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8.2 Algebra

DE FINITION
A rectangular array of symbols (which could be real or complex
numrbers) along rows and columns is called a matrix.

Thus a system of m x n symbols arranged in a rectangu-
lar formation along m rows and n columns and bonded by the
brackets [-] is called an m by n matrix (which is written as m x
n matrix). Thus,

an G o aq,
a a - a
21 22 2
A= A
A amZ amn

is a matrix of order m x n. '
In a compact form, the above matrix is represented by
—[a] 1<i<m,1<j<norsimply [a_] .Thenumbersa

fAmxn® 11°
a,, ---»etc., of this rectangular array are called the elements of
the matrix. The element a, belongs to the ™ row and j* column

and 1is called the (i, /)" element of the matrix.

Equal Matrices

Two matrices are said to be equal if they have the same order
and each element of one is equal to the corresponding element
of the other.

PGl AN If a matrix has 8 elements, what are the
possible orders it can have?

Sol. We know that if matrix is of order m x n, it has mn
elements. Thus, to find all possible orders of a matrix with 8
elements, we will find all ordered pairs of natural numbers,
whose product is 8.
Thus, all possible ordered pairs are (1, 8), (8, 1), (4, 2), (2, 4)
Hence, possible orders are 1 x 8, 8 x1,4x2,2x 4

4 Construct the matrix of order 3 x 2 whose
elements are given by a,= =2i-j.

4 4p

Sol. In general 3 X 2 matrix is given by | a,, a,,

Now aU=2i— sy Oy
= a,=2)-1=1
a,=2(1)-2=0
a, =2(2)-1=3
a,=2(2)-2=2
a, =23)-1=5
a32=2(3)—2=4 l O_
Hence the required matrix is |3 2
5 4)
If xry 2x+z___ 47 then find th
x=y 2z+w| |0 10)2CHTRCETE

values of x, y, z, w
x+y 2x+z 4 7
Sol. We have =
x=y 2z+w 0 10

Comparing the elements we have
x+y=4,2x+z=T7,x-y=0and 22+ w=10
Solving these equations we getx=2andy=2,z=3,w=4

iyl R For what values of x and y are the
following matrices equal?

2x+1 3 2
A= , y . B= x+3 y +2
: 0 y —Sy 0 -6

Sol. We have,
[2x+1 3y J_[x+3 y2+2}
0 y*-s5y| | 0 -6
= 2x+1=x+3 (1)
3y=y*+2 ' 2)
¥ -5y=-6 _ €))
= x=2 [FromEq. (1)]

y=1lor2 [From Eq. (2)]
y=2or3 [From Eq. (3)]
= x=2andy=2
Classification of Matrices
Row Matrix )
A matrix having a single row is called a row matrix,
eg.,[1357]
Column Matrix ‘ _
A matrix having a single column is called a column matrix, e.g.,
2
3
5

Note: Matrices conszstmg of only one column Or.row are .
called vectors. -

Square Matrix
An m x n matrix A is said to be a square matrix if m = n, i.e.,
number of rows = number of columns. For example,
12,3
A=12 3 4
3 45
is a square matrix of order 3 x 3.

Note: The diagonal from left-hand side upper corner to
right-hand side lower corner is known as leading diagonal
or principal diagonal. In the above example, diagonal
containing the elements 1, 3, 5 is called the leading or
principal diagonal. :

Diagonal Matrix

A square matrix all of whose elements, except those in the lead-
ing diagonal, are zero is called a diagonal matrix. For a square
matrix, A = [aU]”x” to be a diagonal matrix, a, = 0, whenever
[#]. ‘

A diagonal matrix of order n x n having d,d

2,y .., d asdiag-
onal elements is denoted by diag [d , d ., d }. For example,

12 Goy o

300
A={0 5 0
00 -1



isa diagonal matrix of order 3 x 3 to be denoted by A = diag
[35-1].

Scalar Matrix :
A diagonal matrix whose all the leading diagonal elements are
equal is called a scalar matrix.

For a square matrix A = [a,]

gyinxn
0, i#j
a, = L
i m, =]

where m # 0. For example,
500
A=|0 50
0 0 5

is a scalar matrix.

to be a scalar matrix,

Unit Matrix or Identity Matrix

A diagonal matrix of order » which has unity for all its diagonal

elements, is called a unit matrix of order » and is denoted by [ .
Thus, a square matrix A = [a,] _ is a unit matrix if

ij*nxn
l, i=j
al.. = . ']
Y10, i#j

For example,

Triangular Matrix

A square matrix in which all the elements below the diagonal
are zero is called upper triangular matrix and a square matrix in
which all the elements above diagonal are zero is called lower
triangular matrix.

Given a square matrix A = [a.] . For upper triangular
matrix, a,= 0, i > j and for lower triangular matrix, a,= 0,i<
J- For example,

a h g 1 0 O
0 b filand{2 3 O
0 0 ¢ 1 -5 4

are, respectively, upper and lower triangular matrices.

Note:
* Diagonal matrix is both upper and lower triangular.
_» Atriangular matrix A = [ aij]"x” is called strictly triangu-
larifa,=0for1<i<n.

Null Matrix

If all the elements of a matrix (square or rectangular) are zero,
it is called a null or zero matrix. For A = [a,.j] to be null matrix,
a,= 0, V i, j. For example,
0 00

0 0 0
0 0 0f, .

00 0 0| are null matrices.
000 )

0

Matrices 8.3

Trace of Matrix

The sum of the elements of a'square matrix A lying along the
principal diagonal is called the trace of 4, i.e., tr(A). Thus, if A
=la.] . ,then

ij-nxn

n
tr(A) =Y a; =a;, +anp+---+a

i=1

nn

Properties of Trace of a Matrix
LetA=[a],,  and B=[b]
(i) tr(A4) = Atr(4)
(i) (A + B) = tr(A) + tr(B)
(i) tr(AB) = tr(BA)

nxn

.and 1 be a scalar. Then,

Determinant of Square Matrix )

To every square matrix A = [aU] of order n, we can associate
a number (real or complex) called determinant of the square
matrix A, where a, = (i, Jbelement of A.

This may be thought of as a function which associates each
square matrix with a unique number (real or complex). If M is
the set of square matrices, K is the set of numbers (real or com-
plex) and f: M — K is defined by f{A) =k, where A € M and k
€ K, then f{A) is called the determinant of A. It is also denoted
by Al or det(A) or A.

a b . N a b
IfA= {a } , then determinant of A is written as lAl = ‘ }
c d c d
= det(A).
Note:
« IfA, A, .., A; are square matrices of the same order

then|AA,..Al=1AIA].. 1Al
e If k is scalar, then kAl = k*|Al, where n is order of the
matrix A.

 If A and B are square matrices of same order then 1AB|
= |IBAl even though AB # BA

Singular and Non-Singular Matrix
A square matrix A is said to be non-singular if |Al # 0, and a
square matrix A is said to be singular if IAl = 0.

B2l LR  Find the values of x for which matrix
3 -1+x 2
3 -1  x+2]| singular.

x+3 -1 2

Sol. Given matrix is singular

3 x-1 2
= 3 -1 x+2|=0
x+3 -1 2
0 X  —x
= | 3 -1 x+2|=0[R 2R -R]
x+3 -1 2
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0 X —x
= -x 0 =x|=0[R,»R,-R]
x+3 -1 2
0 x 0
= -x 0 x[=0[C,—>C,+C)]
x+3 -1 1

= —x[(=x0)-x(x+3)]=0 = x(*+4x)=0 = x= 0,4
Hence only one value of x in closed interval [-4,—-1] i.e. x = —4

ALGEBRA OF MATRICES
Addition and Subtraction of Matrices

Before we give the formal definition of addition and subtraction
of matrices, we will discuss an example from a real life situation.
Let the marks of the three students S, S,, S, in maths, physics
and chemistry in two tests are as follows:

Test | . Test 2

P C M P C M
5,140 40 60 S, {55 65 78
S5,130 70 40 S,[40 65 35
S,[25 50 55 S,[42 65 70

Now if we want to find the aggregate marks in both the tests,
then we must have

Test | Test 2
P C M P C M
5,[40 40 60| s,{55 65 78
Aggregate marks = §,|30 70 40|+S,[40 65 35
S;125 50 55| S;{42 65 170
P C M
5[40 +55 40+65 60+78
=5,/30+40 70+65 40+35
S5 25+42 50+65 55+70
Test 1
P C M
5,[95 105 138
=5,|70 135 75
S, 67 115 125

Thus, any two matrices can be added if they are of the same
order and the resulting matrix is of the same order. If two matri-
ces A and B are of the same order, they are said to be conform-
able for addition.

Let A, B be two matrices, each of order m x n. Then, their
sum A + B is a matrix of order m x n and is obtained by adding
the corresponding elements of A and B.

Thus, if A = [aU]m“ and B = [bij]mxn are two matrices of the
same order, their sum A + B is defined to be the matrix of order
m x n such that (A + B),.j:a‘.j+ b,.jfori= 1,2,....,mandj=1,
2, ..., n. For example,

Note: ~ :

* Only matrices of the same order can be added or subtracted.

* Addition of matrices is commutative [A + B = B+ Al aswell”
as associative [([A+ B)+ C=A+ (B+ O)]. :

« Cancellation laws hold well in case of addition.

» The equation A + X = O has a unique solution in the set
of all m x n matrices (where O is null matrix).

Scalar Multiplication

Before we give the formal definition of scalar multiplication,
we will discuss an example from a real life situation. Let the
marks of the three students S|, S,, S; in maths, physics and '
chemistry are as follows:

P C M
S,[40 40 60
5,130 70 40
-8,|25 50 55

After the result, the examination body realizes that the test
papers were too difficult for the students to perform well. So
they decided to give 10% grace marks to each students in each
subject. Then the revised result is

P CcC M

S[ 44 44 66
=5,| 33 77 44
S,[27.5 55 60.5

P C M

S,[40 40 60
(1.D)x| S,{30 70 40
S,{25 50 55

Thus, the matrix obtained by multiplying every element of a
matrix A by a scalar 4 is called the scalar multiple of A by A and
is denoted by AA, i.e., if A = [a‘.j], then 1A = [/lau]. For example,

if
2 3 5 4 6 10
A= ,then 2A =
6 7 8] 12 14 16]

Note: All the laws of ordinary algebra hold for the addition or
subtraction of matrices and their multiplication with scalars.

Sol. 3A—23=3[2 _1}—2{1 4}
301 72

6 3] [2 8
19 3] |14 4
[6-2 -3-8
{9-14 3-4

R
-5 -l
SEl A If A =diag (1-12)and B =diag (23-1),

find 3A + 4B.
Sol. 34 + 4B = 3 diag (1 -12) + 4 diag (23 —1)




= diag (3 -3 6) + diag (8 12 - 4)
= diag (1192)

Example 8.8 i
1 2 -3 2 P q
A =|3 4jand B={ 1 -5/| thenfind D=|r s |such
56 4 3 t u
thatA+B-D=0.
Sol. Here A+ B-D = 0.
D=A+B
p q| [1.2] [3 =2
= |r s|=(3 4+ 1 =5
t u 56 4 3
1-3 2-
=[3+1 4-
[5+4 6+3
(2 0
=4 -1
19 9
-2 0
= D=4 -1
9 9
1 2 0
NGl ICR R LetA+2B=| 6 -3 3| and24A-B
2 1 5 -5 3 1
=|2 -1 6| thenfind Tr(A) - Tr(B).
0 1 2

Sol. Here to find the value of Tr (A) — Tr(B), we need not to find
the matrices A and B

We can find Tr(A) — Tr(B) using the properties of Trace of
matrix

That is
I 20
A+2B=|6 -3 3
-5 3
= Tr(A+2B)=-1
or T(A)+2T(B)=-1 )
2 -1 5
2A-B=12 -1 6
0 1 2
= Tr2A-B)=3
or 2T(A)-T(B)=3 (i1)

Solving (i) and (i1}, we get Tr(A) = 1 and Tr(B) =— 1
= Tr(A)—-Tr(B)=2

Mulitiplication of Matrices _
Before we give the formal definition of how to multiply two
matrices, we will discuss an example from a real life situation.

Matrices 8.5

Consider a city with two kinds of population: the inner city
population and the suburb population. We assume that every year
40% of the inner city population moves to the suburbs, while
30% of the suburb population moves to the inner part of the city.
Let I (resp. S) be-the initial population of the inner city (resp. the
suburban area). So after one year, the population of the inner part
is 0.6/ + 0.3S, while the population of the suburbs is 0.47 + 0.7S.

After two years, the population of the inner city is 0.6(0.61
+0.35) + 0.3(0.4 + 0.75) and the suburban population is given
by 0.4(0.61 + 0.3S) + 0.7(0.41 + 0.7S).

Is there a nice way of representing the two populations after a
certain number of years? Let us show how matrices may be helpful
to answer this question. Let us represent the two populations in
one table (meaning a column object with two entries):

1
N
So after one year the table which gives the two populations is

[0.67+0.38
| 0.41 +0.78
If we consider the following rule (the product of two matrices)

[a bl|[I] [al+bS

e d} M - [c1+dS:|

then the populations after one year are given by the formula
[0.6 03][7

0.4 0.7} M

After two years, the populations are

[0.6 03]([0.6 03] [1

0.4 0.7}[{0.4 : 0.7} {SD

Combining this formula with the above result, we get
[0.6 0.3} [0.6 0.3} _ {0.6 x0.6+03x04 0.6x03+0.3x 0.7}

04 07]104 07 04x06+0.7%x04 04x%x03+0.7x0.7

In other words, we have

a blle f| lae+bg af +bh|
e dllg k] |cetdg of +dn

In fact, we do not need to have two matrices of the same size
to multiply them. Above, we did multiply a (2 x 2) matrix with
a (2 x 1) matrix [which gave a (2 x 1) matrix]. In fact, the general
rule says that in order to perform the multiplication AB, where A
is a m X n matrix and B is a k x [ matrix, then we must have n = k.
The result will be a m x [ matrix. For example, we have

a b ¢ * _|ax+by+ez
d e f dh dx+ey+ fz
z

Two matrices A and B are conformable for the product AB

if the number of columns in A (pre-multiplier) is same as the

number of rows in B (post-muitiplier). Thus, if A = [a,.j]m .,and B

=[b,],,, are two matrices of order m x n and n x p, respectively,

then their product AB is of order m X p and is defined as
(AB); = iéirb,j =ayb; +a,-2b2j +--+a, b
r=1 !

in~nj
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byj
=[a, a5--a,] bff
by
= (" row of A) (j* column of B) n

wherei=1,2,...,mandj=1,2,..,p
Now, we define the product of a row matrix and a column

matriX. LetA=[a, a, ... a] be a row matrix and
bl
b
B=|"
b

be a column matrix. Then,

“AB=ab +ab,+ - +ab 2)
Thus, from (I) we hdve (AB) is the sum of the product of
elements of /" row of A with the correspondmg elements of j®
column of B. For example,

2 1 3 1 -2
A=|3 -2 llandB=|2 1
-1 0 1 4 3

Here A is a 3 x 3 matrix and B is a 3 x 2 matrix. Therefore, A
and B are conformable for the product AB and it is of order 3 x
2 such that

(AB),, = (First row of A) (First column of B)
B

=[213]|2|= 2x1+1x2+3_><4=16
|4

(AB')12 = (First row of A) (Second column of B)
[—2

=[213]1 1 |=2x(-2)+1x1+3%x(-3)=-12
-3

(AB), = (—Second row of A) (First column of B)
1
=3 -211|2{=3x1+(-2)x2+1x4=3

4
Similarly, we have (AB),, = -11, (AB), =3 and (AB),, = -
16 -12
AB=|3 -1l
3 -1

Properties of Matrix Multiplication

« Commutative law does not necessarily hold for matrices.

+ IfAB = BA, then matrices A and B are called commutative
matrices. .

» If AB = =BA, then matrices A and B are called anti-
commutative matrices.

» Matrix multtpllcatton is associative: A(BC ) = (AB)C.

Proof: v

LetA = [a ]mx” B = [bu]nxp and C = [Cu]pxq Then, AB is an..
m x p matrix and so (AB)C is a m x q matrix. Also, BCis .
of order n % q and so A(BC) is of order m x q. Thus (AB):

C and A(BC) are ofthe_ same order. Now,
. Jd . . '
- r=| .

- z(zaw o

=]\ s=1 r=ls=l1

P n

= 2 Zaxs(bucu)

r=ls=1

[By association law of multip.lication of numbers]
n i n ’
=a (2 (bxrcq-)] =2.4,(BC); = (A(BOY),
: s=l r=i 5=

foralli, j

Thus, (AB)€ and A( BC ) are two matrices. of the same order
such that their corresponding elements are equal Hence,
(AB)C = A(BC).

o Matrix multiplication is distributive with respect to addition
ABx=C)=AB+AC

« If the product AB = O, it is not necessary that atleast
one of the matrix should be zero matrix. For example, if

0 2 1 0 0 0 . .
A= d B= , = while neither A
[0 O} an {0 0:| then AB [0 0:|

nor B is the null matrix. e
« Cancellation law does not necessarily hold, i.e.,

= AC, thenin general B# C, even if A+ 0.
* Matrix multiplication A X A is represented as A% Thus

if AB

A"=AA - ntimes.
« IfA=diag(a,a,a, .. a) and B=diag (b, b, b, ... b)),
then A x B = dzag (albl, azbz, .. anbn) Thus A" = dign (a],

ay, aj, .., a:) -
. I]? A an B are diagonal matrices of the,same order, then
AB = BA or diagonal matrices are commutative.
« If A and B are commutative, then’
(A+B)f =(A+B)A +B)
=A’+AB+BA+B*:

=A%+ 2AB + B*
Similarly,
(A + B)’ =A*+3A°B + 3AB” + B°
. In general,
(A+B)="CA"+"CA""'B+"CA" B4+ C B“
Matrices A and I are alwam commutative. Hence,
(I+A)y="C,+"CA+ ”C1A7 +"C A"

Transpose of Matrix

The matrix obtained from any given matrix A, by interchanging
rows and columns, is called the transpose of A and is denoted
by AT If A = [a”]m)< ,and AT = (D], o then b,.j =a, Y i, j. For
example, if ' '



1 2
r |1 47
=14 5 ,then A" =
7 8 25 82x3

3x2

: Properties of Transpose

. (AI)T —
s (A+ B)T =AT + BT, A and B being conformablc matrices
s (aA)* = aA’, a being scalar
o (AB)L.=B"A"(reversal law), A and B bemg conformable for
multiplication .
Proof: :
_Let A= [au]mx” and B = [by],,x,, be two matrices. Then, AB is
an m x p matrix and therefore (AB)" is a p x m matrix. Since
AT and BT are n x m and p x n matrices, therefore B" ATis a p
x m matrix. Thus, the two matrices (AB)" and B7AT are of the
same order such that -

((AB)"), = (AB),
—'_ Z ajl r

n

zbrlajr

= Z(BT> (AT,

= (B'AT),
Hence, by the definition of equality of two matnces we have
(AB)* = B"A”. Transpose of matrix A is also denoted by A”.
« AT =1Al

Matrix Polynomial

If matrix A satisfies the polynomial flx) = a, + @ x + a,x* + -+

+ax, thenf(A)=a0]+(t]A+a2143+-~-+a”A”.
23
-2 3
and B=|4 5| then
2 5] s 1
find the product AB and BA.
2 3
' 1 -2 3
Sol.AB:{ }4 5
-4 2 5
2 1
[2-8+6 3-10+3 | |0 4
|-8+8+10 —12+10+5 103
23 :
1 -2 3
BA=|4 5
-4 2 5
12 1
2-12 —-4+6 6+15 -10 2 21
=|4-20 -8+10 12+25|=|-16 2 37
2-4 —4+2  6+5 -2 =2 11

Matrices 8.7

i Find the value of x and y that satisfy the

(3 3
equations {3 0 {y y] =|3y 3yi.
X X
2 4 (10 10
3 2 [3 3
Sol. Given |3 0 |:y y}= 3y. 3y
X X -
2 4 (10 10

3y—2x 3y—-2x 3 3
= 3y 3y | =3y 3y
2y+4x 2y+4x 10 10

Comparing elements we have
3y—2x=3 )
2y +4x + 10 @)
Solving (1) and (2) we get we get x=3/2y =2

LetA = a b and B = p # 0 .Such
c d q| .10

that AB = B and a + d = 2, then find the value of (ad — bc).

Sol.LetA = a b and B = p
c d q

p
q

- [
[l

Example 8.12 |

= ap+bg=p (D
andcp+dg=q . (2)
Eliminating p, ¢ from (1) and (2) we have
a-1 b
=0
c d-1

= (a-1)d-1)-bc=0
= ad-(a+d)+1-bc=0
= ad-bc=(a+d)-1=2-1=1

|7 1 , then show that
0 1
h)
8 p -1
A8 = p 4[ p—lj
Sol. a2=|P [P 7|_ P’ pgtql_ Pt oalp+D)
o 1)lo 1) o 1 0 1
poofr 4\ pava|_[P Patpatq
0 1){0 1 0 1

_(P e’ +p+D
0 1
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Simil arly,

4 3 2 1
A4=[1:) 9(p +p1+p+1)] and so on.

f-1
o [p* a(p’ +p* +~-~+1)]_ P q[—p ]
= = p -1
A0 1
0 1
The matrix R(¢) is defined by

Exarnple8.14 .

R(t) = { cost  sinf } . Show that R(s)R(®) = R(s + ).

—sinf cost

[ coss sins|[ cost sinf
Sol. R(s)R(r)= }{ }

—sins coss || —sint cost

[ coss cost—sins sin coss sinf +sins cost]

| —sins cosf —coss sint €OSs cost — sins sinf

B [ cos(s+1) sin(s+17)
| —sin(s +£) cos(s+1)

=R(s +1)

1
_Example 8.15 I A=(1 g], show that A* = 34 - 2.

Using this result, show that A® = 2554 — 2541,

10
. A=
Sol [1 2]

, (1 0Y(1 0) (1 0
= A‘= =
1 21 2 3 4
Now,

1

3A—21=3[1
(3-2 0
“13-0 6-2

1 0
44
Hence, A?=3A-2I
Now,
A = (A2 = (34 — 2I)°
=9A% — 12A] + 4P
=942 124 + 4/
=90BA-2D)-12A + 41
=154 -141
A% = (A" = (154 — 141)?
=225A% — 420AI + 196
=22503A - 2I) - 420A + 1961
=255A - 2541

[2CIUEERIE Matrix A has m rows and n + 5 columns,
matrix B has m rows and 11 -z columns. If both AB and BA
exist, prove that AB and BA are square matrices.

Sol. If both AB and BA exisi, then the number of columns of A
is equal to the number of rows of B.

n+5=m 9]
And the number of columns of B is equal to the number of
rows of A.
l-n=m 2)
Solving Egs. (1) and (2), we get n =3 and m = 8. Hence, A
has order 8 x 8 and B has order 8§ x 8. Hence, both AB and BA
are square matrices.

Example 8.17

o ooy o O 2
0 P P £ B

= An=p=]

If A= Ll’ 0], n € N, then prove that
l

Find the value of x for which the matrix

S 2 0 7| -x 14x Tx .
product |0 1 0| 0 1 0 | equals an identity matrix.
1 -2 1| x -4x -2x
2 0 7i—-x 14x 7x
Sol.io 1 offl0o 1 o
1 =2 1| x —4x -2x
S5x 0 0 1 00
=0 1 0|={0 1 0] (given)
0 10x—=2 5x| |0 0 1

= Sx=1,10x-2=0, .'.x:%

1 2 b
[DCTITICERER Tet A= and B=|" are two

matrices such that they are commutative and ¢ # 3b. Then
find the value of (a — d)/(3b - ¢).

Sol AB_12ab
ol |3 4lic d

3 a+2c b+2d
“|3a+4c 3b+4d

BA = a b||l 2 B a+3b 2a+4b
“le di|3 4| |c+3d 2c+4d
If AB = BA, then
a+2c=a+3b
= 2c=3b=b+#0

b+2d=2a+4b
= 2a-2d=-3b

a-d
3b-c 3




3 4
=11 4 , show that

1+2k 4k
k 1-2k

}, where k is any positive integer.

Sol. We have,

-, [3 4] [3 4] [5 -8] [1+2x2
A = . = =
1 -1] |1 -1} |2 -3 2

—4x2
1-2x2
and .

A}_'s -81[3 —4] [7 -12] [1+2x3 -4x3
2 3l 173 s 3 1-2x3

Thus, it is true for indices 2 and 3. Now, assume

Ak_'1+2k —4k

ok 1-2%k
Then,

A= 1+2k -4k | [3 -4
Tk o1=2k| |1 -1
[3+2k —4k+D)

Tl k+1 -1-2k
12+ -4g+D
k+1 1-2k+1)

Thus, if the law is true for A%, it is also true for A**'. But it
is true for k = 2, 3, etc. Hence, by induction, the required result
follows.

1
Let A= {

3
a matrix such that A = BX. Then find X.

Sol. Let,

AR i g

a=1,b=2,2c=3,2d=-5

[1 2 } 1{2 4}
X: = e
3/2 =5/2| 2|3 -5

Matrices 8.9

———l Concept Application Exercise 8.1 !———

1. Solve the following equations for X and Y
oy Y 330 _ 4 1 51~
B ERE Y el [ !

o 0 -
2. If w is complex cube root of unity and A = [ }, then
calculate A'®. 0 o

1 2. x 1 - 2.y
3. fA=|0 1 OfandB=[0 1 0
0 01 0o 0 1

and AB = I, then

find the value of x + y.

1 0 )
4. IfA=| - , then find A'®,
/2 1
cos@ —sind . .
5 IfA=| | , then find the values of 8 satisfying
sin@ cos6

the equation A” + A =-Iz.

K

| -1
(al + pAY? = A%

7. Consider the matrices

6. IfA=

1
} , then find out the values of a, £ such that

4 6 -1 2 4 3
A=|3 0 2| B=|0 1|,C=i1
I -2 5] -1 2 2
Out of the given matrix products, which one is not defined.
a.(AB)’C  b.CTC(AB)" c. C"AB d. ATABB'C
0 1 0]
8 IfA={0 0 1|, thenshow thatA*=pl+ gA + rA%
p g rj
9. IfA :[1 _1} B:{a : } and (A + By = A> + B, then
2 -1 b -1
find g and b.
Conjugate of Matrix

The matrix obtained from any given matrix A containing com-
plex number as its elements, on replacing its elements by the
corresponding conjugate numbers is called conjugate of A and
is denoted by A. For example, if

1+2i 2-3i 3+4i
A={4-5 5+6i 6-Ti
» 8 7 +8i 7
then,
4 1=2i 243i 3-4i
A=|4+51 5-6i 6+7i
8 7-8i 7

Properties of Conjugate
« (A)=4

* (A+B)=A+B
* (aA)=@aA, o being any number

e (AB)=AB , A and B being conformable for multiplication
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Trans pose Conjugate of a Matrix

The transpose of the conjugate of a matrix A is called transposed
conjugsate of A and is denoted by A’ The conjugate of the
transpose of A is the same as the transpose of the conjugate of

(A =(A) = A°.
thenA®=[b ]

A, le.,

IfA = [al_j] where bﬁ=ﬁ 7 i.e.,the(j,i)"element

of A%is equaﬁxtlé) the conju gjzlitlg of (i,/)" element of A. For example,
t1+2i 2-3i 3+4 1-2i 4+5i 8
ifA=|4-5 5+6i 6-—7i| thenA’= 2+3i 5-6i 7-8i
18 748 7 3-4i 6470 7

Properties of Transpose Conjugate
* (A=A

« (A+BY=A%+B :

e (KAY = kA k being any number.

‘o (AB)’ = BA?

SPECIAL MATRICES

Symmetric Matrix

A square matrix A = [q,] is called a symmetric matrix if a, = a,
for all Z, j. For example, the matrix

21° al3 = 1 = a3l’ a23 = 5 = a32'
It follows from the definition of a symmetric matrix that A
is symmetric < a,=a, foralli,j < A),= (A’)‘_j for all ,

jeo A=A"

is symmetric, because a,, =-1=a

Thus, a square matrix A is a symmetric matrix if A" = A.
Matrices

a h g 2410 1 3

A={h b f|.B=| 1 2 3+2i
g f ¢ 3 342 4

are symmetric matrices, because A” = A and B" = B.

Skew-Symmetric Matrix

A square matrix A = [a,.j] is a skew-symmetric matrix if a;=-u,
for all i, j. For example, matrix

0 2 3
A=|-2 0 35 |isskew-symmetric, because
3 -5 0
=2,a,,=-2=a,=-q,
, =3, a =3=a,=-q,
_—5 aw— 5:>£123=—c132

It follows from the definition of a skew-symmetric matrix
that A is skew-symmetric. This implies and is implied by
a, =-a, forall i,
= (A) =—(A7) for all £, j
S A =-AT

& AT =-A
Thus, a square matrix A is a skew-symmetric matrix if AT
= — A. Therefore, matrices

0 2 3 0 =35
A=|-2i 0 4|B=|3 0 2
3 -4 0 -5 -2 0

are skew-symmetric matrices, because A” = -A and B” = -B.

Properties of Symmetric and Skew-Symmetric Matrices

(i) IfAisasymmetric matrix, then—A, kA, A7, A", A, BT AB
are also symmetric matrices, wheren e N, ke R and Bis
a square matrix of order that of A

(ii) If A is a skew-symmetric matrix, then
(a) A* is a symmetric matrix forn € N, :
(b) A*+!is a skew-symmetric matrix for z# € N,
(c) kA is also skew-symmietric matrix, where k € R,
(d) BTAB is also skew-symmetric matrix where B 1s a
square matrix of order that of A.

(iii) If A, B are two symmetric matrices, then
(a) A = B, AB + BA are also symmetric matrices,
(b)AB-BAisa skew-Symmetric matrix,
(¢) AB is a symmetric matrix, when AB = BA.

(iv) If A, B are two skew-symmetric matrices, then
(@) A £ B, AB — BA are skew-symmetric matrlces
(b)AB+BAisa symmetric matrix.

(v) IfAis a skew-symmetric matrix and Cis a column matrix,

then CTAC is a zero matrix.

Show that the elements on the main
iagonal of a skew-symmetric matrix are all zero.

Sol. Let A = [a ] be a skew-symmetric matrix. Then, a,=—a,
for all i, j (by defmmon) Hence,
a, = —a, for all values of i
= 2a,=0
=  a, =0 for all values of i
= a, ,=a,=d,=--=a =0

11 22 33 nn

Let A be a square matrix. Then prove

a. A + AT is a symmetric matrix,
b. A — AT is a skew-symmetric matrix and

c. AAT and ATA are symmetric matrices.

Sol.
a. Let P=A + A". Then,
=(A+ANT=AT+ (ADT [
= P'=A"+A [ (AN =A]
= PT=A+AT=P
[By commutative law of matrix addition]
Therefore, P is a symmetric matrix.

b. Let 0 =A — A" Then,

A+ B)T AT+ BT

o' = (A ANT=AT- (AN [ (A+B)"=A"T+B"]
= Q'=AT-A [-(AN=A
= o lulantl

‘Therefore, Q is skew-symmetric.



¢. Wehave,
(AAT)" = ((ATTAT) [By reversal law]
= AAT [ (A7)T=A
Therefore, AAT is symmetric. Similarly, it can be proved that
ATA is symametric.

k¥ Prove that every square matrix can be
uniquely xessed as the sum of a symmetric matrix and a
skew-symmétric matrix,

Sol. Let A be a square matrix. Then,

A= %(A+A’)+ -12—(A—A7)=P+Q(Say)

where P = (1/2)(A + ATy and Q = (1/2)(A — A7).

Now A + AT is symmetric and A — AT is skew-symmetric.
Therefore, P is symmetric and Q is skew-symmetric. Hence
proved.

0 1 -1
Example 8.2 IfmatrixA=|4 -3 4 |=B+C,where
3 -3 4

B is symmetric matrix and C is skew-symmetric matrix.
Then find matrix B and C.

Sol. Here matrix A is expressed as sum of symmetric and skew-
symmetric matrix.

Then B = %(A—FAT)andC: %(A—AT)

0 1 -I f[o 4 3
NowA= 4 -3 4 = AT=[1 -3 3
3 -3 4 -1 4 4
[0 1 -1] [0 4 3] 0 5 2
:>B=l -3 4|+ 1 -3 3 =l -6 1
2 2
13 =3 4| |-1 4 4] 2 1 8
(0o 1 1] [o 4 3] 0 -3 -4
andC:l 4 -3 44-]11 -3 3 :13 0 7
2 3 3 4] [-1 4 4] 2 4 -7 0
3 a -1
A = {2 5 ¢ | is symmetric and
b 8 2
d 3 a
B=|b-a e -2b-c| isskew-symmetric, then find AB.
-2 6 -f
Sol. A is symmetric
= AT=A
3 2 b 3 a -1
= |la 5 8§|=(2 5 ¢
-1 ¢ 2 b 8 2

= a=2b=-1,c=8

Matrices 8.11

B is skew- symmetric

= B'=
_2 [ —d -3 -a
{ =|la-b —-e 2b+c
~2b—c —f 2 -6 f
= d=-d,f=-fande=-¢
= d=f=0
3 2 -1 0 3 2
SoA=|2 5 8|andB=|-3 0 -6
-1 -8 2 -2 6 0
3 2 -11[0 3 2] [4 3 -6
=AB=|2 5 8 -3 0 -6 =|-31 54 -26
-1 8 2 -2 6 0 -28 9 =50

xar | Let A, B, C, D be (not necessarily square)
real matrices such that

AT=BCD; BT =CDA; C" =DAB and D" = ABC
for the matrix S = ABCD, prove that S* = S.
Sol. S=ABCD = A(BCD)=AAT ‘ : )]
S$? = (ABCD)Y(ABCD)(ABCD)
= (ABC)(DAB)(CDA)(BCD)
= D'C'B7AT
= (BCD)'A” = AAT )
from (1) and (2), S=§°
1 2 2
§ If A=2 1 -2|isamatrix satisfying
a 2 b
AAT =9I, then find the values of a and b.
Sol. We have,
1 2 2 1 2 a
A=|2 1 2|=A"=(2 1 2
a 2 b 2 2 b
AAT =091,
1 2 2|1 2 a 1 00
= (2 1 =22 1 21=9|/0 1 0
a 2 b2 2 b 0 01
9 0 a+2b+4 9 0 0]
= 0 9 2a+2-2b| =10 9 0
la+2b+4 2a+2-2b a*+4+b° 009

= aqg+2b+4=0,2a+2-2b=0anda®*+4 +5*=9
= a+2b+4=0,a-b+1=0and*+b*=5
Solvinga+2b+4=0anda—-b+1=0, we get

a=-2, b=-1. Clearly, these values satisfy a*> + b* = 5.
Hence, a=-2 and b =-1. -
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Unnitary Matrix

A square matrix is said to be unitary if A’A =Isince |4’ = 1 A|
and | A’A | = 1A’11Al, therefore if A’A = I, we have 1A"11A]
=1.

Thus, the determinant of unitary matrix is of unit modulus.
For a matrix to be unitary it must be non-singular.
Hermitian and Skew-Hermitian Matrix
A square matrix A = [a,.j] is said to be Hermitian matrix if
a,= Eij, Vi,j,ie., A=A’ For example,

, 3 3-4i 5+2i
a b+ic
[ . ], 3+4i 5 2+
b—ic d .
5-2i 2-i 2
are Hermitian matrices.

A square matrix A = la,] is said to be skew-Hermitian if

a,=a,Vijie., A’=-A. For example,
3i -3+4+2i -—-1-i
0 2+
{ ) :,, 3+2i 20 -2-4i
2+1 0 ]
1-i 2-4i 0
are skew-Hermitian matrices.

Note: :

* If A is a Hermitian matrix, then a, = G, = a, is real, Vi.
Thus every diagonal element of a Hermitian matrix must
be real.

* A Hermitian matrix over the st of real numbers is actually -
a real symmetric matrix. ‘

* If Ais a skew-Hermitian matrix, then a, = —@, = a, + a,
=0, i.e., a, must be purely imaginary or zero.
s A skew-Hermitian matrix over the set of real vumbers is
actually a real skew-symmetric matrix.
Orthogonal Matrix
Any square matrix A of order » is said to be orthogonal, if AA’
=A"A=1I.
ldempotent Matrix

A square matrix A is called idempotent provided it satisfies the
relation A% = A.

Involuntary Matrix

A square matrix such that A? = is called involuntary matrix.

Nilpotent Matrix

A square matrix A is called a nilpotent matrix if there exists a
positive integer m such that A" = O. If m is the least positive
integer such that A” = O, then m is called the index of the nil-
potent matrix A.

2 -2 4
Show that the matrix A=|-1 3 4| is
idempotent. 1 2 -3

2 2 4] [2 =2 -4
Sol. A?=AxA=|-1 3 4{x|-1 3. 4
I =2 -3 1 =2 -3

(2 -2 -4

=[-1 3 4
|1 -2 -3
=A

[4+2-4 -4-6+8
=|-2-3+4 2+9-8
| 2+2-3 2-6+6

—8-8+12
4+12-12
—-4-8+49

Hence, the matrix A is idempotent.

Exam :
matrix of or

Show that 4 =

I 1 3
Sol.Let, A= 5 2 6
-2 -1 -3
1 1 3
A’=AxA=|5 2 6 |x
-2 -1 -3
[1+5-6  1+2-3
=[5+10-12 5+4-6
| —2-5+6 -2-2+3
0 0 0
=3 3 9
-1 -1 =3
0 0 0
A =A'%A=|3 3 9 |x
-1 -1 =3
[0+40+0 0+0+0
=[3+15-18 3+6-9
[-1-5+6 —1-2+3
000
=0 0 0|=0
10 0 0
A=0
Hence A is nilpotent of order 3.

involutory.

-5 -8 0] |-5
Sol. A’=AxA=|3 5 0 |x|3
1 2 -1 1
25-24+0 40-40+0
=|-15+15+0 -24+25+0
| S5+6-1 —-8+10-2

1 00

=0 1 0

0 0 1

1 1 3
5 2 6
-2 -1 -3
1 1 3
5 2 6
-2 -1 3
. 3+6-9

15+12-18
—6-6+9

1 1 3]
5 2 6
-2 -1 -3]
0+0+0

9+18-27
—3—6+9_

-5
Show that the matrix A=

-8 0
5 0
2 -1
0+0+0
0+0+0
0+0+1

is a nilpotent

3
1

-8 0
5 0
2 -1

is



Hence ., the given matrix A is involutory.

FETT LR If A and B are n-rowed unitary matrices,
then AB and BA are also unitary matrices.

Sol. Let A and B be two unitary matrices. Then,
A® A=AA®°=Iand B®B=BB®=1
Now,
(AB)° (AB) = (B°A®) (AB)
) = B%(APA)B=B° IB=B°B=1
Hence, matrix AB is unitary. Similarly, we can show that
(BA)® (BA) =1 = BA is also unitary

a b ¢
Habc=pand A=|c a b|, provethatA

Example 8.34 |
b ¢ a

is orthogonal if and only if a, b, ¢ are the roots of the equa-
tionx*+ x2-p =0.

Sol. Here AAT =|c¢ a bl|b a

at+b*+c? ac+ab+bc ab+be+ca

=|cat+ab+bc a*+b*+c* cb+ba+ac

ab+ch+ac bc+catab a*+b+¢?

Now, AAT =T if

a?+b*+c*=1landab+bc+ca=0
= (a+b+c)-2ab+bc+ca)y=1andab+bc+ca=0
= a+b+c=zxlandab+bc+ca=0

Also, abc = p, so that a, b, ¢ are the roots of the equation x* +
x> —p= 0. Conversely, since a, b, ¢ are the roots of X’ £ x>~ p =
0,a+b+c==+land ab + bc+ ca=0,hence a*+ b*+ c*=1.

————-l Concept Application Exercise 8.2 ]—

323
1. Express the matrix A=|4 5 3| as the sum of a sym-
2 45

metric and a skew-symmetric matrix.

2. Show that all positive integral powers of a symmetric matrix
are symmetric.

3. If A and B be n-rowed orthogonal matrices, then show that
AB and BA are also orthogonal matrices.

1 3 1
4. Given A= =
2 2 0

then find the values of A.

0 .
J . If A — Al is a singular matrix,

ADJOINT OF SQUARE MATRIX

LetA= [ai].] be a square matrix of order # and let C,.j be cofactor of
a, in A. Then, the transpose of the matrix of cofactors of elements
of A is called the adjoint of A and is denoted by adj A. Thus,

Matrices 8.13

adj A = [C,.].]T = (adj A)U = Cﬁ
a4y G O3
If A=|ay ay ay) then

T
Cl t C12 Cl3 Cl 1 CZI C31

ade: CZI C22 C23 = C12 C22 C32

C}l C32 C33 C13 C23 C33

11 1
A=[2 1 -3
-1 2 3

Sol. Let Cij be cofactor of a, in A. Theﬁ, the cofa_ctors of ele-
ments of A are given by ' :

1 -3
C = =9
1t 2 3
2 -3
C,= 13:—3
2 1
C,3-_1 2:5
11
cz,——2 3——1
11
sz 13:4
1 1
Cp = -1 2=_
I
C31—1 _3:—4
1 1
Cy = 5 _3:5
o
C33:2 I——l
;
9 -3 5 9 -1 -4
adj A=|-1 4 3| =|-3 4 5
-4 5 1| |5 -3 -1

Inverse of Matrix

A non-singular square matrix of order » is invertible if there
exists a square matrix B of the same order such that
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AB=1 =BA
In such a case, we say ihat the inverse of A is B and we write
A'=B

Also from A(adj A) = |All, = (adj A)A, we can conclude that
Ao L
(Al adj A
Properties of Adjoint and Inverse of a Matrix
1. Let A be square matrix of order n. Then
A(adj A) = 1Al = (adj A) A.
Proof: LetA =g ] and let C be cofactor of a, in A. Then,
(adJA) —C V1gi, j<n Now,

(A(adj 4)), —Z(A) (adjA),

—ia-C- ={|AI, if i=j
ir~ jr

r=l O> lf l‘_'é]
FAL 0 0 .. O
0 1Al 0 .. O

= A(adjA)=| 0 0 1Al .. 0
0 0 0 0 1Al
=IAlT
Similarly,

(adj A)4), = 3. (adjA), (4),
r=1

" {1 Al, if i=j
=2C,a,= e
r=1 0, if i# J
Hence, A(adj A) = IAll = (adj A)A

2. Every invertible matrix possesses a unique inverse.

Proof: Let A be an invertible matrix of order n x n. Let B and
C be two inverses of A. Then,
AB=BA=1 (1
AC=CA=1] @)
Now,
AB=1
= C(AB)=CI  [pre-multiplying by C]
= (CA)B=CI [by associativity]
= [IB=CI [+ CA=] from(2)]
= B=C [+~ B=B,CI=C(]
Hence, an invertible matrix possesses a unique inverse.
3. (Reversal law) If A and B are invertible matrices of the
same order, then AB is invertible and (AB)™"' = B~'A™L.
In general, if A, B, C, ... are invertible matrices, then
(ABC---y'=---C'B'A™\.
Proof: It is given that A and B are invertible matrices.
IAl#0 and IBI£0

= IAlIIBI£0
= IlABI#0 [ |ABI=IAllBI]

Hence, AB is an invertible matrix. Now,
(AB) (B A™") = A(BBHA™' [by associativity]

=(AI)A" [ BB'=1]
=AA" [ Al =A]
=1 [vAA'=1]

Also,

(B'A™) (AB) = B'(A'A)B [by associativity]
=B'(IB) [-A'A=1I]
=B'B [ IB=B8]
=1 [ B'B=I] -

Thus,
(AB)(B'A™) = I =(B'A")(AB)
Hence,

(AB)!'=B'A"!

4. If A is an invertible square matrix, then A7 is also invert-

ible and (A7) = (A7,
Proof: A is an invertible matrix.

Al £0
= |ATT#£0 [ AT =1Al]
Hence, AT is also invertible. Now,

AAT =] =A7'A
S A = ()= @A)
= @)AN =1, =AY

[by reversal law for transpose]

= (A")y'=(A"" [by definition of inverse]
5. If A is a non-singular square matrix of order n, then
ladj Al = 1A,
Proof: We have,
A(adjA)=1AI1
1Al 0 0 - 0]
o 1At 0 -+ 0
= A(adjA)=| O 0 FAl -~ O
0 0. 0 - 1Al
Al O 0
0 1Al O
= lA(adjA)l=| O 0 A} =|AV
0 0 0 - TAlI

lAlladj Al = 1Al [ 1ABl =
ladj Al = |AI"!
6. Reversal law for adjoint: If A and B are non-singular
square matrices of the same order, then

|Al1BI]

LI’

adj (AB) = (adj B) (adj A) (using (AB)"' =B"'. A™)
7. If A is an invertible square matrix, then

adj (A") = (adj A)" (using (A7)? = (A™"))
8. If A is a non-singular square matrix, then

adj (adj A) = IAI"2 A
Proof: We know that B(adj B) = Bl for every square matrix

of order n. Replacing B by adj A, we get
(adj A) [adj (adj A)] = ladj Al



(adkj A) [adj (adj A)] = [AI'] [ ladj Al = 141"]
A{ (adj A) (adj adj A)} = A{IAI'] }

[pre-multiplying both sides by A]

)

= (A adjA) (adj adj A) = 1AI""'(A]) [by associativity]
= |AlZ (adj adj A) = 1AI""'A

[~ Al =Aand A adj A'=1All ]
= Al (adj adj A)) = 1AI"'A
= lAl(adj adj A) = 1AI'A

= adj adjA= |Al-24 [multiplying both sides by ﬁ}

9. If A is a non-singular matrix, then [A-'l = lAI7, i.e., A7l

= 1/IAl
Proof: Since Al # 0, therefore A~ exists such that
AA'=T=A"A
= 1AA =11
= AlIlIAI=1 [+ IABI=IAlIBland|/|=1]
= A= =—— [ AI£0]

Al

10. Inverse of the k™ power of A is the k" power of the
inverse of A.

Proof: We have to prove that (A™')* = (A%,
(A = (AXAXA - XA
— (A"A"A‘l--- A- I)

Find the values of K for which matrix

1
A=|2 1 3
K 0 1

is invertible.

Sol. Matrix A is invertible if 1Al # 0

1 0 K
ie, 2 1 3-[#0
K 0 1

= I(1)-K-K)=0
= |Al = K* + 1 # 0 which is true for all real K .
Hence A is invertible for all real values of K

Let p be a non-singular matrix, and I + p
O then find p.

Sol. Wehave [+p+p*+ - +p'=0 (hH

+p2+ +pn

Since p is non-singular matrix, p is invertible
Multiplying (1) both sides by p~',
= pl+l+Ip+-+p" ' [=0.p"

= p ' +Il+p+tp")=0

- p'I:—I(1+[)+pZ+"'+P”_l)=—(—P")=P”~

Matrices 8.15

E le 8.38 §

1 -1
Given the matricesA and BasA = { }
and B = [1 _1} . The two matrices X and Y are such that

4 -1
XA =B and AY = B then find the matrix 3(X + Y) = [4 ) }

Sol. Here A is non singular but B is singular hence only A~
exists

Now XA =B »
= . X=BA" (L
And AY=B v
= Y=A'B )
11—l 1
Also A= =
31-4 1
- - i 0
:>X=BA“:£ 1 1 11 _
312 =274 1 2 0
_ - 1 -1
:}aY=A*‘B=l bt -l :l
314 1|2 -2 312 2
3+ 7)< 30 1 -1 _ 4 -1
6 0 -2 2 4 2
1 -1 1 4 2 2
LetA=(2 1 -3|and10B=|-5 0
11 1] 1 -2 3
If B is the inverse of A, then find the value a.
Sol. Here,
I -1 1
A=|2 1 =3
1 1 |
-1 1
[Al=12 1 -3

=1(1+3)+12+3)+1(2-1)

=4+5+1=10
4 5 17 [4 2
= adj A=|2 0 -2| =|-5 0
2 5 3 1 -2 3
4 2 2
= B:A“:——S 0 5
1 23
4 2
= 10B=|-5 O
1 -2 3
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a 0 0

| If A=/0 a 0, then find the value of
0 0 a

Al ladj Al

Sol. LAl ladj Al = |A adj Al =114l N1

Al 0O 0
=0 1Al O
0 0 Al
=IAP ==

41

Examn
that A2+ xI = yA. Hence, find A%,

3 1]
For the matrix A = {7 5] ,find x and y so

Sol. We have,

a7

weaa[d 1B N[o+7 3es]_ 16 8
T N7 sl 7 s |2t+435 7425 |56 32

Now,
31
Y 7 5

A+ xl=vyA .
16 8 N 1 0
= |56 32| "o 1
16+x 8+0 | 3y
56+0 32+x| |7y S5y
= 16+x=3y,y=8,7y=56,5y=32+x

Putting y =8 in 16 + x = 3y, we get x = 24 — 16 = 8. Clearly,

x=38 and y =8 also satisfy 7y =56 and 5y = 32 + x. Hence,
x =8 and y = 8. We have,

lA[31
17 s

So, A is invertible.

’:8#0

Putting x = 8, y = 8 in A? + x/ = yA, we get
A+ 8I=8A
A7'(A* + 8]) = 8A~' A [re-multiplying throughout by A™']
AT'A?+ 8A' [ =8A"'A
A+8A"' =8I

[ ATA2=(AT"A)A=IA=A, A T=A"and A'A =]
= 8A'=8I-A

a_ b 118 0] |31

= A —8(81 A)—8{l:0 8} {7 5}}

— A_lzl{s -3 0—1}4[5 —1}{5/8 _1/8}
8| 0-7 8-5| 8|-7 3| |-7/8 3/8

Example 8.42
the system.

LUl

By the method of matrix inversion, solve

Sol. We have,
11 1% »] 9 2
2 5 Tlx, y|=|52 15

2 5 —1||x, y| [0 1

= AX=B 1
Clearly Al = 4 # 0. Therefore,
-12 16 -8] [-12 2 2
adia=l 2 =3 1| =[16 -3 -5
2 1 3 8 1 3
. | -12 2 2
ar=2A Tl 3 s
Al 4
8. 1 3
Now,
1—12 2 279 2
A-IB=_T 16 -3 -5||52 15
8 1 3]0 -1
1 -4 47 [1 -1
=_T 12 -8|={3 2
20 4| |5 1
From Egq. (1), ,
1N 1 -1
X=A"B=|x, »|=|3 2

= x,=Lx,=3,x,=50ory=-1,y,=2,y,=1

It A, B and C are n x n matrix and det (4)

Example 8.43 .
= 2, det (B) = 3 and det (C) = 5, then find the value of the
det (A2BC™).

Sol. Given that 1Al = 2, |Bl = 3, ICl = 5. Now,
IAPIBl 4x3 12

2 N — |A2 I — - falnd
det (A°BC")=1A*BC'| = I 5 5

Exa mple 8.44 |

Matrices A and B satisfy AB = B!, where

2 0

a. without finding B-, the value of K for which KA — 2B~
+1=0.

b. without finding A-', the matrix X satisfying A-'.XA = B.

Sol.a.AB=B~' = AB>=
Now, :

KA-2B'+I=0
KAB-2B'B+IB=0
KAB-2I+B=0
KAB*-2B+B*=0

2 -1
B=[ }.Find

LA
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= KI- 2B+B*=0 RO YR If Aisa symmetric and B skew symmetric

1 0 5 2 -1} (2 -1|j2 =1} |0 O : matrix and A + B is non singular and C = (4 + B)(4 - B)
= Ko 1172 o 12 oll2 ol oo then prove that

[K 0} [4 _2} {2 _2} [0 0} i C'A+B)C=A+B
= - + = (i) C"A-B)(C=A-B
K 4 0 4 =2 0
0 0 (i) CTAC=A
k—2 0 7100 _
= | o k-2/7]0o0 . Sol.
i) A+BC=A+BA+B)Y'(A-B)
= K=2 = (A+B)(C=A-B )
v ' CT=@A-B((A+B)")
b. AXA =B = (A +B)(A+B))"

= AA'XA=AB {aslA +BI#0 = [(A+B)7 120 = |A— B0}
— IXA =AB = (A +B)A-B)" )
— XAB =AB’ From é}r)(ind (2),C " | )
; _ +B)C=(A+BYA-B'(A-B
= XAB =1 =(A+B) 3)
= XAB’=B ' : (ii) taking transpose in (3)
= XI=B CTA+B)T (CHY'=(A+BY o
= X=B | C(A-B)C=A-B )

(i) adding (3) alnd (4)
C'A+B+A-B]C=2A

CTAC=A
(n-2) :
=A""  th that det.(B~C)=0,n € N. -
&C en prove that det.( =€) =0, € EQUIVALENT MATRICES
n on=l -
Sol. B=A? = A*? : If a matrix B is obtained from a matrix A by one or more ele-
= ( Az)zn—l mentary transforrnations, then A and B are equivalent matrices
and we write A ~ B. Let,
= a"y"” (12 3 4
1=l | A=1]2 1 4 3
=(A" )
1312 4
‘= (A2 22 )_I Then
1 2 3 4]
_ ((Az)z"-z) A~|1 -1 1 -t [Applying R,— R, + (-1)R ]
3 1 2 4]
: ~(1 -1 1 =2 [Applying C, — C, + (-1)C}]
SO B=C:>(B—C)=0:>d3t(B—C)=0 31 2 2
L J
E  If A is a non singular matrix satisfying AB An elementary transformation is called a row transformation
prove that det. (B + I) = det. (B - I). or a column transformation accordingly as it is applied to rows
. or columns.
Sol. A is non-singular det A #0
Given AB-BA=A Theorem 1
hence AB=A + BA=A(l+ B) Every elementary row (column) transformation of an mxn matrix
— det. A -det. B=det. A-det. 1+B) _ (not identity matrix) can be obtained by pre—multiplication

(post-multiplication) with the corresponding elementary matrix
obtained from the identity matrix I (I ) by subjecting it to the
same elementary row (column) transformation.

= det. B=det. {+ B) (1) (as A is non singular)
aganAB-A=BA

= AB-D=BA

= (det. A) - det.(B—I)=det. B - det. A Theorem 2

= det. (B-1) =det. (B) , (2) Let C = AB be a product of two matrices. Any elementary row
from (1) and (2), det. (B—1) =det. (B+ 1) (column) transformation of AB can be obtained by subjecting
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the pre-factor A (post factor B) to the same elementary row
(column) transformation.

Method of Finding the Inverse of a Matrix by
Elemmentary Transformations:

Let .A be a non singular matrix of order n. Then A can be reduced
to the identity matrix / by a finite sequence of elementary
tran sformation only. As we have discussed every elementary row
transformation of a matrix is equivalent to pre-multiplication
by the corresponding elementary matrix. Therefore there exist
elernentary matrices £ b Ey E, such that

(ELE,, E,EDA=1,

= (E,E,_,..E,E)AA™ = [, A™" (post multiplying by A™)
— (E,E,_..E,E)I, =A™ (1A =A"and AA™' =1))
= A" =(E,E_,..E,E)I,

Algorithm for Finding the Inverse of a Non Singular
Matrix by Elementary Row Transformations

Let A be non-singular matrix of order n
Stepl:WriteA=1A

Step I : Perform a sequence of elementary row operations
successively on A on the LHS and the pre factor /, on the RHS
till we obtain the result [ = BA

Step lll : Write A" =B

The following steps will be helpful to find the inverse
of a square matrix of order 3 by using elementary row
transformations. :

Step I : Introduce unity at the intersection of first row and
first column either by interchanging two rows or by adding a
constant multiple of elements of some other row to first row.

Step Il : After introducing unity at (1,1) place introduce zeros
~atall other places in first column.

Step Il : Introduce unity at the intersection of 2° row and 2™
column with the help of 2" and 3™ row.

Step IV : Introduce zeros at all other places in the second
column except at the intersection of 2™ row and 2™ column.

Step V : Introduce unity at the intersection of 3 row and third
column.

Step VI : Finally introduce zeros at all other places in the
third column except at the intersection of third row and third

column.

Using elementary transformation, find

a b
. . 1+bc
the inverse of the matrix A = | ¢ — I

a b
Sol. A= . [I+bcj

a

We write,

1

=
C
1

or
0
1

or
K
(1

or
K
= A

o

A (R, = aR,)

§  Obtain the inverse of the following matrix

using elementary operationsA = |1 2 3|

Sol. We have, A = A

01 2
= |1 2 3
31 1

IUJO'—‘I

N )

—_—

3
2|=
1

01 2
311
1 00
01 0|A
0 01
010
1 0 O|A(ApplyingR, & Ry)
0 01 :
[0 1 0
=|1 0 O0]|A(Applying R, = R;—3R))
0 =3 1
-2 1 0 :
=1 0 O0|A((Applying R, = R, —2R,)
|0 =31
(2 1 0
1 0 O|A(Applying Ry = R, +35R,)
|5 31
-2 1 0
1 0 O0]|A(Applying Ry — %R3)
3 31
L2 2




I 1

| —
1002 2 2 :
= |0 1 0|4 3 -1|AR >R +RyandR,—>R,—2R;)
00 1 5 3 1
2 2 2
Hence,
1 -1 1
2 2 2
Al=]|-4 3 -l
5 3 1
2 2 2

10 0O
1. For any 2 x 2 matrix 4, if A (adj A) =[ 0 IO] , then find Al,

ie., det A.
T cosf -—sinf
2. Find the multiplicative inverse of A =| .
sin@ cos6,
2 0 7
3. Find the value of x for which the matrix A=|0 1 0|is
‘ 1 -2 1
-x l4x 7x
inverseof B=| 0 1 0
x —4x -2x
S —sinQ 0s2 sin2
4, If A= c_o 1 ,B= C_ A in2p where 0 <
sin@  cosa sin2f  —cos2f

< 7/2, then prove that BAB = A-!. Also find the least positive
value of a for which BA*B = A~

5. By using elementary operations, find the inverse of the matrix

1 2 2 2 11 10
6. fA=|2 2 3.,C=|2 2 1|,D=|13| and CB=D.
1 -1 3 I 11 9

A{ Concept Application Exercise 8.3—}——-

Solve the'equation AX=B.

SYSTEM OF SIMULTANEOUS LINEAR
EQUATIONS

Consider the following system of n linear equations in n
unknowns:

ax, tax+-+ax = bl

a,x, +a,X,+ - +a,x =b,

20 n

ax +ax,+-+ax=>b

nnon n
This system of equations can be written in matrix form as
4y Gp G X b
Iy Gy Gy, X2 b,

Ay Gyy Oy, nxn Xn x| bll x1

Matrices 8.19

or AX=B
Then n x n matrix A is called the coefficient matrix of the
system of linear equations.

Homogeneous and Non-Homogeneous System of
Linear Equations

A system of equations AX = B is called a homogeneous system
if B = 0. Otherwise, it is called a non-homogeneous system of -
equations. '

Solution of a System of Equations

Consider the system of equations AX = B. A set of values of the
variables X, X,, ..., X, which simultaneously satisfy all the equa-
tions is called a solution of the system of equations.

Consistent System
If the system of the equations has one or more solutions, then it
is said to be a consistent system of equations, otherwise it is an
inconsistent system of equations.

Solution of a Non-Homogeneous System of Linear
Equations

There are two methods of solving a non-homogeneous system
of simultaneous linear equations:

a. Cramer’s rule: Discussed in the chapter on determinants.

b. Matrix method:

Consider the equations
ax+by+cz=d,
ax+by+cz=d, ¢))
ax+by+cz=d,

If
a b ¢ X d,
A=|a, b, ¢, X=|ylandD=|d,
ay by o z d,

then, Eq. (1) is equivalent to the matrix equation

AX=D | 2
Multiplying both sides of Eq. (2) by the inverse matrix A", we
get

AN AX)=A'D=IX=A"'D [ ATA=1T]
] A A, A 4
= X=AD=|y =X B, B, By|x|d, 3)
z ¢ C Gl |4

where A,, B, etc., are the cofactors of a,, b, etc., in the deter-
minant
aq b g
A=a, b, ¢,| (A£0)
a; by o
(i) If A is a non-singular matrix, then the system of equa-
tions given by AX = B has a unique solution given by X
=A"'B.
(ii) IfA is singular matrix, and (adj A) D = O, then the system
. of the equations given by AX = D is consistent with infi-
nitely many solutions.
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(iiiy If A is a singular matrix and (adj A) D # O, then the Sol. The given system is

system of equations given by AX = D is inconsistent and 2 4 6] I8
has no solution. . L2 3y l=ls
Solution of Homogeneous System of Linear 11 3|jz] (4
Equations or
Let AX = O be a homogeneous system of » linear equations AX=B
with 7z unknowns. Now if A is non-singular, then the system of where
equations will have a unique solution, i.e., trivial solution and if 2 4
A is a singular, then the system of equations w111 have infinitely A=|1 2 3|.x=|y|and B=
many solutions. ‘ L1
Example 8. L' Solve the following system of equations, Now
using matrix method: x + 2y +z=7,x + 3Z=11,2x-3y=1.
Sol. The given system of equations is 3.0 -1
x+2y+z=7 adjA={-6 0 2
x+0y+3z=11 0 0 0
2x-3y+0z=1
1 2 10« 7 3 0 -1|[8 20
or 1 0 3 y|l=[11 adj(A)B=|-6 0 2 )15/= 40
2 3 ollz | 0 0 04 0
or AX =B, where Thus, the system of equations is inconsistent.
1 2 1] x 7
acli o 3lxly|mas=|1? MATRICES OF REFLECTION AND ROTATION
2 30 z 1 ~Reflection Matrix
Now, Reflection in the x-axis
| b2l Y A ()
Al=f1 0 3] =18 :
2 30
So, the given system of equations has a unique solution given
by X =A"'B.
T O)| X
9 6 3 9 -3 6
adj A=|-3 2 7] =|6 -2 =2
6 2 2| |3 7 =2 ;
9 3 6 A" y1)
= Al'=——adjA= Tlg 6 -2 -2 Fig. 8.1
-3 7 2 Let A be any point and A” be its image after reflection in the
Now, X-axis.
X=A"'B If the coordinates of A and A" be (x,"y) and (x, y, ), respec-
. Y p
_ _ tively, then x, = x and y, = —y. These may be written as
| 9 3 6|7 63-33+6 L I
= X:E -2 =211 :E 42-22-2 x,:1><x+0><y
-3 7 —2_ 1 21+77-2 y]:())(x+(—1)y
361 |2 Thus, system of equation in the matrix form will be
1 y q
= | y[=55118|=|!

=x=2,y=1,z=3 Lo
“ b MsEN
N 0 -1y
Example Show that the following system of equa-
tions is inconsistent.
2x +4y +6z=8
x+2y+32=35
x+y+3z =4

1 0
Thus, the matrix {O _J describes the reflection of a point A

(x, y) in the x-axis Similarly, the matrix {_0 J will describe

the reflection of a point (x, y) in the y-axis.



Reflectior? through the origin

Y
A
: (6 9)
.
x : o M x
A (1)
Yy
Fig. 8.2

If A’(x,, y,) be the image of A(x, y) after reflection through
the origin, then :

X =—X
nW=-—yY

= x,=(Dx+0xyandy =0xx+ (-1)y

. |=-ro| ; . .
Thus, the matrix [O J describes the reflection of a point

A(x, y) through the origin.

Reflection in theliney =x

y },\*j\
R
&
45e ¥
0 X
Fig. 8.3

Inthiscase x, =0 xx+1xy
y=1xx+0xy

. . .10 1
And the reflection matrix is L OJ .

Reflection inliney =x tan

Y

Fig. 8.4

Considering the line y = x tan 8 shown in Fig. 8.4, we have
x, =xc0s 260 +ysin 20 (" O’ is the mid-point of AA")

y, =xsin 20 — y cos 20

In matrix form, we have

Matrices 8.21

x| |cos28
v | |sin26

Thus, the matrix
cos20 sin20
Lin 20 —cos 29]
describes the reflection of a point (x, y) in the line y = tan 6.

$in28 || x
—cos20 ||y

Note: By putting 6 = 0, n/2, n/4 we can get the reflection
matrices in x-axis, y-axis and the line y = x, respectively.

Rotation Through an Angle 6

Let A (x, y) be any point such that OA = r and ZAOX = ¢.
Let OA rotate through an angle 6 in the anti-clockwise direction
such that A’(x,, y,) is the new position. Then

OA" =r
x, =xcosf-ysinf
y, =xsinf+ycosf
y
Ax, )
/ Er ‘:A(x,}’)
by 1
o N M X
Fig. 8.5

In matrix form, we have
% | [cos® —sin6][x
¥ “lsin®  cos y

Example 8 57Q Find the image of the point (2, -4) under

the transformations x,y) = (x +3y,y —x).

Sol. Let (x,, y,) be the image of the point (x, y). Then by the
given transformation

x,=lxx+3xy

y»=FDx+1xy

= [ A

Therefore, the image is (~10, —6).

Example 8.53

Fig. 8.6

Write down the 2 x 2 matrix A which corresponds to a
counterclockwise rotation of 60° about the origin. In Fig. 8.6,
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the square OABC has it diagonal OB of 242 units in length.
The square is rotated counterclockwise about O through
60° - Find the coordinates of the vertices of the square after
rotating. )

Sol. The matrix of rotation will be

cos60° —sin60°] [ y2 32| 1|1 -3
sin60°  cos60° | B2z 213 1
Since each side of the square is x,
oo 4= (242)
=> x =2 units
Therefore the coordinates of the vertices O, A, B, C are
0, 0),(2,0),(2,2), O, 2), respectively.

Let after rotation A, B, C map into A’, B’, C’, respectively,
while O maps into itself. Then,

e
LM

AQ2,00 > A (1,V3)
Similarly,

4l

B(2,2)— B (-3, +1)

sl TR

C0,2)— C' (—+3,1)

and

CHARACTERISTICROOTS AND CHARACTERISTIC
VECTOR OF A SQUARE MATRIX

Definition

Any non-zero vector, X, is said to be a characteristic vector of a
matrix A, if there exists a number 4 such that AX = AX. And then
 is said to be a characteristic root of the matrix A correspond-
ing to the characteristic vector X and vice versa. Characteristic
roots (vectors) are also often called proper values, latent values
or eigenvalues (vectors).

Note: '
It will be useful to remember that

(i) a characteristic vector of a matrix cannot correspond
two different characteristic roots, but

(i) a characteristic root of a matrix can correspond to dif-
ferent characteristic vectors. Thus, if

AX = AX AX = 1%, ), %A,
AX=2X=( ~A)X=0

But X # O and (4, = 4;)# 0. And therefore (A, = Ak
© X2 0. Thus we have a cantradzctzon and as. such we.
see the truth of statement ( l) SRTIEC
“But if AX = JX, then also A(KX) = . 1(kX), s0 thathzs i

. also a characteristic vector of A correspondmg fo'the -
~ same . characterzstlc root A. Thus we have the truth: of
statement (ii): ‘

Determinant of Characteristic Roots and Vectors

If A be a characteristic root and X, a corresponding characteris-
tic vector of a matrix A, then we have
AX=2X=AX=A-A)X=0
Since X # O, we deduce that the matrix (A —
that its determinant
A-Al=0
Thus, every characteristic root 4 of a matrix A is a root of its
characteristic equation
IA-AI1=0 (1)
Conversely, if 4 be any root of the characteristic equation
[Eq. (1)], then the matrix equatioh (A — ADX = O necessarily
possesses a non-zero solution X so that there exists a vector X+
O such that AX = AIX = AX.
Thus, every root of the characteristic equation of a matrix is
a characteristic root of the matrix.
If A be n-rowed, then the characteristic equation |A — ANl =0
is of n'* degree so that every n-rowed square matrix possesses n
characteristic roots, which, of course, may not all be distinct.

Al) is singular so

LSCICEREE  Show that the two matrices A, P'AP have
the same characteristic roots.
Sol. Let,
P'AP =B
B-M =P'AP-A
=P'AP -P'AIP
=Pl A -ADP
= {B-MI=tP'A-AIIIP]
=|A-MII1PTLIPI
=JA-MIIP'P]

=lA-MITI=1A-Al
Thus, the two matrices A and B have the same characteristic
determinants and hence the same characteristic equations
and the same characteristic roots. The same thing may also
be seen in another way. Now,
AX =X
= P'AX=iP'X
= (P'AP) (P'X) =M(P'X)

_____ Show thatif 4,4, ..., 4, are n eigen values
ofa square matrix A of order n, then the eigen values of the
matrix A2be 22,22, ..., 4%

Sol. AX =X

= AAX)=A(GX)

= AX =MAX) = (X)) =12X



1.e.,
AX =X
Hence, eigenvalue of A?is A% Thus if 4,, 4

Y S A are eigen-
_ values of A, then AL A2, s A’ are eigenvalues of A%

UK 218 Show that the characteristic roots of an
idempoterat matrix are either zero or unity.
Sol. Since A is an idempotent matrix, hence,
A=A ‘ -
Let X be a latent vector of the matrix A corresponding to the
latent root A so that
AX =X M
or
A—-ADX=0
such that
X#+0
On pre-multiplying Eq. (1) by A, we get
AAX) = A(AX) = MAX)

ie., AAX HAT)

o AX =X

S X=X (v AP=A)

S )X =0 (v AX=1X)
= 2-4=0

= MA-1=0 (v X#0)
= 1=0,i=1

2R EYS Find the characteristic roots of the two-

. 0sf  -sin8
rowed orthogonal matrix {c. '

and verify that
sin@ cos@

they are of unit modulus.

Sol. We have,

cos 9 —A
sin 6

—sin @

IA—?LII:{ cosB—/'J

= (cos @ —A)* +sin* 4
Therefore characteristic equation of A is

(cos O —-AY +sin? =0

= cosf—-A==+isin0
= A=cosf=xisind
which are of unit modulus.

G  Prove that the product of the characteris-
tic roots of a square matrix of order n is equal to the deter-
minant of the matrix.

Sol: Let A = [aU] be a given square matrix. Let /1], Aoy s A DE
the characteristic roots of A. If ¢(1) is the characteristic func-
tion, then

Matrices 8.23
oA =1A -l
a,— A 1) a4y,
_ a) ay — A Ayn
(8] Ay et Gy — A
=(-1)" [/1”+pl/1"“+p2/1”‘2+ < +p] e))
=(-1y@A-1)@A-4) - (‘A-4) @)
On putting 4 = 0, we have

H0) =1Al =4, ><12><13x xln=(~/1)"p" 3)

Hence, the product of characteristic roots of a square matrix
is equal to the determinant of the matrix.

Example 8.59 SRR non-singular, prove that the eigen
values o are the reciprocals of the eigen value of A.

Sol. Let A be an eigen value of A and X be a corresponding
eigenvector. Then,

AX =iX
o X =A (X)) =AATX)
= % X=A"X [ Aisnon-singular = 4 # 0]
= AX =1x
A

Therefore, 1/4 is an eigenvalue of A~ and X is a correspond-

+ ing eigenvector.

If a is a characteristic root of a non-
then prove that l4/al is a characteristic

Example 8.60 |
singular matrix,
root of adj A.

Sol. Since a is a characteristic root of a non-singular matrix,
therefore @ # 0. Also a is a characteristic root of A implies that
there exists a non-zero vector X such that

AX = aX

= (adj A) (AX) = (adj A) (&)

= [(adj A) A] X = a (adj A)X

= lAIIX=a(adjA)X [~ (adjA)A=IAl]]
= 141X = aadj A)X

= Ay @djax
o

= (adjax="2x
' o

Since X is a non-zero vector, therefore |A/al is a characteristic
root of the matrix adj A.
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subjective Type |}

0 1
1. IfX= {0 0], then prove that (pI + gX)" = p"[ + mp™™ gX, V

Solutions on pagé 8.36

P. q € R, where [ is a two-rowed unit matrix and m € N.

2. If A is an upper triangular matrix of order n x n and B
is a lower triangular matrix of order n X n, then prove that
(A’ + B) x (A + B") will be a diagonal matrix of order n x n
[assume all elements of A and B to be non-negative and an
elements of (A'+ B) X (A + B') as ij]'

3. If B, C are square matrices of order n and if A = B + C, BC
= CB, C* = O, then without using mathematical induction,
show that for any positive integer p, A?*! = BP[B + (p + 1)C].

4. If D =diag {d, d,, ..., d ], then prove that f{D) = diag [f(d)),
Ad), ..., fd)}, where fix) is a polynomial with scalar coef-
ficient.

5. Show that the solutions of the equation

0w ) 2]

where a, f are arbitrary.

6. If A= {_01 12], then prove that A?+3A+2I= 0, hence

find B and C matrices of order 2 with integer elements, if
A=B+C%

7. Find the possible square roots of the two-rowed unit matrix /.

1 2 2
8. fA=|2 1 2/ then show that A> — 44 — 5I = O, where |
2 21

and 0 are the unit matrix and the null matrix of order 3, respec-
tively. Use this result to find A™. :

9. If S is a real skew-symmetric matrix, then prove that / — § is
non-singular and the matrix A = (/ + S) (I — S)"' is orthogonal.

10. If B and C are non-singular matrices and O is null matrix, then
B]' [o ¢
o] |B' -B'ac|

11. Show that every square matrix A can be uniquely expressed as
P +iQ, where P and Q are Hermitian matrices.

A
show that
C

12. Express A as the sum of a Hermitian and a skew-Hermitian

243 2 5
matrix, where A={-3—-{ 7 3-i]|.
3-2i i 2+i

EXERCISES

. Solutions ;o{tspégé 8

Objective Type o

Each question has four choices a, b, ¢ and d, out of which only one
is correct. Find the correct answer.

1. The inverse of a skew-symmetric matrix of odd order is

b. a skew symmetric
d. does not exist

a. a symmetric matrix
¢. diagonal matrix
2. LetA and B be two 2 x 2 matrices. Consider the statements
(i) AB=0=A=00rB=0
(i) AB=1,=A=B"
(iii) (A + B> =A?+ 2AB+ B*
Then
a. (i) and (ii) are false, (iii) is true
b. (i) and (iii) are false, (i) is true
¢. (i) is false, (ii) and (iii) are true
d. (1) and (iii) are false, (ii) is true

1 3 1 1f
3. The equation [lxy] 0 2 —-1||x =[OJ has
00 1]}y
(i) fory=0 (p) rational roots
(if) fory=-1 (q) irrational roots
(r) integral roots
Then .
@ @iD
a. (p) (r)
b. (q) ®
¢ (p) (@
d ®
4. The number of diagonal matrix A of order n for which A=A is
a. | b. 0 '
c. 2" d. 3"
a bl .
5. If A = [O a} is n™ root of I, then choose the correct
statements:

(@) ifnisodd,a=1,b=0
@ii)ifnisodd,a=~1,b=0
(iit) ifniseven,a=1,b=0
(iviifniseven,a=-1,6=0
a. i, i, iii b. ii, iii, iv

c. i, ii, iii, iv d. i, iii, iv

6. Aisa?2 x 2 matrix such thatA{ IJ = {—21:| and A [ IJ = |:(1J

The sum of the elements of A is
a.—1 b. 0
c.2 d. 5

cos?@  cosfsin 9}
and

7. The product of matrices A = 5
cosf sin@ sin” @

B:{ cosz¢

cos¢ sing sin? 0

cosg sin ‘P} is a null matrix if 8 ~ ¢ =



10.

11.

12.

13.

14.

15.

16.

a. 2nr,n€Z b. n%,neZ

. (2n+1)%,neZ d.nrneZ

Let A, B be two matrices such that they commute, then for any
positive integer n,

(i) A.Bn — Bn A (ii) (AB)" = An Bu

a. only (i) is correct

b. Both (i) and (ii) are correct
¢. only (ii) is correct

d. none of (i) and (ii) is correct

2, wheni=j
If A=[a],,, suchthata; = 7 ,then
v 0, wheni#j
{Mﬁi@} is (where {-} represents fractional part
function)
a. 1/7 b. 2/7
c. 3/7 d. none of these

a :

If I: B } is to be the square root of two-rowed unit matrix,
Y -«

then a, f and y should satisfy the relation

a.1-02+py=0 b.a?+pfy—1=0

c. l+a>+py=0 d1-a—-py=0

If A is a square matrix such that A> = A, then (/ + AY—TAis
a. 3/ b. O
c. ] d. 2]

if A and B are square matrices of order n, then A — Al and B =4/
commute for every scalar 4, only if

a. AB=BA b.AB+BA=0
c.A=-B d. none of these

Matrix A such that A2 = 24 — I, where I is the identity matrix,
then for n > 2, A" is equal to

a.2"'"A-(n-DI
c.nA—(mn—- NI

b.27"'A-1
d.nA-1
a

0 o 50 b
Let A= 00 and (A+1)" —50A = d . Then the value

C
ofa+b+c+dis

a. 2 b. 1

c. 4 ’ d. none of these

. i - 1 -l
IfA={_ ,l}ande{l 1},thenAgequals

—l {

a. 4B b. 128B
c.—128B d. —64B
2 -1 -1 -8 -10
If| 1 0lA=| 1 =2 =5/, then sum of all the elements
-3 4 9 22 15

of matrix A is

17.

18.

19.

20.

21.

22.

23.

24.

28.

26.

a. involuntary

Matrices  8.25

a.0 b.1

c.2 d.-3
- 11 1+i —r )
If A=—= . ,then A(A") equals
Bli-i 1
a. 0 b.!
c.—I d. 2!
Identify the incorrect statement in respect of two square matri-

ces A and B conformable for sum and product:
at(A+B)= t(A) +1(B) b.t (eA)=at(A), 0 €R
c.t(A) =t (A) d. none of these.

A is an involuntary matrix given by

0 1 -1
A=|4 =3 4 |, then the inverse of A/2will be
3 3 4 ]
a. 2A b. A
2
c. A d. A?
2

If A is a non-singular matrix such that AAT = A7A and
B=A"AT, then matrix B is
b. orthogonal

c. idempotent d. none of these

If P is an orthogonal matrix and Q = PAP" and x = PT Q' P,
then x! is, where A is involutary matrix

a. A b.I

c. A'0® d. none of these

If n-order square matrix A is a orthogonal, then,

ladj(adj A)| is
a. always —1 if nis even b. always 1 if n is odd

c. always 1 d. none of these

| v
If both A— %I and A + 5 are orthogonal matrices, then

a. A is orthogonal

b. A is skew-symmetric matrix of even ordér
3

|
4

d. none of these

In which of the following type of matrix inverse does not exist

always
a. idempotent b. orthogonal

c. involuntary d. none of these .

If A is an orthogonal matrix, then A™ equals
a. AT b. A

c. A? d. none of these

If Z is an idempotent matrix, then (I + Z)"
a.l+2Z b.l+@2"—1)Z
cI-2"-1Z d. none of these
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217.

28.

29.

30.

31.

32.

33.

34.

3s.

36.

37.

‘ c.—1

) Algebra

If A and B are two matrices such that AB = B and BA = A,
then
a.(A°-B)Y=A-B
<. A — B is idempotent

b. (A*— B =A*-B°
d. A — B is nilpotent

If A is a nilpotent matrix of index 2, then for any positive inte-
gern, AU+ A) is equal to
a. A’

c. A"

b. A
d.n,

L et A be an n-order square matrix and B be its adjoint, then
|AB + KI | is (where K'is a scalar quantity)

a. (] + Ky b. (jA[ + K)"

c. (A + Kt d. none of these

1f A? = I, then the value of det(A — 1) is (where A has order 3)

a.l b.-1
c.0 d. cannot say anything
a b c qg —b Yy
fA=|x y z|,B=|-p a —xjand if A is invertible,

p qr r —¢ z
then which of the following is not true?

a. |A|=1B|
b. |A| = — |B|
c. |adj A| = |adj B|

d. A is invertible if and only if B is invertible

If A and B are two non-singular matrices such that AB = C,
then |B] is equal to
C A
a. u b. u
4] €]
¢ |C d. none of these

If A and B are squares matrices such that A”* = O and AB = A

+ B, then det(B) equals
a.0 b. 1

d. none of these
N 6 11 .
If matrix A is given by A = - then the determinant of

A2005 — 6A2004 is
a 22()06
c.— 22005 -7

b. (-11) 220%

d. (—=9) 22
If A is a non-diagonal involutory matrix, then
aA-I=0 b.A+/=0

¢. A — I is non-zero singular d. none of these

01 2 /72 1/2 172

IfA=|1 2 3|and AT =| 4 3 ¢ |, then the values
3 a1l 512 -3/2 1/2

of a and ¢ are equal to

a. 1,1 b.1,-1

c. 1,2 d.-1,1

If A and B are two non-singular matrices of the same order

such that B = [, for some positive integer 7 > 1. Then
A'B'A-AT'B'A=

38.

39.

40.

41.

42,

43.

44,

al b.2U
c. O d. -/

For two unimodular complex numbers z, and z,,

- -1 -1

a ~h 4 % jsequal to

2 4 - 3

a I 2 b 10
[ ) 01

C. 1z 0 d. none of these
0 1/2

cosae sina 0
IfA(a, f)= | -sina cosa 0 | then A(a, f)'is equal to
0 . 0 e
aAC-a, =B b. A(-a, B)
c. Aa, =B) d. Aa, B)
+ib c+id
fa=| 2" Tad@ b+ +d =1, then A is
—c+id a-ib
equal to
a+ib -c—id a+ib -—c+id
a. b.
—c+id a-—ib —c+id a-ib.
C. a—ib —c-id d. none of these
—c—id a+ib
If A® = O, then I + A + A” equals
a.l—A b. (I +AY)!
c.(I—A) d. none of these

If A is order 3 square matrix such that |A] = 2, then
ladj(adj(adj A) is :
a. 512
c. 64

b. 256
d. none of these

(—A)"! is always equal to (where A is n™-order square matrix)
a. (~1yA” b. —A"!
c. (-1y'Aa* d. none of these

For each real x, —1 <x <1. Let A(x) be the matrix
1 —
(1- x)'1 * and z = Xy . Then
-x 1 I+ xy
b. A(z) = A(x) "AQY)
d: A(z) = A(x) [AG)]™

a. A(2) = A() A(Y)
c. A(z) = A(x) + A(Y)

_2-
45, If 1/25 0 = 5.0 , then the value of x is
x 1/25 -a 5
a.al125 ) b. 2a/125
¢. 2al25 d. none of these

46.

12
a=" 2| and for)=%, then fiA)is
2 1 1-x



47.

48.

49.

50.

51.

52.

53.

54.

55.

ol 3 2]

d. none of these

|57

If A is a square matrix of order » such that |adj(adj A)| = |A|9,'

then the value of n can be
a. 4 b.2

¢. either 4 or-2 d. none of these

1 t :
A = X\ then ATA™ is
—tanx 1
a —cos2x sin2x b cos2x —sin2x
"] —sin2x cos2x “|sin2x  cos2x

052 2
N cos2x C?S X v d. none of these
cos2x sin2x

) 0 —t /2
IfA = ane and / is a 2 x 2 unit matrix, then
tano /2 0
- A) {c?sa —éma:l s
sin@  sinQ
a—[+A b.I-A
e—I-A d. none of these

. 1
The matrix X for which ':3

—4 ~-16 -6].
X = I

2
1 2
S Lz
a. b. 5 5
=31 31
L 10 5
16 -6 d (161 2
C. .
7 2 = 2
- | 2

If A and B are square matrices of the same order and A is non-
singular, then for a positive integer n, (A" BAY' is equal to
aA" B A b. A"B*A™

c. A7'B"A d. n(A™! BA)

If A is singular matrix, then adj A is
b. non-singular
d. not defined

a. singular
c. symmetric

The inverse of a diagonal matrix is
a. a diagonal matrix b. a skew-symmetric matrix

¢. a symmetric matrix d. none of these

If P is non-singular matrix, then value of adj(P™") in terms of

Pis :

a. P/iPl b. P|P|

c. P d. none of_ these
If adj B=A, IPl =10l = 1, then adj(Q™' BP ') is

a. PQ b. QAP

c. PAQ d. PA"'Q

- 5.

59.

60.

61.

62.

63.

64.

65.

Matrices 8.27

. If A is non-singular and (A = 21) (A — 41) = O, then -é— A+ ; A7

is equal to
a. 0 ) b. [
¢ 2l d. 6/
cost  sina 0
If A(a, #) = | —sinet cosor 0 |, then A(a, A)”'in terms of
0 0 &P
function of A is
a. A(a, ) b. A(~a, )
c. A(—a, p) d. none of these

. If A and B are two square matrices such that B = —~A~' BA, then

(A + B)* is equal to
a. A’+ B?
c.A’+2AB +B?

b. O

dA+B

Let a and b be two real numbers such thata> 1, 5> 1.
n—eo

a 0 . n
IfA= , then lim A™" is
0 b

a. unit matrix b. null matrix

c.2] » d. none of these
. 1+x . . . .
Let fix) = T If A is matrix for which A® = O, then f{A) is
-X

b. I+ 24 + 2A?
d. none of these

al+A+A?
c./I-A-A?
If A and B are two non-zero square matrices of the same order
such that the product AB = O, then

a. both A and B must be singular

b. exactly one of them must be singular

¢. both of them are non-singular

d. none of these

2 11 [-3 2 1 0
If A = ,then A =
3 2]715 3] |01

1 1]
a.
1 0]

. 1 0 d.—l 1
1] Lo
If A’ — A + I =0, then the inverse of A is
a, A” b.A+1
c./I—A d.A-1

L.
is
3

1
The number of solutions of the matrix equation X* = {2

a. more than 2 b.2
c.0 d. 1 ,

If A and B are symmetric matrices of the same order and
X=AB+ BA and Y = AB — BA, then (XY)" is equal to

a. XY b. YX
c. —YX d. none of these



8.28

66.

67.

68.

69.

70.

71.

72.

73

74.

75.

Algebra

IfAisa3 x 3 skew-symmetric matrix, then trace of A is equal to
a.—1 b.1

c. A d. none of these

Elements of a matrix A of order _10 x 10 are defined as
a,=w i+j (where w is cube root of unity), then trace (A) of
the matrix is

a.0 : b. 1 _
c.3 d. none of these

cosoe —sin 0

Let F(o) = | sine cosa 0| where o €R. Then
0 0 1

(F(a))™ is equal to
a. F(a™) b. F(—a)
c. FQa) d. none of these

cosx —sinx 0 cosy O siny
If F) = | sinx  cosx O|and G =| 0 1 0 |,

0 0 1 —siny 0 cosy

then [F(x) G(y)]"'is equal to

a. F(-x) G(-y)
¢ F(x) GO

b. G(-y) F(-x)
d. GO™) F(x™")

If A is a skew-symmetric matrix and n is odd positive integer,
then A" is '
a. a skew-symmetric matrix b. a symmetric matrix

c. a diagonal matrix d. none of these

IfA = {“

b .
d} (where bc # 0) satisfies the equations x*+k=0,
c

then
a.a+d=0 b. k=—|A|
c. k=1A] d. none of these

IfA, B, A + 1, A + B are idempotent matrices, then AB is equal
to

a. BA b.-BA

c./ d. o0

-5 -8 0
The matrixA={3 5 0]is
1 2 -1

a. idempotent matrix b. involutory matrix

¢. nilpotent matrix " d. none of these

If A is symmetric as well as skew-symmetric matrix, then A is
a. diagonal matrix b. null matrix

¢. triangular matrix d. none of these

If A and B are square matrices of the same order and A is non-
singular, then for a positive integer r, (A7'BA)" is equal to

a. A" BA” b. A"B"A™

c.A'B'A d. n(A"'BA)

76.

77.

78.

79.

80.

81.

Which of the following is an orthogonal matrix?

l6/7 2/7 -3/7 6/7 2/1 3/7
a. |2/7 37 6/7 b.[2/7 -3/7 6/7
13/7 -6/ 2/7 37 6/7 =2/7)
[—6/7 -2/7 -3/7 6/7 217 3/7
e|2/7 371 67 a.| 2/1 27 =37
|=3/7 6/7 2/7 -6/7 21 37

If k eR, then det{adj(kl )} is equal to

a k! b. ke
c. k" d. k
x 3 2
Given that matrix A=|1 y 4] Ifxyz=60and 8x+4y+3z
22 z
= 20, then A(adj A) is equal to
[64 0 O] 88 0 0
a.| 0 64 0O b.10 8 0
1o 0 64 10 0 88
(68 0 0] [34- 0 0
.| 0 68 0 d.10 34 O
L0 0 68] |0 0 34
12 0] 2 -1°5
LetA+2B=| 6 -3 3|and24A-B={2 -1 6| Then
-5 3 1] 0 1 2

tr(A) — tr(B) has the value equal to

a.0 b.1
c.2 d. none
IfA,A, .., A, _ aen skew symmetric matrices of same

order, then B = 3. (2r — 1) (A,, _) ! will be

r=|1

a. symmetric
b. skew-symmetric
¢. neither symmetric nor skew-symmetric

d. data not adequate

1 2 3 0

LetA=|2 0 5]|and B=|-3| Which of the following
0 2 1 1

is true?

a. AX = B has a unique solution

b. AX = B has exactly three solutions
¢. AX = B has infinitely many solutions
d. AX = B is inconsistent



2
82. Consider three matrices A = L

M

-

ultiple Correct Answers Type

1 3 4
,B= and
(TN
ABC)

3 4 ’
C= I:__z 3 } Then the value of the sum tr(A) + tr( 5

2} 3 -
(o

b.9

d. none

a6
c. 12

Solutions jon;page_é. 8.46

Each question has four choices a, b, c and d, out of which ore or
more answers are correct.

1. If A is unimodular, then which of the following is unimodular?

a. —A

b. A™

cadjA

d. wA, where w is cube root of unity

ta=l Upl®
Tl o1 s

1
J and (A + BY? = A? + B? + 2AB,

‘then
a.a=-1 b.a=1
c.b=2 d.b=-2

If AB = A and BA = B, then which of the following is/are true?
b. B is idempotent
d. none of these

a. A is idempotent
c. AT is idempotent

1 2 2
IfA= 1 2 1 - 2lis an orthogonal matrix, then
3 a 2 b
a.a=-2 b.oa=2,b=1
c.b=— d.b=1

Let A and B are two non-singular square matrices, A” and B"
are the transpose matrices of A and B, respectively, then which
of the following are correct?

a. B7AB is symmetric matrix if A is symmetric

b. B7AB is symmetric matrix if B is symmetric

c. B7AB is skew-symmetric matrix for every matrix A

d. B’AB is skew-symmetric matrix if A is skew-symmetric

sinf icos@

IfAG) = [ :l, then which of the following is not

icos@ sinf
true?

a. A(@)'=A(x—06)

b. A(B) + A(x + ) is a null matrix
c. A(9) is invertible for all 8 eR

d. A9y ' = A(-6)

7.

8.

9.

10.

11.

12.

13.

14.

Matrices 8.29

If A is a matrix such that A+ A + 21 = O, then which of the
following is/are true?

a. A is non-singular b. A is symmetric

’ 1
c. A cannot be skew-symmetric d.A™' =— E Aa+
3 -3 4
IfA={2 -3 ‘4| then
0 -1 1
a.adj(adjA)=A b. |adj(adj A)l=1"
c. ladj Al =1 d. none of these
_l ’
It 1 —tan 8 1 tan @ _la -b then
tan 6 1 —tan@ 1 b a
a.a =cos 20 b.a=1
¢. b =sin 20 d.b=-1
1 -1 2
IfA'=|0 3 1 |, then
0 0 -1/3
-1 1 =2
a. |A|=-1 b.adjA=| 0 -3 -1
’ 0 0 1/3
1 /3 7 1 ~-1/3 -7
cA=|0 1/3 1 dA={0 -3 O
0 0 3 ] 0 O 1

If B is an idempotent matrix, and A =1 — B, then

aA’=A b.A* =1

c.AB=0 d.BA=0

Which of the following statements is/are true about square
matrix A of order n?

a. (-A)™' is equal to —A"! when # is odd only.
b.IfA"=0,then [+ A+ A*+ -+ A" = (I -A)".

¢. If A is skew-symmetric matrix of odd order, then its inverse
does not exist.

d. (A" = (A7)7 holds always.

0 0 0 1 0 0 0 i

0 010 0 0 - 0
IfA = , Ay = l )
) 0100 i 0 0

1 0 00 - 0 0 0
then AA +AA, is equal to
a2lifi=k b.Oifi#k
c.2ifi#k d. O always
IfA= (aij)" ., and fis a function, we define fA) = (f(a,.j))” o
Leea=["279 9 ) 1pen

-0 ni2-86) .

b.sinA=cos A
d.sin (2A)=2sinAcos A

a. sin A is invertible
¢. sin A is orthogonal
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15.-

16.

17.

18.

19.

20.

21.

22,

Algebra

0 2b ¢
Ifla b —c|isorthogonal, then
a —-b ¢
1 1
Qa=% —= b.b=+ —
2 Ji2
c. c=% L d. none of these

If A and B are two invertible matrices of the same order, then
adj(AB) is equal to

a. adj(B) adj(4) b.|B|A|B' A" .

c. |B||A| A B d. |A| |B] (AB)™

If A, B and C are three square matrices of the same order, then
AB=AC= B=C.Then

a. |A|#0 b. A is invertible
c. A may be orthogonal d. A is symmetric
Suppose a,, a,, ... are real numbers, witha, #0.1fa,, a,, a,, ...

are in A.P., then
a a4, 0
a.A=la, as ag|issingular (wherei=+V-1)
as a, ag '
b. the system of equations a x + a,y + a,z =0, :
ax +.a5y +az=0,ax+ay+ayz=0has infinite number of
solutions
a, ia,|. .
c.B=|. is non-singular
ia, a

d. none of these

If o, f, y are three real numbers and

1 cos(ax — fB) cos(a—y)
A=|cos(f—a) 1 cos(f — y) |, then which of
cos(y —a) cos(y — B) 1
fbl]owing is/are true? :
a. A is singular b. A is symmetric
¢. A is orthogonal d. A is not invertible

10
LetA = L J. Then which of following is not true?

1, 0 0 . 0 0
a. lim — A™" = b. lim —A™" =
n—roe n -1 0 n—e J1 -1 0
- 1 0
A= | Vn#N d. none of these
-n

If C is skew-symmetric matrix of order n and X is n x 1 column
matrix, then X"CX is

a. singular’ : b. non-singular

¢. invertible d. non-invertible
01 1 b+c c+a b-c

IfS=({1 0 ljandA=|c~b c+b a-b|(a, b, c#0),
1 10 b—c a-c a+b

then SAS™ is

a. symmetric matrix b. diagonal matrix
c. invertible matrix d. singular matrix

23. If D, and D, are two 3 x 3 dlagonal matrices, then which of the
fol]owmg is/are true?

a. D D, is diagonal matrix b.DD,=D,D,
c. D+ Dlisa diagonal mairix  d. none of these

24. If A and B are symmetric and commute, then which of the fol-
lowing is/are symmetric?
a. A" B - b. AB™!
c. A”'B™! d. None of these

25. A skew-symmetric matrix A satisfies the relation A® + I = O,
where [ is a unit matrix then A is

a. idempotent ’ b. orthogonal
c. of even order d. odd order

26. If AB=A and BA = B, then
a. A’B=A? b. B’A = B?
c.ABA=A d. BAB=B

1 2 2
27. LetA=|2 1 2|.Then
2 21

a.A2—4A -5[,= 0 b A" =% (A-4L)

¢. A is not invertible d. A’ is invertible

Reasoning Type Solutions on page 8.49

Each question has four choices a, b, c and d, out of which only one is
correct. Each question contains STATEMENT 1 and STATEMENT
2.

a. Both the statements are TRUE and STATEMENT 2 is the correct
explanation of STATEMENT 1.

b. Both the statements are TRUE but STATEMENT 2 is NOT the
correct explanation of STATEMENT 1.

¢. STATEMENT 1 is TRUE and STATEMENT 2 is FALSE.

d. STATEMENT 1 is FALSE and STATEMENT 2 is TRUE.

1. Statement 1: adj(adj(adj A))| = |4[*~"", where n is order of
maltrix A.
Statement 2: |adj A| = |A|".

2. Statement 1: If D = diag [dl,d .. d”],then
D' =diag[d ", d,"....d "]

n

Statement 2: If D = diag [d, d,, ..., d”], then
D =diag [d", d," ..., d"].

]. cannot be expressed

3. Statement 1: Matrix 3 x 3, a;= .l
‘ i+

as a sum of symmetric and skew-symmetric matrix.

J_ is neither symmetric

Statement 2: Matrix 3 x 3, a_ = -
Yooi4+2j

nor skew-symmetric.



10.

11.

12.

13.

b
Statement 1: If @, b, ¢, d are real numbers and A = {a }
and A3 =0, then A>= 0. c d

b
Statement 2: For matrix A = {a d} , we have
. c

A —(a+d)A+(ad - bo) = O.

cosa —sina 0
Statement 1: If F (@) =|sina  cosa 0/, then
0 0 1
(F(@)]" = F(-a).

cosfp 0 sinf
Statement 2: For matrix G(f)=| 0 -1 0 |,
’ ~sinf8 0 cosf

we have [G(B)I' = G(-h).

4 0 4 133
Statement 1: A= [2 3 2(,B'=|1 4 3|.Then (4B)"
1 21 13 4

does not exist.
Statement 2: Since |A] =0, (AB)™' = B'A™!is meaningless.

Statement 1: The determinant of a matrix A = [a‘.j] x5 where a,
ta, = 0 for all i and j is zero.

Statement 2: The determinant of a skew-symmetric matrix of
odd order is zero.

Statement 1: The inverse of the matrix A = [a,-j],. <, Where
a;= 0,izjisB= [al.j"]” ’

Statement 2: The inverse of singular matrix does not exist.

Statement 1: For a singular square matrix A,
AB=AC=B=C
Statement 2: If |A| = 0, then A" does not exist.

Statement 1: If A, B, C are matrices such that |A, | = 3,
B, .l =~1and|C, ,| =+ 2, then |2ABC| =-12.

Statement 2: For matrices A, B, C of the same order,

ABC] = || |B| |C}.

Statement 1: If the matrices A, B, (A + B) are non-singular,
then [A(A +B) ' B]'=B"'+ A :
Statement 2: [A(A + B)"' B]"' = [A(A™' + B"")B]""
=[(I+AB")B]"'
=[(B+AB'B)]"!
=[(B+ADI"!
=[(B+AI"
=B"'+A".

Statement 1: Let A, B be two square matrices of the same
order such that AB = BA, A” = O and B" = O for some positive
integers m, n, then there exists a positive integer r such that
(A+By=0.

Statement 2: If AB = BA then (A + B) can be expanded as
binomial expansion.

Statement 1: If A = [aij]n ., is such that a,= Eﬁ,V i,jand A =

O, then matrix A null matrix.
Statement 2: {A| = 0.

Matrices 8.31

14. Statement 1: If A is orthogonal matrix of order 2, then

A=+ 1.

Statement 2: Every two-rowed real orthogonal matrix is of

sinf —cos@

cos@ —sin@ cosf sin@
or .
sin@ cos6

any one of the forms(

Linked Comprehension Type M Soltions on page 8.50

Based upon each paragraph, some multiple choice questions have
to be answered. Each question has four choices a, b, ¢ and d, out of
which only one is correct.

For Problems 1-3
Let A is matrix of order 2 % 2 such that A2 = O.

1. A’—(a + d)A + (ad — be)l is equal to

a. ] b. 0
c.—1 d. none of these

. tr(A) is equal to

a. 1 b.0
¢ -1 d. none of these
3. J+A)%=
a. 1004 b. 100(1 + A)
c. 100/+ A d. I + 1004
For Problems 4-6

If A and B are two square matrices of order 3 x 3 which satisfy
AB = A and BA = B, then

4. Which of the following is true?

a. If matrix A is singular then matrix B is non-singular.
b. If matrix A is non-singular then matrix B is singular.
c. If matrix A is singular then matrix B is also singular.
d. Cannot say anything.

. (A + B) isequal to

a.7(A + B) b.7-1,.,
c.6d(A+B) d.128 1

. (A + 1) is equal to (where / is identity matrix)
a. I+ 60/ b. 7+ 164
c.[+31A d. none of these

For Problems 7-8

Consider an arbitrary 3 x 3 matrix A = [a,.j], amatrix B = [b,,j] is formed
such that b, is the sum of all the elements except g, in the /" row of A.
Answer the following questions. '

7. If there exists a matrix X with constant elements such that

AX =B, then X is
a. skew-symmetric b. null matrix

¢. diagonal matrix d. none of these

. The value of |B| is equal to

a. |A| b. |Al/2
c. 24| d. none of these
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For PProblems 9-11 1 -
b oo A=]1 1 ,wetakeR:[x Y Z}
_LetA =|1 0 1|satisfies A"=A""?+ A*—Ifor n>3. And trace ' 2 3 u v ow
010 .
) . and solve AR = L,ie.,
of a square matrix X is equal to the Sum of elements in its principal
diagomal. 1 -1 1 00
Further consider a matrix v with its column as U, U, U, such that 1 1 [x r z ] =10 1 0
N N u v ow
1 0] " To 2 3 10 0 1
o, =
A° Y, = 25’A50U2= 1’A50U3=0 = x—u=] y—v=0 z—-w=0
»25 0 1 x+u=0 y+v=1 z+w=0
Then answer the follpwing questions. 2% +3u=0 2y+3v=0 C 27+ 3w=1
9. The values of |A% equals : : As this system of equations is inconsistent, we say there is no
a.0 b. 1 right inverse for matrix A.
c.-1 d. 25 . . . . .
15. Which of the following matrices is NOT left inverse of
10. Trace of A% equals 1 —1
a.0 b. 1 matrix |1 1 [?
c.2 d.3 2 3
11. The value of |Ulequals r1 1 ] _
a0 . b. | - =0 2 -7 3
: - a| 2 2 b.| 1 1
c.?2 d. -1 : 1 1 R 0
-— =0 L 2 2
L 2 2 |
For Problems 12-14 ] i
1 1 r :
Let A be a square matrix of order 2 or 3 and I be the identity matrix of 5 3 0 0 3 -l
the same order. Then the matrix A — A7 is called characteristic matrix of c. 11 d. _l l 0
the matrix A, where 4 is some complex number. The determinant of the 5 5 0 | 2 2

characteristic matrix is called characteristic determinant of the matrix - -
A which will of course be a polynomial of degree 3 in 4. The equation

det(A — A = 0 is called characteristic equation of the matrix A and its 16
roots (the values of 1) are called characteristic roots or eigenvalues. It is

also known that every square matrix has its characteristic equation.

1 -1 2
. The number of right inverses for the matrix L | 1} is
a.0 b. |

c.2 d. infinite
2 1 1
12. The eigenvalues of the matrix A=| 2 3 4 |are 17. For which of the following matrices, the number of left
1 -1 -2 inverses is greater than the number of right inverses?
22,11 b.2,3,-2 a,[l 2 4] b.F 2 1}
c.-1,1,3 d. none of these 3 21 321
13. Which of the following matrices do not have eigenvalues as 1 1 4 3 3
—1?
and —1? e|2 3 d 1
0 1 —i
a. b. 0 i (wherei:x/—_l) 5 4 4 4
1 0 i 0
. {1 0 J d {1 0} For Problems 18-20
0 -1 0 1 » 4
. A AR O
14. If one of the eigenvalues of a square matrix A of order 3 x 3 is If e’ is defined ase™ =1+ A + 21 * 31 T 2 g(x) f(x)
zero, then _
a. det A must be non-zero b. det A must be zero X x . . . )
. . where A = and 0 < x < 1, then [ is an identity matrix.
c. adj A must be a zero matrix  d. none of these x x

For Problems 15-17

Let A be am % n matrix. If there exists a matrix L of type n x m such that
LA =] ,then Lis called left inverse of A. Similarly, if there exists a matrix
R of type n x m such that AR = I , then R is called right inverse of A.
For example, to find right inverse of matrix - ¢ log(e*—1+c d. none of these

18. j%dx is equal to

a. log(e"+e™+c b.log(e*—e™) +¢



19. [(g(x)+1Dsinxdxis equal to

. x 2x
e’ . e .
a. —(sinx —cosx)+ ¢ b. —(251nx—cosx) +c
2 5
eX
c. fs—(sin 2x—cos2x)+¢ d. none of these

20. f—ﬂ&dx is equal to

g(x)
1 -1 x
a, ———— —cosec” (e')+c¢
24/e” -1
2 .
b ——— e —sec (") + ¢
e —e*
1 o
€. ———==+sec (e¢')+c
2+/e? =1

d. none of these

Matrix-Match Type §B - Solutions on page 8.52

Each question contains statements given in two columns which
have to be matched. Statements a, b, ¢, d in column I have to be
matched with statements p, q, r, s in column IL If the correct
matches are a—p, a—s, b-»q, b—r, c—p, c—q and d—s, then the
correctly bubbled 4 x 4 matrix should be as follows:

T S

OO
QOO
OO
®OOG

Matrices 8.33

3.
Column I (4, B, C are matrices) [ colomnTt
a If}A]=2, then A = (whereAisof  |p.1 -

order 3) ' A A

b. If|A| = 1/8, then |adj(adi(2A))] = (where A | q.4

is of order 3).

.If(A+BR=A2+B% and|A| =2, then  |r.24
|B| = (where A and B are of odd order) :

|a

1A
|ABC]| s equal to

=2,|B..|=3and|C, [=4.then  |s.0

2l 33

1.
Column 1. = - o Column 1T
a. (/ —'A)" is if A is idempotent p. 2" \(I-4)
b. (I — A)"is if A is involuntary - |qr-na
¢. (1= A)"is if A is nilpotent of index 2 r.A
d.If A is orthogomal, then (A7) . |s1-4
2.
Columnl Column I1

a.If A is an idempotént matrix and fisan | p.9

identity matrix of the same order, then

* the value of n, such that ’
A+Dt=1+127is

b If(J-A)'=I+A+A*+ - +A" then |q.10
A" = O where n is

c.IfAis matrix such that ‘ r.7 .
a,= (i +j)(i - J), then A is singular if
order of matrix is

d. If a non-singular matrix A is symmetfic, s.8
-show that A™"is also symmetric, then
order of A can be

t. does not exist '

Integer Type ; Solutions on page 8.53

01 0 '
L A= \:3 0:| and A® + AS + A* + A2+ DV = l:llil (where [ is the

.2 x 2 identity matrix), then the product of all elements of matrix
Vis.

a b

2, If ] is an idempotent matrix and f{x) =x - x? and be

lc l-a
= 1/4 then the value of 1/f(a) is.

3. Let X be the solution set of the equation A* = [, where A -

0 1 -1
=14 -3 4| andlisthe correspondirig unit matrix and x C
3 -3 4

N then the minimum value of Y (cos™8+sin"6), 6e R.

4. A= { ! ta“x} and f(x) is defined as fx) = det. (A7A™)

—tan.x 1

then the value of is (n 2> 2).
n-times
1 2 2||x 0
5. The equation |1 3 4|iy|=]0 has a solution for (x, y, z)
3 4 k||z 0

besides (0, 0, 0). Then the value of & is.

If A is an idempotent matrix satisfying, (I - 0.4A)"' =1 — 0A
where 1 is the unit matrix of the same order as that of A then the
value of 19 is equal to.
3x? (x+2)* 5% 2x
LetA=| | |,B=[abclandC=| 5x° 2x  (x+2)
6x 2 (x+2?  5x°
be three given matrices,
where a, b, ¢ and x € R, Given that tr-(AB) =tr-(C) x €R, where
tr-(A) denotes trace of A. If f{x) = ax? + bx + ¢ then the value of
) is.
Let A be the set of all 3 x 3 skew symmetric matrices whose

entries are either —1, O or 1. If there are exactly three 0’s, three
1’s and three (=1)’s, then the number of such matrices, is.
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9, T _etdA= [a,.j]b(3 be a matrix such that AAT = 4] and 'a,.j + 2c‘.j =0
where ¢y is the cofactor of a; and / is the unit matrix of order 3.

at4 A3 a+l a, 3
Gy ap+td ay (+5A] gy apn+l oa, =0
a3 ap  ap 4 as a3

ay; +1
then the value of 101 is. '

10. L_et S be the set which contains all possible values of , m, n, p
q - ¥ for which

’-3 p 0
A= 0
¥ 0

m* -8 q
n?—15

be a non-singular idempotent

matrix. Then the sum of all the elements of the set S is.

11. If A is a diagonal matrix of order 3 x 3 is commutative with
every square matrix of order 3 x 3 under multiplication and tr(A)
= 12, then the value of |A]'? is.

12. If Ais asquare matrix of order3 such that |Al = 2 then I(adj A~")"'|
is. '

Subjective Type ’ .

Solutions on page 8.54

a b c
1. Given a matrix A=|b ¢ a| where a, b, c are real posi-
c a b
tive numbers, abc = 1 and A"A = I, then find the value of
a+b+cl (IT-JEE, 2003)

2. If Misa3 x 3 matrix, where det M = 1 and MMT = I, where ‘I’
is an identity matrix, prove that det (M — I) = 0.
(IIT-JEE, 2004)

2

a1l 0 a 1 1 f a x|
3. fA=|1 b d|,B=|0 d c|\U=|g|V=|0]X=|y
1 b ¢ f g h h 0 b4

and AX = U has infinitely many solutions, prove that BX = V
has no unique solution.

4. LetA and B be 3 x 3 matrices of real numbers, where A is sym-

metric, B is skew-symmetric, and (A + B) (A - B) = (A — B)

(A +B).If (AB) = (—1)* AB, where (AB) is the transpose of the
matrix AB, then find the possible values of k.

(IIT-JEE, 2008)

Objective Type

Multiple choice questions with one correct answer

1 b. -1
4 d. no real values
(IIT-JEE, 2003)

(IIT-JEE, 2004)

2. IfA= [a 2]and |A%| = 125, then the value of a is

2«
a.x1 b.£2 c.+3 d.+5
(XIT-JEE, 2004)
1 0 0 1
3. LetA=({0 1 1|,I={0 1 O] and
0 -2 4 0
ATl'= Iié (A2 +cA+ dl)}. The values of ¢ and d are
a. (-6, -11) b. (6, 11)
c. (-6, 11) d. (6,-11)
(IIT-JEE, 2005)
B
2 2 11
4, If P= and A = and Q = PAP" and
LB o
2 2

x=PrQ¥ %P, then X is equal to

1 2005
a. :

b 4420053 6015
2005 420053
e 1 2+3 1
4 -1 2=

g, 1] 2005 2- 3 (IIT-JEE, 2005)
412+3 2005
5. The number of 3 x 3 matrices A whose entries are either O or 1

x 1
~and for which the system A | ¥ [=] 0| has exactly two distinct

. . z 0
solutions, is

a.0 b.2°-1 c. 168 d.2

(IT-JEE, 2010)
6. Let w# [ be a cube root of unity and S be the set of all non—
I a b

singular matrices of the form { @ 1 ¢ |, where each of a, b,

o 6 |
and c¢ is either @ or @’. Then the number of distinct matrices in
the set S is .
a.2 b. 6 c. 4 d. 8

(IIT-JEE, 2011)

Multiple choice questions with one or more correct answer

1. Let M and N be two 3 X 3 non-singular skew symmetric matrices
such that MN = NM. If P” denotes the transpose of P, then M°N?
(MTNY"' (MN-)T is equal to

a. M b. -M c. M d. MN

(IIT-JEE, 2011)



CompreFeension

Read thhe passages given below and answer the questions that
follow. _

For Problems 1-3

1 00
TetA=| 2 1 0f,and U, U,and U, are columns of a 3 x 3 matrix
3 21

U. If colurnn matrices U, U, and U, satisfy

1 2 2
=0 [,AU,=|3|, AU, =|3
0 0 1
then answer the following questions. (IIT-JEE, 2006)
1. The value |U]is
a, 3 b. -3 ¢ 3/2 d.2
2. The sum of the elements of the matrix U-! is
a. —1 b.0 c 1 d.3
3
3. The valueof [3 2 0] U|2] is
0
a.5 b. 5/2 c.4 d. 3/2
For Problems 4—6

Let A be the set of all 3 x 3 symmetric matrices all of whose entries are
either 0 or 1. Five of these entries are 1 and four of them are 0.

(IIT-JEE, 2009)
4. The number of matrices in Alis
a. 12 b. 6 c.9 d.3
5. The number of matrices A in A for which the system of linear
equations
X 1
Ajy|=|0
z 0

has a unique solution is
b. at least 4 but less than 7
d. at least 10

a. less than 4
.c. at least 7 but less than 10

6. The number of matrices 4 in A for which the system of linear
equations

e

x
Alyl|=
Z

is inconsistent is
a. 0 : b. more than 2

c.2 d. 1

For Problems 7-9

Let P be an odd prime number and T be the following set of
2 x 2 matrices:

Matrices 8.35

T,,z{A{j

7. The number of A in Tp such that A is either symmetric or skew —
symmetric or both, and det(A) divisible by p is
a.(p-1) b.2(p - 1)
c(p~-1Y+1 d.2p-1

b
J ra,b,ce{0,L,....p~ 1}} (IT-JEE, 2010)
a

8. The number of A in T, such that the trace of A is not divisible by
p but det(4) d1v151ble by p is [Note : The trace of matrix is the
sum of its diagonal entries].

a. (p-DHE'-p+1) b.p?—(p - 1)?
c. (p-1) d. (p - DH? -
9. The number of A in T,such that det(A) is not divisible by p is
a. 2p? b.p* - 5p
c. pP-3p d.p'-p?

For Problems 10-12
Leta, b and ¢ be three real numbers satisfying [a b c]

1 9 7
8 27
7 3 7

=[000] (IIT-JEE, 2011)

10. If the point P(a, b, ¢) with reference to (E), lies on the plane 2x
+y+z=1, then the value of 7a + b + ¢ is

a. 0 b. 12 c.7 d. 6
11. Let wbe a solution of x* — 1 = 0 with Im(w) > 0. If 2 = 2 with b

and c satisfying (), then the value of iﬂ Tt ic is equal
to o' o o

a. -2 b. 2 c.3 d.-3

12. Letb =6, with a and c satisfying (E). If &z and S8 are the roots of

n=0\ & B

6 b.7 - Ll d
a. 0 . C.7 . OO

. o =(1 1)
the quadratic equation ax® + bx + ¢ =0, then Y, [— + —] is

Integer type
1. Let X be a positive real number and
261 2k 2k 0
A=|2Jk 1 —2k| andB=
2k 2k -l

If det (adj A) + det (adj B) =

2k-1 Jk

1-2k 0 2
~k 2k o
108, then [£] is equal to.

[Note: adj M denotes the adjoint of a square matrix M and [k]
denotes the largest integer less than or equal to k].

(IT-JEE, 2010)
2. Let M be a 3 x 3 matrix satisfying
0 -1 1 1 1 0
Mil|={2 M|-1|=|1],andM|1|=]|0
0 3 0 -1 1 12
Then the sum of the diagonal entries of M is. (IIT-JEE, 2011)
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Subyjective Type SEEEEH R

1. We have

0 1]{0 1 0 0
X=XxX= = =0
ool oo o
= X=XxX=0xX=0
Similarly, X* =X =X°=---=0

Now, by binomial theorem we have

(ol + X" = (@D +"C (P (g) +C, (D" (@X)' +

+C_ (g%
- mim—1)
=p'l+mp™ gX + ———p" 2 (gX)? + -
! X
=p  +mp™gX+0+0+--+0 (- X =

X’»‘_—; =X”’=0)
= (p1+ qX)m =pm + mpm—qu, vp, q‘e R

2. A is an upper triangular matrix. So,
a; =0, i>] a,=0, i<j
A=4" " and A'= v .
a,-j;tO, i<j a,-j;tO, izj
B is lower triangular matrix. So,

Bz{b,.j:o, i<j
b,-j‘;tO, izj

b;=0, i>j
and B’ o
b,-j;tO, i<j

c;=0, i<]
Let, C'=A"+B=¢ | .

c; 20, i2]
=0, i>j

g0, ig)

c” :(A+B’):{

(A’ +B) x (A + B)) = C (let) for C, <, #0 (for all { and j)
Therefore, (A’ + B) x (A + B’) is a matrix of order n x n, V C,;# 0
in any case.
3. A= (B + Cy
We can expand (B + C)*' like binomial expansion as BC = CB.

(B+C)p+] =p+lCOBp+l+p+ICprC+p+]CzBp—lCQ+ +I)+]C,7
|Cp+]
=’+’COB”+'+”+'C]B”C+O+0+ 3O (=0 C

=B"*'+ (p+ 1)BC
=B[B+(p+1)C]
4, Let, fly) =a,+ax+ax’ + - +ax
= AD)=aJ+aD+aD*+: - +al"
=a,x diag (1, 1, , D

+a, x diag (dw 2, ...,d")
+a, X diag (drd), L...d?)

+ e

+a xdiag (d", d,, ..., dn
=diag (g, +ad, +ad’+ - +ad’

ANSWERS AND SOLUTIONS

a,+ad,+ad’+ -+a"d2",
T4 ... [
a,+ad,+ad’+ -+ ad’

.t+ad"

non

a,+'ad + ad?+-
= diag (fld)), fd), ... f(d"))

5. Given equation is
STl
z t 00
x Yy Xy 2 4+ oy oxy + ¥ 00
[Z t] L t}zlizx + 1z zy + tz}z[o 0]

= x*+yz=0 . €))
yx+H=0 2
2x+0=0 3
vz+2 =0 4

From Egs. (1) and (4), we have x> =ffor x =% 1.

CaseI:
If x = ¢, from Eqgs. (2) and (3), y =0, z = 0. Then from Eq. (1), x=0=t

Case II:

If x = —, then Egs. (2) and (3) are satisfied for all values of yand z.
If we take y = — 8, z = a, then from Eq. (1),

x=i\/;_=—t

Obviously, Case I is included in Case IT (o= 0 = ). Hence, the
general solution of the given equation is

x=—t=% Jof .y=-Pz1=0a
S -
¢t o  Fap

where a, § are arbitrary.

S P
£

= A’+3A+4+2[=0 )
From Eq. (1),

A+ 3A'+2A=0

A+DP-A=F

A=A+D-P=A+D*+ Iy

B=A+land C=-

R
and cz[‘ol _"J

LI



: b
7. Let A= [a d} be a square root of the matrix. -
c

Then A%=1 -
a b a b N 1_0
c d| |c 4| |01

a’ +bc ab+bd _{1‘0]
ac+cd ch+d’ 01

= a?+bc =1

ab+bd =0
ac+cd =0
cb+d =1

ON

@
<)
)

If a + d = 0, the above four equations hold simultaneously if d =

—a and a? + bc = 1. Hence, one possible square root of / is

o
Yy -o
where a, f, y are the three numbers related by the condition
a+pfy=1

If g + d # 0, then above four equations hold simultaneously

ifb=0,c=0,a=1,d=1orifb=0,c=0,a=-1,d=-1.

1 —
Hence, 0 R Lo
01 0 -1

i.e., = I are other possible square roots of 1.

1 2 2
8. GivenA=|2 1 2
2 21
1 2 2) (1 22
A =AxA=[2 1 2(x|2 1 2
2 2 1) {2 21
1+4+4 2+2+4 2+4+2
=|2+2+4 4+1+4 4+2+2
2+4+2 4+2+2 4+4+1
9 8 8
=18 9 8
8 89
9 8 8 1 22 10
A?-4A-51=|8 9 8 —4{2 1 2]-5/0 1
8 8 9 2 21 00
9 8 8) (4 8 8) (500
=8 9 8|-|8 4 8][0 50
8 8 9/ (8 8 4/ 1005
9-4-5 §-8-0 8-8-0
={8-8-0 9-4-5 88—0}
8—8-0 8=8-0 9-4-5
000
=0 0 0
000

- O O

Matrices

AY—4A-51=0
or
SI=A?-4A
Multiplying by A~', we get
S5A'=A-41
1 2 1 00
=2 1 2|-40 10
2 21 0 01
1 2 2 4 0 0
=2 1 2(-{0 4 0}
2 21 0 0 4
1-4 2-0 2-0
={2-0 1-4 2-0
2-0 2-0 1-4
-3 2 2
=2 -3 2
2 2 3
-3 2 2 -3/5 2/5 2/5
at=Ll 23 2= 2i5 315 215
> 2 2 3 2/5 2/5 -3/5

8.37

9. First, we will show that I — § is non-singular. The equality
| I - Sl = 0 implies that I is a characteristic root of the matrix S, but
this is not possible, for a real skew-symmetric matrix can have zero
or purely imaginary numbers as its characteristic roots. Thus I/ — § | #

0,i.e., I — S is non-singular. We have,
AT=[(I-ST A+ 9T
=[-T' A+

But
(-8 =I"-8"=1+S§
and
J+)T=I"+8§"=1-§
AT={I+Sy"(U~-S8)
AA=I+S'(I-ST+S)UI-S5)
- = +S I+ U-8)UT-8)"
=T
Thus, A is orthogonal. \
10. Let p=|* P "
Cc O

Consider the matrix equation PX = Q

& o)l

C Olix 2

which is equivalent to the following system of equations
Ax +Bx,=¢q, )
Cx, +0=gq,

From Egq. (2), we have

Cx =g,

or

or ‘

C'Cx,=Cq,

= x=g,C"

Putting the value of x, in Eq. (1), we get
gAC' +Bx,=q,

or
g,B" AC” + B"'Bx, = Bgq,

= x,=B'q-¢,B'AC"

6))
€3

3

(C)]
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Borth Egs. (3) and (4) are equivalent to the matrix equation

5 P
X, B! —BlAC | &
0 c
= X= -1 —1 -1 Q

B —BlAC

IR c’!
B —BlAC™!

11. LetP=1/2(A + A%

and Q = 1/2i(A — A%). Then,
A=P+i0 (@))]
Now, )

8
P = {%(A + A")}
= @A)

1 1
= —(A%+A)=—(A+A)=P
2( ) 2( )

Therefore p is a Hermitian matrix. Also,

o |1 o
Q=17 (A-4"

_ i LAY
—[21']('4 A%

__ Y e e
= Zi{A (A%}

I 0
=——(A% -4
2 )
1 0
=—(A-A
2 ¢ )

=0
Therefore, Q is also Hermitian matrix.

Thus A can be expressed in the form (1). SincevA is unique, let A
=R + i§ where R and § are both Hermitian matrices. We have,

A?=(R +iS)’
=R"+ (15)’
=R~ i§¢
=R-iS (since R and S are both Hermitian)
A+A=R+iS)+(R-iS)=2R
= R=> %(A +AN=P
Also,
A-A=(R+iS)-(R-iS)=2iS
S S=o(4-4) =0

Hence expression (1) for A is unique.

12. We have,
243 2 5
A=|-3-i 7 3—i
3-2 i 2+i
(2+3i -3-i 3-2i
= AT=| 2. 7 i

5 3 2+i
2-3 3+i 3+2i
= AT=| 2 7 —i

5 3+i 2-i

or
[2-3i =3+i 3+2i|
A®=| 2 7 ~i

5 3+i 2-i|

243 2 5 [2-3i —3+i 3+2i
A+A®=|-3-i 7 3-i|+| 2 7 —i
3-2i i@ 2+i| | 5 3+i 2~i

4 -1+i 8+2f
=|-1-i 14 3-2i 1)
8—-2i 3+2i 4

and
2+3 2 5 2-3i =340 3+2i
A-A®°=|-3-i 7 3-i|-| 2 7 i
3-2i @ 2+i 5 3+i 22—
6i 5-i 2-2i
=| =5-i 0 3 )
-2-2i -3 2i
Adding Egs. (1) and (2), we get
4 -1+ 8+2i 6i 5-i 2-2i
2A=|-1-i 14 3-2i|+| -5-i 0 3
8—-2i 3+2i 4 -2-2i -3 2i

PR L
2 2 2 2
Hence, A = L 7 i_,' " 3 0 3
2 2 2 2 2 2
asi 24 2 e =3
L 2 1t 2 |

Objective Type |

1.d. LetA be a skew-symmetric matrix of order n. By definition,

A =-A
= A=Al
= Al =(=1)" Al
= |Al=-Al [+ nisodd]
= 2IAl=0
= Al=0

Hence, A~' does not exist.



2.d. (i) is false.

If A 01 dB b1 then AB 00 0
— an = B en = =
0 ~1 00 0 0

(ii) is frue as the product AB is an identity matrix, if and only if B
is inverse of the matrix A.

(iii) is false since matrix multiplication in not commutative.

1 3 1 1
3.c. I xy]|0 2 —1|=|x|=10
0 0 1 y

1
= [l 3+2x l-x+y]|x|=[0]
- LY
= [1+3x+2+y—xy+y]=[0]
= 22 +y+y+3x-—xy+1=0
Ify=0,2¢+3x+1=0
= 2x-DE+1)=0
= x = —1/2, -1 (rational roots)
If y=-1,2x"+4x+1=0

4+J12 2443
X = =

= (irrational roots)
] 4 2

4.d. A=diag(d,,d,,...d)
Given, A3 =A

= diag (d}, dp, .., d") = diag (d,, d,, ..., d)
= d*=d,d’=d,..d’=d

Hence, all d,, d,, d,, ..., d, have three possible values +1, 0. Each

| A
diagonal element can be selected in three ways. Hence, the number
of different matrices is 3"

5.d. If Ais n"root of I, then A" = I,. Now,
5 a blla b a’> 2ab
A = =
0 al|l0 a 0 a2
3 2 @ 2ab|la b]| |a® 3da%
A" =AA= =
0 a* |0 a] |0 4

Thus, '

a" na"'b 1 0
A== =
0 a’ 0 1

ca 2] w
L4

LetA be given by A = l:a
a-b=-1 ¢ 3)
c-d=2 @

For second equation gives

LA GIH

b
d}' The first equation gives

Matrices 8.39

This gives
. —a+2b=1 (5)
—~+2d=0 ©)

Egs. 3)+(5)=b=0anda=~1

Egqs.(4)+(6)>d=2andc=4

Sothesuma+b+c+d=>5. ,

cos’@  cosBsin@ || cos’¢  cosgsing
cos¢sing sin2¢

|: cos? @cos? ¢ + cos@cospsinHsin ¢

7.c. AB= )
cos@sin 6 sin?@

. 2 . .
cos@sinBcos” @ +cosBsinBcosPsing

cos’ Ocos@sing + cosOsin fsin’ ¢
cos@cosdsinHsin ¢ +sin” @sin® ¢

cosBcosd(cos(8—¢)) cosOsind(cos(8 —¢))
sinBcos@(cos(B — )  sinGsinP(cos(8 — P))

cosBcos¢p cosOsing

=(COS(0—¢))[ . o
sinBcos¢ sinfsing
Now,AB=0=cos(0-¢)=0=0-¢=02n+ Da2,ne Z

8.b. AB'=ABBBBB---B
= (AB)BBB---B
= B(AB)BBB---B
= BB(AB)BB---B

=BA
(ABy"=(AB)AB)(AB)---(AB)
= A(BAYBA)(BA)---(BA)B
= A(ABYAB)(AB)---(AB)B
= AXBAY(BAY(BA)---(BA)B>
= AXAB)(ABY(AB)---(AB)B
= AXBA)(BA)(BA)---(BA)B®

=A"Bll
9. a. From given data Al = 2*
= ladj (adj A)l = (2% = 2%

{det(adj(ade))}_ 2 _Ja+p?| 1
7 IREE R A

10. b. We have,

B4 BN

_ a’ + By 0 [1 0}
= =
{ 0 a2+ﬁy} 0 1

= a*+fy-1=0
11. c. Given A2 = A. Now,
(I+AY—TA=T +3PA +3IA* + A*~ 7A

=l+34A+3A+A-T7A
=/+0
=1

12.a. (A - A)B Al = (B - A)A - AD

AB - XA + B) + 2P = BA — A(B + A)I + 2P

AB =BA

I3
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13.¢c. Given, A2=24-1
Now, A*= A(A?)
=AQA-1)
=2AT-A
=2024-D-A
=3A-2]
At = AAY)
=A(BA-2D
=34%-24
=3RQA-D-2A
=4A-31
Following this, we can say A" = nA — (n— 1)L
14.a. Wehave, A’=0,A*=0,Vk>2
Thus,
(A+D*®=T1+504
= (@A+D°=1+50A
= a=1,b=0,¢=0,d=1
15.b. We have,
A=IiB
— A’=(B?=i’B*=-B* :{ 2 '2}—23
-2 2
= A*=(-2B)’=4B>=4(2B)=8B
= (AY)*=(8B)?
= A*=64B’=128B .

-

16. b. Since the product matrix is 3 x 3 matrix and the pre-multi- ‘

plier of A is a3 x 2 matrix, therefore A is 2 x 3 matrix. Let,

I m n
A =[ } Then the given equation becomes
Xy z

-1 -1 -8 -10
| mn
1 0 { }: 1 -2 -5
3 4T e 2 s
[ 21-x  2m-y 2n-z -1 -8 -10
= [ m x =1 =2 -5
|-3l+4x 3m+4y -3n+4z 9 22 15

= 2-x=-1,2m-y=-8,2n-z=-10,I=1,m=-2,n=-5
= x=3,y=4,z=0,l=1,m=-2,n=-5

I m n| |1 =2 =5
= A= =
Xy z 3 4 0

' L1 1+
17.b. Let, A=—

3(1-i -1
11 1=
AT =—
J31-i —1]
- 1[ 1 1+i
Aly=—
= @ ﬁ[l—i —1]

AGT =L Potwi] 1[0 1w
T B1-i -1 N

sl )l

18. d. See theory.
19. a. A is involuntary. Hence,
Al=]= A=A
Also, ’
1
kA =— ()"
(kA) X (A)

-1
= (%AJ =2(4)" =24

20. b. Given,
B=A1AT
= B'=(A'ANY =Ax AN

= BxBT =ATATxAx (A) =A" x (AT xA)(A")

=ANA x ANAY
=(A"A) x (A4 =Ix =1
21.b. PPP=1]
Q = PAPT
x = PTQ!OOOP - PT(PAPT)IOOOP
= PTPAPT(PAPTY™P
= IAPT-PAPT(PAPTY**P
= AIAPT(PAPTY*P
= A2P"PAPT(PAPT)*'P
= ASPT((PAPTP

= A0 =] (-: Aisinvoluntary)
Hence, x'=1L
22. b. Since A is orthogonal, hence
AAT=1
= IAAT=1
= WAY=1
= |Al=+1
Now, ladj(adj A)l = 14"’

] 1 1 1
b | A —=1lA-=T|=Tand| A"+ =1 || A+=1
23.b ( 2 )( 2 ) ( 2 j[ 2 ]

= A+A'=0 (subtracting the two results)
= A'=-A
= A?=- 3 1
4
-3y 5
= e = (det(A))
= niseven

24. a. For involuntary matrix,

2

= AWl=Il1=1AP=1= Al==%]
For idempbtent matrix,

A=A .
= A=Al AP =1AI=1Al=0or1
For orthogonal matrix,

AAT=1

= [AATI=II=AlATI= 1= AP =1 = Al=+]
Thus if matrix A is idempotent it may not be invertible.

25.a. AxAT=1
1A x ATl =111
AR = 1

Al = +1

A! exists

LI

Il

I



= A 'xXAXAT=A'xI

= A'=AT

26. b. Z is idempotent, then
2 =Z=27...,2"=2
(I +2Zy ="C+"CIZ+"C 22 + - +'C2"

="CJ+"CZ+"CZ+"CZ+

+'CZ

=I+(C +"C,+"C,+ - +"C)Z
=1+ @2"-1)Z
27.d. Since AB=B and BA =A, so

BAB=R

= (BAB=B

= AB=B
= B =5

Hence, B is idempotent and similarly A.
(A-BY)=A>-AB-BA+B'=A-B-A+B=0
Therefore, A — B is nilpotent.

28.b. A2 =0, A®
Then, Al +A)"

=A*=---=A"=0
=A(I+nA)=A+nA’=A

29, b. We have, AB=A(adj A) = 1Al ]

AB+KI =IAll +KI
= AB+KI =(Al+KI
= |AB+ KI|=l(Al+ R (- lall=a")
= (Al + K)"
30.d.det(A - I) =det (A -AY)
=det A(/-A)
=det A x det (/- A)
=—detAxdet(A-1)
Now,
A?=]
= det (A?) =det (D)
= (detA)=1
= det(A) ==l

Thus, det (A) can be 1 or —1, from which we cannot say anything

about det(A — D).

qg —b vy
3l.a. |Bl=|-p a -—x|(Multiplying R, by ~-1)
r —c z
g —by
=—|p =a x|(Multiplying C, by —1)
ro—c z
q by
=[p a x|(Changing R, with R,)
roc z
p a x
=—lg by
r ¢ z
a x p
==b vy 4
c r

Hence |Al = —1BI, obviously when lAi # 0, 1Bl £ 0. Also, ladj Bl = IB

= (-Aly = 1AP.

33a.
=
- -
=

34.b.

35.c.
=
=

Matrices 8.41

. AB=C

IABI = |CI
IAHBL = {C)
ICl

|Bl=—
1Al

AB=A+B

B=AB-A=AB-1)

det (B) =det(A)det(B-1)=0
det (B)=0

[A2005 . 6A204 = JAPYA — 6]]

= 2004 _; . = (=22) 2200 = (1) (2)2%05
A=
A2-I=0
A+D@A-D=0

Therefore, either |A + 1 =0 or lA - 11 = 0. If 1A — 11 £ 0, then (A +
D (A-1)=0= A-I=0 whichis not so.

36. b.

A-N=0andA-I#0

We have,
I=AA""
01 2 1 -1 1
= l 1 2 3||-08 6 2c
2 3 a1 5 =3 1
1 0 c+1
= 0 1 2 (c+D)

41-a) 3 (a-1) 2+ac

Comparing the elements of AA~' with those of I, we have

=
37.c
=

38. c.

39, a.

c+1=0=>c=-1
c=-landa-1=0=>a=1
GivenB'=I=BB'=IB"'= B'=8"
A'B-'A-A"B'A=A"'B'A-A"B'A=0
3 h L] B
7 [% z.]

r -t
2
g Pz 0 }

| 0

f2 0] 2 o0
1o 21 o 1/2

We have,

2 2
Ile +|Zz|

ef cosa  —ePsina 0

a_ g 8
A(e, B) =—g|e sin a e cosa 0
¢ 0 0 1

=A(-0,—f)
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40. a. We have,
Al = (a + ib) (@ - ib) — (—c + id) (c + id)
= +b+3+di =1

and adi(4) = l:a —-ib —c— id}
c—id a+ib
Ther A~ :{ a-ib —- id:l
—c+id a-ib
41. c. Giiven
A’=0
Now,

(I-A) (I +A +A?) ,
=P+IA+IA2—Al-A? - A}
=14
=7

= (J-Ay'=l+A+A°

42. b. We know that ladj(adj A)l = |AI"~ i
= Iadj(adj(adj A))l = |adJ Al(n— l)z
' = Aln- D
=28=1256

adj(—A) _ (=1)""'adj(4) _ adj(A) _

43.b. (—A)'= _
[—Al (-D" 1Al ~1Al

44. 2. AGDAG) =1~ x)™! (1—);)-1[1 —x][l -y
—x 1 -y 1

1+ —(x +
=ty -Gy | TP TEY
—(x+y) 1+xy
X+y
S
X
=[1—x—+y] V1= A
I+ xy _X+y 1
[+ xy

-a 5

= adj(A)={5 0:'
a 5

a L5 0 115 0
= AT =— = —
IAlla 5| 25|la 5
= A‘ZZ(A"‘)ZZL 5 0]1(50
25|a 5|25|a 5

125 0
_EELOa 25}

I

25

2a 1

125 25

5 0
45.b. Let, A=

Now,
. I
s 0] |35 O
x  1/25] | 2a 1
125 25

= x:2a/125

—A™!

1+x

46. c. fix) =
1—x

= (l-x0fX)=1+x
= (I-A)fA) =(+A)
= fA)=U-A)' I+A)

{o tH 0 M)
- -3 1)

47.a. We know that in a square matrix of order n,
ladj Al = 1Al :
= ladj (adj A)l = ladj Al-! = |4 j0-"
= n-2n-8=0
= n=4asn=-2isnot possible

1 tan x

48.b. 1Al = =1+tan’x#0

—tanx i

So A is invertible. Also,

T
. 1 tan x 1 —tan x
adj A = =
—tanx 1 tan x 1

Now,

A":lade
4|
o a4l_ 1 1 —tanx
(l1+tan’x) |tanx 1
1 —tanx
_ l+tan’x 1+tan’x
tan x 1

1+ tan? 1+tan? x

1 —tanx
ATA™ = 1 —tanx || 1+tan’x 1+tan?x
tan x 1 tan x 1
l+tan® 1+tan’x
l-tan’x —2ianx

l+tan’x 1+tan’x
2tanx  l—tan’x
l+tan’x I+tan’x

cos2x —sin2x
sin2x cos2x



b, since 2|t land eiven 4 0  tanan2
. D. C "= veén =
n 01 g —tana/2 0

—tan ot/2
} ey

1
I— A=
tan /2 1
cos@ —sin a}

Now, (I —A)[ .
sino  cosa

1 tan(x/2j| [cosa —sina:l

| —tan /2 1. sin@  cos

I—tan’/2  2tan af2
ro1 tana/2]| 1+ tan’ /2 1+tan’of2
| —tan o/2 1

1-tan? a2
1+ tan® a2

2 tan a/2
1+ tan’ a2

2tan’ a2
1+ tan® a/2

[ —tan’ @2
l+tan® a2

2 tan o/2
1+ tan® a2

—tan /2 (1 - tan® & /2)
1+ tan? /2

2Qtan @2 tanc/2 (1 — tan? o0/2)

T 1+tan’ar2 1+ tan® /2
2tan’ @2 1—tan® a2

1+tan? /2 1+ tan® /2

(1+ tan® a/2)
(1+ tan® a/2)
tan o/2 (1 + tan” @/2)
(1+tan? a/2)

_tana2(1+ tan? o/2)
(1+ tan® a/2)

(1 +tan? o/2)
(1+ tan? /2)

[ 1 —anap
|tan a2 l
=1-A [Using (1)]
1 -4 -16 -6
50.d. Let, A= and B =
3 =2 7 2
Then the matrix equation is AX = B.
1 4
IAl= =-2+12#0
3 2

So A is an invertible matrix. Also,

T2 a3 (=2 4
adj A = =
4 1 -3 1

So,

A™ =lade=—1-[_2 4}
|A] 10]-3 1

Now,

AX=B

A"AX)=A"'B

(AA)X=A"B

IX=A"'B

X=A'B

X_1—24—16;6_6 2
T10)-3 1)l 7 2| |2 2

L/

Matrices 8.43

51.c. (A'BA)? =(A"'BA) (A'BA)
=A"'B(AA"")BA
=A"'BIBA=A"'B*A

= (A"'BA)} =(A"'B’A) (A'BA)
=A"'B?(AA")BA
=A"'B’ IBA
. =A"'B%A and so on
= (A'BA) =A"BA
52.a. AadjA=1Al1
= lAadjAl=IAl" [If A is of order n x n]
= |Alladj Al = Al
= ladj Al = 1AI*-!
Now, A is singular,
IAl=0
= ladjAl=0
Hence adj A is singular.
53.a. A=diag(d, d,. d,, ....d)
= lAl=(d xd,xd,xd, - d)
Now,
Cofactor of d isd,d, --- d,
Cofactor of d,is d, x d,x d, --- d,
Cofactor of d; isd, x d,x d, - d

n

Cofactor of d isd xd,xd, --- d

n-1

Al= I_ji—l adj(A) =diag (d,',d,”,d, ", ..., d ™)

1272 >73 2 n
Hence, A~ is also a diagonal matrix.
54. a. We know that for any non-singular matrix A,
[
A= — adj(A)

[Al
Now put A = P-'. Then'we have

(P-])—| =

adj(P!
(P JED

= P=IPladj(P")
N o
= adj(PH= m
55. ¢. adj(Q'BP") = adj(P")adj(B)adj(Q")
L
Pl 10}
= PAQ
56. b. We have,
(A-2D(A—-4D=0
A’-2A-4A+81=0
A’—-6A+8I=0
AY(AT-6A + 8= A0
A-6I+8A"'=0
A+8A'=6l
Lavdao
6 3
57.b. lA(a, Bl = cos? ae’ + sin*ae’ = f

Now,

1
A(a, By =7 adj (A (@, )
e .

L A
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efcosa —sin o
1 .
= Psing  cosae?
¢ 0 0o 1
cosa -sina 0
={sinx cosx 0
0 0 e*

=A(-0,-B)
58. a. As B=-A'BA, we get
AB=-BAorAB+BA=0
Now,
(A+B?=(A+B)(A+B)
=A’+BA+BA+ B’
=A%+ 0 + B?
=A?+ B?

= 1im(A”)“‘:[g g) asa>landb>1

60. b. (/- A)(A) =1+A
= flA) = +A)I-A)"
=(+AI+A+A)
=J+A+AT+A+ AT+ A°
=1+2A +2A°
61. d. If possible assume that A is non-singular, then A exists.
Thus,
AB=0=A"(AB)=(A"A)B=0
= IB=0 or B = O x (a contradiction)
Hence, both A and B must be singular.

a2 a3 2
SN )
- EE

63.c. A2Z—A+1=0

= I=A-A?
IA = AAT - A4
= A'=I-A

a b
64.a. Let, X =[ ]
c d

-, [a*+bc ab+bd
= X'=
ac+cd be+d*
= @+bc=landab+bd=1=bla+d)=1
ac+cd=2=cla+d)=2=2b=c
Also,
be+d=3=d-a*=2
= (d-a)a+d=2=>d-a=2b (using bec =1-a?)

a+d=1/b
= 2d=2b+1b, 2a=1/b-2b
d=b+1/2b, a=1/2b)-b
c=2b
= (b2+—-17+1 +2b2 =3
4b
2 1
= 3b +—2=2
4b
1
= 3x+—=2
4x
= b=i—1— or b=iL
J6 2

Therefore, matrices are

[0 1A/§][ 0 —1/\/5] [2/\/3 -1/\/81
2 2\ 2 e 46
65. ¢. Given that
X=AB+BA=>X=X"
and
Y=AB-BA
= Y=-Y
Now, (XY)" =YX =-YX.
66. c. As A is a skew-symmetric matrix,
AT=-A
= a,=0,Vi
= tr(A)=0
Also,
C A= AT = 1Al = (1) Al
= 2A1=0
= lAI=0

67.d. t(4) = L%
=(a111 + 0y + Ayt F )
=W+ wH+ Wl + -+ W)
=w2(1+ w2+ wh+ - +w')
=w(l w4 ek (I+wHwh+ 1]

=w?x1
= tr(d)=w?
68. b. We have,
cosa —sina 0 cosQ
F(o)=|sina cosa 0|=adi(F(a))=| —sin@ cosc 0
0 0 1 0

Also,
det (F(a)) =1

0

sinae 0

1



cos(—a) —sin(-a) 0
= [F()'=|sin(-a) cos(-a) 0|=F(-a)
0 0 1
69. b. We have,
[FOGOI = [GOTTFM™T
= G(-y)F(-x)
70. a. Given A is skew-symmetric. Hence,
AT =-A
= A" = (-AT)" =—(A7)" =—(A") (given n is odd)
Hence, A” is skew-symmetric.
71.c. We have,

Azz[a b]‘:a b}=l:a2 + bc ab+db
¢ dllc d] lac + cd bc+d’
As A satisfies x> + k = 0, therefore

AZ+kI=0

a’+bctk (a+db _{0 OJ
(@a+d) be+d*+k| |0 0
= a2+bc+k=0,bc+d*+k=0

and (@ +db=(a+d)c=0
As bc#0,b#0,c#0,s0

a+d=0

= a=-d
Also,

k =—(a* + bc)
=—(d? + bc)
=—((-ad) + bc)
= Al

72.b. Given 4, B, A + I, A + B are idempotent. Hence,
2= A B2=B,(A+I)’=A+[and (A +BY’=A+B
A*+B'+AB+BA=A+B

-
= A+B+AB+BA=A+8B
= AB+BA=0 '
-5 -8 0] [5 -8 0
73.b. A’=|3 5 0 35 0

1 2 -1 1 2 -1

[25-24+0 40-40+0 0+0+0
=|-15+15+0 -24+25+0 0+0+0
| -5+6-1 -8+10-2 0+0+1
(1 0 0

=0 1 0|=1

001

Hence, the matrix A is involutory.
74.b. LetA= [a-U]. Since A is skew-symmetric, therefore

a,=0anda,=-a, CE)]

A is symmetric as well, so ¢, = a, foralliandj.
aij=0foralli¢j

Hence, ;= 0 for all i and j, i.e., A is a null matrix.

75.¢. (A'BAY = (A"'BA) (A"'BA)
=A"'B(AA™)BA

=A-'BIBA =A"'B’A
(A"'BAY =(A"'B*A)(A'BA)
=A"'B{AA™") BA
=A"'B*A and so on
(A"'BAY = A"'B"A
) a, 4, a3
76. a. Matrix | b, b, b, | is orthogonal if

G 6 G
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Za,-z =2b,-2=26,-2 =1Yab =2.b¢ =368 =0

77.b. (k) adj (kI ) = kLI,
adj (k1) =k""'I,
tadj (kI )l = k"~ "
78.c. AadjA=1AlT
Al =xyz—8x—-3(z—-8) +2(2-2y)
Al =xyz— (8x+3z+4y)+28

=60-20+28
=68

1 0 0] 68 0 0O

= A(adjA)=68{0 1 0[=|0 68 0
00 il lo o 68

1 20 : 2

79.¢. A+2B=| 6 -3 3|and2A-B=2
-5 3 1 0

= tr(A) +2tr(B) =-1
and 2 tr(A) —tr(B) =3
Let tr(A) = x and tr(B) = y. Then,
x+2y=-land2x-y=3
Solving, x = 1 and y = —1. Hence,
ti(A) —tr(B)y=x-y=2
80.b. B = A +3A] -+ (2n-1 (4, )"

BT =—[A +3A2 +-+2n—1 (4, )"

=-B
Hence, B is skew-symmetric.
8l.a. lAI=1(0-10)-2(2-6)+3(4-0)
=-10+8+12=10
lAl£0
Unique solution

3 4113 -4 1 0
82.a. BC = = B=
2 3{|-2 3 01

U

U

-1 5
-1 6

1

2

2 3
= (A +tr (Alzc) + tr[A(BC) ] + tr( ABO)

4

=tr(A) + tr[%) + tr(—;—] 4o

1 1
=tr(A) +E tr(A)+57 tr(A)---

_w(A)
T 1-(1/2)
=2u(A) =22 +1)=6

8

{using A(adj A) = All]
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Mulltiple Correct Answers Type & S : Also, (B'AB)" = B'ATB = B'(-A)B = ~(B'A'E)
ustp ypP ‘ B ' Therefore, BTAB if A is skew-symmetric if A is skew-symmetric.

1.b, c ' 6.a,b,c.
det (-<A) = (-1)" det (A) We have, [A(Q)i =1
det (A1) = 1 _ , Hence, A is invertible.

det (A) : Az + 6) { sin(m+8) icos(w+ 9)]

det (adj A) =1AP-'=1 icos(m+6) sin(r+0)

Hence, lwAl = w"lAl = 1 only whenn =3k, ke Z : _sin® —icos
=| =—A(@
 2ad [—icose —sine} ©
Given, (A+B)\'=A>+B+2AB _ st
= (A+B)(A+B)=A%+B*+2AB  adj (A@®) = { ?“‘9 Heos }
= A’+AB+BA+B=A’+B+2AB= BA=AB —icosf  sind

a 1 1 -1 1 =I|la 1 = A(3)1=|: s.inG _i,cose:l:A(ir—Q)
= b -1 [2 1}:2 IMb _J —icos@  sinf

7.a,c,d.
at2 —a+l_|a=-b 1+l Given, A°+A4 +2I=0
b-2 —-b-1 2a+b 2-1 = A2+ A=-2]

The corresponding elements of equal matrices are equal.
a+2=a-b,-a+1=2=a=-1
b-2=2a+b,-b-1=1=b=-2

= a=-1,b=-2

3.a, b,c.

= A2+ Al=1-21
= WIA+N=(=2)»
= IAl£0

Therefore, A is non-singular, hence its inverse exists. Also, mul-
tiplying the given equation both sides with A~, we get

Given,AB=A,BA=B A= _l A+D)
= BXxAB=BxA 2
(BAYB =B 8.a,b,c.
= o p 3 -3 4
= - IAl=]2 =3 4=3(-3+4)+3RQ-0+4(2-0)=1
Also, .
0 -1 1
AxBxA=AB _
= (ABA=A ~.adj(adj A) =1AF-? A = A and ladj(adj A) = 1Al = 1
= A=A Also,
Now (A7) = (AT x A7) = (A x A)'= (A} = A" ladj Al = 1AP-' = 1AP = 12 = 1
Similarly, (B")* = B” 9.a,c.
= AT and B” are idempotent We have,
4. a, _ I tan@ | 1 1 -—tanf
Ais anorthogonal matrix. —tan6 1 l+tan® @ [tan6 1
: =1
| 1 2 2 , 1 2 a— 1 0 0 = a —-b 200529 1 —tan 0 1 —tan 0
- 12 1 =2|-|2 21=l0 1 0 b a tan 0 1 tan 6 1
3 3
a 2 b 2 - 2 b 0 0 1 R
- , . |I—tan" 8 -2tanB
l12 211 2 a 1 00 =c089_2 0 2
= g2 1 -2)[2 1 o201 0 tan ~tan
a 2 b2 -2 b] 001 _{00329 —sin 26
9 0 a+4+2b 9 0 0 sin26 cos 20
= 0 9 2a+2-2b|=|0 9 0 a=cos 26, b = sin 26
a+4+2b 2a+2-2b a*+4+b*| [0 09 10.a, b, c.
= a+4+26=0,2a+2-2b=0anda®>+4+5b*=9 A'l=-] = Al =—

= — = 2 2=
= a+2b+4=0,a-b+1=0anda’*+5b*=5 Now, use adj A = IAIA~ and A = (A7)
= a=-2,b=~1

d 11.a,c,d.
> a, B is an idempotent matrix
(B'AB)" = BTA"(BT)" = BTA"B = B"AB if A is symmetric. B=B

Therefore, B'AB is symmetric if A is symmetric.
Now,



Az =(-B)y
=(-B){U-B)
=]-IB-IB+ B?
=]-B-B+PB
=]-2B+B°
=]-2B+B
=/-B
=A
Therefore, A is idempotent. Again,
AB=(-BB=IB-B=B-B*=B*-B=0
Similarly, BA=B(I-B)=BI-B*=B-B=0.

12. b, c.
. n-1 . :
Ay = adj(-4) _ (=D "ad_](A) _adid) _ A
I—-Al (=D" 1Al -lal (for any value of n)
Given, A"=0
Now,

I—-AU+A+A+ - +A ) =[-A"=]
= (I—-Ay'=I+A+A"+ - +A"'
13.a,b.
Let = k=1 (say). Then,
AA,=AA=AA,

0 0 01 0 0 0 1
0010 0010
AA =AA = X
01 00 0100
11 00 0] [1 00O
[1 0 0 0]
0100 _
1o o1 0]
00 0 1]
0 0 0 | 0 0 0 i 1 000
0 0 - 0 0 0 — 0] |01 0O
A A= X ] = =]
0 00 0 i 0 0] |00 O
- 0 0 0| |- 0 0 0] |0 0O 1
L OAAFAA SIS
Ifi#kleti=3and k=2, then
0001 0 0 0 i| |- 0 0 O
001 0[]0 0=0 ;0 0
AA=AA= x . l = l .
{01 00 0 i 0 0 -i 0
1 000 |- 0 0O 0 0 i
00 0 ¢ 0001 - 0 0
0 0 - 0 0010 i 0 0
AA = ) X =
0 i 00 0100 0 0 - 0
-0 0 0 1 000 0 0 0 —i
= AA,+AA =0
14. a, c. _ .
) cos@® sin@ sinf cos6'
sinA=| and cosA = .
—sin@ cos cos@ sin6

Isin Al = cos®8 + sin%6 = 1.
Hence sin A is invertible.
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Also, (sin A)x(sin A)" = cos@  sind || cos® —sinf
, ~sin@ cos@ || sin@ cosO

cos? 0 +sin” 0 0.
2{ 0 cos? @ +sin’ 6}
o]

01
=1

Hence, sin A is orthogonal. Also,
[ cosO sin9j| {sin@ cos@}

2sinAcosA=2
sin A €08 cos6 sin@

| —sin@ cos6
_ 9 [ 2sinfcos®  cos? +sin 9}
| cos’ 8 —sin’ 0 0
- ['sin26 1}

[ cos20 0
#sin 2A

15.a. ¢. Let,
0 2b ¢

A=|a b -

a —-b ¢

Now,
0 a a
AT=|2b b -b
¢ —¢ ¢
Hence, A is orthogonal. Therefore,
0 26 ¢c||0 a a 1 00
AAT=T=la b —cl|2b b -b|=|0 1 0
a -b cilc —-c ¢ 0 01
Equating the corresponding elements, we get
b+t =1 )
20 -¢*=0 2)
a+b+c=1 3)
Solving Egs. (1), (2) and (3), we get

1 1 1
a—iﬁ,b—iﬁ,c iﬁ
16. a, b, d. See theory.
17.a, b, c.
If IAl # 0, then
AB=AC
= A'AB=A"'AC
= B=C
Also if A is orthogonal matrix, then, AAT =1
= |AAT =1= AP =1 = A s invertible

18. a, b, c.
Applying R, = R, ~R,, R, > R, - R, we get
: a, a,
lal=3|d d d|=0
d d d

where d is the common difference of the A.P.
Therefore, the given system of equations has infinite number of
solutions. Also,

Bi=a’+a’#0
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19. ;a, b, d.
cosor sina O|[cosa cosf cosy
A=lcosB sinf Of|sina sinff siny
cosy siny 0 0 0 0

Thus, A is symmetric and |Al = 0, hence singular and not invertible.

Also.
AAT#1

- LT S
el

1 _ i/m O 0 0
= lim—A™" = lim = :
1 n—yeo noei —1 1/n -1 0

1 ., . |urr o0 0 0
lim —2A = lim =
n—e p n—e| _1/n 1/"2 0 O

21. a, d.
Here X is an x 1 matrix, Cis an x n matrix and X"isa 1 xn
matrix. Hence X7CX is a 1 x 1 matrix. Let X"CX = k. Then,

(XTCX)T=XTCTXT) = X(-OX = - XTCX =~k

o

&
=]
[N
>
=<
—
=
<o

= k=-k
= k=0
=  X7CX is null matrix
22.a,b,c.
011 -1 1 1
S={1 0 1:>S"'—%1 -1 1
1 10 1 1 -1
We have

0 1 1{|b+c c+a b-c
SA=|1 0 1l|lc=b c+a a-b
1 10

b—c a-c a+b

SAS' =|2b O Zb% 1 -1 1

[0 a a

=lb 0 b||1 -1 1
lc ¢ 0] 1 -1
[2a 0 ©

=0 2b O

|0 0 2¢

= diag (2a, 2b, 2c)

23.a,b,c.
All are properties of diagonal matrix.
24. a,b, c.
Given that A and B commute, we have .
AB=BA (. A and B are symmetric) ’ ¢))]
Also,
AT=A,B"=B 2)
(A"'B)" = BT(A"")T = BA™!
" (- if A is symmetric, A™'is also symmetric)
Also from Eq: (1), )
ABA-'=B 3)
= A'ABA'=A"'B '
= IBA'=A"'B
= BA'=A"B
Hence, from Eq. (2),
(A'B'=A"'B
Thus, A-'B is symmetric. Similarly, AB™' is also symmetric. Also,
BA=AB
(BAY"' = (AB)”
lB—l B—IA 1
4B = (B'AY
- (A—I)T(B—l)T~
=A«|B—1
Hence, A'B! is symmetric.
25.b, c.
Since A is skew-symmetric, A” =—-A.We have,
A*+1=0
= A’=-TorAA=-]
= A(A)=I1
= AAT=]
Again, we know that
= |A7] and kAl = k"lAl
where n is the order of A. Now,
AT=(-1y"xA
= IATT=(1)"1Al
@l [1-(-DAlI= _
Hence either IAl = 0 or 1 — (-1)" =0, i.e., n is even. But
=0-1=-I
= IAI2 D)= (=)0
Hence, the only possibility is that A is of even order.
26.a,b,c,d.
We have, A2B = A(AB) = AA = A, B*A = B(BA) = BB = B,
ABA = A(BA) = AB = A and BAB = B(AB) = BA=B.
27.a,b,d.

Lo

1 2 21 2 2] [9
A2=12 1 2{{2 1 2{=|8
2 2 1)|2 2 1] |8 9]
We have,
9 8 8 1 2 2] 100
A2—4A -5 =|8 9 8} 2 1 2/-5/0 1 0l=0
8 8 9 2 2 1] [0 01
= 5L =A>-4A=A(A-4I)



1 !
= I =§(A—4I3)=>A‘1=§(A~4I3)

Note that lAl = 5. Since 1A% = IAP = 5% # 0, A% is invertible. Simi-
larly, A?is invertible.

Reasoning Type B

1. ¢. We know that ladj Al = l4I"-'. Hence, statement 2 is false.

Now,
ladj(adj A)l = ladj AP-! = AF 1! = 1AL~
Then,
ladj (adj(adj A))! = ladj(adj A"
= Al P!
= LAl

Hence, statement 1 is true.

2.b. Both the statements are true as both are standard properties of
diagonal matrix. But statement 2 does not explain statement 1.

o L _2
5 7
- i—j. 1 1 C .
3. d. Matrix g; =- isA=|— 0 —=| which is neither

: i+2j 4 8
2 1

- = 0
LS 7

symmetric nor skew-symmetric. But this is not the reason for which
A cannot be expressed as sum of symmetric and skew-symmetric
matrix. In fact any matrix can be expressed as a sum of symmetric
and skew-symmetric matrix. Hence, statement 1 is false but siate-
ment 2 is true.

4.a. Given,
A =
¢ d
5 {a b“:a b] a*+bc ab+bd
= A" = =
c dllc d ac+ed be+d?
Hence, i
A2 —(a+ dA + (ad— bc)l

@ +bc ab+bd a b CTtoo
= —(a+4d) + (ad — bc)

ac+cd be+d? ¢ d 0 1
_{a2+bc—(a2+ad)+(ad—bc)

ac+cd—(ac+cd)
ab+bd—(ab+bd) }

be+d? —(ad+d*)+(ad—bc)

X

Given,
A'=0
= IlAl=0orad—bc=90
= Al~(a+dA=0orA’=(a+dA 1)
Case (i)
a+d=0
From Eq. (1),
A'=0
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Case (ii)

a+d+0
Given,
A*=0
AA=0
A+dDAA=0
Arl=0

(| AN

coso  sino
5.b. adj(F(a))=|-sine cosex 0

0 0
Also,
IF(e)l =1
Then,
[ cosae —sinax 0
[F(e)'=| —sina cosax O

e 0 1
[cos(—a) sin(-ar) O
=| sin(—at) cos(—a) O
0 0 1

= F(-0)

Similarly, we can prove that [G(8)]™' = G(-p).

But again given matrices F(a) and G(f) are special matrices for
which this type of result holds. )

In general, such result is not true. You can verify with any other
matrix. Hence, both statements are true but statement 2 is not correct
explanation of statement 1.

6. a. Statement 1 is true as |Al = 0. Since |Bl # 0, statement 2 is also
true and correct explanation of statement 1.

7.a. A=-AT= lAl=—1AT=-Al
= 2iAI=0
= lAl=0
8. d. Statement 1 is false.
A= [A,.j]"x" where a,= 0,i>j
Therefore, lA! = 0 and hence A is singular. So, inverse of A is not

defined.

In statement 2, IAl = 0. Therefore, inverse of A is not defined.
9. d. A exists only for non-singular matrix.
AB =AC = B = Cif A exists
10. d. ABC is not defined, as order of A, B and C are such that they
are not conformable for multiplication.
11.¢. [A(A + B)'B]"' = B"'((A + By")™)A™
=B A+BA'=(B'A+)A"' =B+ JA"=B"+A"
Hence, statement 1 is true. Statement 2 is false as (A + By':
=A"' + B~ is not true.
12. b. Since AB = BA, we have
(A+By="CA"+ CA~'B+'CA B+ +"CA™F
+--+C_AB~'+'CHB
If » =m + n, then
A"Br = AmB*"B' = Qif p<n
and APB?=A""B'B""=0ifp>n
Then, (A+ By =0, forr=m+n
Thus, both the statements are correct but statement 2 is not cor-
rectly explaining statement 1.
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4 z z
13. b. Let, A=|Z7 d, z;
n g 4
Al=0
4 z L||d 7 B

=7 d |4 d o5
L B b b4

2 2 2 -
ditlg P+l dz+dyn+255 dn+n+5d

= - s _
=l dg+dn+25 d+igPrinlP gz+de+ads =0

dz+5n +dZ uh+dntdiz divlg P+l P
34} 342 142 243 343 3 1 2

=> Diagonal elements d, =d,=d,=0and Iz =z ) =1z =0
= z,=23,=z,=0
= A = Null matrix

Thus, statement 1 is true. Also,
A’=0=AP=0o0rlAl=0
Thus, statement 2 is true but it does not explain statement 1.

wa [ 1

a’+b* ac+bd _‘:1 0}
ac +bd c* +d? 01

=

= ad+b=1 €))]
c+di=1 (2)
ac+bd=0 3
a -b

= —=—=k(let
R (let)

= A+d=1kRok=1ork==1

= ﬁ=_—b=ir1

d ¢
Also, we must have a, b, ¢, d € [-1, 1] for Egs. (1) and (2) to get

defined. Hence, without loss of generality, we can assume a = cos 8
and b =sin 6.

a —b a b cosf@ —sin@
So for —=-— =1, we have =| and
d ¢ c d sinf cos@
a -b a b cosf siné
for —=—=—1, we have =| .
d ¢ ¢ d sin@ —cosf

Linked Comprehension Type -

For Problems 1-3
1. b, 2.b,3.d.
Sol.

1. Let,

= A’-(a+d)A + (ad - bo)l

[a b}[a b] [a b] | [1 0]
= ~(a+d) + (ad — bc)
c dllc d c d 0 1

_ a*+bc ab+bd a*+ad ab+bd
ac+cd ad+d*

ad — be 0
+
0 ad - bc

ac+ed  be+d?

2. IfA=0,tr(A)=0. Suppose A# (O and A ={

=
3.

Al=0and A2— (A + d)A + (ad - bc)l =0

a+d=0

a

c

b} . Then
d

(1+A)100= IUUCOIIOO+ lOOCII()‘)A + 100C2198A2 PR lOOCIOUAIOO

=]+100A+0+0+--+0
=]+ 1004

For Problems 4-6
4.¢,5.¢,6.c.

Sol.
4.
=

If
It

AB=A=|ABl= Al
[Al=0orlBt=1

BA =B = |IBAl =Bl
Al=1orlBl=0

IAl = 0, then from Eq. (2), IBI=0
IBl = 0, then from Eq. (1), [Al=0

AB=A,BA=B

ABA=A’= ABA)=A’=> AB=A’= A= A?

Similarly, B2= B

=
6.

(A+BY=A2+B*+AB+BA
=A+B+A+B=2(A+B)

(A+B)*=(A +B)¥A + B)=2(A + B’ = 2%A + B)

(A+B)=2A+B)=64 (A+B)

(A+DP=1+5A + 10A? + 1043 + 5A% + A®

=I+5A+10A+10A+5A+A

(CAEAS A=A A=

=7+314
For Problems 7-8
7.4,8. ¢c.
Sol.
a4 dip G
A=lay ay an
a3y a3 Ay
apta3 qptas atap
= B=|antay a4y tay aytap
| G3p T a3y a3y +a33 a3 tas
= X=A"'B
1 Cy G Gyllaptay a+a;
=1 Ch Gy GCyljantay ay+ay
1[Gz C Gsslaptayy ay +ay
1"0 lAT 141 [Oo 1 1
=—/I1Al 0 JAl|=|1 0 1
1Al
Al 1Al o 110
= J|A'Bl=2
= 1AUBI=2
= Bl =2l

a +ap,
ap +ay

ay) +as

&)

@

A)
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For Problexms 9-11 We similarly note that matrices given in options (b) and (c) have
9.b,10.d, 1. b. eigenvalues 1 and —1. Hence, they are not correct.
Sol. At A=A [ AN =A% L A2 Option (d) has characteristic equation (1 — 1)> = 0. Hence, eigen-
Further, values are not 1 and —1.
A® =A%+ A2 ] a b ¢
A AR L A2 ' v 14.b. Let, A=|a, b, ¢,
: : Do ay by o
At A+ AP -] : ' : a-A b ¢
' = A-Al=| a b-1 ¢
A% = 25A% - 241 . as b3 C3 — A
Here, = det (A—AD = (a, - A) [(b, - e, - &) — bye,] — b[ac,— A)
1 0 O0fl1 0 O {1 0 O -a,] +cla, b, —a,(b,-2)]
A2={1 0 1}l 0 I|={1 1 O , ) _
Now one of the eigen values is zero, so one root of equation should
01 O 0 1 oft ol be zero. Therefore, constant term in the above polynomial is zero.
25 0 1 00 abc,~abe,-bac +bea +cab,—cab,=0
= 4% =|25 25 0 |-24/0 ol=l25 1 o ;‘:.ollectln.g constanff terms) . )
25 0 25 i 25 0 1 ~ But this value is value of determinant of A.
detA=0
A% =1
Also, tr(A%%) =1+ 1 + | = 3. Further, For Problems 15-17
1 0 olfx] 1] [=x 1 15.¢,16.d,17. c.
25 1 Of|ly|=|25 =]y |y =0 Sol.
25 0 1f{z] [25] z 0 15. As second row of all the options is same, we are to look at the
. ] . . a b ¢
Similarly, elements of the first row. Let the left inverse be 4 . Then,
0 0] 100 : et
U, =|1]|and Uy =[0|=0]0 1 0] ie,lui=1 a0 V7o
0 1] 0 01 d e f :1)) = 0 1
For Problems 12-14 .
12.¢,13.d, 14. b. ooatbile=1
Seol. —a+b+3c=1,i.e.,b=l_sc,a=1+c
2 2
11 Thus, matrices in the options (a), (b) and (d) are the inverses and
12 A=l 2 3 4 matrix in option (c) is not the left inverse.
=1 -1 -2 ' a b
20 0 16. Letright inversebe | ¢ 4 |. Then,
= Al=|0 A 0 e f
' b
0.0 4 1 -1 2° 10
2 o1 af|C 4T o
2-A 1 l e f
= A-Al=| 2 3-24 4
-1 1 22 . Now,a~c+2e=1
b-d+2f=0
= det(A-AD=-(A-DA+DA-3) dd—c+e=0
Thus, the characteristic roots are —1, 1 and 3. 2b-d+f=1

. . ) . . . . This system of equations has infinite solutions.
13. Option (a) is not correct since its characteristic determinant is

| 17. By observation there cannot be any left inverse for options (b)
) and (d). So we will check for (a) and (c) only.
a b

The characteristic equation is A2 -1 = 0. Therefore, 1 = 1, -1 For option (a), let the left inverse be | ¢ d |. Then

Hence, eigenvalues are 1 and 1. e f
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a b

1 0
1 2 4

c d =0 1
-3 21

e f 00

Now,a-3b=1,2a+2b=0andda+b= 0 which is not possible.

For option (c),
1 4

a b c 1 0
P R
¢ Jlls 4

— a+2b+5c=1,4a-3b+4c=0,d+2+5(=0,4d-

0
0
1

Therefore, there are infinite number of left inverses.

1 47 10
a b c
2—3{(1 ]=01
54 e f1lg o

0
0
1

= a+4d=1,2a—3d_=02md5a+4d=0

which is not possible. Therefore, there is no right inverse.

ForvProblems 18-20
18. a, 19. b, 20. c.

X X 2 2x* 2x% 3 2252
Sol. A= = A= LA =
x x 2xr 2x? 2725

and so on. Then

2 3

A= LA+t
2t 3

1 e+l e -1
2] -1 41
= fi)=e¥+landgx)=e~-1

-X

2x x
et —1 e —e ¢ —x
18. | 2"_de=J' ———dx=log,(e" +e ) +c

e’ +e

19. f(g(x) +1) sin xdx = _fez" sin xdx = S

er

2252

22 5?

|

(2sinx —cosx) + ¢

3e +

4f=1 o
g Matrix-Match Type S

2x

+1

e -1

2. | dx
. 2x

de+|

g st

! dx
2x 1

er ex
= dx + dx
i e e

:—————21 +sec () +c
24e* —1

l.a—s;b—opjcoqgd—r.
a. Since A is idempotent, hence,
A=A '
AS=AAT=AA=A=AA'=AA'=AA=AT=A
= A=A
= (-Ay="Ci-"CA+ "CA’— "CA + -
=]+ (C +"C,—"Ci+ ~)A
=1+[(C,—"C + "C,—"Cy+ ) ="CJA= I-A
‘b, Als involuntary. Hence,
Ar=1
= Al=A=-- —Aand A2=A*=AS=-.- =]
= (I-Ayr="CJi-"CA+ "C A’ - "CAY+ -
="CJI-"CA+"Cl- "CA+"CJ— -
=("C,+"C,+"C,+ ) - (CCA+"C,+"C,+ )
A=2"-Y(I-A) :
= [[-Ay]A'=2"'I-aA'=2"(A" -1
¢. If A is nilpotent of index 2, then
Al=A=A-..=A"=0
= ([-Ay="CJ-"CA+ "CAT—"CA S+ -
=[-nA+0+0+ -

=[-nA
d. A is orthogonal. Hence,
AAT=1]
= (ANY'=A
2.a—>r;b—s;c—p,r;d—p,qQ,r,Ss.
a. Since A is idempotent, A?= A’ =A*=--- = A. Now,

A+D=I+"CA+ "C A+ o +"C A
—I+"CA+"CA+ - +'CA
=I+"CA+"CA+ - +"CA
=1+(C,+"C,+ -+ "C A
=I+(2"-DA

1=127
= n=17

b. We have,
(J-AI+A+A+ - +A))
=I+A+A2+ -+ AT+ (-A-AT-AP-AY -
=1-A®
=I1(if A*=0)
¢. Here matrix A is skew-symmetric and since |l = 147 = (-1)" |Al,
$0 lAI(1 — (—1)") = 0. As n is odd, hence |Al = 0. Hence A is singular.

= 2"-

C_AY)



d. IfAis symmetric, A™!is also symmetric for matrix of any order.

3.a—>q; bop;cos;d—r.
a. lAl=2 = 2471=2%Al=4
b. ladjladj(2ANI = 2AI* =214k = 2!/ 212 = ]
c. (Ai +B)Y =A'+B?
= AB +BA=0
= |ABIl = -BAl=-|BAl = —ABI
= IABI=0
= IBl=0
d. Product ABC is not defined.

Integer Type B
1.(0) A 01
(0) A= 30
0 1(|0 1 3 0
A?=AA= =17
= [3 0} [3 0} [o 3]
3 0l[3 o] |3 o
t= A2 A= |- =
ST M R
30
= A=
o 3¢
and A6 — A% AP 32 013 o] |3 o
T o 32|lo 3] o 3

P
LetV= [ }
Yy

AR+ AS+ AY+ A+ -
81 0 27 0 9 0 30 1 0 121 0
+ + + + =

0 81 0 27 0 9 0 3 0 1 0 121
0

(AB+A®+A*+A’+ D V= "

121 07[x]_[o

0 121y| |11

121x] [0

121y | |11

= x=0 and y=1/11

- vl

2.(4) is an idempotent matrix.

I}

Q
&

(a b a b a b
= =
K4 l-ajlc l-a c l-a
[ a*+bc ab+b~abil_[a b J

lac+c—ac be+(l-a)’| [c l-a

_a2+bc b [a b :I
= =
| ¢ be+(1—a)? ¢ l-a

= a’+bc=a

a-at=bc=1/4 (given)

Matrices 8.53

fla)=1/4
0 1 -1
3.2 A=|4 3 4
3 3 4 A
. 0 t -1] {o 1 -1
= A=AA=|4 3 4 4 3 4
3 3 4 3 -3 4
[0+4-3 0-343 0+4-4
=|0-12+12 4+9-12 —4-12+16
[0-12+12 3+9-12 -3-12+16
1 00
={0 1 0
0 0 1
= A=l A'=A=A¥=...=]
Now A" =1
= x=2,4,6,8, ...
. Z(cos*6 + sin6)

= (cos*0 + sin*0) + (cos*@ + sin*0) + (cos®O + sin®6) + -
= (cos?@ + cos*0 + cos®0 + ---) + (sin*0 + sin*B + sin°Q + - )
cos’ @ sin® @
l-cos’d  1-sin’8
= cot?0 + tan’6
which has minimum value 2

l: 1 tanx}
4.1) A=

—tanx 1

Hence, det. A = sec’x
det A” = sec’x
Now f(x) = det. (AT A™)
= (det. A7) (det. A™)
= (det. A7) (det. A)!
_ det.(A])
T det.(A)
Hence, fix) = 1.

=1

I 2 2

5(2) (1 3 4]=0

3 4 &k
= 18k-16)-2;k-12)+24-9=0
= 3k-16-2k+24-10=0
= k=2

6.(9) GivenA?=A4A

= [=(I-0.44)I - cA)
=1-10A - 04AI + 0.40A?
=/-Aa-04A + 0404
=]/-A04 + &) + 0.40A

04a=04+c

a=-2/3

Yal =6

LU
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3ax? 3bx? 3ex’
7_(7j Wehave AB=| a b c
’ 6ax  6bx  6ex
Now tr-(AB) = tr-(C)
. 3a+b+6ex=(x+27 + 20+ 522 Ve R (Identity)
= 3ax®+6cx+b=6x>+6x+4

= a=2,c=1,b=4

8.(8) In a skew symmetric matrix, diagonaI elements are zero.

Also a,+a,= 0

Hence, number of matrices =2 x2 x2 =8
9.(4) Given that AAT =4/

= |A*=4

= lAl=x2,

adjA
so AT=44"" =442
[Al
ap Gy 4y 4 €1 Gy
= Gy "4y Oy :l—fﬂ 12 €2 Cn
g3 dy3  ds3 G3 €3 C3
4
Nowa.= — ¢,
vO1AL Y
= -2c.=—cfasa +2¢,=0)
i 1Al Y ij i
= lAl=-2
Now IA+4N=1A + AAT| -
=IAI ]+ AT}
=21 +A)I
=21 +Al

= |A+41+21A+1=0,
2
so on comparing, we get 5A=2 = 4= 3
Hence, 101=4
10.(0) For idempotent matrix, A?’=A
= ATA’=AA (-~ A is non-singular)
= A=I
Thus non-singular idempotent matrix is aiways a unit matrix.

P-3=1 = [=+2
m-8=1 = m==3
n-15=1 = n=%x4

andp=g=r=0
= required sum is 0.

11.(8) A diagonal matrix is commutative with every square matrix if

it is scalar matrix so every diagonal element is 4.

- lAl=64
o

12.4) ladj Al = AP = ——
(4) ladj A7

(adj Ay = ————

= NadjATy= T

=AP=22=4

Subjective Type

ATA=1
a b clla b ¢ 1 0 0
= |b ¢ allb ¢ al={0 1 0
¢ a bllc a b 0 01

at+b2+c® ab+bct+ca ab+bctca| [1 0 0
— |abtbc+ca a?+b*+c* ab+bc+ca|=|0 1 0
ab+bc+ca ab+bctca o’ +b*+c* 001
= a+b+c2=1 1
and
ab+bc+ca=0 2)
Now,
d+b+cd=(a+b+c)@+b*+c—ab-bc-ca)
+3abc=(a+b+c)+3 3)
Now, :

(a+b+cl=a+P+cF+2@b+bc+ca)=1+2x0=1
= a+b+c=1(since a, b, c are real positive numbers)
Now from Eq. 3), @+ +c=1+3=4
Alternative solution:
TATA=1
= WAl=III=IAP=
= @+b+c-3abe)=1
= @+b+c-3abc=1
(since a, b, ¢ are positive real numbers)

= ad+b+c>3abc (- AM.Z2GM.)
= ad+b+c=4

2. We are given that MM” = I, where M is a square matrix of
order 3 and det M = 1. Now,

det (M — 1) =det (M -MM") [ Given MM" =1]

= det [M(I - M")]
= (det M) [det I - MT)] [ IABI=IAlBI]
= —(det M) [det (M" - 1)]
=—1[det (M" - 1)] [ det(M)=1]
=—det [(M-D]"
=—det (M - D]

= 2det(M-D=0

= det(M-DN=0

a1 0 X !

3. Giventhat A=|1 b d|,X=|y|.U=|g

1 b ¢ z h

and AX = U has infinitely many solutions. Hence,
lAl=0andlA |=141=1A1=0

a l 0O
Now, [Al= 0=|1 b d|=albc—bd)-lc—d)=0
1 b ¢
= (ab-D(c-d)=0
= ab=lorc=d (1)
Also,



Matrices 8.55

fro a Ojla Of |1 O
1A, 1=|g b d|=0 11l 1] s 1
kb oc _ a® 0 1 0]
. = =
= fbc-bd)-lgc-"hd)=0 o+l 1 51
= fb(c-d)=gc—hd 2) = a’=1l,a+1=5
a f 0 = a=zxl,a=4
iA1=l g d|=0 Hence, there is no real value.
1 2 ¢ .
e A=|% *|and 14%1=125
= a(gc-hd)—fic-d)=0 ¢ T2 a e
= a(gc-hd)=flc-d) 3) Now,
a 1l f lAl=a?—4
Az1=|1 b g|=0 ' = (2-4y=125=5
1 b h _ = o’-4=5
= abh-bg)—1(h—g)+fb-b)y=0 = =3
= ab(h-g)-(h-2)=0 3.¢c. Wehave,
= agb=lorh=g 4) 1 0 0 1 00
For AX = U to have infinitely many solutions, A=l0 1 1[,I=/0 1 0
c=dandh=g 0 -2 4 0 0 1
_ a 1 1 a? o1
Now taking BX =V where B=| 0 d ¢ |,V = 0 |, we have A =E(A +cA+dl)
f g h 0 = 6AAT' =A%+ cA? + dAI
a 1 1 ‘ = A'+cA’+dA-6I=0
IBI=10 d c=0 . We find that
;g h 1 0 o]
_ (since in view of ¢ =d and g = h, C, and C, are identical) Ar=0 -1
= BX = Vhas no unique solution 0 -10 14
Also, - -
, 1 0 0
a1 1 .
A’=|0 ~11 19
IBi=|0 d ¢|=0 (-c=dg=mn 0 38 46
0 g h - -
) AP+ cA’+dA-61=0
a a 1
IB,I=|0 0 c|=d’cf=d%df (= c=d) 1 0o o0 41 0 0
F 0 h = |0 ~-Il 19|+c|0 -1 5
. 0 -38 46 0 -10 14
S 1o 0] [too
By1=10 d 0|=-d'df +dlo 1 1|-6/0 1 0|=0
fe 0 0 -2 4| |0 0 1
.Therefore, if adf# 0, then IB,| = IB,| # 0. Hence, no solution 1tctd—6 0 0
exists.
= 0 ~1l-c+d-6 19+5¢c+d
4. A+BA-B)=A-B)A+BE) 0 38-10c—2d 46+14c+4d—6
= AB=BA
As A is symmetric and B is skew-symmetric, 000
(AB) = —AB =000
000

= kisan odd integer
. . = l+c+d-6=0
ective Type
Objecti P : “11-c+d-6=0
Multiple choice questions with one correct answer — c+d=5and—c+d=17

Ld Giventhit A = a 0 and B = 1 0 and A% = B, He;lce, On solving, we get ¢ =—6, d = 11. They alsol satisfy the equations
11 1501 . ] -38-10c-2d=0



8.56 _ Algebra

46 + 14c+4d-6=0
19+5¢+d=0

4.a. Given that

NERNY
2 2 11
sl {0 J
2 2
Q = PAPT and '
X = PTQ»05 p
W e have,
B[V
pe-f 2 212 20
1 3 1 3 01
2 212 2
W e observe that
Q =PAPT
= (0 = (PAP") (PAP")
= PA(P"P) AP"
= PA(IA) PT
= PA? PT

Proceeding in the same way, we get
Q205 = pAXGS pT ’
Also,

11 , |12
A= = A =
10 1 01

And proceeding in the same way,

1 2005
42005 _
0 1

Now,
X = PTQ*sp
= PT(PA®SPT)P
= (PTP)A®S(PTP)
= [JA?]

= A2005

12005
“lo 1

5. a. Three planes cannot intersect at two distinct points.
6. a. For being non—singular
1 a b
o 1 ¢#0
o o 1
= ac@—-(a+c)w+1#0
Hence number of possible triplets of (a, b, ¢) is 2.
ie. (@, @, ®)and (0, ©, V).
Multiple choice questions with one or more correct answer
1.c. Given MN =NM
M*N? (M'N)™ (MN-Y)T
=MN> N (M) (NHYT . MT

= M?N. (MY (N-)T M7

=—-M>.NMy" (N'y"' M"

=+ MNM'N' M"

= -M.NMM"' N' M (> MN = NM)
= —-MNN"'M = -M".

Comprehension

For Problems 1-3
1.a,2.b,3.a.

Sol.

a
1. LetU, =|b | Then
c
1 00
210
3 21
a

= 2a+b =
3a+2b+c

1
U=|-2
_1_
Similarly,
2] 2
Uy,=|-1|,U,=[-1
|4 -3
1 2 2
U=|-2 -1 -1|=1Ul=3
1 -4 -3
-1 =2 0
2. U":l -7 =5 -3
3 9 6 3

L1
Hence, sum of elements of U is 3(0) =0.

1 2 213 7
3. [3 2 0]}=2 -1 -1f{2|=[3 2 0]|-8|=5
1 -4 -3|]0 -5
For Problems 4—6
4.a,5.b,6.b.
Sol.
4. Let the matrix be
a b c
P q r
Xy z

We have five entries as 1 and remaining four entries as 0.

Since matrix is symmetric, we must have even number of zeros

for i # j.We have two cases.

(i) Two entries in diagonal are zero. We can select two places
from three (in diagonal) in *C, ways. Now we have to select



elements for Upper triangle. For Upper triangle, we have three
Places of which One entry is ‘0’ and two are ‘1’. Qpe place
from three can be selected jp 3Cl ways. Hence, the number

of matrices js 3C2 X 3Cl =9,

(i)If all the entries in the principal diagonal are 1, we have
two ‘0’ and one *1° in upper triangle. Hence, the mumber of
matrices is 3. Therefore, tota] number of matrices is 12,

b ¢ 1
Eitherb:Oorc:O:HAl;éO '
= W0 matrices
0 a »
A='a 1 ¢
b ¢ 0
Eithera=00rc=0=>lAl;é0
= tWO matriceg
I a p
A=la 0 .
b ¢ ¢
Either a=0orp=0 = 14y 4
= (WO matriceg
1 a »
A=la 1 ¢
b ¢ ]
a=b=0=14=
a=c=0=41=¢
b=c=0=>!Al=0

Therefore, there will be only six matrices,

6. The six matrices 4 for which |4] = ¢ are:

0 01
0 0 1 (inconsistent)
111

—
[end

01 o
111 (inconsistent)
0

(infinite solutions)

S O ~

T
(=]
OD-—Ah—A

0] (inconsistent)

0
O] (inconsistent)

]
1
0
1 0 i
019 (inconsistent)
0

Matrices

1 0 ¢
01 1 (inconsistent)
01

For Problems 7-9
7.4,8.¢,9.4. -
Sol.

7.d  We mugt have g2 _ p2 kp
= @+mw—m=@ )
= eithera-p =g ora+bis multiple of p
when q = p, number of matriceg isp
and when g + p = multiple of p = a,bhasp- |
Total number of matrices = pP+p-1
=2p-1.
8. c
9.d.

For Problems 10-12
10.4, 11. a, 12. b.

Sol.

10. a+8b+7c=0
9a+2b+3c=0
a+b+c¢ =

Solving these, we get
b=6a = .- ~Ta
oW 2x+y+z=0

= 2a+6a+(—7a)=1 = a=1,b=6,c=—7.

1. 4= 2,band ¢ satisfies (k)
b=12c=_14
3 1 3

W wb I
3 1 3

ST sl
COZ 0)12 w—l4

= 3w+ 14302
=2

12. ax’+bx+c=q
x2+6x—7=0
a=1,04=_7

=(1 1Y
,20(37)

(1 1Y
- n§0 (I— - 7}

4y

8.57



8.58 Algebra

Integer type 0 1
1.(4) Al = 2k + 1), iBl=0 (sinceBisaskew-symmetric matrix of Mli1l=1|2 = b=-1,e=2,h=3
order 3) 0 3
= det(ade):|A|"“=((2k+1)3)2=10" T -
’ 1
= 2k+1=10=2k=9 ' M-l =K1 = a=0,d=3,8=2
= [Kl=4. - . Lo -1
1 0
C -
Mt} =10 =g+h+i=12 = i=17

f
1] |12

Therefore, s.um of dia_gonal elements =

= o O

9.

o~

a
2.9) letM=\d
g



