Inverse Trigonometric
Functions

( Fastracl« Revision )

» Trigonometric functions are not one-one and onto on their
natural domains and ranges, so thelr inverse do not exists

in all values but their inverse may exists in some Interval of

their domalins and ranges.
Thus, we can say that inverse of trigonometric functions
are defined within restricted domains of corresponding
trigonometric functions.
Suppose y = f(x)=sinx is a function. Then, its Inverse Is
x=sin""y.
» The value of inverse trigonometric function which lies in the
range of its principal branch, is called the principal value.
» Principal Value Branch Table

Function Domain Range (Principal value)
T T
sin™ x [-1.7] [-3- ﬂ
cos™ x (-1.1) (0. x)
1 n K
tan™ x R (-5'-5)
cot™ x R (0 x)
sec”'x R-(-1.1) [0 n)=(r/2}
o T
cosec™'x R-(-1,7) [‘3 '2‘] -{0)
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» The graph of the inverse of the given function can be
obtalned by interchanging the coordinate axes in the graph
of that Function.

b sin~'x=0 = sinf=x
b cos™' x=0 o cosB=x
ptan~'x=0 = tan@=x

» sin='(sin 0) =0 only if —12[-585-';-

» cos™'(cos0)=0onlyif0<O<sw

» tan~'(tan 0) =0 only if -§< 9<-2r£

> cot™'(cot ©)=0onlyifF0<O<x

> sec"(sece):QonlyiFOSGSn,Ga%

» cosec™'(cosec 8) =0 only if-;sesg, 020

b sin(sin™ x)=x, if =1sx <1

b cos(cos™ x)=x, if =1<x <1

» tan(tan™ x)=x, if —o <X <

» cot (cot™' x) = x, if ~0 < x <0

» sec(sec™'x)=x,iFx<s-1 or x21

> cosec (cosec™'x)=x,ifx<=1 or x21

& Practice Exercise

‘ Multiple choice Questions

Q1

Q2

Q2.

If tan™! x =y, then: (CBSE QP 2021 Term-1)

| 1 b ER iR
a.-l<y< 5 SYy<s3
5 Sy e d {__}
e VT3

If2sin™ x wsin™ 2xv e ) then x belongs to:

[

d. None of these

a.[-1.7)

|
%3]
2cos™ x m=sin'1(2)4r'\ll-x2 )is true for:

a. all x b.x>0
1
c.xal-1.1 d. <x gl
Mg =

Qa.

Q6.

Q6.

Q7.

Qe.

What is the domain of the function cos™ (2x-3)?
(CBSE 2021 Term-1)

a.[-1.1) b.(1,2) c.{=1,1) d.[1.2)
The domain of y = cos™* (x 2 4)is:
(NCERT EXEMPLAR)
a.(3.5) b.(Q, «)
¢ [-VB. = VB) A[—/B, 48] d.[-/B. - B) u (/3. V5)
The domain of the function defined by
f(x)= sin”’ x + cos x is: (NCERT EXEMPLAR)
a.(-1.7) b.[-1. m+17)
C. (-, ») d ¢
The domain of the function defined by
f(x)= sin”* Jx -1is: (NCERT EXEMPLAR)
a.(1.2) b.[-1.7)
c.(0.7) d. None of these
The domain of the function y =sin™ (=x?)is:
(NCERT EXEMPLAR)

a.(0.7) b.(0.1) c.(-1.7) d. ¢
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Qa.

Q10.

QN

Q12

Q1a.

Q14.

Q 15.

Q 16.

Q17.

Q 1B.

Q19.

Q20.

Q 21.

Q22

Range of f(x)=sin"" x + tan~" x + sec M xis:

NEE RN
4' 4 I i
2
&' 4

= 1 . 1.
The principal value of cos"(-)+ sm"(-——) is:
i 2 7z

d. None of these

(NCERT EXEMPLAR; CBSE2021 Term-1)

e T n
a'i_f b. = n:.§ d_E

The principal value of [tan™" /3 -cot ™" (—/3)] is:
(CBSE2021 Term-1, CBSE 2018)

a.n b. ‘% c.0 d 243
The principal value of cot ™ (=1) is:
a - b =
T 3
G 34“ d. Nane of these
tan™" +/3 = sec ™' (-2) is equal to: (NCERT EXEMPLAR)
s T 27
a.m b.—— C.— d—
3 3 3
cot™ (—/f3) =
g 2 b.E o B T
6 3 2 4
cos™! . =
2
br e 4 2n
a. -é- b. g C —9— 0 —
sec™? [_—2] =
NES
a. = b. i c S_H d é
6 3 6 3
sin [g +sin™! %H is equal to: (CBSE 2023)
a.l b. 1 c 1 d 1
2 3 4
The value of cos| cos™ -—?/—g + I is:
2 6
a.l b. -1
c.0 d. Nane of these
. 4 A _B)]...
The value of sin| tan™ (~/3) + cos - ||t
a.l b. -1
c.O d. Nane of these

=1 71’( #
CoSs COS? |sequ:|ltu: (NCERTEXERCISE)

In Br 1 K
The value of tan"l[tan [%‘H is
T i T b1
d. 5 b. = 3 E Z d- Z
IV, | 173 |.
The value of sin [sm(-T]]ls: (CBSE2020)

e (A de
6 B ] 12

Q23.

Q 24.

Q 25.

Q 26.

Q27.

Q 28.

0 29.

0 ao.

Q at.

Q 2.

Q 2a.

The principal value of cos'i(- sin %) is:

a..E_'—E b. E
3 6
c.% d. Nane of these

The value of the expression

sin [cot ™ {cos (tan™* 1)}] is: (NCERT EXEMPLAR)

1 2
a.0 b.1 e d..|=
NE] 3
The value of cos"l(cos 53—11) L sin'l( sin %) is:
3. b. 2% ¢ 10z d.0
= = = ]
sin {2 cos‘i(';—?’J} is equal to:
a. —6— b. a .4_ d. _24
26 25 5 25

sin (tan™* x), where | x | <1, is equal to:

(CBSE SQP 2021 Term-1)
X 1 1 X

b. (o d.
1-x? J1_Xz ‘J1+x2 \(Hx2
2sin™" }ﬂ
2
a.cos™ x b.2cos™ g ‘HTX

c. Botha and b. d. None of these
IfF0<x <1,then V1+x? [(x cos[cot ™ x]

+sinfcot™ x))2 -1]¥? =

C. xx/1+ x? d. -\h+ x?

d.

1]

X
a. b. x
Jl 4%*
cos[tan™" {sin(cot™ x)}]is equal to:
2 2

4 x“+2 b X“4+2
' x2+3 ' xz+1
X% 41
C . |=s— d. None of these
X<+ 2
If s;in(mt‘1 (1+x))= |:os(tam_1 x),then x =
a. l b. 1 cO d. -l
2 2
If cot(cos™ x) =|ser.'(t.z|n'1 —a—-} then x is
bt =g®
equal to:
a. b b. e
2b% —a? 2b* ~o*
2b? - g? 2b? -@?
c. — d ——
a b
The simplest form of tan™ g xonlon is:
N1+ x +f1=x
(NCERY EXENCISE; CBSE 2021 Term-1)
8 sl by R
) Ty 2
c.%-%cns"x d —+lc05'lx
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Q 35.

Q 36.

Q37.

Q3s.

Q 34. The simplest form of

Gt J1+cosx ++/1-cosx FC<X<3H ”
J1+cosx —+1-cosx ) 2
(CBSE SQP 2021 Term-1)
4 X X b.a—“—i e d w-X
2 2 2 2 2
Iftan (sec™x) = sin[cos'1 -—15— ,then xis equal to:
3 5
a.+ b.+ —
5 3
Ct g d. None of these
The number of triplets (x,y,z) satisfies the

- . =1 . =1 . =1 . |
equationsin™ x +sin"" y +sin" z S is:

a.l b.2
c.0 d. Infinite
ifcos™ x +cos™ y +cos™' z=3n,then xy + yz + zx
is equal to:
a. -3 b.0 c:3 d -1
If cos ' o« + cos™ B+ cos™* y =3, then
a(B+y)+Py+a)+y(a+p)equals:

(NCERT EXEMPLAR)
a.0 b.1 c.6 d. 12

-€) Assertion & Reason Type Questions
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.

Q39.

Directions (Q. Nos. 39-47): In the following questions, each
question contains Assertion (A) and Reason (R). Each question
has 4 choices (a), (b), (c) and (d) out of which only one is
correct. The choices are:

a. Both Assertion (A) and Reason (R) are true and
Reason (R) Is the correct explanation for
Assertion (A)

b. Both Assertion (A) and Reason (R) are true but
Reason (A) Is not the correct explanation of
Assertlon (A)

c. Assertlon (A) Is true but Reason (R) Is false

d. Assertlon (A) Is false and Reason (R) Is true

Assertion (A): All trigonometric functions have
their inverses over their respective domains.
Reason (R): The inverse of tan™! x exists for some

Q 40.

Q4

Q42.

Q 43.

0 44.

Q 46.

Q 46.

Q 47.

xeR. (CBSE 2023)
Answers
1. (c) 2. () 3. (d) 4. (d) 5. (d) 8. (a)
11. (b) 12. (c) 13. (b) 14. (a) 15. (a) 16. (c)
21. (d) 22. (c) 23. (0 24. (d) 25. (d) 26. (d)
31. (d) 32. (a) 33. (c) 34. (a) 35. (a) 36. (a)
41, (d) 42. (c) 43. (a) 44, (d) 45. (d) 46. (a)

Assertion (A): The value of

sin |:tan"1 (-3)+ cos’{-?}] is 1.

Reason (R):tan™* (-x)=-tan™ x, x e R
and cos ! (-x)=cos™ x, x e[-1, 1]

Assertion (A): If 2(sin™* x)? =5(sin™ x)+2=0,
then x has 2 solutions.

Reason (R): sin” (sin x) = x, if -; <X s;\
Assertion (A): The domain of the function sec™ 2x
is(--oo,---l]u[1 ,oo).

2 2

Reason (R): sec™ X (=2) = =
= &2 4 (CBSE SQP 2022-23)

T
=

Assertion (A): If « e( 5 0). then

sin (sina) + cos ™ (cos ) = 0.
Reason (R): If « e(-g,o). then sin~' (sina)=a
and cos™ (cos «) = -a.

Assertion (A): Range of f(x)=cot™ @x-x7?)is
(0, n).
Reason (R): cot™ x is defined for all x €R.

Assertion (A): The domain for
2
F(x)=sin™ ( i Jis {0, 1).

Reason (R): sin™! x is defined only if x e [-1,1].

Assertion (A): Principal value of sin™ {sin(z?n]}
o R

is—.

Reason (R): Interval [—; ! ﬂ lies in principal value

branch of arc sine function.

Assertion (A): Range of f(x)=sin™ x +tan™! x
+sec™t xis{E,ﬁ}.
4 4

Reason (R): f(n’):sin"1 x+tan"! x+sec” x is
defined for all x € [~1, 1].

7. (a) 8. (¢) 9. (c) 10. (a)
17. (a) 18. (b) 19. (a) 20. (b)
27. (d) 28. (c) 29. (c) 30. (c)
37. (c) 38. () 39. (d) 40. (c)
47. (c)
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-' Case Study Based questions . Solutions 5

case StUdv -l 1. Glven that.
) . Helght of the temple.0Q =603 m
Two persons on either side of a temple of 6043 m Distance between two persons, PR =240 m
height observes its top at the angles of elevations 6 and the distance between the first person P and the
and ¢ respectively (as shown in the given figure). The temple, OP =60 m
distance between the two persons is 240 m and the Q
distance between the first person P and the temple is
60 m. 60/ m
0 ¢
P 60.m = R
Now, in right-angled AQOP,
can 6.2 0Q _ 6043
TOP 60
= tan 0 = +/3 = tan60°
0=60°
Now, sin@=sin60° = sin@= ?
; : : 0 =sin™ V3
Based on the above information, solve the following = >
BN, So, option (d) Is correct.
Q1. ZRPQ=0= 1
2 2. 050 =c0s60°=c050=— [-e=609
a. Sin"(——] b. sln"( ) . 2
V3 5 6 =cos '[2)
-1
6.5 {2) .5 ( ] So. option (a) Is correct.
Q2. ZRPQ=0= 3.+ PR=240m and OP=60m
. OR=PR-0P=240-60=180m
-1 ]) -'[2] Now In right-angled AQGR
a.cos” b.cos™| = ght-angte
(2 5 ¢_ DQ 6043
1BU
C. cos“(g] d.cos"'[—;-] tan ¢ =
= aNp=—= T
Q3. ZQRP=¢= ¢=tan-|( 1 ]
) NE}
a.tan™ = b. tan™'(2)
: ] t So, option (c) Is carrect.
& tan"(%] d. tan™'(\/3) i
G-TiP:
94 ZPQR= T Sum ofall internal angles of a triangle is equal to 180°.
T m
L — b.—
“% 6 In AF‘QR ZRPQ + ZQRP + ZPOR =180°
L . i 0+ ¢+ £POR =180°
2 3 & sln'l(ﬁ] + tan™ [7]-) + £PQR =180°
Q 6. Domain and range of tan™! x 2 3
SR ( m rt) = sIn~YsIn 60°) + tan~'(tan30°) + £PQR =180°
22 = 60° + 30° + £POR =180°
b. R, (0. r) TR!CKS
E e sin~Y(sin O if 0 e[-E E],
C.R—(—].'I).[U.rt]—{z} (sin 6) = 6, if )

d.R-(-1.1), [—— —:l (0) o tan™! (tan 0) = Jee(_g ;)
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= Z/PQR =180° - 90° = 90°
ZPQR=90°x—— ==L
180° 2

So. option (c) is correct.
5. Domain of tan™ x Is R.

and range of tan~! x Is [—E, -‘E-]
22
So, option (a) Is correct.

Case Study 2

The value of an inverse trigonometric function which
lies in its principal value branch is called the principal
value of that inverse trigonometric function.

y T ) | . [=® ET
For example: sin {51 [ J}— lQ 2J

Based on the above information, solve the following

questions:
Q 1. The value of sin“{ sin (2—:)} +cost { cos(%)} is:
119 T n
a.m b. 5 C. = d. =
Q 2. The value of sin"{_?] is:
=1t T T -t
L — L= .= d —
2 b:3 &8 6

0 4. sin“{sin ﬁ }is equal to:

4 3r T -1t
d. ? b. ? g, g d. ?
Q4. tan” {tan } is equal to:
a. = b. 5— il o d. E
6 6 6
0 6. The value of sin'l(%l) - cos'l(%]is:
T 2r - 4
* Solutions *

v nfn (2} oo (2]
orffe- ] orfor2]
ol lof8]

=3?“=.n [-.-23_“@(9. n]]

So, optlon (a) Is correct.

2, sin"[——?—] wsin™ sin (—%J

So, optlon (a) Is correct.

Lu|:=|
w

» o [on(g])]-sm[so(e2)
o (@] -{-54]

So. option (c) Is correct.

B e e R

So. option (a) is correct.

5. sin"[—%] - cns"[?] = sin"(— sin EJ - cus"[cus g]

=sIn~ sin(

m
(w)]
(o)
w

So, aption (c) Is correct.

Case Study 3

The Government of India is planning to fix a hoarding
at the face of a tower side by the road of a busy place
for awareness on COVID-19 protocol. Sanjeev, Rohit
and Alok are three engineers who are working on this
project. ‘P’ is considered to be a person viewing the
hoarding 30 metres away from the tower, standing at
the edge of a pathway nearby. Sanjeev, Rohitand Alok
suggested to the firm to place the hoarding at three
different locations namely X, ¥ and Z. *X” is at the
height of 15 metres from the ground level. For the
viewer P, the angle of elevation of ‘Y’ is double the
angle of elevation of * X”. The angle of elevation of *Z
is triple the angle of elevation of ‘X’ for the same

VIEWET.
Z

Y

X

16 m
0
PP10m P 30m Q

Look at the given figure and based on the given
information, solve the following questions:
Q 1. Find the measure of ZXPQ.
Or
Find the measure of ZXP'Q
Q 2. Find the measure of ZYPQ.
Q 3. Find the measure of £ZPQ.

® Solutions °

1. Glventhat, XQ=15mand PQ =30m
Now In right-angled APQX,

28 s -
tan0 = PO (- say £XPQ = 6)

L
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15 1
= tane=§l—]-=i-

/XPQ=0= tan"(%)

or
Given.XQ =15m.PQ=30mand PP'=10m
P'Q=PP'+PQ=10+30=40m
Now In right-angled AXQP’,
tanAXF"Q=E=E=2
P'Q 40 8
ZXP'0 = tan“(i)
8

2. According to the question. £YPQ =2 x £XPQ =26

Now In right-angled AYQP, tan £YPQ = tan26
1

_2tane _ %%3
_1—tan29_] (1)2
a2
1 2tan
'.'tan€]=—and tan28=-—1—-
{ 2 1-tan 9]
.
po B
4
ZYPOQ=ta n"l(%)

3. According to the question,
ZZP0=3x2XPQ =36
Now In right-angled AZQP,

3
tan £ZPQ = tan3e = 31208 -tan" @

1-3tan®@ )
a

-tan30 = 3 tane-tazn 0
1-3tan“ @

/7PQ = tan"“(-g]

Case Study 4

The value of an inverse trigonometric function which
lies in its principal value branch is called the principal
value of that inverse trigonometric function.

When we refer to the function sin ™' ,we take it as the

function whose domain is [-1,1] and range is

[—n ]

— ,— |. The branch with range _—R,Eul 1s called the
|22 22|

principal value branch.

Based on the given information, solve the following
questions:

Q 1. Find the principal value of sin'l(_?l).

Q 2. Find the principal value of cos™ (-Ti)

Q 3. Find the principal value of tan™ (—/3).

Or
; - -1
Find the principal value of cot '1[—].
p p N
Solutions ]

1 sln‘l(— l] =sin™ (— sin E]
2 6
=sin™'sin [— E) e E[—E, E}
6 6 2.2

2 cor{-3) o [reof {5

=cos™'cos [é—“) =2 [0, %)

3. tan™ (/)= tan“‘[tan - EH

3
TR!CKS
e Range of tan™'x r'5(-g, ;)

e Range of cot™ x is (0, ).

Or

el Dol 3]

= cut“'cor[g—n] = 23—“ e(0 n)

~cowmon ERR(DR ;

Without knowing the range of cot ~* x, students solve

this question and get the wrong answer.

e.g cotymcot(-—Ej = y—_f
e 3 3

while, y = ..% ¢ (0, R)

. -’

@ Very Short Answer Type Questions

0 1. Find the principal value of sin"i[-g}

< 1
Q 2. Find the principal value of cos 1(-3].

(NCERT EXERCISE)

Q 3. Find the principal value of cot '1(:/—;-}

(NCERT EXERCISE)
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Q6.

Q7.

Q8.

Qo.

Q10.

Q1.

012

013.

Q14.

Find the principal value of cosec'l[_—].

NE

I sin'l(%) =tan"! x, find the value ofx.

Find the principal value of sin™ (sin7—:}

Find the value of tan'i(tan E}
8 ) (NCERTEXEMPLAR)

Prove that cos"(l) =sec”*(x),x >1lor x <-1.
X

Prove that sin™ (-x) =-sin™ x, x e [-1, 1].

Prove that cos™* (-x) =n-cos™ x, x e [-1, 1].

If tan‘l(%) = A, then find the value of sin2A4.

if cot'l[g) = x,then find cos2x.

Prove that2sin™* x =sin™ (2xV1-x?2).

(NCERT EXERCISE)

Prove that2cos™ x =cos™ 2x* - 1).

’, Short Answer Type Questions

01

02

Qa.

Q4.

Q 6.

Q6.

Q7.

Qe.

Write the domain and range (principal value
branch) of the following functions:

f(x)=tan™ x (CBSE 2023)

Find the value of sin"{cos[%)}.

(CBSE SQP 2023-24)

1

that  3sin™ x msin™' (3x =4x3),

(NCERT EXERCISE; CBSE 2018)

Find the value ofsin‘l[sin(ﬂ

7 ]].(cass SQP 2022-23)
Evaluate: cus"l[cos(-?ﬂ

2
Prove that2tan™ x = cos™ . ;
1452

(CBSE2023)

2
Prove that tan™! M =1tf|n'1 X.

X
(NCERT EXERCISE)

Find the domain of y = sin™ (x? - 4).
(COSE 2023, CBSESQP 2023-24)

Q9.

Q10.

Q1.

Q12

Q13.

Find the value oftan‘l‘iz cos(Z sin~! %I‘ +tan~t 1.

(CBSE 2023)

Find the value of

tan™* (1) + cos* (-— 1) +sin™? (-—1)
2 2

(NCERT EXERCISE)
Prove that
-1 cosx (n x) =-3n 7
tan - ==t = —<x <=
1-sinx 4 2 2 2
(NCERT EXERCISE)

Draw the graph of the principal branch of the
function f(x)=cos™ x. (CBSE 2023)

In a principal branch, draw the graph of the
function f(x)=tan™* x.

" Long AnSWer Type Questions

Q1

Q2

Q3.

Q4.

Q6.

Q6.

Q7.

Prove that:

3
tan~! 2x + tan™? tan~t bx-8x"
{=dx? 1=12x?

1

| X< —=

243 (CBSE2017)
If sin(ncosx)=cos(rsinx), then prove that
X = 1 sin”! 2

=3 7

Prove that:
tan {E+1 cos™? E} + tan{E—l cos™ E} =£.

4 2 b 4 2 b a

(CBSE2017)

Prove that:

2 2
tan_i[J1+ A ]=¢—T:+%cus'1 x%

J1+x> =flax?

-l<x<1l (CBSE2017)
Salve the following for x:
cos (tan"1 X)= sin(cot"1 E)
(COSE2017)
Evaluate:
cot-! J1=-sinx +/1+sinx
J1=sinx =4/1+sinx

Solve for x: sin™ (1=x)=2sin" (x) = g

(NCERT EXERCISE; CBSE 2020)

L
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Very Short Answer Type Questions
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e
333 4

[—TR!CK J

sin™(sin x) = x

Il
I
I

m

2. Let cns"( %]:y

1
Then, ——==CDS
en 5 cosy
1 T
o] COSY = —=—=—C05==C05| g—n
r sy 5 1:53 ( 3)
= cos —coszn::- o 88
y= 3 y= 3

We know that the range of principal value of cos™ is
(0. 7).

. Principal value ofcos"(—z]) = ? e[0. n)

3. Let  cot” (T] =y = coty = J—"”mt(a]

=CUt(!‘t—E]
3

= y=—

We know that the range of princlpal value of cot™' Is
(0. 7).

=-1). 2n
Hence, the principal value of cot™ is —e(0,
ence, the principal value of co (ﬁ]sae[ n).

4. Let Y= cosec™! (%]

-2 It
cosecy = cosecy = - Cosec—
= y 73' = y 3
= COSeC Y = Cosec (- %)
-
— Ve —

Range of the principal branch of the function

cosec” xis[uz —] {0).

f =2 K
Hence, the principal value of cosec [75] s (— 3].

5. Glven, sin"[—;-} = tan™ x
= sln"'(slng] = tan™ x
=5 §= tan™ x [--sin'sinx = x)

= X® tangm tan30°

1
XDE

6. Let y =sin~ (sin 7:]

-.Range of the principal value of the functionsim is

5]
2 21
« o in | w
y =sin (sin —-J =sin 5m(2rr——)
4 4

- sin“[—sin(-z-:-)] (-sin(2n—8) = —sin 6)

8
= tan"(tan£]= E € [—_rr E]
8) 8 22

(--tan™Y(tan x) = x)

B. - sec(sec”!(x))=x
— seC= ——
cos (sec(x)) = [ 0= 9]

= cos(sec”(x))= %
= sec!(x) = cos"‘[%)

Hence. cns"‘[l] =sec\(x) Hence proved.
X

9. Let sin“(-x)=6 = -x=5In6 = x=-sino
= x =sin(-6)
= sin"'x =-0
= f=-sin™
= sin"Y(=x) = -sin™ Hence proved.
10. Let cos™(=x)=0 = -x=cos@
= X =-C050=cos(r-6)
= cos'x=n-0 = B=n-cos™ x
= cos™(-x) = n -cos™! x Hence proved.

1. Glven that, tan"(%] =A = tanA =%

)
5in2A = 2tan£4 = "—2
1+tan“ A 1+(3)
4
_3/2 BIZ_E E_é
9 °25 2572725
6 16
4
12. Here, cot (§]=x
= cot x i = tanx E
3 4
3 9
- tan’ X _ = [ZJ -5 7
Now, cost- s_lﬁ. i
l+tan’x (3] 1+_ 25
1+ Z

L
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13. Let x=sin@ thensin™ x =0
sln“(me) =sin™'(2 sin8y1-sin? 0)
=sin"'(2sin 6 cos6)
=sinY(sin20)
[(-sin20=2sin 6 cos0)

=20=2sin" x Hence proved.
4. Let cos™' x=A = x=cosA
2 cos2A=2cos* A-1=2x* -1
= 2A=cos™(2x*=1)
=% 2cos™ x =cos™'(2x?% 1) Hence proved.

Short Answer Type Questions

1. The domaln and range of the function f(x)=tan™ x

are (—o, ) and (—E,

5 %) respectively.
2. sin"{cos(%]} =sin™

COS(HDH +3n]
5

3. Let sin'x=A = sinA=x
slnﬂA:lenA-aslnaA.-%SBA 52£

sin3A=3x-4x3, -Z<A<k

6 6

= 3A=sin"'(3x -4x?), -g <sin™ x sg
= 3sin™ x =sin~'(3x - 4x3), x e[- l l]

22
Hence proved.

ERROR

Some students commit error while writing the formulg,
sin 3x = 3sin x — 4sin® x

]

[-cos(-0) = cos 6)

@ coa"‘[cos(z -+ E)]
3
cos™ cus(ij
3

[+ cos(2n+0) =cos )

=§@1[D.n]

= T T T

6. Let tan~! x = 4 then x = tan 0
2
We know that, cos20= ]—t_aan
1+ tan“ 6
2 5.
= cos20= 1_)(2 = 20=cos™ ]—xz
T+ x T+ x
1-x2
= 2tan' x =cos™ Hence proved.
+ X2

7. Put x=tan® = B=tan~'x
LHS = tan"' _Mz_.l
X

aV1+tan?e-1 Vsec? o1
=fan =—— = fan —
tan @ tan @
[-1+ tan? 0 =sec? 6)

1
e
= tan™ ———-(CDS 9) = tan™ []_ms GJ

(;Lsg] sin@
TR!CKS

o 1—cosB=2sin?=
2

° sinemzsing-cosg
2 2

0
P
2sin 5

= tan™ 0
2sin—cos—
2 2

Hence proved.

8. Given,y =sin(x?-4)

TR!CK
( Domain of sin™'x is x e[~1, 1} J

5wl g Bl

= -1+4Sx°=4+4<1+4

=»3<x?<5

Conslder x* 23and x* <5

= x &(~w0.~v3)U[+3.)and x e [-/5.45)
= X & (=5, =+3) U[+3,4/5)

Hence, domain of v Is (-5, - /3) U[+/3.45)

9. tan"|:2 cos (2 sin” %]:l +tan~'(1)

=tan| 2 758 X
an CDS[ XG)]+4

(--tan"(tan6) = 0)



r - -

1.

Let x=tan™(l) = tanx=1= tan%

r:E]
2°2F

= X =

N

where principal value of x e (—

= tan (1) = %

:
Let =06 —~=
e y =Cos [ 2]

1 s s[ TC]
= C0SY=-—=-C0S—=Cos| 1—=|=cos —
2 3 3

2n
3

[~ cos(x-8)=-cos0)

= o2n
T3
where principal value of y € (0, r}
_.,( ]J 2x
CoOs™ | —=—|=
2 3
Let Z= sin'l[— l]
2
2 --(g)
= sinz=-—=-sin| =
2 6
= Z:—g
where principal value UfZE[”%.

sln"‘[-%J =

- tan™'() + cos"'(- -;—] + sln"'(—

oA

T 2n ( ]
=EX+Y+Zs—t—t| ==
4 3

" 3R+8K—2ﬂ:_”ﬂ:—2ﬂ' _
i 12 Sk -

LHS = tan"‘( e ]
1-sin x

X X
cos?=-sin? =
2 2

2)

9

2

~
6

n==—R

= tan™

2

= tan™}

X X X X
sin? 4 cos’ =< 2sin=-cas =
2 2 2

(-:sin® 6+ cos? 0=1)

- cos = —sin—{J(cns 2 +sin i]
2 2 2 2

( ; x]z
€0s —=-sln—
2 2

(- x? —;{2 =(x-y)(x+y)and x% +y2-2xy =(x -vy)?)

)

X
+ tan=
2

X X
C05—+5in—
= tan™! 2
c1:|5-)-(-—slnﬁ
L 2 2
1+tan£ tan(
« tan™ il o —iA
l=tan= T-tan[ = tani
L 2 4 2

= tan™' tan[£+£] L = tan(A + B)
4 2 1-tanA . tanf

LB
4 2

Hence proved.

12. In a principal branch, f(x) =cos™ Is a function whose
domain Is -1, 1) and range Is (0. =)

The graph of f(x) = cos™" x Is shown below:

f = =1
L ﬁ) cos-1 x

X' _‘i ) ] X

Yr

13. In a principal branch, f(x) = tan™' is a function whose

|
d inlsR and ra Is|-=.=1|
oma S H and r, nge ( 5 2)

The graph of f(x) = tan™ x Is shown below:

Y
s

Long Answer Type Questions

- 1 4x
1. LHS = tan™'(2x) + tan 'm

a 2(2x)
1-(2x)?
2tano )
1-tan? @
(Put2x =tane = 8 =tan"'(2x))

2tan@
~tan20 = ——
[ 1-tan B]

= tan™' (2x) + tan

=0+ tan"[

= 0+ tan™' (tan 20)

=0+20=30=3tan"'(2x)

B x —E|x3]

RHS = tan™!
[1~12xz

4 3(2x)-(2x)3
= fan 1[_]_3'(2)()2 }

tan-l[3 120 0= tan® @
=
1-3 tan2 0

b
= tan~'(tan 30) o hanE B et 4
1-3tan? @

=30=3tan™'(2x)

.. LHS =RHS Hence proved.

L
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.

2. Given that sin(xcos x) = cos(zsin x)

=  sin(rcaos x)=5ln[’21+rrsln x]

o

T
= RCOSX =—+ wsinx
2
1
= COS X =—+5lNnx
2
1
— cosx-sinx=—
2
: 1
= (cos x -sin ;()2=Z

1
=cos?x +sin®x-2sinx-cosx =—

4
= 1—5ln2x=% (- sin?B8+cos?B=1)
= SNl 2 [ sin20=2sin6-cos 6)
4 4
=
2x=sin"'=
= x=sin™ =
i
= X ==s[n" = Hence proved.
2 4
3. Letcos“(%]:ﬁ =5 C059=§ (1)

1 a T | a
LHS =t 1{- —_— =\ t e ']_.J
5 ar{4+2c05 b]+ an(A 21:05 5

—'taﬂ[EJrg +tan[£—g)
T4 2 4 2

t 0 id 0

) tanz+tan5 " tanz-tan-é-
o 0 e (¢]
1-tan-£—}-tan-i 1+tanz-tan§-

tanA+ tanB
= tAN(A 1 B) & c—
[ AA L) 1¥tanA-tanB]

2 2
1+tanE 1-tan2 (‘I+tang] +(1-tanE]
2 2 2 2

= + =
1-tar|E 1+tan9 [1-tanﬂ)(1+tanﬂ)
2 2 2 2
28 L 28 9
=1+tan 2+2tan2+1+tan 3 I».‘tan2
0
1=tan? =
an 5
0
NiitEne
Hweis]
(1—tan2 g) 1-tan? E
1+tanZE
2
> 1—tan29
= —_— © C050 = )
coso latand =
2
== (from eq. (1))
()
= % =RHS Hence proved.

& LHS = tan” N4 x2 £ 1= x?
J+x2—\_}]—x2
1,2

Put x2 =cos20 = 9=%cos' X

e ~1+c0s20 + JI—cosZG]

(V14 cos20 —V1-cos260
V1+2cos? 0-1+1-1+2sin? 0
(V1+2c0s?8-1-41-1+25in?0
(- c0s20=1-25in?0=2cos? 0-1)
(V2 cos0++/2sino
-\ffmse—ﬁsine

_1(cos 0+sln 0)
=tan™| ——
cos@-sing

= tan™

=tap

e
tan—+tano
= tan"(]+ tan G] =tan™ .

1-tan® I-tant: tane

TR!CK
( tan A + tan B J

tan(A+B)=
1~-tanA tanB

= tan"{tan(-} + G)}: %+ 8 [~ tan™'tan x = x)

=%+%c05" x? [ 9=%cns“ xz]
=RHS Hence proved.
5. Glven equation Is
cos(tan™ x) = sin(cot“' %) (1)
A
X

pI e
Let 0) = tan™ x
= tan b, = x
Let ABC be a right angled trlangle with £B =90°
TR!CK

In a right-angled triangle, the square of the hypotenuse
is equal to the sum of squares of the other two sides.

In right-angled AABC,
AC? = AB? +BC?
(by Pythagoras theorem)

= AC? = x2+1
= AC=1+ x2
cos @ B ]
Iﬂ—ﬂ!
AC :h+x2
= e,mcos"
1+ x*

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
_
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= tan™ x = cos™ —m (2
1+ x?
3
Let =cot™l| =
gt
3
by
= cot 6, Z

Let PQR be a right angled triangle with ~Q =90°.
In right-angled APQR,

PR? =PQ2?+0QR? [by Pythagoras thearem)

= PR? =(4)* +(3)°
P
=164+9=25
PR =5 4
PQ 4
Now, sin = m = E Q - 5 N\ R
4
=sin”{ =
- = [EJ
= cot"‘(iJ -S]ﬂ-[[ﬁ] -(3)
4 5

From egs. (1). (2) and (3). we get

1 a4
] =5In[sln —]
JH x? 5
1

4
- :}]+x2 5

(- cos(cos™ x) = x.sIn(sin™' x) = x]

cas[cus"

1 16
= =— [squaring on both sides
1+ x 25 [q & ]
25
1+ x% ==
= +x T3
, 25 9
=——]=—
= Gl T
L)
4

6. JI-snx = sin21+c052£]—(251n£-c05iJ
J[ 2 2 2 2

[ sin? 8+ cos’f=landsing =2 slng < COS 58:1

cosx sinx J cosx slnx
2 2 2 2

and J1+sinx = (sin2 i+cu::52 i) + (2 sini-cosi]
2 2 2 2

finecost)

= || slIn—+cos—

2 2

X X
wSsln=+cos—
2

, Cut_l{-\ﬁ—slnx i -J1+slnx}

J1-sinx =1+ 5sinx

( X X X X
(r_ns——sin —] + (sin—+ cns—]
—cot™\ 2 2 2 2

X X X X
(cos— —sin —) - (sln —+Cos —)
2 2 2 2

[ X X X X
C0S ——sin—+sin—+cos—
2 2 2 2

=cot™!

X X X X
C0S ——SiN—-sin—-cos—
L 2 2 2 2

X

2cos= 2
=cotl—2 |_cot! [—cat 3}

X
-2sin=
| 2

=cot™¥co rc—-)i =rc—i
2 2

(--=cot 0 = cot(n—6) and cot(cot x) =

7. Given,sin™'(1-x)-2sin"Y(x) = %
= 5In"'(1—x)=§+25in“ X
= T-x asln{§+251n" x}
= 1-x =cos(2sin™! x)

x]

)

(- sin(90°+6) = cos 6)

Put 2sin'x =0
= >(=SinE
2
2 20 1l-cos@
= i —_—
= x* =sin” 3 =
[ €050 =1-2sin? —qi|
2
= 2x* =1-cos(2sIn™' x) [ 0=2sin""x)
= cos(2sin™ x)=1-2x* k2

From eqs. (1) and (2). we get

T-x=1-2x?
= 2x%-x=0
= x(2x=1)=0
= x=00r2x-1=0

1
x=0o0r x==
2

1 5 1 af 1
Fuerz. LHS =sin [1—2)—25in (2]

X % Is not a solution of glven equation.

Hence, x = Ols the only solutlon.

L
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Chapter Test

e

Multiple Choice Questions

Q 1. The value of sin"l{cos[%)} is:

L b I
5 5

s T
) TR
i 0

d.

Q 2. The domain of sin™ 2x is:
a.(0.7) b. (-1.1)
53]
o [
2 2

“d. [<2.2)

Assertion and Reason Type Questions

)

)

|

)

)

)

|

)

)

)

)

|

I Directions (Q. Nos. 3-4): In the following questions, each

I question contains Assertion (A) and Reason (R). Each question

has 4 choices (a), (b), (c) and (d) out of which only cne is

I carrect. The choices are:

I a. Both Assertion (A) and Reason (R) are true and
Reason (R) Is the correct explanation of

I Assertion (A)

b. Both Assertion (A) and Reason (R) are true but

I Reason (R) Is not the correct explanation of
Assertion (A)

I c. Assertion (A) Is true but Reasan (R) s false

I d. Assertion (A) Is false but Reason (R) Is true

)

)

)

)

|

)

)

)

|

)

)

)

|

)

Q 3. Assertion (A): The

sin'l{cos(sin'1 l]] W]
2 3

Reason (R): The least numerical value, either
positive or negative of angle 0 is called principal
value of the inverse trigonometric function.

principal value of

Q 4. Assertion (A): The minimum value of n for which
tant L5 % ,n € Nisvalid, is 5.

Reason (R): The graph of inverse trigonometric
function can be obtained from the graph of their
corresponding function by interchanging X and
Y-axes.

Case Study Based Question

Q6. As the trigonometric functions are periodic

functions, so these functions are many-one.
Trigonometric functions are not one-one and
onto over their natural domain and range, so
their inverse do not exist. But if we restrict their
domain and range, then their inverse may exists.

Based on the given information, solve the
Jfollowing questions.

(i) Find the value of tan'l(-l) in the interval
(n: 31:}
2’2
i . -1 9n
(ii) Find the value of tan (tan ?)

(iii) Find the value of
tan™ (/3) + cot™ (+/3) + tan™* (cos(0)).
Or

Find the value of tan™! lz sin {2 cos‘l(-“g—iJH.

Very Short Answer Type Questions

Q 6. Find the set of values of sec‘l(%}

S
Q7. Evaluate cosl:cos"(-%/-—} %}

Short Answer Type Questions

Q8. Draw the graph of the principal branch of the

function f(x)=sin"* x.

Q 9. Find the value of cos"(cos%}

Q10. Find the value of 2sec™ ) +sin"(%).

Q 1. Find the simplified form of the following in terms
of tan™’.

-1 3 4 . -3n =«
cos™ | =cosx+—sinx |,where x | —, =
5 5 4 4

Q 12. Find the number of real solutions of the equation

J1+cos2x =-/2 cos™ (cos x) in E, :r‘f:|_

Long Answer Type Questions

Q13. Show that 1:a|n(%sin'1 %) =4-;/7 and justify
why the other value 4+3ﬁ is ignored?

Q 14, Find the value of
-1 S5n =1 13n
t tan— [+ —_
an (an 6) cos (cos = )

L
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