on the same side of radical axis and
radical axis should not intersect the circles.



Circle 2.83

=> (-a)-a)>0 :
=>a,a,>0and y* + ¢ = 0 should have imaginary roots ’

= ) c>0. (_'2 3)
2. a, ¢, d. Coordinates of O are (5, 3) and radius = 2 ’
Equation of tangent at A(7, 3) is 7x + 3y — 5(x + 7)

- 3(+3)+30=0 Fig. 2.168
i.e., 2x-14=0,i.e.,x=7 - a=2\/7+9andb=_2_\j§+9
Equation of tangent at B(5, 1) is 5x + y ~5(x + 5) . a+h=18
-3(p+1)+30=0,ie,-2y+2=0,ie.y=1 -
. a-b=4\2
.. Coordinate of C are (7, 1) :

a-b=81-8=73 -
6.a,b.LL +,lL2L3 +ul L =0
= (-mx)y-mpyx) +Ay = mx)(y — mx)
(= mx)y = mx) = 0 &
Clearly Eq. (i) represents a curve passing through points
of intersection of lines L v L2 and L3.

.. Area of OACB =4
Equation of 4B is x — y = 4 (radical axis)
Equation of the smallest circles is

x-Nx-5+@-3)py-1H=0

ie., X+y —12x—4dy+38=0

3.a., ¢ 288 +2ff =t Equation (i) will represent a circle if coefficient of
— Ix1x0+2-kk=6+k x* = coefficient of y* and coefficient of xy = 0
= 2 -k-6=0 ) l+A+tu=mm, +lmm +um m,
= (k+3)(k=2)=0 andm(l+y)+m(1+l)+m(u+/l) O
k=2 _ 3 7. a., b, ¢., d. Given circle is
: © 2 x* 4y +2hxy +2gx + 2y +¢c=0 )
4, a., b. Let O = (0, 0) be the centre of the circle. For Eq. (i) to represent a circle, s =0
- Gi ircle i
-.> Arc length AB = -72£ = % (circumference of the circle) 1\;en Czer i .
xX+y +2gx+2fy+c=0 (ii)
Z4OB=7 Y4
1 / TN >
=_— " A
Slope of OB slope of 04 cC
= slope of OB = — % =-1 ' @)
: D
Let Bs(a,i\ﬂ—az)
1—-a? . Fig. 2.169
* =-1 [from Eq. ()] For circle Eq. (ii) to pass thorough three quadrants only
1 1 -1 1 1 i. AB>0 .. g —c>0
5 ante (155} (i %) % )
‘bt I\ 2 77 z) and ii.CD>0..8-¢c>0
(— %, - %) but possible points are (%, - %) and jii. Origin should lie outsucie> cgcle Eq. (ii)
(— L —1*) Therefore required conditions are g > ¢, f> > ¢, ¢ >0,
\2° V2 b0
5. a,c¢,d. 8. a., ¢. The point from which the tangents drawn are at right
P+ +8x—10y-40=0 angle .lie on tITe direct?r cir.cle.2 2
Centre of the circle is (- 4, 5) Equ?tlon of director circle is x* +y° =2 x 16 = 32
Its radius = 9 Putting x =2, we get
¥=28
Distance of the centre (— 4, 5) from the point (- 2, 3) is
= =+2V7
VE+4 =22 '

<. The points can be (2, 2¥7) or (2, - 2¥7).
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9. b, d. Line pair is (x ~ 1)’ ~ )7 =0, ie.x+y— 1 =0, x— y
—1=0.

L_et the centre be (a, 0), then its distance from x + y—-1

=0is
Y4 =
\} * x-y—1=0
—» X
o
4 x+y-1=0
Fig. 2.170
|2=L/ _ 3(radius)
'z |
i.e. a=1+2V2

<. Centre may be (1 +2vZ, 0), (1 - 2vZ, 0)
Now let the centre be (1, 8), then

[1+ 1
V2

= B=+242
.. Centre may be (1, 2v2), (1, - 2V2)

10. a., d. Equation of the radical axis is
20x+2y+10=0

/=2

i.e. ax+y+5=0 )]
Putting the value of y from Eq. (i) in the circle x* + y* =9,
we get

(1+a** +10ax + 16 = 0
Radical axis is tangent

D=0
= 360’ — 64 =0
_.4
= a—i3
11. b., ¢.
¥+ —8x—16y+60 =0 )

Equation of chord of contact from (- 2, 0) is —2x
—4x-2)-8+60=0

3x+4y-34=0 (ii)
Solving Egs. (i) and (ii)

24 (B2 g 16(2473) 1600

= 16x* + 1156 — 204x + 9x* — 128x — 2176 +
192x +960 =0

12.

13.

14.

15.

16.

= 5x°~28x—12=0
= (x-6)5x+2)=0

—c _2
= x—6,—5

= Points are (6, 4), (— %, 45—4)

a., ¢. Equation of any tangent to the circle x* + 3* = 25 is
of the form

y=mx-f-5\H+m2

(where m is the slope)

It passes through (- 2, 11).
11 =-2m+5V1 +nd

= (11 +2m)* = 25(1 + m?)

24 4
= m=","3

Therefore, equation of the tangents are

24x-Ty+125=0

or 4x+3y =125

a., d. Area of the quadrilateral = ve x V9 +25 — ¢ = 15
o . ¢=9,25

a., d.

»
»

A
G
o
N’
y
S

" We rﬁust have |“=——=i=¢
1
32 42

= c=6,1

a.c. Since the given circle is (x — 3)* + (y - 3 =9 is
touching both the axis, tangents from the origin are
x-axis and y-axis or y = 0 and x = 0.

b. Since 4, B, C, D are concyclic
: 0A-0OC = OB-OD



17.

18.

19.

20.

$D(0,-3/4)
° 0 °
A(-1,0) CG3,0)
¢B(0,-1)
Fig. 2.172
= 1x3=1x|2|
= A=11
But when A = — 1, B and D will not lie on the circle
simultaneously
A=1

a., b., c., d. Chords equidistance from the centre are
equal.

b., d. Let the equation of the tangent be
x-2y=k
-.> Line Eq. (i) touches the circle

@

-. Distance from centre to line Eq. (i)
= radius of the circle

-2

=Vd+1+
NS 4+1+15

|k = 0= k=210
-. The tangents canbe x — 2y + 10 =0

b., c ForglvenmrcleS X +y'—2x—4y+1=0and
S, X2+ +4x+4y—1"0

C(1,2),r =2and C(-2, -2),r,=3
Now rotr,=35 and C.C,=5

Hence, circles touch externally. Also comon tangent at
point of contactis S, -5, =0 or 3x + 4y-1=0
a., b, ¢, d.

r= 5;r2=\f1—5_; C1C2=m
= rl+r2>C1C2>r|—r2

Hence, circles intersect in two distinct points.

There are two common tangents.

2g.8,+2f, f,= 2()(3) +2Q2)(- 4 =10
~20+10=-10

5§
r + r
Length of common tangent is W rz)z

=52

Also
+e =
and ¢ te,

Thus, two circle are orthogonal.
2r r

Length of common chord i 1s

21.

Circle 2.85

b., d.

Fig. 2.173

' Clearly, 4 = (-2 cos 60°, 2 sin 60°) and B = (2 cos 60°,

22.

23.

24,

— 2 sin 60°)

The tangent at 4 is x(—2 cos 60°) + (2 sin 60°) = 4 and
the tangent at B is x(2 cos 60°) + y(—2 sin 60°) = 4.

b., c.

X' -

Fig. 2.174

- 2x=0,x>0, andx2+y2‘

The given circles are x° + 3y
+2x=0,x<0

From the above figure, the centres of the required circles

will be (0, ¥3) and (0, —3)
. The equations of the circles are (x — 07+ (yFV3)
=12
a., d. When two circle touch each other externally, then
ro*r, = V{0 - Ca)}* + {0- (1)}
3+a=VNa*+1

a=-3

=
=

When two circle touch each other internally, then

|7 =) = V(0= (a)} + {0- (1)}’

= 13—a|=Vd+1
_4
= a_3

b., ¢. Equation of pair of tangent by SS" = T?is
(ax+0-17 =2 +y = 1)@ +0-1)
or(az—l)yz—x2+2ax—a2=0 ’

If 0 be the angle between the tangents, then
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25.

26.

Coordinate Geometry

2WH2_ AR

A+B
- (@D
- a-2

Wa? -1

)
If 8 lies in I quadrant, then tan 8 <0

Wa® -1

tan 6 =

<0
a -2
= a-1>0
and a-2<0
= laj > 1and g <2
= ae(-V2,-1)ud,2)
b,. c.
Distance of linex+y—-1=0 from the centre (%, - %)
N
IST_ 2

Now distance of line in options (b) and (c) from the cen-
tre is also V2. :

Hence, given lines arex—y=0andx + 7y =0.
c., d.

[ 98]

A

0(0,0)

<

Fig. 2.175
From the diagram
(%)zwlz =%:>1=ix/7

Hence, centres of the circle are (%, +2 )

Reasoning Type

1. d. Statement 2 is true as the centre is equidistant from 4

and B, hence lies on the perpendicular bisector of 4B.

Statement 1 is false as the distance between the given
points is 10 and hence any circle through 4 and B has ra-
dius more than or equal to 5, and hence there is no circle
of radius 4 through 4 and B is possible.

. a. We know that chords of contact of given circle gener-

ated by any point on given line passes through the fixed
point, as they form family of straight lines, hence both the
statements are true and statement 2 is the correct explana-
tion of statement 1.

. b. For circle x* + y* = 144, centre C (0, 0) and radius

7, =12.

For circle x*.+ y* — 6x — 8y = 0, centre C2 = (3, 4) and
radius r, = 5.

Now CIC2 =5 and v, = 7, thus C1C2 <r =T, hence
one circle is. completely lying inside other without
touching it, hence there is no common tangent. Therefore,
statement 1 is true. Therefore, both the statements are true
but statement 2 is not correct explanation of statement 1.

. b. Centre of the circle C(2, 1) and radius » = 5.

Distance of P(10, 7) from C(2, 1) is 10 units, hence
required distances are 5, 15, respectively. Therefore,
Statement 1 is true. Statement 2 is true but not the correct
explanation of statement 1, as the information is not
sufficient to get distance said in Statement 1.

. d. Given points are collinear, hence circle is not possible.

Hence, statement 1 is false, however statement 2 is true.

.a.Here (00 )Y =F+{+1)P=+3F+120
172

= 00,2 landlr,—r|=1

= 0,0, 2 |r, — r,| hence the two circles have at least
one common tangent.

. a. The centre of circle is (%, h) and radius = 4

= The circle is touching the co-ordinate axes.

- b. Circles §: x* +)* —4x—6y-8=0and S,: x* +y* - 2x

-3=0

C1(2, 3), = V21, Cz(l, 0), r,= 2
C1C2=m,rl+r2=2+ \/ﬁ,;‘z—rl=\/ﬁ—2

Here r,=r < C \ C2 <r tr,. Hence, two circle intersect

at two distinct points. Statement 2 is true, but does not
explain statement 1.



9.

10.

11.

12.

13.

14.

15.

a. Clearly (v2, V6) lies on x* + y* = 8, which is the director
circle of x> +* = 4.

= Tangents P4 and PB are perpendicular to each other.
.". (OAPB) is a square.

.. Area of OAPB =4.

d. Point of intersection of x + 7=3 and x —y =1 is
@, 0.

d. Statement 2 is correct (a known fact).

Using statement 2, x intercept made by x* +)* — 2x + 6y

+5=0is 2\(— 1)*— 5 an imaginary number. Thus, P4y

— 2x + 6y + 5 =0 is away from x-axis. Hence, statement

1 is false.

d. Statement 2 is true as in any triangle in-circle and three
ex-circles touches the three sides of the triangle. But
Statement 1 is false as given lines are concurrent, hence

. triangle is not formed.

a. Given points are A(1, 1), B(2, 3) and C(3, 5) which are
collinear as slope 4B = slope BC = 2. Hence, statement 2
is true. '

HESR!
IO
¥ V1

Chord of contact are concurrent then =0 .

‘Hence, point (x], y]), (x P yl) and (x3, y3) are collinear.

a. x'+y'-2x—2ay-8=0
= +y"—2x—8) —2a(y) = 0
S+AL=0

Solving circle x* + * — 2x -~ 8 =0 and line y =0

X —4x+2x—8=0

x=4,x=-2

So, (4, 0), (- 2, 0) are the points of intersection which lie
on x-axis.

c. Equation of chord of contact from A(x], yl) is
xx, +yy - a=0
xx2+yy2#a2 =0
xx3+yy3—a2= 0

Xy 1

X N1
X V1

=0

= A, B, C are collinear.

16.

17.

18.

19.

20.

21.

22.

23.

24

Circle 2.87

a,

—» X

A

Fig. 2.176
From the figure, it is clear that ABCD is isosceles trape-
zium as AB = CD. Also AEAD is isosceles = EA x EB
=ECx ED .
Hence, both the statements are correct and statement 1 is
correct explanation of statement 1.
¢. Statement 1 is true because common chord itself passes
through origin.
Statement 2 is false (common chord is x —y = 0).
a, Common chord of two orthogonal circles subtend
supplementary angles at the centre and so complemtary
angles on the circumferences of the two circle.

Both the statements are correct and statement 2 is the
correct explanation of statement 1.

a. Since point lies inside the circle
= d+d-4a-2a-8<0
= a-3a-4<0
= -1<a<4

a. We know that the radical axis of the circle is the locus of
point from which length of tangents to given two circles
is same, also it the locus of the centre of the circle which
intersect the given two circles orthogonally.

Now radical axis of the given two circles is 2x +y — 4 =
0. Any point on this line is (¢, 4 - 2£),t € R.

Hence, both the statements are true and statement 2 is
correct explanation of statement.

d. Since S, = 0 and S, = 0 has no radical axis
.. Radical centre does not exist.

d. The statement 2 is well-known result, but if applied to
the data given in statement 1 will yield 5x — 9y +46 = 0.

= Statement | is false, statement 2 is true.

¢. Statement 2 is false because line joining centres may
not be parallel to common tangents.

Statement 1 can be proved easily by using distance
between centres = sum of radii.

a. Two circles touch each other C C, =|r %7 |

Wt g =\ —r =g’ -~

=
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==
1
e 7

Linked Comprehension

p2+q2=p2—r+q2

~r+20{@" -ng’ = 7)
1,1
= =+ =
rq

Type

For Problems 1-3
1.d,2.b,3.a.

Sol. It is given that one of the diagonals of the square is
parallel to the line y =x.

Also the length of the diagonal of the square is 4V2.
Hence, the equation of the one of diagonals is

- -4
x13 =y-—1 =r=42V2
2 V2
Hence, x-3=y—-4=%2
= x=51landy=6,2

Hence, two of the vertices are (1, 2) and (5, 6).

The other diagonal is parallel to the line y = —x, so that its
equation is

_ ~4
e
2 2

Hence, the two vertices on this diagonal are (1, 6) and
(5,2).

G
D A
F
y
E
c B
(@
D A A
!
E
C B
(b)

Fig. 2.177

AB=4,AC=4V2

= AE =22
In Fig. (a), EF+FA=AE
= r+N2r=2V2
_2N2 _
- = 22(\2-1)
In Fig. (b), EG+ GF = EF
= 2r+r=2
2  _ _
= =Bl 2(V2 - 1)
For Problems 4-6

4.d.,5.c., 6. ¢c.,

P(tsint)

Fig. 2.178

Sol. Centre of the given circle is C(4, 5). Points P, 4, C, B are
concyclic such that PC is diameter of the circle. Hence,
centre D of the circumcircle of A4BC is midpoint of PC,
then we have

_t+4 _sint—5.
h—————2 andk—————2

_sin(Qh-4)+5

Eliminating ¢, we have & 5
. sin(2x—4)+5
or y=——"7%3
- frig =S @)t
Thus range of y = s1n(—2x;4)_+_§ is [2, 3] and period is
7. ‘
Also f(x) = 4 = sin (2x — 4) = 3 which has no real
solutions.
For f(x) = 1 = sin (2x — 4) = — 3 which has no real
solutions. o
But range ofy=ﬂ—(2xz__5):‘"is —%+2,%+2
For Problems 7-9
7.¢c,8.d.,9. ¢

Sol. Equation of line passing through the points 4(3, 7) and
B(6, 5)is
2
y-T1=-5x=3)

or 2x+3y-27=0



Circle 2.89

Also equation of circle with 4 and B as diameter end For Problems 13-15

points is - : 13. ¢, 14.a.,15. a.
=-3)x-6)+(-Ny-5 =0 Sol. 13. ¢. Given QT=Q4 =1

Now family of circle through 4 and B is )4 /
(x-3)x-6)tE-Ty-5+ A2x+3y-27)=0 (i) b
If circle belonging to this family touches the x-axis, then T

equation (x — 3)(x — 6) + (0 — 7)(0 - 5) + A(2x + 3(0) - 27)
== 0 has two equal roots, for which Discriminant D = 0,
which gives two values of 4. 0
Equation of common chord of (i) and x> + y* — 4x — 6y
— 3 =0'is radical axis, which is

< »X
[(x = 3)x - 6) + (v = T ~ 5) + A2x + 3y - 27)] % 4
— [ 4y —dx—6y-3]=0 Fig. 1.179
or QA—-5)x+(BL-6)y+(-274+56)=0 :
or (=5x —6y + 56) + A(2x + 3y —27)= 0 Let PQ = x, then PT="x"—1
This is fe_lmily of lines which passes through the poipt gf ATQP and AAPO are similar triangles
intersection of —5x—6y+56=0and 2x+3y—27=0whichis i
(2,23/3). Then, . OT = 04 = \lxz—
If circle (i) cuts x* + y* = 29 orthogonally, then 0 + 0 26+1) 5 ¥ -1
=-204+56-27A=01=1 ‘ = 1+x+ﬁ+ x-1=28
= Required circle is x* +y* — 7x — 9y + 26 = 0, centre is . : =2
(772, 9/2) 3 i
For Problems 10-12 14. a. AP =37, OP =3~
10. c.,11.a,12.c. ' Let ZAOP = 20, then sin 20 =%
Sol. Let the equation of the circle be _ 1
x2+y2+2gx+2‘ﬁ)+c=0 (1) FrOmAOAQ, . tane—OA
The line Ix + my + 1 = 0, will touch circle (i), if the length — 04 = 1
of 1 from the centre (- g, — /) of the circle on the line is © tan#
equal to its radius,
- gl—mf+1] > From sin20 = —2tanf =%
ie., . = g +f -0 “I+tan” 6
“(l+m)2 s oo = tanf =2-+3
(gl +mf -1y = (F+m)g +/"~c) " Hence, O4=2+3

=(c—f2) P+ (c—gHm’ - 2gl —2fm +2gfIm + 1 =0 (ii)
But the given condition of tangency is
4P -5m*+61+1=0 (i)

Hence, equation of circle is (x — (2 + V32 + (y — 1)’ =1
15. a. Equation of tangent OT is

x-0 _y-0
.. Comparing Egs. (ii) and (iii), we get ¢ —fi=4,c-g cos20  sin20
=-5,-2g=6,-2f=0,2g(=0.
Solving, we getf=0,g=-3,c=4 = x-3y=0.
* Substituting these values in Eq. (i), the equation of the For Problems 16-18
circle is. x*+y* — 6x + 4 =0. Any point on the linex +y 16, b., 17.d., 18.b.
—1=0is(t1-0, 7€ R Sol. 16. b. - PQ = PR, i.c., parallelogram PORS is a thombus
Chord of contact generated by this point for the circle is - Midpoint of OR = midpoint of PS and OR 1 PS
i+ (1 =)= 3(t +x)+4=0or t(x—y—3) H(—3x +y - Midpoint of QR = midpoint of £ and ©
+ 4) = 0, which are concurrent at point of intersection of <. § is the mirror image of P w.r.t. OR
the lines x —y — 3 = 0 and —3x + y + 4 = 0 for all values of L=2x+y=6
t. Hence, lines are concurrent at (%, - %) Let P=(k,6-2k
Also point (2, —3) lies outside the circle from which two £ZPQO = ZPRO = -725

tangents can be drawn.
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For Problems 19-21
19. a., 20.d.,21. a.
Sol. 19. a.

Fig. 1.180
.. OP is diameter of circumcircle POR, then centre is
(—g 3_k) k Fig. 2.181
x=5=>k=2xandy=3-k g &
: - =AY 10 —4 =
Required locus is 2x +y = 3. PT,=PT = N4 +0°-4=23
17. d. P(6, 8) Circumcentre of triangle PT T, is midpoint of PO as
.. Equation of QR(chord of contact) is 6x + 8y =4 ZPT O = /PT O=90°
= 3x+4y-2=0 o
oy 48 so,  (FHLY - (20
PM = -5 and PQ = V96 :
20. d.
5 21. a. Let P’ be a point on the circle
ont=yo6 - 48 %6
. 25 25 30 = %
7
_ 5,96 = 9=%
OR = 232 , x
Area of the thombus = (2V3)(2V3)sin F=6V3
Area of APQR = 3+ PMx OR = %
~.© PORS is a rhombus ‘
Area of AQRS = Area of APOR
_ 1926 it
=75 sq. units
18. b. As P=(3,4)
.. Equationof QR is3x +4y =4 1) Fig. 2.182
Let 5= 6,0 For Problems 22-24
~. S is the mirror image of P w.r.t. Eq. (i) 22. b..23.9.. 24. a
x -3 y -4 Sol. 22. b.
Then 3 -4 Y
4
_ —2(3x3+4x4-4)
- 32 + 42
i a
__4& i X
25 . rhy=1
o- 5L, __68
- s - y
1 257 25 M
51 68 ) Fig. 2.183
T25 25 23. a. Slope of chord = 1



