Chapter 10. Three Dimensional Geometry

1 Mark Questions

1. Write the distance of a point P{a, b, c) from

X-axis. Delhi 2014C
Q Let any"point on X-axis be Q(x, 0, 0). Then, useé
the formula for distance of point R(x;, y1,2;),
from S(x,, ¥5,25)

=y —x1)2 + (y2 — ;) + (22 —2)?

i
!

Given point is P(a, b, c).

Let the coordinates of the point on X-axis be

(a,0,0). (1/2)
[.- x-coordinate of both points will be same]

~.Required distance

—J@-a%+0-b?+0 —c)?
=0 + b2 +c?

=vb*+¢’ W2 ctor

5 / 4
equation for the line. All india 2014
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Given cartesian equation of a line is
3-x _y+4 2z-6
5 7 4
On rewriting the given equation in standard
form, we get
x-3 y+4_ z-3

1 X, let
-5 7/ 2 bl

=y x=—5A+3, y=7A-4
and z=2A+3 (1/2)

Now, xi + y}: + zk
—(5A+3) + (A -]+ QA+ Ik
=37 — 4] + 3k + A (=5 + 7] + 3K)
=7 =137 - 4 30 & M-8 +7] 30
which is the required equation of line in

vector form. (1/2)

3. Write the equation of the straight line
through the point (a,f8,y) and parallel to

Z-axis.
The vector equation of a line parallel to Z-axis

is $=Of+0f+§. Then, the required line
passes through the point A, ,y) whose

— ~ A "
position vector is f =oi +Pj+yj and is

parallel to the vector; = (0i + Of -+ ié). (1/2)

. R -
». The equation is r = 4+ Am

= (0 +Bj + 7K + M07 +0] +K)
= (i + Bf + ylz) -+ ).(ﬁ) (1/2)

4. Find the direction cosines of the line
b—-x 'y 1-z

2 6 3 Delhi 2013C



4—x__z__1—z

6 3

It can be rewritten as ~— 4_ g — _z_—3_1

Given, equation of line is

Here,DR’s of the line are -2, 6, — 3.
Now, v(=2)% + 62 + (=3)2
=v4+36+9

=4/49 = 7 units

~.DC’s of a line ar —3,9,—3. (1)
Z Z 7

5. If a unit vector a makes anglesgwith i 1;:

with f and an acute angle 6 with k, then find
the value of 0. Delhi 2013

" . =N ;) TR B !
Given unit vector a makes angle -5 with i, i
/

with j and 0 k. So, o = % with i, B= % with
and y =0 with k.
2 T

n
Now, cos 3t cos’ =4 cos?0 =1

[+ cos® o + cos? B+ cos’y =1]

=4 l+—1-+r:c>528:1
4 2
= cos’ 0 =1-—-31=l (1/2)
4 4
.
= cosO =+—
1 .
= cosO = o as 0 is an acute angle.
o=" (1/2)
3

6. Find the cartesian equation of the line which

passes through the point (-2,4,~ 5) and is

parallel to the line _x+3:£;y = 228.

HOTS; Delhi 2013




L( If two lines are parallel, then they both have same
| *  direction ratios. Use this result and simplify it.

Given, the required line is parallel to the line
x+3 4-y z+8 or §+3 y—1 10

3 5 6 3 -5 6
- DR’s of both lines are proportional to each
other. (1/2)

The required equatiori of the line passing
through (=2, 4, — 5) having DR’s (3, -5, 6) is
x+2=y—4:z+5. 1/2)

3 , —3 6

. If a line has direction ratios 2, -1, -2, then
what are its direction cosines? Delhi 2012

Given, DR’s of the line are 2, -1, -2,
. Direction cosines of the line are

2 -4
V22 + 12+ (27 @2 + 12+ (-2
.
J@2+ (=17 + (=22
{-:I:J_r—-_-—a ,m=+ 0
va?+b?+c? Va2 + b2 +c2
- C
" w\/.512+bz+cz]
2 4 -
S Jas1+4 4144  Ja1144
R IR P
=~ T W8y (1

8. What are the direction cosines of a line which
makes equal angles with the coordinate
axes? Foreign 2011; All India 2009, 2008C



Given, line makes equal angles with
coordinate axes. Let o, B and ¥ be the angle
made by the line with coordinate axes.

Than, o=f=9y=> cosou=cosp=cosy
= l=m=n ()

[ [=coso,m=cosPB,n=cos¥y]
“We know that, 72 + m? +n? =1

P+P+P=1 [from Eq.(i)]

= 312=1=:>12_1=>1_+_

=

From Eqg. (i), direction cosines of a line are

1 1
+t——,t—, * —. 1
N X e ~ i

9. Write the vector equation of the line given by
x-5 y+4 z-6

3 7 F° Delhi 2011,2010

Given equation of line in cartesian form is
_y+4 _z-6
3 7 2
The point on the line is (5, — 4, 6) and DR’s
are (3, 7, 2).
We know that, vector equation of a line , if
— ' —
point is a and direction of a line is b, is
- =

r-a+7tb

B

R
Here, a=(5,-4,6)and b =(3, 7, 2).

So, equation of line in vector form is
—

r=(Gi—4 +6k+AGi+7] +200 (1)

10. Equation of line is kel Y R Lo}
2 2 ¢

Find the direction cosines of a line parallel to
above line. HOTS; All India 2011C




Given equation of line can be written as
x—4 y+3 _z+2
-2 -~ 2 %

Here, DR’s of a line are -2, 2, 1.

. DC’s of line parallel to above line are
-2

given by —eeeee
\/( 2)2+(2) + (1)
J(mz+aﬂ+n Jlm +Q) +aﬂ

or

J4+4+1 \/:4+4+1 \/4+4+1
-2 2 1 2 4 1
BB 7333,
Hence, required DC’s of a line parallel to the

( 3 2 T
given lineare| - —, —, —
3’33

or

(1)

NOTE Before we can use the DR’s of a line, first we
ensure that coefficients of x, y and z are unity with
positive sign.

11. If the equations of line AB is

3-x_y+e_ z“E,‘thien write the
1 -2 4

direction ratios of the line parallel to above
line AB. Delhi 2011C

Given equation of line can be written as
¥+l 2=D
4 =2 4
. DR’s of the line parallel to above line are
il W
[ parallel lines have same DR’s} (1)

12. Find the distance of point (2, 3, 4) from X-axis.
Delhi 2010C

Do same as Que. 1. [Ans. 5]




13. Write the equation of line parallel to the line
x—2 y+3 _z+5

-3 2
point (1, 2, 3). All India 2009C

and passing through

Do same as Que. 6. Ans. L e P
-3 2 6

14. Write the direction cosines of a line parallel
3% y+l Z+E

to the line —— = )
3 —2 6 Delhi 2009C

Do same as Que. 10. Ans. :%, i, a
7 7 7
15. The equation of line is
iX=5 ¥+4 b-2
4 3 I

Find the direction cosines of the line parallel
to this line. All India 2008

Do same as Que. 10. [Ans. g-, E,i}

16. The equation of line is given by
L—-x y+3 _ z+2
2 5
cosines of the line parallel to above line.
Delhi 2008C

. Write the direction

-2 5 6
Do same as Que. 10. [Ans. ; ; ]
V65 65 " /65

17. IfP =(1,5,4)and Q= (4, 1, - 2), then find the
direction ratios of PQ. All India 2008

Given points are P(1, 5, 4 and Q(4, 1, - 2).
. Direction ratios of PQ =4-11-5,-2 -4
=3,-4,-6 (1)
- DR’ s of line joining points P(x;, y;, Z;) and
[ Q(Xy, Y2, Zp) are X, — X, ¥z =Y, Z3 — Zy. }



4 Marks Questions
—3 -~ A ~ ~ -~
18. Show that thelines r =(i +j — k) + A (3i - )

and r = (47 —K) + w2 + 3k) intersect. Also,
find their point of intersection. Delhi 2014
Given lines can be rewritten as

~

={The i sli=21] = & ()
and T =(4+20) +0] +Cu—-1Dk ...(i) (1)

Both lines intersect at a point, when their
respective components along i, i and k are

equal.

.4 3L+1=4+2u

= 3A-2u=3 (i)
1-A=0 L

and 3w—-1=-1 (V) (D)

From Eq. (iv), we get A =1and put the value
of A in Eq. (iii), we get

3 -2u=3
= -2u=3-3
=3 u=20

On putting the value of p in Eqg. (v), we get
300-1=-1= 0-1=-

= —1=—1, which is true

So, both lines intersect each other. (1)

Point of intersection of both lines can be
obtained by putting A = 1in Eq. (i), then we get

=¥ x m w . i
r = 4i +0j — k, which is the position vector of
the point of intersection (4,0, —1). (1)
19. Find the direction cosines of the line
x+2 -7 5~z
2 6
equation of the line through the point

A(-1, 2, 3) and parallel to the given line.
Delhi 2014C

. Also, find the vector



Given equation of line is
X422 2y—=J Jd=I
2 6 6

This equation can be written as
x+2 y—-712 Z-=3

2 3 -6
So, direction ratio’s of lineare 2,3, -6. (1)
Now, direction cosines of a line are
2 3
I= ! ; M= ’
J294 3 6" V22 + 32 + (<6)
—6
fifsy
A2 45 % B
i t+a +b 1
'.'!Z ;mz 4
Va2 + b?+c? JaZ+b? +¢?
tcC
n=
1 Va2 + b? +c?
(1)
N [:i_fm:i.’h:i

J49 49 49

So, direction cosines of given line are

Now, DR’s of a line parallel to given line are
2, 3, -6 and it passes through the point A
(-1, 2, 3). So, required equation of line
parallel to given line is
X+1 y—=2 F=~3
2 3 -6
20. Find the angle between the lines

T =2i - 5] +k+ M3 +2] +6k)

(1)

and r = 7i —6] — 6k +uli +2] +2K).
Foreign 2014; All India 2008 C



!Q If vector form of lines are r =a, + A b, and
e

r=a;+ ?LbQ,then angte between them is

| (:osﬁ—| 1 bZI
j |b1||b2|

on

The gwen equations of Imes are

r = Qi -51+k)+l(3: +2; +6k) ()

—3

and r = (71' = 6[ - 6k) +},L(i +2i +2k)...(ii) (1)

On comparing Egs. (i) and (ii) with vector

form of equation of line, i.e.
- = —

r=a+Aib,we get
— - & ~ =2 = e A
a,=2i -5j+k b =3i +2j+6k
. —F - o e ¥ & A ~
and a,=7i —-6j—-6kb,=i+2j+2k (1)

We know that, angle between two lines is
given by

- -
gl el Pl
- -
| by |[ b2 |
(3?+2f+6§)-(f+2f+2£) ‘

5C050 = = :
J32+ 27+ 6)? D2+ @27+ Q) |
(1)
i — 3+4+12l
V49 X x@ \
= c058=—]il ::»Cfos.8=E
7x3 | a1
Hence, angle between given two lines is
9 = cos’ (E) (1)
21
21, Show that the lines X2 =Y ¥3 _ 2+ 5 .
3 5 i
o W W i TR Also, find their
5 ) 3 5

point of intersection. Delhi 2014



The given lines are
X+1 y+3 ZHFd>

A [let] ...(i)

3 5 7
X=2 y—=4 z=b6 i
and g o w o let] ...G0)
Then, any point on line (i) is
PG3A —15A -3, 7. - 5) (i)
and any point on line (ii) is
Qu +2,3u+ 4, 5u + 6) ..(iv)

If lines (i) and (ii) intersect, then these points
must coincide.

3A-1=pn+2
5A-3=3u+4
7A-5=5u+6

= 3A-u=3 (V)

5A-3u=7 .. Avi)

7A -5u=11 (Vi) (1)

On multiplying Eg. (v) by 3 and then
subtracting Eqg. (vi) from it, we get

9A -3u—-5A+3u=9-7

% dh =9 =5 7&-—-%

On putting the value of A in Eq. (v), we get
3x%—u=3 )

= %-uz?::)u:—g (1)

On putting the values of A and w in Eq. (vii),
we get

7><l—5(—§)=11
2 2

/7 15 22
+ = =

= 11=11 which is triie. (1)



"Ry TressmeE s sar ms wmwew N -

Hence, lines (i) and (ii) intersect and their
point of intersection is

P[3xl—1,5xl~3,7xlm5)
2 2 2

[put A = .21. in Eq. (iii)]

. 1 1 3
i.e. Pl—, ——,—= , (1)
(2 2 2)

22. Find the value of p, so that the lines
1-x 7y-14 21-3
[1: = =
4 p 2
7-7x _y=-5 6-1z
3p 1 5
are perpendicular to each other. Also, find the

equation of a line passing through a point
(3,2, — 4) and parallel to line 4.

and 4.

All India 2014



Equation of the given lines can be written in
standard form as

] ¥=1 y—2 Z-3

. = =

3 P 2
7
~1 §$—=5 Z~6
and [, 22— = = (1)
2 3p —5
7

Direction ratios of these lines are -3, 27,2

 ,

and - — 5, respectively. (1)

We know that, two lines of direction ratios
a;, b, ¢; and a,, b,, c, are perpendicular to
each other, if

a]az + b‘|b2 + C-|C2 =0

-3p p
-3)| — =M+ (-5=0
( )[ - ]+(7)()+()( )

= 9—‘D-+B7—10=cn

7

= “%:10::,;3:7 (1

Thus, the value of p is 7.

Also, we know that, the equation of a line
which passes through the point (x;, y;, z;) with
direction ratios a, b, c is given by

X=X%_Y N _Z~-4

a b C
Hence, required line is parallel to line 4.

So, a=-3 b=;=1and =

Now, equation of line passing through the
point (3,2, — 4) and having direction ratios
(=3,1,2) is
=4 y=l2 I%d
-3 1 2
J—% y—-2 Z+4

3 1 2

(1)




23. Aline passes through the point(2, -1,3)and is
perpendicular to the lines

T =047 —-BenEl -2 +B

and r = (2 —] - 3K +u (i +2] +2k). Obtain its
equation in vector and cartesian forms,
All India 2014

Given lines are ?z(f+ ; —E) +l(2f~2f +!2)_

and 1 = (2 =] =3k + A( + 2] + 26).

On comparing with vector form of equation of
Iine?:a+htg, we get X
bi=2i-2j+k and b,=i+2j+2k The

required line is perpendicular to the given
lines. (1)



So, it is parallel to the vector

~ -~ A

i 7k
e
b=b|><b2=2 "'2 1

1 2 2

=(-4-2)i-(4-1]+@+2)k
= —6i — 3] + 6k )

Thus, the required line passes through the
point (2,-13) and parallel to the vector

~6i — 3] + 6k.
So, its vector equation is
T=Qi—]+3K+A(6i -3] +6k
The equation can be rewritten as
xf+y}+z£=(2—62.)?
+(=1-30) ] +B+ 60k

(D

On comparing the coefficients of i, ; and k

from both sides, we get
Xx=2-6A, y=-1-3A, z=3+6A

:>x—2= ’ y_+1=l’ Z—3=l
-6 ~3 6
s demx ==l z=3
6 3 6
which is the required cartesian form of the
line. (1)

24. Find the shortest distance between the lines
whose vector equations are

T=i+] + M2 -] +K)

and 1 = 2f+f—l§+u(3f— 5f+2§}.
Foreign 2014; Delhi 2008



Given equations of lines are
=) A @ o 5 ~
r=(+p)+AQ2i-j+k ()
o 4 o oy A A " ~
and r=QRi+j-k+u@Bi—-5j+2k..(ii

On comparing above equations with vector
equation

- - >
r=a+Ab, we get
- A'_) ~ -~ ~

— ~ A A — - W Py
and a,=2i+j-k,by=3i-5j+2k (1)

Now, we know that, the shortest distance
between two lines is given by

e e
d = (by x b)) -(ap — &)

..(iii)
- -
| By x b, |




i k
- -
b1>(b2=2 -1 1
3 2

-5 "
=i (245 -] (4-3)+k(=10+3)
— - g . A
= by xby,=3i-j-7k (V) (1)
- -
and | by x by | = /3% +(=1)% + (=72
=J9+1+49 =59  ..(v)
— — - s A - ]
Also, a, -3 =Qi+j-k-(+))
=i- k (Vi) (1)
From Egs. (iii), (iv), (v) and (vi), we get
g_|BI-f- 7k) - (i - k)
V59
" d=)3"0+7|= 10
RN
Hence, required shortest distance is
10 ;
—— units. (1)

V59

25. Find the shortest distance between the two
lines whose vector equations are
= (f+2f+3§) +k(f—3f+2§) and

—_

F =i +5] +K+p@ +31+K  Delhi 2014C



Given equations are
- A = 3 - 2 4 :
r=(+2j+3k+ Ali —3j + 2k) (i)
T =4 +5]+6R)+u2i +37+0 ..
R -
On comparing with r = a+ A b, we get
-2 @ 4 x =8 B A *
ay=i+2j+3k b =i-3j+2k
—3 W o o,
anda,=4i +5j +6k, by, =2i +3j +k

Now, aT;_a_; (4i +5; +6k) (i +2; +3k)

=3i +3] + 3k
i j ok
- -
and byx b,=[1 -3 2 (1
2 3 1

= (=3 -6) = (- 4) +k(3 + 6) =—9i + 3] + 9k

| Byx by = 4/(=9)% + 32 + 92

|byx bo| =81+ 9 +81=+171 (1
e e
Now, (a,— a;) - (b;— b-)
— (31 +3] +3K) - (=97 + 3] +9K)
=-274+49+27=9 (1
~Shortest distance between two lines is

D = l(blx 32 a1)|

V171
‘ \b1>< b2| |

26. Find the shortest distance between the
following lines:
¥+1 y+1 7241 ¥-3 y~5 -7
7 -6 1°'1 =2 1.
Foreign 2014; Delhi 2008

units (1)




Given equations of lines are
x+1 y+1 z+1
7 B 1
p=gd  w=8 E=d
1 2 1
On comparing above equations with one
point form of equation of line, i.e.

XX - Z—E
Y s 1L we get
C

)

and . (i)

a b
aq=1b=-2,¢,=1,%=3
Yi1=5,2,=7

and a,=7,by=-6,
Cy=1x=-1,
YZ=“1rZZ=_] (1)

We know that, the shortest distance between
two lines is given by

Xi=Mq Ya—h #3174
dy by Cq
i =l =7 b, "
(bica = bycy)” + (Cra — o))
+(ayby — azby)?
—4 -6 -8
1 -2 1
7 —6 1
d= (1)

J=2 +6)2 + (7 =124 (=6 +14)2
[oxy—x=-1-3=—-4,y, -y, ==1-5=-6,
Zy—2y==1-7=-8]
—4(-2+6)+6(1-7)-8(-6+14
J@? +6)% +(8)

_|~4(49+6(-6)-8(8) ___‘—16-36—64‘
J16 +36 + 64 V116

(1)



|=1161_ 118 =(V116)2=W
V116 V116 V116
Hence, the required shortest distance is
v7116 units. (1)

27. Find the distance between the lines ll'and L
given by Iy: T =1 +2] — 4k + M27 +3] +6K),
bir =3i +3] - 5k +W(4i +6] + 12k). Foreign 2014



Given equation of lines are
7:?+2f-4§+l{2f+3}:+6§)
T =30 +3] -5k +p4i +6] +12Kk)
N = = —
On comparing with r = a+ A b, we get

a =i +2] — 4k, b1 =21 +3] +6k

and  a,=3i +3] 5k by=4i +6] +12k,
(1
== =3 o - % ~ vy e
Now, a,—a =(3i +3j -5k} —(i +2j —4k)
=2?+;-§
72k
e
and b xb,=2 3 6
4 6 12

= 136 —36) = j24-24) + k(12 -12)=0 (1)
So, both given lines are parallel and
b =2i +3] + 6k
i ]k
WA g
Then, bx(a,-a)=|2 3 6
2 1 -1

= (=3 -6) = j(=2 -12) + k(2 - 6)

= -9i + 14 — 4k (1)

Now, required distance between given lines
is given by

- =1 [ = % w1
o' bx(a, —a)|_| -9i +14j — 4
s V22 + 32 +(6)

_}1

_ /814196 -16 _ 261
J4+9+36 V49

V261
7

units (1)

—_—



28. Find the vector and cartesian equations of the
line passing through the point (2, 1, 3) and
perpendicular to the lines All India 2014

-—1_y—2"z—33ndj_ y 2

1 2 3 -3 2 5

Any line through the point (2,1 3) can be
written as

= = (1)

where, a, b and c are the direction ratios of

line (i).

Now, the line (i) is perpendicular to the lines
X1 y 2 Z -3

1 2 3
- x—Ozy—Ozzr—O.
-3 2 5
Direction ratios of these two lines are (1, 2, 3)
and (-3, 2, 5), respectively. (1)
e a+2b+3c=0 i)

[+ if two lines are perpendicular, then

a,a, + b;b, + cic, = 0]
and  -3a+2b+5c=0 ..(iii)
In Egs. (ii) and (iii), by cross-multiplication,
we get

a _ -b _ ¢
10-6 -9-5 2+6
a_ b _c
= L ==
4 14 8
a b c
=5 e 2 ey B2 sa
2 7 4 [say]
a=2A, b=7kandc =6A (1)

On substituting the values of a, b and ¢ in
Eq. (i), we get
X—-2 y=1 g+
2A 7A 6A

i e - (1




> —_— e _— .

Y. 7 6

which is the required cartesian equation of
the line.

The vector equation of line which passes
through (2,1,3) and parallel to the vector
2i + 7] +6kis

i

7=2f+}:+3£+k(2f+7}:+612}

which is the required vector equation of the
line. ' (1)

29. The cartesian equation of a line is
bx—-2=3y+1=2z-2.Find the direction
cosines of the line. Write down the
cartesian and vector equations of a line
passing through (2, - 1, — 1) which are
parallel to the given line. Delhi 2013C

Given equation of line is
6x-2=3y+1=2z-2

x=2/6 y+1/3 z-2/2

176 1/3 132

or




x-1V3 y+13 z-1
/6 1/3 1/2
~DC’s ofaline arel,l, l (1)
6 3 2
The equation of a line passing through
(2, — 1, —1) and parallel to the given line is

x—2=y+1=z+1=l [say](1)
16 1/3 1/2

nxﬂm=v~w22*h}
@ b C

A
) x=2+£,y:—1+21 and z =~1+ —
6 3 2

e

Now, xf+y}'\+z§=(2 +2]?+[—1+§-]f

+[—1+&).‘2(1)
2
- A A A 1 12 1z
=QRi-j-k+A|—i+—j+—k
= r=QRi-j-k+ [6I 3; 2]

which is the required equation of line in
vector form. 4))

30. Find the shortest distance between the
two lines whose vector equations are

= (6 +2 +2K) + Ali —2] +2k)

=(—4i —k) +p(3i —2j — 2k).
Delhi 2013C; Foreign 2011

q
r
—
and r



Given equations of lines are

—_
r =

6i+2]+20+0G-2]+2k
— . ~
.

and =(—4i—l2)+u(3f—2f—2£)

- - —
which are of the form r = a+ A b.
— & " fe "5 - 4
Here, a, =6 +2j + 2k and by =i —2j +2k;
ay=-4i —kand by =37 -2 - 2k

— s d ~ ~ A A o5
Then, a,—a =(-4i-K-06i+2j+2k

= 40] -3 ] ~Bk (1)
Pk
- =
b-|><b2= 1 =2 2
§ <3 =3

! A4l =] =2 ~ 6]+ k-2 46
=87 +8] +4k (1)

Bix byl = /8)% + 8)% + (4)?
=64 +64+16 =/144=12 (1)

- = >
Now, (a, — a;) - (byx b))
= (=107 -2} -3k -Bi +8] + 4k

(—~> — 5}‘
Required SD = az‘i)'(ﬁx 2
| byx by
108 s (1)

[z ]



31. Show that the lines
e S
r =3i+2j —b4k+Ali +2j +2k);

—

r=5i-2j +u(3i +2] +6k)

are intersecting. Hence, find their point of
intersection, All India 2013

Given vector lines are
—

r =3?+2}:—4£+K(f+2}:+2£}
and =5/ —2] +uGi +2] + 6K
Their cartesian form are
¥—3 y—-2 Z+4

: ; Y = r [say] ...()

-5 y+2 z-0 i3
d X792 = =p [say]...(i)(1
an - g : p [say] ...(i1)(1)

Let (r+3,2r+2, 2r—4) and 3p+5,2p—2,6p)
be two points on the lines (i) and (ii),
respectively.

If these lines intersect each other, then

r+3=3p+5
= r=3p=2 ..(iii)
2r+2=2p-2
= r-p=-—2 Y
and 2r-4=6p = 2r-6p=4
=3 r—3p=2 .{v) (1)

Now, subtracting Eq. (v) from Eq. (iv), we get
2p=—-4 = p=-2

On putting p = = 2 in Eq. (iv), we get
r—(-2)=-2 = r=-4

~.Any point on line (i) is

(—4+3,-8+2, -8—-4=(-1,-6,-12) (D

and any point on line (ii) is

(-6+5,-4-2,-12)=(-1,-6,-12)

Since, both points are same, therefore both

lines intersect each other at point
(—-1,-6,-12). | (1)



32. Find the vector and cartesian equations of
line passing through point (1,2, — 4)and
perpendicular to two lines

x-8 y+19 z-10
3 16 7
X=05 Y43 23 iihyams
3 8 -5
Let the required equation of line passing
through (1,2,-4) be
x=1_ y=2 Z+%

a b c

and

cikl)

Given that line (i) is perpendicular to lines
x—8=y+19:z—10 (i

3 ~-16 7

T e N e (17
3 8 -5

We know that, when two lines are

perpendicular, then we have

a, a, + by b, + ¢, ¢, =0, where a,, by, ¢; and

a,, b,, c, are the DR’s of two lines.

Using this property, first in Egs. (i) and (ii)

and then in Eqgs. (i) and (iii), we get

3a—-16b+ 7c =0 sk
and 3a+8b-5¢c=0 V) (1)
On subtracting Eq. (v) from Eq. (iv), we get
3a-16b=-7c
-3a-8b=-5c¢C
-24b =-12c
= e =
2
On putting b = S Eq. (iv), we get

2
3a—16(%]+ 7o =0



= gk (1)
3

On putting a ——gand b —5 in Eq. (i), we get

the required equation of line in cartesian
form as

x~1 y~—2 F44
cY (¢} ¢
(5] (ZJ
[on multiplying denominator by 6]
=1 y=2 z+4
2c 3  6¢C
~1 y—2 Z+4
T 3 h
[dividing denominator by c]

Also, the vector equation of line is

— & ” ~ - i ~
r=0+2j—4k) + A(2i +3j +6Kk) (1)
33. Find the angle between following pair of

lines
—X+d ¥=1 z43
-2 7 s
o x+2=2y—8=z——5
-1 4 4
and check whether the lines are parallel
or perpendicular. HOTS: Delhi 2011

Pl
o

. ) Firstly, we convert the given lines in standard -
| form and then use the relation '
tosB=__+-Gila + b1b7 +CC

VGI +b1 +C1 '\,02+b2+C2
tofind the angle between them.

leen equations of two lines are
-X+2 y-1 743

-3 7 3

and X+2:2y—8=2_5

~1 4 4

Above eanations can he writtan ac




’ Xx-2 vy—-1 2+3
2 T =3
X+2 y—-4 z-5
-1 2 4
On comparing Egs. (i) and (ii) with one point
form of equation of line
X=X _Y-W _Z-1z

sall]

and

(1) (1)

= , we get
a b c o
a]=2,b127,c1=—3
and ay=-1b,=2,c,=4

We know that, angle between two lines is
given by
aa, + b1b2 +C4C)

cosB =- (1)
‘faT +b2+ci- a2+b2+c2
5 fiais (2) (=) +(7) 2) + (-3) (4)
V22 + ()% + (=32
ED 4 (2)2 (4)?
-2+14-12
= CosB = = —=—=—==0 (1)
V62 x /21 F V21
= 050 = cos = |: 0= cosn]
2 2
— o="
2

i B o
Hence, angle between them is 5 Since,

o . 10
angle between the two lines is o therefore

the given pair of lines are perpendicular to
each other. (1)

NOTE Please be careful while taking DR's of a line,
the line should be in symmetrical or in standard
form, otherwise there may be chances of error.



34. Find the shortest distance between lines
whose vector equations are

1-0i+-2]+B-20k

=(s+1)i +@2s-1)] - 25+ 1)k
HOTS; All India 2011

I

—
r
—3

r

| ) Firstly, convert both the equations in the vector |
b —

form which is r =a+A b Then, apply the
shortest distance formula, -

N — — — |

Le. [ bl X bz) (02 = Cfl) ‘!

Given equations are
._> & " -
r=Q0-0i+t-2)j+3-20k skl

—

and r=(s+1)i+Qs~1)]-@Qs+Dk i)

Firstly, we convert both equations in the
- = —

vectorformasr =a + A b .. (i)

So, Eq. (i) can be written as

“iy % o e - ~ ~
r=i—ti+t—2j+3k-2tk
.......)

= 5 =i ~2] 430+t (= +] =20 ...(v) (1)

and Eq. (ii) can be written as
--—) - -~ -~ -~ Ll A,
r=si+i+2sj—j-2sk—-k

—.—} & -

-

= r=(-j-K+sG+2j-200  ..(v
Now, from Eqgs. (iii), (iv) and (v), we get

=3 % & 7 4 = - -
q=i—-2j+3k b =—i-+j-2k

xR N o
&2=.f"‘—i"‘k,b2—_-f+2j‘—2k

| ~ -~

- - : / k

Then, b xb,=1!~1 1 -2

1 2 —d




=i (2+8)-]Q+2) +k(=2-1)

— A -~ Lal
= byxby,=2i-4j -3k

| by % byf = 22 +(=4)2 + (~3)?
=J4+16+9 =429 %))

= —» - % - . o 5
Also, ay-ay=(i—j-k-(-2j+3k
.
We know that, the shortest distance between
he lines is given as

= 5 e ]
E

(1

Hence, required shortest distance,

| @i-4i-30-G - 4
V29

_ 0-4+12t_ 8

V29 | V29

8+/29

units (1)

d
35. Find shortest distance between the lines
E:=(f+2f+§)+k(f—f+§) and
ro=(20 -] —k) +u(2i +] +2k).
Foreign 2011; All Indix 2 .

Do same as Que. 34. [Ans. ézé units]

36. Find the equation of the perpendicular from
oot B, <1, 1134 inetad =2 2=3
2 3 4
Also, find the coordinates of foot of
perpendicular and the length of
perpendicular. HOTS; All India 2011C




() Firstly, determine any point P on the given line
~* and DR’s between given point Q and P, using
the relation a; a; + by by + ¢; ¢; =0, where |
(a3, by, ¢;) and (a5, by, ¢,) are DR’s of PQ and |
given line.

Given equation of line AB is

X y=-2 z-3
—= = = A sa
- - y [_y]
- W e B o i
2 3
= x=2A,y=3A+2
and Zz=4A+3 (1
~.Any point P on the given line
=2A,3A+2,4\+ 3)
Q (3, -1, 11)
A P B

Let P be the foot of perpendicular drawn
from point Q(3, —1,11) on line AB. Now,
DR’s of line

QP=Q2A-3,3A+2+14A+3-11) (1)

= DR’sof lineQP =(2A -3,3A + 3, 4A - 8)

Here, a, =2A-3,b,=3A+3,c;=4A-38,

and a,=2,b,=3,c,=4

Since, QP L AB

. We have, aja, + bjb, + cic, =0 (i)

= 22A-3)+33A+3) +4(4L-8)=0

= 4A-6+9A+9+16A-32=0

= 29A-29=0

oy 29\ =29 =A =] (1)

. Foot of perpendicularP=(2,3+2, 4+ 3)
={2.5, 7



Now, equation of perpendicular QP, where
Q@3,-111)andP2,5, 7), is
x—3 y4+1 Z-11
2-% 31 F-ii
using two points form of equation of line,
X=X _ YN _Z-4
X=X Y2—Y 2274
=3 y+1 ZE=13
-1 6 -4
Now, length of perpendicular QP = distance
between points Q(3, -1,11)and P (2, 5, 7)
= J@ -2+ 6+ 12 +(7-11)?
"> Distance

1.e.

N

= \/(xz —x) -y +(zy - 7))
= J1+36+16 =+/53
Hence, length of perpendicular is v/53. (1

37. Find the perpendicular distance of point
(1, 0, 0) from the lines
x—1 ¥+1 g+10

2 -3
coordinates of foot of perpendicular and
equation of perpendicular. Delhi 2011C

. Also, find the

Do same as Que. 36.

[ Ans. Length of perpendicular is V53.

Coordinates of Food of perpendicular
=(3, -4, -2)

. . X-1 vy z
-~ Equation of perpendicular = = =
q perp 5 2"

38. Find the points on the line
i+l P+] E-3

3 2
from the point P(1, 3,3). All India 2010

at a distance of 5 units



Given equation of line is
X+2 y+1 Zz-3

- 5 5 = A [say]
x+2=l’y_+_!:hz—3:k
3 2
= X=3A-2,y=2A-1z=2A+3
So, we have the point -
QQBA=-2,2A-12A+3) 1) (D)

Now, given that distance between two points

P(1,3,3) and Q BA -2, 2A—1,2A +3)is
5 units, i.e. PQ =5

(3h =3 =T L D kT B
= =5
+ Oh43 - H*

[

i i
-+ distance = L U e
+ (Zg - 21)2

=JOA-32+Q2A-42+QN2=5 (1)

On squaring both sides, we get
BA-32+2A -2+ 202 =25
= 9A7+9-18A+4A%+16
~16A + 4\ = 25

= 1702 =340 =0 = 17A(-2)=0 (1)

= Either17A=0 or A-2=0

A=0or2

On putting A =0 and A =2 in Eq. (i), we get

the required point as (-2, -1, 3) or (4, 3, 7).

(1)

39. Find the shortest distance between the lines
=1 p—-24_ z-=1

- 4 1
=2 y+1 41

2 1 |

L

All India 2009C

lzl



Do same as Que. 25. [Ans. A units}

V2

40. Find shortest distance between lines
P +20F + 1= 07T + Ak

—

r=Qi -] -k +p @+ +2K.  Allindia 2009

V29

41. Find the value of A, so that following lines

are perpendicular to each other
X+5 =2—y =1-—zand£=2y+1=1—z‘
Shk+2 5 = 1 L -3

Delhi 2009

Do same as Que. 34. [Ans. 3 units}




Q? Ftrstly, convert the gwen equat:ons of lines [nto
one point form of the line, which is of form

X=% _JJ~Nh .24

a b C ;

condition a,a; + byby, + ¢y =0 for |
perpendicularity of two lines and get value of A.

and then use the:

fnmrrees

Given equation of lines are
Xty 2= y _ 1—2

5A+2 5 -1
and 532y+1=1—z
1 4 -3

Above equations can be written as
x+5 y—-2 z-1
5L+2 =5 1

1
2| wapi—
X (y 2) Z—1

and = =
4\ 3
1
i o
X 7 z~1 g
—_ = — - 1
- 1 2A 3 R

On comparing Eqgs. (i) and (ii) with one point
form of line

X=X _Y-h_~2-4

= , we get
a b C B
a=5\L+2,b=-50¢ =1
and 32 :1, b2 =2A,C2 e (1)

Since, the two lines are perpendicular.
s a1a2+b-|b2 +C1C2=G
=  16A+2)+2A(-5)+3(1)=0

5A+2-10A+3=0 (1)
-5A+5=0
Bhz5

iA=1 §))

-1l



42. Find the value of A, so that lines
1—x:y—2:z-—3 " x+1=y-l=6-z

3 2A 2 3A 1 7
are perpendicular to each other.  Delhi 2009
Do same as Que. 41. [Ans. A = -2]

43. Find the value of A, so that lines
1-x 7y-14 5z-10

3 2\ it
and 7"7X=}/—§=6_-—_Z
3A 1 5
are perpendicular to each other.  Delhi 2009
Do same as Que. 41. [Ans. A = 7]

44. Find the length and foot of perpendicular
drawn from the point (2, -1, 5) to line

x-11 _y+2 _z+8 All India 2008
10 = =11

Do same as Que. 36. |
[Ans. Length = V14 units and
foot of prependicular= (1,2, 3)]

6 Marks Questions

45. Find the distance of the point P(-1, - 5, - 10)
from the point of intersection of the line
joining the points A2, — 1, 2) and B(5, 3, 4)
with the plane x—y +z =15, Foreign 2014



The equation of the line passing through the
points A(2, -1, 2) and B(5, 3, 4) is given by
x—2 y+1 z-2
5-2 341 4-2
x-2 y+1 z-2
3 4 2

= x=3A+2,y=4A-1z2=2A+2 (1)
Now, putting the values of x,y and z in the
equation of the plane x —y + z = 5, we get

= A [say] (1)

=

BAL+2) (AL -D+(Q2A+2)=5 (1)

= A+5=5
A=0 (1)
So, the point of intersection of the line and
the plane is (2, -1, 2). (1)

~. The distance of the point P(-1, -5, -10)
and the point of intersection (2, -1, 2) is

—J2 + 92+ (14+52 + Q2 +10)2

=\/32+42+122=13units (1)

46. Find the vector and cartesian forms of the
equation of the plane passing through the
point (1,2, — 4) and parallel tc the lines

=1 +2] - 4k +A2i +3] +6k)

~

and ? = 5—3,: + 5k +1u(f + fﬁi;). Also, find the
distance of the point (9, -8, - 10) from the
plane thus obtained. Delhi 2014C



Let equation of plane through (1, 2, — 4) be

alx-1+bly+2)—c(z+4=0 ... (1)
Given lines are

?=f+2f—£+k(2f+3f+6£)

and T =1-3] +5k+A{ +] -k (1)
The plane (i) is parallel to the given lines,

So,2a+3b+6c=0anda+b-c=0 (1)

For solving these two equations by
cross-multiplication, we get

a_ -b _ £
368 26 2-3
a b c
= —=—=—=A sa
9 8 -1 [say]

a=-9A, b=8A,c=-A



On putting values of a, b and c¢ in Eq. (i), we
get —9A(x -+ 8Aly -2)-AMz +4 =0

. Equation of plane in cartesian form is
—OAXx-D+8Aly-2)-Alz+4=0

= —9x+9+8y-16-z-4=0

= " 9x-8y+z+11=0 (1)

Now, vector form of plane is

707 —8] +k=-11 1)

Also, distance of (9, —8, —10) from the above
plane

=|9—8(-8)+1(*10)+11‘
o282 |
2{72 +64—10+1‘!\

VB1+ 64 +1
.D_Ax+by+Cz+D'
VA2 + B2 + C2
146 \/—— y
= |——| = 4146 units (1
V146

47. Find the equation of line passing through -
points A(0,6,—9) and B (-3,-6,3).1f D is the
foot of perpendicular drawn from the point
C(7,4,-1)on the line AB, then find the
coordinates of point D and equation of line
CD. All India 2010C



We know that, equation of line passing
through the points (x, 5, z;) and (x,, y 5, Z5) IS
given by

X=X - Y =% s Z — 7 (M

X=X Y2=W Z27 4
Hers, Alx, v, Z1)=0,6,—-9)
and (X, Y5 Z9) =(=3,-6,3)

C (7,4, 1)

-
A0, 69 D B (-3, -6, 3)

. Equation of line AB is given by

-0 y=6 Z+9Y

3-0 —-6-6 3+9
X y—~b6 z+9

TR
- X _y—-6_z+9 (1)
4 4

[dividing denominator by 3]

Next, we have to find coordinates of foot of
perpendicular D.

X ry_6_z+9_

Now, let = 3 A A [say]
— X=-A
y—6=—4Aand z +9 = 4A
=8 X=—A
y=—-4A+6
and Z=4A-9 (1)
Let coordinates of
D=(-A—4A+6,4A -9) w1}

Now, DR’s of line CD are
(i3 7 A R A AN 4T



VT / i CA" IR | 1, - L,

=(-A-7,—4\L+2,4A - 8)

(1)

0

Now, CD 1 AB
; &a, + bbby, +cic,=0
where, y=—A—-7,b=—4\+2,
c;=4A -8 [DR’sof line CD]
and a,=—1by,=-4,c,=4
[DR’s of line AB]
= —-1(-A=7)—-4(-4A+2)+4(4L-8)=
= A+7+16A-8+16A-32=0
=3 33A-33=0
=h 33A =33
A=

On putting A =Tin Eq. (ii), we get required
foot of perpendicular,

D =(-12,-5)
Also, we have to find equation of line CD,
where, C (7,4, - 1) and D (-1, 2, = 5).

.. Required equation of line is
k=7 wed ZET o .
-1—7"2—4"—5+1[usngq'
x-7 y—-4_ z+1
8 -2. -4
X=7 y-4 zZ+]
§ 1 2

(1)

(i)}

(1

[dividing denominator by —2]

48. Find the image of the point (1, 6, 3) on the
line X =Y.~ 4 _frt .Also, write the
i 2 3
equation of the line joining the given points
and its image and find the length of segment
joining given point and its image. Delhi 2010C




\ ‘ §> Firstly, find the coordinates of foot of

'5 = perpendicular Q. Then, find the image which is |
| point T by using the fact that Q is the mid-point |
of line PT. :

i
H

Let T be the image of the point P (1, 6, 3).Q is
the foot of perpendicular PQ on the line AB.

Given equation of line AB is
=1 & ~d

X i
e = (1)
1 2 «* B
X y=-1 z-2
Let — = = = A sa
| P - [say]
= X=A,y-1=2A,2z-2=3A
= X=Ay=2A+1z=3A+2
P(1,6, 3)
Q
-
A | B
I
|
|
I
e

Then, coordinates of
Q=R 2A+13A+2) -1 (1)

Now, DR’s of line
PQ=A-12A+1-6,3A +2 -3

= DR'sof PQ=(A-12A-5,3A-1)
Since, line PQ L AB.

Therefore, a;a, + bjb, + ;¢ =0,

where a, =A-1b=2A-5c,=3A-1

and a,=1by=2,c,=3
CTA-1D+2Q2A-5+3BA-1)=0
= A—-1+4A-10+9A-3=0
=5 141 -14=0
— )l.‘..'—_..‘l {1



On putting A =1in Eq. (ii), we get
QM2+13+2)=(13,5)
Now, Q is the mid-point of PT.
Let coordinates of T =(x, y, z)
By using mid-point formula, (1)
Q = mid-pointof P (1, 6, 3) and T (x, y, 2)
_[x+1 y+6 z+3)

! 7

2 2 2

: : X + X + Z;+ 2
['.'mld-pomt= 12 2’}’1 Vzr 1 2

2 2
But £ ={1,3.5)
+ +
[x+1ry 6’2 3)=(1’3’5)
2 2 2
On equating corresponding coordinates, we get
x+1=]’y+6=3!z+3:5
2 2 2
= x=2-1y=6-6,z=10-3
— x=1y=0,z=7

~.Coordinates of T =(x,y, z) =(1,0, 7)

Hence, coordinates of image of point P(1, 6, 3)
isT(10,7. (1)
Now, equation of line joining points P(1, 6, 3)
and T(1,0, 7) is

Y= 6 _z-3
1—1 08 7-3
y=b &= 3

=

" 1
0 -6 4 2

Also, length of segment PT
=y1-12+6 -0 +(3 - 7)?
=0 +36 +16 =+/52 units (1)




49. Write the vector equations of following fines
and hence find the distance between them
=1 ¥—-2 t+4d ¥-3 yY-=3 %3

2 3 6 4 6 12
Delhi 2010

Given equations of lines are
x-1_y-2_z+4
2 3 6
x=3 _y-=3 z+5
4 6 12

Now, the vector equation of lines are
_>

F=(+2] -4 +AQF+3]+6K .0
[ vector form of equation of line is

- = —3
r=a+ADb]

(1)

and

—> ~ -~ -~ = & A
and r =3i +3j -5k +u(4i +6j+12k)...(ii)

— ~ A ~A i ) ~

Here, a, =i +2j— 4k, b, =2i +3j + 6k

= ~

b A 2 A ~ A
and a,=3i+3j -5k by=4i +6j +12k

- o

Then, 32—31=(3?+3f—5£)—(§+2f—4ﬂ}
=27 4] =k ...(ii) (1)
ik |
— -
4 6 12

=] 136 = 36)— 04 =38 + k2 -1
. . & e
=0i -0j +0k=0 )

- = =
= b-|)<b2=0



— -
= Vector b, is parallel to b,
- -5 -

- -
[-ifax b =0,then a|| b]

As, two lines are parallel.
_)

b =@ + 3} +6k) (V)
[since, DR's of given lines are proportional] (1)

Since, the two lines are parallel, we use the
formula for shortest distance between two
parallel lines.

We know that,

- = -
bX(az‘”a-l)

| b
From Egs. (iii), (iv) and (v), we get

Qi +3] +6k)x Qi +] - K

shortest distance, d = ...(v)

d = (Vl)
V22 + 32 +(6)
Now, (2i + 3}: +6§) X (2? + ,r —_f\:)
Pk
— 5 3 6
2 1 -1

—i(-3-6)-](-2-12)+k(2-6)
— 9 +14] - 4k 1)
From Eq. (vi), we get |
~ 97 +14] - 4k

92 +042 + (47

J49 7
- d___\/81+136+16=\/2;3 ks -

50. The points A (4, 5,10), B (Z, 3, 4) and
C(1,2,-1)are three vertices of
paralielogram ABCD. Find the vector
equations of sides AB and BC and also find
coordinates of point D. HOTS; Delhi 2010



. . s

(,:) The vector equatron of aside of a parallelogram,

when  two  points are  given, is |
- - :

r=a+A( b - a ). Also, the diagonals of a
rectangle intersect each other at mid-point.

Given points are A (4, 5,10), B(2, 3, 4 and

C12,=1
4 ’D&,y,z) cd,2 -1)
A (4,5, 10) B (2,3, 4)

We know that, two points vector form of line
is given by

+A(b - a) (D) (1)

where, a and b are the position vector of
points through which the line is passing

through. Here, for line AB position vectors
— —

are a=OA=4f+5f+10§
— - A @ -
and b =0OB=2i+3j + 4k (1)

Using Eq. (i), the required equation of line AB
IS
= ~ ~ o A ~ A
r=(4i +5j +10k) + A [2i + 3j + 4k
— (41 +5] +100)]

— r=(4 +5] +10K) - A 27 + 2] +6k) (D

Similarly, vector equation of line BC, where
B(2,3, 4andC (1,2, -1)is

-~

- 4 . oA A A
r=Qi+3j+4k+uli+2j -k
— Qi +3] + 4k)]
—> & - A s = "
= r=Qi+3j+4k)-uli +j+5k §)]
We know that, mid-point of diagonal BD
= Mid-point of diagonal AC

[ diagonal of a parallelogram bisect each
other]



.(x+2 y+ 3 z+4]_(4+1 542 10—1)

BE 27 3 " 9

(1)
On comparing corresponding coordinates,
we get
x+2 5 y+3 7

3 3

r

2
and % 4=-3-:bx=3,y=4andz=5

N+ N

Hence, coordinates of point
D(x,y,z)=3,4>5) (1

and vector equations of sides AB and BC are
- ~ s ~ A . ~

r=(4i +5j +10k) — A (2i + 2] +6k) and

_}
fr=

(2?+3f+4£)—u(f+f+5£),
respectively.

51. Find the coordinates of foot of perpendicular

drawn from the point (0, 2, 3) on the line

X¥3_¥=1_Z¥% s, find the length of
5 2 3

perpendicular. Delhi 2009C ‘



. Given equation of line is
X+3 y¥—=1 z+4
5 2 3

and given point is P(0, 2, 3), let foot of
perpendicular PT is T.

P02, 3
]
A T B
¥+3 y-1_z+4
Now, - BSRiTThA A [say](1)
=3 x=5A-3,y=2A+1z=3A-4
.. Coordinates of point T are
BA~-3,2A+13A—4) (1)
DR’s of line
PT=G5A-3-0,2A+1-2,3\L—-4-3)
=(5A—-3,2A-13A-7) (1)

Since, PT 1 AB
Therefore, 12, + bjb, + c;c, =0



where, 3y =5A -3, by=2A -1 ¢c;=3A-7
and 8y=5,b; =253 (1)
S50BA-3)+2RQA-1+3CBA-7=0

= 25A =15 +4A-2+9A -21=0
=5 38A-38=0 = 38A =38
=5 =1 (1)

. The foot of perpendicular
=(5A=-3,2A+13A -4
=1{2,3,-1) [put A =1](1/2)

Also length of perpendicular, PT = Distance
between points P and T

= PT=y0-22+@2-3%+3+1)?
['.'distance=\/(x2—x1]2+(y2—y1)2+(Zg-21)2:|

- m =21 units  (1/2)

92. Find the perpendicular distance of the point

(2, 3, 4) from the line Tl W ol

2 6 3
Also, find coordinates of foot of \
perpendicuiar. Dl 20000

Do same as Que. 51.
" Ans. Perpendicular distance = Distance ]

coordinates of foot = (1 e , A , 60)
49 49 49




Plane

1 Mark Questions

1. Write the vector equation of the plane passing
through the point (a, b, c) and parallel to the

plane oG+ j+k =2 Delhi 2014

The required plane is passing through the

point (a,b,c) whose position vector is
ﬁ

o= ai + bf +ck and is parallel to the plane

— ~ ~ e

r-(i +j+ k=2.

So, it is normal to the vector

=% = - %
n =i+ j+ k

Hence, required equation of plane is

r-p)-n=0
- = - =
= r-n=p-n

= r(+j+R=@ +b+ck-(+]+k

:?-{f+f+£}=a+b+c (1



2. Find the length of the perpendicular drawn
~from the origin to the plane 2x-3y +6z+21=0.
All India 2013

f"? The distance from pount (xl, yl, zl }to the plane |

Ax+By+Cz+D=0is ik hal ey
\/A2+82+C2

Given, equation of plane is
2x—-3y+6z+21=0 ()

.. Length of the perpendicular drawn from the
origin to this plane

2 U=3:0+6 «0+21 0040421
\fz 21(232+6) | |J4+9+36
_ 3 B
“74?*7
=3 units (D
3. Find distance of the plane3x—4y +12z=3
from the origin. Delhi 2011

. Given equation of plane is
3x— 4y +12z — 3 =0 and the point is (0,0, 0).
We know that, distance of the plane
Ax + By + Cz + D =0 e~ the point (X, V4, Z4)
IS
\A% + By; + Cz; + D|
JAZ + B2+ C2
Here, xx, =y, =2z, =0
and A=3B=-4C=12,D=-3
. Required distance
g 3(0) = 4(0) +12(0) - 3|

VB2 + (22 +(12)?
-3 3

JI+16+144 " 169

d=

= d= —umts (1)




4. Write the intercept cut-off by plane
2x +y — z =5 on X-axis, HOTS; Delhi 2011

{ ) Flrstly, we convert the gwen equatlon of plane

*in intercept form, i.e. = E f:-l- £ =1, which cut
a C :

the X-axis at (a, 0,0).

leen equation of plane is 2x +y-2z=5.

On dividing both sides by 5, we get
B 3 D

— __‘x_+.5i+_z__=‘|

i

On comparing above equation of plane with
the intercept form of equation of plane

3{_ + X + E_ =1

a b c

where, a = x-intercept, b = y-intercept and
C = z-intercept

5
We get, a=—
. p

i.e. intercept cut-off on X-axis = g (1)

5. Write the distance of following plane from
origin,2x -y +2z+1=0. All India 2010

Do same as Que. 3 l:Ans. % unit}

6. Find the value of A, such that the line
p=d y=l Z+3

6 A —4
plane3x—-y—-2z=17. All India 2010C

is perpendicular to the



Given, line '3'f*“2=)/_1=ZJr5
6 A —4

perpendicular to plane3x -y -2z = 7.
Therefore, DR’s of the line are proportional
to the DR’s normal to the plane.

B A e = 2==A

3 -1 =2
== A=-2 (1)

4 Marks Questions
7. A plane makes intercepts —6, 3, 4
respectively on the coordinate axes. Find

the length of the perpendicular from the
origin on it. Delhi 2014C



Given, intercepts on the coordinate axes are
(-6, 3, 4), then equation of plane will be

_X_ o+ _}_/. 4 z —
6 3 4
or BP0 PW. B = (1)
6 3 4
Distance of a point from plane is given by
D_Flax1 + by, + ¢z, +d| (1)

_| Va2 + b2 +c2 [

Here, distance of origin from above plane
6 3 <+
BEORY]
SO + i — + L
6 3 4

- = 12 b
1,11 | [29] 29

36 9 16 144
Hence, required length of the perpendicular

12
from origin to plane is ——— units. (1)
. V29

8. Find the distance of the point (-1, -5, - 10)
from the point of intersection of the line

—3 ~ a ~ A ~ -~
r=2i —j+2k+AQBi +4j +2k)and the

— A ~ ~
plane r-(i —j + k) = 5.
Delhi 2014; All India 2014C, 2011; HOTS



Q Firstly, convert the given equations of line and
. * plane in cartesian form and then solve them to |

get their point of intersection, then use
| distance formula to find the required distance.

Given equations of line and plane are

—3 -y & - - ~ ~
r=02i—j+2k+AGBi+4j +2k
_...._)

and r-(f—f+§)=5

Above equations in cartesian form can be
written as

x=2 y+1_2z-2
3 4 2
and X-y+z=5 (i) (1)

(1)



Let the point of intersection of line (i) and
plane (ii) be Q.
Ju:—2_y+1_z—2=;L

Let
3 4 2
ey Ed g VL n 7R 5
3 4 2
= x=3A+2,y=4A-1z2=2A+2
. Any point Q on the given line is
QBA+2,4A-12A+2) (1

Since, plane also passes through Q, so
coordinates of Q will satisfy Eq. (ii).

BA+2)—(4A -1 +QA+2)=5
=5 3A+2-4A+14+2A+2=5
— A=0 (1)
On putting A =0inQ BA +2,4A —1,2A +2),
we get the point of intersection as
Q2,—12).

Now, the required distance
PQ =12+ 12 +(-145%+2 +10)? =13

- x)? e
-+ distance = (xa = x)" +ly2 = ya)
+{z; - 21)2

= /9 +16 +144
=.[144+25
=~/169

=13 units '
Hence, the required distance is 13 units. (1)

9. Show that the lines S-x_y-7_z+3
—4 4 -5

i = i = £—~a are coplanar.:
7 2 3 P Delhi 2014

and




Given lines can be written as
¥—5 v—2 Z4d
4 4 =5
x=8 y=4 zZ=95
7 1 3
On comparing both lines with,

(1)

and

X=% _ Y= _ 274 respectively, we get
a b b

x=5w=72z=-3,a=4b=4.c=-5
and XZ:B'VZ=4f22=5’aZ=7’ b2=1,
If given lines are coplanar, then

| X2=% y2a-V 2y~ ]

a b o |=0 (M
| a b, ¢y |
18-5 4-7 5+3| |3 -3 8|
LHS=‘ 4 4 -5 |:|4 4 -5
| 7 1 3] |7 1 3

=312 +5)+3(12 +35) + 8(4 - 28)

=3X174+3x47 + 8(-24)

=51+141-192=192 -192 =0 = RHS
Therefore, given lines are coplanar. (1)

10. Find the image of the point having position
vector i +3j + &4k in the plane

SR A B
ri2i-j+kl+3=0. All India 2014C

Given, position vector of point is (i + 3f + 4k).

So, coordinates of point P are (1, 3, 4) and
vector equation of plane is
— 5 ~ ~

r-(2i —j +k) + 3 =0, then cartesian equation
of plane is2x -y + z +3 =0.

Let Q be the foot of perpendicular from P on
the plane.

P. 1 2 Ay



T Ly 9y "f']

/ Q4 /2x—y+z+3—0

IR (1)
Since, PQ is perpendicular to the plane.
Hence, Dr’s of PQ will be 2, -1, 1.
So, equation of PQ will be

x—-1 y-3 z-4 .

> S A Isay]

Coordinates of Q = 2A +1 —A + 3, A + 4),
also Q lies on plane, so it will satisfy the
equation of plane.

S22+ ) -H-A+3)+A+4H+3=0

=3 A4 +2+A-3+A+4+3=0
) 6A = -6 |
= | (1)

So, coordinates of Q will be (-1, 4, 3). Since,
Q is the mid-point of PR and let R be (x, y, z),

then[x;1,y+3,z+4)s(-1,4,3) (1)

2 2

On comparing corresponding coordinates,
we get

x—ﬂz—1=>x=-2 = X = -3,

}L;=4=>y+3=8:>y:8—3=5

and —?—;—4=3:>z+4=6=>z:6—4:2

Hence, required coordinates of image point R
is (=3, 5, 2). ()



11. Find the vector equation of the plane
through the points (2,1 -1)and (-1, 3, 4) and
perpendicular to the plane x—2y +4z=10.

All India 2013

The required plane passes through two points

— -
P(2,1,—-1)and Q (1,3, 4). Let a and b be the
position vectors of points P and Q, respectively.

Then, a=2;:'f'}:—"2
_:; & - -~
and b=~i+3j+ 4k
3 s " i ~ A A A
PQ =b- a=(-i+3j+4k - Qi +j -k
=—3i +2j + 5k (1)
._’

Let n; be the normal vector to the given plane,

% -~ ~ ~
X—2y+4z =10, thenn; =i - 2] + 4k.
. .
Let n be the normal vector to the required
plane. Then,

A’
- = —
n=mxPQ=|1 -2 4

=3 .2 5

=i(-10 —8) = j(5 +12) + k(2 — 6)
=—18i —17] — 4k (1)
The required plane passes through a point

having position vector a =2i + ; -k and is
o : e
normal to the vector n; =—18i —17] — 4k. So,

its vector equation is
- = - -
Foify = Foof

_ (1)
=¥ A 2 - & < ~
= r-(-18i-17j —4k=Qi +j — k)
ARG~ 17—l
—p i - ~
=> r (=181 -17j —4k)=-36 =17 + 4

— a " ~
r-(18i +17j + 4k)= 49 (1)



12. Find the coordinates of the point, where the

Iinex—2:y+1=z—2

intersects the plane

x—y+z—-5=0. Also, find the angle between
the line and the plane. Delhi 2013

Given equation of line is
X—2 :y+1:_z-2___A
3 4 2
X=3A+2,y=4A-12z=2A+2

Then, [BA +2),(4A —1), 2A + 2)] be any point
on the given line. _ (1

[say]

This point lies on the plane x—y+z-5=0
BA+2)-(4A-1)+Q2A+2)-5=0

= 3A+2—-4A+1+2A+2-5=0

=3 A=0 ..0) (1)

. Point of intersection of line and the plane

=(3x0+2,4x0-12x0+2)=(2,-1,2) (1/2)

Let 8 be the angle between line and plane.

Then,

o af+bm+£{1_

\,[a2+b2+c2\/!2+m2+n2
Here, a=3, b=4c=2;l=1m=~,n=1
(3)(1) + 4(=1) + 2(1)

sinf = 7
JO+16+41+1+1
s Sine_3—4+2_ 1
v29d§ 87
~1 1
= 8 =sin” — (11%4)
V87

which is the required angle.



13. Find the vector equation of the plane which
contains the line of intersection of the planes

?-(f+2f+3§)-—-&=0 and ?-(2? +j—k)+5=0
ind which is perpendicular to the plane
r (51 +3] -6k)+8=0. HOTS; Delhi 2013
Let the given equation of plane in cartesian
formbe m=x+2y+3z-4=0
and My =2X+y=-2z+5=0
Equation of plane through m; and w5 is
(x+2y+3z —4+k(2x+y—-2z+5)=0
= x(14+2k+y2+k+zB3 -k —4+5k=0 ..0)
(1

This plane is perpendicular to the given plane

T 5i + 3}: - 612) + 8 =0 whose cartesian
equation is
5x+3y-6z+8=0
. 5(1+2k)+3(2+k) - 6(3—-k)=0
[ LIy +mym, +mn, =0]
= 5+10k+6+3k-18+6k=0

s 19k—7=0 = k=" 2)
- 19

On putting k=-119 in Eq. (i), we get the

equation of plane as

x(1+]—i)+y(2+1J+z[3—z—}—4+§3=0
19 19 19 19

33) (45] [50] 41
= X —|+yY| —|[+2Z|—|-——=0
[19 19 19 ) 19

= 33x+45y+50z-41=0 (1)



14. Find the equation of plane(s) passing through
the intersection of planes x + 3y + 6 =0 and
3x — y — 4z = 0 and whose perpendicular
distance from origin is unity.
HOTS; All India 2010C

() Firstly, write the required equation of plane as
* (x+3y+6)+ A3x— y—4z)=0. '
Then, convert the above equation in general
form of plane which is ax+ by+ c+d=0.
Finally, use the formula for distance from a :
point  (x;,),,7z5) to  the  plane

ax+ by+cz+d=0.

Let the required equation of plane passing

through  the intersection of  planes

X+3y+6=0 and3x -y -4z =0 be
(Xx+3y+6)+A(3x—y—-4z)=0 csekl)

Above equation can be written as
X+3y+6+3Ax-Ay—4Az =0

= X(1+3A)+yB-A)—-4Aaz +6 =0 ...(i1) (1)

which is the general form of equation of

plane.

Also, given that perpendicular distance of
plane (i) from origin, i.e. (0, 0, 0) is unity,
l.e. one.

1+3A0) @ +C3-A)0)-4A(0) +6

=1
[ . : .
V4302 + (3 - )2 +(-4n)?

-~ distance of point (x;, v;, z,) from a

planeax + by + cz + d = 0isgiven by

J-| + by, +cz; +d |

\/fa2 +b*+c* |
here,a=1+3A,b=3—-A,c =—4A,
_(X1, }/1, Z]) = (0; Of O) _ (1)
e 3 o 6 I =1




14932460+ 9+ A7 64 + 162 |

6
=3 ! _ =1
V2627 +10
- 6.=4/2632 +10
On squaring both sides, we get
36 =26)A° +10

= 2607=26 = AM=1 = Ai=£1 (1)
Now, on putting A = 1in Eq. (i), we get
X+3y+6+3x-y-4z=0
= : 4x+2y -4z +6 =0
= 2x+y~-2z+3=0 skl
Again, on putting A = - 1in Eq. (i), we get
X+3y+6-3x+y+4z=0

= —2x+4y+4z+6=0

= x-2y-2z-3=0 ...(iv)
Eqgs. (iii) and (iv) are the required equations of
the plane. (1)

15. Find the equation of plane passing through
the point A(1, 2, 1) and perpendicular to the
line joining points P(1, 4,2) and Q (2, 3, 5).
Also, find distance of this plane from the line
X+3 y~5 _ 2-7

2 -1 ml Delhi 2010C

Equation of plane passing through the point
A (1, 2,1)1s given as
alx-N+bly-2)+c(z-1)=0 mOKe)
[ equation of plane passing through
(x;, v4, ;) having DR’s a, b, c is
alx—x)+bly—-y)+c(z-2z)=0]
Now, DR’s of line PQ, where P(1, 4, 2) and
Q@,3,5)are2-13-45-2,i.e.1,-13.
Since, plane (i) is perpendicular to line PQ.
~. DR’s of plane (i) are 1, -1, 3



i.e. a=Lb=-1¢c=3 4}
On putting values of a, b and ¢ in Eq. (i), we
get the required equation of plane as
Ix=1D-Ny-2)+3(z-1)=0
= Xx=1-y+2+3z-3=0
=> x—-y+3z-2=0 ...(1n)
Now, the given equation of line is
X+3 y¥-3 Zz-17
2 -1 -
DR’s of this line are (2, -1, —1) and point
(-3, 5, 7).
Now, From Eqs. (ii) and (iii), we get
2M=-1-1N=-13=2+1-3=0
| [by using a; a, + by by +¢;¢, =0]
So, line (iii) is parallel to plane (i).
. The required distance = Distance of the
point (-3, 5, 7) from the plane (ii)

(=3)M+B)-D+73) -2
J2 + (=12 + )2

(i) (1)

d=

~distance of the point (x, y1, Z¢)
to the plane ax + by +cz +d =0is
_|ax + by, +cz; +d |

d
_ JaZ+b2+c? _
| =3-5+21-2| | 11| 111
J1+1+9 Jii| |
= /11 units (M

16. Find the cartesian equation of the plane
passing through points A (0,0, 0) and
B (3, -1, 2) and parallel to the line
x~4=y+3=z+1

1 — 4 7

HOTS; Delhi 2010

i) The equation of any plane passing through-
-0 ey z)is



a(x=x)+b(y—y)+clz—z)=0.
This pTane is parallel to the line

i

z

i

|

|

|

' XX Y- 28
| S| by G
{

H

|

1

|

|

.. Normal to the plane is perpendicular to the
line, i.e. aa; + bb; + cc; =0. Use these results
and solve it.

Equation of plane passing through the point
A(0,0,0)is

alx—-0)+bly-0+c(z-0)=0 |

=> ax+by+cz=0 ..(iX1)
[using one point form of plane

alx-x)+bly-y+cl(z-2z)=0]

Given, the plane (i) passes through the point
B3, -1 2).

~ Putx=3,y=-1and z =2 in Eq. (i), we get
3a-b+2c=0 D)
Also, the plane (i) is parallel to the line
x—4 y+3 z+]1
1 -4 7
a(l) + b(=4) +c(7)=0
if plane is parallel to the line, then normal

to the plane is perpendicular to the line.
s aa, + bbby +cc, =0

= a—-4b+7c=0 .1y (1)
Now, on multiplying Eq. (iii) by 3 and
subtracting it from Eq. (ii), we get

3a—- b+ 2c=0

3a ;12b+ 21c =0

11b-19c =0

=3 b=—c
On putting b = % in Eq. (i), we get

?2—E+2C=nl -y 3a+_1gc+22C =0




B B (1

Now, putting a = — % and b = % c in Eq. (i),

we get the required equation of plane as
e 19¢
—X+—Yy+cz=0 ®
11 11
sy — i +z=0
11 11
[dividing both sides by ]
=5 -x+19y +11z2 =0
[multiplying both sides by 11]
=5 x—19y -11z =0 (1)
17. Find the equation of plane that contains the
point (1, -1, 2) and is perpendicular to each
of planes2x +3y —2z=5and x + 2y -3z =8,

Delhi 2009C



? “The equatton of any plane passmg through
(x> y1,21) s
a(x—x )+ by—y) + clz—2)=0
and if it is perpendicular to the planes
a;x+ by y+ ¢z+ dy =0and
a,x+ byy+ cpz+d, =0.
Then, aa; + bby + c¢c; =0
and aa, + bby + cc, =0.

Use these results and solve it

Equatlon of plane passing through point
(1, =1, 2) is given by

a(x—1)+b(y+1)+c{z—2)=0 L) (1)

Now, given that plane (i) is perpendicular to
planes

2x+3y-2z=5 ..(11)

and x+2y—-3z=8 (i)
We know that, when two planes
ax + by+c¢,z=dyand ayx + by +cyz =d;
are perpendicular, then

aa, + bjb, +cic, =0 (1)

2a+3b-2c =0 [from Eqgs. (i) and (ii)]

and a+2b-3c=0 I[fromEgs. (i) and (iii)]
= 2a+3b=2c ...(iv)
and a+2b=3c V(D)

On multiplying Eq. (v) by 2 and subtracting it
from Eq. (iv), we get

2a+3b =
2a+ 4b=_6cC
-b =—-4c
= b =4c
On putting b = 4c¢ in Eq. (v), we get
a+8c =3¢

= a=-5c



Now, on putting a =—5c and b = 4c¢ in Eq.
(i), we get the required equation of plane as
-5c(x-N+4cly+1)+c(z-2)=0
= =5(x-N+4(y+1)+(z-2)=0
[dividing both sides by c]
=3 -5x+5+4y+4+2z-2=0
—> 5x -4y -z~-7=0 (1)
18. Find the coordinates of point, where the line
€L V+d 243

2 3
X+y+4z=6. All India 2008

Given equation of line is
x+1 y+2 z+3

meets the plane

!

2 3 4
then ><+1=y+2=z+3=;L [say] (1)
3 4
= x=2A-1y=3A-2,z=4A-3
Q
P

. Any point on the line is

PQA —13A—2,4A - 3) (M
Now, as point P lies on the plane. So, it will
satisfy the given equation of plane which is

X+y+4z =6
s RA-1D+(BA-2+4(4A-3)=6 (1)
= 2A-1+3A-2+16A-12=6
= 2. -21=0 = 21A =21
— A=
On putting A =1in point P, we get the
required pointP (2 -13-2,4-3)=P(1117).

(1)



6 Marks Questions

19. Find the equation of the plane passing
through the line of intersection of the plane
?-(f+f+§) =1and ?-(Zf+3f—§)+& =0 and
parallel to X-axis. All India 2014C, 2011

Given equation of planes are
=3 ~

o~ oY M -.) ~ ~
r-(i+j+k=1and r-Qi+3j-k+4=0

Above equations can be written in cartesian
form as

X+y+z-1=0 svekl]
and 2x+3y-z+4=0 ... (i) (1)

Let the required equation of plane passing
through the line of intersection of planes (i)
and (ii) be

X+y+z-D+A2x+3y-z+4=0
=X+y+27Z-1+2Mx+3Ay-Az +4A =0
=Sx1+20)+y(1+3A0)+z(0-A)

+ (=14 4A) = 0...(iii) (1)



. DR’s of the above planes are 1+ 24,1+ 32,
1-A.
Also, DR’s of the X-axis are (1, 0, 0). §))

Also, given that the above plane (iii) is
parallel to the X-axis.

1+20+00+30)+001-A)=0 (1)

&a, + bib, +c;c, =0 I
where, a;=1+2A, b, =1+3A, ¢, =1-A
and a,=1b,=0,c,=0

== 1+2A=0 = 2A=~1

..

=5 A=—

(1)

N | =

On putting A = = 1/2 in Eq. (iii
required equation of plane as

2x1 3 1
x[]———)+y[1—-)+z[1+)
2 2 2
+(—1—iJ=O
2.
= —_-Z+3—Z—¥2f1=0:>y—3z +6=0

2 2
. The vector equation of plane is

o

, we get the

r-(-30+6=0. (1)

20. Find the distance between the point (7, 2, 4)
and the plane determined by the points
A2, 5,-3),B(-2,-3,5)and C(5,3,-3).
Delhi 2014



Given points are A(2,5,-3), B(-2,-3,5) and
C(5,3,-3). _
Consider (x, v, ) = A2, 5, = 3)

(X9, ¥9, Z9) =B (=2, -3, 5)
and (x3,¥3,23)=C (5,3, -3) (1)
Now, equation of plane passing through three

collinear points is

X=X Y=Y Z-ZzZ
[X2=X% Ya—wn Z2-2z;|=0
X3=% Yis—YN Z3-Zz (1
On putting the values of three points , we get
X—2 y-5 z+3
—=2~2 =3-5 543|=0
3=2 3-5 -3+3
X—=2 y-=5 z+3
= -4 -8 8[=0
3 =2 0 )

(x-2)0+16) —(y — 5)(0 - 24)
+z+3)8+24 =0

=



=16x-32+24y-120+322+96=0
— 16x+ 24y +32z -56=0
=4 2x+3y+4z-7=0 ..00)(1)
Now, distance between the plane (i) and the
point(7,2, 4) is

S o3+ aw-7

| Vo202 + @2

(1

"+ distance between the plane

ax + by + cz + d =0 and the point
ax + by, +czy —d’

\/32 TN l
14+6+16 - 7’

V29

(X1 29) i

:|29

29

= +/29 units (1)

21. Find the equation of the plane through the
line of intersection of the planes x+y+z=1
and 2x + 3y + 4z = 5, which is perpendicular
to the plane x — y + z = 0. Also, find the
distance of the plane obtained above, from
the origin. All India 2014



Equation of any plane through the line of
intersection of the given planes x+y + z =1
and2x+3y+ 4z =5, is
x+y+z-1+AR2x+3y+4z-5=0

=% 1+2A) x+ @1+ 3\ y

+(1+4A) z-1-5A1=0 ...() (1)
The direction ratios a;, by, ¢, of the plane are
2A+1),8A+1)and (4A +1).
Also, given that the plane, i.e. Eq. (i) is
perpendicular to the plane x-y+ 2z =0,
whose direction ratios a,, b, ¢, are 1, —1and

il (1)
Then, a-laz + b1b2 - C~|C2 =0

= 11+2A)-10+30)+11+ 40 =0
=3 142X -1-3A+1+4A =0
L 3k=—1=>}k:—g- (1)

On substituting the value of A in Eq. (i), we
get the equation required plane as

(1—-2—]x+ 1—3)y+ 1—i z—1+-§=0
3 3 3 3

1 1 2
=> —X==Z+—=0
3 3 3
= X—z2+2=0 (1)

Now, we know that, distance between a point

P(x;, v;, z;) and plane Ax + By + Cz =D is
d=AX1 +By1 +C21 ""D

\[/ﬂ*.2+.f532+c2

Here, point is (0,0,0) and the plane is

X—Z+2=0.
. Required distance,

d_I 1x0+0+(—1)><0+2|
| JmreEn?

2
V2

= \5 unit



22. Find the distance of the point (2,12, 5) from
the point of intersection of the line

T =20 — 4] + 2k + A (37 + 4] + 2k) and the
=¥ A o *
plane r-(i —2j + k) =0. All India 2014

Given equation of line is

7=2f—4f+2!2+k(3f+4f+2£) (1)
and the equation of plane is

ri-2]+k=0 (i)

(1)

For point of intersection of Egs. (i) and (ii), we
get

21 — 4] + 2k + A 3P + 4] + 2K)]
i-2j+k=0()
[on putting the value of 7 from

Eq. (i) to Eq. (i1)]
= 2+8+4+2+3A-8A+2A=0

= [2=34=0D
= -3AL=-12 = A=4 (1)
On putting A = 4in Eq. (i), we get
T =27 — 4 + 2k + 437 + 4] + 2K)
=14i +12] + 10k (1)
Since, T is the position vector of the point

(14,12,10). (1)

~.Distance between the points (2,12,5)
and (14,12,10)

=2 =147+ (12 -12)% + (5 - 10)?

= (=122 + (0)? + (=5)?
= 144+ 25

=169

=13 units (1)



23. Find the equation of the plane that contains
the point (1, -1, 2) and is perpendicular to
both the planes 2x+3y -2z = 5 and
x+2y — 3z = 8. Hence, find the distance of
point P(-2, 5, 5) from the plane obtained
above. Foreign 2014

Given point is (1, =1, 2) whose position vector
is Ef =i vf + 2k, |

Also, given equation of planes are
2x+3y-2z and x+2y-3z=8 (D

Vector forms of these planes are
Ny=2i +3] —2kandN,=i+2j -3k (1)

Now, required planes is prependicular to
given planes, so the normal vector of the
required plane

i ]k
%
N= 3 -2

1 2 -8

=1(=9 + 4 ~ (-6 +2) + k(4 - 3)
= —5i +4j +k _ (1)
So, the equation of the required plane is

- - =

(r=a)-N=0
S - —j+20]-=5i+ 4] +b=0 (1)

— - A -
=r(-5i+4j+k+7=0 is the vector
equation and 5x -4y — z = 7 is the cartesian
equation of required plane. (1

Also, the distance of point P(-2, 5, 5) from the

plane obtained = |5(_2) —405)-(5) -7
| V25416 +1

l"42 V42 units (1



24. Show that the lines ;} =(f+f-f«:) + k(3f—-f)
and ? =(4i —k) +u(2f+3ﬁ2) are coplanar. Also,
find the equation of the plane containing
them. Delhi 2013C

~

Given lines are ? =( + ; - !2) - M3? — }:)
—

and r = (4 — k) +u@i + 3K

On comparing both equations of lines with

- -
r=a+Ab respectively, we get

% - -
aj=i+ j—- kb= -

and a,=4i — k by=2] +3k (1)
i Tk

then, b, ><52= 3 -10
2 0 3

=i(~3-0)-] (O -0)+kO+2)
== 37 =8 4 2k (1)



and5-—;=(4f—!€)—(f+f—!:)=3f~—f (1

Now, (“)—31 b|><b2) 31-;) A
(—=3i-9j + 2Kk

=-9+9=0
Hence, given lines are coplanar. (1)
Now, cartesian equations of given lines are
x—1=y—1= Z +1and
. -1 0
x-4 y-0_2z+1
2 o0 3

Then, equation of plane containing them is
X=% ¥=h Z2-Z

a, b, c; |=0
a; b, C2
x-1 y=-1 z+1
=> 3 -1 0 |=0 (1)
2 0 3

= xX-1)=3-0-(y-1)09-0)
+(z+1O0+2)=

= —-3x+3-9y+9+2z+2=0

. 3x+9y -2z =14 (1)

25. Find the distance of the point (1, — 2, 3) from

the plane x—y + z = 5 measured parallel to
_y—-3 242

he line 2=
Sl 3 "¢ Delhi2013C




Let P(1, — 2, 3) be the given point.

Given equation of line is
x—1 y=3 Z+2 Y

sa
5 3 7 [say]
= x=2A+1y=3A+3,Z=-6A-2
Any point on the line is

QRA+1,3A+3,-6A - 2).
Now, direction ratios of PQ are

QA +1-13A+3+2,-6A-2-3) .
ie. (2A, 3A +5,- 6A — 5) (1
According to question, the line PQ is paraliel_
to the plane

X—y+2z=5

Therefore, normal to the plane s
perpendicular to the line.
ie. aa, +bby, +cicy, =0
2D+ GA+5H=1)+(-6A-=5)1)=0 (1)
=5 2A-3AL~-5-6A-5=0

- 7 -10=0 = A=137;9 (1)



. Coordinates of Q are

R o) o)

5 Q ['1 el 46] ()

7 - S |
Hence, distance between the points

13 -9 46
P -2 3)andQ( o g 7}
2 2 2
=J(:E—1J +[—_2+2) +(ﬁ—3) (1)
¥4 7 7

- distance
=‘J( -*X1)2+(Y2 ] +(22_Z1)2
‘[[—20] (5}2 (25)
=.l— +|=| +|—
7 7 7
=17JE00+25+625

V1050 56x7 _[6 .
= 7 = . =5 -;Unlts

26. Find the equation of the plane passing
through the line of intersection of the planes

?-(? +3f)—6=0 and ?-(3?—?— 4k)=0, whose
perpendicular distance from origin is unity.
All India 2013C



. = A .
Given planes are r-(i+3j)-6=0 and

A~

-_) -~ ~
T -3i — j — 4k) = 0. The equation of any plane

passing through the line of intersection of
these planes is

i S . e & A -~
[r-(+3)-6]+Alr -GBi-j—-4Kk]=0
-

s [GA+1)] +B=A)] —4rk]1-6 =0...(i) (1)

Given, perpendicular distance of origin from
this plane is unity.
[BA+1)x0+(3 - 2)x0—4A x0 -6

JBA+12+3- N2 + (40’
= 6=y9A2+1+6A+9+A2—6A+16)]

= 6=1126l2+10 (1)

On squaring both sides, we get
2632 +10=36 = 261" =26

= M=1 = A=x1 (1)

On putting A =Tin Eq. (i), we get the required
equation of plane as

=1 (1)

T3+ +B-1)] -4k -6=0

- T4 +2] -4k -6 =0 (1)
On putting A=-1in Eq. (i), we get the
required equation of plane as

TIG=1) +1)i + B +1)] -4k -6 =0

-y F=2i + 4] + 4k -6 =0 1)

2. Find the vector equation of the line passing
through the point (1, 2, 3) and parallel to the
planes ?-(f—f+2§}=5 and ?-(3?+f+§)=6.

All India 2013

Suppose the required line is parallel to vector



b which is given by b = byi + byj + bsk.

The position vector of the point (1, 2, 3) is
— 5 & ~
a=i+2j+3k

The equation of line passing through (1, 2, 3)

_)
and parallel to b is given by

- - >
r=a+Ab
—=r=(+2]+ 3K) + ).(bﬁ + b;_,f + bgﬁ) (i)
q)
The equation of the given planes are
rei—j+20=5 ...(ii)
and rGi+i+k=6 (i ()

The line in Eq. (i) and plane in Eqg. (ii) are
parallel.

Therefore, the normal to the plane of Eq. (ii)

and the given line are perpendicular.

o (F=]+2K) M (b + by + bsk) =0 (1)

= Ab,—b,+2by)=0

= b, — b, +2b; =0 . (1v)

Similarly, from Eqs. (i) and (ii), we get
(3f+f+,’2)-l(b,?+b2f+ b3§)=0

= ABb; + by + b3) =0
=3 3b,+by+ b3 =0 V()
From Egs. (iv) and (v}, we get
by __ by b
(-Dx1-1x2 2x3-1x1 Ix1=3(-1)
— b1 =b2:b3 &)
-3 5 4

5
Therefore, the direction ratios of b are —-3,5

and 4.
_)

ey -~ a —* - -~ A



b=-3i+5j+4k [ b=byi + byj + b3k ]

5
On substituting the value of b in Eq. (i), we
get

— ~ ~ A = - A
r=0+2j+3k+ A-3i +5j + 4k) §))
which is the equation of the required line.

28. Find the coordinates of the point, where the
line through (3,-4, - 5) and (2,—3,1) crosses
the plane, passing through the point (2,2,1),
(3,0,1) and (4,-1,0). Delhi 2013

Equation of the line passing through the points
(3,—4,—-5) and(2,-3,1)is
Xx~3 y+4 z+45
2-3 -3+4 1+5

X=X _ Y=n _ 2-21}

Xo = X Yo— W Ly— 24

_y x;?’:_}fijzz"'s':},, [say] (1%2)

-1 1 6
= x=—-A+3,y=A-4,z2=6A-5
. Any point on this line be
(—A+3,A—4,6A-5). (1/2)
Now, equation of plane passes through the
points (x, V;, Z1) , (X9, ¥4, Z5) and (x3,y3, Z3) is
X—% Y-y, z-2;|
X=X Ya=VN 2277
X3=X% Y3—Y1 Z3—Z
.. Equation of plane passes through the points
(2,2,1),(3,0,1)and (4, -1, 0) is
x—2 y-2 z—w
3-2 0-2 1-1(=0
4-2 -1-2 0—1‘
x-2 y-2 z-1
1 -2 0 [=0
[ 2 -3 =] |
(x=2)(2 —-0)—{y—2){~1-0)

-~ an -~

(1

=



+(z-D(-3+4 =0
=3 2x—4+y—-2+z-1=0
— 2x+y+z—=7=0 ...(i(1)
Also, the point of line lies on plane (i).
2-A+3)+(A-H+6A-5)-7=0
= —-2A+6+A-4+6A-5-7=0
=5 5A-10=0
— h=7 (M
Hence, point of intersection of line and plane
is
(—2+3,2-412-5),i.e.(1-2,7. (1)

29. Find the vector equation of the plane passing
through the three points with position
vectorsi+j—2k,2i —j+kandi+2j+k. Also,
find the coordinates of the point of
intersection of this plane and the line

Ly AL 5w
r=3i—j—k+AQRi-2j+k). Delhi 2013



Given position vectors of three points are
i+ —2k),2i —; +kand( +2; + K).

We know that, the vector equation of the

plane passing through the three points is
e

(r—a)-(bxc)=0 (1)
| ik
- = . = %
Now, bxc=|2 -1 1|==-3i-j+5k(1)
1 2 1

. Equation of plane is

e A  “m
[r—(i+j—-2k)]-(=3i —j+5k=

—

N (=3 =] +50=-3-1-10

=% ?-(—3?— }:+512):—14

- rGi+i-sh=14 () %)
Also, given equation of line is
r =3 = —k+aQi -2] +0) ...{ii)

This line intersect the plane (i), so
(352000 1 = 2R
| + (=1 +0-Gi +]-5k)=14

=% 3-3+2A)+1-(-1-2A) - 5(-1+A) =14
= 9+6A—-1-2A+5-5A=14

— -A=14-13

=3 -A=1

2 A=-1 (1%)
On putting A =-1in Eq. (ii), the required
point of intersection is -

r 4

r=f+f—2!€ §))



30. Find the equation of plane determined by
points A(3,-1,2), B(5,2,4) and C(-1,-1,6) and
hence find the distance between planes and
point (6,5,9).

Delhi 2013, 2012; All India 2009, 2008C

Given points are A(3,-12)B(5,2,4), and
C(-1-1,6).

Now, AB=+5 - 32+ 2 +1)? +(4-2)?

= [4+9+ 4 =17 units

BC = (1= 5 + (-1-2)2 + (6 — 4?
=36 +9 +4
= /49 = 7 units

and CA=yG+12+(1+12+2-6)>
=16 +0 +16

= +/32 units.

+ AB + BC # CA, so given points are
non-collinear. Now, equation of plane
passing through three non-collinear points
(X'I Y1 ZT)P (X.?f Yo 22) and (x3r Y3, 23) E given
by

X—% ¥Y=h <£74
X2—% Yi=W Za—#H{=0
X3=X Y3— %N 2314
HerE, (X'i; Y1, Z‘i) — {3; i 1; 2):
(xzr y2r 22) = {5.! 2; 4) (1}
and (x3r Y3, Z3] = (_1f = 1': 6)
Equation of plane is

(1)

x-3 y+1 z-2
5-3 241 4-2|=0
-1-3 =1+1 6-2
x—=3 y+1 z-2
= 2 3 2 =0 (1)
—4 0 4




= (x-=-312-0]-(y+1)(8 +8)
+(z-2)0+12)=0
= . 12(x-3)-16(y+1)+12(z-2)=0
= 12x-36-16y—-16+12z -24=0
= 12x-16y+12z -76=0
On dividing both sides by 4, we get the
required equation of plane as
3x—4y+3z-19=0 ..(i) (1%2)

Now, distance of above plane (i) from point
P(6,5,9) is

g 3(6) + (-4 (5) + (3)(9) - 19|

V3?2 + (=42 + (37

_|A% + By, + Cz; + D

- JAtxB 2P
_18-20+27-19|
JO+16+9
6 ;
= —— units (1%’
V34

31. Find the length and foot of perpendicular
from point P(7,14,5)to plane2x + 4y —z =2,
Also, find the image of point P in the plane.

HOTS; All India 2012

Let P’(x,y, z) be the image of the given point

P(7,14,5) and M be the foot of perpendicular
lie on the plane 2x + 4y — z = 2. The equation
of line PM in plane is given by

X—f _y—14 2-—5

2 4 -1
'\P(7, 14, 5)
!
I
I
M
T X+ dy~-z=2
|
|
i

X, v, 2



[ DR’s of a line is proportional to the
normal to the plane] (1)

X—7 y-=14 z -5
R e
= x=2A+7,y=4A+14and z=-A+5
Let coordinates of point M be
A+ 7,41 +14,— A +5) (i) (1)

Since, M lies on the given plane
2X+ 4y —z =2.

2QA+7) + 44X +14) — (<A +5) =2
_— AN +14+16A +56+ A —5=2
217.+63=0

Let

U

= T M S,
21

(1)
On putting A = - 3 in Eq. (i), we get
M=(,2,8)
. Foot of perpendicularM is (1,2, 8). (1

Also, length of perpendicular PM = Distance
between points P and M

= J0-72+2 -14% + (8 - 5)2

[ 2 2
Ky = + W —
|'.-distance= (X2 = %)+ 2 = i)
L + (2'2 = 21)2
=36 +144+9
= /189 units (1

Now, M = Mid-point of P and P’

- (1,2,8)=(X+7,y+14, Z+5
| 2 2 2




On equating corresponding coordinates, we
get

x+7=1,y+14=2and z+5=8
2 2
— x=2-7,y=4-14andz=16-5

= Xx==5y=—10and z=11
Hence, image of point P(7,14,5) is
P’ (-5,-10,11). (1)

32. Find the equation of plane which contains
the line of intersection of planes

?-(f+2f+3!2)—4=0,?-(2f+ }"—E)% b=
and which is perpendicular to plane

=y 2 . *
r -(5i +3j -6k} +8=0. All India 2011



Given, the required plane contains the line of
intersection of planes whose equations are

— A A A
re(+2j+3k-4=0 (D)
= i - ~

and r-Ri+j-k+5=0 ... (i)

Egs. (i) and (ii) can be written in cartesian
form

X+2y+3z-4=0
and 2x+y-z+5=0 (1)
‘So, the required equation of plane is
(x+2y+3z-49+A @2x+y-z+5)=0
.. (i)
= X+2y+3Z—-4+2Ax+ Ay

-Az +5A=0 (1/2)

=x1+20)+yR+AMN+z23-A)

+(-4+50) =0 ..(iv)(1/2)

Also, given that plane in Eq. (iv) is
perpendicular to the plane

— # A ™~
r-(5i+3j-6k+8=0
which in cartesian form can be written as
5x+3y—-6z+8=0 ...(V)
50+2A0+32+A-63-A)=0
v aa, + bbb, +¢ic, =0,
where a; =1+ 2A, by =2+ A,c;=3-A
anda;=5,b,=3,c,=-6

(M
= 5+10A+6+4+3A-18+6A=0

19A—7=0 = A= Q)

19
On putting A = é in Eq. (iii), we get the

J

required equation of plane as

(x+2y+3z—4)+T7é-(2x+y—'z+5)=0



— 19x + 38y + 57z — 76 + 14x
+7y—-7z+35=0 (1)

=  33x+45y+50z-41=0

In vector form, the required equation of plane

— ” - ~
is r -(33i + 45] +50k) = 41 1)

33. Find the equation of plane passing through
the line of intersection of planes
2x+y—z=3and 5x -3y +4z+9=0and

X—1 y-3 &~5

4 5
HOTS; All India 2011

parallel to line



Given equations of planes are
2x+y-~ 2=~3=0 ...(0)
and 5x-3y+4z+9=0 ~(10) (1)
Let the required equation of plane which
passes through the line of intersection of
planes (i) and (ii) be
2x+y-z-~-3)+ABx-3y+4z+9)=0
...(iii)
=x2+5A0)+y{1-30)+ z (-1+ 4A)
+(=3+9M) =0 ...(iv)(1)
Here, DR’s of plane are 2 + 54, 1— 34,
~1+ 4. Also, given that the plane (i) is
parallel to the line, whose equation is
¥l W3 F =3
WS S
DR’s of the line are 2, 4, 5.
Since, the plane is parallel to the line.

Therefore, normal to the plane is
perpendicular to the line.

i.e. aa,+bb,+cic,=0 (1)
Here, a, =2 + 5A, by =1-3A,¢; = -1+ 4A
and a,=2,by,=4c,=5

22450 +40-30)+5(-1+40)=0

= 4+10A+4-12A-5+20A=0

sy TRAEBE0 s e e Lo
18 6

On putting A = — % in Eq. (iii), we get the
required equation of plane as
Cx+y-2z -~3)-——;—)(5x—3y+4z +9) =0

= 12x+6y -6z -18 -5x+3y—-4z-9=0
7x+9y-10z-27=0 (1%)



34. Find the equation of plane passing through
the point (-1, 3, 2) and perpendicular to each
of the planes x + 2y + 3z = 5 and
3x+3y+z=5, Foreign 2011; All India 2009

Let the required equation of plane passing
through (-1, 3,2) be

alx+1+bly-3)+c(z-2)=0 L) (1)
-+ equation of plane passing through
(xlr Y1 21) is
alx—x)+bly-y+c(z-2)=0

Given that plane (i) is perpendicular to the
planes whose equations are

X+2y+3z=5 ... (i)
and 3x+3y+z=5 i)
3132 ¢ ¥ b-|b2  » C]C2 =0 (1)

Using the above result first in Egs. (i), (ii) and
then in Eqgs. (i), (iii), we get

a+2b+3c=0 ..(iv)
and 3a+3b+c=0 (D)

On multiplying Eq. (iv) by 3 and subtracting
it from Eq. (v), we get

3a+3b+c =0
3a+6b+9 =0
—-3b-8c=0
= -3b =8c
3

On putting b = - %(-:- in Eq. (iv), we get

a+2(—§£)+3c=0



= a=-— (1%)

Now, on putting a = % and b = — B?C in EQ.

(i), we get the required equation of plane as
2 x4 1=y prclz—=2=0
3 3
On dividing both sides by ¢, we get
7 8
—x+N-=ly-3+(z-2)=0
3( ) 3 ¥

= 7X+7-8y+24+3z-6=0
[multiplying both sides by 3]
7x—-8y+3z+25=0 (1%2)
35. Find the vector equation of plane passing
through the points A(2,2,-1),B (3, 4,2) and

C(7,0,6). Also, find the cartesian equation of
plane. Foreign 2011

First, we check whether the points are
collinear or not.

Given pointsare A(2,2,-1),B(3, 4, 2) and
C(7,0,6).

AB=\3-22 +(4-22+(2 +1)

2 2

(X7 — Xq)° + -v)

-+ distance = 2= %)+ 2=y
+ (ZZ i 21)

2

=1+ 4+9 =14 units
BC =7 - 92 +(0 - 42 +(6 - 22
=16 +16 +16 = /48 = 443 units
! -~ - A




and CA =42 -7+ Q2 -0)* +(-1-6)*
= /25 + 4 + 49 = /78 units

.+ AB + BC # CA, so points A, B, C are
non-collinear. (1)
Now, the equation of plane passing through
three non-collinear points (x, y;, Z7),

(X, Yo, Z5) and (x5, y3, Z3) is given by

X=X Y =% Z =
X2~ X Y2~V Z;~4 |=0
X3 =X Y3 =W Z3 — Z4
Here , (x, y1, 21 =12, 2, = 1), (X3, ¥2, Z5)
=(3, 4,2) and

(X3, y3_, 23) = (7, 0, 6}

. Equation of plane is

Xx—2 Y~ 2 Z+1
3-2 4 -2 2+1|=0
7-2  0-2 6+
{x—z y—2 z+1
oy 1 2 . 3 =D (1'%2)
5 -2 7

Expanding along R, we get
(x—=2)(14+6)—(y—2)(7-15)
+{z+17N(-2-10)=0
= (x=2)-20-y-2)(-8)+(z+1)(-12)=0

= 20x— 40+ 8y —16
-12z-12=0 '
= 20x+8y-12z-68=0 (1%2)

On dividing both sides by 4, we get
5x+2y-3z=17



which is the required cartesian equation of
plane.
Now, we know that, vector form of cartesian

equation ax + by + cz =d of plane is given
by

—

r(ai +bj +ck =d (1
. Required vector equation of plane is

= T n

r-(5i+2j -3k =17 (1

36. Find the equation of plane passing through
poirit (1, 1, -1) and perpendicular to planes
x+2y+3z-7=0and2x -3y + 4z=0.

Foreign 2011

Do same as Que. 34.
[Ans, 7x + 2y — 7z - 26 =]

3. Find the vector and cartesian equation of a
plane containing the two lines

?=(2f+f—3§)+'h(f+2f+ SQ)and
r =6 +3+ 20+ G -2/ + 5K
Also, show that the line

¥ =(2f +5] +2K) +P (3 - 2] + 5K) lies in the
plane. All India 2011C



Given equations of lines are
- "~ ~ -~ i A A
r=Qi+j-3k+Al+2j+5k (D)

— % = A a A
andr =(3i +3j + 2k +n (31 - 2] + 5k)...(GI)1)

On comparing Egs. (i) and (ii) with the vector
- -

L
equation of line r = a + A b respectively, we
get

- Y s A = i = ~
a,=2i+j-3kb,=i+2j+5k

—> & A =7 A A
and 32=3I+3f+2k,b2=3f—2i+5k (1)
Now, the required plane which contains the

lines (i) and (ii) will pass through
—¥ » " ~
a, =2i + - 3k. Also, the required plane

- -
has b, and b, parallel to it.

.. The normal vector to the plane

i ik
- - o
n=b,xb,=|1 2 5
3 -2 5
=i (10+10)= 5 -15)+k (-2 —6)
=20i +10j - 8k (1)
.. The vector equation of required plane is
given by
= e e e
(r—-a)-n=0 = r-n=a,-n 5 o
[ here, a = a1]

—)

= r-(20] +10] — 8K = (2] + ] - 3k) -
(207 +10] - 8Kk) (1)

—p - A ~
= r -(20i +10j -8k} =40 +10 + 24 =74

4 A A A
= r -(10i + 5] ~ 4k) = 37 [dividing by 2]...(iii)



which is the required equation of plane.
Also, its cartesian equation is given by
10x+5y—4z =37

— 2 o .-.
-~ vector formof plane r-(a;i + a,j + a;k) =d

=y

can be written in its cartesian form as
(X + ay+ayz=d

~ Now, we have to show that the line
—3

F=Qi+5] +20+P3i -2] +50 ..(iv)
lies in the plane (iii). (1)
The above line will lies On plane (iii) when it

passes through the point a =2i + 5; + 2k of

line (iv) and it is parallel to line (iv).
— i i &

-~ a-(10] +5] - 4k)
= (2i +5] +2k)-(10i +5] — 4K)
=204 0 =3P

— a lies on plane whose equation is given
by Eq. (iii).
Hence, line (iv) lies on the plane (iii). (1)

38. Find the equation of plane passing through
the point (1, 2, 1) and perpendicular to line
joining points (1, 4, 2) and (2, 3, 5).

Also, find the coordinates of foot of the
perpendicular and the perpendicular
distance of the point (4, 0, 3) from above
found plane. HOTS; Delhi 2011C



Required equation of plane passing through
pointR (1,2, 1) and is perpendicular to line PQ,
where P(1, 4, 2) and Q (2, 3, 5).

DR’s of the line PQ are

={2~-13-45-2)=(,-1 3) (1)
Let the required equation of plane which
passes through point R(1, 2, 1) be

alx-N+by-2)+c(z-1=0 ssall)
Plane (i) is perpendicular to line PQ.

[-.a;a, + by b, + c;€5, =0]
1x=1)-1y-2)+3(z-1=0

~ line is perpendicular to the plane, then
Dr's of normal to the plane are proportional
tothe Dr'sofalinei.e. ae<1l boc—1C o3

= X=1-y+2+3z-3=0
=5 X=-y+3z—-2=0 L)
which is the required equation of plane.

Now, let B(x, 4, Z1) be the foot of
perpendicular on above plane (ii). So, it must
satisfies Eq. (ii).



X -y, +32,-2=0 ... (iii)
A4023

/ B (x1, y1,21) /
(1)

Also, DR’s of line AB normal to above plane
(i) are given by
x—4y;-0,2z, -3
-4 _y»-0_z-3
1 -1 3
[ DR’s of line AB and plane (iii) are
proportional]

M=% W H—d _
Let B T = [say]
=3 XX=A+4y;=—Az;,=3A+3 ..(iv)
On putting above values of x;, y; and z; in
Eq. (iii), we get
A+4+A+9A+9-2=0

=% 1A +11=0 = 11A=-11
A=-—1 (1%2)
On putting A = — 1in Eq. (iv), we get the
required foot of perpendicular as

B(x;,y;,2)=BA+4,-A,3L+3=B(3,10)
Also, perpendicular distance AB, where |
A(4,0,3)and B(3,1,0)

AB =B~ 47 +(1-07%+(0 -3’
— x.)? _aixd
~distance = (X2 =) +(y2 =)
+(22—Z1)2

- m = /11 units (1%2)

NOTE If line is perpendicular to the plane, then
DR’s of normal to the plane are proportional to the
DR’s of a line.




39. Find the equation of plane passing through
point P(1, 1, 1) and containing the line
= (=3i +j + 5k) + & (3 — ] — 5k). Also, show
that plane contains the line
Fef 22 w5l wpll =2 =50
All India 2010
Equation of plane passing through point P(1,1, 1)
is given by
ax—1)+bly-1+c(z-1=0 L)
[~ equation of plane passing through

(xq,¥1, Z7) is given as a (x — x;)) + b (y — y;)
+c(z—-2z)=0]

Given equation of line is
.._}

F=(=3i+] 450 +AGI -] —50 ...
DR’s of the line are 3, -1 and =5 and the line
passes through point (-3, 1, 5).

Now, as the plane (i) contains line (ii), so
a(-3-D+b(d-1+c(B-1)=0
as plane contain a line, it means point}
of line lie on a plane.

= ~-4a+4c =0 (1) (1)
=% 4a=4c
_ d=C

Also, since DR’s of plane are normal to that
of line.

3a—-b-5c=0 (i)
[ plane contains line, it means DR’s of plane
are perpendicular to the line, i.e.
aa, + bby + ccq = 0]
On putting a = ¢ in Eq. (iv), we get

3c-b-5c=0 (1)
= -b-2c =0
= b=-2c

On putting a = ¢ and b = —2c in Eq.(i), we
get the required equation of plane as

-— - L RY ™



cix-=1Y =20y —=1+CLZ—1)=Y
On dividing both sides by ¢, we get
x-1-2y+2+z-1=0

= x=2y+z=0 . (V)(1%2)
Now, we have to show that the above plane

(v) contains the line
—

Vector equation of plane (v) is

F=(=i+2] +50 +p( -2 -5k ...(vi)

¢ofl 8l b= (i)

The plane (vii) will contains line {(vi), if
~ —> -

(-2j-5k-(G-2j+Kk =0 [+ bi-b2=0]
= 1NN -2(=2)-5M0=0
=4 1+4-5=0
=3 0 =0, which is true. (1%2)

Hence, the plane contains the given line.

40. Find the coordinates of the foot of
perpendicular and the perpendicular
distance of point P(3, 2, 1) from the plane
2x—y+z+1=0. Also, find image of the
point in the plane. All India 2010

Do same as Q. 31.
" Ans. Foot of perpendicular =(1,3,0)

perpendicular distance = V6 units

Image point =(-14,-1)

41. Find the distance of the point (2, 3, 4) from

the line X ;é i m % measured parallel

6
tothe plane3x+2y +2z-5=0.

HOTS ; All India 2009C

-
!




Let P(2,3,4) be the given point and given

equation of line be

X+3 = 2_5
3 6 2
X+3 _E= Z
Let =k say
5~ 6 2 Isay]

= x=3A-3,y=6A+2,z=2A
. Coordinates of any point T on given line are
(3L —3,6A + 2, 2A). (1'2)
Now, DR’s of line PT
= BA~-3-2,6A+2-3,2A-4)
=(3A—-5,6A—-12A—4) (1)
Since, the line PT is parallel to the plane
3x+2y+2z-5=0

e a]az + b-|b2‘|‘ C-|C2—0
- line is parallel to the plane, therefore normal |

to the plane is perpendicular to the line,
where a, =3A -5,by =6A -1, =2A -4

_ar‘id az=3, b2=2,'C2:2 1
= 3BA-5)+206A-1+2RQA~-4=0(1"%)
9A —-15+12A -2+ 4A-8=0

-

=% 254 —~ 25 =0 = 25A=25

= A= (1)
i =(3A-3,6A+2,2\)

. Coordinates of T =
=(0,8, 2) [ putA =1]

Now, the required distance between points
P(2,3, 4 and T(0, 8, 2) is given by
PT=40-27+8-32+2 - 47

[ 04,71, z)=(2,3, 4 and
(XZ! Y2 22) = (Or 8; 2)]
= J4+25 + 4 = /33 units (1

42. Find the distance of point (-2, 3, —4) from the
. Xxe2 2y+3 3z+4
line = Z = measured

parallel to the plane 4x + 12y -3z + 1 =0.
HOTS; All India 2009C, 2008C, 2008




17 .
Do same as Que. 41. [Ans. 3 UHITS}

43. Find the coordinates of image of point
(1,3,4)inthe plane2x -y +z+3=0.
All India 2008

Let Q(x,yq, ;) be the image of the point

P(1, 3, 4 on the plane whose equation is |
2x-y +z+3=0 24l

P(1,3,4)
[
1
! Q (N"I!I b4 21) (1)

Now, the line PT is normal to the plane, so
the DR’s of PT are proportional to the DR’s of
plane which are 2, -1 and 1.

~.Equation of line PT, where P(1, 3, 4) is given
by

x=1_y- 3 _z-4
2 -1 1
*+ equation of line passing through

X=X _Y~% _Z-%

L(E)(T)

one point is

a b C
Let x—1=y—3=z——4=A
2 -1 1
— Xx=2A+1ly=3-Az=4+A
~.Coordinates of the point T |
=QA+13-A, 44+ A7) .. (111)

Since', the point T lies on the plane, so we
putx=2A+1ly=3-Xiandz=4+Ain
Eq. (I)f
weget 2QA+1)-(3-A)+(@4+A)+3=0



= AA+2-3+A+4+A+3=0"

EN 6A+6=0
= 6A=—-6
A=-1 (1%)

On putting A = — 1in Eq. (iii), we get the
point T(-1, 4, 3).

Now, T is the mid-point of line PQ. So, using
mid-point formula, we get

[x1+1’y1+3’z1+4}=(_]’4’3) )

2 2 2
"> mid - point
___(x1+x2 _VitYa _ 21+22]
2 2 2

On equating corresponding coordinates, we
get

M—_q Y1+3—4Z_T+_4—
2 . -
= x==-2-1y=8-3,2,=6-4

3

= G==3,y17=5,2,=2

Hence, image Q of the point P(1, 3, 4) is
Q(-3, 5, 2). (1'%%)

44. From the point P (1, 2, 4), a perpendicular is

drawn on the plane2x+y -2z +3=0. Find
the equation, the length and the coordinates
of foot of perpendicular. All India 2008

Let PT be the perpendicular drawn from the
point P(1, 2, 4) to the plane whose equation is
given by '

2x+y—-2z+3=0 sk D)

P,2 4




[T ]

2X+y-22+3=0

From Eq. (i), DR’s of plane are 2, 1, -2.
Since, the line PT is normal to the plane, so
DR’s of line normal to plane are 2, 1, -2. (1)
-.Equation of line PT,
where P(1, 2, 4)is given as
x—1=y—2=z—4 i
2 1 —2
. equation of line passing through one

X% _ YW _<Z2-4

point is

| a b c
x-1 y-2 z-4
l_et = = _.—;}\_ <d
i L = ayl
P LU on WY bt Y
2 1 -2
= x=2A+1ly=A+2,z=-2A+4

.. Coordinates of any random point on plane
are

TRA+TLA+2,-2A+4) (1) (1%2)
Since, T lies on the given plane, so we put
x=2A+ly=A+2andz=-2A+4in Eq.
(i), we get
2QRA+1)+A+2)-2(-2A+4+3=0
e AA+2+A+2+41L-8+3=0
= 9A-1=0

?a.:l (1%2)
9

On putting value of A in Eq. (iii), we get the
foot of perpendicular

=T(3+1,1+2,—3+4] % putk s
9 "9 9 9

(12,34
9 9 9



Also, length of perpendicular PT = Distance
between points P and T

2 2 2
9 9 9
4,0, 24 =(1, 2, 4)
11 19 34)

and(xf ,Z)= N T
Sl (9 9’9

BEELG
—=| +|-=1 +|=

9 9 9

81 81 81 81 g 3

Now, the equation of perpendicular line PT,

where P(1, 2, 4) and T(u , 12 , 3—4) is given as
9 9 9

X—1 N=d 24
.y Hop B,
9 9 9

- using two points form of aline

X=% _ YN _Z-Z4

Xo—=X Yo=Y Z3— 4
X~F Yy—2 Z~4

B0
9 9 9

x=1 y—-2 z~4
= = 1

4 1 -2 -

435. Find the equation of plane passing through

the point (-1, -1, 2) and perpendicular to
each plane 2x +3y —3z=2and

5x—-4y+z=6. Delhi 2008
Do same as Que. 34.
[Ans. 9x +17y + 23z — 20 =0]

46. Find the equatfon of plane passing through
points (3, 4, 1) and (0, 1, 0) and parallel to

”3=y;3:z_2 HOTS; Delhi 2008

line




Equation of plane passing through the point

(3, 4, 1) is given as
ax-3)+bly-49+c(z-1=0 coill)

[ using one point form of a plane

alx—x)+bly-y)+c(z-2z)=0]

Since, given plane (i) is also passing through

point (0, 1, 0).

So, this point also satisfies equation of plane.
al0-3)+b(1-49+cO0-1=0

=3 -3a-3b-c=0

e 3a+3b+c=0 ..(i) (1)

Also, given that plane (i) is parallel to the line
¥+3 y¥-3 g—2
2 7 5
.line is parallel to the plane, therefore

normal to the plane is perpendicular to the

line, i.e. aya, + byb, +cic, =0

where, a; =a,b,=b,c,=c

anda,=2,b,=7andc,=5 ]
2a+7b+5c =0 L1 (1%)

On multiplying Eq. (ii) by 2 and Eq. (iii) by

3 and then subtracting, we get

6a + 6b + 2c =0

6a+ 21b+ 15¢=0

~15b —13c =0
= ~15b=13c
_-13
15

On putting b = —_TT-;E in Eq. (ii), we get

33+3(_13C)+c=0
15
== | 3a—%c+c=0

& 8c .



a=— (1%2)

. 8¢ 13¢ . ;
On puttinga=—and b =- —in Eq. (i),
- . 15 15 sk

we get the required equation of plane as

8c 13c
—X=-3)——y—-4D+c(z-1=0 (1)
o = v—4 (
On dividing both sides by ¢, we get
8 13
— x=3)-—y-4D+z-1=0
15( )15y )
=3 8x—24-13y+52+15z2-15=0

8x-13y+15z+13=0 (1)
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