Chapter 11

THE PARABOLA
(continued)

Some examples of Loci connected with the
Parabola.

235. Ex. 1. Find the locus of the intersection of tangents to the
parabola y* =4ax, the angle between them being always a given angle a.

The straight line y = mx + % is always a tangent to the parabola.

If it pass through the point T (h, k) we

have
mih—mhk+a=0............(1).
If m, and m, be the roots of this equation T
we have (by Art, 2) (i
k
m1+mﬂ=ﬂ.....+.“ eens(2),
and -mlmgz%.,..........,..(3},

and the equations to TP and T'Q are then

a a
=mz+— and y= —
Y=y my Y =mgx+ mz
Hence, by Axt. 66, we have

My =My '\"{ ( my + mig)* — élfm:l_it:,

1 = =
Gk 1+mym, 1+mym,
/\/Fc:‘ 4a
Bk NJE = dak
=-_1-:_ e by (2) and (3).

h
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sokf—dah=(a+ h)®*tan?a.
Henee the coordinates of the point 1" always satizfy the equation
¥ — dax = (a+x)® tan? a.
We shall find in a later chapter that this eurve is a hyperbola.

As a particular case let the tangents interseet at right angles, so
that mymy= - 1.

From (3) we then have h= — a, g0 that in thiz case the point T lies
on the straight line # = —a, which is the directrix.

Henece the locus of the point of intersection of tangents, which cut
at right angles, is the directrix.

Bx. 2. Prove that the locus of the poles of chords which are normal
to the parabola y*=4ax is the curve

y? (x + 2a) + 4a®=0.
Let PQ be a chord which is normal at P. Its equation is then

y=mz-2am—am®...........c.cecoennn-eennn(1).

Let the tangents at P and ¢ intersect in T', whose coordinates are
Ivand k, so that we require the locus of I\

Since P@ is the polar of the point (h, k) its eguation is
g =R {m+ I onnvamgagaseios (2).

Now the equations (1) and (2) represent the same straight line, so
that they must be equivalent. Hence

m:i—ﬁ, and — 2am — am5=2-—f—*'.

Eliminating m, i.e. substituting the value of m from the first of
these equations in the second, we have

_4a® 8a'_ 2ah
E Bk
i.e. k2 (R + 2a) + 4a9=0,

The locus of the point T is therefore
y? (x + 2a) +4a*=0.
Bx. 8. Find the locus of the middle points of chords of a parabola

which subtend a right angle at the vertex, and prove that these chords all
pass through a fixed point on the azis of the curve.
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First Method. Let PQ be any such chord, and let ite equation be
=TT+ Crurrvranrnarins |:1'_].
The lines joining the vertex with the
pointe of intersection of this straight line vy
with the parabola
Yr=dar s {2
are given by the equation
yle=4dazx (y —mx). (Art. 122)
These straight lines are at right angles if
¢ +4am=0. (Art. 111)

Substituting this value of ¢ in (1), the
equation to P is

Y=t = 48] oo smisvnsrmisensrepsnivessoras \ )b

Thia straight line cuts the axis of x at a congtant distance 4a from
the vertex, i.e. A4 =4a.

If the middle point of PQ be (&, k) we have, by Art. 220,
2a
L:"-l;ﬁ, PEAdmmresEraERserTaAndAEAEEYEEA R AN {4}:
Algo the point (h, k) lies on (3), so that we have

E=mi(h=4a) .coiiimiininiisd Bl
If between (4) and (5) we eliminate m, we have

b
k=" (h~4a),

i.¢. k*=2a (h—4a),
go that (k, k) always lies on the parabola
u 2=2g {5‘: = 4.1'1-].
This is a parabola one half the size of the original, and whose
vertex is at the point 4’ through which all the chords pass,

Second Method. Let P be the point (at,? 2at,) and @ be the point
(at,2, 2aty).

The tangents of the inclinations of AP and 4Q to the axis are

2 2
i and i; ‘
Since AP and 4§ are at right angles, therefore
22_
bty
'i- e, tltg = - {i' ................................ [E:I.

Ag in Art. 229 the equation to P@Q is
{11+t-2}'y=21T+2alt1t%..................”..--.{?}-
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This meets the axis of « at a distance - atyly,i.¢., by (6), 4a, from
the origin.

Also, (hk, k) being the middle point of P, we have
2h=a (t,2+ t,°),
and 8k =2 (t, +1,).
Hence k2 - 2ah=a®(t;+t5)" — &® (7 + 1,°)
=2at,= — 8d?,
so that the locus of (h, k) is, as before, the parabola
y? =20 (- 4a).

Third Method. The equation to the chord which is bisected at
the point {h, k) is, by Art, 221,

kE(y—k)y=2a(x—h),
i.e. ky —2ax=k~ah............oiiinnnnnn (8).

As in Art, 122 the equation to the straight lines joining its points
of intersection with the parabola to the vertex is

(5% — 2ah) y* =dax (ky — 2az).
These lines are at right angles if
(%% — 2ah) +8a®=0.
Hence the locus as before.
Also the equation (8) becomes
ky — 2ax= — Ba®,
This straight line always goes through the point (4a, 0).

From an external point P tangents are drawn to the parabola; find
the equation to the locus of P when these tangents make angles ¢, and
8 with the axis, such that

tan A, 4 tan 4, is constant (=b).

!—J

tan 8, tan f, is constant (=¢).
cot 8,4 cot 4, is constant (=d).
6, + b6, is constant (=2a).

tan? 4, 4 tan?® @, is constant (=),

I

cos f, cos 0, is constant (=u).
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7. Two tangents to a parabola meet at an angle of 45° ; prove that
the locus of their point of intersection is the curve

y? - dax = (z +a)’
If they meet at an angle of 60°, prove that the locus is
#* — 3x* — 10ax — 3a*=0.
8. A pair of tangents are drawn which are equally ineclined to a

straight line whose inclination to the axis is « ; prove that the locus
of their point of interseetion is the sfraight line

y={z — a) tan 2a.

9., Prove that the locus of the point of intersection of two tangents
which intercept a given distance 4c¢ on the tangent at the vertex is an
equal parabola,

10. Shew thati the locus of the point of intersection of two tangents,
which with the fangent at the vertex form a triangle of constant area
¢, is the curve o*(y* — dax) =4c¥a®

11, If the normals at P and @ meet on the parabola, prove that
the point of intersection of the tangents at P and @ lies either on a
certain straight line, which is parallel fo the tangent at the vertex, or
on the curve whose equation is y? (x + 2a) +4a’ =0,

12, Two tangents to a parabola intercept on a fixed tangent
segments whose product is constant; prove that the loeus of their
point of intersection is a straight line.

13. Bhew that the locus of the poles of chords which subtend a
constant angle o at the vertex is the curve

(+4a)?=4 cot® a (42 — dax).
14, In the preceding question if the constant angle be a right angle
the locus is a straight line perpendicular to the axis.

15. A point P is such that the straight line drawn through it
perpendicular to its polar with respeet to the parabola 4®=4ax touches
the parabola x*=40by., Prove that its loeus is the straight line

2ax+ by + 4a®=0.
16. Two equal parabolag, 4 and B, have the same vertex and axis

but have their concavities turned in opposite directions ; prove that
the locus of poles with respect to B of tangents to 4 is the parabola 4.

17. Prove that the locus of the poles of tangents to the parabola
y*=4ax with respect to the eirele 22+ y?=2awr is the cirele a?+ y*=aw.

18. Shew the locus of the poles of tangents to the parabola
y?=4ax with respect to the parabola y*=4bx iz the parabola

2
= —i
¥ i
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Find the locus of the middle points of chords of the parabols
which

19. pass through the focus.

20. pass through the fixed point (&, k).

21. are normal to the eurve.

29, subtend a constant angle o at the vertex.
93, are of given length I,

24, are such that the normals at their extremities meet on the
parabola.

25. Through each point of the straight line & =my+h is drawn
the chord of the parabola y®*=4ax which is bisected at the point;
prove that it always touches the parabola

(y — 2am)*=8a (x — ).
26, Two parabolas have the same axis and tangents are drawn to
the second from points on the first ; prove that the locus of the middle

points of the chords of contact with the second parabola all lie on a
fixed parabola,

97. Prove that the loeus of the feet of the perpendiculars drawn
from the vertex of the parabola upon chords, which subtend an angle
of 45° at the vertex, is the eurve

7% — 24ar cos #4160 cos 26 = 0.

1. y=ba. 2. co=a 3. y=ad.

4:- E.‘Z (T = &-} tﬂll 2#" 5. yﬁ — Mﬂ-: ﬂﬂﬂ'-

6. @*=p[(z-a)® +y7] 19, ¥*=2a(x - «).

20. y*-ky=2a(z-h). 21. ¥?(y®- 2ax +4a?) +Bat=0.

22, (8a’+y? - 2ax)®tan? a=16a*(4ax — y%).
23, y'+4day®(a-x)—16a’z+a*F=0.
24, The parabola y*=2a (@ + 2a).

SOLUTIONS/HINTS

In Exs. 1—8, by Art. 235, Ex. 1, Equations (2) and
(3), we have

tan 6, + tan 6,2, ..(i) tan 6, tan 6=, ...(ii)
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where (z, y) are the coordinates of P,
1. y=0b= by (i)
2. cx=a, by (ii).

tan 6, + tan 6, ¥

T R ks R T

OR Gytpantly tan 6, tan b, a’ y=94,

Yy

4. tan(6,+46,) = xa; S y=(x— a) tan 2a.
1=z

5. tan*f, + tan® 0, = (tan 6, + tan 6,)* — 2 tan 6, tan 6,
¥ 2a
T2t oz

Hence Ae? = 4 — 2aa.

6. ;L=0080100803.

1
E=sec*0,sec’0‘,=(l+tan261)(1+tan"02)
=1 + tan? 6, + tan® 6, + tan® @, tan® 6,
=141 =20 % by (6) and i),
Woat=p? lf + (- a).
7 t&ne,—t&ne,
' 1 + tan 6, tan 6,
_ Ea.n’Ol+t§112€?_f2@an01tan0,_1
3 (1 +tang, tan6,)*
(1) .. by (i) and (ii),
2
Z_: e <l+g), ve. Y —dax = (z+a)

¥ da

T
a 2
(1+&)

Syt =32 - 10aa2 — 3a* = 0.

=tan 45° = 1.

(ii) Similarly,

=tan?60° = 3;
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8. Using the same equation, it is easily seen from a
figure that 6, + 6,= 2a or 2a + 7. Hence, in either case,

tan 2q = tan (6, + 6,) = x—i'_’—a , by (i) and (ii).

9. Using the equations of Ex. 1, Art. 235, we have
LI s (& B

e T SR ) S, S
my My nyy"Mey
P 2 _
or ‘f.-i(”‘;tf?;)---,“—”‘"ﬁ*-} =16¢*; .. y*—daw=16¢,
ny"my

which is the equation of an equal parabola.
10. TUsing the same equations, the base of the A = the

intercept on the axis of y = 7-;:— - f% ; and the perpendicular
1 2

from opposite vertex = 9

mymy
2 3
Hence —g s {ﬁ - 2—} =4¢'. .. 2 (Y7 — dax) =4,
my M My

11. Using the equations of Art. 229, the coordinates
of the intersection of tangents at P and @ are

(1) If the normal at P passes through @,

t1+tg=—t—2l. veen(il)  (BEx xxvim 6.)

2a xy g
Whence ¢, = — 7 and f,=— 530 by (i).

Substitute in (ii), and we have 2*(a + 2a) + 4a*=0.
(2) If the normals at P and @ intersect at the point
R (t,;) on the curve, then
¢, + . =—ty=1+ - » (Ex. xxviiL 6),
2 Ly
whence ht;=2. .. =2g,
which is a straight line parallel to z =0,
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12. Using the equations of Art. 229, let the points of
contact of the variable tangents be ¢,, ¢, and ¢ that of the
fixed tangent. The projections of the segments on the axis of
@ are a (t*—it,) and a (£ - #,) and their product is constant.

‘. B—(t,+t,) t+ ¢, £,= cons,,
substituting r=atty y=a(l+ 1),
we have af*—yt + « = cons., which is a straight line.
13. Take yy' =2a(x+'), the polar of (2, ¥), for the
equation of the chord.
The lines joining the origin to common points of
y'=4ax and yy'=2a(x +a’) are
¥ 2ax’ = daw (yy' — 2ax), [Art. 122],
or 8a*x® —day . xy + 2ax’ . y*=0.
If these intersect at an angle a, then, by Art. 110,
4 cot’a (4a*y'? — 16a*z’) = (2az’ + 8a®)™
.. the required locus is 4 cot®a (3*— 4az) = (2 + 4a)>
14. From Ex. 13, if cot a=0, the locus becomes
x+4a=0.
156. The line through (&, ') perpendicular to its polar
yy =2a(x+2) is Yy (w—2a') + 2a(y —y') =0,

or x=—%£,‘y+a:’+2a.
This touches 2 = 4by if 2"+ 2a= —2%/?-/, . [Art. 206.)
.". the required locus is 2ax + by + 4a*=0.

16. Let 9*—-4ax=0 and %’ + 4ax=0 be equations to
A and B respectively. The polar of (z/, ') with respect
to Bis yy + 2a(x+2')=0.

5)
This touches 4 if (— f (- 2;‘,7") —a. [Art. 206.]
.". the required locus is 3* — 4ax =0, i.e. 4.
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17. The polar of (/, y/) with respect to the circle

o+ g = 2az, viz. a2’ + yy' = a (x + '), touches 3* = 4aw, if
a—a ax'
. . —=a |Art 206.
g n PnE R

.. the required locus is a* + ¥* = ax.

18. The polar of. (2, ') with respect to the parabola
y* = 4bx, viz. yy' =2b (x+2’), touches y* = 4az, if

2 2bn’
= .Tr=a [Art. 206.
W [ ]

.. the required locus is 3* = ég . &%

In Nos. 19—24, ¢, and ¢, are the extremities of the
chord, so that the coordinates of the middle point are

x= g(z,’ L TR (i)

Y=o &) (ii)
19. Since the chord passes through the focus,
Sotta=—1.  [Art. 233.]
From (i) and (ii),
¥ —2ax =2a*t,t,=-2a; .. y*=2a(x—a).
20. Since the chord goes through (4, £),
; S k(6 + %) =2k + 2atit,. [Art. 229.]
Hence, from (i) and (ii),

. 2k+2a.y2;2@; Syt —lky =2a(x— k).

@ 2a*
21. Since the chord is normal at ¢,,
S+l = _tg' [Ex. xxviir 6.]
: 30 :

e

S from (ii), ¢, = — 7 and, from (i) and (ii),

3
9®— 202 = 2a%t,l, = — %‘35
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S y(ucrzs y) and./ i y@ﬁs ') 2;,
: y’(y’—2ax+4a’)+8a‘—0.

29, a=tan™! %) ~tan=1 (ggt2> .
at,® wl?
2_2
v oo b & _ 2(‘1-32).
1 4+t
1+—
XA

44— t)=tan’ a (4 + 1, 0,)%
Substitute from equations (i) and (ii).

- o\ 2
o 4(4aw—y2)=a2tan2a<4+.y__2@> ,

2a®
or 16a® (4az — 4*) = tan® a (y* — 2az + 8a°)*.
23. From (i) and (ii),
dax —y*=a®(t, - t,)°, and ¥ =a®(t, + 4,);
. (4""” )JQ = a? (12—t

a’
Also P=d* (4> - °) + 40® (¢, — 1,)".

Substituting = y—z—(i%:—;—‘/) + 4 (dax— o) ;
(Y- dae) (i + 4a®) + &P = 0.
24. Tf the normals at ¢, and ¢, both pass through ¢,
:)
then ¢ +Z =—ty=t+—, [Ex. xxvm.6.]
W fta=2. From (i) and (ii)
Y —2ax =20t t,=4a>; .. y*=2a(z + 2a).
25. The chord of the parabola which is bisected at

(1, 1) 18 Y1 (¥ — ) =20 (z—-x,) [Art. 221]
= 2a (x—my, — L), since x, =my, +h.
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This equation may be written

2a

'27 )

%

which shews that it always touches the parabola

(y + 2am)* = 8Ba (@ — 2). [Art. 206.]
26. Let y*=4ax...(i) and y*=4b (x +c¢)...(ii) be the
equations of the parabolas.
The pole of the chord joining ¢, and ¢, of (i) is
[a (t,), a(t +1)].
Tf this point lies on (ii), then
@ (t, + ) =4b (atyty + ¢).  ............ (iii)
If (=, y) be the coordinates of the middle point of the
chord, then 2z=a (#° +¢,°), and y =a (¢, + &),
oy = 2ax = 2a’,¢,.
Substitute in (iii); .. ey®=2b (y*— 2ax + 2ac), which
is the equation of a parabola.

2a
Y+ 2am=— (x— L) +
$h

27. The lines joining the origin to the common points
of * = 4ax and x cos a + ysina = p, are

y*p = 4ax (2 cos a+ ysin a), [Art. 122},
or 4acosa.z* +4asina . zy —py = 0.
If the angle between these lines is 45°, then

2+ 4a*sin’a + 4ap cos a = 4a cos a — p. [Art. 110.]

But (p, a) are the polar coordinates of the foot of the
perpendicular from the vertex on the chord. Hence the
required locus is

16a (@ sin® @ + 7 cos 6) = 1642 cos® @ + 72 — 8ar cos 6,
or r* — 24ar cos 6 + 16a* cos 20 = 0,
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236. 1o prove that, in general, three normals can be
drawn from any point to the parabola and that the algebraic
sum of the ordinates of the jfeet of these three mormals s

zero.
The straight line

Ye=ame— 2am — am® oo, (1)

i, by Art. 208, a normal to the
parabola at the points whose coordi- vy| p
nates are

am® and — 2am.......(2).

If this normal passes through X
the fixed point O, whose coordinates 0
are i and &, we have (%)

k=mh — 2am — am®, i
1. & am? 4+ (2a —h)ym+k=0 .....ooouininnn (3),

This equation, being of the third degree, has three
roots, real or imaginary. Corresponding to each of these
roots, we have, on substitution in (1), the equation to a
normal which passes through the point O.

Hence three normals, real or imaginary, pass through
any point O, '

If m,, mq, and my be the roots of the equation (3), we
have

My + My + Mg =0,
If the ordinates of the feet of these normals be y,, .,
and 3, we then have, by (2),
Yy o+ Yo+ Yy =— 2a (my + my + my) = 0.
Hence the second part of the proposition.
‘We shall find, in a subsequent chapter, that, for certain
positions of the point O, all three normals are real; for

other positions of O, one normal only will be real, and the
other two imaginary,
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237. Ex. Find the locus of a point which is such that (o) two of
the normals drawn jfrom it to the parabola are at right angles,
(B) the three normals through it cut the axis in points whose distances
J‘Enm the vertex are in arithmetical progression.

Any normal is y=mx - 2am—am®, and this passes through the

point (&, k), if

amP+(Za—h)m+Ek=0.......cccovviiniiiininnnn (1).
If then m,, my, and my be the roots, we have, by Art. 2,
g B = D scinsivemaeisiv (2),
D —
mﬂms+m3m;+m1m2=ﬁ—ﬁh, sesmm ik s (Bl
and MMMy = df:{fij

(e) If two of the normals, say m, and m., be at right angles, we

have mym,= -1, and hence, from (4), m,= E

The qua.ntit}rg is therefore a root of (1) and hence, by substitution,
we have
i® k
=t (2a — ) =k k=0,
f.8. k“:ca{h—aa}.
The locus of the point (1, k) is therefore the parabola y*=a (x - 3a)

whose vertex is the point (3a, 0) and whose latus reetum is one-quarter
that of the given parabola.

The student should draw the figure of both parabolas.

(8) The normal y=mx — 2am —am® meets the axis of x at a point
whose distance from the vertex is 2a+am? The conditions of the
question then give

(2a + amy?) + (2a + amg®) =2 (2a + amy?),
i.e. M4 Mg =2M v, (5).

If we eliminate m,, m,, and m, from the equations (2), (3), (4),
and (5) we shall have a relation between h and k.

From (2) and (3), we have
2a-h

= Myhitg -+ My (M) +Mg) = M Mg — My” oevneennnn, (6).
Also, (5) and (2) give

2mg® = (my +my)® — 2mymg=my® - 2mymg,
i.e. et B =0 s A7),
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Solving (6) and (7), we have

2 — N 2a-h
S —— 2 L E
30" and my?=—2x T

Substituting these values in (4), we have

Ea—-JLN/_EQQr-?a__F_:
3a da = a’

i.2, 27ak?=2 (h - 2a)?,
go that the required locus is
27ay?=2 (x - 2a)’.

mlma =

238. E=x. If the normals at three points P, (), and R meet in a
point O and S be the focus, prove that SP.S8Q .SR=a.S0%

Ag in the previous question we know that the normals at the
points {amiﬁ, —2am,), (amy®, —2am,) and (amg? — 2amg) meet in the

point (&, k) if
ml"]‘fn'g'}"}nﬂﬁﬂ ....................... sesnran {lh
a—h
T I L 1 (2),
and My Mgy = — 2 .............................. (3).

By Art, 202 we have
SP=a (1+m?), S@=a(l+m,?), and SR=a(1+m4?)
SP.5Q.5SR

Henee 3
a

= (1 +my%) (14 mg®) (1 +my)

= 14 (my 2 +amg? +mg®) + (my?mg® + mgPmg® - my P mg®) 4 m gt gt
Also, from (1) and (2), we have
My 2 12 -+ mgT = (g g -+ mg)® — 2 (mging -+ mgmy + mym,)
h-2a

=2-——,

and

Mg g ® b mgmg® o iy 2y = (Mg + mgiy + mymg)® — 2mymgmy (my --my, --m,)

= (’%Ef‘")g, by (1) and (2).
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SP.8@Q. SR =2 h=2a\* &
Hencea -—?=1+2 T (——q) +—
1 4 it £
(h—al+k* SO*
= {I.E = a,2 y
i.e. SP.SQ.SR=80%, a.

Find the locus of a point O when the three normals drawn from
it are such that

1. two of them make complementary angles with the axis,

9. two of them make angles with the axis the produect of whose
tangents is 2,

3. one bisects the angle between the other two.
4., two of them make equal angles with the given line y =ma+ec.

5 the sum of the three angles made by them with the axis is
constant.

6. the area of the triangle formed by their feet is constant.

7. the line joining the feet of two of them is always in a given
direction.

The normals at three points P, @, and R of the parabola ¢ =4ax
meet in & point O whose coordinates ave h and k; prove that

8. the centroid of the friangle PQR lies on the axis.

9, the point O and the orthocentre of the triangle formed by the
tangents at P, @, and R are equidistant from the axis,

10, if OP and OQ make complementary angles with the axis, then
the tangent at E is parallel to S0.

11. the sum of the intercepts which the normals eut off from the
axis is 2 (h+a).

12. the sum of the squares of the sides of the triangle PQR is
equal to 2 (k- 2a) (k4 10a).

13, the circle eireumseribing the triangle PQR goes through the
vertex and its equation is 2x?+ 2y* - 2x (h+ 2a) - ky =0.

14. if P be fixed, then QR is fixed in direction and the locus of
the centre of the circle civeumseribing POR is a straight line,
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15. Three normals are drawn to the parabola y?=4ax cos a from
any point lying on the straight line y=>0sina. Prove that the locuns
of the orthocentre of the triangles formed by the correzponding tan-

2 g
gents is the curve ':%2 4 %2 =1, the angle a being variable,
16, FProve that the sum of the angles which the three normals,

drawn from any point O, make with the axis exceeds the angle which
the focal distance of O makes with the axis by a multiple of .

17. Two of the normals drawn from a point O to the eurve make
complementary angles with the axis; prove that the locus of O and
the curve which is touched by its polar are parabolas such that their
latera recta and that of the original parabola form a geometrical
progression. Bketch the three curves,

18. Prove that the normals at the points, where the straight line
lz+my=1 meets the parabola, meet on the normal at the point
dam® dam
—.—, —— | of the parabola.
2 [
19. If the normals at the three points P, @, and R meet in a point
and if PP, QQ', and RR' be chords parallel to QR, RP, and PQ

respeetively, prove that the normals at P’, ', and R’ also meet in a
point.

20, If the normals drawn from any point to the parabola cut the
line #=2a in points whose ordinates are in arithmetical progres-
sion, prove that the tangents of the angles which the normals make
with the axis are in geometrical progression.

91. P4, the normal at P to a parabola, cuts the axis in G and is
produced to @ so that GQ=3PGF; prove that the other normals
which pass through @ infersect at right angles.

29. Prove that the equation to the cirele, which passes through the
focus and touches the parabola y®=4ax at the point (at?, 2at), is
z* 49® —ax (31%+ 1) —ay (3t — %) + 3a%2=0,
Prove also that the locus of its centre is the curve
27ay®=(2x - a) (x — ba)=

93. Shew that three circles can be drawn to touch a parabola and

also to touch at the focus & given straight line passing through the
focus, and prove that the tangents at the point of contact with the
parabola form an equilateral friangle.

24, Through a point P are drawn fangents P¢ and PR fo a
parabola and circles are drawn through the foeus to touch the para-
bola in @ and R respectively; prove that the common chord of these
circles passes through the centroid of the iriangle PQR.
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25. Prove that the locus of the centre of the cirele, which passes
through the vertex of a parabola and through its intergections with a
normal chord, is the parabola 2y*=ax - a®,

96. A circle is deseribed whose centre is the vertex and whose
diameter is three-quarters of the latus rectum of a parabola; prove
that the common chord of the cirele and parabola bisects the distance
between the vertex and the focus.

0%7. Prove that the sum of the angles which the four common
tangents to a parabola and & cirele make with the axis is equal to
nr+ 2a, where o is the angle which the radius from the focus to the
centre of the circle makes with the axis and n is an integer.

28. PR and QR are chords of a parabola which are normals at P
and Q. Prove that two of the common chords of the parabola and
the circle civeumseribing the triangle PRQ meet on the direetrix.

29, The two parabolas y?=4a(x-1) and x*=4a(y-1") always
touch one another, the quantities I and I being both variable; prove
that the locus of their point of contact is the curve ay=4a%

30, A parabola, of latus reetum I, touches a fixed equal parabola,
the axes of the two eurves being parallel; prove that the locus of the
vertex of the moving curve ie a parabola of latus rectum 2/,

91. The sides of a triangle touch a parabola, and fwo of its angular
points lie on another parabola with its axis in the same direction;
prove that the locus of the third angular point is another parabola.

1. ¥=alx—a), 2. yi=dax. 3. 2Tay*=(2z — a) (x—ba)?
4, A parabola. 5, A straight line,

6. 27ay”-4(x - 2a)’=constant.

7. A gtraight line, itself a normal.

SOLUTIONS/HINTS

1. Using the equations of Art. 237, we have mymy = 1.

. My= = from (4).

Substitute in (i); .. =t (2a — /a)‘/—: —k =0, whence the
locus is 3* = a (z —a).
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2. Using the same equations,
. k
mme=2. ., = s from (4).
Substitute in (i); .’ E—}-("a-—k) & — k= 0, wh
3 gt (2 55 — #= 0, whence
the locus is y*= 4az.
3. Using the same equations, since 20,=0, + 6,,

i T G O
" lem? 1-mmy 1 —mym,’
< my® + 2mymg =3, and from (3) m,’—m,m,:lz— 2.
a
e 3mlm,=5a_b, and 3mf=2h_a.

5o (k= ba)? (2h - a) = 2Ta*m*m.*m,? = 2T ak?.
" the required locus is (z — 5a)? (22— a) = 2T ays.
4. The condition gives 6, + 6, = 2 tan-! m;

m,; + my o b
* T, —0OnS. =5 #ay.
R Sl TG SR,
A l-mm, k  k+amy
1+ —
So Aoyt + amyg+ b=0; .ccevecnnnn.... (i)
Also amy® + (2a — h) mg + &k = 0.
Subtracting, am®—Aamz+a—h=0. ............... (ii)
From (i) and (ii),
My? My 1

Me—(h—a) k+A(h—a) a(N+1)
Hence the locus is
ly+A(z—a)P+a (A +1) {\y — (z—a)}=0.
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5. Using the same equations,

Smy —m,my ¥ = cons. = A,
1 - 3mm,
% A=—7—k/a . . locusis A (z—a) =y.
=3
a

6. By Ex. 11 7 we have II (m, — m,)* = cons. = A.
o A= 10 (my — mo)? =TI (my? + 1, + 2mym, — 4mym,)

1Y m,3+4%
=] m:+ﬁ =T\ —— |. [Art. 237,
3

S Ad@Pmymamy= 6437 + 164y 3m ® + 4a’y SmPm* + a*m P, m. .

i 3
Now 3m,* = 3mym,m,, (since m, + m, + m; =0,) =-73/.

Zmy’'my’ = {Zmymy}® — 311 (mgmy + megm,)

%a — x\* 20— + 3a
=< = x) + Bmtmgtmp = ¢ ——”;a v,

Hence, substituting, we have

. —Aa%y = 64y — 48y + ‘%" {(2a —2)* + 3ay} — g

. 2Tay* + 4 (2a — x)* = a constant.

7. From the equation of the chord J#ining the points
(am®, —2am,) and (am.®, — 2am,), we have m, + m,— cons.
. My=cons. =A.
. the required locus is, by (i) of Art. 237,
aX’ + (2a—x) X +y =0,
a straight line which is the normal at the point (a)?, — 2al).
8. The ordinate of the centroid

2a

3m, = 0.
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9. By Art. 234, the ordinate of the orthocentre
=—a {m + my + my + Mymgmg} = k.
10. We have m,m,= 1, and from equations (2), (3), (4),
of Art. 237, mf-—-h—a 5

k 1

m:-w—h, t.e, the “m” of the line SO =the “m”
of the tangent at R,

11. We have 3 (2a + am?®) =6a+ 24— 4a [Art. 238]
=2 (h+ a).

12. a®Z[(m*—m)*+ 4 (m,—my)?]=a*s [(my—my)?(ne? +4)]
=a"3 [m,*my* + m'mg® — 2mymam? + 4m? + dm,2 — 8m,mi |
=2 (2m*ms® + 8my? — 8m,m,)
=2 (h— 2a) +16a (h — 2a) + 8a(h—2a) [Art. 238]
=2 (&~ 2a)(h + 10a).

l.'?. Let 2 +3* + 292+ 2fy+¢=0 be the equation of

the circle passing through P, @, R.
Then a*m,*+ 4a*m,® + 2agm,? — dafm, +c=0.
W am,[am,® + dam, + 2gm, — 4] + ¢ =0,
" amy [(h—2a)m, — & +4am, + 2gm, — 4f ]+ ¢=0, by Art, 237.
“oa[(kh+2a+2g) mP® — (& + 4f) my]+ e =0. sl
Subtract from the similar equation in m,;
Co (A4 20+ 29) (my + my) ~ (kb + 4f) =0.

Add to two similar equations; .. &+ 4/=0, and hence

h+2a + 29=0, and from (i) ¢=0.

Substituting, we have the required equation.

14. If m,=cons. = A, then m, + m, =cons. ; also
al* + (24 —h) A +k=0. [Art. 237.]
Substitute for 4, % from equations (2) of the last Ex.
. aN +(4a + 29) A —4f=0.

, and —my=~-.
a
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Also the centre of the circle is (—g, —f) so that its
locus is a straight line.

156. By Art. 234, if (», y) be the coordinates of the
orthocentre,
#=—acosa, and y=—a cos ammmy=k=>bsina.

2 9

"o ;’ + b_’ = 1.
18. If SO is inclined at a to the axis, tan a o
_ Sy —mmgmy
and  tan (6 +60,+6) == 5 L == g
k
= kTa = tan a.

O+ 0,+03=nm+a

17. If mym,=1, then m,=—"—:.

o §:+ (20 — h)g—k=0, from (i) of Art. 237.

Hence the required locus of O is y* = a (z— a).

The equation of the polar of (%, &) is

2 2
yk=2a(w+h)=2a(x+ . +a)’
_ 2a . @
i y=% @+ * o

which always touches %*= 16« (x + a). Also a.16a=(4a).

18. 1If /x+my =1 is identical with

: 2z + (b + &)y = — 2at,ty,
which, by Art. 236, is the straight line joining the feet of

I m m
the normals ¢, and ¢,, then e e by Art. 237.
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19, Let 2, @, R be the points m,, my, myand 7', @', K’
be the points ¢, 4, .
Then, since PP is parallel to QR,
bt my =my+my=—m,. [Arts. 229 and 237.]
So b=—2m,. o Sty =—23m, =0.
". the normals at the points 7, ¢, R’ meet in a point

also-
20. From the equation of the normals, the condition

gives 2mg® = m® + m,®; also — my=m, + M.
Soo=2mg =my® + m? —mym,, and my®=m® + m? + 2mym,.
S Mgt =mym.
21. If (h, k) be the coordinates of Q,
k

k=—1% (- 2am,) =am,;, and mymm,=—=,

a
W mymy=— 1,
22. Let (h, k) be the coordinates of the centre and

» the radius; then, if NﬁG=0, from a figure we have,
since the centre must lie on the normal 7@,

h=a00t’0+r8in0=at2+——1—--,
N1+ 2
]
and k=2acot0 —rcosd =20t — —v .
’ N1 42

Also = (h—a)* + &
Substituting for 4 and %, we obtain r=J}a (2+ 1), and
2h=a (3¢ +1), 2k=a(3t-8).

". the equation of the circle is
'+ yt=ax (30 +1)—ay (3t—£)+c=0;
since it passes through (a, 0), .". ¢ = 3a%"
If («, y) are the coordinates of the centre,
U= (3 + 1)) sicevisvesoravniosns (1)

and =6 (8. ..cocoennrsmiraanans (ii)
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Multiplying (i) by ¢ and (ii) by 3, and adding, we have
3y
9 » & e S
2z + 6y =10at; .. b= "—.
Substitute in (i); .. (22— a) (z— 5a)* = 2Tay"
23. Let xcosa—ysina=acosa be the equation of
the given line through the focus.
The perpendicular to it through the focus is

2 sin a + ¥ cos a = @ Sin a.

Since this passes through the centre of the circle we have,
from Ex. 22, (3£ + 1)sin e + (3¢ —¢’) cosa =2sina.

. tana= f—t:——?’t;-—. tan 36, if ¢=tan@.
Hence there are three values of 6, viz. 6,, 6,, 6, and
301=302+1r=393+27r. -.o_ 01—92=g=0’—03.

Hence the three normals, and therefore also the three
tangents, are inclined at 60°.

24. If (h, k) be the coordinates of the centroid of
points, (at,?, 2at,), (ats’, 2at,), {a (t,ty), @ (4, + b))}, t.e. of @, R
and P respectively, then 3h=a (1> + t,>+,1,), and k=a(t,+1,).
Using the equation of Ex. 22, the common chord of the
circles is

3ax (&, + t;) + ay (3 — 4 — t,° — by 4y) = 3a® (4, + ty),
i.e. kax+y (a— k)= ak, which passes through the point (%, £).

25. The chord joining the points #,, Z, is a normal if

t,+t,:-t:. vereeenea(i)  [Ex. xxvIIL 6.]

Let 2 + 3* — 2¢gx — 2fy =0 be the equation of the circle.
Then (!t]s + 4“‘1 — 29‘] e 4'f= 0, ............ (ii)
and aty + daty — 2g9t, — 4f=0. ............ (iii)
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Subtracting, a(4*+ 6.+ ¢4t,) +4a — 29 =0,
or from (i) 29 = at? + 2a.

Multiplying (ii) by ¢, and (i) by 4, and subtracting, we
have, atty (4 + t,) + 4/ =0, or from (i) 2f= at,.

Eliminating ?¢,, we have, for the required locus of the

centre, 2=a (x — a).
26. The common points of %*= 4ux and the circle
Va®
:c“ + yg =i 4 )
2
are given by «* + 4aa:-g4a4 =0, %e (x—g) (:v+ ?g =0,

Hence the common chord is z = g :

27. The intersections of y = ma +?% and

@®+ y* — 29— 2fy + ¢ = 0 are given by
a? @
2 2 2 g — __.._2 i =
(1l +n¢) + 2z (v —g fm)+m2 fm+c 0,

which has equal roots if

(@—g=fmp=(1+ ) (G- Y2 +c),
m m
or m*(f*—¢) + 2g/m?® + (¢* — 2ag — c) m® + 2fam —a® = 0,
If tan 6,, tan 6,, etc. be the roots, then

s 27£(q —
ta.n(01+6,+03+04)=1§82:f’8‘ =(g{(z),f},=tan2a,

if tana:;i—‘&. o 0+ 0,46, + 0,=nm + 2a.
28. If R be the point m;, we have
am?®=h, and — 2am, = k.
But, from the equations of Art. 237,
= Qm, Mg, = k. .. mmg=2.

k
Also 9g =~ Ma =My + My,
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The common chords are @ and the line through £
equally inclined to the axis [Ex. xxvii 25],

2.6 — 3 (my +my) = 22 + 2am, m,,

and —(my +m) (y—k) +2(x—42)=0;

or yk+4a(x+2a)=0, and k(y—k)—- da(x—A)=0;
which intersect where = + @ =0, since 4* = 4ah:

29. (I + at? 2at) is any point on 1st parabola.
(2aty, U + aty’) ” ) 2nd »
Hence if (z, ¥) be a common point, then wy = 46°¢,t,.
Again 2—l -ty +at>=0, and y—I'—tx+at’=0,
i.e. the tangents at ¢, and #,, will be coincident if
SN e -
—;’—-‘ T, z.e. if tltg— ! 8
Henge the required locus is 2y = 4a®
30. Let (, k) be the vertex of the moving curve, and

its equation (y —4)*+ l(x—A)=0, and 3= lx, the equation
of the fixed curve.

The tangents at the point (/£°, I£) to the two curves are
2yt =z + I, and

2
y(l&—k)+éx+z—?—f—a+k°— lh—kle=0. [See Art. 152.]

These are coincident if
k—& 1 Pe+ 28— 2ih— 2kt

—_— — -

1 2 28 2

whence ¢ = Qk—l’ and %*—lh=Eklt.

Eliminating ¢, we have £*— 2/ = Q.
Hence the locus of the vertex is the parabola 7= 2/,
31l. Let ¢, t, t; be the points of contact of the sides of

the triangle whose sides touch the parabola 3*=4ax. If
two of the angular points lie on the curve

(y — k) =4b (= 1),
then lalt, + &) — kP = 4b (at,ty—=h), ..o (1)
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and {a (b + &) — &} = 4b (atyt, — A), ............ (it)
also x=atity, y=a(t,+1t).
Subtracting (ii) from (i) we have,
a(ly+ 4+ 2t)— 2k =4bt;. .. t,= %_—22%.

Multiplying (i) by ¢, and (ii) by ¢, and subtracting,
— @'t by + a*ty® + K — 2akt, = — 4bh.
; y-2k\? y—2k
. —a.'z:+a°(4~_5—_—%> + &% — ak . Qb—a=—4bh’
which is the equation of a parabola.

239. In Art. 197 we obtained the simplest possible
form of the equation to a parabola.

We shall now transform the origin and axes in the
most general manner.

Let the new origin have as coordinates (4, k), and let
the new axis of @ be inclined at ¢ to the original axis, and
let the new angle between the axes be ',

By Art, 133 we have for @ and y to substitute
x cos 6 + y cos (o + 0) + 4,

and wsin f + ysin (o' + 0) + &
respectively.

The equation of Art. 197 then becomes

{wsin 6+ ysin (o' + 0) + &} = 4a {© cos 0 + y cos (o' + ) + A},
i.e.
fa sin @ + y sin (o' + 6)}* + 22 {k sin 0 — 2a cos 6}
+ 2y 4k sin (0’ + 0) —2a cos (o' +0)} + &* — 4ah =0

This equation is therefore the most general form of the
equation to a parabola.
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We notice that in it the terms of the second degree
always form a perfect square.

240. 7o find the equation to a parabola, any two
tamgents to it being the axes of coordinates and the points of
contact being distant @ and b from the origin.

By the last article the most general form of the equa-
tion to any parabola is

(dx+ By)+2g2+2fy +c=0..cvevnnnnn. (1)

This meets the axis of 2 in points whose abscissae are
given by
A%+ g+ e=0 cvucivenriarain, (2).

If the parabola touch the axis of x at a distance a from
the origin, this equation must be equivalent to

AL f = aP =1 s (3).
Comparing equations (2) and (3), we have
g=— A%, and c=A%" .........o. (4).

Similarly, since the parabola is to touch the axis of y
at a distance b from the origin, we have

f=—DB%, and ¢=B%" ............... (5).
From (4) and (5), equating the values of ¢, we have
B = A%,
s0 that oyl g‘ ......... e (6).
Taking the negative sign, we have
2
H:—A%, g=— A%, f.—.—Aﬂ% , and e = A%~
Substituting these values in (1) we have, as the required
equation,

a G a* .
(m—gy) —-Eﬁa‘:—-ﬂ—byﬂ-ﬁrzﬂ,
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) z  y\* 2 B_y B
i (&—b) - 25— (7).

This equation can be written in the form

x Y\ _o (%, Y\, Yy
(a'*a)‘ﬂ(a*‘a)*'l—aw

1. e.

i.e. \/ \/ o O (8).

[The radical signs in (8) can clearly have both the positive and
negative signs prefixed. The different equations thus obtained corre-
spond to different portions of the curve, In the fignre of Art. 243,
the abseizsa of any point on the portion P4@ is <a, and the ordinate
=, so that for this porfion of the enrve we must take both signs

positive. For the part beyond P the abscissa is =a, and — ::-%, S0

that the signs must be + and —. F¥or the part heyund Q) the
ordinate is =0, and %}E, so that the signs must be — and +.
There is clearly no part of the curve corresponding to two negative
gigns, ]

241. If in the previous article we took the positive
sign in (6), the equation would reduce to

A L
(ﬁ_b+g) Eﬂ. b-l—].—{),

. x Yy R
2. 8. (E+E_ )_0,

This gives us (Fig., Art. 243) the pair of coincident
straight lines P@). This pair of coincident straight lines is
also a conic meeting the axes in two coincident points at
and ¢, but is not the parabola required.
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242. 1o find the equation to the tangent at any point
(@', i') of the parabola

\/§+w/%:

Let (2, ") be any point on the curve close to (&, ¥').
The equation to the line joining these two points is

v -y :
y—y:;jﬂja? (ﬁ—m} R (1).

But, since these points lie on the curve, we have

7 T, T
-\/ET\/'E?_I_'\/EF\/; ....... (2),

Jy' =Ny _ b

that el e et e 3).
50 £l @_er \E {}

The equation (1) is therefore

- Ny = Ny y”+~//(
N =& 2+

or, by (3),
,_ Nb Ny Ny
y=y =-% L o) e (),
The equation to the tangent at (2, ') is then obtained
by putting «” =2 and ¥" =¥/, and is
AT
Ja 2 ©

i.e. 7%?,55 N/_ N/_ ......... (5).

This is the required equation.

— &),

In the foregoing we have assumed that (z, y’) lies on the portion
PAQ {Flg ., Art. 243), If it lie on either of the. other portions the
proper signs must be affixed fo the radicals, as in Art. 240,]
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Bx. 1o find the condition that the straight line '}+ %:1 may be a

tangent.
This line will be the same as (5), if

f=4faz’ and g=4/by,

go that si:f—, and y_9
a b b

Hence ‘i + 71,
a b
12

2
This is the required condition; also, since .r’:E and y’z%,
3 a
the point of contact of the given line is (‘% " %).
Similarly, the straight line Iz+-my=mn will touch the parabola if
® . B

al +E_:—m_' '

243. 7o find the focus of the parabolw

a y
\/.«,E*x/?:’“'

Let S be the focus, O the origin, and P and ¢ the
points of contact of the parabola with the axes.

Since, by Art. 230, the triangles OSP and @S0 are
similar, the angle SOP = angle SQO.

Hence if we describe a cirele through 0, ¢, and S, then,
by Eue, 111. 32, OF is the tangent to it at 0.

Hence S lies on the circle passing through the origi
0, the point ¢, (0, b), and touching the axis of = at tl
origin, Y.
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The equation to this circle is
a?+ 2y cosw+ =0y .oiiiniinnnnnn. (1).

Similarly, since ¢ S0Q = SPO, S will lie on the circle
through O and P and touching the axis of ¥ at the origin,
.e. on the circle

@+ 2wy COS + Y =T 1vreiriirinnnns (2).
The intersections of (1) and (2) give the point required.
On solving (1) and (2), we have as the focus the point

( ab® a2b )
a*+ 2abcos w + b*’ o+ 2abecosw+ b2/
244. To find the equation to the axis,

If V be the middle point of P, we know, by Art, 223,
that OV is parallel to the axis.

g ; b
Now V is the point (g, 9)

Hence the equation to OV is y = %9:.

The equation to the axis (a line through § parallel to
OV) is therefore

3 mcﬁb B E; . ab? )
J a2+2wbcﬂsm+bﬁ_a( " af+4 2abcos w+ B2/
. _ ab (a* — b*)
E Al e vy - b

245. 1o find the equation to the directrix.

If we find the point of intersection of OF and a
tangent perpendicular to OPF, this point will (Art. 211, )
be on the directrix.

Similarly we can obtain the point on O which is on
the directrix.

A straight line through the point (/;, 0) perpendicular
to OX 13

y=m(x—f), where (Art. 93) 1 +m cosw=0,
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The equation to this perpendicular straight line is
then

R TR SRR (1).
This straight line touches the parabola if (Art. 242)
£, S =1 L&iffzfmﬁmw

a becosw a+beosw

: b . ; .
The point (ﬂ—-, {}) therefore lies on the directrix.
“\e& + b cos
ol ; abecos w \ . ”
Slnlllﬂ-rl}' the PD]II.tI (0‘, m) 15 on 1if.
The equation to the directrix is therefore
z(a+beosw)+y(b+acosw)=abeos o ...... (2).

The latus rectum being twice the perpendicular distance
of the focus from the directrix = twice the distance of the
point

o : _L)
(E:EEM@P’ a* + 2ab cos o +
from the straight line (2)
_ 4dsin*eo
"~ (@* + 2ab cos w + b)Y

by Art. 96, after some reduction.

246. To find the coordinates of the vertex and the
equation to the tangeni at the werter.

The vertex is the intersection of the axis and the curve,
i.e. its coordinates are given by

Yy ® a® — b?

T ey (-
and by (g = %)B = % - %é—f—t— L=y (Art. 240),

&5, iy (g_%+1fzif .................. 2).
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From (1) and (2), we have

o ” @b *_ ab’(b+acos o)

=1 T 2ab co8 w + i"::’ (G + 2ab EEE_{IJ_-'[F-.EB.}E‘
9 2

Similarly @' (@ + b cos m)

Y@+ 2ab cos o + 1)
Theze are the coordinates of the vertex.

The tangent at the vertex being parallel to the directrix,
its equation is

(@ + b cos ) l}r = b (b+a cq%mjﬂ :’
" a®+ 2ab cos @ + b

a® (a + b cos w)* :I_O

+(b+acosw) |:y "~ (a® + 2ab cos w + b?)?

N U .. .
" btacosew a+beosw  a+ 2abeos o+ 6
[The equation of the tangent at the vertex may also be

written down by means of the example of Art. 242.]

1. If a parabola, whose latus rectum is 4e¢, slide between two
rectangular axes, prove that the locus of its foeus is #*y?=c? (2277,
and that the curve traced out by its vertex is

mﬁy% {;fn& + yﬁ} =%

2. Parabolas are drawn to touch two given rectgngu]ar axes and
their foci are all at a constant distance ¢ from the origin. Prove that
the locus of the vertices of these parabolas is the curve

a:g—kyg:cg.

3. The axes being rectangular, prove that the locus of the focus

2
of the parabola £+g -1 z%? , @ and b being variables such

that ab=¢?, is the curve (x®+ %2 =c%y.

4. Parabolas are drawn to touch two given etraight lines which
are inclined at an angle w; if the chords of eontact all pass through
a fixed point, prove that
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(1) their directrices all pass through another fixed point, and
(2) their foci all lie on a eirele which goes through the intersection of
the two given straight lines.

5. A parabola touches two given straight lines at given points;
prove that the locus of the middle point of the portion of any tangent

which is intercepted between the given straight lines is a straight
line.

6. TP and TQ are any two tangents to a parabola and the
tangent at a third point B cuts them in P' and @'; prove that

TF T¢ Q' TP QR
77+t 1g=0 M G =P~ R

7. 1If a parabola touch three given straight lines, prove that each
of the lines joining the points of contact passes through a fixed point.

8, A parabola touches two given straight lines; if its axis pass
through the point (k, k), the given lines being the axes of coordinates,
prove that the locus of the focus is the eurve

&2 -yt - hao - ky =0,

9. A parabola touches two given straight lines, which meet at 0,
in given points and a variable tangent meets the given lines in P and
@ respectively; prove that the locus of the centre of the circumeircle
of the triangle OP(Q is a fixed straight line.

10. The sides 4B and AC of a triangle AB( are given in position
and the harmonic mean between the lengths 4B and AC is also given;
prove that the locus of the focus of the parabola touching the sides at
B and C is a circle whose centre lies on the line bisecting the angle
BAC.

11. Parabolas are drawn to touch the axes, which are inclined at
an angle w, and their directrices all pass through a fixed point (k, k).
Prove that all the parabolas touch the atraight line

e + ¥ =1.
htkeecw k+heecw

SOLUTIONS/HINTS

1. (i) The focus is given by
e +y'=ax=by [Art. 243).
Also c*(a® + b*)° = a'b* [Art, 245].
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Eliminating « and b, we have

x* + o) )
r’(a:’-;—y’)“(wz y,) ( ”9). c. (a4 o) = atysl,
(i) The coordinates of the vertex are, by Art. 246,

_ ab a*h .
-—(‘a}Tb*'s')“z, y—m)é. ............ (l)

i B

. ;; —;‘- A (sa.y).

Substitute for @ and b in ¢* (a® + 6°)* = a*d?;
P | ¥,13
~—3—/——3,and from (i), 1 = ——= Ay
@yt @ 4y

Eliminating A, we have ¢*= a:iy?‘ (¥ +y?‘).
2. Asin the previous exa.mple, b= l\m%, @ = ,\y;‘;’

and A i o MR POTIR (1)
@® i’/
254 a'b? a*H?
9 i EY .
Also, from Art. 243, ¢° @5y (a’+ b’)’ Py
_ A § i
e § .................. (2)
z°+y
Eliminating A from (1) and (2), e¥ =zt 4 y’.
3. Eliminating ¢ and b from ax = by =o* + 42,
and ab=¢’, we obtain (2* + 3*)? = ¢?
4. The equation of the directrix may be written
“iz’;‘-‘-e?-‘i’ + y“‘#" = N - W (i)
and, since the chord of contact passes through a fixed
point (&, %), i + ¥ | B e (i)

a b
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Hence the directrix passes through the fixed point
given by z+yseco=4, and y+zseco=

The focus is given by aw=by = 2* + 4* + 2y cos w.
Substitute for @ and 4 in (ii), and we have”
zh+ yk = o + 1 + 22y cos o,
which is a circle passing through the origin.

5. By Art. 242, ;+ §=1 will touch the parabola if

g : int is (£,
o b—l. But the middle point is (2 1 5)

AN

.. the required locus is %x + 2y

T = 1.
6. The straight line =+ <=1 ..o, i
g 7y (i)
touches the parabola if 5 + % o S (i)

Let 7'P, 7Q be the axes and (i) the equation of the
third tangent.

Again from (ii) fg=ab—bf-ag + /3= (b—g)(a—1).
v bmg F
g a=f
Now QQ'_b—g__ f _TP’

QT g a-f PP
i
Draw RH parallel to 7Q, then 7H =‘£;- (see Ex. of
Art. 242)
QR TH  fa I

RP' S HP “f—fYaa—f PP
7. Take any two of the lines as axes, so that the

equation of the parabola is \/ z+ J %: 1, and let
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}f.-i- g =1 be the equation of the third tangent, so that
. 8. :
s 1. [Art. 242.]
e z - % =1 passes through the point (£ g).

8. The equations for the focus are
ax =by =a* + y* + 2y cos w.

ab?
e P+ 2abosw” [Art. 243.]

Since the axis goes through (%, k), we have, by Art. 244,
B@-¥) (-

Also

ak_bh:a’+b’+2abcos«»— ' T
.k A _ 1 1 . il 5
. a—:—g— x(a—:,-? . ..a,—y"+ky-’lm—0-
9. Take the given lines as axes, and;+g=1 as the

£+%=L

equation of the variable tangent, so that =

The required locus is the intersection of the lines
bisecting OP and OQ at right angles, i.e. of

z+ycosw=7, and y + ::coos«»:‘g.
Eliminating /, g we obtain “ 59252 Y+ @ cose % ,
@

10. Take 4B, AC as axes, putting AB = a, AC = b, and
let: & be the given harmonic mean, so that

r 1 4 .
(—1: + b = Zo'  ttrtereesssiescicnens (l)
By Art. 243, the foci are given by
ax = by = * + 2xy cos w + 3.
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Eliminating @ and b, we have
2 x+y
k- a2+ 2ay cos e+ gt
so that the locus is the circle

a* + 2wycosw+y’—§(x+y)=0.

Clearly, by Art. 175, the coordinates of the centre are
equal, so that it lies on the bisector of the angle.

11.  The equation of the directrix may be written
T+ysecw y+asecw

=1,
a b
. h+ksecw k+hsecw
3 - =1
a b

But this is the condition that the parabola may touch
the given line [Art. 242].



