ENGINEERING MATHEMATICS TEST 3

(LINEAR ALGEBRA, PARTIAL DIFFERENTIAL EQUATIONS)

Number of Questions: 25

Directions for questions 1 to 25: Select the correct alterna-
tive from the given choices.

1. If 4 is a square matrix of order 5 with 4! = A" and
non-negative determinant, then the determinant of 4
is .
(A) 0 B) 1
© 2 D) 5
2. For two matrices A and B, if AB = A and BA = B, then
which of the following statements is/are correct?
I. A is an idempotent matrix.
II. B is an idempotent matrix.
(A) Tonly
(B) IIonly
(C) BothIandII
(D) Neither I nor IT

1 a be
3. Considerthe matrix A =1 b ca |. Which of the fol-
1 ¢ ab
lowing is NOT equal to the determinant of 4?
1 a & a+bc a l+a
A |1 b b B) |b+ca b 1+b
1 ¢ ¢ ctab ¢ l+c¢
0 a—b bc—ac 1 a+l d*+a
(©) |0 b—c ca—ab D) |1 b+l b +b
1 ¢ ab 1 ¢+l *+c

4. For a non-singular square matrix 4, if 4> = 4, then 4
must be
(A) anilpotent matrix
(B) an idempotent matrix
(C) an involutory matrix
(D) None of these

5. If 4 is a matrix of order 6 x 9 with rank 5, then which
of the following is true?
(A) All the rows of 4 are linearly independent.
(B) 5 columns of 4 are linearly independent.
(C) AATis invertible.
(D) A4 is invertible.

1 2 4 3
. 2 -3 5 4.
6. The rank of the matrix P = is
4 1 13 -10
3 8 6 -5
(A) 1 B) 2

© 3 (D) 4

10.

11.

12.

13.

Time: 60 min.

The value of x, in the solution of the system of linear
equations x, + 2x, +2x, =4, 2x, —2x, —x, =3, 4x, +x,

+ 2)c3 =3is—
A) 1 B) -1
© 2 (D) —2

For a homogeneous system of linear equations AX = O
with four equations in four unknowns, if the number of
linearly independent solutions is one, then the rank of
Ais .

A) 1 B) 2

©) 3 (D) 4

1 10 16 =20
0 -1 159 237

If4= ; then the
0 0 1 -431
0O 0 o0 1
determinant of 4% — 74° + 44 is
(A) 4 B 4
(C) 16 (D) —16

If the characteristic equation of a 2 x 2 matrix A4 is
A? —4X + 1 = 0, then the trace and determinant of 4
respectively are

(A) —1and 4 (B) 1land-4

(C) 4and 1 (D) 4and-1

If A, and A, are the eigenvalues of a 2 x 2 non-singular
matrix A, then the eigenvalues of ad joint of 4 are

(A) A and A, (B) A’and )} N
(C) A, +X,and A, —A, (D) A, x X, and N

2
If 4 is a 3 x 3 matrix with the characteristic equation
A —5A?+ 20 —3 =0, then 34° — 154% + 647 — 114° +
104° —44*+ 104> —204% + 84 — 91 is equal to

1 00 200

A |01 0 B) |0 2 0
0 0 1] 10 0 2]
3 0 0] (4 0 0]

© |0 3 0 D) [0 4 0
0 0 3 0 0 4]

Which of the following is NOT an eigenvector of the

1 0 O
matrixA=1{2 3 0|?
3 -1 4



14.

15.

16.

17.

18.

19.

3 0

(A) | -3 B) |0
| -4 |4
[0 K

© |1 D) |2
|1 0

If the system of linear equations

2x+3y+4z=1
Sx—y+z=4
3x+ay—3z=3

has a unique solution, then the value of a + 4
(A) must be equal to 0,
(B) should not be equal to 0
(C) can be any real number,
(D) can be any rational number
Ifa,b,c,d,a, b, c, and d, are any non zero real
numbers, then which of the following types of solution
is NOT possible for the system of linear equations.
ax+by+cz=d,
ax+by+cz=d,
(A) Unique solution
(B) No solution
(C) Infinitely many solution
(D) None of these

The partial differential equation of
z=f(x+at)—g(x—at)is .

0’z 0’z 0z 0z
A ZZ_p2Z B L&
(A) S7=9 32 B %
0’z 9%z 0’z 9’z
) Z2-°22 p) 22422
© 7= D e

The first order partial differential equation by eliminat-
ing the arbitary function from z = x> — %) is

(A) p+q=0 B) yw+xq=0

(€) yp+x*q=0 (D) 2y’p+3x’q=0

The general solution of the partial differential equation
X -2)p+y-x)g=2(x—y)is

The solution of the partial differential equation
XV’ 2°p + x*yz2q = xHz is

20.

21.

22.

23.

24.
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(A) ¥ +y'=6¢ (x*-))
B) X*+22=0 (x*—2?)
©) ¥y =60"-2)
(D) y=2 = (=)~ 2)

The solutionof (p —q) z—xp—-yq)=11is

A) z=ax—
(A) z=ax by+a+b

(B) z=ax—by

1
(C) z=ax+by (D) z:ax+by+—b
a—

Ifu(x, y) = X(x).Y(y) be the solution of the partial differ-

ential equation 43_u+ 5% = 0, which is obtained by

x  dy
solving it by the method of separation of variables, then
X(x) (the function of x only in u(x, y)) is
[Note: Here ¢ and k are arbitrary constants]

(A) X(x) = ce®™ x? (B) X(x)= ce[TJ

(C) X(x)= ce(Z)x (D) X(x)= ce"*¥x?

Which of the following second order partial differential
equations is an elliptic equation?

2 2 2
(A) 30U, 4 010U qou_du_,
ox oxdy  dy ox dy
2 2 2
(B) 38—2’—4 o u +58—L;—a—u+a—u=6x2y
ox oxdy dy” ox dy
2 2 2
(€) —38—12‘+4 Ju +5a—§’ 427,90
ox oxdy  dy ox dy
2 2 2
(D) Lyp 0t OU H0u, SO
ox oxdy dy ox  dy
1
The Fourier cosine series of the function f{x) = 5
0<x<lis
(A) 1 (B)
© 0 D)
The Fourier series of f{x) = ¢* in the ia?o interval

(0, 2m) is

fix) =+ Zan cos nx +2 b,sinnx | then the value of

n=1 n=1
D s
2
e41[ _ 1 eZTC _ 1
(A) (B)
2n
e41t _1 eZn _ 1
© D)
47
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25. The Fourier series of the function

—T
—2f0r—Tl:<x<7

Ofor_—n<x<E
2 2

T
2for—<x<m

n=1 n=1

is flx) = D 4 Zan cosnx+2bn sinnx , then b =
2 n

(A)

. nm
Sin 7 — COSnT

L
nm
4
(B) — [cos m_ cos nn}
nm 2
©) . COSNT — cosﬂ
4nm 2

4
(D) — [sinﬂ—sin nn}
nw 2

- AnswerKers

1. B 2. C 3.B 4. C
11. A 12. C 13. D 14. B
21. C 22. B 23. B 24. A

5.B

15. A
25. B

6. B 7. A 8. C 9. D 10. C
16. A 17. C 18. B 19. C 20. D

HINTS AND EXPLANATIONS

1. Given 4! = A" and det of 4 is non-negative

AAT=A"A=1
Det of (4.4") = Det of I,
A4 = L]
[ 147 =1
| 4] =1 (- 4] = |47])
AP =1= 4| =1
The determinant of 4 = 1.
(" |4] is non-negative)
2. GivenA4AB=A4and BA=B
Consider BA =B
= A(BA)=A4B
= (AB)A=A(. AB=A)
AA=A=A*=4
= A is an idempotent matrix
Consider AB =4
B (AB)=BA
(BA)B=B (" BA=B)
BB=B=B*=B
B is an idempotent matrix

-Ju Uy

LU Uy

1 a be
3. Givend=|1 b ca

1 ¢ ab

From (1) and (2), both I and II are correct.
Choice (C)

Consider the determinant given in option (B)

a a l+a
b b
c c
bc a 1
=0+fca b 1|+

ab ¢ 1

at+bc a l+a
b+ca b 1+b|=
ctab ¢ l+c¢

146 |+
1+¢

bc
ca
ab

bc

a

Choice (B)

- (1)

-2

1+a
1+b
1+c¢

bc a 1
=lca b 1|+0
ab ¢ 1

1 a be
=—11|1 b ca
1 ¢ ab

=—Det of 4 # Det of 4
The determinant given in option B is NOT equal to

det of 4. Choice (B)
. Given 4 is non-singular and 4° = 4
= AA*=A4
= A1 (A4 =4"4
= A'DHA*=4"14
= A*=1
= A must be an involutory matrix. Choice (C)

. Given 4 is a matrix of order 6 x 9.

Rank of 4 =5
Maximum number rows/columns of 4 that are lin-
early independent = 5.

Option (B) is TRUE. Choice (B)
1 2 4 3
. .. -3 5 -4
. Given matrix is P =
4 1 13 -10
3 8 6 -5

R,—>R,-2R,R,~ 4R and R, >R, - 3R,

1 2 4 -3
o7 3 2
0 -7 -3 2
0 -14 -6 4



R,—>R,~R,andR,—> R, 2R,

1 2 4 -3
N 0 -7 -3 2
0o 0 0 0
0O 0 0 0
-1
RZ_)7R2
1 2 4
0 1 3/7
P~
00 0
00 0

Which is in Row Echelon form.
The rank of P = the number of non-zero rows in its

-3
-2/17
0
0

Row Echelon form = 2.

. Given system of equations is

xl+2x2+2x3:4

2x, = 2x,—x,=-3 > (1)

4x1+x2+2x3:3

It can be written in matrix form as

AX=B - (2)

1 2 2

Whered=|2 -2 -1|;X=|x,

4 1 2

Consider the augmented matrix

1 2 2 4
[4/B]=]2 -2 -1 -3
4 1 2 3

R,—R,~ 2R, and R,—> R, 4R,

12 2 4
~l0 -6 -5 11
0 -7 -6 -13
R,—> 6R,~ TR,
12 2

S [4/B]~ |0 -6 -5
0 0 -1

Hence the system of equations that has same solution

as that of AX=Bis

1 2 2|lx
0 -6 =5(|x,|=
0 0 —I||x

= x1+2x2+2x3:4
—6x2—5x3:—11

—x3:—1:x3:l.

4

4
—-11
-1

—11
-1

Choice (B)

and B=| -3

Choice (A)
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8. Given the system of equations 4X = O has

Number of unknowns =n =4
Number of equations = 4

A is a 4 x 4 matrix
Also given the number of linearly independent solu-
tions = 1. We know that the number of linearly inde-
pendent solutions of a system of homogeneous linear
equations.
AX=0is=n—-r
Where n = the number of unknowns and r = the rank
of A.

n—-r=1
= 4-r=1
= r=4-1=3

The rank of 4 =3 Choice (C)

1 10 16 =20
0 -1 159 237
0 0 1 -431
0 0 O 1

. Given A =

The eigenvalues of 4 are 1,—1, 1 and 1.

If A =—1 is an eigenvalue of 4, then (-1)° — 7(-1)° +

4(—1) =2 is an eigenvalue of 4° — 745 + 44.

Also if A =1 is an eigenvalue of 4 then

(1)°=7(1)> + 4(1) =2 is an eigenvalue of 4° — 74 + 44

.. The eigenvalues of 4° — 74° + 44 are -2, 2, -2 and
2.
The determinant of 4° — 74° + 44 = Product of the
eigenvalues of A° — 74° + 44 = (-2) (2) (-2) (-2)
=-16. Choice (D)

. Given the characteristic equation of a 2 x 2 matrix 4 is

AM—4r+1=0
Let 2, and X, be the eigenvalues of 4.
Trace of 4 = sum of the eigenvalues of 4
=M +A=((4)=4
Determinant of 4 = Product of the eigenvalues of
A=A L =1 Choice (C)

. Letd = {a b} be a 2 x 2 matrix with A, and A, as its
c

eigenvalues.

The characteristic equation of 4 is
-A b

A-M=0= | =0

c d-A

= (@a=-A)(d-LN)—bc=0 -—-(1)

d b
The adjoint of 4 is adj(4) ={ }
- a

The characteristic equation of adj(4) is
d-\ -b

- a—-A\
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12.

13.

14.

= d-N(@—A)—bc=0 -—-(2)
As (1) and (2) are one and the same and A, and 2, being
the roots of (1), A, and A, will be the roots of (2).
The eigenvalues of adj(4) are 2. and A,.
Choice (A)

The characteristic equation of 4 is A* — 502+ 2L -3 =0
By Cayley Hamilton theorem, we have
AP =542 +24-31=0

Consider

34° — 1548 + 647 — 114° + 104° — 44* + 104> — 204°

+84-91

=3A%A% — 5A4% + 24 — 3]) — 2A4° + 104° — 44* + 104°

—204% + 84 - 91

=34% x 0 — 243%4° -

+84-91

(From (1)) =0 —2A4° x 0 + 4(4> — 54>+ 24 - 31) + 31

54 + 24 — 31) + 44° — 204*

(From (1)) =4 x 0+ 3/ (From (1))
1 00 300
=3I=3{0 1 0|=|0 3 O Choice (C)
0 0 1 0 0 3
1 0 0
Givend=|2 3 0
3 -1 4

The eigenvalues of 4 are 1, 3 and 4
'xl

If x = | x, | is an eigenvector of 4, then x should satisfy

X3

any one of the three conditions. AX = x, AX = 3X and
AX=4X

From the options given, it can be easily observed that
the vectors given in options (A), (B) and (C), will sat-
isfy one of these three conditions.

Consider the vector given in option (D),

I 0 0]]0 0 0
AX=12 3 0[|2|=|6 |#A|2
3 -1 4]0 -2 0
For,A=1,2o0r3
Its not an eigenvector of 4 Choice (D)
Given system of linear equations is
2x+3y+4z=1
S5x—-y+z=4
x+ay-3z=3 e (1)
It can be written in matrix form as AX =B
2 3 4
Where A=1[5 —-1 1 |;
3 a 3

15.

16.

1
X=|y|and B= |4 | consider the augmented matrix
z 3
2 3 4 1
[41B] = 5 1 4
a -3 3

R,—2R,~5R,R,—>2R,~ 3R,
2 3 4 1

~l0 =17 -18 3
0 2a-9 -18 3
R, >R, -R,
2 3 4 1
[4B]~|0 -17 -18 3

0 2a+8 0 O

The given system of equations has a unique solution, if
P(A4) = p([4A/B]) = 3 (= The no. of unknowns)
This is possible only if 2a + 8 # 0

= a+4=0. Choice (B)
Given system of equations is
ax+by+cz=d (1)
ax+by+cz=d,
It can be written in matrix form as
AX=B
a b ¢ * d,
Where 4 = ;x=|y|and B=
aZ b2 CZ d2

z

Here two possibilities arise
(1) P (4)= P(A/B))
In this case, (1) has no solution
(i) P (4) = P ([4/B]) < 3(=The no. of unknowns)
In this case, (1) has infinitely many solutions.
So, the given system (1) do not have a unique solu-

tion. Choice (A)
z=f(x+at)—g (x—af)
%zfl(x+at)—gl(x—at)
ox
0’z 11 11
—=/f"(x+ar)-g" (x—at)
ox
0z 1 1
Ezaf (x+at)+ag' (x—at)
azz 2411 2511
Fye =a’f'(x + at) — d’g"(x — at)
2 2
0z_p92 Choice (A)

?—a ox*



17.

18.

19.

Given z = fix’ —)?)
Letx*—y*=u
z=fu)
dz 0z du
= 3x?

o awan @
Jz _dz du
= =— fYu)3
o ond w3y’
. ﬂ 2 E 3y £ w3y =0

ox dy

The first order partial dE is y*p +x?¢ =0
Choice (C)

Yy-z)p+y -x)g=2(x~y)

The subsidiary equation of the given differential equa-
tion is

dx _ dy 3 dz 1
x3(y—z) yB(Z—x) ZS(x—y) ............. (1)
. . 1 1 1 ]
using the multipliers x—z, y_2 and — each fraction of
z
— dx +— dy + dz
(1) is equal to x Y
0
PP
X y z

On integrating the above, we get

1 1 1 1 1 1
Cor —+—+— =(|
X y z

11 1
using the multipliers —,—5 and —5 each of the frac-
Xy z

L}dx+i}dy+%dz
tion (1) equal to ol 24 z

0
On integrating both the sides, we get
1 1 1
—St—=+t==Cc, 3)
Xy oz
From (2) and (3) the general solutions is
1 1.1 1 1 1 )
o —t—+—, o+t |=0. Choice (B)
X y z x y oz
XVZp+X2g=x*Y"Z . (1)
The subsidiary equations of (1) are
dx dy  dz 5
Wy iy 2)

Considering first two fractions of (2) we have x
dx=ydy.
On integrating we get x> = y? or x*

20.

21.

22.
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Considering the last two fractions of (2), we have
vy dy =z dz. On integrating, we get
yz 2= C2
From (3) and (4) the general solution of (1) is
2=y =0 (0 —2%). Choice (C)
Given(p—q)(z—xp—-yq)=1
1

z=xp+yq+——"

r—q
This is a clairaut equation and its solution is

z=ax+ by + Choice (D)

a—
Given u = x(x), y(y) ------ (1) is the solution of the PDE

Obtained by solving (2) by the method of separation
of variables

Ju Ju .
—=x'y and — =xy

ox dy

nerext = andvie L

where x' == an y_dy

(2) becomes

4xly +5x'=0
1 1
o Y
X y
4x' '
= ——=-5— =k (say) where k is a constant
X y
1 1
- Y pand 2o
X y
Lk
xt=7 =
kox ky
1_ = 1y = =0
= x- =y
dX _kx @—Ed
= A 4 = x 4%
dx k
—=—|dx==—x+c
= 15 4I 4

e Jox

1 A
x=e*+c =e‘c

(9.

= x=ce "’ ;wherec= e
(%) .
x(x)=ce . Choice (C)
A PDE is of the form
Au + Bu,+ Cuyy +Foy, uu,u)=0 - (1)

is elliptic, if B> —44C <0
From the PDE in the options, consider the PDE in
option (B)
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Comparing it with (1), we have B
A=3,B=-4andC=5 24. In the Fourier series of ¢**; a, is given by — '[ S (x)dx
B —44C= (-4 -4 x3x5=—44<0 T %
= B-44C<0 o _lTZxd_L -
Hence the PDE given in option (B) is elliptic @G="7 1€ P=50 [e ]O
Also, it can be easily observed that the PDE given in 0
options (A), (C) and (D) do not satisfy the property, e a, e -1 3 e -1 .
B~ 44C <0, Choice (B) = 55 L 1] ST axan  an - Choiee®
23. The coefficients of Fourier cosine series are given by 25. In the Fourier series of fx), b is given by -
2 T .
a= T [ f(x)dx and | f(0)sinnxdx
0 -7
2 f nTmx 1 % g k4
=7 _(l).f(X) cos(T)Jx b, = = J. (=2)sin nxdx + f 0.sin nxdx+j2sin nxdx
2 1 h : :
a == [=dvr=x] =1 _ - .
US| -([2 I 2 cosnx}z +g[—cosnx}
1 1 TLn 1, W n >
= 2 [ Ecos(ma)d = [cos(nmo)d - 2
a,= 7 02cosn x_Ocosn X n n
5 | cosn cosn
e 2 _cosnm _cosnm 2
_ sin(nmx) T o T n n n n
nto L

| ~

1 nm .
The required series is f{x) = 5 Choice (B) T om [0057 —C0s ”n} . Choice (B)
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