Chapter 5 Quadratic Functions

Ex 5.7

Answer le.

The equation (x — 1)2(;': + 23 =0 has two distinct solutions, 1 and 2. Since the factor x — 1
appears twice, we can count 1 twice The solution 1 15 said to be a repeated solution.

Thus, the statement can be completed as “For the equation (x — 1]2[:{ +2)=0, arepeated
solution 15 1 because the factor x — 1 appears twice.

Answer 1gp.

The fundamental theorem of algebra states that a polynomial function fix) of degree »,
where »# = 0, will hawve at least # selutions. This 15 based on the fact that each solution

repeated twice 15 counted as two solutions, each solution repeated three times 15 counted
as three solutions, and so on.

The degree of the given polynomial equation 15 4. Thus, the given equation will have at
least four solutions,

Answer 22e.

We need to explain the difference between complex conjugates and irrational conjugates.

Multiplication of two irrational conjugates results in rational number and multiplication
of two complex conjugates results in real number.

The number mnside the square root, in case of wrrational conjugates 1s not a perfect square
and the number inside the square root, 1n case of complex conjugates 1s a negative
number.

Answer 2gp.
We need to find the number of zeros of the function

flx)=x +7x" +8x—16

An pth degree polynomial has exactly » zeros.

Because

f(x)=x+7x" +8x-16

15 a polynomial of degree 3 1t has b}' the above mentioned corollary of the
fundamental theorem of algebra.



Answer 3e.

The fundamental theorem of algebra states that a polynomial function f{x) of degree »,
where »# = 0, will have at least » solutions. This 15 based on the fact that each selution

repeated twice 15 counted as two solutions, each solution repeated three times 15 counted
as three solutions, and so on.

The degree ofthe given polynomial equation 15 4. Thus, the given equation will have at
least four solutions or zeros,

Answer 3gp.
STEP 1 Find the rational zeros of 7

mince the degree of F15 3, the function will have 3 zeros. The possible
rational zeros are £1, £3 and + 9.

Tze synthetic division to divide fx) by 1.
-1|1 7 15 8
-1 -6 -8
1 & % 0

The remainder 1z 0, which implies that —1 1z a zero.

STEP 2 Write /{x) 1n factored form.
The quotient obtained by dividing fix) by -1 15 +6x+9
The function can be thus written as fix) ={x + 1){;:2 + &x + 9.
STEP 2 Find the complex zeros of £

Factor the trinomial x° 4 6x + 9.
Fx) =+ Dix + 3

From the factor (x + 3}2, we get —2 as a zero that 15 repeated twice.

Therefore, the zeros of fare —1, =5, and -3

Answer 4e.
We need to find the number of zeros of the function

5y =3y +8y =0

An wmth degree polynomial has exactly # zeros.



Consider
F(¥)=5y 3" +8y
Because

F(¥)=5y -3y" +8y

is a polynomial of degree 3 it has |three zems|b3-' the above mentioned corollary of the
fundamental theorem of algebra.

Answer 4gp.
We need to find all zeros of the polynomial function

flx)=x"—2x"+8¢" —13x+6

An pth degree polynomial has exactly » zeros.

Because
Fx)=x"-2x*+8x" —13x+6
15 a polynomial of degree 5 1t has five zeros by the above mentioned corollary of the

fundamental theorem of algebra.
The possible rational zeros are +1 +2 13 16

Let us test these zeros using synthetic division
Let x=1
1(1 -2 0 8 -13 6
1 -1 -1 7 -6
1 -1 -1 7 -6 0

Since the remainder is zero. x =11s a zero of the given function £ (x)

Thus,
f(x) =|I:3||:—l][.x‘| X —x+ ?x—ﬁ)
Assume that

g{x} =x —-x —x +Tx—6
The possible rational zeros of g(x} are also the zeros of f (x)

Again test for x=1:
1/1 -1 -1 7 -6
1 0 -1 6
1 0 -1 6 0

Synthetic division shows that x =11s a zero of the function g(x}



Thus,
flx)= (x—l]l:x"' —x —x +?x—ﬁ)
= {J«:—l]j {xs —x—l—ﬁ}
Assume that
h(x)=x—x+6
The possible rational zeros of A(x) are also the zeros of f(x)

Now test for x=—2:
211 0 -1 6
-2 4 -6
12 3 0

Synthetic division shows that x =—21s a zero of the function h(x)

Thus,
f(x)=(x-1)(x* -2’ —x* +7x-6)
:(x —1]1 (f —x-l—ﬁ}
:(x—l]1 {;H— 2}[(::2 —2:\:—!-3}
Compute the discriminant of the quadratic equation
' —2x+3
Thus,
d=b"—4dac
1
=(=2) -4(1)(3)
=4-12
=—8
since the discnminant, d <0, the zeros of the quadratic equation are imaginary.

Use quadratic formula to find the imaginary zeros of the function
X' —2x+3
Thus,

~(-2)£(-2) -4()(3)
2(1)
_2¢ Ji-12

2
_2+4-8

X =




Thus, the zeros of [ are |1, 1,—2=l+f-‘."'§,l—iw"§

Answer 5e.

The fundarmental theorem of algebra states that a polynomial function f{x) of degree »,
where » = 0, will have at least # solutions. This 15 based on the fact that each solution

repeated twice 15 counted as two solutions, each solution repeated three times 15 counted
as three solutions, and so on.

The degree of the polynomial equation 15 6. Thus, the given equation will have at least s1x
solutions or zeros.

Answer 5gp.
Write fx) as a product of three factors using the three zeros and the factor theorem.

Sy =+ Dix - 2z —4)

Multiply x — 2 and x — 4 first.
fx) = (x + D[x% —dx — 2x + 8]

Combine the like terms within the bracleets.
Fx) = (x+ D[x° - 6x + 8]

Wlultiply again and combine the like terms.
Flx)= -6 +8x+x°—6x+8

= X - 5% +2x+8
Thus, the required polynomial function 15 f{x) = -5+ +8

Check the result by evaluating f{x) at each of 1ts three zeros. The function should evaluate
to 0 each time.

F(=10) = (~1F -5(-1*+2(-)+8 = -1-5-2+8 = 0
F(2) = 2%- 5(2)°
F(4) = 4= 5(4)

+2(2)+8=8-204+44+8=0
4 2(4)+8=64-80+8+8 =0

The result checles.

Answer 6e.
We need to find the number of zeros of the function
flz)=-7z"+z"-25



An nth degree polynomial has exactly » zeros.

Consider
f(z)==7z"+z"-25
Because

flz)=-Tz*+z"-25

15 a polynomial of degree 4 1t has by the above mentioned corollary of the
fundamental theorem of algebra.

Answer 6gp.
We need to write a polynomial function f of least degree that has rational coefficients, a
leading coefficient of 1 and the given zeros 4.1+ ﬁ
Irrational Conjugates Theorem:
Suppose [ is a polynomual function with rational coefficients, and g and b are rational
numbers such that ~,'"E_:r 1s wrrational. If a+ JE_J 1s a zero of £ . then {]—-JI'E_J 15 also a zero of
I

Because the coefficients are rational and 1++/5 is a zero. 1— /5 must also be a zero by
the irrational conjugates theorem. Use the three zeros and the factor theorem to write

f(x)as a product of three factors.
£(x)=(x—4)| x=(14+5) ][ x=(1-V5)]  [Write£ () in factored form]
=(x—4) :(x—l}—ﬁ][{x—l)+£} [Regroup terms]

= (x—4)[ (x—1) 5] [Multiply]
=(x—4)[ (x* - 2x+1)-5] [Expand binomial]
=(x—4)(x* -2x—4) [Simplify]
=x' —2x* —4x—4dx" +8x+16 [Multiply]

=x'—6x" +4x+16 [Combine like terms]



Thus, the required polynomial 1s | f (x} =x —6x +4x+16
Check:
Let us check this result by evaluating f( xj] at each of its three zeros.
Consider
F(x)=x"—6x" +4x+16
Thus,
F(4)=(4) -6(4) +4(4)+16
=64-96+16+16
=)
f{l+v‘r§}=[l+~f§f -6(1+ JE_}E +4(1+£)+15

=1+5J§+3£+15—5(1+ 5+2£]+4+4J§+15
=85 +1ﬁ—5{5+2£)+4+4£+1ﬁ

=8J5+16-36-125+4+45+16
=125-125+36-36
=0
Since f (l—l— J5 ) =0, by the wrrational conjugates theorem_ f [l— J5 J =0

Answer 7e.

The fundamental theorem of algebra states that a polynomial function fix) of degree »,
where » = 0, will have at least # solutions. This 15 based on the fact that each solution

repeated twice 15 counted as two solutions, each solution repeated three times 15 counted
as three solutions, and so on.

The degree of'the given polynomial function 15 7. Thus, the function will have at least
seven solutions or zeros.

Answer 7gp.

since the coefficients are rational and 2i 15 a zero of f, —2i must also be a zero of Fhy

cotplex conjugates theorem. Sumlarly, using wrrational conjugates theorem, 4 + JE iz
also a zero.

Write fx) as a product of five factors using the five zeros and the factor theorem

F(x) = (x=2)(x- 20)(x+ 2) 2 - (4= ¥6) || 2= (4 + VB

Expand the binomial
Ax)=(x - D&+ N[x" — 8 + 16 - 6]

simplify.
Ax) = (x — D2 + N[ — 8x + 10]



Multiply again and combine the like terms.

F(x) = (x = 2[5 - 827+ 102 + 42 - 322+ 40)
= (x - 2)(#* - 82"+ 145 - 32x + 40)
= 2 - 8x% + 1427 - 32x% 4+ 402 — 22% + 1627 - 28x2 + 64x — B0
= x —10x" + 30x° — 60x% + 104x — 80

Thus, the required polynotmial function 15 f{x) = x0 — 105" + 3027 — 602° + 104x — 80,

Check the result by evaluating f{x) at the zeros 2, 2i, and 4 - \."E The function should

evaluate to 0 each time.
F(2) = 2°—10[2) + 3027 - 60{2)* +104(2) 80 = 0
Fl2) = (27 -10{2) +30(2)7 - 60[2 7 +104(2) - 80 = 0

f[4 - \E) - [4 — «J'E)S— 10[4— £]4+30[4 —-JE)S— 60[4 - £)2+1m[4 - @) 80 =10
Az diand 4 - \,I'E checks, their conjugates —2i and 4 + J6 also checks.

Answer 8e.
We need to find the number of zeros of the function
h(x)=—x2+T7x* +5x* —8x+6

An uth degree polynomial has exactly » zeros.

Consider
h(x)=—x"+7x" +5x" —8x+6
Because

h(x)=—x7+7x" +5x" —8x+6

is a polynomial of degree 12 it has |12 zeros| by the above mentioned corollary of the
fundamental theorem of algebra.

Answer 8gp.
We need to write a polynormuial function f of least degree that has rational coefficients, a

leading coefficient of 1 and the given zeros, 3,3 —1



Complex Conjugates Theorem:
suppose [ 1s a polynomial function with real coefficients and a+ib1s an imaginary zero
of f . then a—ib1s also a zero of f.

Because the coefficients are rational and 3+11s a zero, 3 —i must also be a zero by the
complex conjugates theorem. Use the three zeros and the factor theorem to write
f(x)as a product of three factors.

f(x)=(x-3)[x—(3+i)][x—(3-7)| [Writef(x) in factored form]

=(x—3}f{x—3}—f][{x—3)+f] [Regroup terms]
=(x=3)[(x-3)" =(-1)] [Multiply]
={x—3}:{x1 —ﬁx+9)+1] [Expand binomial]
=(x—-3)(x* -6x+10) [Simplify]

=x’ —6x" +10x—3x" +18x—30 [Multiply]

=x" —9x* +28x-30 [Combine like terms]

Thus, the required polynomial is | f(x)=x’ —9x’ +28x—30
Check:
Let us check this result by evaluating 7 x) at each of its three zeros.

Consider
f(x)=x"—9x" +28x—-30

Thus,

£(3)=(3) -9(3)" +28(3)-30
=27-81+84-30
—0

F(3-1)=(3-iY -9(3-i)" +28(3-i)-30
=(27+i+9-271)—9(9+1-67)+84— 281 —30
=27T+i4+9-27i-90+54:i + 84 - 28 - 30
= (27+9-90+84—30)+ (i —27i + 54i - 281)
=0+0i
=0

Since f(3—i)=0. by the complex conjugates theorem, f(3+1)=0



Answer 9e.

The fundamental theorem of algebra states that a polynomial function fx) of degree »,
where » = 0, will have at least # solutions. This 15 based on the fact that each solution

repeated twice 15 counted as two solutions, each solution repeated three times 15 counted
as three solutions, and so on.

Let us first rewrite the gwen function 1n standard form

A =6+ 1% — 22" + 16x = 3

since the degree of fix) 12 6, the function will have at least s1x zeros.
Thus. the correct answer 15 choice D

Answer 9gp.

The number of positive and negative real zeros can be determined using the Descartes’
tule of s1gns.

Bv thiz rule, if f{x) 15 a polynomial function with real coefficients, then the number of

posttive real zeros 15 equivalent to the number of changes in s1gn of the coefficients of the
function or less than this by an even number.

The number of negative real zeros 15 equivalent to the number of changes 1n s1gn of the
coeflicients of fi—x) or less than this by an even number.

Let us first find the number of sign changes in the function

fix) =x* + 2x - 11
A

mince there 15 only one sign change in fix), there 15 only one positive real zero.

How, find fi—x) and the number of s1gn changes 1n it
Fl=x) = (= + 2(=x) - 11
= —x - 2x-11

There 15 no s1gn change in fi—x). This implies that there 15 no negative real zero(s).

The total number of zeros possible 15 equivalent to the degree of the function, which 15 3.
The number of imaginary zeros will be the difference between the total number of zeros
atid the sum of the numbers of positive and negative real zeros.

summarize the possible zeros of Fin a table.

Positive | Negative | Imaginary | Total
real zeros | real zeros ZET D% ZETr0s

1 0 2 3




Answer 10e.
We need to find all zeros of the polynomial function
f(x)=x"—6x"+7x* +6x—8

An uth degree polynomial has exactly »n zeros.

Because
flx) =x" —6x +Tx +6x—8

1s a polynomial of degree 4 1t has four zeros by the above mentioned corollary of the
fundamental theorem of algebra.
The possible rational zeros are +1 +2 +4 +8

Let us test these zeros using synthetic division.

Let x=1
1/1 -6 7 6 -8B
1 -5 2 8

|1—5:zgn

since the remainder 18 zero, x=11s a zero of the given ﬁmctiﬂnf{x}

Thus,
F(x)=(x—1)(x’ —5x" +2x+8)
Assume that

g{x} =x —5x" +2x+8
The possible rational zeros of g(x)are also the zeros of f(x)

Again test for x=1:
-1|1 -5 2 8
-1 6 -8

1 6 8 0

Synthetic division shows that x=—11s a zero of the function g{x}

Thus,
f(x)=(x-1)(x* —5x* + 2x+8)
:{J::—l]ll';;u:+]_]{x2 —ﬁx+ﬂ)
Aszsume that
h(x)=x"—6x+8
The possible rational zeros of h(x) are also the zeros of f {x]



Compute the discriminant of the quadratic equation
x' —6x+8
Thus,

d = E;-ij —4dac
~(-67-a()(®)
=36-32
=4

Since the disciminant, 4 = (0, the zeros of the quadratic equation are unique and real..

Use quadratic formula to find the imaginary zeros of the function
x' —6x+8
Thus,

(9267 -4 (1)(8)
2(1)
_ 6t+36-32
2

Thus, the zeros of fare |[—1.1.4and 2

Answer 10gp.
We need to determine the possible numbers of positive real zeros, negative real zeros and
imaginary zeros for g(x)= 2x? —8x" +6x" —3x+1
Consider the given function:
g(x)=2x"—8x" +6x" —3x+1
Thus, the coefficients 1n g[x}have 4 sign changes, so g[:c}has 4 or 2 positive real zeros.
Consider
g(—x)= 2{—:]4 —8 {—xf + ﬁ[—x}l —3(—x)+1
=2x* +8x +6x" +3x+1
Thus, the coefficients in g(—x)have 0 sign changes. so g(x)has no negative real zeros.



The possible numbers of zeros for g(x} are summarized in the table below:

Positive | Negative | Imaginary | Total
real zeros | real zeros | zeros Zeros
4 0 0 4
2 0 2 4
0 0 4 4

Answer 11e.

STEP 1 Find the rational zeros of 7,

since the degree of F15 4, the function will have 4 zeros. The possible
rational zeros are 1, £2, £33, +5 £6, £10, and £330

TTse synthetic division to divide fx) by 1.

1|1 &= =F =29 30
1 & -1 =30
1 & -1 =30 0

The remainder 15 0, which implies that 1 15 a zero.

Again, divide the quotient x+ 65 —x - 30 by 2 using synthetic division

211 & -1 =30
2 16 30
1 &8 15 0

We get 2 as another zero.

STEP 2 Write fx) 1n factored form.

The gquotient obtained by dividing fix) by 2 15 X+ 8+ 15

The function can be thus written as fix) =(x — 1)z — 2)(}:2 + 8x + 13).
STEP 2 Find the complex zeros of £

Factor the trinomial x° + 8x + 15,

Jxr={x -1z - 2)x +3)x +5)

Therefore, the zeros of fare -5, -2, 1, and 2.

Answer 11gp.

We need to approximate the real zeros of

Fx)=3x +2x" —8x +4x* —x—1



Consider the given function:
Fx)=3x" +2x* —8x" +4x" —x -1
Let us observe the following graph:

1

¥
5
(-2.2.0) (1.1,0) x
[ . .
-4 -3 -2 -1 2 3 4
(-03.0)
-5
— f(x)=32"1+ 2x* -8x* +4x* —x-1

Thus, the real zeros of the given function are
x=—"03x=-22x=1.1

Answer 12e.

We need to find all zeros of the polynomial function
g{x} =x" —9x* —4x+12

An uth degree polynomial has exactly » zeros.

Because
g(x)= xt—9x’ —4x+12
1s a polynomial of degree 4 1t has four zeros by the above mentioned corollary of the
fundamental theorem of algebra.
The possible rational zeros are £1 32 +£3 +4 46 £12



Let us test these zeros using synthetic division.
Let x=1

1|1 0 -9 —4 12
1 1 -8 -12
|11—3—12|:-

since the remainder 15 zero, x =115 a zero of the given function g [x}

Thus,
g{x} =(I—1}[:I3 +x —Sx—ll}
Assume that

h(x)=x" +x" —8x—12
The possible rational zeros of &(x)are also the zeros of g(x)
Now test for x=-2:
-2/1 1 -8B -12
-2 2 12
1 -1 6 0
synthetic division shows that x =—21s a zero of the function h{x:}

Thus,
g(x)= (x—l}(f +x —Bx—]E}
:(x—l}(x-l—ﬁ}[xl —x—é)
Aszsume that
flx) =x —x—6
The possible rational zeros of k(x) are also the zeros of g(x)

Compute the discriminant of the quadratic equation
fx)= X —x—6
Thus,
d=b"—4ac
2

=(=1)" —4(1)(-6)

=1+24

=25
since the discniminant, o = 0 | the zeros of the quadratic equation are unique and real



Use quadratic formula to find the imaginary zeros of the function
' —x—6

Thus, the zeros of gare |—2,—2.1and 3

Answer 12gp.
For a certain boat, the speed x of the engine shaft (in 100 s of RPMs) and the speed s of

the boat (1n miles per hour) are modeled by
5(x)=0.00547x" —0.225x* +3.62x—11.0
We need to find the tachometer reading when the boat travels 20 miles per hour.

Consider the given function:
s(x)=0.00547x" —0.225x" +3.62x—11.0

Substitute 5(x)=20 in the above function and rewrite it.

Thus, we have,
0.00547x° —0225x> +3.62x-11.0-20=0

0.00547x" —0225x° +3.62x—31.0=0



Let us observe the following graph:

h

45

« f(x)=0.00547x —0.225x" +3.62x-31.0

-3

Thus the real zero from the graph 1s
=229

Thus, the tachometer reading 1s about
2290 RPMs

Answer 13e.
STEP 1 Find the rational zeros of &

since the degree of & 15 4, the function will have 4 zeros. The possible
rational zeros are +1, 2, +4, 5 £10, and £ 20

Tse synthetic division to divide 2(x) by 2.
211 5 -4 =20

2 14 20
1 7 10 0

The remainder 15 0, which implies that 2 1z a zero.



STEP 2 Write %2(x) in factored form.
The quotient obtained by dividing A2(x) by 2 15 2 +7x+ 10
The function can be thus written as 2(x) = (x — 2}{;{2 +x + 107,

STEP 2 Find the complex zeros of A&

Factor the trinomial x° + 7x + 10,
Bri=x-Dx+2Dx+ 5

Therefore, the zeros of & are =2, =5, and 2.

Answer 14e.

We need to find all zeros of the polynomial function
fx)=x"+152"-16

An pth degree polynomial has exactly » zeros.

Because
fx)=x"+15x" -16

15 a polynomial of degree 4 1t has four zeros by the above mentioned corollary of the
fundamental theorem of algebra.

The possible rational zeros are £1 12 4 +8 +16

Let us test these zeros using synthetic division.

Let x=1
111 0 15 0 -16
1 1 16 16

|111616D

since the remainder 15 zero, x=11s a zero of the given functionfl[x}

Thus,
f(x)=(x-1)(x" +x" +16x+16)
Assume that

h(x)=x +x" +16x+16

The possible rational zeros of 4(x) are also the zeros of f(x)



Now test for x=—-1:
-1/1 1 16 16
-1 0 -16

1 0 16 0

Synthetic division shows that x =—11s a zero of the function h{:x}

Thus,
f(x)=(x=1)(x’ +x* +16x+16)
=(x—1)(x+1)(x* +16)
Assume that
g{x)=x1+lﬁ
The possible rational zeros of g(x} are also the zeros of f{x)

Compute the discriminant of the quadratic equation
g{x} =x'+16

Thus,

d=b"—4ac

=(0) -4(1)(16)
=0-64
=—64
since the discnminant, d <0, the zeros of the quadratic equation are imaginary.

Use quadratic formula to find the imaginary zeros of the function
x* +16
Thus

_£J(0) -4(1)(16)
T
_ T4/0—64
2
18
)

x=dorx=—4

Thus, the zeros of gare |—1.1.4i and —41




Answer 15e.
STEP 1 Find the rational zeros of

since the degree of f15 4, the function waill have 4 zeros. The possible
rational zeros are 1, £2, +4 and £5.

Use synthetic division to divide fix) by 1.

111 1 2 4 -8
1 2 4 &8
1 2 4 8 0

The remainder 15 0, which tmplies that 1 15 a zero.

& gain, divide the quotient A+ 8 by —2 using synthetic division

2|1 2 4 3B
-2 0 -8
1 04 0

We get —2 as another zero.
STEP 2 Write /{x) 1n factored form.
The quotient obtained by dividing fix) by —2 13 x%+4,
The function can be thus written as fix) =(x — iz + 2)(:2 + 4

STEP 2 Find the complex zeros of £

Factor the binomial x° + 4.
FxX)y =0 - Dix + 23z + 2)i(x — 2i)

Therefore, the zeros of fare -2, 1, =2, and 2i.

Answer 16e.
We need to find all zeros of the polynomial function
h(x)=x"+4x +Tx* +16x+12

An nth degree polynomial has exactly » zeros.



Because
h(x)=x"+4x" +7x +16x+12

is a polynomial of degree 4 1t has four zeros by the above mentioned corollary of the
fundamental theorem of algebra.

The possible rational zeros are +1 2 +3 +4 +6 +12

Let us test these zeros using synthetic division.

Let x=-1
-1{1 4 7 16 12
-1 -3 4 -12

|13412{I

Since the remainder 1s zero, x =—11s a zero of the given function /1(x)

Thus,

h(x)=(x+1)(x" +3x" +4x+12)
Assume that

g{x} =x +3x" +4x+12

The possible rational zeros of g(x} are also the zeros of F:(x}

Now test for x=-3:
-3/1 3 4 12
-3 0 -12

1 0 4 0

syathetic division shows that x =—31s a zero of the function g{x}
Thus,
h(x)=(x+1)(x’ +3x" +4x+12)
={x+3:}[x+l){x1 +4}
Assume that
flx)= © +4
The possible rational zeros of f {x} are also the zeros of Fz[x)



Compute the discriminant of the quadratic equation
flx)=x"+4
Thus,
d=b"—4ac
=(0) -4(1)(4)
=0-16
=-16
since the discnminant, d <0, the zeros of the quadratic equation are imaginary.

Use quadratic formula to find the imaginary zeros of the function
x)= © +4
Thus,

£J(0) - 4(1)(4)
T

e
2

rx=2Horx=—-21

Thus, the zeros of hare |-1,—3.2iand —21

Answer 17e.
STEP 1 Find the rational zeros of g

oince the degree of g 15 4, the function will have 4 zeros. The possible
rational zeros are 1 and £ 2.

TTze synthetic division to divide gl by 1.
1l -z -z 2 2
1 -1 -4 -2
1 -1 -4 -2 0

The remainder 15 0, which implies that 1 15 a zero.



Lgain, divide the quotient A oxt—dx -2 by —1 using synthetic division
-1]1 -1 -4 -2
-1 2 2
1 -2 -2 0

We get —1 as another zero.

STEP 2 Write g(x) in factored form.
The quotient obtained by dividing gix) by —1 15 o Ppr— 2.
The function can be thus written as g(x)={x — Dix + 1}{:»:2 —2x =2
STEP 2 Find the complex zeros of g

Since the trinomial x° — 2x — 2 cannot be factored, use the quadratic
formula to find its linear factors.
2+ +12

2

A=

2+ 2.3

o
1+ 43

The function can be factored as

g[x) = [x— 1:l|:x+1)(x—l—ﬁ)(x— 1+xj§).

Therefore, the zerosof gare 1, -1, 1+ \E and 1 — \E

Answer 18e.

We need to find all zeros of the polynomial function
g(x)=4x"+4x - 11" -12x-3

An sth degree polynomial has exactly » zeros.



Because

g(x)=4x" +4x° —11x" —12x-3

15 a polynomial of degree 4 1t has four zeros by the above mentioned corollary of the
fundamental theorem of algebra.

The possible rational zeros are il,ﬂ,i%, + % ,ii ,i%

Let us test these zeros using synthetic division

Let x=—=

A

4 4 -11 12 -3

-2 -1 6 3
4 2 -12 -6 0

since the remamnder 1s zero, x= —% 15 a zero of the given function g [:x}

Thus,
g(x)=(2x+1)(4x" +2x* —12x—6)
Assume that

h(x)=4x +2x" —12x—6

The possible rational zeros of &(x) are also the zeros of g(x)

Now test for x=—%'

. 4 2 -12 -6
2

-2 0 6

4 0 -12 0

Synthetic division shows that x = —% 1s a zero of the function h(x)



Thus,
g(x)=(2x+1)(4x" +2x" —12x—6)
= (2x+1) (4x* -12)
Assume that
f(x)=4x"-12
The possible rational zeros of f(x)are also the zeros of g(x)

Compute the discriminant of the quadratic equation
f(x)=4x"-12
Thus,
d=b"-4ac
=(0)" -4(4)(-12)
=0+192
=192
since the discnminant, d <0, the zeros of the quadratic equation are imaginary.

Use quadratic formula to find the imaginary zeros of the function
flx)=x"+4
Thus

x: +(0)" —4(4)(-12)
2(4)
_+J0+192

8
_ 183
8

I=\§DI'I=—'J{§

Thus, the zeros of gare —é}—é, 3 and —x-"lg




Answer 19e.
STEFP 1 Find the rational zeros of &

since the degree of & 15 4, the function will have 4 zeros. The possible

rational zeros are X1, £2, £3, 4, 6, £8, £12, £ 24, i%, and i%.

Tsze synthetic division to divide 2(x) by =2,
202 13 1% =10 =24

4 -18 -2 24
2 9 1 -12 0

The remainder 15 0, which implies that —2 13 a zero.
Lgain, divide the quotient 2xS + 9% +x - 12 by =41 using synthetic
divizion
=412 % 1 -12
-8 =4 12
2l =3 (

We get -4 az another zero.
STEP 2 Write %2(x) in factored form.
The quotient obtained by dividing &2(x) by —4 15 ol +x -3
The function can be thus written as 2(x) = (x + 2}z + 4)(2x2 +x -3
STEP 2 Find the complex zerosz of &

Factor the trinomial 2x° +x — 3.
AXI=x+2x+Dx-D2x+3)

Therefore, the zeros of &2 are —4, — 2, —%, and 1.

Answer 20e.

We need to write a polynomial function [ of least degree that has rational coefficients, a

leading coefficient of 1 and the given zeros 1,23



Use the three zeros and the factor theorem to write
f (x)as a product of three factors.

F(x)=(x-1)(x-2)(x-3) [Write f (x) in factored form]
=(x—1)[ " -3x—2x+6| [Multiply]
=(x—1)[ %" —5x+6] Multiply]
=x' —5x" +6x—x"+5x—6
=x —6x" +11x—6

Thus, the required polynomial is | (x) = x* —6x° +11x—6|
Check:
Let us check this result by evaluating f/( x] at each of its three zeros.
Consider
f(x)=x—6x"+11x—6
Thus,
F(1)=(1) -6(1)" +11(1)-6
=1-6+11-6
=0
F(2)=(2) -6(2) +11(2)-6
=8-24+422-6
=—16+22-6
=0
£(3)=(3) -6(3) +11(3)—6
=27-54+33-6
=—27+33-6
=0

Answer 21e.

Write fix) as a product of three factors using the three zeros and the factor theorem.

Sy =ix+2)x - [jix - 3)



Multiply x — 1 and x — = first.
Ffixy =+ 2 -3 —x + 3]

Combine the like terms within the braclets.
Fixy=(x+ 2% - dx + 3]

Multiply again and combine the like terms.
F(x) = F—d4xt+3x 4+ 2x° - Bx 4+ 6

= - 2% - 5% +6
Thus, the required polynemial function 15 fx) = -2 -5k + 6,

Check the result by evaluating f{x) at each of its three zeros. The function should evaluate
to 0 each time.

A2 = (-2 - 2(-2)" - 5(2)+6 = -8-3410+6 = 0
A= (Y -201¥ -5 +6=1-2-5+6=0
A3 = (3 -2(37-5(+6=27-18-15+6 =0

The rezult checles.

Answer 22e.

We need to write a polynomuial function f of least degree that has rational coefficients, a
leading coefficient of 1 and the given zeros, —5.—1,2

Use the three zeros and the factor theorem to write
f(x) as a product of three factors.

f(x)=(x+5)(x+1)(x-2) [Write f (x) in factored form]
=|[\;|:+5}[:':2 —2x+x—2] [Multiply]
=(x+3)[x —x-2] [Multiply]

=x —x'—2x+5x"-5x-10
=x +4x" —Tx—10



Thus, the required polynomuial 1s |f[x} =x"+4x" —Tx-10
Check:
Let us check this result by evaluating f( x:l at each of its three zeros.
Consider
f(x)=x"+4x" —Tx-10
Thus,
f(-5)=(-5) +4(-5)" =7(-5)-10
=—125+100+35-10
=0
F(-1)=(-1) +4(-1)" =7(-1)-10
=-1+4+7-10
=0
£(2)=(2) +4(2)' -7(2)-10
=8+16-14-10
=24-24
=0

Answer 23e.

Write fix) as a product of three factors using the three zeros and the factor theorerm
Jx)=ix+ 3 - Nix - 6)

Multiply x — 1 and x — 6 first.
Fx)=(x+ 3’ —bx —x + 6]

Combine the like terms within the bracleets.
fix =(x + 3% - Tx + 6]

Multiply again and combine the like terms.
f(x) = © -T2’ + 6x+ 32" - 21z + 18

= X —4x" - 15x +18
Thus, the required polynomial function 15 f{x) = X —dx - 15x + 18,

Check the result by evaluating f{x) at each of its three zeros. The function should evaluate
to 0 each time.

A3 = (-3 -4(-3)*-15(-3)+18 = —27-36+45+18 = 0
(1) = (17 - 4{1F - 15(1)+18 = 1-4-15+18 = 0
(6) = (67— 4(6)° - 15(6)+18 = 216 - 144 - 90 + 18 = 0

The result checles.

I
I



Answer 24e.

We need to write a polynormial function f of least degree that has rational coefficients, a
leading coefficient of 1 and the given zeros, 2, —i.i

Use the three zeros and the factor theorem to write
f(x) as a product of three factors.

f(x)=(x=2)[x—(=i)J[x—(i)] [Writef(x) in factored form]
— {x—E}[I+f][x—f]

=(x-2)[x*-(-1)] [Multiply]
=(x-2)[ =" +1]
=x +x-2x" -2 [Multiply]
=x -2 +x-2

Thus, the required polynotmial 1s | f (x:} =x -2x"+x-2
Check:
Let us check this result by evaluating £ x) at each of its three zeros.
Consider
flx)=x-2x"+x-2
Thus,
F(2)=(2) -2(2)" +(2)-2
=§-8+2-2
=0
£() =G0 =20 +()-2
=—i+2+i-2
=1
Since f{;} =0, by the complex conjugates theorem, f(—i)z 0

Answer 25e.

since the coefficients are rational and 37 and 2 — i are zeros of /, =57 and 2 + i must also
be zeros of by complex conjugates theorem.

Write fix) as a product of four factors using the four zeros and the factor theorem.

Ax)=ix =30z +3x -2 -D]x -2 +i)]

Eegroup the terms within the brackets.

Fix)=(x —30x + 50[(x — 2) —1][(x — 2) +1]

Multiply the expressions of the form (o + &i(a — &),
Ax) =2+ 9x - 27 + 1]



Expand the binomial
A=+ D[ —dx +4+1]

simnplity.
Fix) = (2 + 9)[x° - 4x + 5]

Multiply again and combine the like terms.
Fx) = 2* - 45 + 52 + 927 - 36x + 45

= 2t —4x + 142" - 362 + 45
Thus, the required polynomial function 1z f{z) = xt—dx + 14x% — 36x + 45,

Check the result by evaluating f{x) at the zeros 5f and 2 —i. The function should evaluate
to 0 each time.

F(3) = (3)*- 437 +14(3)* - 36(3) +45 = 0
Fl2=i) = (2-i —a[2-i +14(2 -] - 36{2-) +45 = 0

&3 50 and 2 — i checks, their conjugates =37 and 2 +17 also checks.

Answer 26e.
We need to write a polynomial function f of least degree that has rational coefficients, a
leading coefficient of 1 and the given zeros, —1,2,—3i

Complex Conjugates Theorem:
Suppose f is a polynomial function with real coefficients, and a+ib1s an imaginary zero
of f,.then a—ib1s also a zero of f.

Because the coefficients are rational and —3i1s a zero, 3i must also be a zero by the
complex conjugates theorem. Use the three zeros and the factor theorem to write

f(x)as a product of three factors.
Flx)=(x+1)(x=2)[x+3i][x-3i] [Writef(x) in factored form]
=(x+1)(x=2)[x*=(-9)]  [Multiply]
=(x* —2x+x-2)(x* +9) [Multiply]
=(x* —x-2)(x* +9)
=x*+9x" —x —9x—2x"—18 [Multiply]
=x'—x"+7x" —9x-18



Thus, the required polynomial 1s |j"[x} =x' —x +7x —9x—18
Check:

Let us check this result by evaluating f/( x) at each of its three zeros.
Consider

Flx)=x"—x +7x" —9x—18

Thus,

F(-1)=(-1)" —(-1) +7(-1)" —=9(-1)-18
=141+7+9-18
=0

F(2)=(2) —(2) +7(2) -9(2)-18
=16-8+28-18-18
=0
F(=31)=(=3i) =(=31) +7(=3i)" =9(-3{)-18
=81-27i—63+27i—18
=0
Since f(—3i)=0. by the complex conjugates theorem, f(3i)=0

Answer 27e.

since the coefficients are rational and 4 + i 12 a zero of £, 4 — i must also be zeros of Fhy
cotnplex conjugates theorem.

Write fx) as a product of four factors using the four zeros and the factor theorem.

Jix)=x =@ = 3x - @ +alx -4 -1]
Eegroup the terms within the brackets.
Ax) = (x = 5F[(x - 4) +4][(x - 4) - 1]

Multiply the expressions of the form (o + &)(a — &),
Sy == 5P -4y +1]

Expand the binomials.
Fx) = —10x + 25)[x° — 8x + 16 + 1]

simplity.
Fx) = (2 =10x + 25[#* — 5 + 17]

Multiply again and combine the like terms.
F(x) = * = 82 +17x* - 102 + 80x* - 170x + 25x° — 200x + 425

= o187 +1222° — 3702 + 425

Thus, the required polynomial function 15 fix) = =180 + 122x% — 370x + 425,



Check the result by evaluating fz) at the zeres 5 and 4 +i. Since 5 15 a repeated zero, we
need to evaluate the function at 5 only once. The function should evaluate to 0 each time.

F15) = (5 - 18(5F +122(5)* - 370 5) + 425 = 0
Fla+i) = (44 1804+ +122{4 +: - 370[4+ 1) +425 = 0

Az d+ichecks, its conjugate 4 — i also checks.

Answer 28e.
We need to write a polynormial function f of least degree that has rational coefficients, a
leading coefficient of 1 and the given zeros, 4, —».E, \E
Use the three zeros and the factor theorem to write
f(x}as a product of three factors.
£(x)=(x—4)[x—5] |:x— (—ﬁ)] [Write f(x) in factored form]
e+ ]
=(x—4)[x*-5] [Multiply]

—x —5x—4x*+20
=x —4x? —5x+20

=(x—4

e

Thus, the required polynomial 15 | f {x} =x’ —4x* —5x420
Check:

Let us check this result by evaluating f( x} at each of its three zeros.
Consider

Fx)=x"—4x" —5x+20

Thus,

F(#)=(4) —a(4) =5(4)+20
= 64—64—20+20
=0

7(¥5)=(5) ~4(+5) ~5(<5)+20
=5J5-20-55+20
=0
Since f(ﬁ} =(, by the wrrational conjugates theorem, f{—ﬁ] =0

Answer 29e.

since the coefficients are rational and 2 — \."E 15 azerooff, 2+ J& must also be a zero
of by wrrational conjugates theorem.

Write fix) as a product of four factors using the four zeros and the factor theorem.

F(x) = (x4 8)(x-D[x-(2- V6] x- (2+ V&)



Eegroup the terms within the braclets.

F(x) = (x+ ) (x- D[ (x - 2) - 6 ][ (x - 2) + 5]

Iultiply the expressions of the form (o + i(a — &)
Ax) =@+ Hix - Dix — 2)* - 6]

Expand the binomial
Ffix=(x + ik - D[x% -4z +4 - 6]

simplify.
fix)=(x +dix — D[x —4x — 2]

Multiply again and combine the like terms.
f[x:l = [x+4:l(x3—4x2— 2x — x°+ dx + 2)

(x +4) (2 - 52 + 22 + 2)

= sy o 2+ 4 - 202+ 8x + 8

= 2 1824+ 105+ 8

Thus, the required polynotmial function 15 f{x) = - - 182+ 10x+ 8.

Check the result by evaluating fx) at the zerozs -4, 1, and 2 — '\J"g The function should

evaluate to 0 each time.
F(-4) = (-4Y - (~4Y - 18(-4Y + 10(-4) +8 = 0
A1 = (M- -1 10 +8 = 0

f(z—ﬁj - (z—ﬁf—(z—ﬁf—la(z— ﬁfﬂo(z— JE)+8 =0
b 2 - \,I"g checks, its conjugate 2 + J6 also checks.

Answer 30e.
We need to write a polynomial function f of least degree that has rational coefficients, a
leading coefficient of 1 and the given zeros, —2,—1.2 3, J11

Irrational Conjugates Theorem:
Suppose f 1s a polynomial function with rational coefficients, and g and b are rational

numbers such that x,"E 1s urrational. If a+ JE_J 1z a zero of f . then a— \.'I'E_J 15 also a zero of
f.



Because the coefficients are rational and +/11is a ZEro, —/11 must also be a zero by the
irrational conjugates theorem. Use the three zeros and the factor theorem to write

f(x)as a product of three factors.
F(x)=(x+2)(x=2)(x+1)(x+3)(x~VIT)(x+VI1) [Writef(x) in factored form]
=(x* —4)(x* +3x+x+3)(x* -11) [Multiply]
=(x* —11x" —4x" +44)(2* +3x +x+3)
=(x* —15x" +44)(x* +4x+3)

=x% +4x7 +3x" —15x" —60x° —45x* +44x° +176x+132
=x% +4x" 121" —60° —x* +176x+132

Thus, the required polynomial is | f(x)=x*+4x" —12x* —60x" —x* +176x+132
Check:
Let us check this result by evaluating f{x} at each of its three zeros.
Consider
F(x)=x°+4x" —12x* —60x° —x* +176x+132
Thus,
F(=1)=(-1)" +4(-1)" —12(-1)* —60(-1) —(-1)* +176(-1)+132
=1-4-12+60—-1-176 +132
=193-193
=0
F(2)=(=2)" +4(=2) —12(-2)" —60(-2)" —x* +176(-2)+132
=64—128—-192+480—4—-352+132
=676—676
=0
F(2)=(2) +4(2) -12(2)" —60(2) —(2)’ +176(2)+132
=64+128—192—480—4+352+132
= 676—676
=0
F(-3)=(-3)" +4(-3) —12(-3)' —60(=3)" —(-3)" +176(-3)+132
=729-972—972+1620—9—528 +132
=2481-2481
=0
f{«uf'ﬁ)={«.f1_1)ts +4(VI1) —11|[J1_1]4 —59{4“1_1}3 —[«Jﬁf +176(11)+132
—1331+ 48411 -1452 - 66011 —11+1763/11 +132
= 66011 —660+11+1463 —1463
=0
Since f[:m"'ﬁ) =0, by the irrational conjugates theorem, f(—w‘fﬁ) =0




Answer 31le.

since the coefficients are rational and 4 + 27 15 a zero of £, 4 — 23 must also be a zero of 7
by complex conjugates theorem. Similarly, using irrational conjugates theorem, 1— ﬁ

15 also a zero.

Write fix) as a product of five factors using the five zeros and the factor theorem.

7() = (=3x8 +20)][x (4= 2] 5= (1 )] - (1-47)]

Eegroup the terms within the brackets.

7() = (= 9)(x=4)+ 2][(x=4) - 2][(x = )+ [ (x - )= ]

Multiply the expressions of the form (o + &i(a — &),
Sy = (= D — 47 + 4 - 1 - 7]

Ezxzpand the binomials,
A= -r -+ 16 +4] [ —2x + 1= 7]

simplify.
fx) = (x — [x° — 8x + 20][x* — 2x — 6]

Multiply again and combine the like terms.

Flx) = (x- 3)(;:4 - 277~ 6x° — B2 + 1627 + 48x + 202 — 40x - 120)
= (x - 3)(#* — 102+ 3027 + 8x - 120}
= 2 — 10z + 302" + 827 - 120x — 3x* + 3027 — 90x% — 24x + 360
= x — 13z + 6027 — 82x° — 14dx + 360

Thus, the required polynomial function 15 fix) = 0 — 13"+ 60x° — 8227 — 144x + 360,

iheck the result by evaluating f{x) at the zeros 3, 4 + 28, and 1+ \ﬁ The function
should evaluate to 0 each time.

F(3) = (37— 13(3)" + 60(37 - 82(3)° - 144(3) + 360 = 0
Fla+2) = (4427 -13(4+2) +60[4+ 217 - 82{4 + 27 - 144{4 + 2) +360 = 0

f(1+ ﬁ) - (1+ﬁ)5—13(1+ﬁ)4+60(1+ﬁ)3—32(1+ﬁ)2—144(1+ﬁ)+ 360 = 0

Azd+2iand 1+ ﬁ checks, their conjugates 4 — 27 and 1- ﬁ also checks.



Answer 32e.
We need to find the error 1n writing a polynomual function f of least degree that has

rational coefficients, a leading coefficient of 1 and the given zeros, 2 and 1+1
=(x—2)[x—{1+i}]
=x(x—1—f]—2(x—1—i]
=x'—x—ix—2x+2+2i
=x"—(3+i)x+(2+2i)
Let us consider the following Complex Conjugates Theorem to solve this problem

Complex Conjugates Theorem:
Suppose [ 1s a polynormuial function with real coefficients, and g+ ib1s an imaginary zero

of /. then a—ib1s also a zero of f.

Thus, by the above Complex Conjugates Theorem, if 14715 a zero, then 1-iis also a
Zero.

Therefore, we need to write f {x) in factored form of three zeros, 21+iand 1—:
That 1s use the three zeros 2.1+17 and 1—:i and the factor theorem to write
f(x) as a product of three factors.

f(x)=(x=2)[ x—(1+1) [[x—(1-4)]
= (x=2)[(x=1)=][(x-1)+1]
=(x-2)[ (x-1) -]
=(x=2)[ (x=1)"+1]
=(x—2)[x" —2x+1+1]
=(x—2)[x* - 2x+2]

—x 2%t +2x—2x" +4x—4
=x —4x" +6x—4



Thus, the required polynomial should be \f{x} =x —4x" +6x—14

Check:
Let us check this result by evaluating f( x] at each of its three zeros.
Consider
fx)=x —4x" +6x—4
Thus,
F(2)=(2) —4(2)" +6(2)-4
=8-164+12—-4
=20-20
=0

F+1)=(1+1) —4(14:) +6(1+i)—4
=1-i+3i-3-4(1-1+2i)+6+6i—4
=24+2i-8i+6+6i—4
=6-6+8:-8i
=0

Since f{1+i) =, by the complex conjugates theorem, f(l—i] =0

Answer 33e.
Let the function be fix).

mince =15 a zero, §1s also a zero by complex conjugates theorem. MNow, we have 4 zeros.
Ls the required function must have degree 5, there must be 5 zeros. This implies that one
of the given zeros has to arepeated zero.

Lszsume 1 as the repeated zero. The function can be written in factored form as

J&) = (x = 1P(x - 2)x +i)ix —3)
Multiply.
F(x) = (- 2x+1)(x - 2)(F+1)
= (- 2z + )« + 2 - 257 - 2)
S T ST A S ey P SR P LY PON P LR S S

= x5—4x4+6x3—6x2+5x—2

Thus, the function can be fix) = odtrer —ef -2
Other answers are also possible.
Answer 34e.

We need to determine the possible numbers of positive real zeros, negative real zeros and

imaginary zeros for f(x}z xt—x* -6



Consider the given function:
f[ij:x"'—xl—ﬁ
Thus, the coefficients in f(x)have 1 sign changes, so f(x)has 1 positive real zeros.

Consider
F(—x)=(x)" ~(—x) -6
=x'—x'-6

Thus, the coefficients in f {—x:jhave 1 s1ign changes so f {x] has 1 negative real zeros.

The possible numbers of zeros for f( x) are summarized in the table below:

Positive | Negative | Imaginary | Total
real zeros | real zeros | zeros ZETOS

1 1 2 4

Answer 35e.

The number of positive and negative real zeros can be determined using the Descartes’
tule of signs.

Evthis rule, if g(x) 13 a polynomial function with real coefficients, then the number of
posttive real zeros 15 equvalent to the number of changes 1 s1gn of the coefficients of the
function or less than this by an even number.

The number of negative real zeros 15 equivalent to the number of changes 1n s1gn of the
coeflicients of g(—x) or less than this by an even number.

Let us first find the number of sign changes in the given gix).

o) = - + S + 12

There 15 only one sign change in g(x), and so there is only 1 positive real zero.

How, find g{—x) and the number of s1gn changes in 1t.
g(-x) = (=2 + 5(-x)* + 12

45412

There 15 no sign change 1n g(—x). Thiz implies that there 15 no negative real zero(s).



The total number of zeros possible 15 equivalent to the degree of the function, which 15 3.
The number of imaginary zeros will be the difference between the total number of zeros
and the sum of the number of positive and negative real zeros.

summarize the possible zeros of g in atable.

Positive | Negative | Imaginary | Total
real zeros | real zeros Zeros ZEros
1 0 2 3

Answer 36e.
We need to determine the possible numbers of positive real zeros, negative real zeros and
imaginary zeros for g(x)=x —4x’ +8x+7
Consider the given function:
g{:x) =x' —4x* +8x+7
Thus, the coefficients in g x] have 2 sign changes, so g| x] has 2 or 0 positive real zeros.

Consider
g(—x)= {—xf — 41:—::]1 +8(—x)+7
=—x —4x’ —8x+7
Thus, the coefficients in g(—x)have 1 sign changes, so g(x}has 1 negative real zeros.

The possible numbers of zeros for g(x} are summarnzed in the table below:

Positive | Negative | Imaginary | Total
real zeros | real zeros | zeros Zeros
2 1 0 3
0 1 2 3

Answer 37e.

The number of positive and negative real zeros can be determined using the Descartes’
rule of signs.

Bwthis rule, 1if 2(x) 15 a polynomial function with real coefficients, then the number of
posttive real zeros 15 equivalent to the number of changes in sign of the coefficients of the

function or less than this by an even number.

The number of negative real zeros 15 equivalent to the number of changes 1n s1gn of the
coetlicients of A(—x) or less than this by an even number.

Let us first find the number of sign changes in the given function

Bx) = x° — 2x —x*+ 6x + 5

since there are two sign changes in A&(x), there are 2 or 0 positive real zero(z).



How, find A(—x) and the number of sign changes in 1t

h(=x) = (=x)% = 2(=x)* = (=x)* + 6(=x) + 5§
%~ G+ S

=-x¥ + 2x
\ANA LA

There are three sign changes in 2(—x). This tmplies that there are 3 or 1 negative real
zerols).

The total number of zeros possible 15 equivalent to the degree of the function, which 1z 3.
The number of imaginary zeros will be the difference between the total number of zeros

and the sum of the numbers of positive and negative real zeros.

sumtnarize the possible zeros of & 1n a table.

Positive | Negative | Imaginary | Total
real zeros | real zeros | zeros ZEeros
2 3 0 5
2 1 % 5
0 3 2 5
0 1 4 5

Answer 38e.

We need to determine the possible numbers of positive real zeros, negative real zeros and

imaginary zeros for h(x:] =x" —3x’ +8x-10

Consider the given function:
h(x)=x"—3x +8x—10

Thus, the coefficients in h(x} have 3 sign changes, so Ji(x)has 3 or 1 positive real zeros.

Consider
h(—x)=(-x) —3(-x) +8(-x)-10
=—x" +3x’ —8x—10
Thus, the coefficients in s(—x)have 2 sign changes, so /i(x)has 2 or 0 negative real

ZET0s.



The possible numbers of zeros for k(x)are summanzed mn the table below:

Positive | Negative | Imaginary | Total
real zeros | real zeros | zeros Zeros
3 2 0 3
3 0 2 3
1 2 2 5
1 0 4 3

Answer 39e.

The nutmber of positive and negative real zeros can be determined using the Descartes’
rule of s1gns.

By this rule, 1if fix) 12 a polynomial function with real coefficients, then the number of
positive real zeros 15 equivalent to the number of changes in sign of the coefficients of the
function or less than this by an even number.

The number of negative real zeros 15 equivalent to the number of changes in sign of the
coetticients of fi—x) or less than this by an even number.

Let us first find the number of s1gn changes in the given function

SO =5+ Tt - 4 - 37 + 9x - 15

A

since there are three sign changes in fix), there are 3 or 1 positive real zero(s).

How, find fi—x) and the number of s1gn changes in it

ﬁl‘} = [_,L}"- I T{---I}* 4{..._1.1].1 3{__;.,:}': + H-x) — 15
=5+ Tat + 4 - I - 9~ 15

There are two sign changes in fi—x). This implies that there are 2 or 0 negative real
zerols).

The total number of zeros possible 15 equivalent to the degree of the function, which 15 5.
The number of imaginary zeros will be the difference between the total number of zeros

and the sum of the numbers of positive and negative real zeros.

summarize the possible zeros of Fin a table.

Positive | Negative | Imaginary | Total
real zeros | real zeros | Zzeros Z €Y 08
A 2 0 5
3 0 2 5
1 2 2 5
1 0 4 3




Answer 40e.

We need to determine the possible numbers of positive real zeros, negative real zeros and
imaginary zeros for g(x) =x®+x —3x X +5x" +9x—18

Consider the given function:

g(x} =x" 4+ -3t +x° +5x7 +9x—18

Thus, the coefficients in g{x] have 3 sign changes, so g{x]has 3 or 1 positive real zeros.

Consider
g(—x)=(=x)" +(=x) =3(=x)" +(=x) +5(-x) +9(-x)-18
=x"—x" -3 -2 +52* —-9x-18
Thus, the coefficients in g[—x} have 3 sign changes, so g{x}has 3 or 1 negative real
Zeros.

The possible numbers of zeros for g(x)are summarized in the table below:

Positive | Negative | Imaginary | Total
real zeros | real zeros | zeros Zeros
3 3 0 6
3 1 2 &
1 3 2 6
1 1 4 &

Answer 41e.

The number of positive and negative real zeros can be determined using the Descartes’
tiule of s1gns.

By this rule, if f{x) 15 a polynomial function with real coefficients, then the number of
posttive real zeros 15 equvalent to the number of changes in s1gn of the coeflicients of the

function or less than this by an even number.

The number of negative real zeros 15 equivalent to the number of changes 1n s1gn of the
coeflicients of f{—x) or less than this by an even number.

Let us first find the number of sign changes in the given function

fix) = &7 + dx* — 1bx + 25

AN

oince there are two sign changes in fix), there are 2 or 0 positive real zerofs).



Mow, find fi—x) and the number of s1gn changes 1n it

fix) = (=) + =) — 1(—x) + 25
=-x" + 4x* + 10x + 25

\A

There 15 only one sign change in f{—x). This implies that there 15 1 negative real zero.

The total number of zeros possible 15 equivalent to the degree of the function, which 12 7.
The number of imaginary zeros will be the difference between the total number of zeros
atied the sum of the numbers of positive and negative real zeros.

summarize the possible zeros of Fin a table.

Positive | Negative | Imaginary | Total
real zeros | real zeros ZEros ZEeros
P 1 4 1
0 1 & 7

Answer 42e.

We need to approximate the real zeros of
fx)=x —x"—8x+5

Consider the given function:
flx)=x—x"—8x+5
Let us observe the following graph:




Thus, the real zeros of the given function are
x=-27.x=06,x=31

Answer 43e.

To approximate the real zeros of the following function.
fx)=—x"-4x* +x+8
First, we graph the function f(x)= —x" —4x" +x+8

The screen shots of the graph of the function 1s shown below:

ek

¥ 2
1.2822808 IY=0 "

(L3

Fe

ﬁ 128282 I¥=0

Therefore the real zeros of the functions are |[-12.1.2

Answer 44e.
We need to approximate the real zeros of
g{x}z ¥ —3x"+x+6
Consider the given function:
g{x} =x =3x" +x+6
Let us observe the following graph:

g

¥

<—g{x)=x3 —3x* +x+6



Thus, the real zero of the given function 1s

Answer 45e.
We need to approximate the real zeros of
h(x)=x*-5x-3

Consider the given function:
h(x)=x"—5x-3
Let us observe the following graph:

Thus, the real zeros of the given function are
\x=—055 and x=1.91|

Answer 46e.
We need to approximate the real zeros of
A(x)=3x" —x? —5x+3



Consider the given function:
h(x)=3x" —x" —5x+3
Let us observe the following graph:

hj

(-137.0)

2 2

< h(x)=3x" —x" —5x+3

Thus, the real zeros of the given function are
x=—137.x=07 andx=1

Answer 47e.

We need to approximate the real zeros of
g{x} =x'—x +2x*—6x-3



Consider the given function:
g(x)=x"—x+2x" —6x-3
Let us observe the following graph:

-2

T.

g{x}z:vc"'—x}+2:c2 —6x-3

Thus, the real zeros of the given function are
x=—04 andx=195 |

Answer 48e.

We need to approximate the real zeros of
Fx)=2x"+x* +31x* 35



Consider the given function:
Flx)=2x"+x* +31x" -35
Let us observe the following graph:

2

(-1.005.0) (1.02,0)°

f(x)=2x"+x* +31x" - 35

Thus, the real zeros of the given function are
x=-1.005 and x=1.02 |

Answer 49e.
We need to approximate the real zeros of
g(x)=x"-16x" —3x* +42x+30



Consider the given function:
g(x)=x"—16x" —3x" +42x+30

Let us observe the following graph:

-

5
«— g(x) =" —16x]-3x" +42x+30)

10

Thus, the real zeros of the given function are
x=—1.0056,x=—1.1265x=—3.53,x =2.068 and x =3.605

Answer 50e.
Two zeros of

f(x)=x"—6x —16x+96

are 4 and —4.
We need to explain why the third zero must also be a real number



Consider the given function:
Fx)=x"—6x" —16x+96
Since it 15 a cubic equation, there are three zeros of the function
The coefficients in f(x)have 2 sign changes. so f(x)has 2 or 0 positive real zeros.
Now consider
F(=x)=(=x) =6(—x)" —16(—x)+96
=—x —6x" +16x+96
Thus, the coefficients in f {—x}hﬂﬁ: 1 sign changes, so f {x) has 1 negative real zeros.

The possible numbers of zeros for f {x] are summarnzed 1n the table below:

Positive Negative | Imaginary | Total

real zeros | real zeros | zeros Zeros
2 1 0 3
0 1 2 3

One negative real zero, that 1s —4, given.

By the Complex Conjugates Theorem, imaginary zeros occur in pairs.

And another zero 1s positive real, that 1s 4.

Thus we have two real zeros.

The third one cannot be imaginary according to the Complex Conjugates Theorem and
also due to the fact that there are 3 zeros 1n total.

Thus the third zero has to be real.

Let us observe the following graph:

| ¥ [
40
20
X
-g ] H -2 2 2
-0
— f(x)=x"—6x" -16x+96
A0

The graph suggests result we obtained 1s correct. There are three real zeros of the given
function.



Answer 51e.

The total number of possible zeros of a function 15 equivalent to the degree of the
function. & cubic function has degree 3 and so it can have a maximum of 3 zeros.

The zeros can be positive or negative depending on the number of sign changes in the
function. The number of imaginary zeros 15 the difference between the total number of
zeros and the sum of the number of positive and negative real zeros.

We cah write a cubic function in a variety of ways such that there couldbe 3, 2, 1, or 0
posttive real zeros, 3, 2, 1, or 0 negative real zeros.

By the complex conjugates theorem, a function can have either even number of
imaginary Zeres of none. o, a cubic function can have either 2 imaginary zeros of none.

summarize the possible zeros of the function in a table.

Positive | Negative | Imaginary | Total
real zeros | real zeros | Zeros ZEeros

2 0 0 5

& 1 0 )

1 2 0 5

1 0 2 )

0 1 2 5

0 4 0 )

Thus, there canbe 3, 2, 1, or U posttive real zeros, 3, 2, 1, or 0 negative real zeros, and 2
or I imaginary zeros.

Answer 52e.

We need to select the impossible classification of numbers of positive real, negative real
and imaginary zeros for

f(x)=x—4x +6x* +12x—6

from the following options:
(a) 3 positive real zeros, 2 negative real zeros and ( imaginary zeros
(b) 3 positive real zeros_ () negative real zeros and 2 imaginary zeros
(c) 1 positive real zeros, 4 negative real zeros and 0 imaginary zeros
{(d) 1 positive real zero, 2 negative real zeros and 2 imaginary zeros



Consider the given function:
f(x)=x"—4x" +6x" +12x—6
Since 1t 1s a polynomial function of degree 5, there are five zeros of the function.
The coefficients in f (x) have 3 sign changes, so [ (x}has 3 or 1 positive real zeros.
Now consider
F=x)=(—x) —4(-x) +6(—x) +12(-x)-6
=—x" +4x° +6x° —12x—6
Thus, the coefficients in f(—x)have 2 sign changes. so f(x)has 2 or 0 negative real

ZETOS.

The possible numbers of zeros for f( x} are summarnized in the table below:

Positive | Negative | Imaginary | Total
real zeros | real zeros | zeros Zeros
3 2 0 5
3 0 2 5
1 2 2 5
1 0 4 5

Compare the given classification with the data in the table.
The classification mentioned in the third option does not match with any of the other

combinations and hence |option (c)| is the impossible classification according to

Descarte’s Rule of Signs.

Answer 53e.

The real zeros of a function will appear as the x-intercepts on the graph of'the function.
The given graph has intercepts at —3, -1, and 2.

The graph crosses the negative x-amis at —= and —1 and so they are the two negative real
zeros. The graph crosses the positive x-axis at 2, which implies that there 15 one positive
real zero. Since the degree of the function 15 only 3, there are no rematning zeros that will
ke tmaginary.

Therefore, the given graph represents a function that has 1 positive real zero, 2 negative
real zeros, and 0 imaginary zeros.



Answer 54e.
We need to determine the numbers of positive real zeros_ negative real zeros and

imaginary zeros for the following graph of the function with degree 4.

}

10

Let us observe the given graph.

¥

A real zero 15 the zero where the curve crosses the x-axis .

The given graph crosses the x-axis at two points, one on the positive x-axis and the other

on the negative x-axis .

Thus 1t has two real zeros, one positive real and the other negative real zero.
By Complex Conjugates Theorem, imaginary zeros occur in pairs.

Thus the rematning two zeros should be imaginary.

Let us summanze the classification of zeros:

Positive

real zeros

Negative

real zeros

Imaginary
ZEros

Total

LZETOS

1

1

2

4




Answer 55e.

The real zeros of a function will appear as the x-intercepts on the graph of the function.
The given graph has intercepts at —2.

The graph crosses the negative x-amis at —2 and so it must be a negative real zero. The
graph does not cross the positive x-amis, which implies that there are no positive real
zeros. Since the degree of the function 15 5, the remaining 4 zeros must imaginary.

Therefore, the given graph represents a function that has 0 positive real zero, 1 negative
real zero, and 4 imaginary zeros.

Answer 56e.
Consider the function
flx)=x-2+2x+5% ... (1)
To show that 2 —] 1s a zero and but the conjugate of the number, 2+ 1s not zero for the
polynomial x° —2x” 4+ 2x+5i.
Putting x =2—i in equation (1), we have
F(2-i)=(2—i) —2(2—i) +2(2-i)+5
=81’ —12i+6i" —2(4+:" —4i)+4-2i+5i
since (a—b) =&’ —3a’b+3ab* — b and (a—b) =a* +b* —2ab
=8—i(i*)-12i +6(i)-2(4+ (i) —4i)+4-2i +5i

=8+i—12i—6—-8—-2i"+8i+4+3i since i- =—1
=8-11i—-14+2+11i+4
=

Therefore 2—i1sa of x.

Now putting the value of x=2+11n equation (1), we have
F(24i)=(24i) —2(2+1) +2(2+1)+5i
=8+ +12i+6:° —2(4+i* +4i)+4+2i+5i
=8—i+12i—6-8-2i" —Ri+4+7i
=—2+2-9
=0
Therefore, the conjugate of 2 —1 is@nf f{x)zxj—if +2x+51



Answer 57e.

If—1+1i1s a zero of g(x), then gi—1 + i) must evaluate to 0.

Eeplace x with —1 + 7 in g(x).
gi-l+i =1+ +2(-1+2+2-2

Ewvaluate.
= [—1 + 1‘)

“1+%+3-i+2(1-2-1)+2%-2
=lt+ZF+3—g+t2-F-2+8—2
=0

Thus, —1+i1sazero of g(x).

The conjugate of =1 + 7 15 -1 —i. MNow, evaluate the function at -1 —i.
g(-1-1) = (-1-iV + 2(-1-i+2 - 2
“1-F+3-i+2(1+2-1+2i -2
-1-5+3-i+2+4-2+2i-2

= 34

since the function does not evaluate to 0, it 15 clear that the conjugate of =1 +iis not a
ZETO.

Answer 58e.
To explain why the result of 56 and 57 do not contradict the complex conjugate theorem.
According to complex conjugate theorem if f1s a polynomial function with real
Coefficients and a+ bi1s an imaginary zero of f, then a—bi1s also zero of £
In the exercise 56, the polynomial f (x) =x" —2x* +2x+5i is not a polynomial with real
coefficients.
In the exercise 57, the polynomial f{x} =X’ +2x* +2i—2is not a polynomial with real

coefficients.
Therefore the condition for the complex conjugate theorem does not satisfied.
Thus, the result of exercise 56 and 57 do not contradict the complex conjugate theorem.

Answer 59e.
Eeplace B with 1.5 in the given function
1.5= D.DDD]{—£4 + 126 =TT + 6008 + 12,650)

Divide both the sides by 0.0001.
15.000 = —¢* + 1267 — 777 + 600 + 13,650



Obtain a zero on one side.

o120 477 - 600 + 1350 =10

molwe the equation for £ using synthetic division Divide the polynomial using any of the
posstble rational zeros, say, 9.

811 =12 77 =600 1330
8 =47 450 1350
1 =3 350 -130 0

The quotient is % =322+ 50x — 150,

Diwvide the quotient again by 2.

211 =3 50 =150
3 0 150
1 0 50 0

The equation in £ now becormes (f — 90 — 3){52 + 50y =10.

The solutions are 2, 2, and £-—50. Since the number of years cannot be imaginary, the
solution ++/=50 iz not feasible.

Therefore, the revenue was £1.5 million in the year 3 and year 9 since the store opened,

Answer 60e.
The number of lakes in Michigan infested with zebra mussels can be modeled by the
function
N(t)=—0.028+059 -2.5¢ +8.3r-25 (1)

where f1s the number years since 1990,
We need to find the year in which the number of infested inland lakes first reach 120,

That 1s we need to find ¢, when N[r} =120
Substitute N(¢)=120 in equation (1).
Thus, we have,

—0.028* +0.59F —2.5¢ +8.3r—2.5=120
—0.028* +0.59£ —2.5* +8.3r—2.5-120=0

—0.028:* +0.59 =258 +83:t-1225=0
That is,
—0.028* +059%° — 2.5 +83t—1225=0 AT

A



Let us sketch the graph of the above equation to estimate the real zeros of the equation

P
A
e

trt

2
M(¢)=-0.028:' +0.59r —2.3" +8.3r-122.5 L

{9.135.0& 15_235,9) X
- &
3 10 13
2
4
since the degree of the function

—0.028¢* +0.59£ —2.5¢* +8.3t—122.5=0

15 4, there are 4 zeros for the function.

Let us observe the given graph.

The curve crosses the x-axis at two points and hence there are two real zeros and they lie
on the posttive x-axis , thus both the zeros are positive.

By the Complex Conjugates Theorem, the remaining two zeros should be imaginary
SINCE UNAZINATY ZET0s OCCUT 11 Pairs.

The graph suggests that r =9.135,¢=15.235 are the two real zeros of the given function.

Thus 1n the year and in the year |2005| the number of mnfested inland lakes reach
120.

Answer 61e.

A person’s score S on a step-climbing exercise test 1s modeled by the following function:
S(x)=-0015x" +0.6x" -24x+19 (1)
where x 1s the amount of hemoglobin in grams per 100 milliliters of blood.

Given that the normal range of hemoglobin 1s 12-18 grams per 100 malliliters of blood.

We need to find the likely amount of hemoglobin for a person who scores 75 in the above
mentioned test.



That 15 we need to find x . when S{I) ="F3
Substitute S{x)="75 in equation (1).
Thus, we have,
—0.015x° +0.6x" —2.4x+19=75
—0.015x* +0.6x" —2.4x+19-75=0

—0.015x° +0.6x* —24x-56=0
That is,
—0.0152 +0.6x" -2.4x-56=0 (2)

Let us sketch the graph of the above equation to estimate the real zeros of the equation

il I
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since the degree of the function
00152 +0.6x* —24x—56=0

15 3, there are 3 zeros for the function.

Let us observe the given graph.

The curve crosses the x-axis at only one point and hence there 1s only one real zero and 1t
lies on the negative x-axis | thus the zero 1s negative.

By the Complex Conjugates Theorem, the remaining two zeros should be imaginary
SINCE HNAZINATY ZETOS OCCUT 11l PAIrs.

The graph suggests that x =—5_51s the only real zero of the given function.

Thus the amount of hemoglobin for a person who scores 75 in the above mentioned test 1s

—5.5 grams per 100 mulliliters| .




Answer 62e.

From 1890 to 2000, the population(in thousands) of American Indian. Eskimo and Aleut
can be modeled by the function:

P(t)=0.0035¢ —0.235¢" +4.87t +243 KRN Y

where f1s the number of years since 1890.
We need to find the yvear in which the population first reach 722,000
That is we need to find 7. when P{I] =T722_000
Substitute P{I] = 722,000 1n equation (1).
Thus, we have,
0.0035#° —0.235¢" + 4.87¢+ 243 = 722000
0.0035#° —0.235¢" +4.87¢+243-722000 =0

0.0035¢ —0.235¢+" +4.87t— 721757 =0
That is,

0.0035¢° —0.235¢° +4.87¢+— 721757 =0 (2)

Let us sketch the graph of the above equation to estimate the real zeros of the equation

PR
§

(2]
)

1FH

o u_ﬁ 035t7 —0235¢2 +4 87t —T721757 =0

Since the degree of the function
0.0035¢° —0.235+" +4.87¢ — 721757 =0
15 3, there are 3 zeros for the function.
Let us observe the given graph.
The curve crosses the x-axis at only one point and hence there is only one real zero and it
lies on the positive x-axis . thus the zero 1s positive.
By the Complex Conjugates Theorem, the remaining two zeros should be imaginary
SINCe UNAZINary Zeros Occur i pairs.
The graph suggests that ¢+ =614.857 1s the only real zero of the given function.



Therefore, after 614 years the population reaches 722000
Thus in the year in which the population reach 722,000

Answer 63e.
A 60-inch long bookshelf is wrapped under 180 pounds of books. The deflection d the
bookshelf is given by

d =(2.724x107)x* —(3269x107°)x* +(9.806x107*)* (1)

Where x is the distance from the bookshelf left end. Approximate the real zeros of the function
on the domain 0< x< &

We can draw the graph for equation (1), as below:

2.5EhB
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a 10 20 30 40 a0 B0

From the graph we can notice that the deflection 4 =@for x=02and x=60.

When x=0and x=60, books are placed at the end of the shelf. Therefore there is no
deflection in this situation.

Therefore all the answers in this situation make sense.



Answer 64e.
Consider the table shows the value of deposits over the four years period. In this table, g is the
growth factor ., where r is the annual interest rate expressed as a decimal.

Year1 |Year2 |Year3 |Yeard4
\alue of 1st deposit | 1000
Value of 2nd deposit 1000 ? ?
Value of 3rd deposit 1000 ?
\alue of 4th deposit 1000

(a)

Mow we need to complete the table.

Consider second row second column represents at end the summer of second year deposit
1000, so from growth factor it will become for next year is 1000g and for next year is

(1000g) g =1000¢”

Year1 [Year 2 |Year3d Year 4
\alue of 1st deposit | 1000 | 1000g | 1000g> | 1000¢°
value of 2nd deposit | — 1000 | 1000g | 1000g>
value of 3rd deposit | — — 1000 1000g
Value of 4th deposit | — — — 1000




(a)

Now we need to write a polynomial function that gives the value v at the end of the forth
summer in terms of g.

For finding the polynomial function at the end of forth summer we need to add all the deposits
in forth year. Therefore, we have

v=1000g" +1000g” +1000g 41000 . . (1)

Therefore the polynomial function that gives the value v at the end of forth summer is:

¥=1000g" +1000g” +1000g +1000|

(b)

We want to buy a car that cost that cost about $4300. Putting this value in equation (1), we
have

4300 =1000g" +1000g" 4+ 1000g + 1000

1000¢* 110002 4 1000g — 3300 =0 w"“'“""‘hd]
_ﬁtn
. [Multipling each | 10 fiNding
— 1 * +1000g” +1000g —3300) =0
oo (10008 + ¥ ) :ichhyﬁ

g 4gitg-33=0
out the growth factor we need to solve this equation. Therefore, we can use synthetic division
to solve this equation. For synthetic division we can write the equation g’+g’+g—33=u as
below:
1 1 1 -33
105
105 215 313

1 205 315 0

So, g=105Is one solution for the equation g*+ g2 +g—33=0.

For the amount of $4300 we need the growth factor |g=1.05|.

Given that growth factor g =147, where r is the annual interest rate expressed as a decimal.
Sowe can put g=105in g=14r_ Then we have,

105=1+r
r=105-1
r=005



So the annual interest rate .

Answer 65e.

The wolume of the monument must be equal to the volume of the markle.

From the figure given, we can say that the volume of the monument 15 the sum of the
volumes of the rectangular solid base and the pyramid.

The wolume of the rectangular solid base 15 the product of its length, breadth, and height,
which we get as (6 + 2x)(6 + 2x)x using the figure. The volume of the pyramid is %Bﬁz
where B 1z the base area, which 1s (2;:}2, anid % 1z the height of the base from the apex of

the pyramud, which 15 x. Using this, we get the volume of the pyramid as %[2;{:}2 % .

The wvolume of the monument 15 thus xlitﬂ + EI)E + 1(2;{)2 x. This walue 15 equivalent to
1000,
2 1 2

x|:6+2x) +§|:2x:| x = 1000
iZlear the fraction.
3x(6 + 2xF +x(2xF = 3000

Eemowve the parentheses.

3x(36 + 24x + 427) + 42 = 3000

16x° + 72x° + 108x
4% +18x%+ 27x

=000
750

Obtain a zero on one side of the equation.

A7 + 187 + 27 =750 =10



Let us draw a graph representing the equation.
yi
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4P+ I8+ 2Tx — 750 =0

We k now that the x-intercepts of the graph of an equation are the zeros or solutions of
that equation. From the graph, we get the solution for our equation as about 4,258,

Therefore. the value of x 13 about 4.255 ft.

Answer 66e.
We need to evaluate the determinant of the following matrix:

5 9 2
4 2 3
01 -1

Consider the given matrix.

5 9 2
4 2 3
0 1 -1

Compute the determinant of the matrix by multiplying each element of the first row by
their cofactors and then adding the results.

Thus,
5 9 2
4 2 3 :5(—2—3}+9{—4—D}+2{4—D}
0 1 -1
=—25-36+8
==53

Thus, the determanant of the given matrix 1s |33



Answer 67e.
a b o«

The determinant of a 3% 2 matriz | ¢ F |15 givenby

g ki
@ B ¢
d e F =[aei+b_}‘g +c.:ﬂz)—|:gec + ki +:'.:£E:).
g ki

Fromm the given matrix, we getaas 3, bas 12, cas—1, dasd,eas ¥, fas 0, gas—6, 2 as 4,
and 1 as —2. Substitute for the variables in the equation.

2012 -1
5 09 0 =[—54+D—2E])—[54+D—120)
I
Ewaluate.
(—54 +0- ED) - [54 + 0 - 120) = =7 - (—66)
= -5

Therefore, the determinant of the given matrix evaluates to —8.

Answer 68e.

We need to evaluate the determinant of the following matrix:

15 4 -9
10 0 2
-8 2 -7

Consider the given matrx.

15 4 -9
10 0 2
-8 2

Compute the determinant of the matrix by multiplying each element of the first row by
their cofactors and then adding the results.

Thus,
15 4 -9
10 0 2 =15{0—4]—4(—?ﬂ+16)—9{20—&}
-8 2 -7
=—60+216-180
=-24

Thus, the determinant of the given matrix 1s |24



Answer 69e.

a b ¢

The determinant of a 2% 3 matrix | ¢ F |15 givenby

g Ak I
¢ b ¢
d e F =|:.:z£:'+f:'_fg +c.:ﬂz:]—[g£c + ki +1‘cff:-).
g ki

From the given matrix, we geta as—2, b as l,cas—3, dasV, eas 0, fas 2, gas—b, k as 2,
and i as =4 Substitute for the variables in the equation

-2 1 -3
TN § B =(D—12—42)—(D—8—28)
-6 2 -4
Evaluate.
(D— 12— 42) —(D— 8- 28) = =54 — [—36)

= —18

Therefore, the determinant of the given matrix evaluates to —18.

Answer 70e.
We need to graph the following function:
y=2(x+5)(x-3)
Consider the given function
y=2(x+5)(x-3)
Let us sketch the given function:

60

— y=2(x+5)(x—3)

-40

60

-80



Answer 71e.
STEP 1

STEFP 2

STEP 3

The intercept form of a quadratic function 1z v =a(x —p){x —g), where p
Pty

and g are the x-intercepts and x

1z the axis of symmetry.

In order to graph the given function, first we have to identify the x-
intercepts.

On comparing the given equation with the intercept form, we find that
a=1,p=2,and g =9 Thus, the x-intercepts occur at (2, 0) and (9, 0).
cince ¢ = 0, the parabola opens up.

Then, find the coordinates of the vertex For this, first we have to find the

: : : +
aziz of symmetry. Substitute forp and g 1n x = ? and evaluate.
24+ 5% 11
= — = —
2 2

11 : :
Eeplace x with o in the given function and evaluate ¥

(3
68

: (11 49]
 the wvertex s | — — —|.
2 4

How, plot the vertex and the x-intercepts on a coordinate plane.
YA

15

12

w

[T =+

(0, 10
= -
¥ 8 8 10 11 12 x




. 11 .
Draw the axis of symmetry x = . oft the same coordinate plane.

iy
15 svmimetry

12 -
2

axis uf

g

2.0 (9, 10)
T 2 3 4 5|6 7 8 % 101 12x

Vertex ¢ :"1 ﬂ"
i 4

axis uf
symmetry

P=Ex-2)x -9

11
X —
2

(9, )
|
10 1 12 x

Virtex

Answer 72e.
We need to graph the following function:
y=5(x+1)(x+9)



Consider the given function.
y=5(x+1)(x+9)
Let us sketch the given function:

80

— y=5(x+1)(x+9)

Answer 73e.

Iake atable of walues that satisfy the given function. For this, select some values for x
and find the corresponding values of ¥

x|[-2[-1]o] 1] 2
y| 3] s[1]-3]-1




Plot the points and connect them using a smooth curve,

Ly |

y=xt-5xci1
3 4 5 B X
(2, +1)
-2
3
FELE
-5
d v

The degree of the function 15 odd and the leading coefficient 15 positive. The end behavior
of the graph 1z such that f(x) ——00as x —— o0 and f[x) — 400 as x —>+00.

Answer 74e.
We need to graph the following function:
y=x'-16
Consider the given function.
y=x'-16
Let us sketch the given function:

e

-3

y=x¢—lﬁ—r

-10




Answer 75e.

Idake atable of walues that satisty the given function. For this, select some values for x
and find the corresponding values of v

x| -2 (-1 0] 1] 2
y|-30 -4 -3 |-2|29

FPlot the points and connect them using a smooth curve.
Ly
35

30 (2,29)
2

Ln

=3

- wh B
L= L =]

o

The degree of the function 1z odd and the leading coefficient iz positive. The end behavior
of the graph 15 such that f[x) — —oDas x —»— 00 and f(x) — 400 as x —> 400,

Answer 76e.
We need to write a quadratic function in intercept form whose graph has the
x-intercepts:— 2,4 and passes through the point : [2—4]

The quadratic function in intercept form is
yza{x—p:l(x—g:} B Y
where x= p and x = g are the x-intercepts.
Substitute the values of the x-interceptsas —2_4 in equation (1)
Thus, we have
yv=a(x+2)(x—4) s



Since the graph passes through the point (2—4] . the point (2, —4} satisfies the equation

e

[ L

'i‘herefure, we have
—4 =a{2 +2)(2- 4}
~4=a(4)(2)
Ba=4

a=-

8

P =

1
2
) 1. i s
Substitute the value a = E in equation (),
Therefore the quadratic function 1s
1
yzi{x-l—i)(x—ii]
2y=(x+2)(x—4)

Thus the required quadratic function in intercept form 1is
2y=(x+2)(x—4)

Answer 77e.

We know that the intercept form of a quadratic function 12 ¥y =ailx —p)ix — ), where p
and ¢ are the intercepts.

It 15 given that the x-intercepts are —5 and —1. Substitute =5 for p, and -1 for ¢ 1n the
Ecquation.

y = alx=(-5)][x - (-1]
YER= czI:x +5)[x+1:l

The parabola passes through the point (=2, 6). Substitute =2 for x, and & for ¥ in the
equation to find 4.

6 =a(-2+ (-2 + 1)

molve for a.
6 =a(3)(-1)
b = —3a

-2 =a



substitute =2 fora in y=a(x +2)(x + 1).
y=—2(x+3ix+ 1)

Therefore, the quadratic equation 15 y=—-2(x + 2)(x + 1.

Answer 78e.

We need to write a quadratic function in intercept form whose graph has the
x-ntercepts:2, 7 and passes through the point : {:4, —2:]

The quadratic function in intercept form is
y=a{x—p:l[x—g:} 1)
where x = p and x = g are the x-intercepts.
Substitute the values of the x-interceptsas 2.7 1n equation (1),
Thus, we have

y=a(x-2)(x-7)

Since the graph passes through the point (4,—2). the point (4,2 )satisfies the equation
I:,; )
Therefore, we have

—2=a(4-2)(4-7)

2=a(2)(-3)

ba=2
2
a=—
6
1
a=-
3

Substitute the value a = % in equation (),
the required quadratic function 1s
yzé(x—l}(x—?}
Se=if—{x~T)
Thus the quadratic function 1n intercept form 1s
3y =(x-2)(x-7)




