Applications of Vector Algebra

“Mathematics is the science of the connection of magnitudes.
Magnitude is anything that can be put equal or unequal to another thing.
Two things are equal when in every assertion each may be replaced by the other.”

— Hermann Gunther Grassmann

6.1 Introduction

We are familiar with the concept of vectors, (vectus in Latin means “to
carry”) from our XI standard text book. Further the modern version of Theory
of Vectors arises from the ideas of Wessel(1745-1818) and Argand (1768-1822)
when they attempt to describe the complex numbers geometrically as a directed
line segment in a coordinate plane. We have seen that a vector has magnitude
and directionand two vectors with same magnitude and direction regardless
of positions of their initial points are always equal.

Josiah Williard Gibbs

We also have studied addition of two vectors, scalar multiplication
P (1839 - 1903)

of vectors, dot product, and cross product by denoting an arbitrary vector by

the notation & or a,i +a, |+ ang . To understand the direction and magnitude of a given vector and
all other concepts with a little more rigor, we shall recall the geometric introduction of vectors, which
will be useful to discuss the equations of straight lines and planes. Great mathematicians Grassmann,
Hamilton, Clifford and Gibbs were pioneers to introduce the dot and cross products of vectors.

The vector algebra has a few direct applications in physics and it has a lot of applications along
with vector calculus in physics, engineering, and medicine. Some of them are mentioned below.

» To calculate the volume of a parallelepiped, the scalar triple product is used.

* To find the work done and torque in mechanics, the dot and cross products are respectiveluy used.

» To introduce curl and divergence of vectors, vector algebra is used along with calculus. Curl
and divergence are very much used in the study of electromagnetism, hydrodynamics, blood
flow, rocket launching, and the path of a satellite.

» To calculate the distance between two aircrafts in the space and the angle between their paths,
the dot and cross products are used.

» To install the solar panels by carefully considering the tilt of the roof, and the direction of the
Sun so that it generates more solar power, a simple application of dot product of vectors is
used. One can calculate the amount of solar power generated by a solar panel by using vector
algebra.

» To measure angles and distance between the panels in the satellites, in the construction of
networks of pipes in various industries, and, in calculating angles and distance between
beams and structures in civil engineering, vector algebra is used.
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@ Learning Objectives

Upon completion of this chapter, students will be able to
e apply scalar and vector products of two and three vectors
e solve problems in geometry, trigonometry, and physics

e derive equations of a line in parametric, non-parametric, and cartesian forms in different
situations

e derive equations of a plane in parametric, non-parametric, and cartesian forms in different
situations

e find angle between the lines and distance between skew lines

e find the coordinates of the image of a point

6.2 Geometric introduction to vectors ;

A vector V is represented as a directed straight line segment in a /-C// 0
3-dimensional space R®, with an initial point A = (a,a,,a,)eR® and = B
an end point B = (b,b,,b,)eR®, and it is denoted by AB . The length ; i/
of the line segment AB is the magnitude of the vector v and the direction P :0 y
from A to B is the direction of the vectorv . Hereafter, a vector will be v

Fig. 6.1

interchangeably denoted by v or AB . Two vectors AB andCD in R®
are said to be equal if and only if the length AB is equal to the length CD and the direction from A
to Bis parallel to the direction from C to D. If ABandCD are equal, we write AB=CD, and CD

is called a translate of AB.

Itis easy to observe that every vector AB can be translated to anywhere in R3, equal to a vector
with initial point U € R® and end point V € R® such that AB = UV . In particular, if O is the origin
of R® then apoint Pe R® can be found such that AB = OP . The vector OP is called the position
vector of the point P. Moreover, we observe that given any vector v, there exists a unique point
Pe R® such that the position vector OP of P is equal to V. A vector AB is said to be the zero
vector if the initial point A is the same as the end point B . We use the standard notations i, i,lz and
0 to denote the position vectors of the points (1,0,0),(0,1,0),(0,0,1), and (0,0,0), respectively. For
a given point (a,a,,a,)e R®, a1f+a21°+aslz is called the position vector of the point (a,,a,,a,),
which is the directed straight line segment with initial point (0,0,0) and end point (a,,a,,a,) . All real

numbers are called scalars.
XI1 - Mathematics 222
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Given a vector AB, the length of the vector is calculated by

Jb—a) + (b, -a,)" + (b, -3,
where A is (a,,a,,a,) and B is (b,b,,b,). In particular, if a vector is the position vector b of
(b, b,,b,), then its length is /b +b,? +b,> . A vector having length 1 is called a unit vector. We use
the notation G, for a unit vector. Note that i, j, and K are unit vectors and 0 is the unique vector

with length 0. The direction of 0 is specified according to the context.

The addition and scalar multiplication on vectors in 3-dimensional space are defined by
a+b = (a,+b)i +(a,+b,)]+(a,+h)k.
ad = (ca)i +(aa,) ] +(a)k ;

where 4 =ai+a,j+ak, b=hi+b,j+bkeR®and aeR.

To see the geometric interpretation of a+b, let & and b, denote the position vectors of
A=(a,a,,a,) and B=(b,b,,b,), respectively. Translate the position vector b to the vector with
initial point as A and end point as C=(c,c,,c;), for a suitable (c,c,,c;)e R®. See the

Fig (6.2). Then, the position vector C of the point (c,,c,,c,) is equal to a+b.

The vector ¢da is another vector parallel to & and its length is magnified (if & >1) or contracted
(if 0<a<l). If <0, then aa is a vector whose magnitude is || times that of @ and direction
opposite to that of &. In particular, if o =-1, then ad=-4 is the vector with same length and

direction opposite to that of &. See Fig. 6.3

z
Az
< 2a
b
A —2a /_/g
¢ /
B &
5 2 -
0] y
O y
X
X
Fig. 6.2 Fig. 6.3
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6.3 Scalar Product and Vector Product
Next we recall the scalar product and vector product of two vectors as follows.

Definition 6.1
Given two vectors a=
product) is denoted by a-b and is calculated by

a-b = ab +ab, +ah,,

aji+a,j+ak and b=hbi+b,j+bk the scalar product (or dot

and the vector product (or cross product) is denoted by axb, and is calculated by

A

Q)

X

o
Il

i Kk
a, &
b, b,

Note
a-bisascalar, and axb is a vector.

6.3.1 Geometrical interpretation
Geometrically, if a is an arbitrary vector and n is a unit vector, then a-n is the projection of

the vector a on the straight line on which A lies. The quantity &a-f is positive if the angle between
a and n is acute, see Fig. 6.4 and negative if the angle between a and A is obtuse see Fig. 6.5.

Negative dot product

Positive dot product
Fig. 6.4

Fig. 6.5

sl s

|a’.6| means either the length of the straight line segment obtained by projecting the vector |b|a
along the direction of b or the length of the line segment obtained by projecting the vector |a|b
along the direction of a. We recall that a-b=|a||b|cos@, where @ is the angle between the two

If & and b are arbitrary non-zero vectors, then |G- | = and so

vectors & and b . We recall that the angle between @ and b is defined as the measure from & to b

in the counter clockwise direction.
The vector axb is either O or a vector perpendicular to the plane parallel to both & and b

having magnitude as the area of the parallelogram formed by coterminus vectors parallel to @ and

b. If & and b are non-zero vectors, then the magnitude of @xb can be calculated by the formula
|axb|=|a]||b]||sin@]|, where 6 is the angle between & and b .
Two vectors are said to be coterminus if they have same initial point.

X1l - Mathematics 224
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Remark
(1) An angle between two non-zero vectors a and b is found by the following formula

6 =cos™ #a'bﬁ .
|al|b]

(2) 4 and b are said to be parallel if the angle between them is 0 or 7.

(3) 4 and b are said to be perpendicular if the angle between them is % or 377

Property
(1) Let a and b be any two nonzero vectors. Then

. a-b=0 ifandonlyif & and b are perpendicular to each other.
. axb=0 ifand only if & and b are parallel to each other.

(2) If a,b, and € are any three vectors and « is a scalar, then

=b-G, (G+b)-c=a-b+b-¢, (ad)-b=a(d-b)=a-(ab);
— —(bxd), (G+b)xC=adx+bxq, (ad)xb=a(dxb)=ax(ab).

6.3.2 Application of dot and cross products in plane Trigonometry
We apply the concepts of dot and cross products of two vectors to derive a few formulae in plane
trigonometry.

Example 6.1 (Cosine formulae)
With usual notations, in any triangle ABC, prove the following by vector method.

(i) a*=b*+c®—2bccos A (i) b*=c*+a*—2cacosB
(iii) c®*=a’+b*—2abcosC

Solution

With usual notations in triangle ABC, we have BC =a,CA=b and AB=¢. Then |BC|=a,|CA|=b,

|AB|=c and BC+CA+AB = 0.
So, BC =-CA—AB.

Then applying dot product, we get

BC-BC = (-CA—AB)-(—CA— AB)

= [BCF =|CAF+ABF +2CAA8  BZ——r 2" C
n-B a
= a’ =b?+c?+2bccos(r— A) Fig. 6.6
= a’ =b*+c*—2bccosA.
The results in (ii) and (iii) are proved in a similar way. [
Example 6.2
With usual notations, in any triangle ABC, prove the following by vector method.
(i) a=bcosC+ccosB (i) b=ccosA+acosC
(ili) c¢=acosB+bcos A
225 Applications of Vector Algebra
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Solution
With usual notations in triangle ABC, we have BC=d, CA=b, and
AB=¢ . Then
|BC|=a, |CA|=b, | AB|=c and BC+CA+AB =0
So, BC=-CA-AB
Applying dot product, we get

BC-BC = —BC-CA-BC-AB
= |BC] = —|BC||CA| cos(m—C)—|BC|| AB|cos(n — B)

= a? = abcosC +accos B
Therefore a=bcosC+ccosB. The results in (ii) and (iii) are proved in a similar way. [
Example 6.3
By vector method, prove that cos(er+ ) =cosecos f—sinasin .
Solution

Let 4=0A and b=0B be the unit vectors and which make angles & and A, respectively, with

positive x-axis, where A and B are as in the Fig. 6.8. Draw AL and BM perpendicular to the
X -axis. Then |OL |=| OA | cosa = cosa, | LA|=|OA |sina =sina .

So, OL=|OL|i =cosai, LA=sine(-]). B
Therefore, 4 =OA=O0OL+LA=cosai —-sinaj. .. (1) ;
Similarly, b = cos/fi+sin 3] . To o M - "
The angle between a and b is o+ [ and so, a N
a-b =|4a| |b|cos(e+ B)=cos(a+B) ... (3) L
Fig. 6.8

On the other hand, from (1) and (2)

a-b = (cosai —sinarj)-(cos Bt +sin B]) =cosercos B—sinasinB. ... (4)
From (3) and (4), we get cos(a+ ) =cosacos f—sinasin . m

Example 6.4

: . . . b
With usual notations, in any triangle ABC, prove by vector method that ,a =——= ,c :
sin4d sinB sinC

Solution

With usual notations in triangle ABC, we have BC =d,CA=b, and AB=¢.Then|BC|=a, |CA|=b,
and | AB|=c.

Since in AABC, BC+CA+AB =0, we have BCx(BC + CA+ AB) =0.

Simplification gives,

BCxCA = ABxBC. .. (1)
Similarly, since BC +CA+ AB =0, we have B R n-C
G (BC + CA+ AB) = 0. 2
Fig. 6.9
XII - Mathematics 226
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On Simplification, we obtain BCXxCA = CAx AB - (2)
Equations (1) and (2), we get

ABxBC = CAxAB=BCxCA.
So, | ABxBC | = |CAx AB|=|BCxCA|. Then, we get
casin(z—B) = bcsin(z— A)=absin(z-C).

That is, casinB = bcsin A=absinC . Dividing by abc, leads to

sinA:sinB:sinC or -4 b _ ¢
a b c sind sinB sinC ]
Example 6.5
Prove by vector method that sin(er— ) =sin«cos f—cosasin 3.
Solution LY A
Let &=0OA and b =0B be the unit vectors making
angles o and g respectively, with positive x -axis, where a ~ B
A and B are as shown in the Fig. 6.10. Then, we get d/@ 4
a=cosai +sinej and b =cos i +sin B], o \B i
The angle between a and b is o — f and, the vectors ) @) ] L M X
b4,k forma right-handed system. I
Hence, we get Fig. 6.10
bxa = |b||4]|sin(a— B)k =sin(a— B)K . (D)
On the other hand,
] ik
bx4a = cosp sinf 0 :(sinacosﬂ—cosasinﬂ)lz - (2)
cosa sina O
Hence, equations (1) and (2), leads to
sin(— fB) = sinacos f—cosasin . ]

6.3.3 Application of dot and cross products in Geometry

Example 6.6 (Apollonius's theorem)
If D is the midpoint of the side BC of a triangle ABC, show by vector method that

|AB[ +| AC[’=2(| AD [ +|BD[)-
Solution

Let A be the origin, b be the position vector of B and € be the position

vector of C. Now D isthe midpoint of BC, and so the, position vector of D

is b% . Therefore, we have Fig. 6.11
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e — —— (b+c\(b+C) 1, cn p oo -
|AD[P=AD-AD =| 2 |[2EC |2 (B2 +|c? +26-c). L)
2 2 | 3
Now, BD = AD—AB=2FC_5-¢=0
2 2
Then, this gives, |BD [’=BD-BD =[%]-[%]:%(| b2 +|CP —2b-€) (2

Now, adding (1) and (2), we get

Therefore, |AD| +|BDf = %(|6|2+|(:|2 +26-(:)+%(|6|2+|(:|2 —25-0):%(|5|2+|6|2)

= |ABF +[BDF = ( ABF +|ACP).
Hence, |AB|> +|AC|* = 2(|AD]* +|BD ) -
Example 6.7

Prove by vector method that the perpendiculars (attitudes) from the vertices to the opposite sides
of a triangle are concurrent.

Solution

Consider a triangle ABC in which the two altitudes AD and BE intersect at
O. Let CO be produced to meet AB at F. We take O as the origin and let

OA=3,0B=b and OC =¢.

Fig. 6.12
Since AD is perpendicular to BC, we have OA is perpendicular to BC, and hence we get
OA-BC =0. Thatis, a-(€—b) =0, which means

ac-ab=0 (1)
Similarly, since BE is perpendicular to CA, we have OB is perpendicular to CA, and hence we

get OB-CA=0. Thatis, b-(d—¢)=0, which means,

a.6-b-¢ = 0. @
Adding equations (1) and (2), gives a@-¢—b-¢=0.Thatis, ¢-(a—b)=0.
That is, OC-BA=0. Therefore, BA is perpendicular to OC which implies that CF is

perpendicular to AB . Hence, the perpendicular drawn from C to the side AB passes through O.
Thus, the altitudes are concurrent. m

Example 6.8
Intriangle ABC, the points D, E, F are the midpoints of the sides BC,CA,and AB respectively.

Using vector method, show that the area of ADEF is equal to % (area of AABC).

X1l - Mathematics 228
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Solution A
In triangle ABC, consider A as the origin. Then the position vectors of

AB+AC AC AB

D,E,F are given by BT respectively. Since | ABxAC | is the F E

area of the parallelogram formed by the two vectors AB, AC as adjacent sides, the

area of AABC is llﬁxﬁ |. Similarly, considering ADEF , we have B D c
2 Fig. 6.13

1 —
the area of ADEF = El DE xDF |

- %|(TE—K6)x(Kﬁ'—K6)|

1

2

-1 E|K§><K(.f|
4 |2

AB_AC
_—X—_—
272

= % (the area of AABC) .

6.3.4 Application of dot and cross product in Physics

| Definition 6.2
@ If d is the displacement vector of a particle moved from a point to another point after applying ®
a constant force F on the particle, then the work done by the force on the particle is w=F -d . |

®d _ H 4 d

Fig. 6.14

If the force has an acute angle, perpendicular angle, and an obtuse angle, the work done by the
force is positive, zero, and negative respectively.

Example 6.9
A particle acted upon by constant forces 2 +5]+6k and — —2]—k is displaced from the point

(4,-3,-2) to the point (6,1,—3). Find the total work done by the forces.

Solution

Resultant of the given forces is E = (21 +5]+6K)+ (- —2]—k) =1 +3] +5K .

Let A and B be the points (4,—-3,—-2) and (6,1,—3) respectively. Then the displacement vector
of the particle is d = AB =0B—0A= (6 + ] —3K)— (41 —3] —2k) = 2i +4] —K.

Therefore the work done w=F -d = (i +3] +5kK)- (21 +4] —k) =9 units. .

229 Applications of Vector Algebra
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Example 6.10 o o
A particle is acted upon by the forces 3i —2j+2k and 2i + j—k is displaced from the point

(1,3,-1) to the point (4,—1, 4) . If the work done by the forces is 16 units, find the value of A.
Solution
Resultant of the given forces is F = (31 =2 +2K)+(2f + ] —K) =5 — ] +K .
The displacement of the particle is given by
d=(4-J+AK)—( +3]—K) = (3 —4] +(A+1)k).
As the work done by the forces is 16 units, we have

F.d=16. .
Thatis, (51 — j+k)- (31 —4] +(1+1)k =16 = 1+ 20 =16.
So, A=-4.
[ Definition 6.3

—

If a force F is applied on a particle at a point with position vector F, then the torque or

moment on the particle is given by 7 =7x F . The torque is also called the rotational force. |

t=FxF

Me;rgl—"gﬁa';round

Fig. 6.15

Example 6.11
Find the magnitude and the direction cosines of the torque about the point (2,0,-1) of a force

2i + ] — k, whose line of action passes through the origin.

Solution

Let A be the point (2,0,~1) . Then the position vector of Ais OA=2f —k 4 (30:-1)
and therefore 7 = AO = -2 +K . .
Then the given force is F =2i + ] —K . So, the torque is S .
& 2 F
I L L B Fig. 6.16
t=rxF=|-2 0 1|=-i-2k.
2 1 -1
The magnitude of the torque —iA—2I2|:\/§ and the direction cosines of the torque are
1 a2
NERN G
[ |
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EXERCISE 6.1

1. Prove by vector method that if a line is drawn from the centre of a circle to the midpoint of
a chord, then the line is perpendicular to the chord.

2. Prove by vector method that the median to the base of an isosceles triangle is perpendicular
to the base.

3. Prove by vector method that an angle in a semi-circle is a right angle.
4. Prove by vector method that the diagonals of a rhombus bisect each other at right angles.

5. Using vector method, prove that if the diagonals of a parallelogram are equal, then it is a
rectangle.
6. Prove by vector method that the area of the quadrilateral ABCD having diagonals AC and

BD is %|K6><§6|.
7. Prove by vector method that the parallelograms on the same base and between the same
parallels are equal in area.

8. If G is the centroid of a AABC, prove that .
(area of AGAB) = (area of AGBC) = (area of AGCA) =3 (area of AABC).

9. Using vector method, prove that cos(er— ) = cosarcos S +sinasin 5.

10. Prove by vector method that sin(a+ ) =sinacos S +cosasin 3,

11. A particle acted on by constant forces 8i +2]—6k and 6i +2]—2Kk is displaced from the
@ point (1,2,3) to the point (5,4,1) . Find the total work done by the forces. @

12. Forces of magnitudes 5J2 and 1042 units acting in the directions 3iA+4]+5I2 and
1OiA+6]°—8I2, respectively, act on a particle which is displaced from the point with position
vector 4i —3]—2K to the point with position vector 61 + j —3k .Find the work done by the

forces.

13. Find the magnitude and direction cosines of the torque of a force represented by 3i +4 j — 5k
about the point with position vector 2?—3]+ 4k acting through a point whose position vector
is 47 +27-3K.

14. Find the torque of the resultant of the three forces represented by —3j +6 j — 3k, 4 —10 i +12k
and 4i +7 ] acting at the point with position vector 8 —6 j — 4k , about the point with position

vector 18 +3] -9k -

6.4 Scalar triple product

[ Definition 6.4

For a given set of three vectors &,b, and ¢, the scalar (axb)-¢ is called a scalar triple

product of d,b,¢. |

Remark
a-b isascalarand so (a-b)x¢ has no meaning.

231 Applications of Vector Algebra
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Note
Given any three vectors &,b and ¢, the following are scalar triple products:
(axb)-¢, (bxc)-4a, (cxd)-b, a-(bxc), b-(cxa), ¢-(axb),
(bx3d)-¢, (€xb)-a, (axc)-b, a-(c€xb), b-(axc), ¢-(bxa)
Geometrical interpretation of scalar triple product
Geometrically, the absolute value of the scalar triple product (axb)-¢ is the volume of the
parallelepiped formed by using the three vectors a,b, and C as co-terminus edges. Indeed, the
magnitude of the vector (axb) is the area of the parallelogram formed by using & and b ; and the
direction of the vector (axb) is perpendicular to the plane parallel to both & and b .
Therefore, | (@xb)-¢| is |axb||c]||cos8], axb
where 6 isthe angle between axb and ¢ .From

Fig. 6.17, we observe that |C| |cosé| is the

height of the parallelepiped formed by using the & 9 ¢
three vectors asadjacent vectors. Thus, | (xb) €| €] COESQ L
is the volume of the parallelepiped. i b
The following theorem is wuseful for Lo 3 -
computing scalar triple products. Fig. 6.17
/Theorem 6.1 A A - A R A A ) )
If &= ai+a,j+ak, b=bi+b,j+bk and C=cj+c,]j+ck, then
B & a &
(@xb)-C =|b Db, b
\ Cl CZ CS /
Proof
By definition, we have
i j k
(axb)-c = |a a, alC
b b, b
= [ (@b, —a,)i — (@b, —ah) i+ (ab, ~ab)k |- (6 +¢, ]+ k)
= (azba - aSbZ)Cl + (asbl - a1b3)cz + (a1b2 _a'Zbl)CS u
 a &
=|b b, b
Cl CZ CS

which completes the proof of the theorem.

6.4.1 Properties of the scalar triple product

Theorem 6.2
For any three vectors &,b, and C, (&xb)-c=a-(bxcC).

X1l - Mathematics 232
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Proof A e A A A Ao
Letd =aji+a,j+ak, b=Dbi+b,j+bk and C=cji+c,j+ck.
_ _ bl b2 b3 ai a‘2 a3
Then, &-(bxC) = (bxC)-da=fc, ¢, Cc;|=—|C, C, C|, by R &R,
a’l a?. a3 bl b2 b3
8 8 8
=|b b, b|,byR, &R,
Cl C2 C3
= (axh)-c.
Hence the theorem is proved.
Note [ |

By Theorem 6.2, it follows that, in a scalar triple product, dot and cross can be interchanged
without altering the order of occurrences of the vectors, by placing the parentheses in such a way
that dot lies outside the parentheses, and cross lies between the vectors inside the parentheses. For

instance, we have
(Gxb)-¢ = a-(bx)  since dot and cross can be interchanged.

b x¢)-a, since dot product is commutative.

Il
~

b-(¢xa), since dot and cross can be interchanged

¢xa)-b , since dot product is commutative

I
~

¢-(axb), since dot and cross can be interchanged

Notation
For any three vectors a,b and €, the scalar triple product (axb)-¢ is denoted by [4,b,¢].

[4,b,€] is read as box &,b,c. For this reason and also because the absolute value of a scalar

triple product represents the volume of a box (rectangular parallelepiped),a scalar triple product is
also called a box product.

Note

—
o
T
(]}
bl
Il
—~
Qy
X
(oy]
~
(/)
Il
Q)
—~
O
X
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~
Il
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o
X
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~
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o
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~
Il
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In other words, [4,b,c]=[b,¢,a]=[c,4,b] ; that is, if the three vectors are permuted in

the same cyclic order, the value of the scalar triple product remains the same.

(2) If any two vectors are interchanged in their position in a scalar triple product, then the
value of the scalar triple product is (-1) times the original value. More explicitly,
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Theorem 6.3
The scalar triple product preserves addition and scalar multiplication. That is,

[Aa,b,c] = A[4,b,c],Vie R
[4,(b+¢),d] = [a,b,d]+[a,¢,d];
[4,Ab,¢] = A[d,b,€],VAe R
[4,b,(c+d)] = [a,b,c]+[a,b,d];
[4,b,AC] = A[d,b,C],VAie R

Proof

Using the properties of scalar product and vector product, we get

= [4,¢,d]+[b,c,d]
[13,b,c] = ((Ad)xb)-¢ = (A(axb))-¢ = A((a@xb)-c)=[4,b,c].

Using the first statement of this result, we get the following.

[4,(b+cC),d] = [(b+¢),d,a]=[b,d,a]+[c,d,a]
= [a,b,d]+[4,c,d]
[4,4b,c] = [4b,c,a]=A[b,c,a]=A[4,b,c].
Similarly, the remaining equalities are proved. [ |

We have studied about coplanar vectors in XI standard as three nonzero vectors of which, one
can be expressed as a linear combination of the other two. Now we use scalar triple product for the
characterisation of coplanar vectors.

Theorem 6.4

The scalar triple product of three non-zero vectors is zero if, and only if, the three vectors are
coplanar.

Proof
Let a,b,c be any three non-zero vectors. Then,

(5><5)-E =0 & c is perpendicular to axb

& ¢ lies in the plane which is parallel to both a and b
& a,b,c are coplanar.

Theorem 6.5

Three vectors a,b,c are coplanar if, and only if, there exist scalars r,s,te R such that
atleast one of them is non-zero and ra+sb+tc=0.
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Proof

Let a=a,i+a, j+a,k, b=bi+b,j+hk, c=ci+c,]+c,k. Then, we have

o o 8 8, 8
a,b,c are coplanar [a,b,c] =0<|b b, b|=0
Cl C2 CS

& there exist scalars r,s,te R |

atleast one of them non-zero such that

ar+a,s+at =0, br+b,s+bt=0, cr+c,s+c,t =0

& there exist scalars r,s,te R |

. . L L [ |
atleast one of them non-zero such that ra+sb+tc=0.
4 )
Theorem 6.6
If a,b,c and p,q,r are any two systems of three vectors, and if p = x,a+y,b+zc,
q=Xx,a+Y,b+z,c,and, r =x,a+y,b+zc,then
o X Y 74 o
[p,q,r] =X, Y, Z, [a,b,c].
@ \ X Y 7 / @
Note

By theorem 6.6, if a,b,c are non-coplanar and

Xl yl Z1
X, Y, Z,|#0,
X3 y3 ZS

then the three vectors p = xa+y,b+2zC, q=xa+Yy,b+z,.cand, r=xa+yb+zc are also

non-coplanar.

Example 6.12

. ~

If a=-3—]+5Kk,b=i-2]+K, c=4]-5K, find a- (b xc).

Solution: By the defination of scalar triple product of three vectors,

3 -1 5
a-(bxc)=|1 -2 1 |=-3.
0 4 -5
235
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Example 6.13

Find the volume of the parallelepiped whose coterminus edges are given by the vectors
21 —3]+4k, i +2]—k and 31 — J+2K .
Solution

We know that the volume of the parallelepiped whose coterminus edges are &,b,¢ is given by
I[3,b,E]|. Here, =21 —=3]+4k, b=1+2] -k, c =31 — ]+ 2k.

2 -3 4
Since [3,b,6]=|1 2 —1|=-7, the volume of the parallelepiped is |7 |=7 cubic units.
3 -1 2
Example 6.14 . ) "
Show that the vectors i +2j—3k, 2i — j+2k and 3i + j—k are coplanar.
Solution
Here, a=i+2]—3k,b=2—j+2k,c =31+ j—k
1 2 -3
We know that &,b,¢ are coplanar if and only if [a,b,6]=0. Now, [4,b,c]=|2 -1 2 |=0.
3 1 -1
Therefore, the three given vectors are coplanar.
|
Example 6.15
@ If 21— i+3l2, 3f+2]+ IZ, i+ m]+4|2 are coplanar, find the value of m. @
Solution
2 -1 3
Since the given three vectors are coplanar, we have |3 2 1|=0=>m=-3.
1 m 4
Example 6.16 u

Show that the four points (6,-7,0), (16,-19,-4), (0,3,-6), (2,-5,10) lie on a same plane.

Solution
Let A=(6,-7,0), B=(16,-19,-4), C=(0,3,-6), D =(2,-5,10) . To show that the four points

A,B,C,D lie on a plane, we have to prove that the three vectors AB, AC, AD are coplanar.

Now, AB = OB-OA= (16 —19] —4k) — (61 —7]) =10i —12] — 4k

AC = OC —-OA=-6i+10]—6k and AD =0D—-OA=—4i +2]+10k.

10 -12 -4
We have [AB,AC,AD] =|-6 10 —6|=0.
4 2 10

Therefore, the three vectors AB, AC, AD are coplanar and hence the four points A, B,C, and

D lie on a plane.
|
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Example 6.17
If the vectors &,b,c are coplanar, then prove that the vectors a+b,b +¢,¢ +4 are also coplanar.

Solution
Since the vectors &,b,c are coplanar, we have [, b, €]=0. Using the properties of the scalar

triple product, we get

[d+b,b+¢C,c+a] =[d,b+c,c+a]+[b,b+¢C,¢C
+

Hence the vectors a+b, b +¢, €+4 are coplanar. -

Example 6.18

If a,b,c are three vectors, prove that [d+¢, a+b, a+b+¢]=[4,b,c].

Solution
Using theorem 6.6, we get

101
[d+C,a+b,da+b+c] = |1 1 0|[4,b,c]
111

EXERCISE 6.2

1 1fa=i1-2]+3k, b=2i+]-2K, =3 +2]+k, find a-(bxc).

2. Find the volume of the parallelepiped whose coterminous edges are represented by the vectors
—6i +14] +10K, 141 —-10]—6kand 2i +4]— 2k .

3. The volume of the parallelepiped whose coterminus edges are 7 + 1] —3k, | +2] -k,
=31 +7j+5k is 90 cubic units. Find the value of 4.

4. If a,b,c are three non-coplanar vectors represented by concurrent edges of a parallelepiped
of volume 4 cubic units, find the value of (d+b)- (b x€)+ (b +€)-(Exa)+(C+4a)-(axh).

5. Find the altitude of a parallelepiped determined by the vectors & = —2i +5]+3K, b =1 +3] — 2k
and € =—3i + j +4k if the base is taken as the parallelogram determined by b and €.

6. Determine whether the three vectors 2i +3]+k, i —2]+2K and 3i + ] +3k are coplanar.

— ~

7.Letda=i+]+k b=iand €=ci+c,j+ck.Ifc =1and c,=2,find c, such that &b and
C are coplanar.

237 Applications of Vector Algebra
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8. If d=i-K, b=x+]+@1-x)K, €=yl +x+(+x—y)k, show that [4,b,] depends on
neither x nor y.

9. If the vectors ai +aj +ck, i +k and ci +cj +bk are coplanar, prove that ¢ is the geometric
mean of a and b.

10. Let &,b,€ be three non-zero vectors such that € is a unit vector perpendicular to both & and b .

If the angle between & and b is % show that [d, b, c]? :%| ap|bf.

6.5 Vector triple product

Definition 6.5

For a given set of three vectors &,b, ¢, the vector g x (b x¢) is called a vector triple product.

Note
Given any three vectors a,b,c the following are vector triple products :
(Gxb)xC, (bx)xa, (Cxa)xb, cx(axb),ax(bxc), bx(¢xa)

Using the well known properties of the vector product, we get the following theorem.

\
/Theorem 6.7
The vector triple product satisfies the following properties.
O] 1) (8 +8,)x(0XC) = G x(bx&)+ad,x(bx¢), (Ad)x(bx&) = A(@x(bxc)), AR @
(2) ax((b,+0,)xC) = dax (b x¢)+adx(b,xc), ax((Ab)xé)=Aa@x(bxc)), LeR
e ax(bx (G +¢,)) = ax(bx¢)+ax(bxg,), ax(bx(Ae) =Uax(bxc)), AeR
Remark

Vector triple product is not associative. This means that ax (bx¢) (axb)x¢, for some

vectors d,b,¢.

Justification
We take d=1, b =1, ¢=].Then, ax(bxc)=ix(ix])=ixk=—] but (ixi)x]=0x]=0.

Therefore, ax(bxc) # (axb)x¢.

The following theorem gives a simple formula to evaluate the vector triple product.

Theorem 6.8 (Vector Triple product expansion)
For any three vectors &,b,¢ we have ax(bxc)=(a-¢)b—(a-b)c.

Proof
Let us choose the coordinate axes as follows :

Let x -axis be chosen along the line of action of &, y -axis be chosen in the plane passing through
a and parallel to b , and z -axis be chosen perpendicular to the plane containing & and b . Then, we

have
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= a1iA>< (bzcaiA_ b1C3 ] + (blcz - bZCl
_a1b1(:3|2 + & (bzcl -
(5.6)5—(5.5)6: a,c, (i +b, j)—aibl(c f+czj°+c3lz)

a,(b,c, —hyc,) j -

From equations (1) and (2), we get

ax(bxc) = (a-c)b—(a-b)c

Note

(1) ax(bxé)=ab+pé, where a=a-¢ and B

tobandC.

(2) We also note that
(axb)xc = —cx(axb)

~

(@ -b)a—(¢-a)b]
(G-&)b—(b-¢)a
Therefore, (axb)x¢ lies in the plane parallel to dand b .

()

(2

=—(a-b), and so it lies in the plane parallel

(3) In (Gxb)x&, consider the vectors inside the brackets, call b as the middle vector and

das the non-middle vector. Similarly, in ax(bx7c), b is the middle vector and € is the
non-middle vector. Then we observe that a vector triple product of these vectors is equal to

A (middle vector) —u (non-middle vector)

where A is the dot product of the vectors other than the middle vector and x is the dot

product of the vectors other than the non-middle vector.

6.6 Jacobi’s Identity and Lagrange’s Identity

[Theorem 6.9 (Jacobi’s 1dent1ty)

For any three vectors &,b,¢, we have ax(bx¢)+bx(cxa)+cx(axb)=0. J

Proof

Using vector triple product expansion, we have

ax(bxc) = (
bx(Exa) = (
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cx(axb) = (¢-b)a—-(c-a)b.

Adding the above equations and using the scalar product of two vectors is commutative, we get

ax(bxc)+bx(€xa)+cx(a@xb)=0. -
Theorem 6.10 (Lagrange’s identity)
- B, _lac ad
For any four vectors &,b,C,d, we have (axb)-(Cxd)= 5 5 J‘

Proof
Since dot and cross can be interchanged in a scalar product, we get

(@xb)-(€xd) = a-(bx(cxd))

=a-((b-d)c—(b-c)d) (by vector triple product expansion)

= (a-C)(b-d)—(a-d)(b-C)
_lac ad
b-¢ b-d -
Example 6.19 o ~
Prove that [axb, bx¢C, ¢x&d]=[4,b,c]°*.
Solution
® Using the definition of the scalar triple product, we get @
[axb, bx¢, éxd]= (axb)-[(bxC)x(Cxa)]. (1)
By treating (b x¢)as the first vector in the vector triple product, we find
(bx€)x(cxa) = ((bxc)-a)c—((bxc)-c)a=[a,b,clc.
Using this value in (1), we get
[axb,bx¢,cxa] = (axb)-([a,b,c]c)=[4,b,c](a@xb)-¢c =[4,b,c]*. -

Example 6.20
Prove that (a-(bxc))a = (axb)x(axc).
Solution
Treating (E?IXB) as the first vector on the right hand side of the given equation and using the
vector triple product expansion, we get
(@xb)x(axc) = ((@xb)-c)a—((a@xb)-a)c =(a-(bxc))a.

Example 6.21
For any four vectors &, b, C, d, we have

Solution
Taking p=(axb) as asingle vector and using the vector triple product expansion, we get
(Axb)x(cxd) = px(¢xd)
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‘ ‘ 12th_Maths_EM_Vol1l_CH 6 Vector Algebra.indd 240 @ 07-12-2021 13:18:56‘ ‘



‘ ‘ 12th_Maths_EM_Vol1_CH 6 Vector Algebra.indd 241 @

= (p-d)c—(p-c)d
= ((Gxb)-d)¢—((axb)-é)d =[a,b,d)¢ —[a,b,c]d
Similarly, taking § =¢ xd , we get
(@xb)x(éxd) = (axb)xg
= (a@-§b—(b-g)a

= [a,¢,db —[b,¢,d)a u

Example 6.22
If a=-2i+3]-2k,b=3—]+3k,c=2i-5]+k, find (Axb)xc and ax(bxc). State

whether they are equal.

Solution o
ik
By definition, axb = |-2 3 -2|=7i-7k .
3 -1 3
Pk
Then, (Axb)xc =[7 0 -7|=-35-21]-35K. - (D)
2 -5 1
Pj ok
bxC =[3 -1 3|=14i +3]-13K.
2 -5 1
P oK
Next, ax(bxc) = [-2 3 -2 |=-331—54]-48Kk. .. (2)
14 3 -13
Therefore, equations (1) and (2) lead to (axb)x¢ # ax (b xc). -
Example 6.23
Ifa=i-],b=i-]—4k,c=3]—k and d =2i +5] +k , verify that
(i) (@xb)x(cxd)=[a,b,d]c—[4,b,c]d
(i) (axb)x(cxd)=[4,¢c,d]b—[b,c,d]a
Solution (i)
By definition,
]k ]k
dxb =[1 -1 0|=4i+4], cxd=|0 3 -1|=8-2]-6k
1 -1 -4 2 5 1
241 Applications of Vector Algebra
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P
Then, (axb)x(Exd) = |4 =241 +24] — 40k (D)
8

On the other hand, we have
[4,b,d]c—[4,b,c]d = 28(3] —K)—12(21 +5] +Kk) = —24i + 24 ] — 40k - (2)

Therefore, from equations (1) and (2), identity (i) is verified.

The verification of identity (ii) is left as an exercise to the reader. [

EXERCISE 6.3
1LIf da=i-2]+3k, b=2i+]-2k,c=3+2]+k, find (i) (Exb)x¢ (ii) ax(bxc).
For any vector &, prove that { x (ax1)+ ] x(ax J)+kx (axKk) =24.

Prove that [d—b, b—¢, ¢ —a]=0.

A LN

If a=2i+3]—K, b =31 +5]+2k, € =—i —2]+3K, verify that

(i) (Axb)xc=(a-c)b—(b-c)a (i) ax(bxc)=(a-c)b—(a-b)c
=2i+3j-k, b=—i +21—4k =i +j+k then find the value of (axb)-(ax¢).

a,b,c,d are coplanar vectors, show that (axb)x(€xd)=0.

7.1fa=i +2j+3k, b=2i —j+k, c=30 +2j+k and ax(bxc)=1a+mb+nc, find the
values of I,m,n .

A

AL A . ~ R A A 1
8. If a,b,C are three unit vectors such that b and C are non-parallel and ax(bxc):zb,ﬁnd

the angle between a and ¢.

6.7 Application of Vectors to 3-Dimensional Geometry

\ectors provide an elegant approach to study straight lines and planes in three dimension. All
straight lines and planes are subsets of R®. For brevity, we shall call a straight line simply as line.
A plane is a surface which is understood as a set P of points in R* such that , if 4,B,and C are any
three non-collinear points of P, then the line passing through any two of them is a subset of P.
Two planes are said to be intersecting if they have at least one point in common and at least one
point which lies on one plane but not on the other. Two planes are said to be coincident if they have
exactly the same points. Two planes are said to be parallel but not coincident if they have no point in
common. Similarly, a straight line can be understood as the set of points common to two intersecting
planes. In this section, we obtain vector and Cartesian equations of straight line and plane by applying
vector methods. By a vector form of equation of a geometrical object, we mean an equation which is
satisfied by the position vector of every point of the object. The equation may be a vector equation or

a scalar equation.
XII - Mathematics 242
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6.7.1 Different forms of equation of a straight line

A straight line can be uniquely fixed if

 apoint on the straight line and the direction of the straight line are given

 two points on the straight line are given

We find equations of a straight line in vector and Cartesian form. To find the equation of a straight line
in vector form, an arbitrary point P with position vector I on the straight line is taken and a relation
satisfied by T is obtained by using the given conditions. This relation is called the vector equation of the
straight line. A vector equation of a straight line may or may not involve parameters. If a vector equation
involves parameters, then it is called a vector equation in parametric form. If no parameter is involved,
then the equation is called a vector equation in non — parametric form.

6.7.2 A point on the straight line and the direction of the straight line
are given
(a) Parametric form of vector equation

Theorem 6.11
The vector equation of a straight line passing through a fixed point with position vector & and

parallel to a given vector b is F =a+th, where te R.

Proof 5
If & is the position vector of a given point A and ris the A \‘\
P

r

position vector of an arbitrary point P on the straight line, then

AP=r-a. : |
Since AP is parallel to b , we have
F-a=1tb,teR . (1) 0 Y
or F=a+th,teR .. (2) .
This is the vector equation of the straight line in parametric form. Fig. 6.18 -
Remark

The position vector of any point on the line is taken as a+tb .

(b) Non-parametric form of vector equation
Since AP is parallel to b , we have APxb =0

Thatis, (F—a)xb =0.
This is known as the vector equation of the straight line in non-parametric form.

(c¢) Cartesian equation A A
Suppose P is (x,»,z), Ais (x;,1,2) and b =i +b,j+b,k . Then, substituting F = xi + yj + zk ,

a= le+ y1i+ lez in (1) and comparing the coefficients of i, ],lz , We get

X=X =1tb,y-y =th,z-2 =th, .. (4)
Conventionally (4) can be written as
X_X1: y—yl:Z—Zl (5)
by b, b,
243 Applications of Vector Algebra

‘ ‘ 12th_Maths_EM_Voll_CH 6 Vector Algebra.indd 243 @ 07-12-2021 13:19:02‘ ‘



B [ [ [ ® . EEES

which are called the Cartesian equations or symmetric equations of a straight line passing
through the point (x;,y;, ;) and parallel to a vector with direction ratios b,,b,,b;.

Remark
(i) Every point on the line (5) is of the form (x, +tb,,y, +tb,,z, +tb,), where te R.

(ii) Since the direction cosines of a line are proportional to direction ratios of the line, if I,m,n
are the direction cosines of the line, then the Cartesian equations of the line are

X=X _ Y-y, _2-1
I m n

(iif) In (5), if any one or two of b,,b,,b, are zero, it does not mean that we are dividing by zero. But
it means that the corresponding numerator is zero. For instance, If b, #0, b, #0 and b, =0 , then

X=X Y=Y _ 274 ghould be written as ﬂzu,Z—ZFO-

by b, 0 by b,
(iv) We know that the direction cosines of x-axis are 1,0,0. Therefore, the equations of x -axis
are

x=0_y=0_2-0, x=t,y=0,z=0, where te R.
1 0 0

Similarly the equations of y-axis and z-axis are given by

x-0 y-0_ z-0
1 0

and

x-0 y-0 z-

0 respectively
0 0 '

6.7.3 Straight Line passing through two given points

(a) Parametric form of vector equation

Theorem 6.12
The parametric form of vector equation of a line passing through two given points whose
position vectors are & and b respectively is F =a+t(b —a),te R.

(b) Non-parametric form of vector equation

The above equation can be written equivalently in non-parametric form of vector equation as
(F—a)x(b—-a)=0

(¢) Cartesian form of equation )2

Suppose P is (x,y,2), Ais (x,Y,,z) and B

1,)
b

is (X,,Y,,2,). Then substituting ¥ =xi +yj+zK,
Qs ~ s A

a=xi+yj+zk and b=Xxi+y,j+z,k in I

theorem 6.12 and comparing the

coefficients of f, i, K , we get
X=X =t(%=x), Y=y, =t(Y,— %), 2-2,=t(z, - 2,)
and so the Cartesian equations of a line passing

through two given points (x;,y,,z) and (X,,Y,,2,) Fig. 6.19
are given by
XII - Mathematics 244
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X, =X Yo=Y 4,4
From the above equation, we observe that the direction ratios of a line passing through two
given points (x,Y;,z, and (X,,Y,,2,) are given by x, —x,Y, —Y,,Z, —z,, which are also given by

any three numbers proportional to them and in particular x, — x,,y, - ¥,,2, — Z,.

Example 6.24

A straight line passes through the point (1,2,-3) and parallel to 4?+5]—7I2. Find (i) vector
equation in parametric form (ii) vector equation in non-parametric form (iii) Cartesian equations of
the straight line.

Solution
The required line passes through (1,2,-3) . So, the position vector of the point is i + 2]—3I2 :
Let a=1+2]—3k and b =4i +5] -7k . Then, we have
(i) vector equation of the required straight line in parametric formis F =a+tb, te R.
Therefore, T =(i +2]-3K)+t(4i +5] - 7k), te R.
(ii) vector equation of the required straight line in non-parametric form is (F —a)xb =0.
Therefore, (F — (i +2]—3K))x (41 +5]—7k) =0.

X=X _Y-V, _2-1
b2 b3 '

Here, (X, Y:,z)=(1,2,-3) and direction ratios of the required line are proportional to

(iii) Cartesian equations of the required line are

1 y-2 743
5 -7 N

4,5,—7 . Therefore, Cartesian equations of the straight line are X;

Example 6.25 A L
The vector equation in parametric form of a lineis I = (3i —2 j +6k) +t(2i — j+3k) . Find (i) the

direction cosines of the straight line (ii) vector equation in non-parametric form of the line
(iii) Cartesian equations of the line.

Solution
Comparing the given equation with equation of astraightline ¥ = a+tb ,we have & =31 — 2] +6k

and b = 2i — +3k. Therefore,

(i) If b=hi+h,j+bk, then direction ratios of the straight line are b,,b,,b,. Therefore,

direction ratios of the given straight line are proportional to 2,—1,3, and hence the direction
2 -1 3
Jia' i i
(i) vector equation of the straight line in non-parametric form is given by (7 —a)xb =0.
Therefore, (F — (31 —2] +6Kk))x (2 — ] +3k) =0.
(iii) Here (x;,V;,2,) =(3,—2,6) and the direction ratios are proportional to 2,-1,3.

cosines of the given straight line are

X-=3 y+2 171-6
-1 3 |
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Example 6.26
Find the vector equation in parametric form and Cartesian equations of the line passing through
—-X—-2 y+3 21-6
2 3

(-4,2,-3) and is parallel to the line

Solution
X+2_y*+3_273 g comparing with 2% =Y =% _2=4

Rewriting the given equations as
—4 -2 3/2 b, b, b,

we have B:bliA+b2]+b3I2:—4iA—2j+glz:—%(8f+4]—3I2). Clearly, b is parallel to the vector

8i+4]— 3k . Therefore, a vector equation of the required straight line passing through the given point
(-4,2,-3) and parallel to the vector 8 +4 ] —3K in parametric form is

F = (=4 +2]-3K)+t(8f +4]-3K), te R.
Therefore, Cartesian equations of the required straight line are given by

X+4 y-2 17+3
8 4 -3 u

Example 6.27
Find the vector equation in parametric form and Cartesian equations of a straight passing through
the points (-5,7,—4) and (13,-5,2). Find the point where the straight line crosses the xy -plane.

Solution
® The straight line passes through the points (-5,7,—4) and (13,-5,2), and therefore, direction ®

ratios of the straight line joining these two points are 18,-12,6. That is 3,-2,1.
So, the straight line is parallel to 3i — 2] +Kk . Therefore,

. Required vector equation of the straight line in parametric formis = (—5i +7 ] — 4k) +t(3f —2] +Kk) or
F=(131 5] +2K)+s(3 —2] +K) where s, te R.

5: y—7 _ Z+4 or x—13: y+5: z2-2 .

« Required cartesian equations of the straight line are Xt
-2 1 3 -2 1

An arbitrary point on the straight line is of the form
(3t—5,-2t+7,t—4) or (3s+13,-25s—5, s+2)
Since the straight line crosses the xy -plane, the z -coordinate of the point of intersection is zero.
Therefore, we have t—4=0, that is, t=4, and hence the straight line crosses the xy-plane at

(7,-1,0). [ |
Example 6.28
. . . ox+3 y-1 . .

Find the angle made by the straight line > Ty T —z with coordinate axes.

Solution .
~ . . . ~ 20 + 2] -k 1.~ 2 N
If b is aunit vector parallel to the given line, then b = m = §(2| +2j—Kk) . Therefore,
I+2j—

from the definition of direction cosines of b , we have
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3’ 31 7 31

where «, B,y are the angles made by b with the positive x-axis, positive y -axis, and positive
z -axis, respectively. As the angle between the given straight line with the coordinate axes are same as the

angles made by b with the coordinate axes, we have a = cos™ @j B =cos™ @j y =cos”' (%lj

respectively. m

6.7.4 Angle between two straight lines
(a) Vector form

The acute angle between two given straight lines F =a+sb and F =¢+td is same as that of the

angle between b and d . So, cos8 = b-dl o gocost| 1291 |
|b|ld| |bf[d]

Remark
(i) The two given lines F =a-+sb and F =c+td are parallel

& 0=0=cosf=1<|b-d|=|b||d].

(i) The two given lines F=a+sb and F =c+td are parallel if, and only if b =Ad, for some
scalar 4.

(iii) The two given lines F =a+sb and F =c+td are perpendicular if, and only if b-d =0.

(b) Cartesian form

X=X _Y-%_2-14
= = a.n '
b, b, d, d, d

then the acute angle @ between the two given lines is given by

d X=X Y=Y, _2-1%

If two lines are given in Cartesian form as

| bldl + b2d2 +b3d3 |

0 =cos™'
b +b2+b>d? +d)} +d}
Remark
(i) The two given lines with direction ratios b;,b,,b, and d,,d,,d, are parallel if, and only if
b_b_b
d d, d,

(if) The two given lines with direction ratios b,,b,,b, and d,,d,,d, are perpendicular if and only
if bd, +b,d,+bd,=0.

(ii1) If the direction cosines of two given straight lines are I,,m;,n, and I,,m,,n,, then the angle
between the two given straight lines is cos@ =[l,l, + mm, +nn, |.
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Example 6.29 o o
Find the acute angle between the lines ¥ =(i +2j+4k)+t(2i +2j+k) and the straight line
passing through the points (5,1,4) and (9,2,12).

Solution
We know that the line = (1 +2] +4K) +t(2i + 2] +K) is parallel to the vector 2f +2]+K .

Direction ratios of the straight line joining the two given points (5,1,4) and (9,2,12) are 4,1,8

and hence this line is parallel to the vector 4i + ] +8K .

Therefore, the acute angle between the given two straight lines is

6 = cos™ ||§|'|d&||} where b =2 +2]+k and d =4i + ] +8K.
Therefore, 6= cos™ |(2|_A+21¢+ kA)'(4_1 +¢J+8lf)| —cost[2) n
|21 +2)+k| |41+ j+8Kk]| 3
Example 6.30
Find the acute angle between the straight lines %4:%: Z+21 and Xf: yt‘rl: 222 and state

whether they are parallel or perpendicular.

Solution
Comparing the given lines with the general Cartesian equations of straight lines,

X—X Y=Y _2-4 X=X Y-V, 2-1,
= = and = =
by b, b, d, d, d
we find (b,,b,,b,)=(2,1,-2) and (d,,d,,d;) = (4,-4,2). Therefore, the acute angle between the
two straight lines is

|2)(4)+ () +(=2)(2) |
J22 1 4 (22)2 &+ (—4) + 22
Thus the two straight lines are perpendicular.

6 = cos™

—cos(0)=Z
0) 2

Example 6.31
Show that the straight line passing through the points A(6,7,5) and B(8,10,6) is perpendicular

to the straight line passing through the points C(10,2,-5) and D(8,3,—4).
Solution

The straight line passing through the points A(6,7,5) and B(8,10,6) is parallel to the vector
b=AB=0B-OA=2i +3]+k and the straight line passing through the points C(10,2,~5) and
D(8,3,-4) is parallel to the vector d =CD =-2i + j+Kk. Therefore, the angle between the two
straight lines is the angle between the two vectors b and d . Since

b-d = (2iA+3]+I2)-(—2iA+ ]+I2) =0.

the two vectors are perpendicular, and hence the two straight lines are perpendicular.
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Aliter

We find that direction ratios of the straight line joining the points A(6,7,5) and B(8,10,6) are
(b,,b,,b,) =(2,3,1) and direction ratios of the line joining the points C(10,2,-5) and D(8,3,—4) are
(d;,d,,d;)=(-2,1,1). Since bd, +b,d, +b,d; =(2)(-2) + (3)(2) + (1)(1) =0, the two straight lines are
perpendicular. u

Example 6.32

x-1 2-y z-4 Xx-3 y-3 5-1

Show that the lines and are parallel.
6 12 -2 3
Solution
i . x=1 2-y z-4. S ~
We observe that the straight line 1 = i = T is parallel to the vector 4i —6 j+12k and
the straight line X_23 = y;3 = 5g 2 s parallel to the vector —2i +3] -6k .

Since 41 —6]+12k =—2(=2i +3] —6K) , the two vectors are parallel, and hence the two straight

lines are parallel. L
EXERCISE 6.4

1. Find the non-parametric form of vector equation and Cartesian equations of the straight line
passing through the point with position vector 4i+3j—7k and parallel to the vector

21 —6]+7K.
® 2. Find the parametric form of vector equation and Cartesian equations of the straight line ®
passing through the point (-2,3,4) and parallel to the straight line X_41 = y;?’ = 8; z.

3. Find the points where the straight line passes through (6,7,4) and (8,4,9) cuts the xz and
yz planes.

4. Find the direction cosines of the straight line passing through the points (5,6,7) and (7,9,13) .
Also, find the parametric form of vector equation and Cartesian equations of the straight line
passing through two given points.

5. Find the acute angle between the following lines.
(i) F=(4 =)+t +2]-2K), F =@ —2] +4K) + (= —2] +2K)
(ii) X+4 _ y—7 _ Z+5
3 4 5
(ili) 2x=3y=-z and 6x=-y=-4z.
6. The vertices of AABC are A(7,2,1),B(6,0,3),and C(4,2,4). Find LABC.

T =4K+t(21 + ] +K).

7. If the straight line joining the points (2,1,4) and (a—1,4,-1) is parallel to the line joining the
points (0,2,b—1) and (5,3,-2), find the values of a and b.

X—=95 _ 2—-y :l—z and x=2y+1 =l—z

Sm+2 5 -1 4m -3

other, find the value of m.

9. Show that the points (2,3,4),(-1,4,5) and (8,1,2) are collinear.

8. If the straight lines are perpendicular to each
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6.7.5 Point of intersection of two straight lines

if 22X YN 270 ang XTX% Y 7Yo 275 a0 two lines, then every point on the
Ch a, a by b, b,

line is of the form (x, +sa,,y, +sa,,z, +sa,) and (X, +th,,y, +tb,, z, +th,) respectively. If the lines

are intersecting, then there must be a common point. So, at the point of intersection, for some values
of s and t, we have

(x,+sa,y, +sa,,z,+sa,) = (X, +tb,y, +tb,, z, +tb,)
Therefore, x,+sa, = X, +th,,y, +sa, =y, +th,,z +sa, =z, +th,
By solving any two of the above three equations, we obtain the values of s and t. If s and t

satisfy the remaining equation, the lines are intersecting lines. Otherwise the lines are non-intersecting .
Substituting the value of s, (or by substituting the value of t), we get the point of intersection of two

lines.

If the equations of straight lines are given in vector form, write them in cartesian form and
proceed as above to find the point of intersection.

Example 6.33

Find the point of intersection of the lines X

3 4 5 2
Solution

Every point on the line x-1_y-2_2-3_ (say) is of the form (2s+1, 3s+2, 45+3) and

() 2 3 4 ®
every point on the line %4 = yT_l =7z =t (say) is of the form (5t+4, 2t+1, t). So, at the point of
intersection, for some values of s and t, we have

(2s+1,3s+2,4s+3) = (5t+4, 2t+1, 1)
Therefore, 2s—5¢=3,3s—2t=-1 and 4s—t=-3. Solving the first two equations we get
t=-1, s=-1.These values of s and t satisfy the third equation. Therefore, the given lines intersect.

Substituting, these values of t or s in the respective points, the point of intersection is (-1,-1,-1).
[ |
6.7.6 Shortest distance between two straight lines

We have just explained how the point of intersection of two lines are found and we have also
studied how to determine whether the given two lines are parallel or not.

! Definition 6.6

Two lines are said to be coplanar if they lie in the same plane. |

Note
If two lines are either parallel or intersecting, then they are coplanar.

! Definition 6.7

Two lines in space are called skew lines if they are not parallel and do not intersect I
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Note

If two lines are skew lines, then they are non coplanar. /
If the lines are not parallel and intersect, the distance

between them is zero. If they are parallel and non-intersecting,
the distance is determined by the length of the line segment
perpendicular to both the parallel lines. In the same way, the
shortest distance between two skew lines is defined as the length
of the line segment perpendicular to both the skew lines. Two L

lines will either be parallel or skew. .
Fig. 6.20

Theorem 6.13

The shortest distance between the two parallel lines F=a+sb and F=c+tb is given by

_1e=a)xb] ,where |b|=0.
|b
Proof B B
The given two parallel lines r =a+sb and r=C+tb are AG)
a
denoted by L, and L, respectively. Let A and B be the points L
on L, and L, whose position vectors are @ and C respectively.
. (&}
The two given lines are parallel to b . ,‘U/// d
Let AD be a perpendicular to the two given lines. If € is /
0 |

the acute angle between AB and b , then

_ |ABxb| _|(c-d)xb]|

== ——— (1) _
|AB| [b| [c-a][b] Fig. 6.21
But, from the right angle triangle ABD,
Sin9:—=é= _»d_' (2)
AB | AB| |c-al
c—a)xb "
From (1) and (2), we have d = % , Where [b|=0.
Theorem 6.14
The shortest distance between the two skew lines F =a+sb and F =¢+td is given by
5= 1) OxA] e |bxd|=0
|bxd |
Proof
The two skew lines F =a+sb and F=c+td are denoted by L, and L, respectively.
Let A and C be the points on L, and L, with position vectors & and C respectively.
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From the given equations of skew lines, we observe that L, is bxd
parallel to the vector b and L, is parallel to the vector d . So, bxd i
is perpendicular to the lines L, and L,. C(c)
D
Let SD be the line segment perpendicular to both the lines L, 5
and L,. Then the vector SD is perpendicular to the vectors b and d 5
and therefore it is parallel to the vector bxd .
bxd . : . o . L
So, —— is a unit vector in the direction of SD. Then, the S A(a) L
|bxd]| 2
shortest distance | SD | is the absolute value of the projection of AC _b
Fig. 6.22
on SD. That is,
— = . i = | . bxd
o0 = |SD|=| AC . (Unit vector in the direction of SD)|= (c—a)-|6 7|
X
5= l(c_aﬁ)‘(PXd)l,where |bxd|=0.
|bxd | |
Remark

(i) It follows from theorem (6.14) that two straight lines F =a+sb and F=c+td intersect
each other (that is, coplanar) if (€ —4)-(bxd)=0.

(2) If two lines 2=%1 = y; ho_ z;zl and X;XZ = y; Yo _ Z;ZZ intersect each other
2 3 1 2 3
(that is, coplanar), then we have
=X Y=Y 4,—4
by b, b, |=0
d; d, d,

Example 6.34

Find the parametric form of vector equation of a straight line passing through the point of intersection of
X-2 y-4 z7+3
2

the straight lines 7 = (i +3] —k) +t(2i +3] +2k) and , and perpendicular to both
straight lines.

Solution X )
The Cartesian equations of the straight line ¥ = (i +3j —k)+t(2i +3]+2Kk) is

x-1 y-3 z+1

=S (sa
2 3 2 (say)
Then any point on this line is of the form (2s+1, 3s+3, 2s-1) - (1)
The Cartesian equation of the second line is X=2 = y;4 -z +3 =t (say)
Then any point on this line is of the form (t+2, 2t +4,4t-23) ..(2)
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If the given lines intersect, then there must be a common point. Therefore, for some s,z e R,
we have (2s+1, 3s+3, 2s-1)=(t+2, 2t +4,4t-3).

Equating the coordinates of x,y and z we get
2s—t=13s-2t=1and s—-2t=-1.
Solving the first two of the above three equations, we get S=1 and t =1. These values of s and
t satisfy the third equation. So, the lines are intersecting.

Now, using the value of s in (1) or the value of t in (2), the point of intersection (3,6,1) of these
two straight lines is obtained.

—_

] k
Ifwetake b =2 +3]+2K and d =i +2]+4k,then bxd =2 3 2|=81—6]+k isavector
1 2 4
perpendicular to both the given straight lines. Therefore, the required straight line passing through (3, 6,1)
and perpendicular to both the given straight lines is the same as the straight line passing through
(3,6,1) and parallel to 8?—6]+I2 . Thus, the equation of the required straight line is

F=(3+6]+k)+m@ —6]+k), meR. m
Example 6.35
Determine whether the pair of straight lines ¥ = (2f +6 ] +3K) +t(2i +3] +4K) ,
F=(2]-3K)+s(i +2] +3k) are parallel. Find the shortest distance between them.

Solution
Comparing the given two equations with
F=d+sb and F=¢+sd,

we have =21 +6]+3K, b =2 +3]+4k, c=2]-3k,d =i +2]+3k

Clearly, b is not a scalar multiple of d . So, the two vectors are not parallel and hence the two

lines are not parallel.
The shortest distance between the two straight lines is given by

—

) (6xd))|
|bxd|

|(€-

D]

S =
P] oK

Now, bxd =|2 3 4|=i-2]+k
12 3

So, (€-4)-(bxd)= (-2 -4]-6k)-(1—2]+Kk)=0.
Therefore, the distance between the two given straight lines is zero.Thus, the given lines intersect
each other. n
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Example 6.36

Find the shortest distance between the two given straight lines 7 = (21 +3] +4K) +t(=2i + ] — 2K)
and X__3 = l = iz .

2 -1 2
Solution

The parametric form of vector equations of the given straight lines are
r= (2iA+3]+4I2)+t(—2iA+ ]—2I2)
and T = (3 —2K)+t(2 — ] +2K)

Comparing the given two equations with F =a+tb, F=¢+sd

we have d=21 +3]+4k, b=-2 + J—2k, ¢ =31 -2k, d =21 — J+ 2k..
Clearly, b is a scalar multiple of d, and hence the two straight lines are parallel. We know that
the shortest distance between two parallel straight lines is given by d = w.
]k
Now, (C-d)xb=|1 -3 -6|=12i+14]-5k
-2 1 =2
Therefore, d = 121 jliJ_SAklz 365

| =21+ j—2K| 3 n

Example 6.37

Find the coordinate of the foot of the perpendicular drawn from the point (-1, 2,3) to the straight
line F=(i—4]j+ 3I2) +t(2i +3]+ IZ) . Also, find the shortest distance from the given point to the
straight line.

Solution
Comparing the given equation 7 =(i —4]+3Kk)+t(2f +3]+Kk) with D
F=a+th,weget da=i-4]+3k,and b =2 +3]+k . We denote the given )
point (-1,2,3) by D, and the point (1,—4,3) on the straight lineby F . If F —'b—
is the foot of the perpendicular from D to the straight line, then F is of the
form (2t+1, 3t—4,t+3) and DF =OF —OD = (2t +2)i + (3t—6) ] +tk . F_I Line
) - Fig. 6.23
Since b is perpendicular to DF , we have
b-DF = 0 = 2(2t+2)+3(3t—6)+1(t)=0 = t=1
Therefore, the coordinate of F is (3,—1,4)
Now, the perpendicular distance from the given point to the given line is
DF = |DF |=+/42+(=3)2+1’ =+/26 units. .
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EXERCISE 6.5

1. Find the parametric form of vector equation and Cartesian equations of a straight line passing
through (5,2,8) and is perpendicular to the straight lines 7 = (i + ] —K)+s(2f —2]+k) and
F=(2—]-3K)+t( +2]+2K).

2. Show that the lines T = (61 + ] +2K)+s(i +2]—3K) and 7 = (31 +2] —2k)+t(2i + 4] —5k)

are skew lines and hence find the shortest distance between them.

3. If the two lines X—1: y;—lz 221 and XI3 _y-m_ Z intersect at a point, find the value
of m.
4. Show that the lines x;S = y_13,z—1:0 and x;6 = Z;I,y—Z:O intersect. Also find

the point of intersection.

5. Show that the straight lines x+1=2y=-12z and x=y+2=6z—6 are skew and hence find
the shortest distance between them.

6. Find the parametric form of vector equation of the straight line passing through (-1,2,1) and
parallel to the straight line ¥ = (21 +3] —k)+t(i — 2] +k) and hence find the shortest distance
between the lines.

7. Find the foot of the perpendicular drawn from the point (5,4, 2)

x+1 y-3 z-1

3

to the line

. Also, find the equation of the perpendicular.

@ 6.8 Different forms of Equation of a plane @

We have already seen the notion of a plane.

I Definition 6.8

A vector which is perpendicular to a plane is called a normal to the plane.

Note
Every normal to a plane is perpendicular to every straight line lying on the plane.
A plane is uniquely fixed if any one of the following is given:
 a unit normal to the plane and the distance of the plane from the origin
* apoint of the plane and a normal to the plane
* three non-collinear points of the plane

« a point of the plane and two non-parallel lines or non-parallel vectors which are
parallel to the plane

« two distinct points of the plane and a straight line or non-zero vector parallel to the
plane but not parallel to the line joining the two points.

Let us find the vector and Cartesian equations of planes using the above situations.

6.8.1 Equation of a plane when a normal to the plane and the distance of
the plane from the origin are given
(a) Vector equation of a plane in normal form

Theorem 6.15
The equation of the plane at a distance p from the origin and perpendicular to the unit normal

vector d is 7-d = p.
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Proof >
Consider a plane whose perpendicular distance from the originis p.

Let A be the foot of the perpendicular from O to the plane. ST
Let d be the unit normal vector in the direction of OA. '. \
e

Then OA=pd .

If 7 is the position vector of an arbitrary point P on the plane,

then AP is perpendicular to OA. Fig. 6.24
Therefore, AP-OA=0 = (r- p&)~ pa:O
i = (F—pd)-d =0
which gives r-d=np. .. (1)
The above equation is called the vector equation of the plane in normal form. n

(b) Cartesian equation of a plane in normal form

Let I,m,n be the direction cosines of d . Then we have d =i +mj +nk .
Thus, equation (1) becomes

r-(IF+mj+nk) = p
If P is (x,y,2), then F = xi +yj + 7k
Therefore, (xi +Yj+zk)-(Ii +mj+nk) = p or Ix+my+nz=p .. (2)
Equation (2) is called the Cartesian equation of the plane in normal form.
Remark

(i) If the plane passes through the origin, then p =0. So, the equation of the plane is

IX+my+nz=0.

(i) If d is normal vector to the plane, then d =|ng is a unit normal to the plane. So, the vector
equation of the plane is f-le': p or F-d=q,where q=p|d]|. The equation F-d =q is

the vector equation of a plane in standard form.
Note

In the standard form 7-d = ¢, d need not be a unit normal and g need not be the perpendicular
distance.

6.8.2 Equation of a plane perpendicular to a vector and passing through
a given point

n
(a) Vector form of equation L
Consider a plane passing through a point A with position vector a
and n is a normal vector to the given plane. A P
Let 7 be the position vector of an arbitrary point P on the plane. Fig. 6.25
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Then AP is perpendicular to f.

So, AP-fi=0 which gives (F—&)-fi=0. .. (1)

which is the vector form of the equation of a plane passing through a point with position vector a and
perpendicular to A

Note
(F-a)n=0 = rF-n=a-h =r-n=q,wWhere g=a-n,
(b) Cartesian form of equation
If a,b,care the direction ratios of fi, then we have fi=aj +bj+ck . Suppose, A is (X, Y,.Z,)
then equation (1) becomes ((Xx—x)i +(y—Y,) ]+ (z—2)K)-(ai +bj +ck) =0. That is,
a(x—x)+b(y-y))+c(z-z) =0

which is the Cartesian equation of a plane, normal to a vector with direction
ratios a,b,c and passing through a given point (x,Y,,z,).

6.8.3 Intercept form of the equation of a plane

Let the plane 7-fi=q meets the coordinate axes at A,B,C

C|oo009
respectively such that the intercepts on the axes are
OA=a, OB =h, OC =c. Now position vector of the point A is ai . N
A~ ‘0
Since A lies on the given plane, we have ai-fi=q which gives /o B\Qﬁy
A (a,a
i- -4 . Similarly, since the vectors bj and ck lie on the givenplane, qu
g q . oA Fig. 6.26
we have j-i=— and K-fi= Substituting F = xi + yj + in

c’
Foii=q,weget xi-fi+yj-A+zk-i=g. So x( J (HJ ( )

Dividing by g, we get, §+%+E =1. Thisis called the intercept form of equation of the plane
a C

having intercepts a,b,c onthe x,y,z axes respectively.

Theorem 6.16
The general equation ax+by+cz+d =0 of first degree in X, Y, Z represents a plane.

Proof
The equation ax+by+cz+d =0 can be written in the vector form as follows

(xi + Y] +2K)-(al +bj +ck)=—d or F-i=—-d.
Since this is the vector form of the equatlon of a plane in standard form, the given equation
ax+by+cz+d =0 represents a plane. Here fi = ai +bj+ck is a vector normal to the plane. u

Note
In the general equation ax+by+cz+d =0 of a plane, a,b,c are direction ratios of the normal

to the plane.
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Example 6.38

Find the vector and Cartesian form of the equations of a plane which is at a distance of 12 units
from the origin and perpendicular to 61 +2j -3k .
Solution

Letd =6i+2j—3k and p=12.

If d is the unit normal vector in the direction of the vector 6iA+2]—3I2 ,

then d =|%|=%(6f+2j—3l2) .

If ¥ is the position vector of an arbitrary point (X, Y, z) on the plane, then using rd= p, the

vector equation of the plane in normal form is F-%(Gﬁ 2]—3I2) =12.
Substituting T = Xi +yj +zk in the above equation, we get (xi + yj + zk) -%(6f+ 2]-3k)=12.
Applying dot product in the above equation and simplifying, we get 6x+2y—3z =84, which is the

Cartesian equation of the required plane. ]

Example 6.39

If the Cartesian equation of a plane is 3x—4y+3z =-8, find the vector equation of the plane in
the standard form.
Solution

® If F=xi+yj+zk is the position vector of an arbitrary point (x,y,z) on the plane, then the given @
equation can be written as (xi + V] +zK) - (31 — 4] +3K) ==8 or (xi + Y] +zK)-(=3i +4] —3k) =8. That
is, F- (=31 +4] —3l2) =8 which is the vector equation of the given plane in standard form. -
Example 6.40
Find the direction cosines of the normal to the plane and length of the perpendicular from the
origin to the plane 7 - (3f —4]+12k) =5.
Solution
Let d =31 —4]+12k and q=5.
If d is the unit vector in the direction of the vector 3i —4 ] +12k , then d :%(Sf—4i+12l2) .

Now, dividing the given equation by 13, we get

(3~ 4 12~ 5
rl—=i—-—j+=k|[=—
(13 13 13) 13

which is the equation of the plane in the normal form Fed= p.

From this equation, we infer that d= %(3?—4] +12I2) is a unit vector normal to the plane from

the origin. Therefore, the direction cosines of d are %%% and the length of the perpendicular

from the origin to the plane is %
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Example 6.41

Find the vector and Cartesian equatlons of the plane passing through the point with position
vector 4i +2j —3k and normal to vector 2i — j+k

Solution
If the position vector of the given pointis & =4i +2] -3k and fi=2i — ] +k , then the equation
of the plane passing through a point and normal to a vector is given by (F—a)-i=0 or r-Ai=a-n
Substituting & = 4i +2]—3k and =2 — j+K in the above equation, we get
F-(2i—j+K) = (4 +2]-3K)- (2 = ] +K)
Thus, the required vector equation of the plane is 7-(2f — j+K) =3. If T =xi + yj+zk then we

get the Cartesian equation of the plane 2x—y+z=3. m

Example 6.42

A variable plane moves in such a way that the sum of the reciprocals of its intercepts on the
coordinate axes is a constant. Show that the plane passes through a fixed point

Solution

The equation of the plane having intercepts a,b,c on the X,y,z axes respectively is

y

L b +Z—1. Since the sum of the reciprocals of the intercepts on the coordinate axes is a constant,
a C
@ we have 1+£+E =k, where Kk is a constant, and which can be written as i1 +1 1 +E 1 =1. @
a b c alk ) blk /) clk

This shows that the plane Xy Z +Eo passes through the fixed point (% % %)
a C

EXERCISE 6.6

1. Find the vector equation of a plane which is at a distance of 7 units from the origin having
3,—4,5 as direction ratios of a normal to it.
2. Find the direction cosines of the normal to the plane 12x+3y—4z=65. Also, find

the non-parametric form of vector equation of a plane and the length of the perpendicular to
the plane from the origin.

3. Find the vector and Cartesian equations of the plane passmg through the point with position
vector 2i +6] +3k and normal to the vector i +3] +5K .

4. A plane passes through the point (-1,1,2) and the normal to the plane of magnitude 3J3
makes equal acute angles with the coordinate axes. Find the equation of the plane.

5. Find the intercepts cut off by the plane ¥ (6| +4j —3k) 12 on the coordinate axes.

6. If a plane meets the coordinate axes at A, B,C such that the centriod of the triangle ABC is

the point (u,v,w), find the equation of the plane.
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6.8.4 Equation of a plane passing through three given non-collinear points
(a) Parametric form of vector equation

Theorem 6.17
If three non-collinear points with position vectors a,b,C are given, then the vector equation of the

plane passing through the given points in parametric form is
F=d+s(b—a)+t(c—a), where b#0,c=0and s, te R.

Proof Az
Consider a plane passing through three non-collinear points
A, B,C with position vectors &,b,¢ respectively. Then atleast two

of them are non-zero vectors. Let ustake b =0 and ¢ 0. Let T be
the position vector of an arbitrary point P on the plane. Take a point
D on AB (produced) such that AD is parallel to AB and DP is

parallel to AC . Therefore,
AD = s(b—4), DP =t(c—4).

Now, in triangle ADP, we have " Fig. 6.27

AP = AD+DP or F—a=s(b—a)+t(c—a),where b#0,c=0and s,te R
. Thatis, F = a+s(b-a)+t(c—a).

This is the parametric form of vector equation of the plane passing through the given three
non-collinear points.
® P - ®

(b) Non-parametric form of vector equation

Let A, B, and C be the three non collinear points on the plane with
position vectors &,b,C respectively. Then atleast two of them are
non-zero vectors. Let us take b#0 and ¢#0. Now AB=b—-a and

AC=c—-4. The vectors (b—a) and (c—4) lie on the plane. Since

<Y

a,b,c are non-collinear, AB is not parallel to AC . Therefore,

(b —a)x(c—a) is perpendicular to the plane.

If 7 is the position vector of an arbitrary point P(X,y,z)on the
plane, then the equation of the plane passing through the point A with

position vector g and perpendicular to the vector (b —a)x (€ —a) is given by
(F—a)-((b-a)x(@c-a)=0 or [F-a,b-a c—a]=0

This is the non-parametric form of vector equation of the plane passing through three
non-collinear points.

(¢) Cartesian form of equation

If (X, ¥:,2,),(X,, Y,,2,) and (X, Y, Z,) are the coordinates of three non-collinear points A, B,C with
position vectors &,b,c respectively and (x,y,z) is the coordinates of the point P with position vector
P, then we have @=xXi+Y,]+2K, b=X1+Y,]+2,K C=Xi+Yy,]+2K and F=xi +yj+2zk.
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Using these vectors, the non-parametric form of vector equation of the plane passing through the
given three non-collinear points can be equivalently written as

X=X y-y, -1
X=X Y=Y Z,-7|=0
X=X Ys= Y 43774

which is the Cartesian equation of the plane passing through three non-collinear points.

6.8.5 Equation of a plane passing through a given point and parallel to
two given non-parallel vectors.

(a) Parametric form of vector equation

Consider a plane passing through a given point A with position vector a and parallel to two

given non-parallel vectors b and €. If F is the position vector of an arbitrary point P on the plane,
then the vectors (F —a),b and € are coplanar. So, (F —4a) lies in the plane containing b and ¢ . Then,
there exists scalars s, te R such that F —a =sb +t¢ which implies

F = a+sb+tc, where s, te R .. (1)

This is the parametric form of vector equation of the plane passing through a given point and
parallel to two given non-parallel vectors .

® (b) Non-parametric form of vector equation ®
Equation (1) can be equivalently written as

(F-4)-(bxc) =0 .. (2)

which is the non-parametric form of vector equation of the plane passing through a given point and
parallel to two given non-parallel vectors .

(¢) Cartesian form of equation
If a=xi+Y,]+2zk b=bi+b,j+bk, ¢=ci+c,j+ck and F =xi +yj+zk , then the equation
(2) is equivalent to
X=X Y=Y -7
b, b, b, |=0
Cl C2 CS

This is the Cartesian equation of the plane passing through a given point and parallel to two given
non-parallel vectors.

6.8.6 Equation of a plane passing through two given distinct points and
Is parallel to a non-zero vector

(a) Parametric form of vector equation
The parametric form of vector equation of the plane passing through two given distinct points A

and B with position vectors & and b , and parallel to a non-zero vector ¢ is

261 Applications of Vector Algebra

‘ ‘ 12th_Maths_EM_Voll_CH 6 Vector Algebra.indd 261 @ 07-12-2021 13:19:24‘ ‘



___IEEEN ®

F =a+s(b—a)+tc or F=(1-s)a+sb+tc .. (1)

where s, te R, (b—4) and € are not parallel vectors.

(b) Non-parametric form of vector equation
Equation (1) can be written equivalently in non-parametric vector form as
(F-4)-(b—a)xc) =0 .. (2)

where (b—4&) and € are not parallel vectors.

(c) Cartesian form of equation
If d=xi+y,j+zK b=xi+Yy,j+2k C=ci+C,j+ck=0 and F=xi+yj+zk, then
equation (2) is equivalent to
X=X Y=Y -z
X=X Y,=Y1 Z,-7| =0
Cl CZ C3
This is the required Cartesian equation of the plane.
Example 6.43
Find the non-parametric form of vector equation, and Cartesian equation of the plane passing
through the point (0,1,-5) and parallel to the straight lines 7 = (i +2]—4K)+s(2i +3] +6k) and
F=(@—-3]+5K)+t(i + ] —K).
Solution
We observe that the required plane is parallel to the vectors b =2i +3]+6k, =1+ j—k and
passing through the point (0,1, —5) with position vector . We observe that b is not parallel to €.
Then the vector equation of the plane in non-parametric form is given by (F —a)-(bx¢)=0. ...(1)
k
6 |=-9i +8]—k in equation (1), we get

W =

]

Substituting @ = ] -5k and bx¢ = |2
1 1

(F = (j=5K))- (-91 +8] —k)
F-(-9i +8] —k) =13.

0, which implies that

If F=xi+yj+ ZK is the position vector of an arbitrary point on the plane, then from the above
equation, we get the Cartesian equation of the plane as -9x+8y—z =130r 9x-8y+z+13=0. g

Example 6.44
Find the vector parametric, vector non-parametric and Cartesian form of the equation of the plane
x-=1 2y+1 z+1

passing through the points (-1,2,0), (2,2—-1)and parallel to the straight line i 1

Solution
The required plane is parallel to the given line and so it is parallel to the vector € =i + j— k and

the plane passes through the points d=—i +2], b=2i +2] k.
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* vector equation of the plane in parametric form is ¥ =3 +s(b a)+tc where s, t e R

which implies that r=(—i+2j)+s(3i )+t(|+]— ) wheres, te R.

. vector equation of the plane in non-parametric form is (F —a)- ((b —a)x¢)=0.

~ A ~

i ] K
Now, (b —&)xc=|3 0 -1|=i+2j+3k,
11 -1

we have (F — (=1 +2]))- (1 +2]+3K) =0 = F-(1 +2] +3k) =3

e IfF=xi+yj+ ZK is the position vector of an arbitrary point on the plane, then from the
above equation, we get the Cartesian equation of the plane as x+2y+3z=3. [

EXERCISE 6.7

1. Find the non-parametric form of vector equation, and Cartesian equation of the plane
passing through the point (2,3,6) and parallel to the straight lines x-1 = y;rlz 213 and

X+3 y-3 z+1
2 -5 -3

2. Find the non-parametric form of vector equation, and Cartesian equations of the plane passing
through the points (2,2,1), (9,3,6) and perpendicular to the plane 2x+6y+6z=9.

3. Find parametric form of vector equation and Cartesian equations of the plane passing through
the points (2, 2,1), (1,-2,3) and parallel to the straight line passing through the points (2,1,-3)
and (-1,5,-8).

4. Find the non-parametric form of vector equation and cartesian equation of the plane passing through

the point (1,—2,4) and perpendicular to the plane x+2y—3z=11 and parallel to the line
X+7 y+3 12
3 1 1

5. Find the parametric form of vector equation, and Cartesian equations of the plane containing
the line 7 = (i — ] +3K) +t(2f — ] +4k) and perpendicular to plane - (i +2]+k) =8.

6. Find the parametric vector, non-parametric vector and Cartesian form of the equations of the
plane passing through the three non-collinear points (3,6,-2),(-1,-2,6), and (6, 4, -2).

7. Find the non-parametric form of vector equation, and Cartesian equations of the plane
r :(Gf— j+l2)+s(—iA+Zj+I2)+t(—5iA—4]—5I2).

6.8.7 Condition for a line to lie in a plane
We observe that a straight line will lie in a plane if every point on the line, lie in the plane and
the normal to the plane is perpendicular to the line.

(i) If the line F=a+tb lies in the plane F-n=d,then @-i=d and b-fi=

(ii) If the line X;"l: y;y1=zgzl lies in the plane Ax+ By +Cz+D =0, then

Ax,+By,+Cz,+D=0 and aA+bB+cC =0.
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Example 6.45

Verify whether the line X-3_y-4_z+3

4 -7

lies in the plane 5x—y+z=8.

Solution
Here, (X, Y, 2,) =(3,4,~3) and direction ratios of the given straight line are (a,b,c)=(-4,-7,12).

Direction ratios of the normal to the given plane are (A,B,C)=(5,-11).
We observe that, the given point (X, ¥;, z,) = (3,4,—3) satisfies the given plane 5x—y+z =8

Next, aA+bB+cC =(-4)(5)+ (-7)(-1)+(12)(1)) =-1-0. So, the normal to the plane is not
perpendicular to the line. Hence, the given line does not lie in the plane. [ |

6.8.8 Condition for coplanarity of two lines

(a) Condition in vector form _?; 5xd
The two given non-parallel lines F=a+sband F=C+td are A@) I
coplanar. So they lie in a single plane. Let A and C be the points whose Z L
position vectors are d and €. Then A and C lie on the plane. Since b C(c) -
and d are parallel to the plane, bxd is perpendicular to the plane. So /a/
AC is perpendicular to bxd . That is, Fig. 6.29
® (¢-d)(bxd) =0 ®

This is the required condition for coplanarity of two lines in vector form.

(b) Condition in Cartesian form

R _ YN _ 2t g X Y TYe 17D
b, by d; d, dy

X=X Yo= Y1 74
b1 bz b3 =0
d, d, d,

. X
Two lines

are coplanar if

This is the required condition for coplanarity of two lines in Cartesian form.

6.8.9 Equation of plane containing two non-parallel coplanar lines
(a) Parametric form of vector equation

Let #=g+sband r=c+rd be two non-parallel coplanar lines. Then &xd #0. Let P be any

point on the plane and let r, be its position vector. Then, the vectors 7, —a,b,d as well as r, —c,b,d
are also coplanar. So, we get r,—a=th+sd or r,—c=th+sd. Hence, the vector equation in
parametric formis r=a+tb+sd or r=c+th+sd .
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(b) Non-parametric form of vector equation

Let »=a+sband r=c+td be two non-parallel coplanar lines. Then bxd = 0. Let P be any
point on the plane and let r, be its position vector. Then, the vectors 7, —a,b,d as well as r, —c,b,d
are also coplanar. So, we get (% —5).(5 x 3) =0 or (;70 —Z).(Ex Zl) =0. Hence, the vector equation in
non-parametric form is (;—Zz).(Z)x;l) =0 or (?—E).(Ex?l) =0.

(C) Cartesian form of equation of plane
In Cartesian form the equation of the plane containing the two given coplanar lines

XTH _ YN _ 2748 p0g X% Y= Y2 - 27 %2 g given by
by b, bs d; d; ds
X=X Y=Y 724
b, b, b; | =0 or
d d; d
X=X Y=Y, ZI-1,
dy dy ds
Example 6.46
® Show that the lines F:(—iA—Bi—SIZ)+s(3iA+5]+7I2) and ?z(2f+4]+6l€)+t(f+4]+7l€) ®
are coplanar. Also,find the non-parametric form of vector equation of the plane containing these lines.
Solution
Comparing the two given lines with
F=a+th, F=c+sd
we have, d=-1-3]-5k,b=31+5]+7k,C=2i +4]+6k and d =i +4]+7k

We know that the two given lines are coplanar , if (6—§)~(5x5) =0

A

7i-14]+7K and ¢-d=31 +7]+11k

~N N
Il

]
Here, bxd=|3 5
1 4

Then, (c-a)-(bxd)
Therefore the two given lines are coplanar.Then we find the non parametric form of vector

equation of the plane containing the two given coplanar lines. We know that the plane containing the
two given coplanar lines is

(3i‘+7j+11|2)-(7i‘—14j+7|2)=o.

(r-a)-(bxd) = 0
which implies that (?—(—f—3]—5l2))-(7?—14}+7I2) =0. Thus, the required non-parametric
vector equation of the plane containing the two given coplanar lines is ?-(f—2]+ IZ) =0.
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EXERCISE 6.8

1. Show that the straight lines 7 = (51 +7 ] —3k) +s(4i +4] —5k) and

F= (8iA+4]+5I2)+t(7iA+ ]+3I2) are coplanar. Find the vector equation of the plane in which

they lie.

2. Show that the lines X=2=Y=8_2=% g XZ1_y-4_2-5
1 3 -3 2
the plane containing these lines.

x-1 y-2 z-3

are coplanar. Also, find

x-3 y-2 z-1

3. If the straight lines — and are coplanar, find the
1 2 m 1 m’
distinct real values of m.
4. If the straight lines XT_l = y7+1 = % and XTH = yT+l :% are coplanar, find A and equations

of the planes containing these two lines.

6.8.10 Angle between two planes
The angle between two given planes is same as the angle between their normals.

Theorem 6.18
The acute angle @ between the two planes 7 -7, = p, and 7 -7, = p, is given by

6= cos |1l i
|

Proof

If 6 is the acute angle between two planes 7 -#, = p, and 7 -7, = p, , then

0 is the acute angle between their normal vectors N, and f,.
! =6=cos’ |rj1r:12| .. (1)
| ||

(i) If two planes -, = p, and -1, = p, are perpendicular, then i, -f, =0

|
|

=]
>

=
r\::l

Therefore,  cosé = (||ﬁ1|

Fig. 6.30 n

Remark

(ii) If the planes 7-fi, = p, and T -0, = p, are parallel, then fi, = Afi,, where A is a scalar

(iii) Equation of a plane parallel to the plane r-i=pis r-n=k, ke R

Theorem 6.19

The acute angle & between the planes a,x+by+cz+d, =0 and

|a1a2 +b1b2 +C102|
\/af +b’®+c? \/azz +b,% +¢,?

a,x+b,y+c,z+d, =0 is given by =cos™
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Proof
If A, and [, are the vectors normal to the two given planes ax+by+cz+d, =0 and

a,Xx+b,y+c,z+d, =0 respectively. Then, fi, =a,i +b,j+ck and i, =a,i +b,]+c,k

Therefore, using equation (1) in theorem 6.18 the acute angle @ between the planes is given by

|a13-2 + blb2 + C102|
\/a12+b12+012\/a22+b22+022 -

6=cos™

Remark
(i) The planes a,x+by+cz+d;, =0 and a,x+b,y+c,z+d, =0are perpendicular if
aa, +bb,+cc,=0

a_b

(if) The planes a,x+by+c,z+d, =0 and a,x+b,y+c,z+d, =0are parallel if 0
a‘2 2 CZ

(iii) Equation of a plane parallel to the plane ax+by+cz=p is ax+by+cz=k, ke R
Example 6.47

Find the acute angle between the planes r -(2f+ 2]+ ZIZ) =11 and 4x-2y+2z=15 .

Solution

The normal vectors of the two given planes T -(2?+2]+2I2)=11 and 4x—-2y+2z=15 are
i, =2 +2]+2kand fi, =4f —2] +2k respectively.
If @ is the acute angle between the planes, then we have
(2f+2]+2|2).(4f—2j+2|2)‘ 5
" |=cos™
2i +2j+2kH4i _2j+2K

il
|

6.8.11 Angle between a line and a plane

We know that the angle between a line and a plane is the

complement of the angle between the normal to the plane and
the line

Let F=a-+tb be the equation of the lineand F-fi=p be

the equation of the plane. We know that b is parallel to the given

line and fi is normal to the given plane. If 6 is the acute angle ! _ b

between the line and the plane, then the acute angle between i Fig. 6.31

and b is (%—9). Therefore,

o
=]
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Sy
S|

So, the acute angle between the line and the plane is given by 6 =sin™ (

S
S|

(D)
i

X2% _Y=h 274 g ax+by+cz = p are the equations of the line and

2 b, ¢

In Cartesian form if

the plane, then b =aji+bj+ck and fi=ai+bj+ck. Therefore, using (1), the acute angle 6

between the line and plane is given by

6=sin?

|aa, +bb, +cc|
JaZ +b? +c2\/a12 +b?®+c¢’

Remark

(i) If the line is perpendicular to the plane, then the line is parallel to the normal to the plane.

So, b is perpendicular to fi. Then we have b = Al where e R ,which gives ﬁ—ﬁ—&.

a b ¢
(i) If the line is parallel to the plane, then the line is perpendicular to the normal to the plane.

Therefore, b -fi = 0= aa, +bb, +cc, =0

Example 6.48
Find the angle between the straight line ¥ = (2f+3]+ Iz)+t(iA— j+ IZ) and the plane

2X—-y+1z=5.
Solution
| : | (e
The angle between a line ¥ =& +th and a plane 7 -7 = pwith normal i is & =sin™ |5||*| .
i
Here, b=i—j+kand i=2i — J+K.
5 F— k) 2?—]+I2‘
So,we get 6=sin™ |? n| =sin™" (, = A)(A 2 A) :Sinl[&]-
|b||ﬁ| ‘|—1+k 2 — j+k

6.8.12 Distance of a point from a plane
(a) Equation of a plane in vector form

Theorem 6.20
The perpendicular distance from a point with position vector U to the plane 7 -fi = p is given by

0- - p|

Al

<

5:

Proof

Let A be the point whose position vector is U'.

X1l - Mathematics 268

‘ ‘ 12th_Maths_EM_Voll_CH 6 Vector Algebra.indd 268 @ 07-12-2021 13:19:40‘ ‘



e L AEEE ®

Let F be the foot of the perpendicular from the point A to the plane A(T)
r-fii=p.Thelinejoining F and A is parallel to the normal vector i and n
hence its equation isT =0 +tf . S

But F is the point of intersection of the line ¥ =G +tA and the
given plane 7-fi=p. If T, is the position vector of F, then I, =0+t F
forsome t, e R, and I, -fi = p.Eliminating ; we get

=l

=i
I
©

—(G- A .
(T+t,A)-fi= p which implies t, =% . Fig. 6.3
fi

Now, FA=U—(U+tf) = —tA :{%]ﬁ

5 = |ﬁ|=

[(G-ﬁ)— p]ﬁ‘J(U-ﬁ)— p|
u L

The position vector of the foot F of the perpendicular AF is given by

i)

= u+tn or

o = |r.- [ |
_ g+ PO -
I

(b) Equation of a plane in Cartesian form

=Sl

iy

In Caretesian form if A(x,,y,,z,) isthe given pointwith position vector G and ax+by +cz = p

is the Cartesian equation of the given plane, then G =xi +y, ]+ zllz and n= af+b]+cl2 . Therefore,

|G-n—p]|

using these vectors in 6 = , We get the perpendicular distance from a point to the plane in

Cartesian form as
_|ax by, +cz,— p| |ax, +by, +cz,— p]

_| va® +b® +c? |_ Jai+b*+¢c?

)

Remark
The perpendicular distance from the origin to the plane ax+by+cz+d =0 is given by
i

JaZ+b*+c?

Example 6.49
Find the distance of a point (2,5,—3) from the plane F-(Gf—3]+ 2I2) =5.

5=

Solution

Comparing the given equation of the plane with 7 -7 = p, we have fi=6i —3]+2K .
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We know that the perpendicular distance from the given point with position vector G to the
|L7 7] —p|

i

planef -fi= pis given by 0 = . Therefore, substituting @ =(2,5,-3)=2i +5]-3k and

=61 —3] +2Kk in the formula, we get

5 |U.ﬁ_'_ o (27 +5]-3k)- (61 -3]+2k)-5 -

|| 6i —3j+2k -

Example 6.50

Find the distance of the point(5,—5,—10) from the point of intersection of a straight line passing
through the points A(4,1,2) and B(7,5,4) with the planex—y+z=5.

Solution
The Cartesian equation of the straight line joining A and B is

Xx-4 y-1 z-2
3 4 2
Therefore, an arbitrary point on the straight line is of the form(3t+4,4t+1,2t+2). To find the

=t (say).

point of intersection of the straight line and the plane, we substitute x=3t+4,y=4t+1,z=2t+2 in
X—Yy+z=5,and we get t =0. Therefore,the point of intersection of the straight line is (4, 1, 2). Now,
the distance between the two points (4, 1, 2) and(5,-5,-10) is

J(4=5)" +(1+5)" +(2+10)° =VA8L units. .

6.8.13 Distance between two parallel planes

Theorem 6.21
The distance between two parallel planes ax+by+cz+d, =0 and ax+by+cz+d, =0 is given
|d1 _ d2|

Ja® +b? +c?

Proof

by

Let A(x,Y;,z) beany point on the plane ax+by+cz+d, =0, then we have
ax,+by, +cz, +d,=0= ax +by, +cz, =-d,

The distance of the plane ax+by+cz+d, =0 from the point A(x,,y,,z,) is given by
_ [ +by +ez +d|  |d—d,|

Hence, the distance between two parallel planes ax+by+cz+d, =0and ax+by+cz+d, =0 is

o

. d, —d
given by & = M

JaZ+b*+c? -
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Example 6.51
Find the distance between the parallel planes x+2y—-2z+1=0 and 2x+4y—-4z+5=0.
Solution

We know that the formula for the distance between two parallel planesax+by+cz+d, =0 and
|d1 _ d2|

Ja?+bi+c?
5

Comparing the given equations with the general equations, we get a=1,b=2,c=-2,d, =1,d, = >

ax+by+cz+d,=0 is 0= Rewrite the second equation as x+2y—22+g:0.

Substituting these values in the formula, we get the distance

-
d,—d
5:\/|21 22|2: - 22 =L nits.
a“+b°+c \/1 +2°+ -
Example 6.52 o o
Find the distance between the pIanesF-(Zi - —2k) =6 and f-(6i -3j —6k) =27
Solution
Let G be the position vector of an arbitrary point on the plane 7 - (2i — j — 2k) = 6. Then, we have
G-(21 — ]-2k) =6. - (1)
If ¢ is the distance between the given planes, then & is the perpendicular distance from G to the
@ plane @&
F-(6i —3]—6i)=27.
Therefore, 6 =—— | 3J_6k)_27| (2= j-2K) - 27| 66) - 27|_1 unit. m
|n| | e +(3)+(6)| 9 o9

6.8.14 Equation of line of intersection of two planes

Let r-fi=p and r-m=q be two non-parallel planes. We know
that i and m are perpendicular to the given planes respectively.

So, the line of intersection of these planes is perpendicular to both
n and m. Therefore, it is parallel to the vector fixm. Let

Axm=Li+l,j+1k

Consider the equations of two planes ax+by+cz=p and

a,X+b,y+c,z=q. The line of intersection of the two given planes

intersects atleast one of the coordinate planes. For simplicity, we
assume that the line meets the coordinate plane z=0. Substitute

z=0 and obtain the two equations ax+by-p=0 and Fig. 6.33

a,Xx+b,y—q =0.Then by solving these equations, we get the values of xandy as x, and y, respectively.
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So, (x],yl,O) is a point on the required line, which is parallel to IliA+I2]+I3I2. So, the equation of the
X=X _y=y, _2-0
I :

1 |2 |3

line is

6.8.15 Equation of a plane passing through the line of intersection of two
given planes

Theorem 6.22

The vector equation of a plane which passes through the line of intersection of the planes

r-n=d, and r-fi, =d,is givenby (F-f,—d,)+A(F-A,—-d,)=0, where 1 eR.

Proof =
Consider the equation :é
(F-fi,—d,)+ A(F-n,—d,)=0 . (1) z
The above equation can be simplified as “’:;”
P (A, + A, ) (d, + Ad,) =0 - (2) 5

0

Put i=n,+An,, d=(d,+4d,).
Then the equation (2) becomes

r-n=d .. (3) Fig 634”‘1:0'1

@ The equation (3) represents a plane. Hence (1) represents a plane. @

Let T, be the position vector of any point on the line of intersection of the plane. Then T, satisfies
both the equations 7-fi, =d, and -, =d, . So, we have
nemo=d .. (4)
A, = d, .. (5)
By (4) and (5), T; satisfies (1). So, any point on the line of intersection lies on the plane (1). This

and T,

proves that the plane (1) passes through the line of intersection.

The cartesian equation of a plane which passes through the line of intersection of the planes
aXx+by+cz=d, and a,x+b,y+c,z=d, isgiven by

(ax+by+cz—d,)+A(a,x+b,y+c,z—d,)=0 n

Example 6.53 A A A
Find the equation of the plane passing through the intersection of the planes F-(i +j+ k)+1: 0

and T -(2i —3]+5k) = 2and the point (~1,2,1).
Solution

We know that the vector equation of a plane passing through the line of intersection of the planes
r-n=d, and r-f,=d,isgiven by (F-A,—d,)+A(F-n,—d,)=0

Substituting F=xi+Yyj+zk, f,=i+]+K, f,=2i—3]+5k, d,=1,d,=—2 in the above
equation, we get
(x+y+z+1)+A(2x-3y+52-2)=0
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Since this plane passes through the point(—1,2,1), we get 4 = g and hence the required equation

of the plane is 11x—-4y +20z =1 . n
Example 6.54

Find the equation of the plane passing through the intersection of the planes 2x+3y—-z+7=0
andx+y—2z+5=0 and is perpendicular to the planex+y—-3z-5=0 .

Solution
The equation of the plane passing through the intersection of the planes 2x+3y—z+7=0and

X+Yy—-2z+5=01is (2x+3y—-z+7)+A(x+y—2z+5)=0 or
(2+4A)x+(8+A)y+(-1-24)z+(7+54)=0
since this plane is perpendicular to the given plane x+ y—3z-5=0, the normals of these two planes
are perpendicular to each other. Therefore, we have
(1)(2+2)+(1)(3+ 1) +(-3)(-1-24)z=0
which implies that A = —1.Thus the required equation of the plane is

(2x+3y—-z+7)—(x+y—2z+5)=0=x+2y+z+2=0. [ |

6.9 Image of a Point in a Plane

Let A be the given point whose position vector is U . Let r-fi = p be the equation of the plane.
Let V be the position vector of the mirror image A’ of A inthe plane. Then AA' is perpendicular to
the plane. So it is parallel to . Then

AN =i or V—G=A = V=0+Af .. (1)

Let M be the middle point of AA’. Then the position vector of M is % .But M lieson

the plane.
So u+v e
, > =D . (2) ) A(T)
Sustituting (1) in (2), we get 1”
G4 AR+ 2[p-(a-n b
U+ AN+ fi=p = A= [P }2 )] oM &
2 |n
Therefore, the position vector of A’ N ) GrA=p
is V:U+W Fig. 6.35
Note

The mid point of M of AA’ is the foot of the perpendicular from the point A tothe plane r-fi= p. So
the position vector of the foot M of the perpendicular is given by .

ity _i 1(ﬁ+2[p—<ﬁ-ﬁ>ﬁJ

=—+
|7 [
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6.9.1 The coordinates of the image of a point in a plane
Let (a,,a,,8,) be the point & whose image in the plane is required. Then U=al+ a2j+a,3l2.

Let ax+by+cz=d be the equation of the given plane.Writing the equation in the vector form we
get 7-fi= pwhere fi=ai +bj+ck .Then the position vector of the image is
2| p—(U-n
V=u +% n.

If V=Vl +v,]+Vk ,then v, =a +2acr v, =4, +2ac, V, = a, + 2ac

2[p—(aa1+ba2+ca3)].

where o =
a’+b?+c?

Example 6.55
Find the image of the point whose position vector is i +2 ] +3K in the plane 7 - (f+ 2]+ 412) =38 .

Solution

Here, G=1+2]+3k, i=i+2]+4k, p=38 . Then the position vector of the image V of

2[p-(a-m]

G=1i+2]+3K isgiven by V=0d+ o
i

38—((f+2]+3I2)-(f+2j+4l2))]

?|
® Vz(f+2]+3l2)+ (f+2]+4|2). ®

(f+2]+4|2)-(f+2]+4|2)

That is, \7:(?+2j+3|2)+2[38_17 (f+2]+4l€) = 3 +6]+11k .
Therefore, the image of the point with position vector i +2]+3K is 31 +6]+11k . -
Note

The foot of the perpendicular from the point with position vector i +2j + 3k inthe given plane is

(f+2]+3K)+ (31 +6] +11K)
2

=2 +4]+7K.

6.10 Meeting Point of a Line and a Plane

Theorem 6.23

The position vector of the point of intersection of the straight line F=a+th and the plane

F-i=pis a+(%)t§, provided b -/ = 0.

Proof
Let F=a+th be the equation of the given line which is not parallel to the given plane whose

equationis r-n=p. So, b-A=0.
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Let G be the position vector of the meeting point of the line with the plane. Then G satisfies both F = & +th

and 7 -fi = p forsome value of t, say t,.So, We get
— /‘\ N
G=a+th (1) _ \\:\\
nT X
/5\

r-n=p

u-n=p ..(2)
Sustituting (1) in (2), we get J_I \
(a+t15)-ﬁ: p M

or  af+t(bi)=p
(

o LR ~() Fig. 6.36

—p‘<“'”>]5,5.ﬁ¢o .

Example 6.56
Find the coordinates of the point where the straight line Fz(2f—i+2k)+t(3f+4]+2k)

intersects the planex—y+z-5=0.

Solution
Here, a=2i—]+2k, b=31+4]+2K.
The vector form of the given plane is F-(f—]+|2)=5.Then f=i-]+k and p=5.

We know that the position vector of the point of intersection of the line ¥ =a+tb and the plane

F-d = p isgiven by U=é+[wjﬁ,where5-ﬁzo.
A

Clearly, we observe that b-fi=0.
i 5—(2?—]\+2k)~(i\—j\+k) N _
= —=0. Therefore,the position vector of the point of

o
b (3 +4j+2k)(f-]+K)

Now,

intersection of the given line and the given plane is
r:(zf— j+2l€)+(0)(3i‘+4j+2|2):2i‘— j+2k
That is, the given straight line intersects the plane at the point (2,-1,2).

Aliter

The Cartesian equation of the given straight line is 2— 2_y+l_z-

4 2
We know that any point on the given straight line is of the form (3t+2,4t-1,2t+2). If the
given line and the plane intersects, then this point lies on the given pane x—y+z-5=0.
So, (3t+2)—(4t-1)+(2t+2)-5=0=1t=0.
Therefore, the given line intersects the given plane at the point (2,—1,2)
275 Applications of Vector Algebra
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EXERCISE 6.9

1. Find the equation of the plane passing through the line of intersection of the planes
F-(Zf—?]+4l€):3 and 3x—5y+4z+11=0, and the point (-2,1,3).

2. Find the equation of the plane passing through the line of intersection of the planes
X+2y+3z=2 and x—-y+z=3, and at a distance 2 from the point (3,1,-1).

NE

3. Find the angle between the line F:(Zf—]+lz)+t(f+2]—2ﬁ) and the plane
r-(6f+3]+2|2)=8
4. Find the angle between the planes F-(f+ ]—2&):3 and 2x—-2y+z=2.

5. Find the equation of the plane which passes through the point (3,4,—1)and is parallel to the
plane 2x—3y+5z+7=0. Also, find the distance between the two planes.
6. Find the length of the perpendicular from the point (1,-2,3)to the plane x—y+z=5.

7. Find the point of intersection of the line x—1:%: z+1 with the plane 2x—y+2z =2. Also,

find the angle between the line and the plane.
8. Find the coordinates of the foot of the perpendicular and length of the perpendicular from the
point (4,3,2) to the plane x+2y+3z=2.

@ EXERCISE 6.10 |

Choose the correct or the most suitable answer from the given four alternatives : *

1. If a and b are parallel vectors, then [&,¢,b] is equal to
12 (2) -1 31 4)0

2. If avector & lies in the plane of B and 7, then
W @pN=1  @Ilap7=-1 (3) [ B.71=0 @) [a.B.71=2

3. If d-b=b-c=c-a=0, then the value of [a,b,c] is
I . 1 . ==
@ lallb||c] (2)§|a||b||c| @)1 (4) -1

o

4. If d,b,c are three unit vectors such that a is perpendicular to b, and is parallel to € then

ax(bxc) is equal to

(1) a b ()¢ (4) 0
5. If [d,b,6]=1, then the value of é; (:XQ + 6; (quaz + 6; ax ? is
(cxa)-b (axb)-c (Cxb)-a
M1 ) -1 @) 2 (4) 3

6. The volume of the parallelepiped with its edges represented by the vectors
P+, T42], T+ ]+7K is

T T T
D3 @3 @) 7 )5
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~ . I | _ ~
7. If @ and b are unit vectors such that [&, b, axb]:z, then the angle between & and b is

V3 /3 T w
1) = 2) — 3) = 4) =
1) 5 ) n ®3) 3 (4) >
8. Ifda=i+]+k b=i+], =i and (@xb)xC=Ad+ ub, then the value of A+ u is
1o 21 (3) 6 (4) 3
9.1fd,b,c are non-coplanar, non-zero vectorssuch that [z, E, ¢]=3,then {[axb, bx¢c, cxa]}
is equal to
(1) 81 29 (3) 27 (4)18
10. If &,b,c are three non-coplanar unit vectors such that &x (bx¢) :%, then the angle
2
between & and b is
V4 3m V4
1) = 2) — 3) = 4
1) > ) ) ©) 1 (4) ©

11. If the volume of the parallelepiped with axb, bx¢&, €xa as coterminous edges is 8 cubic
units, then the volume of the parallelepiped with (axb)x(bx¢),(bxc)x(€xa) and
(cxa)x(axb) as coterminous edges is,

® (1) 8 cubic units (2) 512 cubic units (3) 64 cubic units (4) 24 cubic units ®

12. Consider the vectors d,b,¢,d such that (axb)x(€xd)=0. Let P, and P, be the planes
determined by the pairs of vectors a,b and €,d respectively. Then the angle between R, and
P, is
(1) 0° (2) 45° (3) 60° (4) 90°

13. If ax(bx¢)=(axbh)x¢, where &,b,¢ are any three vectors suchthat b-¢ =0 and a-b =0,
then & and C are
(1) perpendicular (2) parallel

(3) inclined at an angle % (4) inclined at an angle %

14. 1f a=2i +3] -k, b=i+2]—5k, ¢=3i+5]—K, thena vector perpendicular to & and lies
in the plane containing b and ¢ is

(1) =171 +21] -97k (2) 171 +21] -123k
(3) =171 —21] +97k (4) =171 —21j-97k
_ -1 2y+3 5
15. The angle between the lines x—2 = y+1,z:2and Yol _Aydo_z+ IS
3 -2 1 3 2
T m 7T e
1) = 2) — - 4) —
@ % @ 7 ®) 3 O
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16. If the line =2 = y—51= 2¥2 Jies in the plane x+3y—az+ =0, then (e, B) is
17. The angle between the line ¥ = (i +2] —3k) +t(2i + ] —2k) and the plane 7-(i + ])+4=0 is
(1) 0° 2) 30° (3) 45° (4) 90°

18. The coordinates of the point where the line 7= (61 — ] —3K)+t(~i +4Kk) meets the plane
r.(h+]-k)=3 are
(1) (2.1,0) @) (7,-1,-7) 3) (12,-6) 4) (5,-11)

19. Distance from the origin to the plane 3x—6y+2z+7=0 is

(1o (21 Q) 2 (4) 3
20. The distance between the planes x+2y+3z+7=0 and 2x+4y+6z+7=0 is
J7 7 V7 7
1) —= ) - Q) —- (4) —=
242 2 2 22
S . . 111
21. If the direction cosines of a line are =, =, =, then
ccec
(1) c=+3 (2) c=+3 (3) >0 (4) 0<c<1
22. The vector equation r = (iA—2]—I2) +t(6]—|2) represents a straight line passing through the
® points @
(1) (0,6,-1) and (1,-2,-1) (2) (0,6,-1) and (-1,-4,-2)

23. If the distance of the point (1,1,1) from the origin is half of its distance from the plane
X+Yy+z+k=0, then the values of k are

(1) 3 (2) 6 (3) -3,9 (4) 3,-9

24. If the planes 7.(21 —A]+K) =3 and F.(4i + ] — uK) =5 are parallel, then the value of A and
U are

1 1 1 1
1) =,-2 2) —=,2 3) —=,-2 4) =2
D 5 (2) =5 (3) =5 ) 5
25. If the length of the perpendicular from the origin to the plane 2x+3y+A4z=1, A>0 is

E, then the value of A is

(1) 243 2 32 (3)0 4)1
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SUMMARY

1. Foragiven set of three vectorsa, b and c, the scalar (axb)- € is called a scalar triple product
of a,b,c.

2. The volume of the parallelepiped formed by using the three vectorsd,b, and € as
co-terminus edges is given by |(é><5)-6| .

3. The scalar triple product of three non-zero vectors is zero if and only if the three vectors are coplanar.

4. Three vectors d,b,¢ are coplanar, if, and only if there exist scalars r,s,# € R such that atleast
one of them is non-zero and rd+sb + =0.

—

5. If a,b,c and p,q,r are any two systems of three vectors, and if p = x.a+y,b+zc,

Xl yl Zl
q=Xx,a+Yy,b+z,c,and, r =x,a+y,b+zc,then [Eﬁ?]z X, Y, [5,5,5]
X3 Y3 I3

6. For a given set of three vectors a, b, c, the vector ax (bx¢) is called vector triple product .
7. For any three vectorsd, b, ¢ we have ax (b x¢)=(a-¢)b —(a-b)c .

8. Parametric form of the vector equation of a straight line that passes through a given point
with  position vector @ and parallel to a given vector b is F =d+th, wherete R.

9. Cartesian equations of a straight line that passes through the point (x,, y;, z ) and parallel to a

® vector with direction ratios b;,b,,b, are X;lxl = y; Yi _ 2;21 . ®
d s

10. Any point on the line X;lxl = y;yl = 2;21 is of the form (x, +th,, y, +tb,, z, +tb,) ,te R.
2 3

11. Parametric form of vector equation of a straight line that passes through two given points
with position vectors & and b is T =a+t(b-a),teR.

12. Cartesian equations of a line that passes through two given points (x,,y;,z,)and (X,,Y,,2,)

X=X _ Y=Y _2-7%

=X Y,=Y% 4,17

13. If @ is the acute angle between two straight lines F=a+sband F=c+td, then

are

[P
6=cos | ==
o]
14. Two lines are said to be coplanar if they lie in the same plane.
15. Two lines in space are called skew lines if they are not parallel and do not intersect

16. The shortest distance between the two skew lines is the length of the line segment perpendicular
to both the skew lines.

17. The shortest distance between the two skew lines ¥ =4 +sh and ¥ =¢ +td is
(c-a)-(5xd)

5= ﬁ
|b><d|

,where |bxd|=0.
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18. Two straight lines 7 =a+sb and F = +td intersect each other if (¢—a)-(bxd)=0

19. The shortest distance between the two parallel lines F =a+sband F =c+tbis d = |

where |b|= 0
X=X _ Y= _27%4 o4 =27 % jntersect, then
b, b, d, d, d,
X2—X1 y2_yl ZZ_Zl
bl bz b3 =0
d, d, d,

20. If two lines

21. Astraight line which is perpendicular to a plane is called a normal to the plane.

22. The equation of the plane at a distance p from the origin and perpendicular to the unit normal
vector d is r-d = p( normal form)

23. Cartesian equation of the plane in normal formis Ix+ my+nz=p

24. \ector form of the equation of a plane passing through a point with position vector & and
perpendicularto Ai is (F—a)-Ai=0.

25. Cartesian equation of a plane normal to a vector with direction ratios a,b,c and passing through
a given point (X, Y;,z,)is a(x—x)+b(y-y;)+c(z-z)=0.

=

26. Intercept form of the equation of the plane r-fi=q having intercepts a,b,con thex,y,z
axes respectively is i+1+E =1.
® a b c ®

27. Parametric form of vector equation of the plane passing through three given non-collinear
points is 7 =a+s(b—a)+t(c-a)
28. Cartesian equation of the plane passing through three non-collinear points is
X=X Y=Yy -7
X=X Y=Y Z,—7]=0.
X3=% Ya= %
29. Astraight will lie on a plane if every point on the line, lie in the plane and the normal to the
plane is perpendicular to the line.

Z
;-7

30. The two given non-parallel lines F =& +sband F =¢+td are coplanar if (C—a)-(ﬁxa):o.

31. Two lines

X=X _Yh 274 ang = =272 are coplanar if
b, b, d, d, d,

X=X Y,=Y 4,7
b, b, b, |=0
d, d, d,
32. Non-parametric form of vector equation of the plane containing the two coplanar lines ¥ =+ sb

and =¢+td is (F—a):(bxd)= 0 or (F—¢)-(bxd)=0.

el
I\):l

33. The acute angle @ between the two planes r-f,=p, and r-f, = p, is 8 = cos‘l(|

=
[l
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34. If @ istheacuteangle betweentheline F = a +th andtheplane F-fi= p,then @ =sin™t ‘ ‘

35. The perpendicular distance from a point with position vector G to the plane r-i = p is given

S\
=1

by 5:M
|7
36. The perpendicular distance from a point (x,,y,,z)to the plane ax+by+cz=pis
_|ax, +by, +cz, - p|

o}
Ja? +b2 + ¢

37. The perpendicular distance from the origin to the planeax+by+cz+d =0 is given by
ol
VaZ +b? +c?
38. The distance between two parallel planes ax+by+cz+d, =0and ax+by+cz+d, =0 is
|d1 _ d2|

va®+b? +c?

39. The vector equation of a plane which passes through the line of intersection of the planes
r-n=d and r-n,=d, isgivenby (r-n,—d,)+A(r-n,—d,) =0, where A R isan.

40. The equation of a plane passing through the line of intersection of the planes a,x + b,y + ¢,z = d,

@ and a,x+b,y +c,z=d, is given by @

(ax+by+cz—d)+Nax+by+c,z—d,)=0

41. The position vector of the point of intersection of the line F =a+tb and the plane F-fi=p

5:

given by

is Uzﬁ+[@]ﬁ,where b-i#0.
i

42. If v is the position vector of the image of G in the plane F-n = p,then
2 p—(UG-n
L2p-En]

V=0
Inf’

m (R
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