This chapter is an introduction to caleulus, a branch of Mathematics, which
mainly deals with the study of change in the value of a function as the points in

‘ :I 3 the domain change.

LIMITS AND
DERIVATIVES

| TOPIC 1| ~

L N2 CHAPTER CHECKLIST
Fundamental of Limits  Fundamental of Limite

+ Limits of Rational Functions

DEFINITION OF LIMIT » Limits of Trigonometric

Ii:f(x}' EPPF(JECIJES to a real number {, when x =’=lPPm'El'-’-l'“:s toa {thmug]’l lesser or Hunctions

greater values to a) L.e. if f(x) = [ when x — a, then [ is called limit of the * Limits of Exponential

function £(x). In symbolic form, it can be written as lim f(x) =1, Functions and Logarithmic
x—at Functions

Concept of Left Hand and Right Hand Limit * Derivative and First

Principle of Derivative
LEFT HAND LIMIT
A real number /| is the left hand limit of funcrion f(x) at x = a, if the values of
fix) can be made as close as /; at points closed to @ and on the left of a.
Hj'mbcﬂica]]}-', It 15 written as

LHL = lim f(x)=/,

N—ra -
In other words, we can say that lim filx) is the expected value of fatx=a,
x—ra
when we have the values U-Ff near x to the left of 2. This value is called the left

hand limit of f(x) at a.

RIGHT HAND LIMIT
A real number /,is the right hand limit of function f(x) at x = 4, if the values of

» Algebra of Derivative of
Functions

» Derivative of Trigonometric
Functions

fix) can be made as close as [, at points closed to @ and on the right of a.

Symbolically, it is written as RHL = lim flx)=1,

x—rad
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In other words, we can say that lim f(x) is the expected

xX—a
value of f at x = a, when we have the values of f near x to

the right of a.
This value is called the right hand limit of f(x) at 4.

EXISTENCE OF LIMIT
If the right hand limit and left hand limit coincide

(i.c. same), then we say that limit exists and their common
value is called the limit of f(x) at x =« and denoted it by
lim f(x).

Note
() (a)x— a=0o0r x— & is read as x tends to a from left and it
means that x is very close to a but it is always less than a.
(b) x— a+ 0or x— a" is read as x tends to a from right and it
means that x is very close to a but it is always greater than a.
(c) x— ais read as x tends to a and it means that x is very
close to a but it is never equal to a.
(i) fim (Constant) = Constant; llm (Conslant) = Constant

xaa

and l|m (Constant) -Constanl eg. lim2=2

x0°

METHOD TO SOLVE THE LEFT HAND AND
RIGHT HAND LIMITS OF A FUNCTION

With the help of following steps, we can find the left hand
and right hand limits of a function casily

Step 1 For left hand limit, write the given functon as
lim f (x)and for right hand limir, write the

x—>a
given functionas lim f (x).
X9 ‘
Step 11 For left hand limit, put x =4 - 4 and change the

limit x — @~ by A — 0. Then, limit obtained from
step L is blimof(a - h).
Similarly, for right hand limit, put x =2+ / and
change the limit x— 2” by /— 0. Then, limit
obtained from step I is hlim fla+h).

-0

Step 11 Now, simplify the result obtained in step 11

le. .a!i_r.nnf{d-b} nrbli_z}nuf{d+ﬁ:l-

EXAMPLE |1| Suppose the function is defined by
| x-3|

flx)=1 x-3

0, x=3

(1) Find the left hand limit of f(x) at x = 3.
{ii) Find the right hand limit of f(x) at x = 3.
| x—3]
x—3
0, x=3

, X#3

x#3

Sol (i) Given, f(x)=

-. Left hand limit at x =3 is
hm flx)= lim

x—» 3"

| x-3|
x—3

i)

On putting x =3 — h and changing the limit x — 3~
by h— 0in Eq. (i), we get

Ix-3]_ |—hl
lim = lim li
x—3" f(X) x=+3" x-—3 ":no —h
h
= lim f(x)= lim — lx|l=x
Jlim_fx)=lim =[] x| =]

=-1
(i) Right hand limit at x =3 is
o f(x)= M, 2= (i)
x— 3" x—»3* x—3
On putting x =3+ h and changing the limit x — 3"
by h— 0in Eq. (ii), we get
1x-3]_

x—=»3* x—-3

lim f(x)= lLm

x—3*

= hmf(x)— hmm=lim%=l [ x| = x]

x—+3* h k=0
Alternate Method
|x=3]
Given, f(x)={ y_3" x#3
0, x=3
ﬂ' ifx<3
("—:) -1, ifx<3
ud X= ifx>3 =4{1 ifx<3
x— .
0. ifx=3 0 ifx<3

() LHL= lim f(x) = lim (-1)
x— 3" x—+ 3"
[ f(x)=-1, for x< 3]

=-1

(i) RHL= lim f(x)= hm(l)

x—+3" x—3*

=1

[ flx)=1, for x>3]

EXAMPLE |2| Find the left hand limit and right hand
limit of the greatest integer function f (x) =[x] = greatest
integer less than or equal to x at x =k, where k is an
integer. Also, show that x'l.i_])n]c f(x) does not exist.

Sol We have, fix)=[x]
LHLof fatx =k, = ].I.I'I:I _flx)

= ]nnf{k h) [putting x = k — hand when
x— k7, then h— 0]
=a.]2nu[k_h] =*]i;r'n‘{k—1]
[k-1<k-h<k=(k-h=k-1]
=k-1



RHLof fatx=k,= lim f(x)
x—=k*

= lim f(k+h) [putting x =k + hand when
e x— k*, then h— 0]
= lim [k + A]
h—s0
=hh‘_x'n°k [vk<k+h<k+1=(k+h)=k]
=k
Here, LHL # RHL
rli_r’nk f(x) does not exist.

ALGEBRA OF LIMITS

Sometimes two or more functions involving algebraic
operations, addition, subtraction, multiplication and
division are given, then to find the limit of these functions
involving algebraic operations,

we use the following theorem
Let f and g be two real functions with common domain D,

such that lim f(x) and lim g(x) exists. Then,

(i) Limit of sum of two functions is sum of the limits of
the functions. i.c.

lim (f+g)(x)= lim f(x)+ |i_r>n g(x)

(ii) Limit of difference of two functions is difference of
the limits of the function. i.c.

xli-i“a (f - g) (x) = .\-li—gla f (x) - xli—lonn £ (x)

(iti) Limit of product of a constant and one function is
the product of that constant and limit of a function,

Le.

lim [c- f(x)]=¢ lim f (x), where ¢ is a constant.

(iv) Limit of product of two functions is product of the
limits of the function, i.e.

lim [f(x)-g(x)]= lim f(x)- lim g(x)

{v) Limit of quotient of two functions is quotient of the
limits of the functions, i.e.

lim £ (x)
H f{x}: X—*d ,
x—a glx) li:}n glx)

where lim g(x)#0

Xx—+a

EXAMPLE |3] Llet us consider two functions
flx)=x" +4 and g(x) = x — 3 such that f(x) and g(x)
exist at x = 5. Find the limit of the following functions at
X =5

(i) £(0) + 9(x) (i) £(0) - 9(x)
(iil) £(x) x g(x) (iv) L&)
g(x)

Sol. Given functions are f(x)=x* +4and g(x)=x-3
Clearly, lim5 f(x)= lims x* +4

=(5)° +4
=25+4=29 i)
and Iim g(x)= lim (x-3)
= 2 =2 (i)

@ xu-‘,ns [f(x) + g(x)) = xh-lons P xh—IPs &(x)

=29+2
=31

(U) xu—l'ni [f(x)— g(X)]= xli—x'nS f(X)— xh—l’ni g(X)

[from Egs. (i) and (ii))

=29-2
=27 [from Egs. (i) and (ii))
(ii1) lims [f(x)x g(x)]= lims flx)x limsg(x)

=29x 2
=58 [from Egs. (i) and (i1))
lim f(x)
: . f(x) x5 . o
(iv) xll_lfls =) = —lims 2 [from Eqgs. (i) and (i1))
= -2—9- =145
2

LIMITS OF POLYNOMIAL
FUNCTION

A function f is said to be a polynomial function, if f (x)
is zero function or if f (x) =4y +ajx+ srzxz +.Fax”,

where a5 are real numbers and a, #0.

METHOD TO FIND LIMIT OF A POLYNOMIAL

To find the limit of given polynomial, we use the algebra of
limits and then put the limit and simplify. It can be
understand in the fu“uwing way

We know thar, lim x=a .Then
xX—*ad

lim x* = lim (x+x)
x—*a X—a
= lim x- lim x
x—a X—a
— - 2
=g-a=a
lim x* =a"
x—#d

Similarly,

Now, let f(x)=a,+a,x+ a_z.rz +..+a,x" bea

puh«'numial function.



Then, limit of a polynomial funcrion f(x)
=lim f(x)=lim [ag+ajx+ ﬂ}_xz +.ota,x"]
X—rad x—a

= lim a;+ lim &, x+ lim a, x4 ..+ lim a,x"
x—ra x—ra Xx—ra x—%a

. . 2 .
=ag+a; lim x+a, lim x“+ ..+ a, lim x"
X—3a X—3a xX—+a

=ag+aja+aya’ . .+a,a" = f(a)

EXAMPLE |4]| Evaluate the limits
I:'lm3 (4x* =2x® = x +1).

Sol lim (4x*—2x* — x+1)

xr—3

=4 lim x* =2 lim x* - lim x + lim 1
x=+ 3 x—3 =% =5

=43 -2(3P -3+1=108-18—2=88

EXAMPLE |5]| Evaluate the left hand and right hand
limits of the following function at x = 2.

f(x]={2x+3,ifx52

x+5ifx>2
Does lim f{x) exist?
X2 .
Ix+3,if x=2
Sol Gi =
@ ivem, f{x) {x+5, ifx>2

LHL= lim f(x)= lim 2x+3
x— 27

e
[~ f(x)=2x+3 if x=<2]
= lim [2(2-h)+3]=2(2-0)+3
[putting x = 2 —hand when x — 27, then h — 0]
=4+3=7
and RHL= ]i.m‘ fix)

=2
= lim (x+5) [ flx)=x+5ifx= 2|
x— 2"
= lim (2+h+5)=2+0+5=7

h= 0

[putting x = 2+ hand x — 2%, then h— 0]

* LHL of f{at x = 2)=RHL of f{at x = 2)
" li:m2 flx)exists and it is equal to 7.

EXAMPLE |6| Evaluate the left hand and right hand
limits of the function defined by
1+x%,if0sx<1

flx) = at x
2

- xz, if x>1
Also, show that lim f(x) does not exist.
x—1

1

1+x% if0Sx <1
Sol. We have, f(x)={ ~ " U=¥
2—x2,ifr3>1

Atx=11LHL= lim f(x)

=17

= lim (1+x%) [of(x)=1+x" if0€ x<1]

=17

= lim[1+(1- hl=1+(1-0) =2

[putting x =1 — hand when x — 17, then h — 0]
RHL= lim f{x)

r—=1*

= lim (2—- x%) [~ flx)=2—x* ifx>1)

r—=1"
= lim [2—(1+ h)*]
h— 0
[putting ¥ =1+ hand when x — 17, then h — 0]
=2-1=1
Since, LHL # RHL
Therefore, ]i:m] flx) does not exist.

EXAMPLE |7| For what integers m and n does '|.imn fix)

and lim f(x) exist, if
X¥x—=1 F
mx”- +n, x=<=0
fx)=4mx+m, 0<x<1
2
nx*+m, x>1 (NCERT]
mx® +n, x=0
Sol Given, f(x)={nx+m, 0£x%1
nx2+m, x=1

Limit at x=0
LHL= lim f(x)= lim mx" +n
x—+ 0% x—+ 0%

= lim m{0—h)? +n
h—0

[putting x =0 — hand as x — 0”, then h— 0]
=n
RHL= lim f(x)= lim nx®+m

x— x—=x

= lim n{0+h)’ + m=m
k=0

[putting x =0 + hand as x — 07, then h— 0]

Now, for lim f{x) to be exists.
x—+ 0

LHL = RHL
= n=m
Hence, lim f{x)exist whenm=n
=

Limit at x =1
LHL= lim fix)
r=s1"

= lim {(nx +m)
x—=17

Here,



= lim [n(1—h)+ m]
k=0

[putting x =1— hand as x — 17, then h— 0]
=n+m

RHL = lm f(x)- hm (nx* +m)

x—'l

= lim n(1 + b)Y +m
k=0

[putting x =1+ hand as x — 1%, then h— 0]

=n+m
Now, for lim f(x) to be exists,
x—

lim f(x)- hm f(x)

X"l

= h+m=h+m, w}uchls true foralln, me Z.
Hence, lim f(x)exists foralln, me Z.
x=1

|x|+1 , x<0
EXAMPLE |8| If f(x)=4 0 , x=0, for what
|x]-1 , x>0

value(s) of a does lim f(x) exist? [NCERT]
X—
-x+1, x<0 % a5
Sol. We have, f(x)={ 0 , [ IxI L5 ]
-x. ifx<o0
x>0

Casel Whena=0
In this case, LHL lim flx)= limf(o—h)

hm —(0—h)+1
el [vForx<0, f(x)=-x+1]

= lim(h+1)= lim h+ lim 1
B0 A0 k-0
=0+1=1
and RHL= lim f(x)=hlimof(0+h)
x—0" -

= lim f(0+h)—1=—
oo [ For x>0, f(x)=x—1]

- LHL # RHL

= Fora=0 lim f{x)does not exists.

Case Il Whena<0
In this case, lim f{x)= lim{-x+1)
[ Forx <0, f(x)=—x+1]
= —a+1, which is a fixed real number.
oo Fora< 0, lim fix)exists.

Case Il Whena>0
In this case, lim f{x)= lim{x—1)
e T s For x>0, flx)=x-1)
= a—1, which is a fixed real number.
s Fora=o, ]jm f{r}lerjsts.

Hence, fmm n:ase] I and III, we conclude that llm f(x}
exists for all a # 0.

TOPIC PRACTICE 1

OBJECTIVE TYPE QUESTIONS

1 The limit of f(x) = x* when x tends to zero
equals
(a) zero
(c) two

(b) one
(d) three

2 The right hand limit and left hand limit of a
function f(x) at a given point x = g is the value
of f(x) which is dictated by the values of f(x)
when x tends toa from ..A...and ..B...,
respectively. Here, A and B refer to
(a) left, right
(b) left, left
(c) right, left
(d) right, right

3 The process of finding the limit follows
addition, subtraction, multiplication and
division as long as the limits and functions

under consideration are

(a) undefined

(b) well defined

(c) Both (a) and (b) are correct
(d) Neither (a) nor (b) is correct

4 Let f be a function such that lim f(x) exist.
Then for any real number A, we have
(a) lim [(&-f)(x)] =4 lim f(x)
) 7 Yy P
() lim [(r)""]‘r lim £(x)

(c) Both (a) and (b) are correct

(d}) Meither (a) nor (b) is correct
5 If f is an odd function, then ]i.rnn fix), when
i—

exists, is equal to
(a) fl0)

(b) O

(c) any real value
(d) None of these

VERY SHORT ANSWER Type Questions
6 Find lim (x®-x+1).

r—2"

7 Evaluate LHL and RHL of the lim 1] x|
=0 x



8 Evaluate Ei_r?':lx—ll, where []is greatest integer
function.
9 Find the limits (Each part carries 1 mark)
(i) 1‘i_:':|1[x‘—x—1] (ii) lim [x%(x+1)]
(iii) ll:']_]l (I+x+x2+  +x¥)

SHORT ANSWER 'l"_r'pc I Questions

10 1f f(x) = {

exists.

2 xs—
XHaxs then find ¢ when I.irnlfl:x}
X—=]

[NCERT Exemplar]

11 Let f(x)be a function defined by

Gx—6,ifxr<3
X)=
&) {zr—k,it‘x:-?;
Find the value of k, if lin; fix) exists.
X

x-—4
12 Show that lim I—I does not exist.
T4 X— [NCERT Exemplar|

SHORT ANSWER Type 11 Questions

13 Evaluate the left hand and right hand limits of
the following functions at x=1.

%) S5x-4 ,if0=<xx<l
Xl=
dy?-3y, if l<x<?
Does lin}f{x] exist?
I—
2x+3,ifx<0
14 Let f(x)= {3(x+1], fro0’ then
(i) evaluate lir:éf{x} (ii) evaluate lir:lifl:x}

a+bx,x<1

x =1, and if l!m'l filx)=f(1),
b—ax,x =1

15 Suppose f(x)=

then what are the possible values of a and b7
[NCERT]

LONG ANSWER Type Question

16 Evaluate lim f(x), where f(x) = |x|

, X= 0
[NCERT]

x|
17 15 /) =43 **C then show that lim f (x)
2 ifx=0 *

does not exist.

18 Find I.inaf{x} and limI f(x), where

Al ]_{2r+3, x=0

- 3(x+]), x>0 [NCERT]

| HINTS & ANSWERS

1. (a) Given function is _ﬂx};xa_ Observe that when x

takes values very close to 0, the value of f(x) also
approaches towards 0.

We say limlj flx)=0

2. (¢) There are essentially two ways x could approach to a
number a either from left or from right. This naturally
leads to two limits-the right hand limit and the left hand
limit.

3. (b) The limiting process respects addition, subtraction
multiplication and division as long as the limits and
functions under consideration are well defined.

4. (a) For any real number i, we have
P_T:H}n'f}{ﬂ]= k'mﬂf}

5. (b) It is given that, ]ilnuf{r}exists.
lim fix)= lim f{x)
x—= 0" x— 0"

= lim f(0—h)=lim f(0+Hh)

= —*Iilr: flh)= r.]jmn fih)
[ flx)is odd = f(— h)=—f(h)]
= 2nli_|.nﬂ fihy=0 =5k].'|_r’nD fihy=0
lim f(x)=0

6. lim (x* —x+l}—hln{{2 h)*—(2—h)+1} Ans. 3

x—+2"
7. LHL= llmH=i:|ndRHL= II.I'HU=£

=i X x 0" X X
Ans. LHL=-1land RHL =1
8. LHL= Iiln [x-1] =|i|n[1—h—l]= |i|n[—h]= -

and RHL- lim [x~1]=lim [1+h~1] = lim[h] =0

I’—)l
Ans. Does not exist
9. (i) lim[x* —x—1]=[1" —1-1]= 1
x—¥l

Ans. 36
Ans. 0

(it} Solve as part (i).
(iii) Solve as part (ii).
10. LHL= lim (x+2)= 1:m{—1 h+2)=1

r—+-1"

FHL= lim f{r}- ll.m cx -I.unc[ 1+h}

a1 ® x==i*

Ans. c=1



6y —6if x<3

1l. We have, f(x)=
s {2:—!«:, if x=>3

LHL = lim f(x)= lim (6x—6)
=37 31"

= ]jm[ﬁ{S—h}—ﬁ]:lZ

and RHL= lim f(x)= lim (2x—k)
x—3" x—3"
_H[z{yh} kl=6—k Ans. k = —6
—4
12. Given, li:mu
x4 y—d
—{x—4
LHL= lim -~ _ [ x—4 |=—(x—4), x<4]
r—4™ X—4
. {x—4)
RHL= lim =1 [ x—4|=(x—4) x>4]

x4t x—4

13. LHL= lim (5x— 4}-].|m[5{1 h)—4]=1

1"

and RHL= ll.m flx)= hm {4.1' —3x)

Hl 1’—)'
=Em;[4{l+h} —3(1+h)] =1
Ans. lim f{x)exists and it is equal to 1.
x—1
14. (ij)LHL= li.m (2x+3)= Lim[zr;u—h}+3]=3

RHL = ]un 3{x+1]|_hm[3[n+h+1]|]_3 Ans. 3

x—0"

(i) lim f(x)=lim3(x+1) Ans.6

15. LHL= lim (a+bx)= le[a+b|:l h)]=a+b

1"

RHL = lim (b- ﬂx}-hm[b a(l+h)] =

1"

| TOPIC 2|

Limits of Rational Functions

A function f is said to be a rational function, if

f(x)—g( ), where g(x) and A (x) are polynomial

h (x)
functions such that 4 (x) #0.
lim g (x)
Then, lim £ (x)= lim gx) =Ee g(a)
x—a x=a h(x) lim Ah(x) " b(a)

However, if # (2) =0, then there are two cases arise,
(i) g(@)#0 (ii) g (@) =0.

In the first case, we say that the limit does not exist.

~LHL=RHL=f(1) =a+b=bh-a=4
Ans. ﬂ=ﬂ,b=4
16. LHL= lim fix)= lirr;f{ﬂ—h}

= lim {ﬂ —h) = lim (0—h)
a—m|n j.l b0 — (0— h]

RHL= lim_f(x)=lim f(0+h)

x—=0*

0+h . 0+h

—_— llm—_—=
ho|o+h| F—o(0+h)

Ans. At x =0, limit does not exist.

17. LHL= lim f(x)= lim = | | 0B
LR = 0" k—m (0—h)
—h—h -5
h—i —h

and RHL = lim f(x)= lim N PN ) Lo
0% X h—0 o+h

Ans. hn‘;f{x}l does not exist.
18. Atx=0,LHL= lim f(x)=lim f(0—h)
x—+il" h—sa
= ':!jn“l‘ZI:ﬂ—ﬁ}+3=3
EHL= lim f{(x)=lim f(0+h)= lim3(0+h+1)=3
x—0" h—0 h—

LHL= lim f(x)= lim f(1~h) = lim3(1~h+1)=6

1'—’1
At x=1, RHL= lim f{x’}=1jn‘l|:f[l+ﬁ}=Pﬂh3(1+h+l}=ﬁ
41" e i
Ans. ]j.r::]f{x}:ﬁmld lim f(x)=6
bl x5l

In the second case, we can find limit.

Limit of a rational function can be find with the help of
following methods

Direct Substitution Method

In this method, we substitute the point, to which the
variable tends to in the given limit. If it give us a real
number, then the number so obrained is the limit of the
function and if it does not give us a real number, then use

other methods.



EXAMPLE |1]| Find the limits of the following.

x2—4 T (x_l)z +3x2
-2 X +3 (if) ,l_l,n_‘,W
T ‘JZ+x+Jz_x
(iif) lim ———
x-0 2+x [NCERT]
2
St B [here, h(a)w 0]
2 x+3 2+3 5
i) tm GV (SN (-2 430)
= ()t (') )
w33 7
2’ 4
(iii) lim J2rx+2—x J_
=0 240
_M_i_ﬁ
2
X—4
EXAMPLE |2]| Evaluate lun —_— s
it -Jl3 X
Sol. i =4 .- -3
x—x:ll 3_:;13—X 3—4f12
=3 -3(3+243) _ -3(3+243)
T2 B-2b)+24) | 9-12

36+ . o f

-— L - il i s T b

Factorisation Method
Let lim £

x—ra g (x)

0
reduces o the form E, when we substiture
x=a. Then, we factorise f (x) and g (x) and then cancel
out the common factor to evaluare the limir.

METHOD TO DETERMINE THE LIMIT
BY USING FACTORISATION METHOD

Step 1 Write the given limir as  lim f&)
xa g [x]

If lim f(x)=0and lim g(x)=0, then go two

next step, otherwise use direct substitunon method.
Step 11 Factorise f (x) and g(x), such thar (x—a) is a
common factor and write given limirt as
(x —a) fi (x)
x—a (x—a) g (x)
Step 111 Cancel the common factor(s), then limit obrained

in Step III becomes lim f ()
x—ra gl {A’J

Step IV Use direct substitution method to obrain limit.

¥ USEFUL FORMULAE FOR FACTORISATION

(i) (a* =b*)=(a—b)(a+b)
(ii) @ =6 =(a—b)(a® +ab+b*)
(iii) @® +6* =(a+b)(a® —ab+b*)
(iv) a* = 8" =(a® - 8%)(a* + %)
=(a—b)(a+b)(a® +b*)
(v) If f(0t)=0, then x —otis a factor of f (x).

3
EXAMPLE |3| Evaluate L = lim ~——o
x-’z(x-Z)
x*-8
Sol. Wehave, L = hm
x—2 X — 2

Letf(x)=x —8and g(x)=x-2

Here, lim f(x)= limx*-8=2"-8=0
x—2 x—2

and lim g(x)=lim x-2=2-2=0
x—32 x—2

Thus, we get — form.
0

Now, factorise f(x)and g(x)such that(x — 2)
is a common factor.

Here, f(x)=x* —8=(x* -2%)
=(x—2)(x* +4+2x) and g(x)=x -2
L= lim (x—2)(x* +4+ 2x)
T2 (x—2)

On cancelling the common factor (x — 2), we get
L= lim (x® +4 + 2x)
x=+2

=(2 +4+2(2)=d+4+4=12

3

. x —8
Hence, lim

=2 y—2

=12

Note We cancelled the term (x=2) in the abowve calculation,
because x = 2.

4x° =1
2x—-1

EXAMPLE |4| Evaluate lim

x—p-
2

Sol. On putting x = l, we get the form E
2 1]
50, let us first factorise it.

¥
Consider, lim ¥ =1. |y Zx+D(2x—1)
== 2x —1 I_,!; (2x —1)

[using factorisation method]
= lim (2x+1)
1

X% =

2

= 2[-1—)+1=2
2



2 —
EXAMPLE 5| Evaluate lim [ ———~—|.
X2 x7 = 4x° + 4x

Sol  On putting x = 2, we get the form 2 So, let us first
0

factorise it.
2
x° —4 x+2)(x—-2
Consider, lim - = lim #
¥=+2xT —4x  +4x =2 x(x-—2)
. + 2 2+2 4
= lim (x+3) =

a2 x{x—2) 2(2-2) 0
which is not defined.

2
4
lim —_ does not exist.
a2 xd —gx? 44x

2—.
EXAMPLE |6] Evaluate lim ———>
x> 3 x2+343 x-12
{3 (x=B)(x+43)

Sol lim_—> " - i
? I-.mJ:'x”+3J§x—1z i i +dBx— P12

(x —B) (x +43)
=3 (x +44/3)(x — «3)
lim lt""4-.\";}="'Ir:"-‘i""lg=2""‘3'-‘=£
x=45 (x+443) B+48 53 5

EXAMPLE |7| Evaluate I:|.m[ 2,1 }

il1-x? x-=1

(.‘jJ When x =1, the expression 2 = —L becomes the
] 1 1

_x -_—
form =—-== S0, we need to simplify it to exprass it in the
form 2.
0
S0l We have,

]im[ 22+—1 ):hm[ 22——1 )
r=1\]—x x—1 r=I\1—x 1-x
[#= — = form)]

Tl 1-x? i

l-x . 1
= lim = lim =
=11 —y =114 x 2

EXAMPLE (8| Find the limit

T b A :
x+x2-x x%-8x%42x : [NCERT]

x=2 1
- When x =1, the expression -
¢ P x2—-x x3-3x%+2x

,
becomes the form = —. So, we need to simplify it to
express it in the form %

-2 1
Sol. Here, 1.; - = -
x"—x x —-3x"+2x

| x-2 1 1
lx{r—l}l x{12—31+2}IJ

_| x-=2 _ 1

B x{x—=1) x(x—-1)(x=-2)
o (x-2 -1
xx—1)x-2)

[ x* —ax +4-1
_r{x—l}{r—z}l

| 2t -ax+3 ]_ (x=3)x—1)

| x(x=1)(x-2) T x(x—1)x—12)

hm'x’—z ~ 1
:—H_xz—x ¥ =3+ 2x
_ (x=3)(x—=1)
Tasix(x—1)(x-2)
= lim x—3
=1 x(x—2)
1-3 —_2_
11-2) -1
F+37 12 4
EXAMPLE |9] Prove that lim —————= = -2,
K} 33—x _31,-'2 3
¥ §-x X2 x
Sﬂl We ha‘r& lim u: hmw
— 33-:_3:.!‘2 x—s 2 33 _{31(."2}3

(3% =3)(3" —9)
x— 2(3-37 9.4+ 33" + 37)
[ a* —b* ={a—b)a* +ab+b")]
(3% —3NF*2 33" +3)
—am X x xf2
xo 2 (3 —3)(3° +3x37" 19)
(3 =33 +3)
r—=2(3 +3x 3" +9)
_ (9-3)(3+3) _ 6x6 4
T (@+9+9) 21 3

Hence proved.

Rationalisation Method

0
If we get r form and numerator or denominator or both have
radical sign, then we rationalise the numerator or denominator
0
or both by multiplying their conjugate to remove 3 form and

then find limit by direct substitution method.



2 — 42
EXAMPLE |10] Evaluate lim -—"*’;‘/_

[NCERT Exemplar]
4\/2 —N2
Sol. When x =0, then the expression —+—J_- becomes
x

of the form % So,we will rationalising the numerator by

multiplying and dividing its conjugate i.e. Y2+ x +42.
"2+x J- (,’2+x J_)(Jz+x+~/—)
x—’o x-oo X(J2+X+J-)

[multiplying numerator and

denominator by\fz +x +4/2]

2+x—-2

-x-'ox(:;2+x +42) '-'0:72+x+72 7

[using direct substitution method]

2x — 3
EXAMPLE |11 Evaluate lim Yomtax — X Jix

'-’"J3a+x-2\/_

[NCERT Exemplar]

.r1+2.'r—-..l|3.t
Sol. We have, lim
¥—a Jla+ x — 24 x

1||a+2x_.‘|f§ 1||1-;|+2.'|:+-.|r3;
f—*'-JSa+r—2-J'_ .J,-;|+2_1:+J_

[multiplying numerator and

denominator by va+ 2x ++/3x)

a+ 2x —3x
f—"(-.f}a+r—2ﬂ"_}l{.‘ra+2r+r}
[“{A-B)A+B)=A*-B

i (a—x)Ba+x+2dx)
-r—-ul{“'¢1+2x+ﬂ'—},f3x+x ZJ_HJ:‘M*'X*'ZJ_}

[multiplying numerator and

denominator by +3a+ x + Z-J';]
(a— x}[.,ﬁ +x+ 2-.1’;]

=r—ru(Ja+2x+J§“3¢]+f—4f}
(a— x}[-d‘ia+x+24_]

Hu[q.r'a+2x+-ulr§}l{3d 3x)

_ Jurarrla

Z{:ia+2a +33a}

_ 4va
" 3% 2434a

2
-3_-.,1'3'--

|,

EXAMPLE |12| Evaluate hmw.
=1 2x% +x-3
(2x=3)(/x-1)

=3 = becomes of
X +x—

Sol. When x =1, the expression

the form 2 So, rationalising ( Jx—1)in the numerator.
0
by multiplying and dividing its conjugate i.e. Jx+1

We have. lim (25~ -3)(vx-1)
=1 2x4x-3

i (2= —3)(Jx =1)(/x +1)
o1 (Jx+1)2x2+x—3)

. (2x-3)(x-1) 0
= lim —fi
""(J_+1)(2x +x-3) [0 orm]
- (2x-3)(x-1)
=1 (fx +1)(2x+3)(x 1)

. 2x-3 1

= lim =
1 (Jx +1)(2x+3) 10
By using Some Standard Limits

If the given limit is of the form lim z
x—da X =4

, then we can

find the limit din:crly 'I:iy using the Fo“uwing theorem
Theorem Let n be any positive integer. Then,
X" —-g”

Iil'.l'l —_—=na
¥x—+ad X =g

Proof We know that, x" — a”

o™ v a"  xra™)

On dividing both sides by (x — a) , we get

=(x=—a)(x

P

=x" M4 ax" 2. A a" xt+a™!
X=-a
" —-a”
Thus, lim ———
xX—a X -4
= |im{x"_I +ax" a"_2x+ﬂ’_l}
x—3a
=a" ' +a {a"_z:l+ ot a" g+ a™!
="+ k. ta" + [# terms]
= pa""!

Note

The above theorem ie. lim X223 = na™
E—.ﬂ* a

rational number and a is positive.

' is also true, if nis any



10 _
EXAMPLE |13 Evaluate un;"—m".

x=2
10
Sol. When x = 2, the expression o 1(2)24 becomes of the
x—
0
form —.
0
—1024 x'0 -2
Now, lim = lim =10 21y = 5120
-2 x-2 2 x-—2

EXAMPLE |14 Evaluatehm
it Frs

. x-2 1
Sol. Lim TP _gB . OB _gh
-2 x-2
= 1 ! = 1 1 =3(22”)
_(2113-1) —X(Z-zn)
3 3

EXAMPLE |15| Find all the possible values of g, if

9 9
im X =% - hm (4 + x).
x—a X-a x—5
9
Sol. We have, lim 2—" = lim {4+ x) .(i)

x—=ae xX—a x—+5

9
Now, lim =3 =9a)’ "' =9

x—a x—a . <
IR LI S

’ x—=a Y—a
and lim(4+x)=4+5=9
x5

FromEq. (i), 9" =9 = a®=1 = a=%1

EXAMPLE |16] Evaluate lim 3:’
X = x

il
? First, write the given function in the form of X

and

X—a

f
apply the theorem lim el 3 =na"" 1o get the required

i—+8 X-—43
&
value and then putting x = 2, the expression Z 3' a2
X

becomes of the form 0/0.

Sol lim 2232y X2 [-2 =32and 2* = §
x—s 2 13—3 :—3213—23
-7
x—2
= - [dividing numerator and
rrix - denominator by {x — 2]
x—2
3.3
= lim ri_zi-!—].l.'l'ﬂ x -4
r—+2 y—2 x—=2 yx—2
[ m £ o fim f(x)+ lim g[x}]
:—sng{x} x—a

=5x 271 +3x 28! w+ lim X2 —na""]
x—sa x—a
4
=5x2'+3x2* =5x22=§x22=§x4gg
INZ 3 3
4 3 3
O 1 x’ -k
EXAMPLE [17| If lm = = T then
xr—=1 x=-1 x—=k x* -k
find the value of k. [NCERT Exemplar|
i e )
Sal (o, i 2w
x—=1 x—1 x—k xz-kz
P
k| x"—-a" =4
= 4(1)''= lim —— < lim =na""!
L x—k x? — kz x—=a y—a |
x—k
x¥=g? ;
lim f(x)
- _x—k x—k _'_hmf(x) Ttal o
x* -k* x—a g(x) hmg(x)
L x—a
2
v pm swemikike iS22
2k 3 3
7 5
EXAMPLE |18 Evaluate lim =2 *1,
x=1x3 —3x% 42
[NCERT Exemplar|
R
Sol. hm"—z““

[9 from]
0

= lim x’(xz—l)—l(xs—l)
=1 i (x-1)-2Ax*-1)

x=1x* —3x7 42

x'-x*—x*+1

=1 oyt ooxt 42

[dividing numerator and denominator by ( x

(x-1)]

(xf-1) 1(x'-1)

g XD (x-1)

i1y (x-1)  2Ax-1)

(x—1) (x—1)

5
lim ¥(x+1) - hmz[ 1]
x—s1 =1

T lim 2 —lim® (x+1)
_1x2- 5x(1)* It s J

1-2x2 1-4 -3

1,,’1 +x =1
EXAMPLE |19] Find the limit lim ——.
=1 X INCERT]
“(J° To evaluate such limit, we replace the function under
®  radical sign by y and change the limit. So firstly, put
x+ 1=y and change the limit, then apply
fl —
im X =& _ g,
=8 X-—8




Sol. Put y=1+x,then y—lasx—0.

i IR =T Y=

1
[cx+1=y=x=y-1]

x—0 X y—1 y—l
b i
W Lo ) (1)z = s lim X—% o na
y—1 y—] x—a X—a
i
2
N2 _ (g +2)¥/?
EXAMPLE 20| Evaluate lim & 2" —@+27

x—a X-a

Sol. letx+2=y, theny—sa+2asx—a
e (x+ 2" —(a+ 2"

x-—+a X—a
2 _ 312
= lim {a+3) ["x+2=y=>x=y-2]
y= @+ y—(a+2)
3-1 n_m
=3@+22  =3d(a+2yn [ Bm X =% =na--l]
2 2 x—=a x—a
(1+x)° -1

EXAMPLE |21| Evaluate lim
x—=0 (14 x)° - 1

Sol. Putl+ x=y theny—>lasx—0

Py
3 (l+x) = lim y"— = lim 21
t-'0(1+x) -1 yoryi—1 yor| yi -1
y-1

[dividing numerator and denominator by y —1]

6 2
y—l+limy-l

= lim
y—1 y—1 y—=1 y-—1
6 -1 n__on
———6(1)’ ‘=£ = [‘.’ lim & 4 .—.na‘"]
2(1)° " 2 xsa X—a
2x + 4)V/3
EXAMPLE |22| Evaluate hm %
X
Sol. Put2x +4=y,theny—8 asx— 2
135 _ 13 2x+4=y
- lim (2x +4) = lim 2 oy
x—2 x—-2 y— 8 y—4_2 — T
2
15 )
=2 lim ¥ (8) [ 2_(8)1;‘1]
y—=8 y—4-4
1S gl
=2 lim Y .
y—»8 y-—8
I_l o,
=2.2(8)’ [ lim ——2 =na""]
x—a xX—a
() =2 y2=2x1.1
3 4 6

EXAMPLE |23| Evaluate

n n-1 n-2 2
X +Xx + X FicotX +X=N
lim 3
x—=1 x=-1
n n-1 n -2 2
X+ % +Xx T T X XN
Sol. lim
x—1 x-1
hm(x"—l)+(x' T+ o+ (x* =1 +(x—1)
x—1 (x-1)
[-n=1+1+1+...to nterms)
X" -1 x"-l gt
= lim + lim
x=1 -1 x—1 x—-1
S
P : + lim X !
x—1 -1 x=1 xy—1

=a() + (-1 " +..+20)7°!

[ lim = i =na"']
xsa xX—a

=n+(n—-1)+..+2+1

=n(n+l) ._zn=n(n+l)
2 ' 2

| TOPIC PRACTICE 2 |

OBJECTIVE TYPE QUESTIONS
1 Which of the following is/are true?

. —5——— (where,a+b+c#0)is 1.
x=1 cx?+bx +a

1.1

_+_ 1
IL lim X35~
x=»-3x+3 9

(a) Both I and Il are true
(b) Only I is true
(c) Only Il is true

(d) Both I and Il are false

2 lim¥2* ‘Els equal to

x=0 [NCERT Exemplar]
b b
(a) 1 5 (b) 75
(c) éz. (d) V2
3 liml-(i-;-x—;-l)(%é)-is equal to
x— B X -
1 -1
it b) —
@ 10 ®) 10

(c)1 (d) None of these



2

4 lim LT is equal to
x—2 :;3x—2 —:?x +2
(a) 2 (b) 4
(c) 8 (d) 16
7
5 If lim ==
x—(-a) x+a
(a)1 (b) -1

(c) £1

VERY SHORT ANSWER Type Questions

6 Find the following limits. (Each part carries 1

(d) None of these

mark)
52
(i) hmax+b (ii) lim> 4
x40 ex +1 2 x+3
3 2_
(iii) limE (iv) lim = A
=3 x+3 2 (x -2)

7 Evaluate the following limits. (Each part carries
1 mark)
10 5
@ im > * i) lim w
x=1 x-1 -l"'l cx +b

a+b+c#0

8 Evaluate the following limits. (Each part carries

1 mark)
oo ANEGNE AR o Rl
0= o
n_on
9 Findn, im>——2-80,neN.
x—2 X—2
1.1

—f

10 Evaluate lim -2
x—=-2 x+2

SHORT ANSWER Type I Questions
Evaluate the following limits

2_ N

i 1im32 T
=2 x“+x-6 s x“-6x+5
. | X x'-4

13 lim——— 41 y
xlm x-1 xf}z‘ x2+332x-8

4 2

50 20 g 10
-3 2y -5x-3 x—2 x°-4

17 Iimﬂ. 18 lim Ja+x—«f5-
h—0 h x—0 x;Jaz+M
T | el |

® }l_?f,xi” 20 l-'l—r’nl,\'“’—l

21 lim &0 22 lim*—1

x—0 X x=1 x"—1
5/2_ 5/2
23 | w}l+xs J 24 1im &+ (04377
x—oO x—3b x-b

25 1 (J3+ -JS WB+x-5-x) 56, x*-4
2 Jx+2—:z3x—2

x-yl =1 x—2

27 (,’l+x+x —Jx+1 )
-00

I

SHORT ANSWER Type Il Questions

28 limf ~Tx%+14x— 8 29 1iml_! 2(2x-3)
=2 x239y-8 =2l x-2 x*-3x?4+2x

30 lim (‘/‘” firx) g um""‘/;
x—oO il+x3 Jl+_x x—1 :i

32 lim ( x*-3x%+2 ] 33 “rsz(Sx—S_4x2+l}

=1 x* —5x% +3x+1 2x-1 4x?-1
34 lim x? - 3x® + x® —9x* —4x? -16x + 84
x> 2 X =8x4 - 4x+12
35 Iflim S =lim x? _l, find all possible values
x—=b x—-b x-1 x-1
of b.
| HINTS & ANSWERS |

2
1. (b) L Given, lim me
=1 ex* +bx+a

_ax(1) +bx1+c _
cex(1)+bxl+a

b
-

I lim £—3
x=-3 x+3

(3+x)
x=-33x(x+3)

= lim —=—-=
x— -3 3x 9
2. (c)Put y=2+ xsothatwhenx -0, y— 2
lim 2+x—s/§
=0 X
L X
2 _ o2
= lim £ 2



{‘J_ 1)(2x - 3} m{r—1]{21—3} 17. Putx+h=y theny— xash— 0

3. (b) Given .
’ r— x— — fF] 12
l 2x* +x—3 t(2x +3)(x-1) Now. lim (x+h)" —(x)
-1 k=0 h
10 . ylﬂ _{x}lﬂ 1 x%—l
z_ = —_— ==
4., (c) lim i : [ﬁ:rmEJ o y-x 2
x—+2 [x—2—Jx+2 0 1

Ans.T

(x—2)x+ 2)(Px - 2+ fx + 2) 0 Wx

s . _ [hrm_] _ _ 1||'a+x Ja 1Ii.::+x+«1"-
(1'[31 2 -JI + 2}{~f31’ 2+ -er +2) 18. Given limit =

r—rﬂ + .u:+x+q.||'_
. (x+2}|{,j3x—2+.,,|'x+ 2) _ xyfd’ +ax J
x—5 2 = lim

. _{_ﬂ} _, """“x{.ju +ur}|{4,ju+x+»u"_}

5. i =
(c) IH?}ai x—(—a) ns. 1
o 2ava
= 7(—a) =7 =a==1 3
1 x +1
. ‘s . 1 5
6. (b ()0 (iii) > {iv) 4 9. lim X +l= lim (x+1) _ lim X +1+ lim X+

B e I R T e RS Qe RS |

1
7. (i}—— (ii) 1 x+1

i o T e G0

a2 = i
. @ b rli:I—l1 x=(—1) == x—(-1)
P JECIN
(il) Given, limit = lim Ans. 108 PRt JRL I oy
3 x=3 20. lim = lim—%=L = lim + lim

:—:Ixm -1 = xm -1 =1 x-1 x—=1 x—1

pon 1
(iii) m x—1

B s S | 3
9, n?'=5x2"" Ans.5 = lim +lim Ans. -
=1 y—1 =1 y—1 2
! +1 21. Putl th 1 0
—— . Putl+x=y, en_v—b asx — 0.
10. lim X2 = jim ZFY) g L {1+x)" - ¥’ -1 y' 1"
== x+2 x—=-22x(x+2) 4 Now, lim = lim = lim
, x4k X ¥+l y—l y—+1 }"-1
1. Iimx_—‘ix+2_]hn{x—2}|{r—1}l A.l:ui.l Ans. n
=2yt py—6 —=2(x—2){x+3) 5 =1 ™"
(x—4)(x-5) 1 ]
12. Given limit = lim————— Ans. — 22. Given limit = lim x-1 o x-l Ans. 2
=5 (x—=1)(x—=5) 4 x=1 §" 1 Coxt-1" n
m
3_ . 2z x—1 =1 y—1
3. lim> \1=1im[Jr 1Xx” +x+1) Ans. 3
=1 xy—1 11 (x-1) ) o ) -,Illl+x —Jl x? J1+x +q{l xt
23. Given limit = lim =
x'—4  (x+a2)x—2)(x" +2) xe x Jixt -yt
14. lim
,__..,l'_x 243420 8 T (x—A2)(x+4+2) {1+x*)—(1—x")
Ans.g I“’"‘x [Jl+x +-,‘|r1 —x¥)
1 _ 2 2x°
15. ﬁ|n;ﬁ-=hmw = lim . . n Ans. 0
32y By —3  x=3 (x-3)2x+1) = x {\JLl+:c +J1—x )
108 2 _ 12
Ans. — 24. Given, limit= lim ﬂ
7 y6+3)  y—(b+3)
16. Iimaxz_x_m= Iiln{'t_znlt-l—ﬁ J‘knai,u where y = x+3
x—33 12—4 =2 (x—=2){x+2) 4

ns %{b 3




25. Given limit = lim ly3+x—v5—2x) “3+I+"5 %)

x—=1 (x—1){x+1) (d3+1’+v’5 x)

2x-2
=l
r—'ﬂ{x—n{x+1HJ3+x+Js— x)

1
Ans. —
4

26. Given limit

fim x'—4 (:,,||-'C+2+-\||5 2)
ﬂlx+ -J3r 2 (-.||:c+2+.uF3.t 2)

= lim (x— 2}(1+2}[,p|x+2+ 3x—2)

x—2 —2x+4

=52

Ans. —8
27. Multiplying numerator and denominator by

E 1
1||q+x+x‘+ x+1 Ans.—
4

28, Givenljnﬂt:]imw
=2 (x—=2)x+4)

Ans. ——

29, Given limit = fim | ——— —22x=3)_|
=2 x—2 x{x—1}x-2)

. [ x'—5x+6 ]
= lim|——
Hi_r{x—‘l}{x—z}l

N N |
r=2| x(x—1)}x—2) 2

E | f
30. Given limit = lim ¥F iz e
( +:c=—..||1+x}
{1+r3+4||1+x]x{ +x° +.fl+ x)
J1+13+1J1+x] {1,'h+x2+.ﬁ+x}
{{1+x}| |{1+x}}>-c|{v'1+x +fl+x x)
H"{l{1+x}| 1+ 1)} x (1 +x +41+x)
= lim x(x—1)(41+x* +4fl+x)
"'“x[x—l}l[x+1]{~‘f1+x2+..||E+x}|

Ans. 1
J' J_[[x}’”
3. L
:E’T: ,J?—l Hl w,‘r_ 1

x—5

X 1
" _
—hm{x} ].|m~.|’;= lim =
a1 x—1 1 x=1 [x}l'r‘! 1
x—1
m
i =1
_ =1 y-—1
- 172
I.im{x]I _
=1 y—1
Ans. 7
32. Given limit —I.unM nsl
=1 {.t—‘l}[:c —4x—1) 2
B3, lim Sr—‘_’-_dx +1
=izl 2x—1 4xi—1
= lim (Bx—=3)2x+1)— {41’ +1)
x—+1 (4x*-1)
ol |12 +2x-4]
x—w11 ax®—1
2(6x" +x—2)

lim
R T |
2[(3x+2)2x -1
= lim —“ * 2]{ rz 1
x—5142 {21—} _[1}
= lim w Ang_l
=12 (2x=1)(2x+1) 2

34. When x=4+/2, the given limit assume the form E
1]

Therefore, {x—-.ﬁ} is a factor of both numerator and
denominator. But, irrational roots occur in pairs. So,
(x +1E} will also be a factor of both numerator and
denominator, consequently, I{_t.'z — 2) will be a common

factor.
L] ] [ 4 2
- lim X =3y +x -9 —4x —1l6x +34
— * —3x' —dx +12
Do X o3+ 2xf - 5at 4 dx’ —10x7 +8x 442
x—s o2 X -3xP+2x—6
2-31
Ans 82

35. 3" '=4(1)'" Ans. b=t

_T



|TOPIC 3|

Limits of Trigonometric Functions

To find the limits of trigopnometric functions, we use the

[following theorems
Theorem 1 Lctf and £ be two real valued functions with

the same domain such that f(x)< glx) for all x in the
domain of definition. For some real number a, if both
lim f(x)and |1m g(x) exists, then

lim f(x)< lim g(x).

This is shown in the dﬂjlﬂllﬂllﬂg ﬁgurf
Y

I
=

>:s
X

[=]
7Y P

Theorem 2 (Sandwich theorem) Let f, g and # be real
funcrions such that f{x}ig{x}ib{x} for all x in the

common domain of definition. For some real number a, if

lim f(x)={=lim A(x), then lim g(x)=

This is shown in the mﬁafm'ng ﬁgure
¥

Theorem 3 Three important limits are

sin x 1=cos x
(i) im ——= (ii) lim ——=0
x—0 x x—0 X
tan x
(ii1) lim =1
x—0 x
A GENERAL RULE

flx)

Let given limit lim =——— exists and we want to evaluate
x—a glx

this. First, we check the values of f(a)and g (a). If both are
0, then we try to vanish those terms which make it zero. For
this, we write f(x) = £ (x) f5(x), such that £, (¢) =0and
f>(a)#0and g(x)= g,(x)g,(x),such that g, (¢) =0and
g,(a) #0. Cancel out the common factors from f(x) and
g(x) (if possible) and get

fix) _ W)
glx)  glx)
Then, lim @ = P{ﬂ‘)’ where gla) 2 0.
x—a glx)  gla)

METHOD TO DETERMINE THE LIMIT OF
TRIGONOMETRIC FUNCTIONS

Step 1 First, check thar given vanable tends to zero or not.
If yes, then go to Step 11, otherwise putx =2 + A in
the given function such thatas x — a,then b — 0.

Put the limit in given function, if = form is

Seep 11
obrained, then we go to next step. Otherwise, we
get the required answer.

Step 111 Simpliﬁr the numerator and denominator to
eliminare those factors which becomes 0 (zero) on
putting the limic.

Step IV MNow, convert the result obrained in step 111, in the

form of 1ing or [:-m'EI_
i)
Step V' Substitute  the wvalue of standard limit of

trigonometric funcrion as obrained in step IV and
simplify it
EXAMPLE |1| Evaluate lim @ cosec 6.
B—0

[}
Sol. hmﬂcnsecB lim —
= osinf
lim ,‘ =l-=l '.'limsmx=l]
6-0 sinf | 60 y

sin 3x

EXAMPLE 2| Evaluate lim

5x
Sol lim sin 3x = lim sin 3.;
x—0 5Sx x—0 55 ;

sm 3x
3x
sin 3x

3
95

- lim [as x — 0, therefore 3x — 0]
30

[ lim Sl_"_@_,]
6—0 0

3
53
N T
57 5



sin a@

EXAMPLE |3| Evaluate lim
B0

sin b6
Sol. We have, lim sin ab = lim sina B + lim sin b6
60 gin b 60 @ B0 B
=a lim smuﬂ+b]m sin b
ai—a  afl w0  hB

[as® — 0, then ab — 0and as @ — 0, then b8 — 0]

(7]
_0{1}+b{1}_3

tan(8 -b
EXAMPLE |4| Evaluate lim M
@—b 6-b
Sol We have lim w
6=k B—h
Put H—B;h = 8=h+b
Also, when 68— b, then h— b
lim l:m[El—EJ}= lim tan h =1
=t B-b h—0  h
. tanx®
EXAMPLE |5]| Evaluate lim .
x—0 x°
.3 First, change the angle in radian and then use lim —— =1,
w0 X
ta mx
o n—
Sol Iimmr = lim 180 _ [:'1”;11':11:]]
=0 " =0 TMX 180
180
. sin7x
EXAMPLE |6| Evaluate lim .
x—0 tanb5x
in7 )
sin7x ?x[ﬂ‘l;xx] 7 ]imm“?x
Sol  lim = lim =20 Jx
x—0 tan5x HuS:c tan5x Slim tan5x
5x 0 Sy
=—)(£=- r|.i|1'lﬂ=1:|.n.d].irlltm—]ﬂ=1-|
51 5 |80 @ o 0 |
. [sin2x +sin6x
EXAMPLE |7]| Evaluate lim | ————|.
x—0| 5In5x —sin3x
Sol. Iim[smz:r+mn6:r]
= gin5x —sin3x
. 2zind x cos 2x . sindx cos 2x
= lim [_]= lim [_)
=0\ Zeosdxsiny =0\ cosdxsinx
= lim sm:lxx : ® cos 2x X ! x4
0| 4x sin x cosdx
=4 lim SM4xth[ x ]
dr—=0 4y x—=0\ gin x

. 1
®* lim cos 2x % =[4><1)-(1><‘.l)<—]=4
2x—0 lim cosdx 1
dx—»0

1—cos 4x
EXAMPLE |8| Evaluate lim ———
x—0
1—cos4 2sin® 2
Sol. lim———  lim =2 %X [-1-cos 20=2sin6]
x5l X x—+0 X X

=2x1x0=0

EXAMPLE |9] Evaluate

. sinax + bx
lim —_bx;a, b,a+b=0.
x—0 ax + sin [NCERT]
sinax " bx
sinax + bx = lim —X "
x—0 @x  sin by
x x
[dividing both numerator and denominator by x]
tim 209 s lim b
= x—0 ax x—30
sin by % b
> tim
im f{x)
[l S
x—a g(x)  lim g{x)
lim ( fix)+ plx))= lim f(x)+ lim _g{:c}J
x—a x—ra x—ha

Sol. lim
=0 gy + gin bx

lim a + lim
=50

x—= 1

nd

. &in ax .
alim ——+ lim b
=i ax x—+ i

sin bx

lim a+ b lim
x—+0 x— 0 f:lx

_a()+b
Ta+b()
_a+b_
-a+b_

[ lim mnx ‘l]

=0y

1

tan 2x —sinZx

EXAMPLE |10| Evaluate lim S

x—0 X
Ky —5in2x
tan 2x —sin2x
Sol  lim—— " —jjpLosdx
=0 xs x—+0 x!
. 5in2x — sin 2x - cos 2x sin 2x (1 — cos 2x)
= lim < = lim —
x—+0 X7 -cos 2x el X" -cos 2x
2
. tan2x . 2sin” x
= lim ——- lim ——

x— 0 x x—+0 x2
[by using product of limits and cos 8 =1— Zsin® 8]

2
tan2x sin x

= 2-lim ——x 2lim [ ]

=0 2x x—0 X

=z2()x 2(1) - lim =

giny |, tanx ]
m =1
=l

=l oy
=4



EXAMPLE [11| Evaluate lim S5 =98%%
=0 cosox —1

[NCERT Exemplar]
CO8 ax — cos bx

b]x-lsi“ a ; b)x

Sol lim

=0 coscx—1

—Zsm[[“

= lim X

x— _2512
|['.'ccsC—msD=—2:in[C+D]sin[¥]-i
I_:mdr.'usze=l—2$inaﬂ J
= )* %)
sin

—llm

cx
sinz—
2

I A
) )

(5) =
2 c2
sinzE
2

a+b a-b 4 at - b sin x
S|l ——— = lim ——=

2 2 (‘2 |‘_"2 =l y

; “

EXAMPLE [12] Evaluate lim [w}
s—nfal x—m/ 4

Sol. LetL = lim [“'”_“’”]
r+l x—Tm/4

Here, given variable is not tending to zero Le. limit is
not of the form x — 0.

n
So, put x—==h
P 4

n n
= x=I+h Now, as x — —, then h— 0.

si.n[£+ Pl] — tos[l + h]
L=lim 4 4

h—0 h

o

[sm—ms h+ cos E:m h]
4

|r
n
l cns—cnsfl mnhsm?]

lim
h— 0 h
isi.l:l!l
=1nn-“Eh—=J§{1}=J§ [ Iimﬂ-'l]
— 0 =0 yx

EXAMPLE |13] Evaluate lim 052X,

x—mf2 ('-"E 2){]
. ) 1+m32[2+h]
Sol.  lim d X = lim

E=m 2 “1:_21—}2 b= o 2[ﬂ +h] K
2
_I

[puttingx =E+h,as X — E then h— ﬂJ
2 2

m 1+ cos (@ + 2h)
hso (@ — @ — 2h)
= lim _1 —cos 2h [E fm'm]

LN ] 4’12 0
1—{1— 2sin” h)
K=o s
2sin® h

E [vecos28=1- innzB']
b= 4

EXAMPLE |14 Evaluate
lim (x + y)sec(x + y) — xsecx

y—0 y [NCERT Exemplar]
Sol lim (x + y)sec({x + y)— xsecx

yrl ¥

lim x w(sec{x + y)—secx)+ ysec(x + ¥)

y0 ¥
— bm r{sec(x+y}—secr‘l + lim vsecl x + y)

y—+0 ¥ yl ¥

x x

- lim ms{r+y}_tasx

+ lim sec{x + y)
y—=2 0 ¥ y—+ 10
= lim x w +]I‘.TﬂRI'.‘I:X+}'}
y=0 | yeosxcos{x + y)| o0
= lim

y—i

{msx—cos{x+y}x x }

¥ cos xcos{x + y)

+ lim sec{x + y)
y—+0



. 1-cos 48
]m —

2:in[r+l]sin[l] EXAMPLE |17| Evaluate | .
2 2 X 6—0 1—cos 50
= ) (x+y)
¥ ¥ cos xcos(x + y 1— 40 25in? (20
42] Sol. lim ——— = lim —— (29) [- 1 - cos 20 = 2sin"#)
801 —cos 58 60 . 3
+ lim sec(x + y) 2sin [?]
y y=20
si.n[—) i 2 !
sin” (29) . sin 20
=].imsi.l1[r+£]>< lim x lim o — x40 213“_’3“0[ ps ]
y—2l 2 yl ¥y ¥y—+ 0 cos xcos(x + y) = lim 46 =—x
2 o0 250 , 2 sin58/2
. 250
+ limsec{x + y) 2 . s\ sa/2
gl 250° 4
=ginx x1x +88CK = X lan XSecx +5ecy
cos’ x 4 [as 8 — 0, then 28 — Dand 58/2 — 0]
2 .
. sin (24 x) —sin(2 - x) Sl 16 [ hmﬁﬂ]
EXAMPLE |15] Evaluatem . . 5 () 25 a0 x
[NCERT Exemplar]
. l+cosx
EXAMPLE |18| Evaluate im ———.
=E tan x

First, use the formula,
C+

-
gsinC —sinD =2cos -

0 ] sir{CE;D] and then apply the

limit to get the required value.
gin(2+ x)—sin(2— x)

Sol.  lim
r— 0 ¥
[2+x+2—x] ) [2+x—2+x]
2cos sin
= lim
=+ x
[ D C - DY
['.~sintf‘—si.nD=2cas[ ]-sin[ 5 ]
. 2cos 2 sinx
= lim ————
=+ x
=2cos 2 lim inx _ 208 F F lim sinf _
=30y |_ a—=0 g ]
1-cos x+/cos2x

EXAMPLE |16] Evaluate lim .
X— X

— cos x+/cos 2x

1
Sol lim
x—+0 12
_l_lml—cosx cos 2x _ 1+ cos x+/cos 2x
=0 x? ‘1+msxq.|'mszx

[rationalising the numerator]
= lim 1-cos® xcos 2x _ ‘1—(:032:0{2:9&2:—‘1}
H“r2{1+cas xvrras 2x) x+0 12(1+ mstmst}

1-2cos® x+cos®x

= lim 2
=0 x°(1 + cos x+/cos 2x)

(1—cos? x){1+ 2cos® x)
= Im 3
=0 x [l+mstmst}

. sin x . 1+2cos®x 1+2 3
= lm = % lim = —_— = =
=0y H“I_l+msx~fms?.x} 1+1 2

Sol. On putting x = T + h, we get

_ Il_ml+ms[11:+h]l
b0 tan®(m+ h)
[~ when x — m, then h— 0]

1+ cosx

lim
r—+ % fan”x

2e0s? n+h
O FS T ) [ tan(m+h)=tanh ]
= lim z 2
k=0 tan” h |_and 1+ cos 28 =2cos” B
2:1382 [£+ i) zﬂnzﬁ
. 2 2 .
= lim = = lim <
k=0 tan~ h k=0 fan~h
n n
[ COS [—+'B)=—si.nH socos’ [—+ﬂ)=sinz'8I
|2 2 |
25in? !
= lim —zz-x cos’h
k=0 gin®h
2sin® =
= lim cos>h [ sin 8 = 2sin E-cos E]
2 2

h—0 [ h h]z
25in —-cos —
2 2

L1 [eos0=1]

1
chszh=—x(1}2 =
2¥1 2

=']..'I1‘I'l
-t Zeos =
2

EXAMPLE |19| Evaluate lim (secx - tanx).
*=m/2 NCERT Exemplar]

Sol Puty:l—r,asr—)i,theny—)ﬂ
2 2

lim (secx—tanx)
x— B2

el {Eo )l

y—3r



= lim(cosec y — coty)
y—=0

[ [sec%—ﬁ] = ra&ecﬂa.m:ltan[%—ﬂ): cot B

= lim 1 cosy = lim 1—cosy
y»iiginy siny ¥y siny

Zsin” 4 I xinZE = 1_cos® 8
= lim 2 2 2
yb_ Y ¥ . .8 e
2gin—cos — and sinf = 2 sin—cos —
2 2 2 2]
= limtan¥ =0 asy— D,then£—>ﬂ
¥ 2 .

2

EXAMPLE |20| Evaluate
o (a + h)? sin(a + h) - a® sina

r.h—; 0 h
[NCERT Exemplar|
Sol lim (a+ hf sinf(a + h) — a*sina
k=0 h
= lim (a® + b + 2ah) [sinacos h + cos asin k] — a’sina
b0y h

[ sin(C + D) = sinC cos D'+ cos Csin 1)
3. 3 .
= lim [a sinalcos h—1) + a” cos asinh
h—0 h h

+(h+ 2a)(sinacos h + cos asi.nh}lJ

. . h
a‘sina (~2sin® —) hl a* cosasinh
2 2| piy 2 E05aSINA

= |."lll‘l|—2
n—,ol h 2 h—0 h

2
+ J!i:m (h+ 2a)sin (a + h)
—+0

[ cos h—1= —2sin® h/2and

sinacos h+ cos asin h=sin{a+ h)

sinx _ 1]

=g’ sina X0+ a’ cos a(l) + 2asina { lim
=0 X

=a’cosa + 2asina

EXAMPLE |21] Evaluate lim VBsinx -~ ;‘:ﬂsx‘
_1: — —

[NCERT Exemplar]
Sol. lim -J’E_‘xinx—cas:c

x—=Mml6 T

[

. T . T
2 [sm X €08 — — COS xsm—]
f f

= lim
=l T
- =
[ 5]

a7
SN X ——
=2 lim 5

x— N f6 [ 1':]
x——.
6

[ sin Acos B — cos Asin B =sin (A — B)|
=12 [ hmﬁ=landx—>£=&[.\r—i]—>0]
6 [ [

G—=0

EXAMPLE |22| Evaluate lim 204X
x—0 1= cosé4x

sindx
* 4
xtandx Cos &X
Sol lim = lim
=01 —cos 4x =0l —cos2-(2x)
sindx
x-
cos 4x

im —- [2 cos 28 =1— 2sin® 8]
x=0] — (1 — 2sin® 2x)
. x - sin 4x
= lim ————
r=0 ¢os 4x-2s5in” 2x

x-sin X2x)

= lim
=0 cos 4x (2-sin 2x-sin 2x)

x (2sin 2x - cos 2x)

m [ sin 28 = 2 sin @ cos 8]
r=0 (23sin 2x -sin 2x) cos 4x

' X -cos 2x . cast[ X ]
= = lim =

g0 (gin 2x)-cos 4x «—0 cos 4x |zin Zx
1 cos 2x
= lim ——— x lim
— [sin 2x 2] s+0 COS 4%
x 2
= l lim i ® lim £ow Sx
2 x-ab [s'm Zx) T+0 cos 4x
2x
1 1 cos0OD 1 1 1 1 sinf
=—x- =S—X-X-=— r lim =‘1-I
21 cosOD 2 1 1 2 -0 8 J

EXAMPLE |23 Evaluate lim S0.X = 28i03x *+ Sinsx

x—0 X
[NCERT Exemplar]
I — 2sin 3x + sin 5x
Sol lim sin x
x—=0 X
i (sin5x + sin x) — 2sin3x
= lim
x—= 0 x
Zsi.n[sx - )ms[sx _ I] — 2gin3x
= lim 2 2
x—=30 x

francrinpeasn(€22) s (€52]]



2sin3x cos 2x — 2sin3x

= lim
x—0 > 4
in3 _
- lim 2sin3x(cos 2x —1)
x=0 X
=t 2(sm3x) " 3[-—(1 — cos 2x)]
x—0 3Ix 1

=-2x1x3(1-cos0)

=—6(1-1)=—6x0=0

. tanx-sinx
EXAMPLE |24| Evaluate lim ————
x—0 X
Sol lim tanx —sinx _ hm(smx—smxcosx)
0 X3 x—0 x3cos x
o sin x(1—cos x) ai B smxxl-cosxx 1
0 x*cos x 0| x x? cos X

[ |

sinx 2sin2£ 1
=J{lim % { lim 2 L lim
-0 X x—m(xr x—0 COS X
—| x4

2
[ 2
sinx| 1 i 1
={ }x—-x lim 2 x lim
=0 X 2 =0 X x—=0C0s X
2

1
=1><l(l)z><-=l
2 1 2

Evaluation of Trigonometric Limits
by Factorisation

Sometimes, trigonometric limits can be evaluated by
factorisation method.

2
EXAMPLE |25 Evaluate lim <2t % =3

x—m/6COSECK — 2
[NCERT Exemplar]
2
cot” x—3
Sol lim @——
x—=nlé cosec X — 2
3
cosec x —1-—3
= lim ——— [- cosec®x — cot® x =1]
r—®i6 CoSecx — 2

cosec’x — 4

r—+mib6 cosec X — 2
(cosec x — 2)(cosec x + 2)

[by factorisation]

P (cosecx — 2)

lim (cosec x + 2)

r—+ M i

=mset%+2=2+2=4

- 2 - -
EXAMPLE |26| Evaluate lim —on x*sinx-1,
x—n/6 25in® x — 3sinx + 1

[NCERT Exemplar]

using factorisation method.
42 A
Sol lim Zsm2 xX+sinx —1
x—x/f6 2sin” x —3sinx +1
(2sinx —1)(sinx +1)
x—x/6 (2sinx —1)(sinx —1)

‘ sinx +1
= lim -
x—x/6sinx —1

p 30 1
1+sin— 1+—
=—°—=_2.=—3

s - 1

sin—-—1 —-—1

| TOPIC PRACTICE 3

OBJECTIVE TYPE QUESTIONS

{ limxsintis equal to
x—0 X [NCERT Exemplar]
(a) 0

1
(c) ‘2'

(b) 1

(d) Does not exist

3 lim 1-c0849,, equal to
6- 01— cos66

4
(a) 5

-1
(c) )

byl
()2
(d) -1

3 Ifoand B are the roots of ax? +bx +c, then the

_ 2
value of lim 1_cos(ax +bx +c) is

Sl (x-p)°
b2(f- o) a*(p —o)’
(a) — (b) ——
() LB (@ L=
4 4
4 ]imu tan x+4tan 2x— 3tan 3x is equal to
X— X
(a)1 (b) 8
(c)9 (d) 0
2 2 2 2
5 limu% [1 —cos: —cosX +cos x?cos T] is
equal to
1 1
(a) < (b) 3
1 1
— d) —
© 16 « 32



Evaluate the following limits.

VERY SHORT ANSWER Type Questions

6
8

. sin5x
lim—
-0 x

lim xcosec3x
x—0

10 lim xsin 2
x—0 X

12

14

. sinx
im ——
-2 X—R
. sinx®
lim ——

X = X

7 lim tan 3x
x-0 x

9 lim xcot4x
x—0
N 1
11 lim xcos—
x—0 X

. COSX
13 lim
—=0n—-Xx

o
15 lim tan2x
-0 Xx°

SHORT ANSWER Type Questions

16

18

20

22

24

26

28 lim

30

32 lim

34

36

. sin(n—x
lim —( ).
=z n(n-x)

. sin?5x
lim ——
x—0 X

. sindx
lim
x—=0 tan4x

lim £—x tanx
x—x/2\2
. 1-cos2x
lim —————
x—0 _xz

cos’x
x—x/2 |-sinx

sinx
x—0x(1+cosx)

. tanx-sinx
lim ————
x—0 X

tan2x-x
x—03x-sinx

sinx

lim
x— ﬂ:ix +1 —;Ji—x

. sin3x
17 1im ——
x—0 gin7x

. axX+XCOSX
19 lim ————=
x=0 psinx

21 lim tanix

x—x/2

2

9
23 lim S0 2
- 0sin“4x

25 lim 1-cos5x
x—0 X

y 1 4 lin':) (cosecx—cotx)
xX—

: 1-sinx
29 lim
x-»x/2 COSX

.. cosx—cosa
3l lim ————
x—a X—-a

33 |jm X-COSX
x-0]l-cosx

2 -
35 |im SeCx-2
—xfd tanx-1

LONG ANSWER Type I Questions

37 lim 1-cos mx
x—0 l-cosnx
39 lim tanx-sinx
x=0  sin®x
. 2sinx-sin2x
# =0

. sec4x-sec2x
43 Ym————
x— 0 sec3x-secx

45 lim sin2x+3x
x—02x+tan 3x

47 cot4x—cosdx

(r-8x)*

x— /8

49 lim cosx—-cosa

X—a X —+a

38 lim sinx-sina

x— a :;x—:;a

40 tim S932x-1
x—0 cosx-1

1-sinx

42 lim .

—r/2(m
[—-—x
2

. cosecx —cotx
44 lim———
x—0 X

46 lim (sin 3x +sin 5x)
- 0(sin6x—-sin4x)
4’8 lim sin J;—sinJ;

X-sa X—a

LONG ANSWER Type Il Questions
50 lim 2-+/3cosx-sinx

x—x/6 (6x-m)*
. tanx+4tan2x-3tan3x
51 lim -
x=0 x“tanx
3 l—sinx
52 . tan” x—-tanx 53 im 2
x—n/4 n X— R A 4 X e 4
cos| x+— cos—| cos—-sin—
( 4J 2( 4 4)

54 lim +cosx -1
X (n—x)z

sin[x]

56 If f(x)={ [x]

,[xl#

n .
(E—x)smx-Zcosx

x—x/2

)
——X |+cotx
2

0
,where || denotes the

0, I[x]=0
greatest integer function, then find lin'(n) f(x).
-

[kcosx

57 1f flx)={ "%

3 henx=2
) whenx >

n
,when xz—

s 103

then find the value of k.



HINTS & ANSWERS |

1
1. {a) Since, lim x =0 and —1 < sin— < 1, therefore
x—+i X

1
lim xsin—=0
x—+0 X

2sin” 28

60 2gin” 30

, [s'm 26 }2
lim | ——
a0l 28

- )
lim [smSB]
a—=0l 30

2. (a) Given, lim 1- cos4f =
i 01— cosab

_4_
9

o |

3. (b) It is given that o and P are the roots of the given

equation ax” +bx +c =0,

ax® +bx+ ¢ =a{x— a)(x —p)

Now, given limit = lim

1—cos {a{x—o)(x — )}

x—fi

(x-p)*
[sin {_ﬂ{x_u”x_ﬂ} T

=2 lim

uz{x—a}a

2
al x —o){x—B) |
] 2 |
ﬂ2[:B_ u‘}i a2{ﬁ _u}z
4 2

x—=f

4. (d) We have,
. tan x+4 tan 2x — 3 tan3x
m
x—» 0 X
= lim [ tan x LHan2x Jtandx |
xr—+ 0 X x X

tan 2
+8 lim ——=X 9 lim
=0 Dy x50

tan x tan3x

= lim
=30 y

=1+8-9=0
5. (d) We have,

=0 X&

2 2
& X
lim — |1 —cos — |1 — cos —
.'l—rl];t'l 2

2 2
) 12 ) 2 ]
sn — sln —

lim 32 4 !
x50 IZ 12

iy 1y
=s12x|—-| Xj=-} =—
4 a8 32

)

4

_ P e z z "
lim —|1-cos — — cos — + cos — cos —
2 4 2

6.

10.

it
12.

13.
14.

15.
16.

17.

18.

19.

20.

21

22
23.

24,

5 7.3
1
Given limit = lim Ans.—
r—08in3x 3

1
Given limit = lim Ans, —
r—0 tandx 4

limx=0 and —155in1—51 and then use Sandwich
x4l x

theorem. Ans.0

0

lim sinx lim si.n{:l't—x]=_ sin(ft— x) Ans. —1
= x—M x—=n (x—T7) = (T—x)

1
Substitute x =0 Ans. —
T

Convert x® in radian measure, L.e. write x%=

Tx
—radian
Ans. 1 /180 180

2
1
Putw—x=h Ans. —
b9
ind
; i Sin3x ;
o
Given ]umt_—& Ans. =
7 .. sinTx 7
lim ——
=0 Tx

) 2
Given limit = lim [ser] ®x 25

x—+0 5x
in5 imns
= 25 lim = lim -~ Ans. 25
Sr—0 Hx Sx—0 5¥

Divide numerator and denominator by x.

Ans. ﬁ
b

sindx fdx
Given limit = lim —— Ans. 1
=i tandx fdx

Let x— == Then,
2

lan2[£+h] "
2 = lim tani 7t + 2h)

Given limit = lim

h—s0 h h—0 h
tan 2h
= lim—= [ tan(ft +8) = tan8]
kb h
Ans. 2
1
lim sin® 2x sin” 2x
=0 [sin 2(2x)]*  x—+0(2sin 2x cos 2x)’
.32
2 1
= lim :m r2 = lim = Ans. =
—04gin” 2xcos” 2x *04cos” Zx 4
. l—cos 2x . l—1+25i.r12x
lim = =
=0 x x—+0
Dgin?
= lim — r=2|i|n Zhn[ ] Ans. 2
=i Iz x—i I x— ik



251'

2sin” — 2
25.  Given limit = lim ——= [—) #x Ans. 0
x—0 [5.\:’]
26. Given limit= lim 1Sﬂ#: lim 1+sinx Ans. 2

=iz l—sinxy ronf2

27. Given limit = Iim[ _1 _cTJsx)
ssolsiny  sinx

sin x
Zsin” X smi
= lim 2 = lim 2
x—i X x—»i
25in —cos — 5 —
2 2
Ans.
2sin—cos — 1 tan — 1
28. lim = —lim Z Ans. —
2 X 2x—=0 X 2
x| Zcos” — -
[ 2 ] 2

h
1—cosh 2sin”
1 =1li - 2 Ans.0
h—=0 ginh "_'DZSi.n-tos-
2
| .
30. Given limit= lim[ X _gmx} Ans. 0
x—+l X x
C(x+aY. fa—x
Znn[—)sm[ ]
31. Given limit = lim 2 2
. fa-x
sm[ ] . N
= zl'un—zx—xjn[u]
T—a  [A—X 2 2
%)
Ans. —sina
o [tm;zx_l] i 25 202X
32. lim ——= lim - =0 sziix
0 3x—sinx =0 Jlr[3_su'1:vr] 3 lim
x =0 X
Ans. 1/2
2
x
x* cos x [EJ
33.  Given limit = lim = 2lim lim cos x
x— . 2 X =l . 2 X x—0
2sin” — mn-—

Ans, 2

lim sin x -.|||x+1+ 1—-x
z—*ﬂ..,"x+ ﬁjl x 1||.t+1+ 1—x

_]unsinxwx+l+-u'1—x}
=0 (x+1)—(1—x)
. sinxf r+l+w.lll—x}
= lim

=0 x+1-1+x

-—]un hln{ x+1 +1‘||1 —x) Ans.1

2x—=0 x x—b

sinx

2 2
=2 1+ tal =2
3K, lim &; lim L
—afl tanx—1 r—saM tanx —1
tan® x—1
= lim ———— Ans.. 2

=i tan x—1

36. Given limit = lim [ﬂ“[ ]/—] % Ans.
=Ly

)
Y
lim
2intTElmL, mx
37. Given limit = hm—a—-[i) —_—
a_ . anx nx
7 2sin® — " sin —]
X
lim
L)
m* | ¢ 2 |
Ans. —
n

38. Given limit = smx - J_+J_
x—a Jx—; J.’c+3n

. (sinx —sina)({x ++fa)
= lim

X—a X—a
On putting x —a = h, we get

[sin{a+h)—sina][-fa+h++a)
]

Given limit = lim -

["x—=a=h—=0]

2msd+2+ﬂ.;n[d+z_d]hl'a+h +‘\lrﬂ-}

= lim
h—s0 h
Ecas[ m+h]sm[%](,jn+h+-f;]
= lim

2
h—s0 h
2 —_—
2
Ans. 24acosa

39. lim BaX-EDX = lim

a0 gin'x

1-cos x

2
Tl cog xsin” x

. 2 X
2gin” —

= lim 2
X0 3 X 3 X
cos x| 4sin” —cos” —
2 2

1
Ans. —
2




1- 2
40. Given limit = lim —=% =¥
x=0 |—cos x
3

X
.3 . 2 -_—
2
=lim=2 X Iim[smx] x| —2 J %4 Ans. 4
x

Sin—
2

. L . 28in x—25in ¥ cos X

4. Given limit = lim —m—o——8ww—
x5l x

sinx l1—cosx
= 2lim hm[i]

=0 X x—50 x
1—cos x 2sin’—
= 21li = 2lim —2 Ans. 1
x—+0 xa x—0 X
43—
4

1—sin [£+h]
42. Putx=Z+n Then, given limit = lim—r2 7

T

h
2sin” —
= 1_ms‘h=]jm 2}(1 Ans. L
k=0 B h—0 hz 4 2
)

cos 2x—cosdx

43. Given limit = lim | 08 2xcosdx
x—i| C08§ x—cos3x

Cos X cos 3x

= lim

cos 2x—cosdx »
s

Ccos X cos 3x ]

cos x—cos3x  cos2xcosdx

= lim

2zin3xsin x
x
=0

cos xcos3x
25sin2xsinx cos 2xcosdx

sindx

Jl’um.i

1 CO8 X

sSinxy SNy

1—cos x

44. Hint Given limit = lim lim

x—D x =0 X-5inx
x X
2sin’ = tan— 1 1
= lim 2 = lim 2.° Ans. -
—0 X X xs0 X 2 2
x-28in—cos — —
2 2 2

[sin 2x 3x ]
i |ex
2x 2x

sin2x+3x
45. lim = lim
r—0 2y +tan3x  r—0 [2_r+ tan 3x ]Zx
3x 3x
sin2x 3
+_

2
= limy]-— Ans.1
x—s 0 2+tan‘3JrJ 3

3 3x

47.

48.

49.

50.

. - . 2sindxcos x
Given limit = lim ——
¥—0 Jcos hxsin x
. sindxy |, COSX
= lim - lim
=0 ginxy x—0cos5x
cos4x

Ans. 4

- —cosdx
) sindx
lim

Given limit —_—
T/ (r—8x) sindx

cosdx(l—sindx) . 1
- lim
Ifi:—lhu.'}!I r—iBging x
cos4x(l—sindx)
(n—8x)*

lim

r—mE &

lim

r3R/E

On putting x= EH‘L we get
8
ms4[%+ﬁ]l}l—sﬂ14 [E+h]:|
Given limit = lim

T

—sindh{l—cos 4h) 1

=] 3
(—8h) 16

um[ﬂ;&]ﬂ“{ﬂ;ﬁ]

Given ]imil:]]:.i_r::lT {‘\E}Q—(-\G}z
[J:+4:] | [5_45]

2co8| — sin| —

2 1

= lim - limy »=

Cave (Jx+da) s [@] 2

Ans. i rns-JrE
2V

. [x+a)3_l [u—x]
2sgin n|
Given limit = lim 2 2 XI{-J;+JG_}
= {;x—ia}x[ix +3.::|:}

. | x+a . [a—x
2sm[—) sm[
= lim 2_Zx lim

2 ]x]iml{v’;hﬂ}
x5 1 @ i x—a 2

Ans. — Z-J;:inﬂ
Z—J?_-tas[£+ h]—si.n[£+h]
Given limit = lim § 6
k=0 T :
[6[-+h)—m}
6

[Z—ﬂﬁ[cas % cos h—smg-ﬂnh]

n n
- [sin—- cos h+cos —sin Pl]
6 [

" b0 (n+6h—m)*



Z—J?_--[ﬁcas h—izsin h]—[%ms h+%sin h]

2
= lim
h—s0t 36hE
h
1—cosh 2sin’ = 1
= lim = lim 2 Ans. —
h=si gkt -0 18hK* 16
tan x +4 tan 2x —3tan3x
51.  Given limit = lim
=l x? tan x
tan x 44 Ztanz:c _qStnnx—taznjx
1—tan” x 1-3tan" x
= lim <
=0 X tanx
[1. 8 9—3tan’x]
! FO z
I—tan™x 1-3tan” x
= lim
x—0 12

r{‘l—ta.nax]{l—3lanzx]+3{1—3tanzx]-|
|—(9 3tan® x){1—tan® x)

= lim =
x I{l—tan x)1l-3tan” x)

=0

—— e

|

—16tan® x

-'—'f"Jl.'a{l—tallllzjtr}il—St:ln2 x)

tan x 1

(1— tan® x)(1- Jtan® x)

Ans. —16

2
52, Given limit= Lim 22X{taD° x-1)

x— A4 n
COs I+;

[ 1
= lim tanx- lim |M|
T =M x—»1 4
l cns[r+—]J
[ |
=‘1><|— lim (1+tan x)(1—tan x)

[ )|
[ 1

i (4tang) L |cosxmsny |
x—+ T4 s EM hiY
lfﬂs X -COs [r+-)J
4

JE[ : ~COS X — : -ﬂnx]
=—(1+1)= lim :I'E. j;

r— ®M

T
COS X-C08 | X+—
4

Cﬂﬂ[x-'— ]
=242 tlim —\ 4/ _ Ans 4
= EM b ¢
CDSI'I.‘DE[I"'I]

a2 X . 3 X . X x
co8 " —+5in" ——25in —cos —
53. Given limit = lim 4 4 4 4

X— 1 x x , X
COS8 —| CO5 ——351Nn—
2 4 4

i ‘)
C0s — — sin—
= lim 4

cos” — —sin” — ——sm
4 4

2

Ans,

T

54. Given limit = lim (y2+cos Jl(_l:ll::-t {2+cos +1)

55.

56.

57.

(m—x)*
2+cos x—1

x—+ 1

=1
I—I{rllt {n—x}IzI{J2+cas x +1)

x
2eosil
2

:—Iﬂ: (m— :c}2(~4r2+cos x+1)

Ecasz[ﬂ—-‘-h]
2

=l
nfﬁ(—hﬁ.jm cos(r+h) +1)

h
sin® =
2

2
2[%] [.,,I'z+ms|{n+h] +1)

{—h}sin[£+hJ— chs[£+hJ
2 2

= lim
h—0

lim
—+10

Given limit =

(- h}+c0t[ 2+h)

= lim —hcos h+ 2sin h Ans. — l

h—0  —h—tanh 2

RHL = lim f(x)= lim f(0+h)= u.nw=
o [0+h]

Ans. Does not exist

I.1|n f[x]-- I.1 = lim

It is given that, lim f(x)=f ]
x— 2

L)

Ans. k=6

[JZ+ cos x +1)

1

Ans. —

0

sl



| TOPIC 4]

Limits of Exponential Functions and

Logarithmic Functions

LIMITS OF EXPONENTIAL
FUNCTIONS

The great Swiss Mathematician  Leonhard Euler
(1707-1783) introduced the number ¢, whose value lies
between 2 and 3. This number is uscful in defining
exponential function.

A function of the form of f(x)=e" is called exponential
function.
The graph of the function is given below

Y f()=e*

X X

v
(1) Domain of f(x) = (=oe, o)
(i1) Range of f(x)=(0, =)
To ﬁnd the limit qf a ﬁm(tion inw/ving (xpontntial ﬁmctian,
we use the following theorem

et =1

Theorem lim =1

x—0 X
Proof We have an inequality

X

1 e =1

< Sl+(e=2 s
T+ e=2)|%)
xe[=1,1]=1{0} (1)
x l ]
Here, : is sandwiched between the functions and
x 1+|x '
1+ (e = Z}le .
' lim 1
Now, lim i [by quotient of limits]

x—10]+|x|: lim [l+|.\c|]|I
x—=0
I
C1+|o] 1
and lim [l+{r—2)|r|]=1+{z—2}|l}|
0 =14+(e=2)(0)=1

Thus, lim
=01+ |x|

=1=lim[1+ (e = 2x)|x|]
x—0

So, by applying sandwich theorem in Eq. (i), we get

e =1

lim =1 Hence proved.
x—=0 x
METHOD TO FIND THE LIMIT OF
EXPONENTIAL FUNCTIONS
If given function has exponential term, then we convert the
given theorem in the form of =l and then use the
x
e =1
theorem lim =1
x—=0 x
A |
EXAMPLE |1] Find the value of lin; .
X— X
3x ix
Sol. lim £ —l=lime —lxz
x—0 - d x—=0 X 3
[multiplying numerator and denominator by 3]
3x
=d fim =2 ()
x—0 3x

Leth=3x.Then,x -0 = h— 0
Now, from Eq. (i), we get

Ix:__ Il_ - JO
lim £ =3 km S —tas() [ lim :=l]
-0 X h=0 h 80 0O
=3
X -X
. e +e =2
EXAMPLE |2| Evaluate im ————.
x—0 X
Sol. lim &+ _~2
x40 x

ix x
=]im£ +1—2¢

= x“e




E!inx -1

EXAMPLE |3| Evaluate lim ———
x—= 0 X

Sol lim £ _1=Ii|ne —lxsinx

x50 x T+ @ X gin x

[multiplying numerator and denominator by sin x|

. X sinx N s | . sinx
= lim * ——|= lim * lim
x =+ in x x x—=8 gin x x=0 ¥
=1x1=1 [ lim £ _1=1and lim ﬂ=l]
g0 0 g—=0 0
g* — g’
EXAMPLE |4| Evaluate im ———.
=3 X -3
et —et
Sol. We have, lim
x=3 yx—3
On putting h = x — 3 we get
e:r_ 5 h+3_f3
1 = li [-x—=3=h—=10]
=3 xXx—3 h—s @ h
b3 3
- lim € £
h— 0 h
-1 "
=¢* lim =¢* x1=¢" |: lim =1]
hs0 h E—=0
x(e® =1)

EXAMPLE |5| Evaluate im ——.
x—=01-—Ccosx

:_1 ¥ _
Sol lim e )= lim xle -1 |:‘.'1—m5x=251'.n=£l
x=s0]—pogxy =0 Z!l'.'l'lzi 2
2
x
-1
x(e }xi

x—3 0 . o X
sin*f= ¥

[multiplying numerator and denominator by x|

{e‘—l}lx 1

1.
== lim
Z2xa0  x sin®x/2

F
X

1 e’ -1 1
=— lim x
2x—=0 x

sin® x /2

2
[i] x4
2
1 .
4 I.'lll'l. .—2
"“’[si.nx;"Z]
xf2

x— 0 x

[ .
=—><1>-<4>-<L =0 lim :=land lim #nd =1
(1) g0 B gs0 @

LIMITS OF LOGARITHMIC
FUNCTIONS

The |ug:11it|‘|mic function cxpn:sscd as ||:|gr R" = R and
given by log_ x =y iff e’ = x.
The gmp.b qf' the ﬁnfn:an 5 given below

Y
1 (X)=loge x
x oo
Ll

(i) Domain of f(x)=(0,o<) or R*

(ii) Range of f(x)=(—==, =) or R
To find the limit of functions invelving logarithmic function,
we the ﬁffﬂw:'ug theorem
. log,(1+x)
lim ———=1
x—=0 x

Theorem

1 1+
Proof Ler - 28eU*¥ _

x
Then,
= 1+ x=¢"

log, (1+x)=xy
[Vlegx=y=e! =x]

e =1 e =1

=1 =
x Xy

On taking limit xy — 0 both sides, we get

=

=1

eT =1

lim

li =1=li =1
xy— 0 xy xl—r}nﬂ} J'I—I}nﬂj'

T =1
= lim
g0 xy

| 1
og,( +.lc]:l

=landasx — 0, thenxy — 0

= lim
x—0 x

MNote

lim 12%{1=%) _4
= il -

COROLLARY

x— 0 X



METHOD TO FIND THE LIMIT
OF LOGARITHMIC FUNCTION

If given function involves logarithmic function, then we

I 1+
convert the given funcrion in the form of M an
x

! 1+
then use the theorem lim M =
x—0 x

EXAMPLE |6 Evaluate lim -23e0*2X)

x>0 X [NCERT)

Sol. We have, lim M * 2
x—+0 x 2
[multiplying numerator and denominator by 2]
log (1+ 2
= 2 lim B+ 22)
0 2x
On putting h = 2x, we get

lim 1080+ 2X) _ o JORAHA) | o= ho)
x—+0 x h— 0 h
=2(1) [ i Joge 0+ x) 1
|_ x—sil x
=2

1 -1
EXAMPLE |7| Evaluate lim """,

o log(l+ x)
Sol hln@

=0 log(l + x)

On multiplying numerator and denominator by

+x +1, we get
,|J1+Jr—‘1}< 1I‘|ri+.1c+1
(i +x+1)

=0 log(l + x)
= lim 1+x-1
=01 + x +1)log(1 + x)

X
x_.gu(,jn x +1)log(1 + x)
et dm— =1 =l
(J1+0+1)x0log(l+x) 141 2

X

EXAMPLE |8| Evaluate

2
x* = xlogx +2logx - 4
tm g g
x—»2 x =2
i _ -
Sol. Iilnx xlogx + 2logx — 4
=52 r—z
- lm (x? —4)—logx(x — 2)
x—2 x—=2

= lim (x+2)(x—2)—logx(x—2)
32 (x—2)
lim (x—2)[x+2-logx]

x—32 (x=2)
=lim [x+2-logx]=2+2—log2
=32
=4- logZ
1 - 1
EXAMPLE |9| Evaluate lim ————
x—e X=8

! -1 ! — loy
Sol We have, lim B X = lim £~ A

T—%e X —¢ 4 x
ej—-—1
4

og= ]
= lim ———f— l logm—logn = log—J
n

I—n{e[i_l]
e

On putting x = h+e, we get

h+e
logx—1 1 log £
lim —2 =—lim ———[vx—e=h—10]

= X—§E € h—si h+e
e -1
e

log [1 + EJ
7"
8
e
. . h. .
Again, putting y = — in Eq. (i), we get
€

1 log [‘1 +£)
lim —EX Y = lim ¢

I=r X —¢@ efl—rl] [h]
el =

e

[ loge =1]

lim (1)
h—

1
5

1., log(1+y)
=—lm ——

lim [vh=0=y—=10]
¥y ¥

log (6 + x) — log (6 — %)
" .

EXAMPLE |10| Evaluate I.in":I

log (6 + x)— log (6 — x)

X

x x
]ogﬁ[l+—)—]ngﬁ[1——]
. 6 [
= lim

x—+0 X

Sol. lim
=l

. [logé+ log [1 +%)}—

=0 X

|

[lag6+ lag[l—%h




1
= lim - + lim -
=il =l § _1’
6 1]
[._,]- log(l + x) Iim]ng[l
|_ = x x—0 —X
=1—){1+1K1
[ 6
1 1 2 1
==t —=—=—==-
6 6 6 3

EXAMPLE |11 Evaluate m(

e
e

+ )
Tl

=)

_E_lﬁg'_’- [ lim [a -1]_

3 log2

_ 2log3 _ log(3*) _ logs
“3log2  log(2’) logs

2% =1
EXAMPLE |12| Evaluate lim ————.
112] x50 414 x =1

2¥ -1
Sol. lim
0 1+ x -1
o 2 -1 (Jl+x +1)

= lim
x—<’0~/l+x—l (Jl+x+l)

x{J1+x+l}
x—'c
= hm >< limo(Jl+x +1)

=(log2)2 = 2log2

TOPIC PRACTICE 4|

OBJECTIVE TYPE QUESTIONS
1 ]irnn e" is equal to
(a) -1 (b) 0
(c)1 (d) does not exist
2 ]imLll ——is equal to
(a) Ing% (b) 1ug§
(c) lug% (d) 103%
3 ]imn.t.""’Jr is equal to
(a) 0 (b) =1
(c)1 (d) does not exist
5 -1
4 lim is equal to
X0 ..||1 +x -1 1
(a) log 5 (b) 2log5
{c)-logh (d)-2log5
tan x
5 The value of lim “lis
x—0 X
(a) =1 (b)1
(c)O (d) None of these

VERY SHORT ANSWER Type Questions

Directions (Q. Nos. 6- 15) Evaluate the following limits.

6

10

12

14

4x bx
lim | £ —1] 7 tim &=1
x-0 X -0 x
x -
lim (3 l] 9 1im 108(1 + 5%)
x—0 X x—0 X
X >
lim 128 (L + €) ff im 2 =2
x—0 X x=0 X
2¥x .2 X _ o4
lim (_] 3 lim ( e J
X0 X x=0| y—4
X X _ -
lim &=€ 15 1im £
-5 xy-5 x=0 X



Directions (Q. Nos. 16-23) Evaluate the following limits.

X -X X
8 G ® o ﬂlm%i:ﬁ:%
x—0 X x—0 X
X _ p2x 2+x _
sk il T saled )
x—0 X x—0 X
sin x
20 lim% ! 21 lim X1
=0 sinx x-1log, x
22 lim logx —log5 23 lim log (sinx +1)

x5 x-5 x—0 X
SHORT ANSWER Type Questions
Directions (Q.Nos. 24-32) Evaluate the following limits

24 lim log(5+ x) —log (5- x)

x—0 X
R 4 X X
25 m 2 =P 26 lim 3 =%
-0 sinx -0 tanxy
+x -
27 lirnes —sinx-é* 28 lim log(l:xs)
x—0 X -0 sin® x
2 e -1 3*+8*-12
P s VW
X sin x 2x X
% i e 32 tim (ﬂ]
x=0 x—siny x40 X

| HINTS & ANSWERS |

L (c) lim e* =¢" =1

x—+0

2. (a) lim [3* — 2*]
x

=0

-t (£ (£22]
FE ] x x=s 0 x

=log3 —log2=log (3/2)

3. (d)Let f(x)=e""".
Then,
LHL at{x =0)= lim f(x)
x— 8"

- h].i_r,nn fo-h

=lime " =¢>=0
h— 0

and RHLat (x=0)= lim_f(x)

=0

o

10.

12,

13.

4.

15.

16.

17.

ol o

- i, F0+N
= lim elh

h—=0
= ¢~ = oo, which is not defined

So, limof(x)does not exit.

(b) We have,

P2, %2
o I . x,/1+x+1
"’°:;l+x—l =0 flex -1 fi+x+1

e 19 limo(,f1+x+1)

x—=0 8 d

=2log5

tan x
(b) Given limit = lim 3 1 Wnx
x—0 tanx X

=1-1=1

et -1
Given limit = lim 4 [ ] Ans. 4
x—0 4x
b
log3
Given limit = lim M Ans.5
x—0 5x

c

Given limit = lim
x—0 X

.
-1
lim 28 —2) te )
x—l xX

Given limit =

x—4
Given limit = lim ¢* [:] Ans. ¢!

r—sd

Put x—5=handas x — 5 then h— 0.

. We have
PR . h 5
lim = lim
] h h—sii h




20.

21

23.

24.

Ans.1

2ix 2inx
.3 -9 e |
lim = lim { )
x—+0 X x—+l X

Ans. 9log3

Let y =sinx.
Then, y— 0as x — 0
inx ¥ _
].'|mt;lxl 1=1imﬂ

Ans. loga
=0 giny y— ¥

1+h-1 . h
im = lim
k=olog (1+h)  k=0log (1+h)
_ 1
- log(1+h
lim ogil+h)

k0 h

Ans. 1

Put x —5=hand as x — 5, then h— 0

h
log|1+ =
g[ 5]

lim log(h + 5) — logs -

lim
h—s0 h h—0 E %
5
lim ]ug[m.n:c +1) « sin x Ans. 1
x—+1) Sln X X
log {{‘1 + i)} - log{S[I - i]}
. 5 5
lim
x—0 x
{]ngSHng[l +i]} = {1cg5+ log[l—i]}
= lim 5 5
x5l x
. lcg[‘l + i) lﬂg[l - i]
= lim 5 _ lim —_
x—=05 £ x—=rly _£ {—5}
5 5
Ans. E
5

25. lim{(a’_r —l)_[bi' —1]}
x>0 || sinx sinx

X

x sinx

a* -1 x . (b =1 X
x=0 x sinx

26.

27.

28.

29,

31

32.

. a*—1 b —1
= lim 2" x lim —=— — lim x lim —
=0 X =+ 081N X =0 X x— 051N X
Ans. | [“]
ns. 1ogl —
&
3 —1)—(2" -1
i ET D= =) x
x—10 x tan x
3" -1 2" -1 ,
=[]i.m — lim ])(I.un X
=0 x x=ll oy x=0 fan x
Ans. | [3)
ns. 1og) —
€ 2

]imrﬁ— ﬂ] Ans.{ri —-1)

x—+0 X x

3 3
lim log(x +”>< x

3 ]
=0 X sin” x

Ans. 1

e' =1
e” —1 X 1

i — e
=0 JZsin‘ x
X

1
= lim Ans.
JZH" x sinx " 32

We have,

. F 312 (3P —12(3" )+ 27
11 = lm -

s 33—: _3:,f2 s 3 33_[31'11}1

_ (3" —=3)(3" —9)
= 2(3-F") (9 +3x3"? +37)

(3" = 33" +3)
=2(3* +3x3"" +9)

3

x sin ¥ r—giny
e —& ; £ -1 ;
lim—= ﬁlnfmr[—]=fmu ®1

x—0 ¥ —8inx x50 X —sinx
Ans. 1
ix ix
3 =1)-(2" -1
1.-m{* )= 1‘l
x—+0 X

A G Al LA n

2x 3x
377 -1 27 -1
=2- lim [ ]—3- lim [ ]
2x—0 2x Sx—0 3x

9
Ans. log| -
* g(B)




| TOPIC 5|
Derivative and First Principle
of Derivative

DERIVATIVE AT A POINT

Suppose f is a real valued function and 4 is a point in its
domain. Then, derivative of f at @ is defined by

ki fla+h)= fla)

h—0 b

provided this limit exists.

The derivative of f(x) at a is denoted by £ (a).

EXAMPLE |1| Find the derivative of f(x)=4x+5 at
x=3.

Sol. Given, f(x)=4x+5
We know that, at x = a, f'(a)=£inzw

& popanaaan JAER=1(8)
o f13)= lim e

_ lim4(3+h)+5--(4 x3+5)

h—0 h

. 12+4h+5-17 . 4h
—— = {1IT)

h—0 h

EXAMPLE |2| Find the derivative of the function
f(x) =2x* +3x —5at x =— 1 Also, prove that
fO)+3f(-1)=0.
13- Use (@)= lim f&+h)-1@)
v h-0 h
f(0) and (- 1) Then, show that 7(0) + 3'(= 1)= 0.
Sol. Cleatly, f*(~1)= lim f_(‘_’:_’_’h);fi‘_‘l

os f/(a) = lim LGN —f{a)
o ompg et

[NCERT]
. to find

iy 1A + =1+ B = 5] - [2A-1)" +3-1) - 5]
=] h

2
= tim [2(1+ K — 2h)—3+3h—5]—[2—3-5}]

h— 0 h

2

= lim 2h —h

k=0 h
= lim(2h -1)

h—d
=H0)-1=-1

h) - f(o)

aod f Jm}ﬂ"-’f}ﬂwf h
w+ f'(a) = lim L8+ - f(a)
[- f'(a) = lim = ]

2 2
< lim [0+ 1) + 30+ h) — 5] - [A0)” +%(0) —5]

k=0 h
2
= lim 23 fim(2h+3)=20)+3=3
k=0 h k=0

Now, f/(0)+3f(-1)=3-3=0

FIRST PRINCIPLE OF
DERIVATIVE

Suppose £ is a real valued function, the function defined by
‘!im w, wherever the limit exists, is defined
-0 2

to be the derivative of £ at x and is denoted by f”(x). This
definition of derivative is called the first principle of

Hence proved.

derivative.

Thus, —f(x &)= v

h

=t
Sometimes f’(x) is denoted by %[ f)] orif y= f(x),

then it is denoted by i—y and referred to as derivative of f(x)

or y with respect to x. It is also denoted by D[ £(x)].

Note
Derivative of f at x = a is also given by substituting x = ain f*(x)and it
is denoted by.‘_’.r(x)l_a E”Ll.of(.di) ;

ax ax X Jyma

EXAMPLE |3| Find the derivative of f(x) = %from first

principle.

Sol. We have, f(x)= 1l

x
By using first principle, f(x)= i.l'_!t’l% w
—-- flx)=2
= wl= —
Jr’{x}=1.-mr+"_" 11
k=0 h ["'f[x+h}=x+h

=]jm1_|:_t—|{x+ﬁ]}=liml|: —h ]
ko h| x(x+h) | *=0h|x(x+h)

. -1 -1
= lim = —
l—*ﬂ|:x(r+h}:| X2




EXAMPLE |4| Find the derivative of f(x)=ax+ b,
where a and b are non-zero constants, by first principle.
Sol. We have, f(x)=ax+b

By definition of first principle, we have

, f(x+h)— f(x)
f(x)=:1_1'x=—;——-
=lima(x+h)+l>—-(ax+b)=. ah

Im—=a
h—0 h k=0 h

EXAMPLE |5| Find the derivative of f(x) = x", where n
is positive integer, by first principle. [NCERT]
Sol. By definition of first principle, we have

fr(x)= umf(X+h)—f(x)= hm(x+h)n_x.
h—0 h i 5

i)

By binomial theorem, we have
(x+h)" ="Cox" +"C,x" " h+ "Cox" *h + ..+ "C I

-1 +”('12 l)hzx"-z

=(x+h)" = x" +nhx" +..+H

+..+h

=(x+h) —x" = nhx""* +@hz.\'"'2

On putting this value in Eq. (i), we get

nhx"™ + t(nz l)hz SRR
f (X)=kh_{r; :
h(nx"" P U T B L ]
= lim 2
0 h

n—0|

= Iim[mr"'l + -@hr"%..&h"' ] =nx""!

Hence, f'(x)or if(x) =nx"""
dx

EXAMPLE |6] Find the derivative of (x — 1)(x — 2) from
first principle. [NCERT]
Sol Let f(x)=(x—1)(x —2)=x" —3x+2

By first principle of derivative, we have

f.(x)=hmf(x+h)-f(1')
k=0 h
2 2
llm[(Jc-Hl) —3x+h)+2]-[x"-3x+2]
h—0 h
___hm[x2 +h* + 2xh—3x —3h+ 2] - [x* —3x + 2]
h—0 h
=limzh:.:+h2 '3"=um"(2x+h_3)=2x-3
h—0 h h—0 h
EXAMPLE |7| Find the derivative of( ]ﬁom the
first principle. [NCERT]

f(x)-fL:

Sol. Let
By first principle of derivative, we have

(x+h+1 x+1
lim JEED =) _ L x+ -1 x-1

flx)= . lim =
-hm(x+h+l)(x—l)—(x +1)(x+h-1)
h—0 Kx+h-1)(x-1)
=hm(x2—x+xh-h+x—l)—(xz +xh—-x+x+h-1)
h—0 hix+h—-1)(x-1)
—2h . -2 -2

=h;’°Hx+h—l)(x—l)_'--*°(x+h—l)(x—1)= (x-1)°
EXAMPLE |8| Find the derivative of e*
principle.

Sol. Let f(x)=e*

, using first

By using first principle of derivative, we have

‘ f(x+h) flx)_ P
JoEle hm :.-.o h
-um““""’ r g (€ =)
h—0 h k=0 h
u h KR ] ]
I+—+—+—+...0 -1
1 20 3!
=k—107 h
2
h[l+£+—+ w]
2! 3!
—:m: - =e* x1=e"

EXAMPLE |9| Find the derivative of a* from first
principle.
Sol. Let f(x)=a".

By using first principle of derivative, we have

fx) = lim LX) = f(x)
f(x)—'{t_r't; 7
. f'(x)_ lunax¢h ar B limaxah _ax
-h—oo h —h—,o h
= f(x)=a" lun[ah’l 1]=a‘log¢a
[hm ax—l=log‘a]
x—0 X

EXAMPLE 10| Find the derivative of e**
principle.
2
Sol Let f(x)=e"
By using first principle of derivative, we have

s o AR = F(x). e +m _ ot
f(X)-l{l—I:: h _h—10 h

from first




o bt ke x?
= lim
h—si h
_ Iimerz IEJ'|"¢+ x) -1 y {h+21}
Ll h (h+ 2x)

g+ 2x) _y
— | = lim(h + 2x)

hih+ 2x) h—0
e¥ -1 |

=‘1J

2
=e” lim
h—s 0

2 o
=e" x1x%(0+2x)=2xe" | lim
by

EXAMPLE |11]| Find the derivative of e’* from first

principle.
Sol Let flx)=e'*
By using first principle of derivative, we have
Jerh _ Afx
hy— -
PR (L0 L L AT
b= h x50 h

. .E"r;{em_‘r;—l}l
(x+h)—x
= lim e‘ﬂifm_ﬂ_”
T fx+ h—ofx)(yfx+ h+4fx)
T _y 1

# lim
Jx+h=ax) =o(fx+h+4x)

m
h—a

=E"r:|.i.m
h—oﬂ(

4= ¥

J;XIX - =f o i E_1=1
wlx 2l oy

EXAMPLE |12| Find the derivative of the function

log x, by using first principle.

Sol Let fix)=logx

By using first principle of derivative, we have
flx+ h)— flx) i logix + h)— logx
= lim

=€

f(x)= jim " bt h
lcg[ i h] log[l + i]
= lim X J o lim X x—
hs0 h B8 h x
x
=1x lal [ lim ]ng[“-—'v] = 1]
X X y—0 ¥y
EXAMPLE |13] Find the derivative of log, x from first
principle.
Sol Let filx)=log, x
By using first principle of derivative, we have
ooy i JUE R = fix)
f(x)= lim _—
. . lag.[x + h]
= f’(x)= lim Bo(x +h)— %8a X o lim *
h— 0 h b0 h

log, [l + i]
= f’{x}=nli—t,nn .

h
h
log |1+—
) ge[ +x) [ log, & |
= lim ——— s log, b=
k=0 (log a)-h l log a
. log([l+£]
# _ s X
o
x

_ 1
xlog,a

EXAMPLE |14| Find the derivative of the following
function by using first principle. [NCERT Exemplar]
(i) sinx (ii) secx
(iii) tan x

Sol (i) Let f(x)=sin x
By using first principle of derivative, we have

flx+h)— filx) _ lim sin{x + h) —sin x

¥ = li
fi(=) n—lﬂz h h— i h
[r+h+x] . [x+h—r)
2cos -sin
= lim : :
h— 0 h

[-_-gan—sil]D=2CGS [C;D]xsm[c;ﬂ)]

[ ﬁ] . h
2cos | x +—|-sin—
2

= lim 2

= h

. h
h sme h

= lim cos [x+—]- lim —=2 .'.h—)ﬂ:b——)ﬂ]

h—s0 2/, 2
=].imcas[x+£)><1 [ lim ﬂ=:|

h— 0 2 o0 B
=cos(x+0)=cos x [putting h=10]

d .
—(sinx)=cos x
dx

(i1) Let [ (x)=secx
By using first principle of derivative, we have
h
sec(x +h)—sec x

0=

f(x)=lim

h
1 1
= lim cos (x+h) cos x
h—0 h



= lim cos x —cos (x +h)
k=0 hxcos x-cos (x+ h)

) (:r+x+h) C(x —x—h)
—2zin -gin =

h—s 1 h-cos x-cos(x +h)
[ cos C — cos D=—Zsm[C;D)ﬂn{C_D]]

2
) ]i.mlr_ 2sin [:r +§].[_m%)

h—’ﬂl h-cos x cos (x +h)

o) :
sin | x +— gin—
=lim —— 2 jjm —2
b=t cos (x+h)-cos x ko R
2
_ smzx x1 - sm6=
cos” x -0 9
sin x 1

COS X COS X
(iii) Let f(x)=tanx
Then, by first principle of derivative, we get

f(x)= umf(X+h)-f(I) o i tan(x +h)—tan x
h—0 h

h—=0 h

l(sin(x+h)_sinx]

k=0 hf cos(x+h) cosx

oy l.sin(x + h)cos x —sin x cos(x + h)
cos(x + h)cos x

1 sin(x+h-x)
k=0 h| cos(x + h)cos x]
[ sin A cos B— cos Asin B =sin( A — B)]
= limsin h.lim 1
k-0 h h—0cos(x+h)cos x
) 1
cos(x +0)cos x

- ——m sec’ x + lim saf =
cos” x 60 @
Hence, f'(x)or -d—(tan x)=sec’ x
dx
EXAMPLE |15] Find the derivative of
f(x) = tan(ax + b), by first principle. [NCERT Exemplar]

Sol. We have, f(x)=tan{ax+b)
By first principle of derivative, we have
ey = 1 JAX R = f(x)
0= i JEL BT
='Ein,:)l:m[dx+ h)+:]— tan{ax + b)

sinfax + ah+ b) _ sinfax + b)
. cos(ax +ah+b) cos(ax + b)
h— 1 h

sinfax + ah + b)cos{ax + b) — sinfax + b)
= lim cos(ax + ah+ b)
h—b hcos{ax + b)cos{ax + ah + b)
- lim asin{ah)
k-t a-heos(ax + b)cos(ax + ah + b)
[ sin Acos B— cos Asin B = sin{ A — B)]

= lim a lim sinah
k=t cos{ax + b)cos{ax + ah+ b)sh—+0 gh
[h— 0 =ah— 0]
inf
a ‘1 r ]jmsm =l]

cos “(ax + b) |_'1a—.a 8

asec’(ax + b)

‘] EXAMPLE |16| Differentiate the function cos(x? +1)

by the first principle.
Sol. Let f(x)=cos(x® +1)
We know by first principle,
tion = o JFlx+B)— f(x)
f (X)-m—h
Cewon 1o cos[(x + h)* +1] = cos(x® +1)
& f(x)-hhm

-0

INCERT Exemplar]

[ f(x) = cos (x* +1))
C(x+h) +1+x2+1sm(x+h)z +1-(x*+1)

—2sin
a i 2 2
h—0 ’l
C+D C-D
'.'cosC—cosD=-Zsin( x )sm( )]
2 2 J
2 2 2 2
_Zsm(x+h) +x +2s_m(x+h) -x
a T 2 2
h—0 h
. (x+h)2+x2+2[_ (x+h)?—x*
—2sin sin
2 |
(x+h’—x*
im 2
= g0
k-0 hx(x+h) x
(x+h)?+x*+2 x*+ b+ 2xh—x?
—2sin X
= lim 2 2
k=0 h

sin[(.\'-#-h)2 -xz]
2

Thso (x+h) —x?
2



2 2
(x+h)" +x +2](2x+h)g

-2sin[
= lim :

h—0 h

2
+
=—25in(2x2 z]x 2xx%=—2xsin(xz+l)

EXAMPLE |17| By using first principle, find the
derivative of function f(x) = sin® x.
Sol. We have, f(x)=sin’x

By using first principle of derivative,

flx+h)— f(x)

’ - hn
f (X) ﬁ—olﬂ h
e limsinz(::+ll)—s;ill"ar
h—0 h
= lim (sin{ x + h) — sin x)(sin{ x + h) + sin x)
h=0 h
2x+h) . (h (2x+h h
2cos 2 sin ; 2sin < cos ;
= lim
k=0 h
cC+D C-D
> sinC —sinD = 2cos sinT
and sinC +sinD=25inC+DcosC_D
2 2
sinh
= lim cos(-zx—ti)——zx lim Zsin( 2x +h)cos!'-
h— 0 2 !1' h— 0 2 2
2
=cos(2x2+o)xlX2$ih(2x+o)coso
= cos X X 2sinx X 1=sin2x
-

EXAMPLE |18 Find the derivative of sin+/x
functions by using first principle.
Sol Let f(x)=sinvx

By using first principle of derivative,

v flx+h) = flx)
fix}-mih

. sinzfx+h—sin\l';
= lim
h— h
zms[dfr +h+ J;]sm[,,‘x +h- J;]
2 2
= lim
= (x+h)—x

e -an = 2cs(E22)un( 52
s ) (=)

2
= lim
ho (fx + by = (Jx)

s-u,(M]

2 1’

= lim % lim COS[M]
h—0 ix+h—52x k=0 2

2
1
x lim
""”[:7:(+h+7x]
1 1
=1 -J = .J
x cos( X)Xm mcos X

et

EXAMPLE |19] Find the derivative of ~/cos x
Sol. (i) Let f(x)=cos x
By using first principle of derivative,

sy e fla Ry = F(x)
f(x)-kﬁnzf

s .Jcos(x + h) — fcos x

k-0 h
- s Jcos(x + h) - Jeos x
k=0 h
it (Jcos(x +h) + Jeos x)
(Bs(x + h) +cos x)

_ cos(x + h)—cos x
10 hfcos(x + h) + v/cos x)

Y

=0 h(Jcos(x +h) + Jcos x)

[ cosC—cosD = —Zsin(C : D )sin(C; D)]

. [2x + h]
S| 2l —
2 lim —2

_"—'“I{Jcns{x+h}+«fcos x) x"—l']: h

2
. [21]
sinf — .
2 SN x

- ..,lllccsl{x} + .Jcos(x) K= 2Jeos x

EXAMPLE |20| Find the derivative of x sin x from first
principle. [NCERT]
Sol We have, fix)= xsinx

By using first principle of derivative,

(e i LD~ 10

—

. N _ . lx+ hjsin{x + h) — xsin x
L] f[x}-k]l_r’nn =




= lim (x + h)[sin x-cos h + cos x-sinh] — xsin x
h—0 h
[ sin( A + B) = sin A cos B+ cos Asin B]

[xsinx-cosh + x-cos x-sinh+ hsinx-cos h ]
) + hcos x-sinh— xsinx

= lim

h—0 h

+ h(sinx-cos h+ cos x-sinh)
h—0 h

[xsinx(cosh-—l) + x-cos x-sinh
= lim

i xsinx(cosh—1) i x-cosx-smh
h—0 h—=0 h
h(sin x-cos h + cos x-sinh)

h

+ lim
k=0

= xsinx lim [M)-] + x-cos x(1) +sin x

k=0 h

2 h
2sin® —
2

=—xsinx- lim X =+ X oS X +sin x

;—90 hXZ

2 sm—
=—x-sinx-— X h+ x cos x +sin x
—00

4k

=-xsinx~-(l)><0+x-cosx+sinx [ i
2 [

= XCOS X +S8inx

EXAMPLE |21| Differentiate eV X from first principles.

Sol. Let flx)= V==
Then, f(x+h)=eVaux+h
%{ﬂxﬂ M
m Ja
d . & —e
E{f{ﬂ}=m -
[ pantxshy—ian _ |

d o ofanr
R

[ pAmstesm-dans _ |
ﬂ—{f{r}}-ew’_ lim Jtan(x + ) - Jtanx

‘,,’ an{x + h) —+/tan
» lim
h—s0
tan( x +h}—ta.nr
h

d tfan x .
:&?_ﬁx}}:e XIX‘]I.I_I;!:
. 1
Jt:m{x +h}+a.‘rta.nx

d ) pompar sinh
—{ = lim ————
= dx Jxn=e Xk—oo hcos(x + h)cos x
1

than(x+h) ++tanx

d — 1
= —(f(x))=¢’J_X Xm

OSX

!lllx
—-(f(x)) -7—sec x

| TOPIC PRACTICE 5 |

OBJECTIVE TYPE QUESTIONS

1 Let fis areal valued function and a is a point in

its domain of definition, then the derivative of f
atais defined by
(a) lim ﬁ"_*'l)__f(_"l () lim fla)- f(a +h)

(c) llmh fla+ h) fla) (d) h n:)m

2 If y= f(x)is the function, then derivative of f at
any x is denoted by
(a) f(x)
(c) D(f(x))

3 The derivative of f(x)=3atx=0andatx=3

are
(a) negative
(c) different

®) &
(d) AII of these

(b) zero
(d) not defined

SHORT ANSWER Type [ Questions

4 Find the derivative of f(x) = ax? + bx + ¢, where
a, b and ¢ are non-zero constant, by first

principle. [NCERT Exemplar]
5 Find the derivative of x* — 2 at x = 10 from first
principle.
6 By using first principle, find the derivative of
99x at x =100. [NCERT)]

SHORT ANSWER Type II Questions

Directions (Q. Nos. 7-36) Find the derivative of the
following functions from first principle.

7 &-27 gl
x*
9 J4-x 10 22



i

13
15
17
19

2

23
25

27
29
3

33
35

(x* +1)(x - 5) 12 E;:j
e 14 o>
log x? 16 log(x + k)
cosx 18 cosec x
cotx 20 sin(x+1)
cos[.t - g) 22 sin(2Zx - 3)
cosfx 24 sec4/x
tanx 26 sin(x* +1)
tan(x? +1) 28 Sinx

X
cos®x 30 xcosx
xtanx 32 xsecx
xe* 34 eeorx
evseex 36 (sinx — cosx)

| HINTS & ANSWERS |

{a) If f is a real valued function and g is g point in its
domain of definition, the derivative of f atais

defined b]rnlimaw provided this limit exists.

(d) There are different notations to denote the derivative
of a function. Sometimes f*(x) is denoted by %(ﬂx}l}l

or if y= f(x), it is denoted by ? . This is referred to as
x

derivative of f{x)or ywith respect to x. It is also denoted

by D{ f{x))
oo — 1o JAOFR)— flO) . 3-3
(b) f (W—ﬁl-l_l,ﬂn—h —ﬁll_l,ll‘.] =

im f(3+h)— F(3)
—+ 0 h

=0

Similarly, f*(3)= 1
"

ﬂl[x+h}2+b{x+h}+f—arz—ﬁx—r
h

xi=li
frix) lim
Ans. b+ 2ax

Ans. 20

o [0+ BY = 2] = [(10)* — 2]
f Ilﬂ}-:g’r; -

# T 99[1’1’&}-991
R

Ans. 99

7. fa)=

[(x + by —27] —(x* — 27)
h

[+ flx)= x* - 27]

(x+h)'—x* R +3xhix+h)

= lim lim
k=i h h—s i} h
2
- ]j|nw ﬁ.l‘ls.312
h—sii h
1 _ 1
] 3 3 3
q. f'l{:c}:liln(r_'-h} x =]i.mx —(x + h)
h—sa b0 (x + b)Y x*h
3 .8,
= lim X [x" + K :3:Hx+h}]
b=t (x+h) x"h
—h[h* +3 h -3
=thﬁ";+” Ans. —
k= (x+hyx"h X
Ji—(x+h) - Ji-x

9. ftx)= p,

1L

12,

13.

14.

h
4 —(x+h) — fa4 - x)
o —(x+h) + 4 - x}
hiyfa = (x + h) + 4 — x}

d .
= ()= im

=1

Ans. T4 —

(x + R)*P - xm]

/ "”=PE.‘][ ;

= lim ir+h}m_xaﬂ Ans 2.1:_":
(x+h =z (x+h)—x 3

((x+hP +1x+h=5—(x"+1)(x—5)
h

¥ =l
f()= fim
Ans.3x" —10x +1

Fix)= im i@z +h+b ax+b]
ﬁ—-“h'_c[x +h+d ex+d
_ 1[[ax +ah+ b)ex +d)—(ax + b)ex +ch+d'}]

= lim

k0 | {e(x + h)+ d)f{ex + d)

o adh— bch 1 ad — be
= ]I.II'I— S. r

k—,nhl_{r{:c+h]+d|{cx +d]J (cx +d)

Ix+ h Ix
. e -
f{x)=lim

h—a

Iy Tk
-1
= hlan 2
h—s0 2h
Ans, 2e**
2{x + h) _az:r
‘(x)= lim
f{ } h— i
Ir Tk
a " (a™" —1
= lim ( }XZ Ans. 2a " loga

h—s



log(x + h)* — logx*
- —8
15. f'(x)= h 5

. 2log(x + h) — 2logx

h—0 h
2log [l+i
. x 1 2
= lim X — Ans.—
h—0 ﬁ b X
x
6. f(x)-' log(x + k + h)— log(x + k)
h
h
log{1 + o .
= lim h <2 Ans.
k-0 (x+k) x+k
(x+k)
17. f,(x)=hmcos(x+:)—cosx
i (x+h+x)A (x+h—x)
—2sin sin
g 2 2
= lim
h—0 h
. sinﬁ
= lim{—sin(zx—”'-)} —=2! Ans.—sinx
h—0 2 h
2

cosec (x + h) — cosec x

18. f'(x)=}i_r’r;

sinx —sin{x + h)

h
),
2cos| X +— |sin| ——
2 2
= lim

sin xsin(x + h)h

= ]_|m =
k=0 hgin xsin(x + k) b0
Ans. — cosec xcotx
19. f'(x)= hmw

Imsmx cos (x + h) —sin{x + h)cos x

= f(x)=lim

hsin(x + h)sin x
_ sin(—h)
h—0 hgin( x + h)sin x

Ans. —cosec’x
mmnl{r+h+1}|—mnlx +1)

20, fix)=1l
fix) -
[x+h+1+.t+1] , [x+h+1—x—1]
2cos sin
= lim 2 S
h—) h
2x+h+2 _ h
2c08 ———sin—
= lim 2 2 Ans. cos(x +1)
=0 h
2 -
2
cos|x+h——|—cos|x——
2. f(x)=lim L L
: k=0 h

22.

23.

24.

25.

T

T n n
X+h——+x—— X+h———x+—
8 8 8

—2sin sin
2 2
= lim
h—0
2¢ - 2( )
—28IN| —— sm—
= lim W Ans. —sin(x - E)
h—=0 ax 8
2
2cos(2x —3)
cos X+ h — cos J_
f(x)=
Zsm(,/x+h+q/_] [,(xH;-J;]
= lim

h—s0 (x+h)—x

[:Zx+h+s/_] [:Zx+h ]
= (Jx +h+4x) g Z[Jx+h J_]

2

lsuu,_

Ans. — —
2

sec:!x +h- sec«f;

)= o S0

. cosSWx —cosafx + h
= lim
h—0 hms«.lr;ms.,.]rx+h

(2o

-0 [{x+h}—x}cos-.|";cos.,fx+h

_zﬂn[M]

—2sin

2

=l
uﬂ{..ufx +h +u‘;}ms£ms.\fx +h
sin[J; —-“le + h]

2
* lim
k-0 {:Jx +h —;x}

Ans.mx tan x
ij
sina/x + h sin-.f;
F(x)= lim ms.“llx +!:! cos J;
h— i

_ hmsin x +h-cusJ;—s'm-J;-cus Jx+h
= h-cns.\fx+hmsqf;




- lim sm[.“’x+ —'J_]' 1||X+ —'J-
k—tﬂhmsﬂ ms,fx+h F_J_

1 % 1i sm{F J_]'
.Jx+h Jx

i S

= lim
""“msﬂ-cas Jr+h *

P:—s

sec? q";

Ans.

2x
26. f(x)= smi[x+h} +1]—mn[r +1)
h
2 2 2 2
st[{xmy +x +2]Sj“[{x+h] —x ]
2 2
lim
h— h
2 2
= lim st[Zx +h +2hr+2]
=+ 2
Sjn[!l[h+2x}]
% lim 2 X lim (h+ 2x)

h—sa hih+ 2x) h—s 0

Pm:i.2.1;'1:1::sil{x2 +1)
- tzl.nl{l{x+!|}|2 +1}—t:1r1{Ju.'2 +1)

27. f(x)= 1l =
rsin{[r + h}z +1}c05{r2 +1)— cos{{x + h)* + 1}1
_ sinfx” +1)
= lim
B0 h-cos(( x + h)* +1)cos(x* +1)

. 2 2
= lim sm[[x+h]f ti-x __1} Ans. 2xsec (x® +1)
h— 0 heos({ x +h)* +1)cos(x* +1)
sin{x+h}_sinr
28, Pix);rﬂ“n%
= lim xfsin(x + h) —sinx] —
b0 h-x(x+h)

] x+h+x)  [x+h—x .
x| 2-cos : -8in = — hsin x

= lim —
k=0 h-x(x + h)

hsin x

x Z-sinﬁ-ros[x + E]:| — hsin x
i 2 2

= lim
h— o h-x(x + h)
of3) el
sin| — cos| x +—
. 2] .. 2 . gin x
= lim - lim — lim
LI [E] k=0 (x+h) h— o x{x + h)
2

COsS X SNy

X xz

Ans.

cns"{x + h)— cos? x

h

29. f(x)= :I.l-'.r:

[cos{x + h) — cos x]

= lim(cos(x + h) + cos x) lim
h—s 1 h—si h

ZSin[x + E]eu'n[ﬁ]
=2r:osr|im——2 2
h— h

Ans. —sin2x

ISR l _
30. f[x}-']:.l_ﬂhlix+h]-ccsl{x+h}l X cos x|

= ]i:ﬂ;% [xfcos(x + h)— cos x} + hoos(x + h)]

= lim lrx{—Zsin[ 21:;— h]mng} + hcos{ x + h}]

h sin—
im —215i.n[.t+ 2] hz +casl[r+h}||

h
hY, 71
=—2rlimsin[x+—]lim 2.4 lim cos(x + h)
h—s b 2= h 2 h—o
2

Ans. cos x — xsinx
M. f(x)= [{x+h}l:m[x:— h) — xtan x|
= lim x[tan{x + h)— tan x|+ htan(x + h)
h—@ h
x[sin{x + h)cos x — cos(x + h)sin x]
h—0 hcos{x + h)cos x

+ lim tan{x + h)
h—ii

. 1 . sinh
=xlim—— % lim——+ tan x
h—ocos(x + hjcosx k=0 h

Ans. xsec’ x + tan x

32. secx + xsecxtanx

x+h x x+h
- +h
33. Iiln{ﬂ xe') +he
h—1 h
-1
=re"']im[ ]+ lime* *+®
h— h h—
Ans. (x +1)e”
'u:ﬂl'
34. cosec x
ijtr
e
35. -secx tan x
2-fsecx

36. cosx +sinx.



| TOPIC 6|

Algebra of Derivative of Functions

Let £ and g be two functions such that their derivatives are
defined in a common domain. Then,

(i) Derivative of sum of two functions is sum of the
derivatives of the functions.

%[f(xh g(x)]=%f(x)*%g(x)

(i1) Derivative of difference of two functions is difference
of the derivatives of the functions.

d d d
Z[f(x)-g(x)]-—zf(o\')-zg(x)

(iii) Derivative of product of two functions is given by
the following product rule.

d d d
= If (x)-g(x)]—-f(x)zg(xH g(x)-d—xf(X)
This is also known as Leibniz product rule of

derivative.
(iv) Derivative of quoticent of two functions is given by
the following quotient rule.

d d
glx)—f(x)=f(x)—g(x)
i[f(x)]_ d LA

dx| glx) | (g(x))?

Note

%[c-l(x)]-cg‘.f(x)

Some Important Theorems
Theorem 1 Derivative of f (x) = x" is nx"™" for any positive
integer n.

Note
The above theorem is true for all powers of x i.e. n can be any real
number.

Theorem 2 Derivative of Polynomial Functions

Let fl{x]:srux"+dﬂ_L.r"_l+...+ X+ a,

be a pﬂlynnmial function, where ﬂ‘-'s are all real numbers
and a, #0.

Then, the derivative funcrion is given by

%[_f{x}] =nayx" +(n = Day,ox" + .4 2a0x + ay

Proof By definition of first principle of derivative, we have

von v fleth)=fle)  (x+h)" =x"
[ =lim b o =

L..l1)

By binomial theorem, we have
(x+5)" ="Cox" + "C,x" b+ "Cox"2h* + .4 "C, "

= (x+h)" =x"+nbx"" + -"("T-D-blx"‘z T

= (x+h)" =x" =uhx"' + 'I("T-])hzx"’2 +..+h"

On putting this value in Eq. (i), we get

R el W0 Y
’ - I'
=i h
blnx" + —""’2' D 2 4 ™ ]
=i
Sab b
-] ~
=’!im w4 "("2 ) Rl PN
— 0
=nxu—l

Hence, f(x) or %f(x) =m" !,

EXAMPLE |1| Differentiate 2x* — 4x® + 6x +8
w.r.t. x.
Sol Let y=2x"—-4x” +6x+8
On differentiating both sides w.r.t. x, we get

dy _d 3 2
—=—(2x" —4x° +6x +8)
dx dx

O NN I WU DO |
-ZE(X ) 4dx(x )+6dx(x)+dx(8)

=2(3x%) —4(2x) +6(1) + 0 [ i—-(x")a-nx""]

=6x'—8x +6

EXAMPLE |2| Find the derivative of

f(x}l=1+x+x2+xa+.“+Jrsnatx=1 [NCERT]
Sol. Given, f(x)=1+x+x" +x + . +x"
On differentiating both sides w.r.t. x, we get
Frlx)=0+1+ 2% +3x" + 450"
Atx =1,
Fra)y =1+ 2(1)+3(1)° + ... +50(1)*
=1+2+3+...+50
=@=12?5 [ozn= n(n;-l‘l]



EXAMPLE 3| Ifu=7t* - 2t* -8t -5, then find %
att =2
Sol Wehave,u=7t" -2t -8t -5

On differentiating both sides w.r.t. t, we get

d d
d—"=d—[?:" —2¢* —8t—3)
(] I

=7(4t*) - 2(36*) - 8(1) -0 [’.'%{x“}:nx"_t]
=28t  —6t' -8

du

Now, [—] =282 —6(2) -8
dt J, _,
=224—-24-8=192

EXAMPLE |4| For the function
100 2

f{x):x—+x—+___+x?+x+1

100 99
Prove that f'(1) = 100/ (0). [NCERT]
108 L 2
Sol  Given, f(x}=x_+x_+___+x_+x+1
oo 99 2
. 100x™  oox™ 2x
= flx)s——+——+...+—+1+0
100 99 2

[if f{x)= x", then f*(x)=nx""!]
= Fley=x™ +x®+ 4+ x+1 i)
On putting x =1, we get

F=mT+0™+.  +1+1= 14141 +1+1
100 times
= f(1)y=100 ..ii)
Again, putting x =0, we get
flio)y=0+0+..+0+1

= foy=1 ..(ii)
From Eqs. (i) and (iii), f*(1)=100f"(0) Hence proved.

EXAMPLE |5| Differentiate the following functions

W.LL. x.

i) [x + %]!

(ii) (ax +b)(ex + df (i) plrgxtr

ot D) [NCERT]
3
Sol (i) Let y=[x +1—] =y +3x)<L2+3x2 >-<1+Ls
x X X x

[ {A+B}=A"+342B+3AB* + BY)

3 1
=x'+ s —
X x

On differentiating both sides w.r.t. x, we get

ﬂ = i{ra }+i[i)+i{3r} +£[1_)
dx dx delx) dx del x?
=3x2+31(1_1}|+3x1+i{x_3}

dx dx

-3 3
=i+ —+3-—
X X

(i) Let y = (ax +b) (cx + d)*
On differentiating both sides w.r.t. x, we get
d}" d F] 3 d
—=fax +b)—iex+d)" +{ecx +dy —{ax + b
o ( }dx{ || J d:r{ )

[using product rule of derivative]
=(ax +b) i{c*x’ +d* + 2exd)
dx
+{ex +d) (ax1+0)
[“(A+B)Y®=A*+24B+ B
=(ax +b)(c® (2x)+ 0+ 2c 1% d)
+{ex +dY xa
=(ax + b)(2c*x + 2cd) + a(ex + d)*
= (ax + b) 2¢ (ex + d) + alex + d)°
=(cx +d)[2c (ax + b) + alcx + d)]

=(ex + d)(2aex + 2be + acx + ad)
= (cx + d)(3acx + 2be + ad)

2
(iki) Let y= £X TOXTT
(ax + b)
On differentiating both sides w.r.t. x, we get

[{ax +b)ilfp.'r2 +qgx +r)
dx

d
—_ 2 —
d_y=[ {px +qr+r}dx{ax+b}|

dx {ax + b)*
| by quotient rule |
{ax +B) (2px + g +0) = (px* + gv + r){ax1+0)
B (ax + b)’
={u.x+£:}|{2px +q'}—{p.:tr2 +gx+r)a
{ax + b)?
_{Zapr2 +aqx + 2bpx+bq}—{ap12 + aqx + ra)
- (ax + by
_ Zapx® + aqx + 2bpx + bg — apx” — agx —ra
- (ax + by’
d_y=ap:c2 +2bpx + bg —ra

dx {ax + by



2 3 n
lfy=l+£+-‘!-+£—+... +£—, then the value of
i 21 3 n!
dy x"
—— —y+ is
dx y n!
(a) O (b)n
(c) 2n (d) None of these

If a, b are fixed non-zero constants, then the

it a b .
derivative of — — —is ma + nb, where
x4 x?

3 -2
(a) m=4x",n=—

VERY SHORT ANSWER Type Questions

5
6
7

Find the derivative of 2x*+X. |NCERT Exemplar]

Find f*(x), if f(x)=(x-2)2(2x~-3).

For some constants a and b, find the derivative
of the following functions.
(Each part carries 1 mark)
(i) (x—a)(x-b) (ii) (ax?+b)?
xX-a 1

ij) ~— iv) ———
( )x-b ( )ax2+bx+c

wue o % oan . . .. Y - us . -~

Find the derivative of the following functions.
(Each part carries 1 mark)
M X axdext4 (i) x4+l
x Jx

(iii) (5x%+3x-1)(x-1) (iv) x*(3-4x7)

2 it
(O
x+1 3x-1 [NCERT]
. 3x+4
(vi) ————
5x"-Tx+9 [NCERT Exemplar]
SHORT ANSWER Type Questions
9 lfy=-4';+:ll.1? then find ir—yat x=L
[NCERT Exemplar]
1+L

7
10 1fy= J‘i,then ﬁndE.

dy

x? [NCERT Exemplar]

LONG ANSWER Type Questions

11 Find the derivative of w
(x-3)(x-4)

12 If f(x)=1-x+x*-x*+.. —x"+ x", then find f*(1).

13 If f(x)=x""%+x"+ _+x+] then find f().

[NCERT Exemplar]

| HINTS & ANSWERS |

L. (b) We have, f(x)=a, x" +a"_xx"'l +o X + @,

a polynomial function, where a,'s are real numbers and

a, #0.
Then, the derivative function is given by
d
%=na,, "t 4(n—-1)a, _,x" "% + ...+ 2a,x +aq
a__n
2. (b)Let y=2—Z
x-a

Differentiating y w.r.t. x, we get

d ﬂ_‘l_ ﬂ-ﬂi o
(x—a);(x a")—(x ")gx(x a)

L)
dx (x —a)?
_(x—a)[mx"" =0 - (x" —d")(1-0)
(x—a)’
X" —anx"' - x" +a"
(x - a)
3. (a) We have
x xi 13 xrl xl’l—l x"
y=l+—t—t—+—+... + +—
TR TREETIPT (n=1)' " a!
dy 1 2x  3x° nx" ! x"
= = ¥ .+ =y-—
dx o2 3 n! n!
dy x"
= L y+—=0
dx y n!
4. OLety=2-2
x X
= y=ax -
Differentiating y w.r.t. x, we get
dy L d .
L oa L x ) - b (2
dx dx dx
__4a 2 [‘,du_}_mﬂ
© X

5 810+

|



6. flx)=2x"—11x" +20x—12 55—15x —40x
flx) Ans

Ans. 6x° —22x+20 (5x%=Tx+0)*
7. (i) Let f(x)=(x—a)(x~b) 9. L1l anso
=x*—(a+b)x+ab e 2x 2x
2
Ans, 2x—a—b 10. y=r2+1 Ans,—%
=1 -1
(ii) Let f(x)=(ax® +b)* = a’x* +b* + 2abx* * ==
—1)(x—2 Py 4z
Ans. dax{ax® +b) 1. Let =[1 Ax }=xz *
(x—3)(x—4) x"-7Tx+12
a—b . —{2ax + b)
(idi) e iv m On differentiating both sides w.r.t. x, we get
X = ax X [
[ s d 2 2
. I{i}i M =i[ 3+r2+x+L] |[x -Tx HZ}E[I —3x + 20)—(x" —3x + 2)
dx x x d ., 3
l Z(x® -7x +12)
xtraxi+ i = dx

Ans

= oy

= (x* —7x +12)

X

2
—dx"+20x—22
o d [ +x+1
(n}—[r z

17 172 -1z Ans, —mM8M8M8M8M8M8Mm —
=x +x T +x A e —d
dx Tx ] (x=3){x—4)

, , . 2.  f(x)=0-1+2x-3x"+...—-99x" +100x"
3 =1 —=1"—=
Ans.512+—r Ty 2 = —1+2x—3x" +...—99x " +100 "
(iii) 20x*-15x% +6x—4 L ey

p d =(—1-3-5—...—99)+(2+4+...+100)
(V) —(x (3 —ax*)) = —(3x~* —4x77) 50 50

dx dx = - [2x14(50-1) 2]+ [ 2x 2+(50-1)2]

2 2

Ans. —12x 7 +36271

=50
-2 Ix—2
(v 0 }2__-:{ - ]2} B. flx)=100x"+99x* +  +1+0
x+1 3x-1
_ # s
(vi) Let y= B +4 =100x"" +99x ™" +,, +1
v e y-sx’—:?xp} Now, (1) =100+99+...+1
100
d d 3 = —[2x100+{100-1)(—1)]
Sxt —Tx+9)—(3x+4) — (3x + 4)—{5x° =T x +9
d_},=[ ]'drl[ =1 }E{ ) 2
dx (5x"—7x+9)" = 5050



| TOPIC 7|

Derivative of Trigonometric Functions

To find the derivative of trigopnometric functions, we use
the algebra of derivative and the following formulae

(i) — (sin x) = cos x (11) — (cos x) =—sinx

(1v) i{secx}=sccx-tnnx

dx

(iii) %{m x)=sec’ x

(v) i (cot x) = — cosecx

dx

d
(vi) E{EDEII x) == cosec x ' cot x

EXAMPLE |1] Differentiate the following functions
w.rt. x.
(i) cos (x +a) iy Anlx+a)
Cos X
Sol (i) Let y=cos{x+a)
Y=C0s X C0os a—sin xsina
[ cos( A + B) = cos A cos B —sin A sin B
On differentiating both sides w.r.t. x, we get
dy d ,ood
—=cos a—(cos x)—sina—(sin x
dx g 08 X)msinag{sing)

= cos a(—sin x)—sina (cos x)
= —cosdsin x—sinacos x = —sin(x+a)
[-sin A cos B+ cos Asin B =sin(A + B))

sin{x+a) _ sin xcos a + cos xsina

(i) Let y =
CO8 X Cos X
[ sin{ A+ B) = sin A cos B+ cos Asin B|
SinXcosa C©o0s xsina .
= + = cosatan x +sina
Cos X Cos X

On differentiating both sides w.r.t. x, we get

ﬂ=|:|:|=v.'a L tan r‘j+i[sina‘j
dx dx dx

:—i=cos a%—(tan x)+%(sina)

[ E—‘i—(conslam) = 0}

1
osecx =
[ cos x]

EXAMPLE |2| Find the derivative of the following
functions. [NCERT]

(i) f(x) = sin’x
(iii) f(x) = (cos® x — sin® x)
Sol. (i) We have, f(x)=sin’x
On differentiating both sides w.r.t. x, we get

= cosasec’ x+0

_ Cosa
2

CoOs™ x

(ii) f(x)=sin2x

f(x)= %(sinxsin x)

= (sin r}i{sin x)+(sin r}i[sin x)
dx dx
[using product rule of derivative]

= (cos x)sin x +sin x(cos x)

= 2sin x cos ¥ = sin 2x

(ii)) We have, f{x)=sin2x
flx)=2sinxcos x
On differentiating both sides w.r.t. x, we get

f(x)= 2[sinx % (cos x)+ cos x %{sin x}]

[using product rule of derivative]
= 2[sin x-{—sin x) + cos x-cos x|
= 2l:—sin2 X+ mszx]
= Zcos® x—sin® x) = Zcos 2x
(iii)) We have, f(x)=(cos ? y—sin® x)
f(x)=(cos x—sin x){cos x+sin x)
On differentiating both sides w.r.t. x, we get

f(x)=(cos x —sinx}%[tns x +sinx)+(cos x +sinx)
d .
—(cos x —sinx)
dx

[using product rule of derivative)
=(cos ¥ —sinx)(—sin x + cos x) + (cos x +sinx)
(—sin x — cos x)
=(cos ¥ —sin x)(cos ¥ —sin x) — (cos x + sin x)
{cos x +sinx)
=(cos x —sin x}z —(cos x + sin x}z
=(cos? x +sin® x — 2sin xcos x) — (cos® x +sin’ x
+ 2sin x cos x)
= — 2gin x cos ¥ — 2sin x cos x
= —sin 2x —sin 2x = — 2sin 2x

= —2sin x cos X — 2sin x cos x
= —sin 2x —sin 2x = — 2sin 2x

EXAMPLE |3| Find the derivative of following
functions.
(i) x* cos x (ii) x° secx (iii) x* tan x

-'-(,:/,71 First, consider the given function as y. Then, use product
rule of derivative to get the result.

Sol. (i) Let y=x?cos x
On differentiating both sides w.r.t. x, we get

dy d 2 2 d d 2
——=—(x" cos X)= X" ——(cos x)+cos x—(x
dx dx ) dx( ) dx( )

[using product rule of derivative|
= x*(—sin x)+cos x(2x)= 2xcos x—x’sinx



(ii) Let y = x*secx
On di.ft'erentjating both sides w.r.t. x, we get
dy
e =x E{setx]+setr d—{r )
[using product rule of derivative]
= x” .secx tan x + secx(2x)
(iii) Let y=x"tanx
On di.ft'erentjating both sides w.r.t. x, we get
dy

- tan x) + tan x —
I r—{nr} a.nrd{x}

[using product rule of derivative]
= xsec’x + tanx (2x)

EXAMPLE 4] Find the derivative of ~*+ 250X
3x +Tcosx
dx +5sin x [NCERT]

Sol. Let f(x)=

3x+Tcosx
On differentiating both sides w.r.t. x, we get

[{3x+?ms x}diidx +5£i.n.t}—{4r+55inx}]
X

{ xi[31+7msx} J
d.

x
(3x +7 cos :c]-2

d
|- dx g{x} [&(x)]

_(3x +7cos x)(4+ 5 cos x) —(4x + 5sin x) [3 + 7(=sin x)
(3x + 7 cos x)°

flx)=

e ——

—

-(]2x+15r-cosr+ 28-cos x + 35 ms!rj 1

—{12x — 28x-sin x + 15sin x —5%5sin” xIJ

(3x + Teos ¥)°

+ 28cos x —15sin x

_35(si.nzr+ cnszx}+ 28x -sin x +15:c-msx]

(3x +7cos .'vr}'l_2

_ 35+ 28xsin x +15x-cos x —15sin ¥ + 28 cos ¥

{3x + cos x)*

EXAMPLE |5| Differentiate (x + sec x)-(x — tanx)
w.rLt. x. [NCERT)

Sol We have, y=(x+sec x){x — tanx)
On differentiating both sides w.r.t. x, we get
dy

E_d_[{r + sec x){x — tan x)]

=(x+sec x}-—{x —tanx]-+[x—tn.nx}i[x+sec x)
dx dx

[using product rule of derivative]
=(x +sec x)(1 —seczx} +{x — tan x){1 + sec x-tan x)

EXAMPLE |6| Differentiate the following functions
W.L.t. x.

X X
i)1—2sin’ = i) 2cos® =—1
(i) > (ii) >

(ii) 3sin§—4sln1§ (iv) gloge sa (v) log, e
Sol (i) Let y=1—-2sin’Z
= y=cosx [+ cos 28 =1 — 2sin”8)]

On differentiating both sides w.r.t. x, we get
dy
—{ms xX)=—sinx
dx  dx
(ii) Let y= stzi -1
2

= y=cosx [+ cos 28 = Zcos 26 — 1]
On differentiating both sides w.r.t. x, we get
dy

—{msx}-—smx
dx dx

i) Let y = 3sin— — 4sin® — =sin3 | =
(iii) Let y n3 sin 3 sin [3]

[ sin3 = 3sinB — 4sin* 8]

= y=sinx
On differentiating both sides w.r.t. x, we get
dy d .
—=—{zinx)=cosx
dx  dx
(iv) Let y = g*8esinx
= y=sinx [ e'Be T = fx))
On differentiating both side w.r.t. x, we get
dy

—{sm x)=cos x
dx dx

(v) Let y = log e™ "
» logm"® = nlogmand log e =1
= y=cosx
~log 6™ = cos xlog,e = cos x

On d.ifferentiating both sides w.r.t. x, we get
d—}r = —I{msx}- —sin x
dx  dx

EXAMPLE
w.LL. X.

|7| Differentiate (ax® +sin x)(p +g cos x)

Sol Let y=(ax"+sinx){p+gcos x)
On differentiating both sides w.r.t. x, we get

d
L. {ax” +sin x)—( p+qcos x)
dx dx d
+{p+gcos .1::]13{.0.:1(2 +5in x)

[using product rule of derivative]
= (arz +sin x)(0—gsin x)+ ( p+qcos x ) 2ax +cos x)

= —qsinx{ar2+si.n x)+(p +qcos x) (2ax+cos x)



1-cos2x d . d )
EXAMPLE |8| Ify = |[————, [‘-'—{ﬂn1}=msrand—[msx}=—smx]
|8] If y 1’1” . dx d

. 2 . 2
n n dy - —(sin x — cos x)° — (sin x + cos x)
xe[ﬂ,;]u[;,n) ﬂlenﬁ.nda. (sin x — cos x)?
r(sinx — CO8 .‘r}2 +(sin x + cos 1}2
fl— cos 2x 2sin® x 3 =—
Sol  We have, y=1Jl+mst = oy =+tan’x (sinx — cos x)°

.2 2 . .
[-: cos 20 =1— 2sin’® => 2sin?8 = 1 — cos 20 and | [ (sin x + cos® x — 2sin xcos x +sin’ x |

g .
cos 28 =2cos’0B—1= 2cos*B=1+cos28 - +cos” x + 2sin x cos x)

. F]
_ e - - (sin x — cos x)
= y=|mnx|, where xe U‘E et E'n _—2{3in21+cc521}_ -2
[ T (sin x — cos _'r}2 (sin x — cos _'r}2
Now, y= e IE[U‘ E] [ sin’@+ cos*B=1]
] - 1 i
—tanx, xe€ [E 1':] + X .
2 (ii) Le{y_ﬂt1+mnr_msx cosx _, _l+sinx
[ - secx — tan x 1 sinx 1—sinx
dy sec’ x, foE[U,—) COS X COS ¥
E= , T On differentiating both sides w.rt x, we get
—8eC X, jf15[3~ “) dy d [secx+tanx]_ d [1+sinx]
dx  dx\secx—tanx) dx\l1-sinx
. - . d d
EXAMPLE |9| Find the derivative of the following (1 — sin X )—(1 + sin x) — (1 + sin x)—(1 — sin x)
functions. = dx - dx
Q) §iN X + €05 X (i) ser x + tan x {1—sin x)
sin x — cos X secx —tan x [using quotient rule of derivative]
[NCERT; NCERT Exemplar] - {1 —sinx)(0+ cos x)— (1 +sinx){0— cos x)
e — cin v}
-~ First, consider the given function as f{x). Then, use . (1 —sinx)
quotient rule of derivative to find the required derivative. = i’fz
Sol. Let f(x)=SnEHCOSX (-ainx)
sinx — cos x 1—tanx
On differentiating both sides w.r.t. x, we get EXAMPLE [10|Ify = {1 T tanx x}' then show that
[{s'mx - cos r}il{sinr+ cos x) dy =2
dx —=—
{ p dx 1+sin2x
— (sin x + cos x) — (sinx — cos x 1— tan
, ( ‘&= } Sol. We have, y = o
fix)= : 7 1+tanx
(sin x — cos x) ) .
. . A . On differentiating both sides w.r.t. x, we get
d d d d
d (f(x))_g‘"jgf"‘)‘f"’zg"" gy (%1an3)-2(1—tanx)—(1—tanx) <=1 + tan x)
« S— = 2 —_—
dx \ g(x) [&(x)] dx (1+ tan x)*
[using quotient rule of derivative]
(sin x — cos x) [i—(sin x)+;;(cos x)] _ (1+ tan x)(—sec® x)— (1 — tan x)(sec? x)
(1+tanx)*
—(sin x + cos x)[di(sinx)—;‘i-(cos x)]J _ —2sec’ x _ -2
== - 2 = (l+tanx)2 (coszx)(l+tanzx+2!anx)
(sin x — cos x) -2 5

(sin x — cos x)(cos x —sinx) — (sin x + cos x)
2
(cos x +sinx) (cos™ x) {l +

(sinx — cos x)2

sin® x - 25inx} (1+sin 2x)

(:()S2 X Ccos x

Hence proved.



TOPIC PRACTICE 7 |

OBJECTIVE TYPE QUESTIONS

{ The derivative of 2cX=14¢ P

secx +1  (seex +1)°

, where p

is equal to
(a) 2secxtanx
{c) 2cosecxcotx

(b) 2sinxtanx
(d) 2cosxcotx

2 Ifa, p and q are fixed non-zero constants, then
the derivative of (ax” + sin x) (p + qecosx)is
Alax? + sinx) + B(p + gcosx), where A and B

respectively are
(a) =—gsinx, 2ax + cosx (b) 2ax + cosx, —gsinx
(c) 2ax =cosx, gsinx (d) gsinx, 2ax - cosx

3 Ifthe derivative of (x + cosx) (x — tanx) is

Alx +cosx) + B (x —tanx), then A and B

respectively are
{a) tan®x,1=sinx (b) =tan®x,1=sinx

(d) - tan?x, sinx -1

X°cos| —
4.
is

4 The derivative of ————*
siny

{c) tan®x, sinx -1

xsin [1] [25inx + xcosx]
4

(a)

sin’ x

Icus{i][binx = xcos x|
(b) 4

sin® x

xsin (E]I_Esinx = xcos x|
4

(c)
cos’x
J:cus[i] [2sinx + xcosx|
(d) 4
cos” x

5 If f(x) = xsinx, then f‘[%J is equal to

(a) O (b) 1 (e) =1 (d) 1/2

VERY SHORT ANSWER Type Questions

6 Find the derivative of the following functions.
(Each part carries 1 mark)
(i) sinxcosx
(ii) S5secx + 4cosx
(iii) 3cotx + 5cosec x
(iv) S5sinx + 6cosx + 7

(v) 2tanx — Tsecx [NCERT]
(vi) cosecxcotx (vii) (secx —1)(secx +1)
(viii) (ax® + cotx)(p+ geosx) [NCERT Exemplar]

(ix) (x* + 1)cosx (x) sin(x +a)

SHORT ANSWER Type [ Questions

7 Find the derivative of the following functions.
{Each part carries 2 marks)

(i) (x + cosx)(x - tanx) (ii)x*(5sinx - 3cosx)

(iii) H;M (iv) (3x+5)(1+tanx)
(v) x°—cosx (vi) a+bsinx
sinx c+deosx
. COSX o Cos(x-a)
(vi) l+sinx (viti) COsX

i 9) dy
8 1fy=00*9) venfind 2 at x=o0.
¥ cosxy entin dx atx
l-cosx

9 Find the derivative of ———,
l+cosx

SHORT ANSWER Type Il Questions
10 Ify= sinx+cosx

- , then ﬁndd—y at x=0.
sinx—cosx

[NCERT Exemplar]
11 Find the derivative of x*sin x+cos 2x.

12 Find the derivative of the following functions.
. xtanxy . SINX—XCOSX
(i) (i) ———

(sec x+tanx) xsinx+cosx

| HINTS & ANSWERS |

secxy —1
1. Lety =
(o) Let y secx +1
d d
d (sec x +1)—(secx —1)—(secx —1)—(secx +1)
Then—y= d_'t’ d_'t’
dx {secx +1)°

_ 2gecxtanx
(sec x +1}2

2. (a)Llety =[Mz +sinx)(p + g cos x), then

by product rule
d_y=—qsi.nx[axz +sinx)+(p + gcos x){2ax + cos x)
x
3. (b)Let y =(x + cos x)(x — tan x), then
dy d d
— =(x +cos x)—(x—tan x) +(x — tan x)—( x + cos x)
dx dx dx
=—[x+cosx}|tanzx+(x—tanx}{1 —sinx)
[ sec’ x —tan® x = 1]
x* ms[EJ
4. (b)Let y=— 2/
sin x
(=)
= y=|cos—|—
4 Jsinx



(by quotient rule)

e .
X COS I[Esm X — XC0s x)

sin® x
(b) Clearly f'(x)= xcos x+sinx
f'[E] =LcosZisinE=
2 2 2 2
(1i) 5sec x tan x—4sin x
(iv) Scos x +6sin x

6. (i) cos2x
(iii) —3 cosec” x —Scosecx cotx
v) 2sec? x—Tsec xtan x (wi) —cosec” x—cot® x cosec x
(vii) (secx —1)(sec x +1) =sec’ x—1=tan’ x
=tanx-tanx Ans. 2tan xsec® x
(viii) Let y= {a_'rz +cotx ) p+qgcos x).

d}-‘ 3 d
Then, — =(ax” +cotx)—(p+gcos x)
. . ptq
d 2
+({p+gcos x)—{ax” +cotx
(p+q ]'dx{ )

=—qsinx{ax2+mtx}|+{p + g cos x}lfzax—cuseczx}
(ix) —x*sin x—sin x+ 2x cos x
(x) sin{x + a) = sin ¥ cos a+cos ysina Ans. cos(x+a)

(i) EHI + cosecx) (x — tan x)’}
=(x+cos x}-%{x—tan x)+{x—tan x}-%l{r+ cos x)

Ans. (x+cos x)( —tan® x)+H(x—tan x)(1—sin x)

(i) x*[5xcos x+3xsin x+ 20sin x—12cos x]

(iii) Let y=

1+tan x

On differentiating w.r.t.x, we get
d d
1+tanx x)=x—(1+tan x
dx (1+tan x)*

_ 1+tan x — xsec’ x

[1+t:|.rur}2

(iv) Let y =(3x+5)(1+tan x).
Then, :—i = %[{31 +5)(1+tan x))

= {3x+5}i[‘.l+ tan x)+(1+tan x}i{'_’-x +5)
dx dx

= 3xsec® x +5sec® ¥ +3tan x +3

d [ —cosx

v) — | ———
dx sin x

sinxi(xs—ros x}—{xs—msx]ismx
dx dx

lfsinJl.'}2

_ sin x(5x* +sin x)—(x* — cos x)cos x

sin® x

_ Sx*sinx—x" cos x+1
2

sin” x
(vi) Let y=2F050% 1y,
c+dcos x
[ d . .
(c+dcos r}E{u+bsmx}—|{u+bsmx}
d
—{c+dcos x)
d_)"=| dx
dx ({c+dcos x}2

_ {c+dcos x)(bcos x)—{a+bsin x){—dsin x)
- (c+dcos x}z
_ becos x+adsin x+bd

(e +dcnsx]2
(i)
1+sinx
CO8 X COsa+sin xsina .
(wiii) y= = cos a+tan xsina
oS X
Ans. sec” x-sina
8. Given, y= sin (x+9) _ sinx cos9 + cos x sin9
' ’ COS X COS X
=tanx cos9+sin 9
d
EP =sec’x cos9 Ans. cos9
9. Use quotient rule of derivative.
25in x
Ans. —
(1+cos x)
inx+
10. Given, y= w
SN x—Ccos X
[({sin x —cos x){cos x—sin x)—(sin+cos x) |
dy _ (cos x+sinx)
dx (sin x — cos x)°
_ —isinx—cos r]z—l{s'mx +c0os _\:Jl2 I
(sin x —cos :r}l2
d d d
11. —{xa sin x + cos 21}:—{12 sinx) +— (cos 2x)
dx dx dx

12,

Bl &=~

. d a
{1’2 sinx)+ —(2cos” x—1)
dx

d
I{xzsinx}+—[2msxms x—1)
dx

b

= x"-cos x+sinx 2x
+ 2[msxi(msx}+cusxi{cusx})—i[‘l}
dr dx dx

= x" cos x+ 2xsin x — Zsin 2x

xsecx(secx—tan x)+tanx . x*

(i) {ii)

(secx +tan x)

{xsin x+cos x]z



SUMMARY

¢ If x = g, then f(x) — |, where [ is a real number, then [ is the limit of the function f(x), i.e. lim f(x) =!
+ The value of f(x), which is dictated by the values of f(x), when x tends to a from the right is called right hand limit of
function f. Thus, LHL = lim_f(x)

+ The value of f(x) which is dictated by the values of f(x), when x tends to a from the left is called left hand limit of
function f. Thus, RHL = lim_f(x)

. If Iim f(x)= Iim f(x) i.e. LHL =RHL. Then, limit exists and denoted by Iim f(x).
. Algebra of anns Let f and g be two real functions with common domam D’ such that hm f(x) and hm g(x) exist.

Then,
(i) Ium [f(x) +g(x)) = I|m flx) £ Iam g(x) (ii) Ium[cf(x)] =C Inm f(x), where c is a constant.
lim f(x)
(iii) Ji_q\a[f(x) g(x)] = Ji_rpn f(x) .Ji_r:rxng(x) (iv) lim .h.. ' g((x)) ;l—f;‘zg(x) where Ji_q\ag(x) #0forxeD.

+ Limits of Rational Functions |im — = ————— = —

(i) If g(a) 0 and f(a) # 0, then limit does not exist.(ii) If gla) =0 and f(a) =0, then we can find limit.

n

"-a

. = n .
.h_r.na — na""" where, n is any positive integer

+ Limits of Trigonometric Functions

tan x . 1=cosx

(ii) Jn_rpo =0

sinx
(i) Ilm ——1— lim
X x=0 y ;

e’ =1
+ Limits of Exponential Function Itm —_—=

1o, (1+x)

+ Limits of Logarithmic Function Ilm =1

+ Derivative at a Point Suppose f is real valued function and a is a point in its domain. Then, derivative of f ata is

h) —
defined by f’(a) = '!imof(a+ﬂa), provided this limit exists.

+ First Principle of Derivative h
If f is a real valued function, then = flx)=F"(x)= |II“I10M, provided this limit exists.
X

h
+ Algebra of Derivative of Function Let f(x) and g(x) be two functions, then
i) %[ﬁ‘*] *glx)]= i leX}I * % g(x) (i) ;—x [f(x)- glx)] = f(x) j—ngxl + g(x) % f(x).

d
g0 = ﬂﬂ fx)——g(x)
iy 2. [ﬂ:x}} dx
[g(:))*
+ Derivative of Polynomial Function If f(x) = x", then di flx)=nx""".
)
+ Derivative of Trigonometric Functions

(i) g (sinx) = cos x (ii) L (cosx) = =sinx (iii) L (tanx) =sec’x  (iv) g (cot x) = = cosec’x
dx dx dx dx



CHAPTER
PRACTICE

OBJECTIVE TYPE QUESTIONS 9. Which of the following is/are true?
[k cosn r . The derivative of f(x)=sin2xis
] 2 . Ty 4
I. Let f(x)={ %2 2 andiif lim f(x)= f(ﬁ), 2(cos”x ~sin"x)
4 rak X 1‘2. 2 IL The derivative of g(x)=cotx is - cosec’ x.
. . ; - K (a) Both I and Il are true
then the value of k is .
§ s
2 .
2. If f(x) ={ o 2— li xs ; , then (d) Both I and II are false
-x? - >
' 1-tanx dy k
2 10. 1fy=]—22%ang &L - , then the
(s) LHL w RHL , at x =1 y {l+tanx} dx 1+sin2x ¢
(b) LHL=RHL == 2, atx=1 i e
(C) LHL=RHL=-l,atx=l (a) 1 (b)z
(d) None of the above (c) =1 (d)-2
142+ 3+....... +n p
3. lim P ,neN is equalto VERY SHORT ANSWER Type Questions
[NCERT Exemplar]| $
(a) 0 (b) 1 (c) 1 (d) 1 11. Evaluate the fo!lowing.
2 4 (Each part carries 1 mark)
4. lim — is equal to () gy X8 +2
=0 fx+1-.1-x =1 x? 4]
(a) 2 (b) 0 (c)1 (d) -1 o x2-2x?-9x + 4
10° -2 - 5% +1 ) Moy x?-2x-8
5. lim——= — = " jsequalto
#50 xtanx N
(a) log 10 (b) log 5 + log 2= logl0 (1) By
(c) (log 5)(log 2) (d) (log 10) (log 5) (log 2) 1+ x)s -1
-
6. The derivative of the function f(x)=3xatx =2 W) 0 3x + 5x?
is (v) lim x-2
(a) 0 (b) 1 (c) 2 (d) 3 2 [T 44 k-2
7. Ifi{L} =P where p and g respectively are i) 1 '13 +27
ax |/ g V) e
(a) f'(x) (F(x))? {b) —f(x), (f(x))* ) P
© —f) £2) @ fx) £ 12. Fmd;"he_[‘:-gn"smwe integer n so that
li =108
8. 1If -=1+1"‘I2 then % is 5 x-3
1-1/x* dx [NCERT Exemplar] _
@) ;4.:: : b) -!41 SHORT ANSWER Type [ Questions
:x -21} 14-1 13. Differentiate sin® x w.r.t. x from first principle.
-X X
(© i (d) -1 14. For the function f, given by f(x) = x* - 6x +8,

prove that f(5)-3f"(2) = f'(8).



o 2 2 2 2
+ Evaluate the following. (iii) lim is 1-cos>— - cos*— + cos— cosx—]
(Each part carries 2 marks) 0 x 2 4

(@) lim x2*-x (iv) 1 3sin x -sin3x
1= 01-cosx x-oox(cost cos4x)
T e g - .
(i) tim “—— SHORT ANSWER Type I1 Questions
| of
. Evaluate the following. 17. 1fy= L + Scoxy l, then find %
(Each part carries 2 marks) oy
(i) lim X sino. —o sin x 18. If y = asinx + bcosx, show that
o roo 2, (dy B 2, p2
(ii) lim 1-cosx cos2x cos3x y +(a;) Sl
x-0 sin® 2x
(d) We have, 4. (c) Given, hm° i x
lun flx)= f( ) :)x+l —:;l—x

a2 =umsinx(\[}71'+‘j1—_x)

=0 (x+1)—-(1—x)

. lim kcosx=3
P n—-2x --z-ljmo——lim(\’x+1+,,l—x)
2 x— X x—0
kcos(ﬁ-—h) s ST e [ hmﬂ._.l]
2 2 x=0 X
= ek x 10" —2° —5% +1
u—z(——h) 5 (¢) im ———
2 x50 x tan x
. ksinh_ 55 (2 —1)— (2 -1)
lim ——=3
= h—0 2h -xh—lpo xtanx
Y k=6 : LI X:
s —_ =lims lx2 lx X
(a) Given, f(x)={ 4 2 &t x50 x x tan x
=X7L,: x>l =(log5) (log 2)
At x =1, 6. (d) We have,
RHL= lim hm 1+h) = lim —(1+h)* -1
x—1* fix)= oﬂ o Ko +h) f(2+h) f(2) _ .. 3(2+h)-3(2)
FH2 s i ————— & Jim ——————=
(put x =1+h) T heo h
LHL= lim f(x)=hlimof(l-h) (putx=1-h) k=0 h
x—1" - 1
7. (b)Let ¢(x)=—— Then, ¢ (x + h)=
=hlimo(l—h)2—l f(x) f(x+h)
! g o o M A 0)
= RHL # LHL |
(c) Clearly, lim w :i{¢(x)}= lim Sflx+h) f(x)
n—s oo n dx h
= ljmn(n-lz-l)=i :i{o(x)} llmf(::+h) f(x) xlim 1
n—e  2n 2 dx h o f(x)f(x+h)



—{b(x)}= (x)x=
{¢ b= =fx f{ }f{ )
—f'(x)
:b—{q:l{x}]-:—
dx {_ﬂ )
8. (a) We have, y- i
x* —l
x_ . 2 _ 2 i 2_
ﬂ={.t l}d.t[x +1)—(x +1}dx|{x 1)
dx (.1(2—1]12
C(x -2 —(xt +1)-2x
- (x* 1)
_21’{12—1—_1:2—1}_ —4x
T (-1 (-1

9. (a) L. Recall the trigonometric rule sin 2x = Zsin x cos x.

Thus, m=i[ 2sin ¥ cos x )= Zi[si.n X Cos x)
dx  dx dx
=2{|:n:|52 x—sin 2J:]l

C0s X

IL g(x)=cotx = —
sin x

d d d [ cos x
= E[E‘fﬂ}—;(l‘ﬂiﬂ-z[ - J

Sln X

- (—sin x )(sin x)—(cos x){cos x)

{sin x)*
—(sin® x + cos® x)
sin® x
=— cosec x
l1—tanx
10. (d) We have, y =———
l+tanx

d d
(1+tanx) —i{l—tan x)—(1—tan x)—(1+ tan x)
dy dx dx

dx {1+ tan x)*

—2sec’ x -2

-{1+tan x}z B

cos? x(1+ tan® x + 2 tan x)

_ -2

" cos® x +sin® x + 2sin x cos x
_ -2

-‘1 +sin2x

wk=-2
1. P +3x+2 1P+3x1+2 6
(i) By lim T = T =—
=1 xt +1 1" +1 2

Ans. 3

3 3

o X —2x" -9 +4

(ii) ]imz—
=4 x"—2x —8

(x —4)(x* +2x —1) 73

x—+ 4 (x—4)(x+2)

I e LI 1) A
(i) :h—r:l- x =1 -:h-ﬂ (Jx -1)
- lin I [(x) -1 _ «J’?{J?—l}{x+1+x]

r—+1 {.J__l} :r—n-]
= lim \";[2x+1]

=1

(Vx —1)

[asx—)rl,saﬂ—) 1i.e.vf;—>l] Ans. 3
(iv) lim & [Eform]
0
+xf -1 (1+x) -1

=0 3x+5x°
+xp—=1 {1+ x)—1 5

lim (3x +5x) 3
x—+ i

lim

_ x— x
3x +5x°

lim

=0 x

-2 -2
(v} lim X x

:_,J‘Jx——‘i'F‘J_ '-I'r_l‘vrerl]
o im 22

= lim —— Ans.0
x=2(fx+2+1)
34 a8
(vi) lim 27 im X (—3)
-3 o +243 r—-—if—(—s}’
x* —{—3}
_:r—t—i (x—13)
- 5 o
lim X =3

x— =% [r—ﬂ}

[multiplying and dividing by (x —3)]

u=ﬂ[ i X ]A 1

s(—3F"' 5%81

X—a 15

12. Given, lim - 108
=3 y -3
[ . _
= -3 =108 o lim X 4 =na""J
x—a yx-—ga

= nd" " t=4x3""" Ans.n=4

3. Let fix)=sin"x i)

By definition of first principle of derivative, we get
Frx)= I.1 filx + h} fix)

) sm3{x+h}—sm3x
= ]I.'ITI T

Jim b [from Eq. (i)]

[ {sin(x + h) — sin x} {sin® (x + h}

- +sin”® x}+sin(x + h)sinx)|
Thsa h

29.1nE cos[x + J[sm (x+ h}]
2 2 |

| +sin® x + sin{ x + h) sin x) J
h— 0 h




i4.

15.

16.

= lim s‘mMz-].i:m cus[x+£)-
h—=0 hi2 h—o 2

lim [sin®(x + h) + sin® x +sin (x + h) sin x]
h—0
=1-cos x - (sin® x + sin® x +sin® x)

.2
Ans. 3sin” x cos x

Given, flx)=x*—6x+8
On differentiating both sides w.r.t., x, we get
fi(x)=2x-86 )
Now, f'(5)-3f(2)=2x5-6-3(2x2—6)
[from Eq. (i)
=10-6—-12+18=10 1]
and f(B)=2x8-6 [from Eq. (ii)]
=10 ..{1if)
From Egs. (ii) and (iii), we get f'(5)—3 f"(2)= f'(8)
(i) lim x2*—x lim x(2¥ -1)

x—+0]l—cosx x—0]l-—cosx

2¥ —1
xz
X

2¥ —1
x!
X

= lim = lim =
r—=0 | —cosx =0 2gin” x/2
=2 lim ;2{2 _1}=21agzﬁns. log4
“"“[sinxa’z) x
x/2

(11) Use direct substitution method. Ans. 0
(i)Letx=0+h thenasx - o, h—0

5 X sin@ — oL sin x
Now, iy — —

x—a xX—0o
-l (ot + h) sinot — o sinf{ct + h)
h—0 o+h—-o
. osin o + hsinot — o sin(oL + h)
= lim
h—=0 h
(m+h]. ( h)
- 2cos sin | —— hsi
= lim 2 2 4 sino
h—0 h h
(5]
sin | —
(m+h] 2 (—h)
o 2co8 | —— | ——— | —
2 (—_h) 2
= lim 2 + sinQ
h—0 h

Ans. sin — 0 cosot

» 1
(i1) Let cos x cos 2x cos3x = -2- (2cos x cos3x cos 2x)

= l; [(cos 2x + cos4x) cos 2x]

17.

1
=—(2cos” 2x + Zcos 2x cosdx)

+
1
= 4—{1 + cosdx + cos 2x + cos bx)
Now., lim l—cosx cgs 2x cos3x
=0 sin” 2x
1
1——(1+ cos4x + cos 2x + cos6x)
. 4 7
= lim = Ans, —
x50 sin® 2x 4

2 4 2 +

2 2 2
8
lim — l—msx— —cnsx— 1—cusx—
P 2 4 .
2 2
3
lim —[1—ccsx—]{l—cm x_)
a0y 2 4

2 2
8 X X 1
lim — 2sin® —- 2sin® — Ans.—
o gt 4 8 32
3sinx —sinix
(iv) lim ————
0 x (cos 2x — cosdx)

2 2 2 2

T 8 X X x

(ili) lim —|1— cos — — cos — + c0§ — 05 —
P—

]

3sinx —Fsinx +4sin’ x
= lim
x—il r

.tl_Zsin[dI:zx]sin [4x ; 21]]

a

2sin® x % o 2
- _— = - Ans. —
x—0 xsin3xsinx 3 x-o0 sin3x 3
3x
. 2sin® x +3cos x —1
Given, y = -
sinx
2sin® x Ccos X 1
= . +3 - Rt -
sin x sinx sinx

= y = 2sin x + 3cot x — cosecx
On differentiating both sides w.r.t. x, we get
d ?
d_y= 2cos x + 3(— cosec” x) — (—cosec x cotx)
x

Ans. 2cos x — 3cosec’ x + cosecx - cotx

We have, y = asinx +bcos x

= d—y=acosx-bsinx
dx
d 2
= (—y-) =(acos x — bsin x)*
dx

vV
= y2+(zy) = (asin x + bcos x)* +(acos x — bsin x)*

=a'+b*





