Chapter 6
ON EQUATIONS

REPRESENTING TWO
OR MORE STRAIGHT LINES

106. BSuvrposk we have to trace the locus represented
by the equation

g = 3wy + 2" =0 .ot (1).
This equation is equivalent to
(=) (y—=22)=0.0viiuriiviniinans (2).

Tt is satisfied by the coordinates of all points which
make the first of these brackets equal to zero, and also by
the coordinates of all points which make the second
bracket zero, ¢.e. by all the points which satisfy the
equation

o s = (3),
and also by the points which satisfy
T L R, (4).

But, by Art, 47, the equation (3) represents a straight
line passing through the origin, and so also does equa-
tion (4).

Hence equation (1) represents the two straight lines
which pass through the origin, and are inclined at angles of
45° and tan™ 2 respectively to the axis of .

107. Ex. 1. Trace the locus xy =0. This equation
is satisfied by all the points which satisfy the equation
2=0 and by all the points which satisfy y =0, 1.2, by
all the points which lie either on the axis of y or on the
axis of .
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The required locus is therefore the two axes of coordi-
nates.

Ex. 2. Trace the locus o® —ba+ 6 =0. This equation
is equivalent to (# —2) (2—3) =0. It is therefore satisfied
by all points which satisfy the equation x—2 =0 and also
by all the points which satisfy the equation &— 3 =0.

But these equations represent two straight lines which
are parallel to the axis of y and are at distances 2 and 3
respectively from the origin (Art. 46).

Ex. 3. [race the locus xy— 4w — Dby +20=0, This
equation is equivalent to (x—b5)(y —4) =0, and therefore
represents a straight line parallel to the axis of y at a
distance 5 and also a straight line parallel to the axis of x
at a distance 4.

108. Let us consider the general equation
ax® + 2hay + 0P =0..0vi i innns L)
On multiplying it by @ it may be written in the form
(a2 + 2ahay + Bry*) — (7 — ab) * =0,
dce. {(am+hy) +y NI —ab} {(ax + hy) =y SI—ab} = 0.

As in the last article the equation (1) therefore repre-
sents the two straight lines whose equations are

ax+ Iy + YN —ab=0 coveevrarnnnn (2),
and ax+hy—yNIE=ab=0......cconnnnns (3),

each of which passes through the origin.

For (1) is satisfied by il the points which satisfy (2),
and also by «ll the points which satisfy (3).

These two straight lines are real and different if 2*>ab,
real and coincident if /* = ab, and imaginary if 2*<ab,

[For in the latter case the coefficient of  in each of the
equations (2) and (3) is partly real and partly imaginary.]

In the case when A®<ab, the straight lines, though
themselves imaginary, intersect in a real point. For the
origin lies on the locus given by (1), since the equation (1)
is always satisfied by the values & =0 and y =0,
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109. An equation such as (1) of the previous article,
which is such that in each term the sum of the indices of =
and y is the same, is called a homogeneous equation. This
equation (1) is of the second degree ; for in the first term
the index of = is 2; in the second term the index of both =
and y is 1 and hence their sum is 2; whilst in the third
term the index of ¥ is 2.

Similarly the expression
3a? + day — Bay® + 99°
is a homogeneous expression of the third degree.

The expression
3a® + da’y — Buwy® + 99 — Ty

is not however homogeneous ; for in the first four terms
the sum of the indices is 3 in each case, whilst in the last
term this sum is 2.

From Art. 108 it follows that a homogeneous equation

of the second degree represents two straight lines, real and
different, coincident, or imaginary.

110. The awxes being rectangular, to find the angle
between the straight lines given by the equation

a + 2Ry + 0P =0 vvnievienninnnnes (1).
Let the separate equations to the two lines be
y—mx=0 and y—ma=0.......... (2),
so that (1) must be equivalent to

by —mm)(y—ma)=0...c0civnnns (3).

Equating the coefficients of ay and «? in (1) and (3), we
have

~ b (my 4+ m,) =2k, and bmym, = a,

a
so that Wy & Ty = — and 7,my = =

2%
b’ b
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If 6 be the angle between the straight lines (2) we
have, by Art. 66,

tan = 1~ h (i, + o) — dmn,

1 +mm, 1 + mym,

Hence the required angle is found.

111. Condition that the straight lines of the previous
article may be (1) perpendicular, and (2) coincident,

(1) If @+ b=0 the value of tan # is oo and hence 6 is
90° ; the straight lines are therefore perpendicular.

Hence two straight lines, represented by one equation,
are at right angles if the algebraic sum of the coeflicients of
a* and #* be zero.

For example, the equations
P —y?=0 and 6a*+ llay—647=0
both represent pairs of straight lines at right angles.
Similarly, whatever be the value of %, the equation
2 + 2hay — y* =0,
represents a pair of straight lines at right angles,

(2) If h* =ab, the value of tan € is zero and hence @ is
zero. The angle between the straight lines is therefore
zero and, since they both pass through the origin, they are
therefore coincident.

This may be seen directly from the original equation.
For if 4% = ab, i.e. h = Jab, it may be written

ai + 2,Jab wy + by* =0,
i.e. (Jaw+Jby) =0,

which is two coincident straight lines,
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112. 7o find the equation to the straight lines bisecting
the angle between the straight lines given by

gt Shay 4+ bt =0, i (1).
Let the equation (1) represent the two straight lines

L,0M, and L,0M, inclined at angles 6, and 6, to the axis
ﬂf @, 50 that (1) is equivalent to

b(y—atan 6,) (y — e tan 6,) =0,

Hence

tan @, + tan 6, = — -2?? , and tan 6, tan 6. _—..% e (2).
Let 04 and 08 be the required bisectors,
Since Lt AOL =+ L,OA,

t AOX —6,=6,— « AOX,
"W 2:.40X=6,+0,.
Also L BOX=90°+ . AOX.
. 22 B0X=180°+0,+0,.
Hence, if @ stand for either of the angles AOX or BOX,

we have

tan 20 = tan (6, + 6,) = tan ¢, + tan 6, 2h

1 —tan 6, tan& T h—a'

by equations (2).

But, if («, y) be the coordinates of any point on either
of the lines 04 or OB, we have

tanﬁ:g.
w
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20 2 tan @
—1 ) b L aTEhi e s
5—-{&_1’311"‘9_1—{:&{133

7.6.

This, being a relation holding between the coordinates
of any point on either of the bisectors, is, by Art. 42, the
equation to the bisectors.

113. The foregoing equation may also be obtained in the follow-
ing manner :

Let the given equation represent the straight lines

y-maz=0 and y-mr=0......cccoiriinnnaia{l)y
21
go that My + My= -—f and mlmu=§ .................. (2).

The equations to the bisectors of the angles between the straight
lines (1) are, by Art. 84,

Y—MyE Y =My Y—my e Y~ My

NIFmE  WJ1+mp? n,a"rl-i—_m?mn 1+mg?
or, expressed in one equation,
{_y—whm Y -mgx {_y—mlx N y—mzzc}:{}
W; e m? A1+ m‘f} NI+m?® N 14+my? :

- -2 i 4
i.c. -ma)  (y-—myefl

1+4my® 1+ my?
fe.  (L4+mg®) (y? = 2myay 4 my®a?) — (L+m®) (i = 2mgay + my”2®) =0,

i. €. (m,® = mg?) (2 — y?) + 2 (mymg — 1) (my — my) xy =0,
i.e (my +my) (22— ¥®) + 2 (mymy— 1) xy =0.
Henece, by (2), the required equation is

a1 (3-1) sy

a—y?  ay

i.¢ =t
’ a-0b  h
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Find what straight lines are represented by the following equations
and determine the angles between them,

1. o?-Tay+12y2=0. 2, 42— 24zy+11y2=0.
3. 83z Tlazy - 14y*=0. d a23-0622+11z—-6=0.
5. y?-16=0. 6. y°—axy®-14x®y +242%=0.
7, a4+ 2zysecf+y =0, 8, 22+2axycotd+y?=0.

0, TFind the equations of the straight lines bisecting the angles
between the pairs of straight lines given in examples 2, 3, 7, and8.

10. Bhew that the two straight Iines
2* (tan®f +cos? 0) — 2zy tan 6+ y? sin? =0

make with the axis of a angles such that the difference of their
tangents is 2.

11, Prove that the two straight lines
(22442 (cos?@ sin®a -+ sin®f) = (x tan a -y sin 0)*
include an angle 2a.
12. Prove that the two straight lines
a® sinla c0os®d - dxy sin o 8in 8 4524 cos @ — (14 cos a)? cos?d]=0
meet at an angle a.

(2—8y)(x—4y)=0; tan 5. 2, (2v-1ly)(2x-y)=0; tan~14.
{11+ 2y) (82— Ty)=0; tan—13§. 4, 2=l »=2: p=8.
y==*4. 6. (y+4z)(y—2z)(y-8x)=0; tan~1( - §); tan~? (§).
x(l—sind)+yecosd=0; x(1+sind)4ycosf=0; 6,

y sind 4 2 cosf= ﬂuch_r_m?s_‘lﬁ; tan~! (cosec § Jtm}.

1222 — Ty - 12947 =0, Tla? 4 0day - T1y*=0; a?-y*=0;
.’I:"‘;—-yt"’zﬂ.

1. The equation is (z — 3y) (z — 4y)=0.
L. oy = %, my— %+, and the required angle

© 00 =3 o g0

, B |
=tan—!'—=—%_ —etec.
l1+2.4

34
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2. The equation is (22 —y) (2x — 11y) = 0.

. my =2, my=-%, and the required angle

o
1+2x+%
3. The equation is (32— Ty) (11x + 2y) = 0.
. m,=3%, my=—3L and the angle

= tan! = ete.

=" '?' <% (_ A
—ET )
6. The equation is
(y + 4x) (y — 3x) (y — 2x) = 0.

= ete.

Here m=—4, my=3, my=2,
The angle between the first and third
—4-2 6

e =1 b s

SR COxE T

The angle between the second and third
3-2 1
= S S B o O B el
= tan 1+3x2 tan 7

7. Solving as a quadratic in g, we have

3_/_=_secoi '180020-1 __.-_l_tlgln—o'
x cos 6

. the lines are (1 + sin 6) +y cos 6 =0,
and (1 —siné)+ ycos =0,
and the angle between them, by Art. 110,

2 nfsec? 6 — 1} _9

5

-

=ta.n“{
Y

8. Solving as a quadratic in 4 ;

—cos @ + A/cos 20
sin 6 :
*. the lines are xcos @+ ysin 0=+ aafcos 26, and the
angle between them, by Art. 110,

g=—cot0_-l_- Jeot?0 -1 =
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.2 Jeot?6—1
2
9. Use the result of Art. 112

=tan- = tan~? (cosec 6 v/cos 26).

_ @-y wy |
For the third pair the equation becomes R L
hence 2* — y* = 0 is the required equation.
10. Asin Art. 112,
2 tan 6 2
Byt e e sin*@  sinf. cos @
_ 2(sin®*@ + cos® §)
o W 2 (tan 6 + cot 6),
2 2
and tan 6, —tan 6,— i 80;.';;08 0:86030+cot20

=1+ tan?@+ cot? §;
<+ (tan 6, —tan 6,)*= 4 {(tan 6 + cot, 0)*— (1 + tan?6 + cot®6)}
=4, .. eto

11. Since
cos®0 sin® a + sin? 0 = cos? @ sin? a + sin? (sin’ a + cos® a)
=sin?a + sin? § cos? a
the equation may be written
(#* + »*) (sin®@ cos? & + sin? a) = (x tan @ — y sin 6)? ;
"o (@*+ 3°) (sin® @ + tan®a) = (1 + tan®a) (z tan a — y sin 6)?;
v @®sin®6 + »* tan® a + 2ay tan « sin @
=tan®a (2 tan a — y sin 6)?;
% msin0+ytana=itana(mt.ana—ysin 0).
The s of these lines are
tan®a —sin @ —tan? a — sin @
tan a (1 + sin @) o tana (1 -sin §)°
The angle between them
tan® a - sin @ tan® a 4 sin ¢
_ tap-1 0 a (1 + sin 6) T fana (1 —sin 6)
. tan‘a —sin® ¢
tan®a (1 —sin® @)
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TR 2 tan a_(ga.ni’rqj_sin"’ 6) _9
(I-tan®a) (tun* a + sin? 6) "
12.: Taking the terms in @’, ¥ and wy separately,
@* 8in* a cos® @ =2 sin®a — a2 sin® ¢ sin? 0,
¥ [4 cos a—(1 + cos a)? cos? ]
=y [(1 + cosa)® — (1 = cos a)*— (1 + cos a)* cos® ]
=%* (1 + cos a)*sin® @ — 42 (1 — cos a)’,
42y sin a sin 0
= 2ay sin a (1 + cos @) sin § + 2xy sin a (1 —cos a) sin 6.
Hence the given equation is equivalent to
[€sina+y (1 +cosa)sin ]’ = [z sin asin @ —y (1 —cosa)J’,
i.e. 2sina+y (1l +cosa)sinf==[xsinasinf-y(l-cosa),
2sin@-y ta.n’—;:l .

ie. atans+ysinf=+ [wtan2

2
", the two lines are

a

y(tan’2+sin 6)=a:tan:—: (sin 6 - 1),

and g/(tan’%' —sin 0) = mtan%(sin0+ 1).
The angle between them

tan%(sine— 1) ta.n-?'z—(sina-&- 1)

ta.n’% +siné tan”%—sin0
=tan™! =
tan® - (sin*@ — 1)
2
1+
tan? = — sin? @
2
2 tan = (tan"'(-z- + sin?® 0)
=tan—! 2 2 = Q.
(1 — tan?® %) (tan'-’% + 8in® 0)



150 COORDINATE GEOMETRY by S. L. LONEY (Kindle Edition)

GENERAL EQUATION OF THE SECOND DEGREE

114. The most general expression, which contains
terms involving @ and y in a degree not higher than the
second, must contain terms involving % ay, 4% @, %, and a
constant.

The notation which is in general use for this ex-
pression is

art + Dhay + by® + 29 + 2fy + e ... (1).

The quantity (1) is known as the general expression of
the second degree, and when equated to zero is called the
general equation of the second degree.

The student may better remember the seemingly
arbitrary coeflicients of the terms in the expression (1)
if the reason for their use be given.

The most general expression involving terms only of
the second degree in =, ¥, and # is

ax® + by® + ¢ + fyx + 2gzoe + Bhey ... (D),
where the coefficients occur in the order of the alphabet,
If in this expression we put z equal to unity we get
ax? 4+ by* + ¢ + 2fy + 2g + 2hay,
which, after rearrangement, is the same as (1).

Now in Solid Geometry we use three coordinates w, 7,
and z.  Also many formule in Plane Geometry are derived
from those of Solid Geometry by putting z equal to unity.

We therefore, in Plane Geometry, use that notation
corresponding to which we have the standard notation in
Solid Geometry.

115. In general, as will be shown in Chapter 15,
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the general equation represents a Curve-Locus.

1f a certain condition holds between the coefficients of
its terms it will, however, represent a pair of straight lines.

This condition we shall determine in the following
article.

116. 70 find the condition that the general equation
of the second degree

an® + 2hay + byt + 292 + 2fy +e=0......... (1)
may represent two straight lines.

If we can break the left-hand members of (1) into two
factors, each of the first degree, then, as in Art. 108, it
will represent two straight lines.

If ¢ be not zero, multiply equation (1) by @ and arrange
in powers of «; it then becomes
a’x? + 2ax (hy + g) =— aby® — 2afy — ac.
On completing the square on the left hand we have
aa® + 2o (hy + g) + (hy + g9)* = * (B*— ab)
+ 2y (gh— af ) + g* — ac,
%8
(aw+hy+g) === y*(BP—ab) + 2y (gh— af ) + g —ac ...(2).
From (2) we eannot obtain @ in terms of ¥, involving

only terms of the first degree, unless the quantity under the
radical sign be a perfect square.

The condition for this is
(gh— af = (I* — ab) (g° — ac),
i, g — 2afgh + a*f® = ¢* I — abg® — ael?® + a*be.

Cancelling and dividing by @, we have the required
condition, viz,

abc 4 2fgh — af? —bg2—-ch?=0 ...... (3).
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117. The foregoing condition may be otherwise obtained thus:
The given equation, multiplied by (a), is
af2? 4 2ahay + aby 4+ 2agx + 2afy +ae=0 ............(4).

The terms of the second degree in this equation break up, as in
Art. )08, into the factors

ax+hy —y W= ab and az-+hy +y /12— ab.
If then (4) break into factors it must be equivalent to
fax 4 (b — A/ W2 = ab) y & 4} {az+(h+ /hZ=abd) y + B} =0,
where 4 and B are given by the relations
a (4 +B}*E§cﬁ AT e 0

and AB=ac
The equations (5) and (6) give
A+ B=2g, and A - Ii_..‘z’r_'sf.uzf&

,\r" We—ab
The relation (7) then gives
dac=44B=(4 + Bj*- (4 - B)*
2
-l

.6 (Ffa—gh)?=(g* - ac) (h? - ab),
which, as before, reduces to

abe+2fgh — af* - by* - eh*=0.

BEx. If a be zero, prove that the general equation will represent
two straight lines if

2fuh — bg® — ch*=0.
If both @ and b be zero, prove that the condition is 2fy ~ eh=0.
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118. The relation (3) of Art. 116 is equivalent to the
expression

a, h g [
ki b f =0
g S ¢ ‘
This may be easily verified by writing down the value
of the determinant by the rule of Art. 5.

A geometrical meaning to this form of the relation (3)
will be given in a later chapter. [Art. 355.]

The quantity on the left-hand side of equation (3) is
called the Discriminant of the General Equation.

The general equation therefore represents two straight
lines if its discriminant be zero.

119. Ex. 1. Prove that the equation
1222+ Ty — 10y% + 13z + 45y — 35=0
represents two straight lines, and find the angle between them.
Here
a=12, h=}, b=-10, g=3%, [=A4%, and ¢= - 85.

Hence abe +2fgh — af?— bg® — ch?

=12 (= 10) x (- 35) +2x 4 x 4P x F - 12 (4#)" - (- 10) x ()

- (=35)(%)*

=4200 + £828 — G075 1622 - LI0E

= — 18754 L8228 =0,
The equation therefore represents two straight lines.
Solving it for x, we have

Ty+13 . (Ty+13\? _10y2-45y+85  (Ty+13)?
2 e — e | =
ST "'( 24 )“ iz T\ 2
_ [23y-43\?
“\Tu )
Ty+13_ , 28y-43
S S T
. =T . =by+b
¥, €. = 3 or 4 .

The given eguation therefore represents the two straight linesg
3z=2y -7 and do= -5y +5.
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The “m’s” of these two lines are therefore § and —#, and the
angle between them, by Art. 66,

:tﬂ-ﬂ-l _73;:-_ { :-.g_:l — tﬂ.:ll_.l ( Fay .ﬁ&“'_}.
1+5(-%)
Bx. 2. Find the value of h so that the equation
Ga? 4 2hay + 1292+ 2224 81y + 20=0
may represent two straight lines.

Here
a=6, =12, g=11, f=%, and ¢=20.

The condition (3) of Art. 116 then gives
2007 - 341k + 2522 =0,

i.e. (le—4%) (20— 171) =0,

Hence =21 or 37,

Taking the firgt of these values, the given equation becomes

622+ 172y + 1292+ 222 + 51y + 20=0,

i.e. (2 + By +4) (3z + 4y + 5) =0.

Taking the second value, the equation is

2022 5Ty +40y% + 2§ 4 810y 2000,

i.e. (4z + by + 2?) (5 -8y +10)=0,

Prove that the following eguations represent two straight lines;
find also their point of intersection and the angle between them.

1., G6y?—ay-22+80y+86=0, 2. a®-bay+4y’+a+2y-2=0.
3. 3y?—Say —3a%— 29z + 8y — 18=0,
4, yi+ay-22'-bx—y-2=0,
5. Prove that the equation
2?4+ bay + 9y  +4r+12y - 5=0
repregents two parallel lines.

Find the value of k so that the following equations may represent
pairs of straight lines :

8. 62+ 1lzy—10y%4z+3ly+k=0.
7, 122~ 10zy+2y°+ 11z — by + k=0,
8, 1227+ kay+2y%+1le -5y +2=0.
9, Ga®4ay-+Eky®-1le+43y - 35=0,
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10, ‘faxy-8ax+9y-12=0,

11, 2*+2Pay+y*—ba—Ty+Ek=0.
12. 1224y - 6y~ 29z + 8y + k=0,
18, 224wy —y®+ ke 46y - 9=0.

14, 2+kay+y* -5 -Ty+6=0,

Prove that the equations to the straight lines passing through
the ﬂrlgm which make an angle a with the straight line y +2=0 are
given by the equation

2%+ By see 2o+ y2=0.
16. What relations must hold between the coefficients of the
equations
(i) az®+by*+cxdcy=0,
and (ii). ay®+bay +dy +ex=0,
go that each of them may represent a pair of straight lines ?

17. The equations to a pair of opposite gides of a parallelogram
are

—Tx+6=0 and y*— 14y +40=0;
find the equations to its diagonals,

L (& —4H); 455 2. (2, 1); tan™ 4. 3, (-4, -§); 90
4, (-1,1); tan™13. 6, -—15. 7. % 8 -10or —-173.
9, -12. 10, 6. 11, 6. 12, 14. 13. -8.
14, & or1p. 16. (i) e(a+b)=0; (ii) ¢=0, or ae=bd.
17. 5y +6x=56; by - br=14,

SOLUTIONS/HINTS

It is easily seen in Nos, 1—5 that the condition of
Art. 116 is satisfied.

1. If By+x+4)(2y—a+ B) =6y*—wxy—a*+ 30y + 36,

then B-A4=0, 24 + 3B=30, 4B = 36.

‘Whence 4 =B=6.

Solving the resulting equations 3y+x+6=0 and
2y —x+ 60, we have z =§; y=—12,
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M-

The angle —ta.xr’l é l--t.a.n“l =45°,
E)

2. If(x—4y+Ad)(z—y+B)=a*— 5a,-g+4y2+x+2y—.,,
then A+B=1, A+4B=-2, AB=-2.

Whence A=2, B==1.

Solving the resulting separate equations we have

=2 y=1.
The angle =tan™? L = tan=13
1+1.1 v

3. If
(3y +z+4d)(y— 3w+ B) = 3y*— 8ay — 3a°— 29 + 3y — 18,
then 34-B=29, 3B+4=3, AB=-18.

Whenoe A=9, B=-2,

The two straight lines are therefore
3y+2+9=0 and y— 32— 2=0.

Solving z=-3, y=-45
1
The angle = tan~! Aty =tan~! (w0 ) = 90°,
1-3.3
4. If (y+22+A)(y—z+B)=1P+ay—22*—bx—y -2,
then 2B-A=-5, A+B=-1, AB=-2,
Whence A=]1, Be==2,

Solving #=-—1; y=1. Also the m's of the two
straight lines are — 2 and 1.

-2-1
o e |
The angle = tan =

5. Since the condition of Art. 116 is satisfied, and
the terms of the second degree are (x+ 3y)? the two lines
must be parallel. In fact the two lines are

x+3y+5=0 and z+ 3y -1=0.

6. The condition of Art. 116 gives
6x(—10)xk+2x%txdx3L—6x (81— (-10)x(})
—k(312=0
i.e. —60k+ 241 8786 4 10_f121=(,

ie. 381f—_3418 (o f——15,

=tan™1 3.
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7. Here

12x2xk+2(—-7§)xlglx(—5)—12x(_.g)ﬁ_2x 11y
- k(- )=

etec. giving £.

8. Here

b\ 711\ /%

12x2x2+2(—§>(-§->(2) () ( () :
. 55k 121
.. 48 - -4-7——75__5__5_0,

6. 2k +B5k+350=0, ie (k+10)(2+ 35)=0.

9 k i
10. Here 0+2 (5) (—4) <z) ~(-12)7 =0.
', 3k3—-18k=0, .. k=6.
The value &= 0 is clearly inadmissible.
14. Here

7 5\ & 7\? 5\?
1.1.6+2.(-3)(- 5)-5-1-(-3) 1. -3)
-6 x % =0,

ie. 6k2—35k+50=0, d.e (2k—5)(3k—10)=0. .. ete.

15. The line 4+« =0 is inclined at 135° to the axis.

Hence one of the straight lines is

—1+tana

1 +tana ’
i.e. (cos a +sina) i+ (cosa —sina) =0.

So the other is y = tan (135° —a),
1.6 (cos a —sina) y + 2 (cos a + sina) = 0.

*. by multiplication, the equation to the two lines is
9 cos 2a + 2wy +a*cos2a=0. ... ete.

16. (i) The condition of Art. 116 becomes
a(:+b =0, or ¢(a+b)=0.

(ii) The condition becomes ¢ (db— ae) =0.

y=otan (135° + a) =2
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17. The equations to the sides are
xz—1=0, z—6=0, y—4=0, and y—10=0.
Hence the coordinates of the corners are
(L 4); (6, 4); (6, 10); (1, 10).
y—4 2-1 y—4 a-6
10-4~ 6-1° 10-4 1-6°
or oy —bz=14 and 6z + 5y =586,

Hence the diagonals are
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120, To prove that a homogeneous equation of the nth
degree represents n straight lines, real or vmaginary, which
all pass through the origin.

Let the equation be
fﬁ + Al =1 + Jlgmﬂyﬁ_s + J{Rmﬂyﬂ_g i Aﬂ:ﬂﬂ - 0_
On division by «" it may be written

1t =1 o=
(E) A, (E) %A (fi’) RO B LY B 1
o H M i

This is an equation of the nth degree in g, and hence

must have n roots.

Let these roots be m,, my, my, ... m,. Then (C. Smith’s
Algebra, Art. 89) the equation (1) must be equivalent to
the equation

(Lom) (Loma) (L-m) . (L=ma)=0...2)

The equation (2) is satisfied by @/l the points which
satisfy the separate equations

g_ml=0’ %"mn=0: -+-g"mn=ﬁ=

i.e. by all the points which lie on the n straight lines
y—mpe=0, y—mupe=0,..y—max=0,

all of which pass through the origin. Conversely, the
coordinates of all the points which satisfy these n equa-
tions satisfy equation (1). Hence the proposition.

121. Ex. 1. The eguation
y® = Bay? + 1122y — 625 =0,
which is equivalent to
(y - =) (y - 22) (y - 32) =0,
represents the three straight lines
y—x=0, y-2r=0, and y-3x=0,
all of which pass through the origin.
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Ex. 2, The equation g®- 5y*+6y=0,
i.e. oy (y—2)(y—-38)=0,
gimilarly represents the three straight lines
y=0, y=2, and y=3,
all of which are parallel to the axis of .

122. 7o find the equation to the two straight lines
Joining the origin to the points wn which the straight line
$Bih Y = issaveninasiasannih)
meets the locus whose equation s

ax? + 2hay + by® + 2gx 4+ 2fy+e=0.. ...... (2),
The equation (1) may be written
lz + my :
= ) NIRRT (- |

The coordinates of the points in which the straight line
meets the locus satisfy both equation (2) and equation (3),
and hence satisfy the equation

2
aa? + 2hay + by* -+ 2 (g + fy) h—lfw e (gm -;my) =0

[For at the points where (3) and (4) are true it is clear
that (2) is true. |

Hence (4) represents some locus which passes through
the intersections of (2) and (3).

But, since the equation (4) is homogeneous and of the
second degree, it represents two straight lines passing
through the origin (Art. 108).

It therefore must represent the two straight lines join-
ing the origin to the intersections of (2) and (3).
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123. The preceding article may be illustrated geo-
metrically if we assume that the equation (2) represents
some such curve as PQAS in the figure.

-
-

¥
70 X
;

Let the given straight line cut the curve in the points
P and @.

The equation (2) holds for all points on the curve PQRS.

The equation (3) holds for all points on the line P¢.

Both equations are therefore true at the points of
intersection P and €.

The equation (4), which is derived from (2) and (3),
holds therefore at £ and ().

But the equation (4) represents two straight lines, each
of which passes through the point O.

It must therefore represent the two straight lines OF
and 00,

124, Ex. Prove that the straight lines joining the origin to the
points of intersection of the straight line x —y =2 and the curve

bat+ 12ry — By? 4+ 8Bu— 4y +12=0
make equal angles with the axes,
As in Art. 122 the equation to the required straight lines is

pan —_ 2
5xﬂ+1ﬂmy~832+{am-4y;“_gl’ +12 (E_E?:f) =0......(1).
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For this equation is homogeneons and therefore represents two
straight lines throngh the origin; also it is satisfied at the points
where the two given equations are satisfied.

Now (1) is, on reduction,
.yﬁ:d_mg’
go that the equations to the two lines are
=2 and y= - 2=
These lines are equally inclined to the axes.

125. It was stated in Art. 115 that, wn general, an
equation of the second degree represents a curve-line,
including (Arxt. 116) as a particular case two straight lines.

In some cases however it will be found that such
equations only represent isolated points. BSome examples
are appended.

Ex. 1. What is represented by the locus
(—y+el+{@w+y—ef=0h.iiiiinn (1).
‘We know that the sum of the squares of two real

quantities cannot be zero unless each of the squares is
separately zero.

The only real points that satisfy the equation (1)
therefore satisfy both of the equations

z—y+ec=0 and z+y—c=0.
But the only solution of these two equations is
=0, and y=ec.

The only real point represented by equation (1) is therefore
(0, e).

The same result may be obtained in a different manner,
The equation (1) gives

(=g +ef == +y—o)

i.e. 2 —y+e=2N_1(x+y—c)

It therefore represents the two imaginary straight lines
z(l— /=1 —y(l+/=1)+ec(l+/=1)=0,

and a(l+/—D—y(l—/=1)+e(l—J=1)=0.
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Each of these two straight lines passes through the
real point (0, ¢). 'We may therefore say that (1) represents
two imaginary straight lines passing through the point

(0, ).

Ex. 2. What is represented by the equation

(@ —a®)? + (v — %) =01

As in the last example, the only real points on the locus

are those that satisfy both of the equations
a?—a®=0 and *—5'=0,

6. rx==a, and y==b,
The points represented are therefore

(@, b), (a, —b), (—a, b), and (—a, —0D).

Ex. 3. What is represented by the equation
Bty +a’ =01

The only real points on the locus are those that satisfy
all three of the equations

=0, y=0, and a¢=0.

Hence, unless @ vanishes, there are no such points, and
the given equation represents nothing real.

The equation may be written

2 + P =—a?,

so that it represents points whose distance from the origin
is an/=1. Tt therefore represents the dmaginary circle
whose radius is aa/~1 and whose centre is the origin.

126. EBEx. 1. Obfain the condition that one of the straight lines
given by the equation

ar®+ 2y + 07 =0 i (1)
may coincide with one of those given by the equation

e’z + 2Ry + 0P =0.....oiiniiiiiiiinnn (2)s
Let the equation to the common straight line be
=My E=0 s nnannia R e (3).

The quantity ¥ — m,« must therefore be a factor of the left-hand of
both (1) and (2), and therefore the value y =m,« must satisfy both (1)
and (2).
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We therefore have

o I e T (4),
and ol T M T RO | |
Solving (4) and (5), we have
my? oy 1

2 (ha' — W'a) “ab —a'b 2 (bh' = bR}
_ ha'-HKa o ab' —a'b
B A ‘{2 (oh — b’h}}
go that we must have
(ab’ —ab)2=4 (ha'— W'a) (bR - V'Rh).
Bx. 2. Prove that the equation
m (x® — Bxy®) + y® — aty =0
represents three straight lines equally inelined to one another.
Transforming to polar coordinates (Art. 35) the equation gives
m (cos*@ — 3 cos  sin® ) + sin®@ — 3 cos?f sin #=0,

i.e. m (1 -3 tan®6) + tan®6 — 3 tan §=0,
: 3tan f —tan®* 6
1. 6. m=-— 18t T_tﬂllﬂﬂ.

If m=tan a, this equation gives

tan 88=tan «,
the solutions of which are

80=a, or 180°+a, or 360°+a,

y a o} e ano _a'_
i.e b= B,m: 60 +J or 120 +3.

The loeus is therefore three straight lines through the origin
inclined at angles
T o 2
37 60 +3 and 120 +3
to the axis of x.
They are therefore equally inclined to one another.

Bx. 3. Prove that two of the straight lines represented by the
equation
azrd+ba*y +exy* +diF=0 o (1)

will be at right angles if
a®+ae+bd + *=0,

Let the separate equations to the three lines be
y-mr=0, y-mur=0, and y-mux=0,
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so that the equation (1) must be equivalent to
d (y —myz) (y = myz) (y — myz) =0,

and therefore My + My + My = —3{2],
b

Mgy~ MMy + My Mg = g (3),

and My Mgy = —g .............................. ().

If the first two of these straight lines be at right angles we have,
in addition,

From (4) and (5), we have  © S e (3).
”‘3;“31
and therefore, from (2),
Mg+ Mmy= —% - g= _i?'

The equation (3) then becomes

af ct+ay ,_ b
d d —a’
0,

i.e. altactbd+di=

1, Prove that the equation
YP - +3ay (y - 2) =0
represents three straight lines equally inclined to one another,
2. Prove that the equation
y* (cos a + /3 sin a) cos a — xy (sin 2a — /3 cos 2a)
+a%(sina - 4/3cos a) sin a=0
represents two straight lines inclined at 60° to each other.
Prove also that the area of the triangle formed with them by the
straight line
(cosa—,/3sine)y - (sina+,/3cosa)zt+a=0
a—2
4_-\.1'@". L]
and that this triangle is equilateral.
3. Shew that the straight lines
(42 - 3B?) 2+ 84 By + (B - 842 y*=0

form with the line dx 4+ By + C=0 an equilateral triangle whose area
c*

18 ,._f—ﬁ {AH—Bﬁ'

ig
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4, Find the equation to the pair of straight lines joining the
origin to the intersections of the straight line y =mx +¢ and the curve

22+ yt=at
Prove that they are at right angles if
2¢2=a? (L +m?).
5. Prove that the straight lines joining the origin to the points
of intersection of the straight line

kx4 hy=2hk
with the enrve (2= R4 (y - k)P=c®
are at right angles if hE+ k* =2,
6. Prove that the angle between the straight lines joining the
origin to the intersection of the straight line y =3« +2 with the curve
a* 4 2zy + 3y* + 4w+ 8y - 11=0 is tan—! ﬂﬂﬁ .

7. Shew that the straight lines joining the origin to the other two
points of interseetion of the curves whose equations are

ax® 4 2hay 4 by* + 292 =0
and a'z® 4 2h'ay + W'yt + 29’2 =0
will be at right angles if
gla'+b)—g' (a+b)=0.
What loci are represented by the equations

8, z-yi=0. 9, z*-zy=0. 10, «y—ay=0.
11, «*-a?—a2+1=0. 13, z*-wy*=0. 13, «?+y¥=0.
14, 22+42=0. 15, «%=0. 16, (x*-1)(y%2-4)=0.

17. (#@-12+(y*-43%=0. 18, (y-mz—c)’+(y—mz—c)*=0.
19, (#*—a?)? (22— b2+t (y? ~ a?)2=0. 20. (z—a)-y=0,
01. (x.{.y}g—{:ﬂzﬂ, 29, r=a sec {E—ﬂ.:].
23, Shew that the equation
ba?— Zhay 4+ ay*=0
represents a pair of straight lines which are at right angles to the pair
given by the equation
ax®+ 2hay 4+ by?=0.
24, If pairs of straight lines
22— 2pay — y*=0 and 2*- 2qxy ~y*=0
be such that each pair bisects the angles between the other pair, prove
that pg= - 1.
25. Prove that the pair of lines
ata®+2h (a+ b) xy + b*y?=0
is equally inelined to the pair
ax® 4 2hay + byt =0.



CHAPTER 6: PAIR OF STRAIGHT LINES 167

26, BShew also that the pair
az®+ 2hxy + by* + N (22 +y?) =0
is equally ineclined to the same pair.
27. If one of the straight lines given by the equation
ax®+ 2hay + byt =0
coincide with one of thoze given by
a'a? -+ 2h'zy + Vy? =0,
and the other lines represented by them be perpendicular, prove that
L !
%, £ ;—?E = T ad’bb".
98. Prove that the equation to the bizecfors of the angle between
the straight lines ax®+ 2hay +by?=0 is
h (2% —y%) + (b— a) wy = (ax? - by?) cos w,
the axes being ineclined at an angle w.
29, Prove that the straight lines
ax®+ 2hay + by*=0
make equal angles with the axis of x if h=ua cosw, the axes being
inclined at an angle w.

30. If the axes be inelined at an angle w, shew that the equation
® + 2oy cos w+y” cos 2w=0
represents a pair of perpendicular straight lines.
31. BShew that the equation
cos 3a (z? — Bzy?) + 8in Ba (7 — Ba*y) + 3o (22 +y*) — 4a®=0
represents three straight lines forming an equilateral triangle.
Prove alzo that iis area iz 3 J 3a’,

32. Prove that the general equation
ax® + 2hay + by + 2ge + 2y 4 ¢=0
represents two parallel straight lines if
ht=ab and byi=af:
Prove also that the distance between them is

0 \/ E:z?ﬂ'j;'
afa+b)’
33. If the equation

ax® + 2hay + by* + 2gx + 2fy +¢=0

represent a pair of straight lines, prove that the equation to the third
pair of straight lines passing through the points where these meet the

axes is
4fg

«

ax® — Shay + by + 2y + 2fy + ¢ + =~ 2y =0,
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34, If the equation
ax? + 2hay + by + 202 + 2fy +e=0
represent two straight lines, prove that the square of the distance of
their point of intersection from the origin is

ol Gl ) s e

ab — h? :
35, Shew that the orthocentre of the triangle formed by the
straight lines
az?+ 2hey 4+ hy?=0 and lx+my=1
is a point (o', ¥') such that
o y___atb
L7 m  am?=20dm+ b2’
36. Hence find the locus of the orthocentre of a triangle of which

two sides are given in position and whose third side goes through a
fixed point.

37. Shew that the distance between the points of intersection of
the straight line
zeosa+ysina—p=0

with the straight lines az®+ 2hay + by*=0

A a1 - ab

" b cosa,— 2hcosasina+asin? o
Deduce the area of the triangle formed by them.

38. Prove that the product of the perpendiculars let fall from the
point (z’, y’) upon the pair of straight lines
ax?+ 2hay + by*=0
ax'? + 2ha'y’ + by

W (@ =0+ 402

39. Shew that two of the straight lines represented by the
egquation

is

ay + by 4 cay® + dady 4 et =0
will be at right angles if
(b +d) (ad + be) + (e~ a)® (a+ e +¢€) =0.
40, Prove that two of the lines represented by the eguation
ax? -+ brdy +caty® + dey® + ay* =0
will bisect the angles between the other two if
e+ba=0 and b+d=0.

41, Prove that one of the lines represented by the equation
az® + bty + exy® + dy* =0
will bisent the angle between the other two if
(8a+¢)2(be +2ed — Bad) = (b+ Bd)® (be +2ab ~ Bad).
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4. ¢* (2°+ y*) = a® (y — ma)’

8. z—y=0, or 2a+y=0.

9. =0, or z—y=0.

10. =0, orz=a.

1. 2z-1=0,orz—1=0,0oraz+1=0.

12. x=0, or z—y=0, or &+ y=0.

13. z+y=0, or a*—ay+%*=0.

14. 2°=0, and 2*=0.

15. 2=0,0ory=0

1. #z+1=0, or z—1=0, or y —2=0, or y+2=0.
17. z=+1,and y=+2.

18. y—mx—¢=0, and y—-m'z—c" =0.
19. x=+a,+b,and y=+a.

20. T—a=19Y, Or ir—-u=—1.

2. 2+y=c,orz+y=—c

22. 7cos(f—a)=a.
36. ba? —2hay + oy = (a +b) (ha + ky).

l. Putm=—11in Ex. 2 of Art. 126.

2. The equation may be written
y* cos a. cos (a— 60°) —zy sin (2a - 60°)
+ 2%sin a.sin (a—60°) =0.
w6 {ycos (a—60°) =zsin (a— 60°)} {y cosa—zsin a} =0,
". the two lines are y =2 tana, and y =« tan (a —60°%),
or in polar coordinates, @=a, 6=a—60°. ............ (i)

These two lines are inclined to one another at an a.ngle
of 60°,
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The third line is 2 sin (a + 60°) g cos (a + 60°) = 7 , or

in polars, + sin (a + 60° — 6) = g.

Each of the lines (i) cuts this line where » = .

3
. The triangle is equilateral since two equal sides are
inclined at 60°, and its area

LI sin 60° = @
2-~/3.~/3. 1n —-m.

3. On factorizing, the equations to the straight
lines are (A+~/§B)m+(B—J§A)y=O,

and (A=~3B)w+ (B + N34)y=0.
Put tan a=§ , divide each by «/47+ 22 and we obtain
y=wtan (a + 30°), and y = tan (e« —30°),
or in polars, f=a+30"; B=a=30". .ocrscrrres (i)
Also the equation Az + By + €' = 0 becomes
C
r=

VA5 5 oos (0—a)
Each of the lines (i) cuts this line where
2C
T N+ B Y3
Hence, since the lines (i) are inclined at 60°, the triangle
is equilateral, and its area

1 & et O
—2'3(A+ B’ B2+ B

4. 'The required equation is, (Art. 122),
¢ (& + y°) = a* (y — ma)’
The lines are at right angles if
9%t =a? (1 +m?). (Art. 111).
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5. The required lines are, (Art. 122),
413 (o + ) — dhke (hac+yk) (ke + hy ) + (P + K2 —¢?) (ke + Dy )*= 0.
These lines are at right angles if
8hE — 40K — ARPE + (B2 + K —¢*) (B2 + 1#) =0, (Art. 111)
v if 2P+ KP=c
6. The required lines are, (Art. 122),
(2* + 22y + 3y°) . 2°+ 2 (y — 3z) (da+ 8y) — 11 (y — 3x)* =0,
i.e. Ta?— 2y — y* =0,
and the angle between them (Art. 110)

NiE 2
tan ! 2—1_ﬂ= tan-l _2~/ .
7T-1 3
7. On multiplying the first equation by ¢, the second
by g, and subtracting, we have an equation which is satistied

when the two equations are satisfied. But the resulting
equation is, on reduction,

a* (ag' —a'g) + 2ay (hy' — Kg) + 3* by — b'g) =0,
i.e. it gives two straight lines through the origin.
These are at right angles if
g(@ +b)=g¢ (a+b) (Art. 111).
8. w—y=0, or 2+y=0. The lines bisecting the
angles between the axes.

9. x=0, or x—y=0. The axis of ¥ and the line
z—y=0. (See Ex. 8.)

10. y=0,0orz=a. The axis of z and a line parallel
to the axis of ¥ at a distance « from it.

11. 2z—-1=0,orz—1=0,0orz+1=0. Two coincident
lines parallel to the axis of % at a distance 1 from it, and
a line also parallel to it, and at a distance — 1 from it.

12. =0, or —y=0, or @+ y=0. The lines of
Ex. 8 with the axis of .

18. z+y=0, or a*—ay+y*=0. The line @+ y=0
(see Ex. 8) and two imaginary lines through the origin.
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14. 2*=0, and 3*=0. The origin.

15. «=0, ory=0. The axes.

1. #+1=0, or z—1=0, or y —2=0, or y+2=0.
Four lines, two parallel to the axis of z, and two parallel
to the axis of ¥.

17. x=+1,and y=+2. Four points, viz

(13 2)3 (lv _2); ("‘ la 2);‘ (— 13 == 2)‘

18. y—mx—c¢=0, and y—m'z—¢'=0. The point
of intersection of these two lines,

19. z=+a, +b, and y =+a. The 8 points,

(@ a); (4 -a); (-a,a); (-a —a);
(bya); (b,—a); (-b,a); (=0,—a).

20. x—a=y, orx—a=—y. These two straight lines.

2l. z+y=c ora+y=—c. These two straight lines.

22. 7cos(0—a)=a. A straight line. [See Art. 88.]

23. If b (y —mx) (y — mux) = aa® + 2hay + by,

2h @
then My + My == ==, and MMy = 7«

The lines at right angles to y —mz=0 and y —ma=0
are (my + x) (my + x) = 0,
or My . my® + (my + my) xy + 2? =0,

. 2h .
.8 g.y"——g.my+a:2=0, v.e. @y —2hay + bat = 0.

24. The bisectors of the angles between 2%~ 2pay —*=0
are, (Art, 112),

ma_2_yz = f:;/’, or pa*+ 2ay —py*=0.
If these are coincident with 2* — 2gay — 3* = 0, then
? 2

T=_"‘2‘é; e pq:—l.
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25. The bisectors of the angles between the first pair

are, (Art. 112),

-y ay i D—y ay

=8 h(a+b) " azb &’
which are also the bisectors between the second pair.
Hence ete.

Let either of these bisectors be O@Q and let the first
pair be 04, OA’ and the second pair 0B, 0B, We then
have £ A'0Q = Q04 and L B0OQ=.Q0B. .. by sub-
traction, . BOA"'=_._ AOB.

26. The angles between the two pairs of lines have
the same bisectors. (Art. 112.)

27. Let aa® + 2kxy + by* =b(y —px) (y —ma),

and a'z® + 2h'xy+b'y3§b(y—pa:)<y+ 7%a:)
2h : 1 2R
Then p+m=——, ...... (i) Py (ii1)
@ 4 a’ g
PI= e (ii) %'—:— v PPN L9
(ii) and (iv) give p’:—:—z—,, so that p=-————'—::“b 3 and (ii)
then gives
i ab' " N—aba't’
N—aba'b’ {7

g : 2h 7 (1 1
(i) then gives g = N~ aba'd (b—b,—c?[;),

W'l ‘
so that b,,f :, = A/ —aba'b’.
Finally, from (iii),

20
Y

—=mPrl

i 0 TR
b—a
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28. Let y—mxz=0, and y —m,2=0 be the two lines,
2
so that m1+m._.=—-bé, MMy = g. If these be inclined at
#, and 6, to the axis of # and the bisector at 6, then, as in
Art. 112, 20=6, + 6, or = + 6, + 6,.

m, Sin o o sin w
l+m,co8w 1 +m,cosw
.. tan 260 = tan (6, + 6,) = s Lo
m, Sin o 7y S1N ©

1 +mycos o " 1+ mycos

sin o {(my + my) + 2mym, cos o}
s + (my + my) COS © + Tmym, (cos”m sin*w)

sin  {- 24 + 2a cos w}
“b—2hcosw+a (cos*w — sin*w)

If y = max be the equation of a bisector, then

7 8in o _
fimoee 09
2% sin w
x
4
tan 96 = l+5.008w _ 2ysine (z+ycosw)
S ¥t i (a:+y¢osw)’—yssin“m
—a-:‘e.bm w
e 2
Y
(1-!-—0080))
x
Hence the equation becomes
y (2 + 7 cos w) B @cos w—h 3
(z+ycoswy—ysin*w b — 2k cos w +a(cos® w—sin*w)’
or b (2* — ) + (b — a) 2y = (az® — by®) cos w.
29. Let ax®+ 2hay + by® = b (y — mz) (y —myx), so that
2h a

m1+m2=—%, and My = -
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Also tanf, = IMTRD  snl tan @, = B bl
1+m,cosw 1 + my cos w
If 0,+0,=m, then tan6, + tan6b,=0.
o = + . =0.
1+mycosw 1+mycosw
. my + My + 2mymy co8 o = 0. .. h=acosw.
30. If |
@* + 2wy cos @ + % cos 2w = cos 2u (y — myz) (y —mgz),
2 cos w 1
then My M= s and m,m, = e
1+ (my+ )008w+mw--2082w_2cos’w+1—0
i B s cos 2w -

.". the lines are perpendicular. (Art. 93.)
31l. Transforming to polars, the equation becomes

3
cos 3 (0 +a) + 3w®—4a*=0. .. cosa(o+a)=4£'~,_3g.
This is satisfied by §: cos (0 + a), g = COS (0 +a— 2-311) , and
g=eos <0+a-§-;—r>. These equations are

o o . /2
x cos (— a) + ysin(—a) =@, xcos (—34—a> +ysm(—3~—a)=a,
4 . (4w
and mcos(g-a>+ysm(—3-—a>=a,

The equation therefore represents these three straight lines
which are inclined at 60° to each other.

By Ex. x. 20,

_a* (3sin120°) i
the area of the A =3 a3 120° =34/3.a%
32. The terms of the second degree must be a perfect
square; .. A*=ab. If
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ax®+ 2hay + by* + 2gx + 2fy+ ¢
= (Vaz+ Nby + M) (Naz + Nby + \,),
then ~a(\+X)=2g; Vb(\+A)=2f Whenoe af?=by".

R s e De-dpat -—“c)

The distance between the two lines
= difference of perpendiculars upon them from the origin

A~ _9 g —ac
,Ja +b a (CI: + b)
383. Since the equation represents a pair of stra.ight lines,
. abe + 2fgh — af*—bg* —ch*=0. ......... (i)
If we put « =0 in the equation of the tlurd pair of lines,

we must obtain by*+ 2fy +¢ =0, and if we put y= 0 in the
equation of the third pair of hnes, we must obtain

ax® + 2gx + ¢ =0,
since they cut the axes in the same points as the given lines.

Therefore the equation of the third pair of lines must
be of the form

ax® + b + 29w+ 2fy + ¢ + 2hwy =0, ..oiiii. (ii)
Smce this is the equation of a pair of lines
. oabe+ 2fgh —af? —bg® —cA*=0. ......... (iii)

Subtracting (iii) from (i) and dividing by A %, we have
Wg=c(h+A). .. A= -2{—g——h.

Substituting for A in (ii), we have the required equation.
34. By Art. 117, the two lines are
az+ {h— Nh—ably+A4=0, and aw+{l+ NI —ably+ B =0,

2t —
where A+ B=2¢g, and A—B-—.fﬁf(ﬁ_—?iqé.
# — ab
By adding, aac+lzy +9=0;
ghais fa _bg - fh
By subtracting, y=7 ab , Whence z= o
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a (af= 2g7h) + b (bg" — gy + I* (g +. /)
(- ab)?
] a(a,bc—-bg’—ck’) +b (abe - af* = ch®) + k2 (¢ +f“)
(—aby
by using the condition of Art. 116,
(g +/2) (A*—-ab) — (ac +be) (k —ab) ¢*+f*—ac— bc

a?+ yt=

(h*—ab)? T WM-ab
35. Let aa® + 2hay + by® = b (y — myz) (y — myz), so that
2k a -
My +1my = — and MM =F o e (i)
The line le+my =1 cuts y — m,x =0, where
e X L Wy
x_l+mm1’ y—l+mml'

The equation of the line through this point perpendicular
to y —mgr =0, is
(L+mm) =1+ my{y (L +mm,) -—m} =0, .. (ii)
The orthocentre lies on this line and also on the line
through the origin perpendicular to lz + my =1, viz.

z_y_
g ", [T, “S— " (1ii)

For the orthocentre we have thus to solve (ii) and (lu)
From (m) put 2 =I\, y =m\ in (ii).
MP + lm(my + my) + m®. man,} =1 + myn,.
: a+b
L b2 — 2him + am®”

36. If the straight line /xz +my=1 of the previous
article passes through the fixed point (4, %), we have

/T N (1)
We must eliminate / and m between this and
2 oy a+b

T m am>—2him+bE "t @)
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The first two of these give

« y h:c'+lc1/ 7 ;
T=0 = Mk =@ +&, by (1)

Substituting for /, m in (2), we have
he! + ky' = (a - b)2g?;'/+ ky )9, 80 that the locus required is
bx’—2ha:y + ay*=(a +b) (hx + ky).
37. Eliminating « between the two equations, we have
y* (b cos® a — 24 cos asin a + @ sin® )
— 2yp (asina— h cos a) + ap*=0;
v 2p (asin a— A cos a)
g y1+yg=(bcosza— 2h cos asin a + @ sin*a)’
ap?
b cos®a— 2k sin a cos a + a sin‘a
4p*cos*a (h*—ab)
{b cos’a — 2hcos asina + asin’a
4p*sin® a (h* — ab)
(b cos® a — 2A cos a.sin a + asin® a)*’
: e 2p N —ab
Vim—a)t + ( ~ ) = b cos®a — 2kpcos asine+asin®a’
For the area of the triangle, multiply this expression

and Y=

Whence (y,—y.)* =

Similarly (2, — . y) =

by g
38. Let ax®+ 2hxy + by* = b(y — m,a:)(y — m,a), so that
2 a . 4P —2ab
m,+m?=—? y MMa=y, and m,* + m, T

The product of perpendiculars from (2, %')
_ (Y —m) (¢ — my)
JI+md) (1 + m,’)
ax’® + 2ha'y + aa:"-’ + 2ha’y + by

T b Jlam? tmiemirmim?  N(a—b)+ 443




CHAPTER 6: PAIR OF STRAIGHT LINES 179

39. If Y = m is one root of the equation, s & must
x ®  m

be another.
oamt+bm® +emP +dm+e=0,......... (i)
and emt —dm® + em® —bm +a=0. ......... (ii)
Subtracting, (¢ —e) m*— (@ —¢) + (b +d)m (m*+ 1)=0;
So(a—e)ymP+(b+d)m—(a—e)=0. ...... (iii)
Multiply (i) by e, (ii) by @, and subtract ;
S (be +ad)m? ¢ (e—a)m® + (de+ ab)ym + € — a* = 0. (iv)
Multiply (iii) by e + @ and subtract from (iv).
o (be+ad)ym? +(e—~a) (c+a+e)m—(ad+be) =0....(v)
- Eliminating m between (iii) and (v),
(b+d)(ad+be)+(e—a)(a+c+e)=0,
Aliter. Since two of the straight lines are at right
angles, their equation must be of the form

2+ Axy —y*=0. (Art 111.)
The other factor is a quadratic which must be
ex® + pay — ay’.
Hence the equation given must be equivalent to
(o + Ay — y°) (ea® + pavy — ay”) = 0.
Comparing coefficients, we have

d:M—i-p., ........................ (l)
C=—e€—@+ ANty eeerverennnn... (2)
and b=b— A:;—y. ..... e (3)
: + + be
(1) and (3) give X:—;_—e and p= s and then
a b+ d) («d + be
(2) gives a.+c+e=—( (a—(—e)’ ).

40. The bisectors of the angles between the lines
la® + 2may + ny*=0 are (Art. 112)
ma® = (I —n) 2y —my* = 0.
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Hence if  aa* + ba’y + ca®y® + dxy® + ay* = 0,
and  (l&® + 2may + ny?) [ma®— (I—n)xy —my?] =0,
represent the same four lines, then

ml 2m*—P+ln_3m(n-0l) —2m—In+n’_ —mn
a b ¥ & 1 d T oa
2m?— 20 - 2m® + 2P
. {=—mn. Hence - 7 -
“b+d=0, a.ndizz—sl; s ¢+ 6a=0.
& ©

4]1. Let the straight lines be
(¥ — mzx) (y — mgz) (y — myx) =0,

so that My + Mg + Ny = — f—i M S I (1)
MWy My + TSIy + DM, =é 5 R TR (2)
and MMMy = — g R L T (3)
By the question, 2 tan~!m,=tan—'m, + tan=1m,,
2mg Mg+ my _—c—dmg’ from (1).

"1-m2 1—-mym, d—dmm,
So 2myd 4 2a = — ¢ + em,® — dmy + dmy’,

i.e. dmg® + emg® — 3dmy — (¢ + 2a)=0. ......... (4)
But, since y = m,a satisfies the given equation,
Soodml+emlt +bmy+a=0. ............ (5)
3a +c

Subtracting (4) from (5), we have m,= —

Substituting this value in (5), we have the given con-
dition. '



