In this chapter we have studied the following points :

1. Two figures having the same shape but not necessarily the same size are called similar

figures.

Congruent triangles are similar but similar triangles may or may not be congruent.

If two triangles are similar, for some correspondence between their vertices, then the
corresponding angles are congruent and corresponding sides are proportional.

4. If a line drawn parallel to a side of a triangle intersects other two sides, then it divides the
other two sides in the same ratio.

5. If a line divides any two sides of a triangle in the same ratio, then the line is parallel to the
third side of the triangle.

6. If in two triangles for some correspondence between their vertices, the corresponding angles
are congruent, then the triangles are similar. (AAA) In fact, if any two corresponding angles
are congruent, the triangles are similar. (AA)

7. If in two triangles, for some correspondence between their vertices, two corresponding sides
are proportional and the angles included between those sides are congruent, then the triangles
are similar. (SAS)

8. If in two triangles, for some correspondence between their vertices, the corresponding sides
are proportional, then the triangles are similar. (SSS)

9. The areas of two similar triangles are proportional to the squares of their corresponding
sides.

D. R. Kaprekar received his secondary school education in Thane and studied at Fergusson
College in Pune. In 1927 he won the Wrangler R. P. Paranjpe Mathematical Prize for an original piece
of work in mathematics.

He attended the University of Mumbai, receiving his bachelor's degree in 1929. Having
never received any formal postgraduate training, for his entire career (1930-1962) he was a
schoolteacher at Nashik in Maharashtra, India. He published extensively, writing about such topics as
recurring decimals, magic squares, and integers with special properties.

Discoveries :

Working largely alone, Kaprekar discovered a number of results in number theory and described
various properties of numbers. In addition to the Kaprekar constant and the Kaprekar numbers
which were named after him, he also described self numbers or Devlali numbers, the Harshad
numbers and Demlo numbers. He also constructed certain types of magic squares related to the
Copernicus magic square. Initially his ideas were not taken seriously by Indian mathematicians,
and his results were published largely in low-level mathematics journals or privately published,
but international fame arrived when Martin Gardner wrote about Kaprekar in his March 1975 column
of Mathematical Games for Scientific American. Today his name is well-known and many other
mathematicians have pursued the study of the properties he discovered.
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SIMILARITY AND 7
THE THEOREM OF PYTHAGORAS

It is not enough to have a good mind. The main thing is to use it well.

— Rene Des Cartes

7.1 Introduction
“Which theorem of geometry is famous even among those persons who do not know geometry ?”
Ask this question to any one you meet, not necessarily to a mathematics teacher or an engineer or a
doctor or a science graduate but to any body including a bank employee, a lawyer or a merchant who
must have completed his school studies. You will be surprised to hear the name “Pythagoras Theorem”.
This theorem was invented almost three thousand years ago. It is known to the world as
“Pythagoras Theorem” but it was invented independently in all ancient civilization including the
civilization that flourished in the plane of rivers, Sindhu and Ganga-Yamuna. Many prominent
mathematicians are fascinated by this theorem. That is why more than 370 independent proofs of
this theorem are available. Do you surf internet ? Type the word “Pythagoras Theorem” in any
search engine. You will get more than 100 pages related to this theorem. In this chapter we are going
to study this theorem and some results associated with this theorem.
7.2 Similarity and Right Angled Triangle
We are going to use the concept of similarity to prove the “Theorem of Pythagoras™. This theorem
is essentially an important property of right angled triangle.
If one angle of triangle is a right angle, the remaining
two angles are acute angles. If an altitude is drawn on the
hypotenuse from the vertex where right angle is formed,
two triangles are formed in its different semiplanes. We
are going to use the relation between these two triangles B \LD C
and also their relation with the given triangle. We are
going to accept the following theorem without proof.
Theorem 7.1 : If an altitude is drawn to the hypotenuse of a right angled triangle, then

A

Figure 7.1

the triangles formed in the different closed semiplanes of the altitude are similar to the
given triangle and also they are similar to each other.

In other words, If in AABC, ZA is right angle and AD L BC, D € BC, then
AADB ~ AABC, AADC ~ AABC and AADB ~ AADC.

A
First we note that all the three triangles are right
angled triangles. In a right angled triangle, sum of x| 90 —x
measures of two acute angles is 90. So if we assume
that mZACD = mZACB = x, then mZDAC = 90 — x and g - x C
due to B-D—C, mZ/BAD = 90 — (90 — x) = x. P Figure 7.2
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Hence, correspondence ADB ¢> CAB is similarity.
correspondence ADC <> BAC is similarity.

and correspondence ADB <> CDA is similarity.
This is the brief out line of the proof of theorem 7.1.

Geometric Mean

If x, y, z are positive real numbers and if % = % (i.e. y2 = zx), then y is called the geometric

mean of x and z. In other words geometric mean of two positive numbers a and b is
Jab. We generally denote the geometric mean by the letter G. Tt can be shown that if
a < b, then the geometric mean G of g and b satisfies the inequality a < G < b.

Adjacent Segments : In AABC, if AD L BC, A
D € BC, then BD is called the segment adjacent
to AB and CD is called the segment adjacent
to AC.
Here in AABC, ZA may be acute angle or
right angle or obtuse angle.
As an immediate consequence of theorem 7.1 B

B

D
Figure 7.3

we have the following corollary, which we will
accept without giving a formal proof.

Corollary 1 : If an altitude is drawn to hypotenuse of a right angled triangle, then (1) length
of altitude is the geometric mean of lengths of segments of hypotenuse formed by the
altitude (2) length of each side other than the hypotenuse is the geometric mean of length
of hypotenuse and segment of hypotenuse adjacent to the side.

In other words,

if in AABC, ZA is a right angle and AD L BC, D € BC, then

(1) AD? = BD-DC :
(2) (i) AB? = BD:BC
(i) AC? = CD-BC
In theorem 7.1, we have seen that the correspondence
ADB <> CDA of AADB and AADC is a similarity. B D ¢
% = % Figure 7.4
s AD? = BD:DC
Also in AADB and AABC the, correspondence ADB <> CAB is a similarity.
AB _ BD
BC AB
AB? = BD-BC
In AADC and AABC the, correspondence ADC <> BAC is a similarity.
AC _ DC
BC AC
AC? = DC-BC
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Now we are fully equiped to prove the famous theorem invented by Pythagoras, a greek
geometrician and a student of Thales, the father of geometry. The proof given in the text books in
modern days is not the proof given by Pythagoras and documented in Euclid's Elements. The proof
given here is based on the concept of similarity of triangles as seen in theorem 7.1 and the corollary.

7.3 Theorem of Pythagoras
Pythagoras’ theorem is famous because of its wide range of applications. We have used
Pythagoras theorem to construct the line segments whose lengths are irrational numbers like J2,
NE) s S5 , J17 ete. Trigonometric ratios are defined using right angled triangle. We use Pythagoras
theorem to prove the identity sin?0 + cos?0 = 1 (Chapter 9). In ancient Indian civilization, "Sulb Sutras"
written by Bodhayan (800 BC) depict Pythagoras theorem. Bhaskaracharya and Brahmagupta gave
different proofs of Pythagoras Theorem. Leonardo De Vinchi, the great artist, sculpturist, architect,
famous for his painting "Monalisa" also gave a beautiful proof for this theorem.
Theorem 7.2 : Pythagoras Theorem : Square of the length of the hypotenuse of a right
angled triangle is the sum of the squares of the lengths of other two sides.
Given : ZA is right angle in AABC. A
To prove : BC2 = AB2 + AC?
Proof : Let AD L BC, D € BC
ZA is right angle in AABC.
ZB and ZC of AABC are acute angles.
B-D—C D
BD + DC = BC (@) Figure 7.5
Now using corollary of theorem 7.1,
We have AB2 = BD - BC
and AC? = DC-BC
AB? + AC? = BD-BC + DC-BC
= (BD+DC)-BC
= BCXBC
= BC?

Converse of Theorem of Pythagoras :

If three sides of a triangle are given, we can construct the triangle.

Let us construct a triangle in which AB = 3, BC = 4 and AC = 5. Now measure ZB.

Let us construct another APQR in which PQ = 5, QR = 12 and PR = 13. Measure ZQ.

We will observe that in these triangles, ZB and Z£Q are right angles.

Did you observe that in AABC, AC?2 = AB2 + BC? ?
Did you note that in APQR, PR? = PQ? + QR2 ?

These activities lead us to deduce that whenever in a triangle, square of a side equals the
sum of the squares of the other two sides, the triangle is a right angled triangle. That is the converse
of the Pythagoras' Theorem is true.

Let us prove it.

Theorem 7.3 : Converse of Pythagoras' Theorem : In a triangle, if the square of a side
is equal to the sum of the squares of other two sides, then the angle opposite to the first side
is a right angle.
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In other words,
If BC2 = AB? + AC? in AABC, then ZA (opposite to BC) is a right angle.
Data : BC2 = AB? + AC? in AABC.
To prove : ZA is right angle.

C M

H

A B e)
Figure 7.6
Proof : Let O_))( be any ray.
We can construct (TW){ such that (T{( L (T))(
Let M € O_§ such that OM = AC.

Let N € OX such that ON = AB.
Draw M_N

AOMN is a right angled triangle, as (f\)/[ L O_KI
ZMON is right angle.

m is the hypotenuse.

According to Pythagoras Theorem.

MN? = OM? + ON? = AC? + AB?

> 8

— —>
M € 0Y, N € 0X)

But AB2 + AC2 = BC? (Data)
MN? = BC?
MN = BC )
In AABC and AONM consider the correspondence ABC <> ONM, we have
AB = ON (ON = AB)
AC = OM (OM = AC)
BC = MN (BC = MN)
The correspondence ABC <> ONM is a congruence. So, AABC = AONM (SSS)
LA = /0

but ZO in AONM is a right angle by construction.
ZA is a right angle.

Now let us solve some examples.

Example 1 : In APQR, mZQ = 90 and QM is an altitude and M € RP. If QM = 12, PR = 26.

Find PM and RM. If PM < RM, find PQ and QR.
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Solution : In APQR, QM is an altitude and

R
mZQ = 90
M € PR and P-M-R.
Let MP = x.
RM=PR—MP=26—x (PR = 26) o
Now, QM2 = PM - RM
122 = x(26 — x) (QM = 12) Q P
X2 —26x + 144 = 0 Hawel]
x—8)x—18)=0
x=8 or x=18
PM=8 or PM =18
Correspondingly RM =26 —8 =18 or RM =26 —18=8 (i)
But PM < RM.
PM = 8, RM = 18 and PR = 26
PQ2=PM-PR =8 X 26 = 16 X 13
PQ = 4413
QRZ=RM-PR = 18 X 26 = 36 X 13
QR = 613 A
Example 2 : In AABC, mZB = 90, BM L AC, x
M € AC. If AM = x, BM =y, find AB, BC i
and CM in terms of x and y. (x > 0, y > 0)
Yy
B C
Figure 7.8
Solution : We have, BC2 = CM - AC @)
ABZ = AM - AC (i)
AB? = AM?2 + BM? (i)
AC? = AB? + B(? (iv)
Here AM =x, BM =y
AB2 = AM? + BM? = x2 + 32 (using (iii))
AB = Jx? +y2 \9}

Using (ii), we have AB?2 = AM - AC
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¥ + 32 = xAC
AC x2 + y2
X
2 2 2
CM=AC—-AM =2+ _ Y (vi)
X X
2 2(F4Y2) PP +yY o :
BC*=CM:AC = — P = 2 (using (i) and (vi))
BC =2 [24y? (vii)

2
Thus AB = J42 4 y2, BC = %‘/x2+y2, CM = YT

Example 3 : In right angled APQR, ZP is a right angle and PM is the altitude on the hypotenuse.
If PQ = 8, PR = 6, find PM.

Q
Solution : ZP is a right angle in APQR.
PQ? + PR2 = QRZ. Also PR = 6 and PQ = 8.
QR? = 6% + 82 = 100
8
QR =10 M
PQ? = QM- QR
_PQ® _ e _
QM = =10 = 64
P 6 R
RM=QR—-QM =10 — 6.4 = 3.6
PM2 = QM -MR = 6.4 X 3.6 Eigaeie
2 (36)(64)
M 100
_ 6X8 _
PM = —— =438 >

Example 4 : In APQR, ZQ is a right angle.
PR — PQ = 9 and PR — QR = 18. Find the
perimeter of APQR. r 4

Solution : In APQR, ZQ is a right angle.
Let PQO=r,PR=¢q,QR=p; p, q r>0

R
Now, PR — PQ = 9 and PR — QR = 18 e »
Figure 7.10
qg—r=9 ®
q—p=18 (ii)
Also using the theorem of Pythagoras, PQ2 + QR? = PR?
P +p =g (i)

From (i) r = ¢ — 9 and from (ii) p = ¢ — 18
Substituting in (iii) we get,
(@— 9%+ (g— 187 = ¢

g* — 549 + 405 =0
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(g—45g—9=0
q*9 (ifg=9thenr=q—9=0)
q =45
From (i) and (ii) r = 36, p = 27
The perimeter of APQR = PQ + QR + PR
=r+p+q=36+27+45=108
The perimeter of APQR is 108.

Example 5 : Lengths of sides AB, BC, AC, of AABC are given below. In each case determine

whether AABC is right angled triangle or not. Also state which angle is a right angle, when the
triangle is a right angled triangle.

1)
(2)
3)
4)

AB = 25, BC =17, AC =24
AB =8, BC =6, AC=3
AB = 8, BC = 6, AC=10
AB =4, BC =5, AC=6

Solution : In right angled triangle hypotenuse is the greatest side.

1)

(2)

3)

“4)

If AABC is right angled triangle, then the side of the greatest length is hypotenuse.
AB=25BC=7,AC=24

If AABC is right angled triangle, then AB must be hypotenuse.

AB? =252 = 625, BC? + AC? = 72 + 242 = 49 + 576 = 625

AB? = BC? + AC?

AABC is right triangle and ZC is a right angle.

AB =8,BC=6,AC =3

If A, B, C form a right angled triangle, we should have AB2 = BC? + AC2.
AB? = 82 = 64, BC? + AC? = 62 + 32 = 45

AB? # BC? + AC?

AABC is not a right angled triangle.

AB=8,BC=6,AC=10

If A, B, C form a right angled triangle, we should have AC? = AB2 + BC2.
AC? =102 = 100, AB? + BC? =82+ 62 =64+ 36 =100

AC? = AB? + BC?

AABC is a right triangle in which £B is right angle.
AB=4,BC=5AC=6

AC? = 62 =36, AB?2 + BC2 =42+ 52 =16 + 25= 41

AC? # AB? + BC?

AABC is not a right angled triangle.

Example 6 : In AABC, AC + BC = 28, AB + BC = 32 and AC + AB = 36. Determine whether
AABC is a right angled triangle or not.

Solution : In AABC suppose AB = ¢, BC = a, AC = b

150

MaAaTtHEMATICS 10



We are given AC+ BC =28 ie. b+ a=28
AB+BC=20 ie. c+a=32
AC+AB =24 ie. b+c=36
From (i), (ii) and (iii) (by addition)
2a+2b+2c =28 +32+ 36 =96
at+b+c=148
But a + b =28
c=48 —28 =20
From (ii), we get @ = 12 and from (iii) we get b = 16
a=BC=12,b=AC=16,c=AB =20
@ + b% = 122 + 162 = 144 + 256 = 400 = ¢?
@+ b2 =c2
BC? + AC? = AB?
In AABC, BC? + AC? = AB?

By the converse of the theorem of Pythagoras, AABC is a right angled triangle.

Example 7 : In AABC, BM is an altitude. M € AC

is a ri AB® _ AM
and ZB is a right angle. Prove that B2~ oM"

Solution : In AABC, ZB is a right angle and BM L AC, M € AC.
We have AB2 = AM. AC and BC2 = CM . AC

ABZ  AM:-AC
B2 CM:AC

ABZ _ AM

BC? CM

Example 8 : mZB = 90 in AABC and
BM L AC, M € AC. If AM = 4MC,
prove that AB = 2BC.

Solution : In AABC, mZB = 90 and BM L AC, M € AC.
AB2 = AM . AC
BC?2 = CM . AC

&2 AM-AC  aMm

BC? MC-AC MC

2
AB? _ 4MC _ 4

BC? MC
AB _

BC _ 2
AB = 2BC

@
(i)
(i)
A
16 20
C B B
Figure 7.11
A
M
B C
Figure 7.12
A
M
B C
Figure 7.13
(AM = 4MC)
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Example 9 : In AABC, /B is a right angle and BM is an altitude and M € AC. If AB = 2AM, then

prove that AC = 4AM.
In AABC, m4B = 90

BM L AC,M € AC.

Solution :

ABZ = AM - AC
(2QAM)2 = AM - AC
4AM? = AM - AC
AC = 4AM

Example 10 : In AABC, mZA =90 and AD L BC,

1 1
+ )
AB? AC?

- 1
D € BC. Prove that D

Solution : We know AB? = BD: BC

We also know AC2 = DC - BC

1 1 1 1
+ —
AB?2 = AC?

=BD-BC T DC-BC

DC + BD
BD-DC-BC

BC 1

= BD-DC-BC ~ BD-DC

Also AD? = BD-DC

1,1 _ 1
AB? AC?  AD?

Example 11 : P is a point inside the rectangle ABCD,

Prove that PA2 + PC2 = PB2 + PD2.

Solution : P is a point inside the rectangle ABCD.

Draw a line from P parallel to AD and let this line

intersect AB and CD in Q and R respectively.
A—Q—B, D—R—C.

C
M
B A
Figure 7.14
C
@
. D
(ii)
A B
Figure 7.15
(iiii)
A D
x x
R
P b-y
a—-x a-—x
B C
Figure 7.16

Let AB = CD = a, AD = BC = b, AQ = DR = x.
(O AQRD and [[JQBCR are rectangles)

QB=CR=a-—x

Now, AAQP and ABQP are right angled triangles

Similarly APRD and APRC are right angled triangles

Also let PQ =y so that PR =56 — y

PAZ = x2 + 3?2 and PC? = (a — x)2 + (b — y)?

(£Q is right angle)
(4R is right angle)
(QR = AD = BC = b)

PA24+PC2=x2+ 3>+ (a—xP + (b — )P )
PB? = (@ — x)> + y? and PD? = (b — y)? + »?
PB2 + PD? = x2 + )2 + (@ — x)2 + (b — y)? (i)
From (i) and (ii), PA2 + PC2 = PB? + PD?
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Example 12 : In APQR, mZQ = 90, PQ? — QR? = 260. P

10.

11.
12,

13.
14.

& is the altitude to hypotenuse. S € PR. If
PS — SR = 10, find PR.
Solution : In APQR, @ is the altitude on hypotenuse.
ZQ is a right angle.
We have, PQ?2 = PS-PR
QR? = SR-PR
PQ? — QR2 = PR(PS — SR)

But PQ? — QR2 = 260 and PS — SR = 10 Figure 7.17
260 = PR(10)
_ 260 _
PR = ST 26

EXERCISE 7.1

ZB is a right angle in AABC. BD L AC and D € AC. If AD = 4DC, prove that BD = 2DC.
5, 12, 13 are the lengths of the sides of a triangle. Show that the triangle is right angled. Find
the length of altitude on the hypotenuse.

In APQR, QM is the altitude to hypotenuse PR. If PM = 8, RM = 12, find PQ, QR
and QM.

In AABC, mZB =90, BM L AC, M € AC. If AM — MC = 7, AB2 — BC2 = 175, find AC.
ZA is right angle in AABC. AD is an altitude of the triangle. If AB = /5, BD = 2, find
the length of the hypotenuse of the triangle.

mZB =90 in AABC. BM is altitude to AC.

(1) If AM = BM = 8, find AC. (2) If BM = 15, AC = 34, find AB.

(3) If BM = 2430, MC = 6, find AC. (4) If AB = J10, AM = 2.5, find MC.

In APQR mZQ =90, PQ =x, QR = y and QD L PR. D € PR. Find PD, QD, RD in terms
of x and y.

ZQ is a right angle in APQR and QM L PR, M € PR. If PQ = 4QR, then prove that
PM = 16RM.

CJPQRS is a rectangle. If PQ + QR = 7 and PR + QS = 10, then find the area of

O PQRS.
The diagonals of a convex [ ] ABCD intersect at right angles. Prove that

AB? + CD? = AD? + BC?.

In APQR, mZQ =90, M € QR and N € PQ. Prove that PM2 + RN2 = PR2 + MN2,

The sides of a triangle have lengths @ + b2, 2ab, a®> — b2, where a > b and a, b € R™. Prove
that the angle opposite to the side having length a® + b2 is a right angle.

In AABC, mZB = 90 and BE is a median. Prove that AB? + BC? + AC? = 8BE?.

AB = AC and ZA is right angle in AABC. If BC = y2 4, then find the area of the triangle.
(@ae R,a>0)
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Important result (Apolloneous Theorem) : A
AD is a median of AABC. Prove that AB2 + AC2 = 2(AD? + BD?)
Solution : Let AM be the altitude of AABC.

AD is a median. If AB = AC, then D = M.
Then AD = AM and AM L BC D=M

A ; g
AB2 + AC2 = 2ARB2 Figure 7.18(i)

2(AD? + BD?) = 2(AM? + BM?) = 2AB?
AB? + AC2 = 2(AM? + BM?)
Let AB # AC. Then any one of ZADB and
ZADC is acute angle.

Without loss of generality we can assume

.
ZADB is an acute angle. B M D ¢

B—-M-D—C Figure 7.18(ii)
MB = BD — DM and MC = DM + DC = DM + BD (BD = DC)
AABM and AAMC are right angled triangles.
AB? + AC? = (AM? + MB?) + (AM? + MC?)
= 2AM?2 + MB2 + M(?
= 2AM? + (BD — DM)? + (DM + BD)?2 (BD
= 2AM?2 + 2DM? + 2BD?
= 2BD? + 2(AM?2 + DM?)
= 2BD? + 2AD?
AB2 + AC? = 2(AD? + BD?)

Using Apolloneous theorem, let us solve some examples.

DC)

Example 13 : In AABC, AD, BE, CF are the A
medians. Prove that,
4(AD? + BE2 + CF?) = 3(AB? + BC2 + AC?).
Solution : Using the theorem of Apolloneous F
we have proved that
AB? + AC? = 2(AD? + BD?) @)
Let AB=¢, BC=q, CA=5

AD is a median.

_ Figure 7.19
D is the mid-point of BC.

_lpc=1
BD = 4BC = 14,
2
2
2+ b2 = 2[AD +(4) ] = 2AD? + £ (by (@)

2¢2 + 262 = 4AD? + @2
4AD? = 2¢2 + 2b2 — 42 (i)
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Similarly we have
4BE? = 2¢? + 2a% — b2
and 4CF? = 242 + 2b% — ¢?
From (ii), (iii), (iv) we have,
4(AD? + BE? + CF?) = 3(a®> + b + ¢?)
= 3(BC? 4+ CA? + AB?)
4(AD? + BE? + CF?) = 3(AB? 4+ BC? + AC?)
Example 14 : APQR is a right angled triangle. mZP = 90. M
and N are mid-points of F) and PR respectively. Prove
that 4RM? + QN2) = 5QR2.
Solution : In APQR, /P is right angle.
M is the mid-point of E
PM = 2PQ
N is the mid-point of PR.
PN = ZPR
In APMR, ZP is a right angle.
RM? = PR? + PM?
RM? = PR + (%PQ)Z
RM? = PR? + 2PQ?
.. 4RM? = 4PR? + PQ?
In APNQ, ZP is a right angle.
QN2 = PN2 + PQ? = (%PR)Z + PQ?
4QN? = 4PQ? + PR?
Adding the results of (i) and (ii), we get
4RM? + QN?) = 4(PR? + PQ?) + (PQ? + PR?)
But PQ? + PR2 = QR?
4RM2 + QN?) = 4QR? + QR?
4(RM? + QN?) = 5QR?2
Example 15 : In APQR, mZQ = 90,
M, N are the points of trisection of PR.
Using Apolloneous theorem Prove that
QM? + QN? = 5SMN2.
Solution : ZQ is right angle in APQR.
PQ? + QR? = PR? = (3MN)? = 9MN?
(PM=MN=NR=-;-PR) @)
QM is a median in APQN.

(i)
)

Figure 7.20

(i)

(In APQR, ZP is a right angle.)

Figure 7.21
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By Apolloneous theorem,

PQ? + QN2 = 2QM? + 2MN?

QN is a median in AQMR.

QM2 + QR? = 2QN2? + 2MN?

From (ii) and (iii), by addition,

PQ? + QN2 + QM2 + QR? = 2QM? + 2QN? + 4MN?
9MN? = QM? + QN2 + 4MN?

QM? + QN2 = 5MN?

EXERCISE 7.2

1. In rectangle ABCD, AB + BC = 23, AC + BD = 34. Find the area of the rectangle.

In AABC mZA = m4B + mZC, AB = 7, BC = 25. Find the perimeter of AABC.

W N

of the staircase from the wall.
In AABC AB = 7, AC = 5, AD = 5. Find BC, if the mid-point of BC is D.

AD is a median of AABC. AB? + AC2 = 148 and AD = 7. Find BC.

In rectangle ABCD, AC = 25 and CD = 7. Find perimeter of the rectangle.
In rhombus XYZW, XZ = 14 and YW = 48. Find XY.

10. Tn APQR, mZQ : m/R : m/P =1:2:1. If PQ = 246, find PR.

©® N s

*

Example 16 : In AABC, AB = AC and AD is a
median. If AD = 12 and the perimeter of
AABC is 48, then find ABC.

Solution : In AABC, AB = AC and AD is a median. x
D is the mid-point of BC.
BD = DC
BD = DC

In equilateral AABC, D € BC such that BD : DC = 1:2. Prove that 3AD = 7 AB.
In AABC, AB = 17, BC = 15, AC = 8, find the length of the median on the largest side.

— e —

@)

)

(using (i)

A staircase of length 6.5 meters touches a wall at height of 6 meter. Find the distance of base

In AADB and AADC

AB = AG, BD = DC and AD = AD

AADB = AADC and ZADB and ZADC form a linear pair.
mZADB = mZADC = 90

AD is the altitude of AABC on BC.

Area of AABC = 1BC- AD.

Let AB = AC = x.

Figure 7.22

U]
x> 0)
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The perimeter of AABC is 48.
AB + AC + BC = 48
x+x+ BC =48
BC =48 — 2x. So, BD =24 — x
AADB is a right angled triangle. ZADB is right angle.
AB? = BD? + AD?
X2 = (24 — x)? + 122
x> — (24 — x)2 =122
—576 + 48x = 144
48x = 144 + 576 = 720
x=15
AB=AC=15
BC =48 — 30 = 18
From (i) area of AABC = %BC - AD
=1 x18x12=108

Example 17 : In AABC, BD is an altitude.
AB = 2AD, CD = 3AD and A—D—C. Prove

that AABC is a right angled triangle. 2
Solution : In AABC, AB = 2AD,
CD = 3AD and A—D—C.
A Ix C

Let AD = x. x

AB = 2% CD = 3x Figure 7.23
Also A—D—C.

AC=AD+DC=x+3x=4x (@i)
AADB is a right triangle.

AB? = AD? + BD2 (BD L AC)

BD2 = AB2 — AD? = (2x)2 — x2 = 3x2 (i)
ABDC is a right triangle. (BD 1 AQ)

BC? = BD? + CD? = 3x2 + (3x)? = 12x2
Now AB? + BC2 = (2x)2 + 12x2
= 16x2
= AC?
In AABC, AB? + BC? = AC?
By the converse of theorem of Pythagoras.
AABC is a right triangle in which ZB is right angle.

(using (ii)) (i)
(using (iii))

(using (1))
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Example 18 : In AABC, mZA + mZC = m4ZB and A

AC : AB = 17 : 15. If BC = 12, find the area of AABC.
Solution : mZA + mZC + m4B = 180 in AABC.
But mZA + mZC = m4B
mZB + mZB = 180
mZB = 90 and AC is the hypotenuse.
AABC is a right angled triangle in which £ZB is right angle. B
AC:AB=17:15
s Let AC = 17k, AB = 15k where £ > 0
In AABC, AC? = AB? + BC?
BC? = AC? — AB? = 289k — 225K* = 64k?
BC = 8%. But BC = 12 (given)

Figure 7.24

8k =12

=12 _ 3
k= 3 2

_ _ 3 _ 45
AB—lSk—lSXE—T
BC =12

ABC=%BC><AB=%><12X4—25=45X3=135

EXERCISE 7

AD, BE, CF are the medians of AABC. If BE = 12, CF = 9 and AB2 + BC2 + AC2 = 600,
BC = 10, find AD.

AD is the altitude of AABC such that B—D—C. If AD2 = BD - DC, prove that ZBAC is right angle.
[Hint : AD L BC. So, B-D—C is given. So, AADB and AADC are right angled triangles to
which Pythagoras' theorem can be applied. Same method can be applied to solve Ex. 3, 4, 5.]
In AABC, AD L BC, B-D—C. If AB2 = BD - BC, prove that ZBAC is a right angle.

In AABC, AD L BC, B-D—C. If AC2? = CD - BC, prove that Z/BAC is a right angle.

AD is a median of AABC. If BD = AD, prove that ZA is a right angle in AABC.

In figure 7.25, AC is the length of a pole ¢

standing vertical on the ground. The pole

is bent at point B, so that the top of the

pole touches the ground at a point B

15 meters away from the base of the @ /""" 77T
pole. If the length of the pole is 25, find A

the length of the upper part of the pole.

Figure 7.25
In AABC, AB > AC, D is the mid-point of BC. AM L (B_(): such that B—-M—C. Prove that
AB? — AC? = 2BC - DM.
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8. In AABC, BD L AC, D € AC and /B is right angle. If AC = 5CD, prove that BD = 2CD.

9. Select a proper option (a), (b), (¢) or (d) from given options and write in the box given
on the right so that the statement becomes correct :

(1) In APQR, if mZ£P + mZQ = m4ZR. PR = 7, QR = 24, then PQ = ...... ]
(a) 31 (b) 25 ) 17 (d) 15

(2) In AABC, AD is an altitude and ZA is right angle. If AB = 420, BD = 4, then
CD = ... ]
@5 (®) 3 © V5 @1

(3) In AABC, AB2 + AC? = 50. The length of the median AD = 3. So, BC = ...... 1
(a) 4 (b) 24 (c) 8 (d) 16

(4) In AABC, m£B = 90, AB = BC. Then AB : AC = ...... ]
() 1:3 b 1:2 © 1:42 @V2:1

(5) In AABC, mZB = 90 and AC = 10. The length of the median BM = ...... ]
@ 5 (®) 5v2 (© 6 )8

(6) Tn AABC, AB = BC = A—Jg. m/B ... -
(a) is acute (b) is obtuse (c) is right angle (d) cannot be obtained

(ﬂInAABC,if%=%=B—J(3—:,thenmLC= ...... ]
(a) 90 (b) 30 (c) 60 (d) 45

(8) In AXYZ, mLX :mZLY :mLZ =1:2:3.1fXY=15,YZ = ...... —]
(a % (b) 17 (c) 8 (d) 75

(9) In AABC, ZB is a right angle and BD is an altitude. If AD = BD = 5, then DC = ...... ]
(a) 1 ® V5 © 5 (d) 2.5

(10) In AABC, AD is median. If AB2 + AC2 = 130 and AD = 7, then BD = ...... —
(a) 4 (b) 8 (c) 16 (d) 32

(11) The diagonal of a square is 542. The length of the side of the square is ...... . 1
(a) 10 ®) 5 © 342 A 2V2

(12) The length of a diagonal of a rectangle is 13. If one of the side of the rectangle is 5, the
perimeter of the rectangle is ...... . 1
(a) 36 (b) 34 (c) 48 (d) 52

(13) The length of a median of an equilateral triangle is J3. Length of the side of the triangle
is ... . 1
() 1 (b) 243 (©) 2 (d) 343

(14) The perimeter of an equilateral triangle is 6. The length of the altitude of the triangle
is ...... . ]
@ L () 243 © 2 @ 3
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(15) In AABC, mZA = 90. AD is a median. If AD = 6, AB = 10, then AC = ...... ]
(2) 8 (b) 7.5 () 16 @ 2411

(16) In APQR, mZQ =90 and PQ = QR. QM L PR,M € PR. f QM =2, PQ = ...... 1
(a) 4 (b) 242 () 8 @ 2

(17) In AABC, mZA = 90, AD is an altitude. So AB? = ...... .|
(a) BD-BC (b) BD-DC () B2 (d) BC-DC

(18) In AABC, mZA = 90, AD is an altitude. Therefore BD - DC = ...... 1
(a) AB? (b) BC? (c) AC? (d) AD?

*

C Summai D

In this chapter we have studied following points :

1. 1In AABC, if mZB = 90 and BD is an altitude, then the correspondence ABC <> ADB,
ABC < BDC and ADB <> BDC are similarities. As a consequence of these similarities
following results were derived.

@ ABZ=AD-AC (ii) BC2=CD-AC (iii) BD? = AD-DC

2. Theorem of Pythagoras : In right angled triangle, the square of the length of the
hypotenuse is sum of the squares of the lengths of the remaining two sides. In other words,
if in AABC, ZA is a right angle, then BC2 = AB2 + AC2.

3. Converse of Pythagoras Theorem : If in a triangle, square of the length of one side is the

sum of squares of the lengths of the other sides, then the angle opposite to the first side is a
right angle.

4. Apolloneous Theorem : If AD is a median of AABC, then AB2 + AC2 = 2(AD? + BD?).

Kaprekar constant :

Kaprekar discovered the Kaprekar constant or 6174 in 1949. He showed that 6174 is
reached in the limit as one repeatedly subtracts the highest and lowest numbers that can be
constructed from a set of four digits that are not all identical. Thus, starting with 1234, we have

4321 — 1234 = 3087, then
8730 — 0378 = 8352, and

8532 — 2358 = 6174.

Repeating from this point onward leaves the same number (7641 - 1467 = 6174). In general, when
the operation converges it does so in at most seven iterations.

A similar constant for 3 digits is 495. However, in base 10 a single such constant only
exists for numbers of 3 or 4 digits.
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TRIGONOMETRY 9

An engineer thinks his equations are an approximation to reality.
A physicist thinks reality is an approximations to his equations.
A mathematician does not care.

- Paul Erdos

9.1 Introduction

Trigonometry is the oldest branch of mathematics. This concept was first used by Aryabhata
in Aryabhatiyam in 500 A.D. ‘Trigonometry’ is a word consisting of three Greek words : ‘Tri’, ‘Gon’
and ‘Metron’. ‘Tri’ means three, ‘Gon’ means side. ‘Metron’ means measure. Putting it simply
trigonometry is a study related to the measure of sides and angles of a triangle. We have studied about
triangles and in particular, right triangles, in earlier classes. Let us take some examples from our
surroundings where right triangles can be imagined to have formed. For instance,

(1) Suppose the students of a school are
visiting TV transmission centre. Now, if a student
is looking at the top of the TV tower, a right
triangle can be imagined to have formed, as shown
in the figure 9.1. Can the student find out the
height of the TV tower, without actually
measuring it ?

(2) Suppose a boy is sitting on the top of a
light house. He is looking down and observes a Figure 9.1

ship steady at sea. A right triangle is imagined
to have formed in this situation as shown in
figure 9.2.

If we know the height of the light house at
which the boy is sitting, can we find the distance
of the ship from the light house ?

In both the situations given above, the
distance of a ship from the light house and
height of the TV tower can be found by using
some mathematical techniques, which come under

Figure 9.2

a branch of mathematics called ‘trigonometry’. Trigonometry is a study related to the measure of
sides and angles of a triangle. That the calculation of measures of all sides and angles of a triangle
can be done using the measures of some other sides and angles of a triangle is an important feature
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of trigonometry. Trigonometry is used in astronomy to determine the position and the path of celestial
objects. Astronomers use it to find out the distance of the stars and planets from the Earth. Captain of
a ship uses it to find the direction and the distance of islands and light houses from the sea. Surveyors
use to map the new lands.

9.2 Trigonometric Ratios

As shown in figure 9.4 side AC is side opposite to
B, side BC is side adjacent to /B and side AB is the
hypotenuse of AABC. (A, will also denote the measure

=~

Side opposite to angle A

=
C

Side adjacent 1o angle A

Figure 9.3

of ZA, if there is no ambiguity)

The trigonometric ratios are defined as follows.

The ratio of the side opposite to ZBAC and hypotenuse

is called sinA (read sineA).

sin

Side opposite to angle A g

Hypotenuse AB

=

Side opposite o angle B

Figure 9.4

I
C

Side adjacent to angle B

Let us take a right triangle ABC as shown in figure
9.3. Here ZBAC (angle A) is an acute angle. side BC

is called side opposite to ZA, side AC is called side
adjacent to ZA and side AB is the hypotenuse of

AABC. Note that these terms about sides change
when we replace ZB by ZA.

The ratio of the side adjacent to ZA and the hypotenuse is called cosineA. In short we
write cosineA as cosA (read cosA).

cosA

_ Side adjacent to angle A

Hypotenuse

S

The ratios, other than ones defining sinA and cosA given above, of any two of the sides from

opposite side, adjacent side and hypotenuse with reference to ZA (or £B) in right angled triangle
ABC, have also been given special names.

side opposite to ZA

- - = tangentA
side adjacent to ZA

tangentA is written in short, as tanA. So,
side opposite to ZA

tanA = = BC
side adjacent to ZA  AC
adjacent side of ZA
° = cotangentA
opposite side of ZA
CotangentA is written in short, as cotA. So,
side adjacent to ZA
cotA = ! = ‘];‘—(C:
side opposite to ZA
TRIGONOMETRY
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hypotenuse

° = secant A
side adjacent to ZA
secantA is written in short, as secA. So,
hypotenuse
secA = — yp = AB
side adjacent to ZA C
hypotenuse
® P = cosecant A

side opposite to ZA

cosecantA is written in short, as cosecA. So,

hypotenuse
cosecA = — P - = %
side opposite to ZA

So, the trigonometric ratios of an acute angle in a right triangle express the relationship between
the measure of the angle and the lengths of its sides. Each trigonometric ratio is a real number and has
no unit.

Why don't you try to define the trigonometric ratios for angle B in the right triangle in figure 9.4 ?
9.3 Invariance of Trigonometric Ratio

Q LA Y

Let ZXAY be an acute angle. Let P and Q be two
points, both different from A and Y, on 1?Y . Draw PM and .
— —
QN perpendiculars from P and Q respectively to AX. (See
figure 9.5) Two right triangles PAM and QAN are formed.

N I . -

PM and QN are both perpendicular to AX. A v T_N > X

PM || QN
QN Figure 9.5

The correspondence PAM <> QAN is a similarity relation.
AP _PM _ AM

AQ T QN T AN

M _ N
AP AQ

. _PM _ QN

In APAM, we have, sinA = P~ AQ

sinA = 2—2 as obtained from AQAN.

Thus trigonometric ratio sinA depends on the measure obtained from ZA only. Similarly other
trigonometric ratios cosA, tanA, etc. depend on measure of angle A only. So, the trigonometric ratios
are same for the angles having same measure. They do not vary with the length of the sides of the triangle.

Note : Any letter of the English alphabet can be used to denote an angle but in trigonometry the
Greek letter O (theta), ¢ (phi), O (alpha), [3 (beta) and Y (gamma) are also used to denote an angle.

Usually sin20 and cos?0 is written in place of (sin0)? and (cos0)2.

Example 1 : In AABC, AC = 5, BC = 13, mZA = 90. Find all the six trigonometric ratios

of ZB. C

Solution : To determine trigonometric ratios for

13
the angle B, we need to find the length of the third side >
AB. Do you remember the Pythagoras theorem ? B A
Let us use it to determine the required length AB. Figure 9.6
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AB? + AC? = BC?
ABZ = BC? — AC?

=169 — 25
=144
AB =144 =12
Now, using the definitions of trigonometric ratios, we have
sinB BC ~ 13° cosB BC ~ 13
=AC _ 35 =AB _ 12
tanB B D cotB AC 5
=BC _ 13 =BC _ 13
secB AR o cosecB AC S

Note : Since
always less than 1.

Example 2 : In AABC if mZC = 90 and fanA = %

the hypotenuse is the longest side in a right triangle, the value of sinA or cosA is

find sinA and cosB.

Solution : Let us draw a AABC, right angled at C.
Now, tanA = f
Bc _ L = BC
AC 3 (lanA =3¢
¥=A_J§=k,say k > 0)
AC = 3k and BC = k B
By Pythagoras theorem, we have
AB? = AC? + BC?
AB? = (J3K? + B2
=312 + &2 A C
= 42 Figure 9.7
AB =2k *k > 0)
sinA = AB -3 and cosB i
9.4 Identities Related to Trigonometric Ratios
From the figure 9.8, mZACB = 0
in = AB = AC
sin = 5c and cos® e
= AB _ AB BC
Now, tan = oC = Scinc C
1
= 5ind - 550 0
sin0
tan® = -5
— AC _ AC  BC _ —L_ A B
In the same way, cotO AF = BC ' AB cos0 - 5,9 _
Figure 9.8
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cos©

cof® = sin®
sin® cos0
Hence, tand . cot® = 058 " 5mnf =
tan® . co® = 1

_ BCc _ —1_ N
secO = ‘AC = cos0- So, secd = 5.

secO . cos = 1
0 = BC = == 50 cosecd = =5
cosec A5 = 5in®- SO, Sin0-

cosecO . sin@ = 1
Note : We have seen that, the value of sinA and cosA is always less than 1. Now,

1 1
cosecA = G and secA = A So, the value of cosecA and secA is always greater than 1.

sin A cos A
tanA = - and cotA = 4. So, the value of fanA and corA is any real number greater than 0.

Example 3 : If cosecA = Jﬁ , find the other five trigonometric ratios.
Solution : In AABC, let mZB = 90.

- AC _ J10
cosecA = BC 1 .
AC
E=BTC=k,say k>0
AC = J10k, BC = & Ji0k k
Now, AC2 = AB? + B(C?
(V1052 = AB? + &2 H
A B
AB? = 10&2 — k? R
1gure 9,
= 9k?
AB =3k *k>0

AC = J10k, BC = k and AB = 3k

Now, sinA - cosecA = 1.
1

, _ 1 =
SInA = cocec A V10
3
0

AB _ 3k _ 3
A

cosA = 49C = Tk ~ Vi
tanA—AB 3k 3

_AC_—1__ Jio _—1_ _
seCA_E_cosA_Tandth_tanA =3

Example 4 : In AABC, right angled at B, BC = 7 and AC — AB = 1. Determine the value of sinC
and cosC.
Solution : In AABC, we have,
AC —AB =1.
AC=AB + 1
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For right AABC
AC? = AB? + BC?
(AB + 1)> = AB? + BC?
1 + 2AB + AB? = AB2 + BC?
1 + 2AB = BC?
2AB =72 — 1
2AB = 48 Figure 9.10
AB =24 and AC =1 + AB = 25
24

So, sinC = %5 and cosC = 2—5

cos0 —sin®
Example 5 : If cot® = 7, find the value of a7 775"

Solution : We have, cor® = %
cose_

cos© — sin@ sin@
050+ 3in0 — cosb (Dividing the numerator and denominator by sin® # 0)

sin®
cot9—1
cot 0+1

a __
_ b _a-b
a+b

Example 6 : In right triangle ABC, m£B = 90 and the ratio of BC to AC is 1 : 3. Find the value of

5 2 4tan A — 5cos A
(1) sin“A + cos’A (2) | 2cos A T acor A |-

C
Solution : We have, BC : AC=1:3
BC _ 1
AC 3 3x
x
LetB—1C=A—3C=x x>0
BC =x, AC = 3x A g
2 — 2 _ 2
Now, AB AC BC Figure 9.1
= (3x)2 — (x)?
8x2
AB =242x x> 0)
=&=2J'x=2f A =BC_ x _1
So, cosA AC - 3o sinA AC  3x 3
_ BC _ 1 _
tanA———z‘/—x 2\/_’ COtA—tanA—2ﬁ
2 2z ¥
Now, (1) sinA + cos?A = (% + (T]
=138 _9_
=gtg=g=1
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10.

11.
12.

13.

14.

15.

16.

)52z

@) 4tanA —5cosA 4(2ﬁ) 5( 3 J
2c0SA +4cotA (242

cos 0 2(7) +4(242)

ﬁ‘% _ 3W2-1042
#+8ﬁ T a2 +242

W2 _ g

2842 4

Exercise 9.1

In AABC, mZA = 90. If AB = 5, AC = 12 and BC = 13, find sinC, cosC, tanB, cosB, sinB.
In AABC, m£B = 90. If BC = 3 and AC = 5, find all the six trigonometric ratios of ZA.

If cosA = %, find sinA and ranA.
If cosecO = %, find zan© and cos0.

If cosB = %, find the other five trigonometric ratios.

In AABC, mZA = 90 and if AB : BC = 1:2 find sinB, cosC, tanC.
5sin© +2cos O
3sin©®—cos 0 °
2sin 0 + 3cos O
5c0s 0 —4sin 0"

If tan® = % find the value of

If secO = %, find the value of
If sinB = %, prove that 3cosB — 4cos3B = 0.

If tanA = ﬁ , verify that

(1) sin?A + cos?A =1 (2) sec’A — tan’A = 1 31+ cof?A = cosec’A
If cosO = %, verify that tan?0 — sin?0 = tan?0 . sin0.

In AABC, mZB = 90, AC + BC = 25 and AB = 5, determine the value of sinA, cosA
and tanA.

In AABC, mZC = 90 and mZA = m4B, (1) Is cosA = cosB ? (2) Is tanA = tanB ?
(3) Will the other trigonometric ratios of ZA and ZB be equal ?
1—tarfA

If 3cotA = 4, examine whether = cos’A — sin’A.

1+ tartA

psin®—gcos 6 P’ -q*
psin®+qcos © — p?+q4*°

If pcot® = g, examine whether
State whether the following are true or false. Justify your answer :

(1) sin@ = %, for some angle having measure 0. (2) cos9=%, for some angle having measure 0.
(3) cosecA = %, for some measure of angle A. (4) The value of fanA is always less than 1.

(5) secB = % for some /B.

(6) cos® = 100 for some angle having measure 0.
%
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9.5 Value of Trigonometric Ratios for Angle of Special Measures

You are already familiar with the construction of angles having measure 30, 45 and 60. In this
section, we will find the values of trigonometric ratios for these angles. If the degree measure of
ZABC is 60, we shall write sin60° for sin60 in future. This is because we shall learn another system
of measure of an angle in future, in which we shall see that sin60 has a different meaning. At present
we know only one system of measure of angle, we write sin60 for an angle having measure 60.

Trigonometric Ratios of 30 and 60 : A
Consider an equilateral AABC.
mZA =mZB = mZC = 60 and AB = BC = AC. 0

Draw the altitude AD from A to BC, as in figure 9.12.
Now, ABD <> ACD is a congruence (by RHS).

BD = DC and m/BAD = m/CAD a) o

As, m/BAC = m/BAD + m/CAD (D € BC) B D ¢
60 = m/BAD + m/BAD ¢ M) Figure 9.12
m/BAD = 30

Now, AABD is a right triangle with mZADB = 90,
mZBAD = 30 and mZABD = 60.

Let AB = 2k k>0
Then, BD = 2(BC) = k @
By Pythagoras theorem, AD? = AB2 — BD? = (2k)? — (k)? = 3k?
AD = 3k * > 0)
; - BD _ k
Now, we have, sin30 = AD &
sin30 = % cos30 = % = %
cosec30 = 2 s cos30 = g
D _ _k_ _ 2
tan30 AD _ I3k sec30 = 73
L
tan30 = 1/3
cot30 = '/3
Similarly,

60 = AD _ 3k _BD _ k _ AD _ 3k
sin60 = AB - ok cos60 = AB 2k tan6(0 = BD - %
sin60 = g cos60 = % s tan60 = \/5
cosec60 = % s sec60 =2 s cotb0 = ﬁ

[Note : Since sin30 = %, we can observe a result of geometry : ‘In a right angle triangle with
angles having measures 30, 60, 90 the length of hypotenuse is twice the length of the side opposite

to the angle having measure 30.]
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Trigonometric Ratios of 45 :
In AABC, mZB = 90 and mZA = 45
mZC = 180 — mZA — m4£B

=180 — 45 —90
mZC =45
mZA =mZC
AB = BC

Now, suppose AB = k. Then BC = &
By Pythagoras theorem,

AC2 =AB? + BC? = k2 + k2 = 22

AC = 2k

sind5 = ﬁ

sind5 = ﬁ

cosecd5 = \/5

(k> 0)
cos4s5 = ﬁ
cosd5 = ﬁ
secds5 = \E

45

45

Lg

Figure9.13

tand5 = %

tand5s

I
—_—

cotds

|

*k > 0)

With the help of geometrical results, we have obtained trigonometrical ratios of angles of measure

30, 45 and 60. These are special cases and it is not possible to find trigonometric ratios of angles
having any measure in this way.

cosecO and cot0 are not defined.

defined.

We have defined trigonometric ratios for the measure of an acute angle only. But we will define
trigonometric ratios of numbers 0 and 90.

They are necessary for practical purpose. We define, sin0 = 0, cosO0 = 1, tan0 = 0 and

Also by definition, sin90 = 1, cos90 = 0, cot90 = 0, cosec90 = 1 and sec90 and fan90 are not

Measure of

an angle A 0 30 45 60 920
sinA 0 1 = i 1
cosA 1 g f % 0
tanA 0 ﬁ 1 s Not defined
cosecA Not defined 2 2 % 1
secA 1 % I 2 Not defined
cotA Not defined N 1 f 0

Note : From the table above we can observe that as mZA increases from 0 to 90, sinA

increases from 0 to 1 and cosA decreases from 1 to 0. We can also observe that value of
cosecA and secA is greater than or equal to 1.
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Example 7 : Find the value of sin60 sind5 + cos60 cos45.
ion : sin60 si —3, L1 L
Solution : sin60 sind5 + cos60 cos45 5T + 2 F
_ 3+1
2

_fBB+1 w32 _ 6442
W2 2 ]
55in230 + sin%45 — 4tan?30
2.sin 30 cos 30 + cot 45

N

Example 8 : Find the value of

12 (Y oY
5sin>30 + sin®4s - 41an?30 _ 3) + %) "G

Selution = =535 cos 30 + cot 45

5

S 62+ X 2-J -

sin 60 + cos 30
Example 9 : Prove that : 755730 Fcose0 — €0530

sin 60 + cos 30
1+ sin 30 + cos 60

8.5 {3

Solution : L.H.S. =

2 3
- —2- = = X2 = cos30 = R.H.S.
1+4+1 2 2

Example 10 : If 0 < x < 90 and sin x = sin60 cos30 — cos60 sin30, find x.
Solution : sinx = sin60 cos30 — cos60 sin30

BB 11
sinx _XT 2><2

2
; -3_1
sinx ) T
sinx = 1
2
x =30

Example 11 : In AABC, mZC = 90, m£B = 60 and AB = 15. Find the measure of remaining angles

and sides.

Solution : We have mZC = 90, m/B = 60.
mZA + mAB + mZC = 180
mZA + 60 + 90 = 180

mZA =30 15
Now, sinB ~B
sin60 = ‘?—g &0
B
3 AC _
) 15 Figure 9.14

_52-43)

6
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AC=§X15

AC = 7543

Hence, AC = 7.54/3, BC = 7.5 and mZA = 30

Example 12 : In AABC, m£B = 90, AB = 3, AC = 6. Find mZC, mZA and BC.

Solution : We have m/ZB = 90, AB =3, AC = 6.

AB

7 = ece—— é
sinC AC 3

sinC = % 6 3
mZC =30

mZA+mZB + mZC =180 C B
mZA + 90 + 30 = 180 Figure 9.15

mZA = 60

sinA—BC—ﬁ

- BC_ 4 (A = 60)

Bc=Bac=L xs

BC =343
Example 13 : Given that sin(A + B) = sinA cosB + cosA sinB, find the value of sin75.
Solution : We have sin(A + B) = sinA cosB + cosA sinB.
Putting A = 45 and B = 30 we get
sin(45 + 30) = sind5 cos30 + cos45 sin30

LA,y B

TR rTTRT T
B+l 5 B+2
“a R T4

Example 14 : If 0 = 30, verify that (1) sin30 = 35in0 — 4sin0 (2) sind =‘/ﬂ.
Solution : We have O = 30
(1) 30=90
L.H.S. = sin30 = sin90 = 1
R.H.S. = 3s5in® — 45in30 = 35in30 — 4sin330

o) o) 3 g
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(2) 6=30
L.H.S. = 5in® = 5in30 =

RHS. = ’ﬂ
2

_ 'l—cos60 _ 1—%

2 2

R.H.S.

1
2

1
::l\HI

L.H.S.

Exercise 9.2

1. Verify :
(1) cos60 = 1 — 2sin?30 = 2¢0s230 — 1 = cos?30 — sin?30
(2) sin60 = 25in30 cos30

_ 2tan 30
(3) sin60 = T 250

3 60 1—tan?30
(4) cos60 = T 730

(5) ¢os90 = 4cos330 — 3cos30
2. Evaluate :

$in 30 + tan 45 — cosec 60 5c05%60 + 4sec?30 — tan?45
(1) sec 30 + cos 60 + cot 45 sin230+ cos?30
(3) 2sin?30 cor30 — 3cos260 sec?30 (4) 3cos230 + sec?30 + 2cos0 + 35in90 — tan®60

3. In AABC, mZB = 90, find the measure of the parts of the triangle other than the ones
which are given below :
(1) mLC =45 AB=5 (2) mZLA=30,AC =10
(3) AC = 642, BC = 3J6 (4) AB=4,BC=4
4. TIn a rectangle ABCD, AB = 20, m£BAC = 60, calculate the length of side BC and diagonals
AC and BD.
5. If O is measure of an acute angle and cosO = sin0, find the value of 2tan?0 + sin?0 + 1.
. 1- tan ’o 2tan,
6. If O is measure of an acute angle and 3sinQl = 2cos0., prove that [m] + [m] =1
7. If A= 30 and B = 60, verify that
(1) sin(A + B) = sinA cosB + cosA sinB, (2) cos(A + B) = cosA cosB — sinA sinB
8. If sin(A — B) = sinA cosB — cosA sinB and cos(A — B) = cosA cosB + sinA sinB, find the

values of sinl5 and coslS.
9. State whether the following are true or false. Justify your answer :

(1) The value of sin® increases as 0 increases from 0 to 90.
(2) sin® = cosO for all value of ©.

(3) cos(A + B) = cosA + cosB

(4) tanA is not defined for A = 90.

(5) The value of cotO increases as O increases from 0 to 90.

&
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9.6 Trigonometric Ratios of Complementary Angles

We have studied that two angles are said to be complementary angles of each other, if the sum
of their measures is 90. If in a right triangle measure of one angle is 90, then the measure of two acute
angles can be 0 and 90 — 0. They are always complementary angles of each other. We have studied

the trigonometric ratios for © = 0, 30, 45, 60 and 90. We know that the angles with measure 30 and
J3

60 are complementary angles of each other We can see that sin30 = cos60 = 5, cos30 = sin60 = -,
tan30 = cot60 = ﬁ, sec30 = cosec60 = ﬁ Is this patten true for all complementary angles ? Let us
verify this.

Consider a right angled AABC, right angled
at B, as shown in figure 9.16.

Let mZBAC = 0. Then mZ£BCA = 90 — 0.

Since m/BAC = 0,

= BC = AB
sin® = AC cosO = o

— BC _ AB .
tan = Y cotO = ¢ ()

_ AC — AC
secO = &% cosecO = £
AB’ BC Figure 9.16

Now, mZBCA = 90 — 0. Its opposite side is AB
and adjacent side is BC.

sin(90 — Q) = cos(90 — tan(90 — 0) =

AB
AC’ = .
(i)

cot(90 — 0) = BC , sec(90 — 0) = cosec(90 — 0) = %

BC’

Now, compare the ratios in (i) and (ii).

sin(90 — 0) = A = cos0 and cos(90 — 0) = B—C = sin®
Also, tan(90 — 0) = % = col0, cot(90 — 0) = Pﬁg = tan®

Similarly, sec(90 — 0) = AC = cosecO, cosec(90 — 0) = % = secO

Moreover sin0 = 0 = cos90 and sin90 = 1 = cos0
Thus for every 0, 0 < 6 < 90,
sin(90 — 0) = cosO and cos(90 — 0) = sin0.
Also, tan90 and sec90 are undefined terms,
For every 0 € R, 0 < 0 < 90, tan(90 — 0) = cot®
For every © € R, 0 £ 0 < 90, cot(90 — 0) = tan0®
For every O € R, 0 < 0 < 90, sec(90 — 0) = cosecO and

For every O € R, 0 £ 0 < 90, cosec(90 — 0) = secO

cos 50 sin 42 2tan18
Example 15 : Show that 5775 + Zosa8 — Torz = 0

. cos 50 sin42 2tan18
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cos 50 sin 42 2tan18
= C05(90-40) T Si(90-43) — fan(90-172)

cos 50 sin42 2tan18
cos50 T sin42 ~ tanis

1+1—-2(1)=0=RHS.
Example 16 : Prove that (1) tan48 tan23 tand2 tan67 = 1, (2) tanl tan2 tan3 ... tan88 tan89 = 1.
Solution : (1) L.H.S. = tan48 tan23 tand2 tan67

= tan48 tan23 cot(90 — 42) cot(90 — 67)
= tan48 tan23 cotd8 cot23

= (tand8 - cotd8)(tan3 : cor23)

= (1)}1) =1 =RH.S.

(2) L.H.S. = tanl tan2 tan3 ... tan88 tan89 (tan® - cot® = 1)
(tanl tan89)(tan2 tan88)(tan3 tan87) ... (tandd tan46) - tands

= [tan1 cot(90 — 89)][tan2 co(90 — 88)][tan3 cot(90 — 87)] ...

[tand4 cot(90 — 46)] - tand5
= (tanl cotl)(tan2 cot2)(tan3 cot3) ... (tand4 cord4) - tand5
(D)D) ... (X)) (tan® - co® = 1, tand5 = 1)
1 = RHS.

cos 58 cos 38 cosec 52
Example 17 : Evaluate : 2| 5737 | — \/5 Tan1s tan 60 an 7s
) cos 58 cos 38 cosec 52
Solution : 2| 557 | — V3| TS mneo@n T

Sin (90 — 58) NG €os 38 - sec (90 — 52)
2 sin 32 — V3| ni5-1an60-cot (90 - 75)

sin 32 J_ cos 38 - sec 38
2\ 5in32 ) — Y3\ Tanis-cot 15 - tan 60

2(1)—J§(1X1J§J=2—1=1 (cosO sec® = 1, tanO cot® = 1)

A+B C
Example 18 : If A, B, C are the measure of angles of AABC, prove that tan > = cot .

Solution : For AABC, we have,
A+B+C=180
A+B=180—-C

A+B _ _c
7 =0 -3
A+B _ c\ _ C
tan( 5 ]—tan(9 —3) = cot 5.
A+B
tan( 5 ]=cot%.
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Example 19 : If sec4A = cosec(A — 20), where 4A is the measure of an acute angle, find the

value of A.
Solution : We have,

secdA = cosec(A — 20)
sec4A = sec(90 — (A — 20))
sec4A = sec(110 — A)

4A=110—-A
5A =110
A=22

Example 20 : Express each of the following in terms of trigonometric ratios of angles having

measure between 0 and 45 : (1) sin70 + sec62 (2) cosT9 + tan59
Solution : (1) sin70 + sec62 = cos(90 — 70) + cosec(90 — 62)
= c0s20 + cosec28
(2) cos79 + tan59 = 5in(90 — 79) + cot(90 — 59)
= sinll + cor31

Exercise 9.3

Evaluate :

cos 18

N S (2) tand8 — cotd2 (3) cosec32 — sec58
cos 70

(4) S0 t cos59 - cosec31 (5) sec70 sin20 — cos20 cosec70

0 ) o) 4 &5 240 + cos 250
(6) cos(40 — 0) — sin(50 + O) + S 740 + 37 250

cos 70 cos 55 cosec 35
(7) Sim20 T Tansmnz5tan4s tan6s fanss

(8) cotl2 - cot38 - cot52 - cot60 - cor78

sin 18

9) sz T v/g(tanIO tan30 tand0 tan50 tan80)

cos 58 sin 22 cos 38 cosec 52
(10) 53z + Cos68 — Tanis fan 35 tan 60 tan 72 fan 55

Prove the following :
sin 70 cosec 20

(1) sind8 sec42 + cos48 cosecd? = 2 (2) Zos20 t Secio — 2cos70 cosec20 = 0
tan(90 — A) -cot A ) COS (90 — A) - 5in (90 — A) .2
3 cosec *A —cos"A =0 4) 7an (90 — A) = sin“A

Express the following in terms of trigonometric ratios of angles having measure between
0 and 45 :

(1) sin85 + cosec85 (2) cos89 + cosec87 (3) sec81 + cosec54

A+C B+C
For AABC, prove that (1) tan( > ) = cot%, ) cos( > J = sin%.
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tanA tanB + tanA cotB
sinA secB

5. If A+ B = 90, prove that J = secA.

If 30 is the measure of an acute angle and sin30 = cos(0 — 26), then find the value of 0.
If 0 < B < 90, O, sind = cos30, then obtain the value of 2fan?0 — 1.

If tanA = cotB, prove that A + B = 90, where A and B are measures of acute angles.

ol = 4

If sec2A = cosec(A — 42), where 2A is the measure of an acute angle, find the value of A.

10. If 0 < © < 90 and sec® = cosec60, find the value of 2cos?0 — 1.

*

9.7 Trigonometric Identities

We have studied some elementary concepts of trigonometry which include trigonometric ratios of
given angle and trigonometric ratios of complementary angles. Now we shall study some fundamental
identities and prove other trigonometric relations using them.

We know that, equality is one of the basic concepts and important tool of mathematics. Let us
understand two types of equalities; equation and identity.

Equation : An equation may or may not be always true for any (possible) value of a variable or
we can say that the equality may be true only for some definite values of a variable, while it may not
be true for other possible values. Such type of equality is called an equation. For example the equation
x2 — 7x + 12 = 0 is true for x = 4 and x = 3 only, while it is not true for any other value of x € R.
Therefore, this equality is an equation.

Identity : For every value of a given variable in the equality, if all the terms of the
equality are defined and make the equality true, then such an equality is called an identity. For
example, x2 — 9 = (x + 3)(x =3) is true for all real values of x. So, it is an identity. Moreover

% - x}|-1 - x(xl T — 0 is true for all real values of x except x = 0 and x = —1. So, this equality is

an identity. Its terms are undefined for x = 0 and x = —1. Similarly, an equality involving trigonometric
ratios of an angle is called a trigonometric identity, if it is true for all values of the angle(s) involved.
Consider a right triangle ABC, right angled at B as shown in figure 9.17. Let mZACB = 0.

In AABC we have, sin® 4 and cos0 AC

By Pythagoras’ theorem,

AB? + BC? = AC? ) A
AB? | BC? _
AcZ T ac?
2 2
AB BC\Y* _
AB) 4 (BC) = 9
() + (39) ] .

(5in@)? + (cos0)? = 1
sin%0 + cos?0 = 1 (i)
This is true for all ©, 0 < 6 < 90. So, this is a trigonometric identity. We note that if @ = 0,
we have, sin?0 + cos20 = 0 + 1 = 1 and if © = 90, we have, sin290 + cos290 = 1 + 0 = 1. So, (ii)
is true for all @ € R such that 0 < 6 < 90.

vide (i AB? | BC? _ AC?
Let us now divide (i) by BC2. We get BCZ + B2 - B

Figure 9.17

TRIGONOMETRY 197



— e —

(42)" + (BS)’ = (4g)

AB _ AC _
But e tan® and e secO

(tan©)? + 1 = (secO)?
1 + tan’® = sec?® (i)
This is true for all © such that 0 < © < 90. We note that if © = 0, we get 1 + tan?0 = sec?0
iie. 1 + 0 = 1. So this is true for @ = 0. What if @ = 90 ? Well, tanA and secA are not defined
for @ = 90. So, (iii) is true for all O € R such that 0 < 0 < 90.
Let us now divide (i) by AB2. We get
2 2 2
AB BCY = (AC
(48 +(3) - (48)

But 8S = co® and % = cosecO

AB
1 + (cot®y? = (cosecO)?
1 + co?® = cosec?® (iv)

This is true for all @ such that 0 < © < 90. We note that cosec® and cof® are not defined for
0 = 0. But (iv) is true for 8 = 90. So (iv) is true for all © € R such that 0 < 0 < 90.

From identity sin?0 + cos20 = 1, we get

sin*0 = 1 — cos?® and cos?0 = 1 — sin?0
From identity 1 + tan?0 = sec?0, we get

sec’® — tan®0 =1 and sec?® — 1 = tan?®
From identity 1 + cor20 = cosec?0, we get

cosec’® — co?0 =1 and cosec?® — 1 = co?0.
Using these identities, we can express each trigonometric ratio in terms of other trigonometric
ratios.
sin*0 = 1 — cos?0

sin@ = iJl—cosze
sin® = 1-cos’0, cos® = y1-sin’0 (As, 0 < B < 90, sin® > 0)

Similarly, from sec20 = 1 + tan20, we get

sec® = J1+tan%0 and tan® = ’seczﬁ—l and from cosec?® = 1 + cot?0, we get

cosec® = [14cor?9 and co® = Jcosec’o—1-

5L _ 1 e_sine_ sin@
Also we can get, secd = & = ,/l—sinze and 1anb = ——& = Jl—sinze.

Example 21 : Express the trigonometric ratios, sin®, cos0, secO and cof® in terms of tan®.
0 < 0 <90

Solution : We have the identity, cosec?®0 — cof?0 = 1
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cosec’® = 1 + cor’0
1 1

sin’® 1+ %an0

1 tan’8+1
sin’® ~  tan?0
tan?0
sin’® = T
tan©
sin9=; © < 0 <90
J1+tan26

Now, we have identity, sec20 — tan?0 =1
sec?® = 1 + tan?0

secO = 1+ tarfo

1

1 —
sec® i+ tart0

cote=ta,+9

nf = 219 L 8- 2 0= —L
Hence, sin@ = m,cose— m,sece— 1+tan“d and cof@ = 5.

Example 22 : Prove the following identities :

Now, cosO =

. 1 : L
(1) 5in’® + 1+ tan®® = 1 2) T¥sin0 T 1=sin0 = 2sec?
tan© (1 + cot*0) 5in 6
@ T rrang - co® (4) T=cos0 = cosec® + cotf

1
Solution : (1) LHS. = sin®® + T3 ;%0

1
= 5in*0 + S, 7g
= 5in’0 + cos’0 = 1 =R.H.S.
1 1
(2) LHS. =150 + T=sind
1—sinB+1+sin6
(1+ sin0)(1 — sin 0)

2 _ 2 _noon_
T8 - o058 2sec’® = R.H.S.

tan 0 (1 + cot*0)
(1 + tan?0)

(3) LHS.

tan® - cosecd
sec’0

sin0 1
cosO  ginlg
1
cos 20

_ 1 cos?0 _ cos 0
= C0s0-s5in0 X

= cof@ = RH.S.

1 sin0©

TRIGONOMETRY 199



— e —

sin 6

(4) LHS. = T—cos0

sin© 1+cos8
1—cos© 1+cos9

sin@(1+ cos0)
1-cos?0
sinO (1 + cos6)
sin’0

1+cos0 1 cos 9

=m0~ sin® T Smp - cosecO + cot® = RHS.

Example 23 : Show that the following equalities are not trigonometric identities :

Example 24 : Prove that, (1) (cosec® — cot@)? =

2tand

(1) sin®0 — cos?0 =1  (2) tan® — co® = 0 (3) cos?0 + sin®0 = 1+ tan0

Solution : (1) When O = 60, we have

sin“60 — cos<60 ) i > #1

So, when 0 = 60, sin?0 — cos20 = 1 is not satisfied.
Thus, sin*0 — cos?0 = 1 is not a trigonometric identity.
(2) When 0 = 30, we have

_ L _1=3_==2
tan30—cot30—J§—J§— =50

Thus, the given equality is not true for all possible values of 0. Hence it is not an identity.

(3) Here left hand side is the fundamental identity sin20 + cos?0 = 1. So, for 0 < 0 < 90,
left hand side is always 1.

But, when O = 60, we have

2tan 60
Y _ 2B _
RHS. = Tiwn’e0 ~1+3 3 % |
L.H.S. # RH.S.
2tan®
Thus, sin?0 + cos?0 = T+ 1a0 is not true for the measure O of all acute angles.

Hence, the given equality is not a trigonometric identity.

1—cos©
1+cos©

(2) (1 + cot® — cosecO)(1 + tan® + secB) = 2

sin®—cos 0 +1 1 . iy
() S 6T eos0=1 = secO—1an0- Using the identity sec?® = 1 + tan?0.

1+ tan*A (l—tanAjz

1+cot?’A ~ \1—coftA
Solution : (1) L.H.S. = (cosec® — cor)?
_(_1_ cosB 2
" | sin® sin®
B (1— cos 9)*
T sin?0
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(1 — cos 0)?
1—cos 20

(1—cos6)?
(1 —cos8)(1+ cos0)

1—cos©

=TT cos0 — R.H.S.

(2) LHS. = (1 + cot® — cosecO)(1 + tan® + secO)

- (1 + ifrfg - sirlte)(l + z(l),;g + co{ve)

B sin@+cos0—1\( cosO + sinB+1
- sin0 cosO

[(s5in© + cos ©) —11[(sinO + cos 8) + 1]
sin®-cos O

(5in8 + c050)% — (1)?
- sin®-cosO ((x—y)(x+y)=x2—y2)

sin%0 + cos®0 +25inB cosO —1
sinB-cos6

1+2sinBcosO—1
sin©-cos 6

25in0 cos O

= Sin®-cos® 2=RHS.

sin®—cos0+1
sin® +cos0—1

(3) LS.

Dividing numerator and denominator by cos©.

sin®—cos0+1
_ cos 0
~  5inO+cos0—1
cos©
tan® —1+ secO
tan®+1- secO

_ (anB+sec0) —1
" (tan© - secB) +1

_ (tan® + secB) — (sec?0 - tan®6)
h (tan® - secB) + 1

_ (tan 0 + sec©) — (sec — tanB)(sech + tanB)
- (tan6 - secO) +1

_ (sec 8 +1an0)(1 — (secB — tanB))
- (tan0 - secO +1)

_ (secB +1an8)(1— sec6 + 1anb)
- (1-secB +tan 6)

= secO + 1an0
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_ (sec6 +tanB)(secO — tanB)
- (sec© - tan©)

sec?0 —tan®0
secO—tand

-1
secO—tan® —

1—tan A\
1—cot A
(1—tan A)?
1 2
(l_tanAJ

(1—tan A)? tan® A
(tan A —1)?

R.H.S.

(4) RH.S.

. o

_ Sin“A 7 = .

= 2o a—byf=0b—-a

cos 2A (( )l | )%)
sec?A

cosec?A

1+ tan® A

" Trera - LHS
2

Example 25 : If secO + tan® = p, then prove that h = sin0.

pi—-1 B (sec O + tan6)? —1
pl+1 (secO+1nB)? +1

Solution : L.H.S.

sec %0+ tan 20 + 2secO tan® - 1
sec %0 + tan 20 + 2sec O tan B + 1

(sec 0 —1) + tan 0 + 2secO tan O
sec %0+ 1+ tan?0) + 2secO tan O

2tan %0 + 2sec O 1an©
25ec %0 +2secO 1an O

2tan O (tan O + sec 0)
2sec © (secO + tan0)

tan© 3 sin®
sec® ~ cosO-secB

= sin® = R.H.S.

Second Method : sec® + tan® = p )

secO—tanB
sec® — tan® = ————

secO —tanO
" sec’0—tan’0

_1 1 ¥
= secO+tnb T p (i)

(Since secO + tan® > 1, p # 0)
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2
Solving (i) and (ii), sec® = %( p +Lj p2 +1

_ 1,1 _ Pl
tanG—Z[P ]— 5

p 14
2
. -1
N 0 sin® tand pzp p*-1
OW, SINY = 0050 "€V = TsecO T P21 Pr+l
2p

Example 26 : If sin® + cosO® = J2 cosO, then prove that cos® — sin® = J2sind.
cos® + sin® = 2 cosO
sin® = Y2 cos® — cos®
= (JE — 1) cos®
sin® = (Y2 — 1) cos® X %

(V2 + 1)5in® = (V22 — 1) cos®
J25in0 + 5ind = cosO
cos® — sin® = 2 5ind

Example 27 : Evaluate :

sin 220 + sin 270
sec %50 — cot 240

Solution :

+ 2cosec?58 — 2cot58 tan32 — 4tanl3 tan37 tand5 tan53 tan77

sin 220 + sin 270
e B0 —cor 20 T 2cosec?58 — 2cot58 tan32 — 4Atanl3 tan37 tandS tanS3 tanT7

sin 220 + cos %(90 - 70)
= + 2cosec?58 — 2cot58 cot(90 — 32) —

sec 250 — tan 2(90 - 40)
4tanl3 tan37 tands cot(90 — 53) cot(90 — 77)

sin 220 + cos 220
= Sec250—1an 50 + 2cosec?58 — 2cot58 cot58 — 4tanl3 tan37 tand5 cot37 cotl3
= % + 2cosec?58 — 2cot?58 — 4(tanl3 cot13)(tan37 cot37)(tan45)
= 1+ 2(cosec?58 — 2cot?58) — 4(1)(1)(1)

= 142-4=3-4=-]
cosec %0 — sec 20
cosec %0 + sec 9"

Example 28 : If cof@ = J7, find the value of

Solution : We have, cof® = J7
1 1

tan® = 5 = J7
Now, sec?0 = 1 + tan?0

sec29=1+%=%andcosec29=1+cot29=1+7=8

g 48
cosec0—sec’® 8—7 T 8 3
cosec 0+sec?® 8+% T & Tt T
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Example 29 : AABC and APQR are right angled at C and R respectively. If ZB and ZQ are acute
angles such that sinB = sinQ, then prove that ZB = ZQ.
Solution : Consider two right triangles ABC and PQR as shown in figure 9.18.

P
A
ct B R Q
Figure 9.18
. _ AC .~ _ PR
We have, sinB = B sinQ = PQ
Now, sinB = sinQ
AC _ PR
AB  PQ
AB .
Let 4 = 55 = & (k> 0) )
AC = kPR and AB = kPQ. (i)

Using Pythagoras theorem,
ABZ = AC? + BC? and PQ? = PR? + QR?

BC = ‘/ABZ —AC? and QR = \/PQ2 —PR?

yAB2-AC?  JK?PQ? - k2PR”

BC

Now, og = T s (by (ii))
kyPQ? — PR?

- Jp@-PRZ k k > 0)

BC

® - k (iii)

From (i) and (iii), we get,

AC _ AB _ BC

PR PQ QR

Then by using SSS theorem on similarity.
The correspondence ABC <> PQR is a similarity.
ZB = /Q

Exercise 9

Prove the following by using trigonometric identities : (1 to 19)
1
cos®® + T oo 7 = 1

25in?0 + 4sec?0 + 5c020 + 2c0s20 — 4tan?@ — Scosec?® = 1
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.
20.
21.

22.

23.
24,

25.

26.

1 1 )
1+cos0 T T—cos@ — 2cosec 6

tan© + sin© B secB+1
tan® —5sin® ~ secB-1

fl—sine
m = sec® — tan®

secO +tan© 3 cosec © — cot O
cosecO+cot® ~ secO—1an0

cot © + cosec 0 — 1
cot® — cosec 6 + 1

(sin® + cosecO)? + (cos® + sec0) =7 + tan?0 + cor?0.
2sec?0 — sec*® — 2cosec?® + cosec® = cor*® — tan0.
(5in® — secO)? + (cos® — cosec0)? = (1 — secO - cosecO)?.

sin A +cos A sin A —cos A 2 2
SMA—cosA T SIMATCOSA — sin2A—cos ?A — 1—2cos A

= cosec® + cot®

tan© — cot ©

sinOcos® sec?0 — cosec?0 = tan20 — cor?0
secO —tan0
secO+man® — ! — 2secO tan® + 2tan’0

Jsec29+cosec29 = tan® + cot@

1 1 1 1
cosec A—cotA ~ sinA T sinA ~ cosec A +cot A

tan© cot ©
1—cot© + 1—tan®

sin*® — cos*0 = sin?0 — cos?0 = 2s5in?0 — 1 =1 — 2¢0s20.

=1+ tan® + cot® =1 + secO - cosecO

cos’B—cos®A  sin?A —sin’B

2 2n —
tan“A — tan“B = =
cos B cos %A cos ?B cos *A

2(sin®0 + cos®0) — 3(sin*0 + cos?0) + 1 =10

If 5in® + cos® = p and secO® + cosecO® = g, show that g(p? — 1) = 2p.

If tan® + sin® = a and tan® — sin® = b, then prove that @ — b2 = 4Jab
acos® + bsin® = p and asin® — bcosO® = g, then prove that a® + b2 = p? + 42
secO® + tan© = p, then obtain the values of secO, tan® and sin0 in terms of p.

Evaluate the following :

sec 38 2
(1) Cosecsz T 5 ° tanl7 tan38 tan60 tan52 tan3 — 3(sin®32 + sin®58)

2 —cot0 tan(90 — 0) + cosecO sec (90 — 0) + sin?37 + sin?53
) tan10 tan20 tan30 tan10 tanso

If sinA + cosA = J2 sin(90 — A), then obtain the value of corA.

2sin %0 + 3cot 20

If cosec® = '/E , then find the value of “tan 20 — cos 20 °
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27,

28.

29,

1+ sin0)2—2sin0)
2 +2cos0)(1—cosO)

If tan = %, then evaluate

___b .
If cosO = ‘/m , 0 < 0 < 90, find the value of sin® and ran0.

Select a proper option (a), (b), (c) or (d) from given options and write in the box given
on the right so that the statement becomes correct :

. L asin® —bcos 9
(1) If © is the measure of an acute angle such that bsin® = acos, then ——o—=7—-5 is ..... ]

a? +b? a? —b? a+b a-b
@ 722 (b) 27 © 773 () Romry »
(2) Which of the following is correct for some O such that 0 < 0 < 90 ? 1
1 1 1
(@) Sgc > 1 (b) Seco =1 (c) sec® =0 (d) 758 <1

cosec 20— sec 0

is ... . ]

() % (b) 2 © 1 ()3
A+ sin0)(1 — sin0)

(3) If 1an® = % then

cosec 20 + sec 20

(4) If tan’0 = %, then the value of (T— g ooy i oo ]
@ T ®) 3 © = d)
0—sin6
(5) If co® = %, then the value of % is ... . ]
1 4 4
(@7 (b) = © 3 D 5
(6) If cosecA = % and A + B = 90, then secB is ...... . 1
3 1 4 7
@@ 5 (b) 3 © 3 D 3
(7) If O is the measure of an acute angle and v3sin® = cos0, then O is ...... ) ]
() 30 (b) 45 (©) 60 () 90
(8) If tanA = %, then the value of (sinA + cosA) secA is ...... . —
12 7 17 =7
@@ % (b) 75 © 7 D 5
1—s5in6
(9) If tan® = %, then the value of "ﬁ is ... . ]
1 3 2
(@) 3 (b) 3 © 5 D 75
(10) In AABC, if mZABC = 90, mZACB = 45 and AC = 6, then area of AABC
is ...... . ]
(2) 18 (b) 36 © 9 @ 2
(11) If cos?45 — cos?30 = x - cos45 - sind5, then x is ...... . 1
(a) 2 (b) 2 © — @2
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(12) If A and B are complementary angles, then sinA - secB is ...... . ]
@) 1 (b) 0 () -1 ) 2

(13) The value of tan20 tan25 tand5 tan65 tan0 is ...... . 1
(@) —1 ®) 1 (© 0 @ V3

(14) If 70 and 20 are measure of acute angles such that sin70 = c0s2, then 2sin30 — V3 an30
is ... . ]
() 1 (b) 0 () —1 @d1-43

cot A cot B+ cot A tan B sin’B

(15) If A + B = 90, then S A 5ecB ~ o5 2 IS e ]

(a) co’B (b) tan’A (c) cot?A (d) —cor?A
B+C

(16) For AABC, sin( ; ) S O
(a) sin% (b) sinA ©) cos% (d) cosA
sin *0 — cos *0

(7 570 —cos 28 = . ]
(@1 (b) 2 (©3 @o

(18) If 7cos?0 + 3sin?0 = 4, then cotO is ...... . ]

7 L

@ 7 ®) L © V3 @z

(19) If 1an50 - 1and0 = 1, O is ...... : ]
(a) 7 (b) 3 ©) 10 @) 9

(20) If A and B are measures of acute angles and tanA = ﬁ and sinB = %, then cos(A + B)
is ...... . ]

1 3 L
@0 (®) 3 © 5 (d) 2
s

In this chapter we have studied following points :
1. In aright AABC, right angled at B,

Side opposite to angle A

sinA =
Hypotenuse
Side adjacent to angle A
cosA =
Hypotenuse
Side opposite to angle A
tanA =

Side adjacent to angle A
1 1
2. cosecA = G A, secA = oA and cotA = m

sin A cos A

Also, tanA = Tos A COIA=

3. If one of the trigonometric ratios of an acute angle is known, the remaining trigonometric
ratios of the angle can be obtained.
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4. The value of trigonometric ratios for angles 0, 30, 45, 60 and 90.

Measure of

an angle A 0 30 45 60 90
sinA 0 1 ﬁ @ 1

J3 al 1
CcosA 1 s N > 0
tanA 0 ﬁ 1 '/5 Not defined
cosecA Not defined 2 \/5 % 1

secA 1 % \/5 2 Not defined
cotA Not defined \/3 1 ﬁ 0

5. If O is the measure of an acute angle, then
sin(90 — 0) = cosB,  cos(90 — 0) = s5in®
tan(90 — 0) = cot®,  cot(90 — 0) = tan®
sec(90 — 0) = cosecB, cosec(90 — 0) = secO

6. sin*0 + cos?0 =1, 0<06<9
sec20 — tan?0 =1, 0<0<90
cosec?® — coP@ =1, 0<0<90

Kaprekar number :

Another class of numbers Kaprekar described are the Kaprekar numbers. A Kaprekar
number is a positive integer with the property that if it is squared, then its representation can be
partitioned into two positive integer parts whose sum is equal to the original number (e.g. 45, since
452 = 2025, and 20 + 25 = 45, also 9, 55, 99 etc.) However, note the restriction that the two
numbers are positive; for example, 100 is not a Kaprekar number even though 1002 = 10000, and
100 + 00 = 100. This operation, of taking the rightmost digits of a square, and adding it to the
integer formed by the leftmost digits, is known as the Kaprekar operation.

Some examples of Kaprekar numbers in base 10, besides the numbers 9, 99, 999,

ceey

are :
Number Square Decomposition
703 7032 = 494209 494 + 209 = 703
2728 27282 = 7441984 744 + 1984 = 2728
5292 52922 = 28005264 28 + 005264 = 5292
857143 8571432 = 734694122449 734694 + 122449 = 857143
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HEIGHT AND DISTANCE 1 0

The mathematician does not study mathematics because it is useful.
He studies it because he delights in it and he delights in it because it is beautiful.

-~ Henri Poincare

10.1 Imtroduction
In previous chapter, we have studied about trigonometric ratios and techniques of solving right
angled triangles. We shall now see how these techniques are used to solve problems regarding
heights and distances in life around us. Trigonometry is one of the most ancient subjects studied by
scholars all over the world. Note that in practice only some distances can be measured but not all.
For instance, height of a hill (distance between its foot and summit), width of a river, distance
between two celestial objects can not be measured by a measure tape. So, method of trigonometric
ratios is very useful in measuring such distances. When dealing with heights or depths, we have to
measure two kinds of angles (upward and downward from our eye-level). We describe these two
kinds of angles more precisely as follows.
10.2 Angle of Elevation and Angle of Depression

Horizontal Ray : A ray parallel to the surface of the earth emerging from the eye of
an observer is called a horizontal ray.

Ray of Vision : The ray from the eye of an observer towards the object is called the
ray of vision or ray of sight.

Angle of Elevation : If the object under observation is above an observer, but not
directly above the observer, then the angle formed by the horizontal ray and the ray of
sight in a vertical plane is called the angle of elevation. Here horizontal ray, observer and
object are in the same vertical plane.

In figure 10.1, the object P under observation
is at a higher level than the observer O but
not directly above O. Let 0_1\>/[ be the horizontal ray
in the vertical plane containing O and P. Then
the union of the ray of vision OP and horizontal ray
0_))( is ZPOM. If mZPOM = e, then e is called the Oe
measure of the angle of elevation ZPOM, of the

Horizontal Ray

object P at the point of observation O. Figure 10.1
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Horizontal Ray

\--__

Figure 10.2
Angle of Depression : If the object under observation is at a lower level than an observer
but not directly under the observer, then the angle formed by the horizontal ray and the ray
of sight is called the angle of depression. Here horizontal ray, observer and the object are
in the same vertical plane.

0 Horizontal Ray N
L]

5
>

In figure 10.3, the object under observation

is at a lower level than the observer O but not
—
directly under O. Let ON be the horizontal

ray in the vertical plane containing O and Q.

%
Then the union of the ray of vision OQ
. - .
and horizontal ray ON is ZNOQ.

Figure 10.3

v

a Horizontal Ray

= E

Figure 10.4

10.3 Solution of a Right Triangle

If the measure of any one side and any other element of a right angled triangle are given,
then the solution of the right angled triangle can be obtained.

Suppose In AABC, mZABC = 90, mZACB = 30 and AC = 20 m.
Here, mZACB + m/BAC = 90

30 + mZBAC =90

mZBAC = 60
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Now, sin30 = vl
. _ AB A
sin30 = 20
2 X 20 = AB
AB =10 m .
= AB
tan30 BC
tan30 = L& 1 30
BC B C
% = 1;—0 Figure 10.5
BC = 10 X 43
=10X1.73
BC =173 m
Note : In solving these examples, we shall take the values of J3 as 1.73, and
V2 as 141,

Example 1 : A tower stands vertically on the ground. From a point on the ground which is 100 m away
from the foot of the tower, the angle of elevation of the top of the tower is found to have

measure 60. Find the height of the tower. A

Solution : Suppose AB respresents the tower. O is the point
100 m away from the tower, OB is the distance of the point
from the tower and ZAOB is the angle of elevation.

Then, OB = 100 m and mZBOA = 60.

In AAOB, tan60 = 48

OB
=%
AB =100 X /3
AB = 100 X 1.73 &
=173 m o 100m B
The height of the tower is 173 m. Figure 10.6

Example 2 : As observed from a fixed point on the bank of a river, the angle of elevation of

a temple on the opposite bank has measure 30. If the height of the temple is 20 m, find the
width of the river.

Solution : Here AB is the temple on the opposite bank of the river and C is the point of
observation on the other bank of the river. So BC is the width of the river.

Then, AB = 20 m and mZACB = 30. A
_ AB
In AABC, tan30 = BC
L _2
3~ BC
BC =20 X V3 Pt |_|
BC =20 X 1.73 B
=346m Figure 10.7

Thus, the width of the river is 34.6 m.
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Example 3 : An observer 1.5 m tall is 28.5 m away from a tower. The angle of elevation of the top
of the tower from her eyes has messure 45, What in the height of the tower 7

Suluﬁm::Ham,Eisﬂmhmuhuingheightﬁmﬂﬁheﬂmnhmwrufhaigbtljmntn
distance of 28.5 m from the tower AD. A

Then, BC = DE = 28.5 m and
BD = CE = 1.5 m, mZACB = 45,

- Al
In AABC, tand5 BC

S 1=

s AB =285

Now, k= AB + BD = 285 + 1.5 = 30 H B
5 h=30m md o b
Hence, height of the tower is 30 m. Figure 10.8

Example 4 : A Palm tree breaks due to storm and its upper end tomches the ground
mnd makes an engle of measure 30 with the groumd. If the top of the tree toncher the ground
15 m away from the bottom, find the height of the tree.
Solotion : Here, AC is the tree broken at point B such that broken part B takes the
position AD and touches the ground at D.
Then, AD = 15 # and mZADB = 30. c

mﬁnan,wmm30=-g%

.1
k1
; S R R TV
Nuw.mﬂu=gg
i‘i %=-}l% D
15m

. I | O T
. nn—ﬁxﬁ—mﬁ R
S0, the height of the tree AC = AB + BC

= AR 4+ BD

=543 + 1043

= 1543

= 15(1,73) = 2595 m
Henoe the helght of the tree i3 2595 m.

Example 5§ : The angle of elevation of the top of a tower as chsorved from the foot of & temple
has measure 60. The angle of elevation of the top of the temple as observed fiom the foot of
the tower haa measyre 30, If the temple ix 50 #r high, find the height of the tower.

Solution : Here CD is the tower and AB is the temple Their feet are the poimts B and C
respectively. mZACB = 30 and mZCBD = 60, Also AB = 50, Let BC = y and CD = x.
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In AABC, tan30 = 4B D

3¢ —
1 _5
N
y = 5043 A
Now in ADBC, x Tower
= DC
tan60 = g Temple
50
=% "
[ [ Ae N |
x=3 Xy=43 %503 B C
x=50X3=150 m _— J
Figure 10.10

The height of the tower is 150 m.

Example 6 : As the angle of elevation of the sun increases from 30 to 60, the length of the
shadow of a building gets reduced by 10 m. Find the height of the building.

Solution : Here AB is the building and BD is its shadow when angle of elevation of the sun has
measure 30 and BC is its shadow when angle of elevation of the sun has measure 60.
Then, mZADB = 30, mZACB = 60, DC = 10 m
Let AB = A4, BC = x, then BD = BC + CD
BD =x+ 10

_AB
In AABC, ran60 = 4B

=k 1
h=3x @ A
In AABD, an30 = 48
AL _ _h h
J3 7 x+10
x+10 = 3k et 2l
x +10 = Y3 (3% by (i) 10m €
x+ 10 =3x Figure 10.11
2x =10
Soox=5
Now, by (i) # = 3x
h=43 x5
h = 5(1.73)
h=12865m
Hence, the height of the building is 8.65 m.
Another Method : mZACB = 60 = mZADC + mZDAC = 30 + m£LDAC
(Interior Opposite Angles)

mZDAC = 30
AC=CD =10
in60 = AB
Now, sin60 = AC
AB = AC sin60

= (108 = 543 = 5(1.73) = 865 m
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Example 7 : A man is standing on the top of a building 60 m high. He observes that the angle of
depression of the top and the bottom of a tower has measure 30 and 60 respectively. Find the
height of the tower.

Solution : Let AB be the building and CD be the tower.
Let CD = h
Let CE be the perpendicular from C to AB. The angles of depression of the top C and the
bottom D of the tower CD have measures 30 and 60 respectively from A.
Then, mZACE = 30 and mZADB = 60
Let BD = CE = x
Here, AB = 60, CD = EB = h
AB = AE + EB
60 = AE + A
AE=60—h
In AAEC, fan30 = 22
1 60—h
BT
x = (60 — K3 0}
In AABD, fan60 = 2B ¥

BD
\/5 _ 60 Figure 10.12
x

0

X="F (i)
From (i) and (ii) we have,

60 - my3 =%

3(60 — h) = 60
60 —h=20
h=40m

Hence, the height of the tower is 40 m.

Example 8 : The angle of elevation of a jet plane from a point on the ground has measure 60.
After a flight of 30 seconds. The angle of elevation has measure 30. If the jet plane is flying at
a constant height of 450043 m, find the speed of the jet plane.
Solution : Let O be the point of observation,

C and D be the two positions of the jet plane. a C D 3
The angles of elevation of the jet plane in two

positions C and D from the point O have measures
60 and 30 respectively. A and B are feet of

perpendiculars from C and D to the ground. 45004/3m
mZCOB = 60, mZDOB = 30 and &
BD = AC = 450043 m £\ s 4 i
In AOAC, tan60 = AC 0 A B
Figure 10.13
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_ 450043
/3 OA
OA = 4500 m
_ BD
In AOBD, tan30 = OB
L _ 450043
3 OB

OB = 4500 X 3 = 13500 m
Now, CD = AB = OB — OA
CD = 13500 — 4500
CD = 9000 m
Thus, the jet plane travels 9000 m in 30 sec.

= 5000 _ = 300X 60X 60
Hence speed % 300 mi/sec 000 km/hr

Speed of the jet plane = 1080 km/hr
Example 9 : A straight highway leads to the foot of a tower. A man standing on the top of the tower
observes a car at an angle of depression with measure 30. The car is approaching the foot of the

tower with a uniform speed. Six seconds later, the angle of depression of the car has measure
60. Find the further time taken by the car to reach the foot of the tower.

Solution : Let AB be the tower and
height of the tower AB = 2 m. At C the angle
of depression of the car has measure 30 and
six seconds later it reaches D where the
angle of depression is 60.

Let CD=x,DB =y

Here, AB = h m, mZACB = 30 and

mZADB = 60.
— AB
In AACB, tan30 = o
% _ _h
3 x+y .
Figure 10.14
x+y=3h @
_ AB
In AABD, fan60 = D
_k
/3 = y
h= 43y (i)

From (i) and (ii), we have
x+y = J3(3y)
x+y=3y
x =2y
The car has uniform speed. Suppose the car travels distance at v metere / sec
It travels x = 2y in six seconds
It travels distance y = BD in 3 seconds.
Hence, further time taken by the car to reach the foot of the tower is 3 seconds.

HEIGHT AND DISTANCE 215



Example 10 : A 1.3 m tall girl spots a ballon moving with the wind in horizontal line at a constant
height of 91.3 m from the ground. The angle of elevation of the balloon from the eyes of the
girl at an instant has measure 60. After some time, the angle of elevation is reduced in measure
to 30. Find the distance travelled by the balloon during the interval.

Solution : Let A and P be the
positions of the balloon when its

N
angles of elevation from the eyes of A 4
the girl at O have measures 60 and
30 respectively.
Here, AB' = PQ' = 91.3 and 913
‘Y
BB'=QQ =13
\ \ 0 B
PQ = PQ - QQ bl oom Q
=913—-13=90m B Q

PQ=AB =90 m
_ AB
In AABO, fan60 = &3

— 50
'/5_013
%0 _9% B _
OB="T7 =7 X 3—30><J§
_ PQ
In APQO, tan30 = 00
L _ %
$3 T 0Q
0Q = 90v3

The distance travelled by the balloon = BQ = OQ — OB

BQ =90V3 — 3043
= 6043
=60 X 1.73
=103.8 m
Hence, the distance travelled by the balloon is 103.8 m.

Figure 10.15

@

(i)

Example 11 : As observed from the top of a building 60 m above the surface of a lake, the angle
of elevation of a kite flying in the sky has measure 30 and the angle of depression of the
image of the kite in the lake has measure 60. Find the height of the kite above the surface

of the lake.

Solution : Let BE be the surface of the lake and AB be the building. Let F be the reflection

of kite C. Horizontal line AD intersect CE in D.
mZCAD = 30, mZFAD = 60
AB =60 m. Let CE=h, BE=1L
Then CD = k& — 60 and DF = k + 60

216
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_ CD
IDAADC, tan30—E G a
1 h-60
BT 8
1= J3(h — 60 i = h
V3( ) @) A 6030 o5,
_ DFE
InAADF,tan6O—E LS ] §w
E
'/—=h-l;60
h+60
J3I=h+ 60 (i)
From (i) and (ii) é
V3IV3(h — 60)] = h + 60 o
3(h — 60) = h + 60 Figure 10.16
3h— 180 = h + 60
2h = 240
h=120 m

Hence, the height of the kite above the surface of the lake is 120 m.
Example 12 : A flag-staff of height 4 stands on the top of a school building. If the angles of elevation
of the top and bottom of the flag-staff have measures O and [} are respectively from a point on

: oo . _ htanB
the ground, prove that the height of the building is tanc—tanp
Solution : Let AB be the flag-staff,
BC be the school building and D be the
point of observation.
Now, AB = h. Let BC = H and
CD = d. mZADC = o and mZBDC = P.
In AADC, tanci = hZH
h+H
4= o ® 2
In ABDC, tanf} = % %
H ¥ B
4= TanP (i) 8
From (i) and (ii) (
11
h+H _H
e~ i ialala!
htan]d + Htanp = HtanOl
P P o \B [ [1[1
htan3 = Htano. — Htanf D C
H(tanol — tan) = htanf3 ) 4 .
htan Figure 10.17
~ ‘tana—tanP
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Example 13 : A ladder rests against a wall at an angle having measure Ol with the ground. Its foot
is pulled away from the wall by a m keeping ladder on the ground. By doing this, its upper end

on the wall slides down by b m. Now the ladder makes an angle of measure [ with the ground.
a  cosp—cosa

Then prove that 5= m A

Solution : Let AB be the ladder when
its top A is on the wall and bottom B is on
the ground such that mZABC = 0. Now
the ladder is pulled away from the wall
through a distance g, so that its top A
slides and takes position A' and bottom
B slides and takes position B', such that

mZAB'C = B. Let BC = x, A'C = y.
Now, AA' = b and BB = a.

i
b

.
i

In AABC, sin0, = AC, cosOlL = ﬁ? Figure 10.18
sinow = 222, costt = % ®
: —_ AC _ BC
In AABGC, sinf = 4=, cosf = 5
a+x
smB A’B —Z_, cos B ==
Now, AB = AB'
sinP = 2, cosp = L% (i)
From (i) and (ii)
b+ a+x
sina—sinﬁ=Ty—% and cosP — cosOl = 35 —%
ina, — sinf} = 2 - _a
sinoL smB 5 and cosB cosOL = -
cosp—coso.  ap
Sino—sinB b
sino.— sin =
cosp—cosa. _a

sina, — sinf}

Example 14 : A jet plane is at a vertical height of 4. The angles of depression of two tanks on the
horizontal ground are found to have measures O, and B (0. > ) Prove that the distance between
. h(tano. —tan)

A
the tanks is lanc-tanp 4
Solution : Let A be the jet plane,
C and D are two tanks. % B o
D C B

Here AB = h BC =x and CD =d.

mZACB = o and mZADB = f§ Figure 10.19
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In AABC, tano, = 4B

BC
tanQl = h
X
h %
= no (i)

In AABD, tanf} = 22

h
nf = 1o
mﬁ B (i)
From (i) and (ii)

h h
mno, T 4= tan 3

h h
tan T tno

_ h(tano.—tanB)
~ tano-tanP

x+d=

d=

h(tano.— tanP)

Hence, the distance between the tanks is
tano. - tanf

EXERCISE 10

A pole stands vertically on the ground. If the angle of elevation of the top of the pole from a
point 90 m away from the pole has measure 30, find the height of the pole.

A string of a kite is 100 m long and it makes an angle of measure 60 with the horizontal. Find
the height of the kite, assuming that there is no slack in the string.

A circus artist is climbing from the ground along a rope stretched from the top of a vertical
pole and tied at the ground. The height of pole is 10 m and the angle made by the rope with
ground level has measure 30. Calculate the distance covered by the artist in climbing to the
top of the pole.

A tree breaks due to a storm and the broken part bends such that the top of the tree touches the
ground making an angle having measure 30 with the ground. The distance from the foot of the
tree to the point where the top touches the ground is 30 m. Find the height of the tree.

An electrician has to repair an electric fault on the pole of height 5 m. He needs to reach a point
2 m below the top of the pole to undertake the repair work. What should be the length of the
ladder that he should use, which when inclined at an angle of measure 60 to the horizontal would
enable him to reach the required position.

As observed from a fixed point on the bank of a river, the angle of elevation of a temple on the
opposite bank has measure 30. If the height of the temple is 20 m, find the width of the river.
As observed from the top of a hill 200 m high, the angles of depression of two vehicles
situated on the same side of the hill are found to have measure 30 and 60 respectively. Find
the distance between the two vehicles.

A person standing on the bank of a river, observes that the angle subtended by a tree on the
opposite bank has measure 60. When he retreats 20 m from the bank, he finds the angle to have
measure 30. Find the height of the tree and the breadth of the river.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

The shadow of a tower is 27 m, when the angle of elevation of the sun has measure 30. When
the angle of elevation of the sun has measure 60, find the length of the shadow of the tower.
From a point at the height 100 m above the sea level, the angles of depression of a ship in the
sea is found to have measure 30. After some time the angle of depression of the ship has
measure 45, Find the distance travelled by the ship during that time interval.

From the top of a 300 m high light-house, the angles of depression of the top and foot of a
tower have measure 30 and 60. Find the height of the tower.

As observed from a point 60 m above a lake, the angle of elevation of an advertising ballon
has measure 30 and from the same point the angle of depression of the image of the ballon in the
lake has measure 60. Calculate the height of the balloon above the lake.

Watching from a window 40 m high of a multistoreyed building, the angle of elevation of the top
of a tower is found to have measure 45. The angle of elevation of the top of the same tower
from the bottom of the building is found to have measure 60. Find the height of the tower.

Two pillars of equal height stand on either side of a road, which is 100 m wide. The angles of
elevation of the top of the pillars have measure 60 and 30 at a point on the road between the
pillars. Find the position of the point from the nearest end of a pillars and the height of pillars.
The angles of elevation of the top of a tower from two points at distance a and b metres from
the base and in the same straight line with it are complementary. Prove that the height of the

tower is vab metres.

A man on the top of a vertical tower observes a car moving at a uniform speed coming directly
towards it. If it takes 12 minutes for the angle of depression to change its measure from
30 to 45, how soon after this, will the car reach the tower ?

If the angle of elevation of a cloud from a point # metres above a lake has measure O and the
angle of depression of its reflection in the lake has measure [3, prove that the height of the
h(tanP + tano)

cloud is tanp —tano. ™

From the top of a building AB, 60 m high, the angles of depression of the top and bottom at a
vertical lamp post CD are observed to have measure 30 and 60 respectively. Find,

(1) the horizontal distance between building and lamp post.

(2) the height of the lamp post.

(3) the difference between the heights of the building and the lamp post.

A bridge across a valley is # metres long. There is a temple in the valley directly below the

bridge. The angles of depression of the top of the temple from the two ends of the bridge have
measures 0. and [}. Prove that the height of the bridge above the top of the temple is
h(tana - tan)
tano.+tanp ™
At a point on level ground, the angle of elevation of a vertical tower is found to be such that its
5

tangent is o On walking 192 metres towards the tower, the tangent of the angle is found to be

2. Find the height of the tower.

A statue 1.46 m tall, stands on the top of a pedestal. From the point on the ground the angle of
elevation of the top of the statue has measure 60 and from the same point, the angle of elevation
of the top of the pedestal has measure 45. Find the height of the pedestal.
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22. Select a proper option (a), (b), (c) or (d) from given options and write in the box given
on the right so that the statement becomes correct :

(1) On walking ...... metres on a hill making an angle of measure 30 with the ground, one can
reach the height of 'a' metres from the ground. ]

3 2a a

() S-a ®) 75 (c) 2a @ 3

(2) The angle of elevation of the top of the tower from a point P on the ground has
measure 45. The distance of the tower from the point P is a and height of the tower
is b. Then, ...... 1
@a>»b b)a<b ©)a=5b d)a=2b

(3) A 3 m long ladder leans on the wall such that its lower end remains 1.5 m away from the
base of the wall. Then, the ladder makes an angle of measure ...... with the ground. [ |

(a) 30 (b) 45 (c) 60 (d) 20

(4) A tower is 5043 m high. The angle of elevation of its top from a point 50 m away from
its foot has measure ...... ]
(a) 45 (b) 60 (c) 30 (d) 15

(5) If the ratio of the height of a tower and the length of its shadow is 1: 3, then the angle of
elevation of the sun has measure ...... 1
(a) 30 (b) 45 (c) 60 (d) 75

(6) If the angles of elevation of a tower from two points distance a and b (a > b) from
its foot on the same side of the tower have measure 30 and 60, then the height of the

tower is ...... ]
(@) Ja+b (b) Jab © Ja-b (d ,/%

(7) The tops of two poles of height 18 m and 12 m are connected by a wire. If the wire makes
an angle of measure 30 with horizontal, then the length of the wire is ...... 1
(@ 12 m (b) 10 m ©)8m d4dm

(8) The angle of elevation of the top of the building A from the base of building B has
measure 50. The angle of elevation of the top of the building B from the base of building
A has measure 70. Then, ...... ]

(a) building A is taller than building B.
(b) Building B is taller than building A.
(c) Building A and building B are equally tall.
(d) The relation about the heights of A and B cannot be determined.
(9) If the angle of elevation of the top of a tower of a distance 400 m from its foot has

measure 30, then the height of the tower is ...... ]
400 400
(2) 200 V2 ® 5 (c) 200 3 @ 55
(10) The angle of depression of a ship from the top of a tower 30 m height has measure 60.
Then, the distance of the ship from the base of the tower is ...... ]
(2) 10 (b) 30 () 1043 (d) 3043
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(11) When the length of the shadow of the pole is equal to the height of the pole, then the
angle of elevation of the source of light has measure ...... ]
(a) 45 (b) 30 (c) 60 )75

(12) From the top of a building /# metre high, the angle of depression of an object on the
ground has measure ©. The distance (in metres) of the object from the foot of the

building is ...... ]
(a) hsin® (b) htan® (c) hcot® (d) hcosO

(13) As observed from the top of the light house the angle of depression of the two ships P and
Q anchored in the sea to the same side are found to have measure 35 and 50
respectively. Then from the light house.... 1
(a) P and Q are at equal distance.
(b) The distance of Q is more then P.
(c) The distance of P is more than Q.
(d) The relation about the distance of P and Q cannot be determined.

(14) Two poles are x metres apart and the height of one is double than that of the other. If
from the mid-point of the line joining their feet, an observer finds the angle of elevation

of their tops to be complementary, then the height of the shorter pole is ...... ]
(@) £ ® 5 © V2x @ 575

In this chapter we have studied following points :

1. Horizontal Ray : A ray parallel to the surface of the earth emerging from the eye of the
observer is called a horizontal ray.

2. Ray of Vision : The ray from the eye of an observer towards the object is called the ray
of vision or ray of sight.

3. Angle of Elevation : If the object under observation is above an observer, but not directly
above the observer, then the measure of the angle formed by the horizontal ray and the ray
of sight is called the angle of elevation. Here horizontal ray, observer and object are in the
same vertical plane.

4. Angle of Depression : If the object under observation is at a lower level than an
observer but not directly under the observer, then the measure of the angle formed by the
horizontal ray and the ray of sight is called the angle of depression.

5. The height of length of an object on the distance between two distant objects can be
determined with the help of trigonometric ratios.
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A mathematician like a painter or a poet is a maker of patterns. If his patterns are more
permanent than theirs, it is because they are made with ideas.

- G H. Hardy

11.1 Introduction

We have learnt about circle in standard IX. We defined a circle and also defined terms
related to a circle like a radius, a chord, an arc, a segment, a sector of a circle etc.. We also studied
some properties of circle. Let us recollect them in brief.

(i) A circle is the set of points in a plane which are at the same distance from a fixed point in
the plane. The fixed point is called the centre of the circle. The line-segment joining the centre and
a point on circle is called radius. We are using the word radius for a line-segment as well as the
length of the line-segment.

(ii) The congruent chords of a circle (or congruent circles) subtend congruent angles at the
centre of the circle.

(iii) If the angles subtended by two chords of a circle (or congruent circles) at the centre (or the
centres of the respective circles) are congruent, then the chords are congruent.

(iv) A line passing through the centre of a circle and perpendicular to a chord of the circle
bisects the chord.

(v) Three non-collinear points always determine a circle uniquely.

(vi) Congruent chords of a circle (or of congruent circles) are equidistant from the centre
(or from the respective centres) of the circle (or circles).

The converse of the above statement is also true.

(vii) If two arcs of a circle (or congruent circles) are congruent, then their corresponding chords
are also congruent.

(viii) Congruent arcs of a circle subtend congruent angles at the centre of the circle.

(ix) The angle subtended by a minor arc at the centre of a circle has double the measure than
the measure of the angle subtended by the same arc at a point on corresponding major arc.

(x) Angles in the same segment of a circle are congruent.

(xi) Angle inscribed in a semicircle is a right angle.

(xii) If a line-segment joining two points subtends congruent angles at two distinct points
lying in the same halfplane of the line containing the segment, then there is a circle passing through
the four points. We say that these points are concyclic or they are the vertices of a cyclic
quadrilateral.

(xiii) The sum of measures of the opposite angles of a cyclic quadrilateral is 180 that is to say
that opposite angles of a cyclic quadrilateral are supplementary.

(xiv) If sum of measures of angles of a pair of opposite angles of a quadrilateral is 180, the
quadrilateral is cyclic.
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Intersection of a line and circle in the same plane :

Now let us consider the intersection of a line and a circle both lying in the same plane. Let

us denote the set of points on the circle by S and the line by /. We observe the following three

possibilities :

at point P. We also say that / is a tangent to the circle S
and point P is the point of contact.

1

2)

In this case we say that line / touches the circle S S

(3) S M [ = consists set of two points. ]
In figure 11.3 line / intersects the circle in two Q
distinct points P and Q. So S M / = {P, Q}. When a line P

intersects a circle in two distinct points, the line is called

INS=9p

In this case we say that the line does not
intersect the circle. See figure 11.1.

I M S is singleton.

Figure 11.1

In this case there is exactly one point common to

the line and the circle.

In figure 11.2 the line intersects the circle at
point P and only at P.

SN 1= {P}

a secant of the circle.

In this chapter, we are interested particularly in

a]

Figure 11.2

case (2). Let us examine case (2) in detail. Figure 11.3

11.2 Tangent to a Circle

If a line drawn in the plane of a circle intersects the circle in one and only one point,

then the line is called a tangent to the circle and the point at which the line intersects the

circle is called the point of contact of the line with the circle.

Figure 11.4

Let us see another view point by which we can
understand the tangent.

In figure 11.4, line /; intersects the circle S in P and
Q, line /; is a secant of the circle S. Now lines [,, I, j,...
are drawn in such a way that they all pass through P
but they intersect the circle in another point which are
respectively Q,, Q3, Qy,.... . In a way we can say that line
[, passing through point P rotates around point P and the
sequence of points Q;, Q,, Q3, Qy,....approaches nearer
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and nearer to P. When P and Q coincide with each other, line / no longer remains a secant of the
circle S. In this case line / becomes a tangent to the circle S.

So, we can say that,

The tangent to a circle is the limiting case of a secant, when the two end points of its
corresponding chord coincide.

This approach of defining a tangent to a circle or in general to a curve was given by René
Descartes, a great Geometrician and later on it was adopted by Newton, Leibnitz and other
mathematicians. Can we draw a tangent at each point of a given circle ? How many tangents can be
drawn from a given point on a circle ? Let us have an activity.

Activity : Let us draw a circle and denote its centre

by O. Draw a line / passing through O and intersecting = PA ”
the circle at A and B. (You already know that AB is a ; 5y ;
diameter of the circle). We can draw a _l)ine perpendicular f ;z i
to / from any point P;, P,, P;,... on OA such that A is b A -
between O and P,(i = 1, 2, 3,...). P;

From P,, P,, P;,... draw lines perpendicular to /. All L5
points Py, P,, Ps,... are outside the circle and as shown
in figure 11.5 distances OP;, OP,, OP; are greater than
the radius r(OA) and the sequence of Py, P,, Ps,... is "B
approaching A, so that distances OP,, OP,, OP,,... become ]
smaller and smaller as P; approaches A. The line perpendicular Figure 11.5

to (;A)x ultimately becomes a tangent to the circle.

So, for each point A on a circle, there is a line / = (()_>A and there is one and only one line
passing through A which is perpendicular to OA. Hence we can say that there is one and only one
tangent passing through each point of a circle.

The activity described above not only shows the existence of a tangent and its uniqueness
but it also suggests an important property of the tangent that tangent at a point on the circle is
perpendicular to the radius of the circle passing through that point. We are going to prove this
statement as theorem 11.1. Let us recall one more property of circle.

If a point P in the plane of ®(O, r) is in the exterior of the circle then OP > r and if P is in
the plane of ®@(O, r) such that OP > r, then P is in the exterior of the circle. In fact this is the
definition of the exterior of a circle.

Now let us prove Theorem 11.1.

Theorem 11.1 : A tangent to a circle is perpendicular to the radius drawn from the point of

contact.

Given : Line / is tangent to the ® (O, r) at point A. o

To prove : OA L /. 0

Proof : Let P€ [, P # A.

If P is in the interior of ®(O, r), then the line / will * A P >1
be a secant of the circle and not a tangent. But / is a tangent

of the circle, so P is not in the interior of the circle. Also P # A. Figure 11.6
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P is the point in the exterior of the circle.

OP > OA. (E& is the radius of the circle)

Therefore each point P € [ except A satisfies the
inequality OP > OA.. 57\
Therefore OA is the shortest distance of line / A P !
from O. 2
- Figure 11.7
OA L1

Now what about the converse of the theorem 11.1 ? The converse of the statement of
theorem 11.1 can be writen as

A line drawn perpendicular to a radius at its end point on the circle is a tangent to
the circle.

Is this statement true ? Yes, if the line drawn is in the plane of the circle, the statement is true.
We will accept this theorem without proof.

Theorem 11.2 : If a line is in the plane of a circle such that it is perpendicular to the radius
of the circle at its end point on the circle, then the line is a tangent to the circle.

In figure 11.8 line / and @ (O, r) are in plane O/ and
the line / is perpendicular to radius OA at the end point A

% which is on the circle. If P is any point on /, then
OA < OP because OA L /
‘ . OP > OA. Therefor OP > r
u )‘ P Therefore all points like P on / are in the exterior of
! & (O, n.

Figure 11.8 Line / intersects the ® (O, r) at only one point A.
[ is also in the plane of ®(O, r). Hence / is a tangent to
the circle at O.

Notes : (1) This discussion also shows that from
every point on a circle one and only one tangent can be
drawn. P

(2) If a line is tangent to a circle it intersects the
circle at one and only one point. This property of tangent
is true for a circle, but it is not necessarily true for all
curves. In chapter 2 you have studied some curves in
different context. A curve known as a cubic curve is
drawn in figure 11.9. We can see that the tangent at Figure 11.9
point P, again intersects the curve at Q.

(3) The line perpendicular to the tangent to a curve, drawn at the point of contact, in the
plane of the curve is called a normal to the curve. Particularly the normal to a circle drawn at
each point of the circle passes through the centre. Using this fact, we can define a circle as a plane
curve whose normals at all points are concurrent. The point of concurrence is known as the centre of
the circle.

Example 1 : A line passing through the centre O of the circle intersects a tangent of the circle
in Q. P is the point of contact of the tangent. If radius of the circle is 5 and OQ = 13, find PQ.
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Solution : P is the point of contact of tangent and O is the centre of the circle.

OP = radius of the circle.
OP =5, 0Q =13

and ZOPQ is a right angle because the radius of the
circle is perpendicular to the tangent at the point of

contact. 3
In AOPQ, OP2 + PQ? = 0Q?
2 2 = 132 % - »—>
52 + PQ2 =13 P Q
PQ? = 132 — 52 = 169 — 25 = 144 Figure 11.10
PQ =12

Example 2 : AB is a diameter of the circle. Show that the tangents at A and B are parallel.
Solution : AB is the diameter of the circle having
centre O. [; and [/, are tangents to the circle at A

and B respectively. We have to prove /; || /. R B

A
!
N
o

l; and [, are the lines in the plane of the circle

<
and AB is the transversal. 40

Let T be a point on /; such that T # A.
Let R be a point on /,, other than B such that T
>
and R are in different half planes of AB. /; and /,

A

=K ]

A

. . Figure 11.11
are tangents to the circle with centre O. -

I, L OA and I, L OB
But AB is a diameter.
A-O-B
I, L ABand I, L AB (both right angles)
ZTAB = ZRBA
But these are alternate angles made by transversal fA_)B of /; and [,.
L,
Example 3 : Two concentric circles @(O, r;) and ® (O, r,) are such that ; > r,. Chord AB of
@ (O, r;) touches ® (O, r,) at P. Prove that P is the mid-point of AB.
Solution : AB is the chord of @ (0, rp.
AB touces ©(, r,) at P.
OP L AB
The foot of the perpendicular from O (the centre of

the circle) to chord AB of ©(, ry)is P. A v B

P is the mid-point of the chord AB.
Figure 11.12
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Example 4 : Radii of two concentric circles are 26 and 24. A chord of the circle with larger

radius touches the circle with smaller radius. Find the length of the

chord..

Solution : Let O be the centre of concentric circles. Let the chord AB of the circle with larger

radius touch the circle with smaller radius at P.
OP = radius of the circle with smaller radius = 24
OA = radius of the circle with larger radius = 26
Since AB touches @ (O, 24) at P, AB L OP.
AOPA is right angled triangle with mZOPA = 90
OP2 + AP? = OA?
242 + AP? = 267
AP? =262 — 242
APZ = (26 + 24)(26 — 24) = 100
AP =10
OP L AB and AB is the chord of @ (O, 26).
P is the mid-point of the chord AB.
AB = 2AP =20

Figure 11.13

Example 5 : A and B are two distinct points on a circle with centre O. AB is not a diameter of

the circle. The tangents at A and B intersect in point P. Show that ZAOB and ZAPB are

supplementary angles. Also show that PA = PB.
Solution : AB is not a diameter of the circle.
The tangents at A and B are not parallel.
They intersect at point P.
Also, OA 1 AP, OB L BP
In O OAPB, mZA + mZB = 90 + 90 = 180
mZAOB + mZAPB = 180
(The sum of measures of angles of a quadrilateral is 360)
ZAOB and ZAPB are supplementary angles.
In AOAP and AOBP consider the correspondence OAP <> OBP.
OP = OP
OA = OB
ZOAP = ZOBP
AOAP = AOBP
PA = PB
PA = PB
Important remarks : (1) [ OAPB is a cyclic quadrilateral.
(2) Circle with OP as a diameter passes through A and B.

Figure 11.14

(radii)
(both being right angles)
(R.H.S. criterian)

(Why ?)
(Why ?)
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EXERCISE 11.1

1. A and B are the points on @(O, 7). AB is not a diameter of the circle. Prove that the tangents
to the circle at A and B are not parallel. N

2. A, B are the points on @(O, r) such that tangents at A and B intersect in P. Prove that OP is
the bisector of ZAOB and P_(>) is the bisector of ZAPB.

3. A, B are the points on ®(O, r) such that tangents at A and B to the circle intersect in P.
Show that the circle with OP as a diameter passes through A and B.

4. ©(0, r) and @(O, r,) are such that »; > r,. Chord AB of @ (0, ry) touches @ (O, r,). Find
AB in terms of r; and 7,.

5. In example 4, if r; = 41 and r, = 9, find AB.

*

11.3 Number of Tangents from a Point in the Plane of a Circle
Let P be a point in the plane of a circle. There are three possibilities : (1) P may be in the
interior of a circle (2) P may be on the circle (3) P may be in the exterior of a circle.

(1) If P is in the interior of a circle. Can we
draw a tangent to the circle passing through P ?

The answer is no. Any line passing through this P
point will intersect the circle in two distinct
points. Such lines are secants of the circles, not

tangents. v

Figure 11.15

(2) We have discussed the case when P is on
the circle in detail. There is one and only one line
passing through such a point which is be a tangent
to the circle.

(3) Activity : Let us draw two radii of the
circle OA and OB with centre O such that AB is

not a diameter of the circle.

Figure 11.16

v

Let us draw tangent /; to the circle passing I <
through A. We have already seen that such a
construction is possible. In the plane of the circle (o)
we have to draw a line passing through A and
perpendicular to OA. Let us draw tangent /, to the
circle at point B.

Figure 11,17
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Ilmdizmmplmnrﬁnmmdﬁi:nntndiamter.ﬂoflmdlzwiﬂmtl.atthepoint
of intersection be P P will be in the exterior of the circle. Because all poiniz on a tangent except
the poimt of coirtact are in the exterior of the circle. So there is a point P in the exterior of the circle
from which two tangents can be drawn, Will thiz he true for all pointe in the exterior of a circle ?
The anewer i yes. In the next chapier we will learn & oonstroction to draew tangents to a given oitoke
from a point in the exterior of the circle.

IfPi:apuinththantr}imufﬂluﬁimb,thﬂn

Ty

thete are two tangents, PT, and P{_I';, te the
circle. T; and T, are the points of contact of thoge
tengents as shown in the figure 11.18.

Lenpthy PT; and FT,; are called the lengihs of
those tangetits,

If a tanpent in drmws from an exterior

point, them the distanes bedween thin exterior
Figure 11,18 point and the point of contact of the tangent is

called the longth of the tangent.
We will accept the following property of the circle as a theorem without giving a formal proof.,
Theorem 113 : The tangemin drawn io & circls from 2 poind in the exterior of the circle are

tongruent.

In figure 11.19, P is a point in the exterior of @{O, 7).
Tangents 1o the circle from P touch the circle &t T, and
T,. Then sccording to the theorem PT, = FT,.

Join O to P.

In AOPFT; and AOPT,, consider the correspondence
OPT, & OPT,.

LOT,P = LOT,P,

Of = 0%,

OP = OP

AQFT; = AQPT,,

Henm:ﬁl £ l'_].‘z

FT, = FT,

Example 6 : A circle touches all the four sides of (1 ABCD.

Prove that AB + CD = AD + BC.
Proof : Let the circle touch the sides AB, BC,
CD. DA of [] ABCD at points P, Q, R, 8 reapectivoly.
s AP=AS, DS=DR,CR=CQ BQ=BP (@
amd A-P-B, B—Q—C, C-R-D, A-5-D an
Now, AB + CD = AP + PB + CR + RD
(A—P—B and C—R-D)

Ty

Flgars 11.1%
(both are right angles)
{both are radii)

(RH.S. theorem)

Figure 1120 c
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=AS + BQ + CQ + DS
=AS + DS + BQ + CQ
= AD + BC (A—S—D and B—Q-C)

Thus, AB + CD = AD + BC.

Note : (1) The circle which touches all the sides of a quadrilateral is called the circle inscribed
in the quadrilateral.

(2) Whenever we can inscribe a circle in a quadrilateral the sums of the opposite sides of the
quadrilateral in both the pairs are equal.

The converse of this property is also true. If in [ ABCD, AB + CD = AD + BC, then there
is a circle touching all the sides of [0 ABCD. From this result, we can observe that not every
quadrilateral has an incircle.

(3) For a triangle there is always a circle which touches all the sides of the triangle. This circle
is known as incircle of the triangle and the radius of this circle is called the inradius of the triangle.
Example 7 : If a circle touches all the four sides of a parallelogram, the parallelogram is a rhombus.

Solution : In example 6, we have proved that

if there is a circle touching all the four sides of A .
O ABCD, then AB + CD = AD + BC.
If O ABCD in the question is a parallelogram.
Then, AB + CD = AD + BC and AB = CD, AD = BC.
2CD = 2BC
BC = CD. But BC = AD and CD = AB D C
We have AB = BC = CD = AD Pigare 11321

. O™ABCD is a rhombus.
Example 8 : In AABC, m£B = 90. A circle touches all the sides of AABC. If AB = 5, BC = 12,

find the radius of the circle.

Solution : We have remarked that there exists
a circle touching all the sides of a triangle. A

If the radius of such a circle is r, then as
shown in the figure 11.22.

ID=IE=1IF=r
Now, the given triangle is a right triangle and F

"
ZB is right angle. \ r
B

Moreover ID L BC, and AB L BC B
ID || FB and similarly IF || BD

Figure 11.22
OTIFBD is a parallelogram.

ID=FB=rand BD=1IF =r
. O™FBD is a rhombus.
Also ZB is right angle.

OIFBD is a square.
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Now, AB2 + BC? = AC?
AC?2 =52 + 122 = 132
AC =13
AB+BC+AC=5+12+13
AF + FB + BD + DC + AC = 30
AE+r+r+ CE+ AC =30
2r + (AE + CE) + AC = 30
2r + 2AC = 30
2r + 2(13) = 30
r+13 =15
r=2

The radius of the circle is 2.

(4B is right angle)

(AF = AE, DC = CE)

Note : In AABC if ZB is right angle, then the radius of the circle touching all the three sides

AB + BC— AC

of the triangle is >

Example 9 : A circle touches the sides E, a, AB of AABC at the points D, E, F respectively.

The radius of the circle is 4. If BD = 8, DC = 6, find AB and AC.

: Let T be the centre of the circle
which touches BC, CA, AB at D, E, F
respectively.

Solution

D L BC,IELAC IF L AB and
ID = = JF = radius of the circle = 4
(Given)

Moreover it is given that BD = 8 and DC = 6

BF=BD =8, CE=CD =6

Let AF = AE = x. Also BC=4g, CA=5, AB =c¢
AB=x+8 AC=x+6,BC =14
Perimeter of AABC = AB + BC + AC = 2x + 28
Semi-perimeter of AABC =5 = x + 14
s—a=x+14—-14=x, s—b=x+14—-—(x+6)=238
s—c=x+14—-(x+8=6

Area of AABC = Js(s—a)(s—b)(s—c) = J(x+14)-x-8-6

J48x (x+14)

Area of AAIB = 1AB.TF = 2(x + 8)- 4 = 2(x + 8)

Area of ABIC = %BC-ID = %(14)-4 =28

Area of ACIA =%AC-IE=%(x+6)-4=2(x+6)
ID = IF

Figure 11.23
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%
BI is the bisector of ZB
%

Similarly AT is the bisector of ZA

%
and (I is the bisector of ZC
I is a point in the interior of AABC.
Area of AAIB + Area of ABIC + Area of ACIA = Area of AABC

2(x+8)+28+2(x+6) = J48x(x+14)

x+ 14 = 3x x+14#0,x>0)
x=17
AB=x+8=15AC=x+6=13

EXERCISE 11.2

1. P is the point in the exterior of @ (O, r) and the tangents from P to the circle touch the circle
at X and Y.

(1) Find OP,if r=12, XP =35
(2) Find mLXPO, if m£LXOY = 110
(3) Find r, if OP = 25 and PY = 24
(4) Find m£LXOP, if m£LXPO = 80

2. Two concentric circles having radii 73 and 55 are given. The chord of the circle with larger
radius touches the circle with smaller radius. Find the length of the chord.

3. AB is a diameter of @(0, 10). A tangent is drawn from B to @(O, 8) which touches ® (O, 8)
at D. ]i)) intersects @ (O, 10) in C. Find AC.

4. P is in the exterior of a circle at distance 34 from the centre O. A line through P touches the
circle at Q. PQ = 16, find the diameter of the circle.

5. In figure 11.24, two tangents are drawn to a circle
from a point A which is in the exterior of the circle.
The points of contact of the tangents are P and Q as
shown in the figure. A line / touches the circle at R
and intersects AP and F) in B and C respectively.
If AB = ¢, BC = g, CA = b, then prove that

(1) AP+AQ=a+b+c

@ AB+BR=AC+CR=AP=AQ=%[’+C Figure 11.24

6. Prove that the perpendicular drawn to a tangent to the circle at the point of contact of the
tangent passes through the centre of the circle.

7. Tangents from P, a point in the exterior of @ (O, r) touch the circle at A and B. Prove that
OP L AB and OP bisects AB.
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8. PT and PR are the tangents drawn to @ (O, r) from point P lying in the exterior of the circle

and T and R are their points of contact respectively. Prove that mZTPR = 2mZOTR.

9. AB is a chord of @ (0, 5) such that AB = 8. Tangents at A and B to the circle intersect in P.
Find PA.

10. P lies in the exterior of ® (O, 5) such that OP = 13. Two tangents are drawn to the circle
which touch the circle in A and B. Find AB.

EXERCISE 11

1. A circle touches the sides ﬁ, C_A, AB of AABC at points D, E, F respectively. BD = x,
CE = y, AF = z. Prove that the area of AABC = ‘/xyz (x+y+2z).

2. AABC is an isosceles triangle in which AB = AC. A circle touching all the three sides of
AABC touches BC at D. Prove that D is the mid-point of BC.

3. /B is a right angle in AABC. If AB = 24, BC = 7, then find the radius of the circle which
touches all the three sides of AABC.
4. A circle touches all the three sides of a right angled AABC in which ZB is right angle. Prove

AB + BC—AC

that the radius of the circle is 5

5. In [0 ABCD, mZD = 90. A circle with centre O and radius r touches its sides HS, E, CD
and DA in P, Q, R and S respectively. If BC = 40, CD = 30 and BP = 25, then find the

radius of the circle.

6. Two concentric circles are given. Prove that all chords of the circle with larger radius which
touch the circle with smaller radius are congruent.

7. A circle touches all the sides of [ ABCD. If AB =5, BC = 8, CD = 6. Find AD.
8. A circle touches all the sides of [J ABCD. If AB is the largest side then prove that CD is the
smallest side.

9. P is a point in the exterior of a circle having centre O and radius 24. OP = 25. A tangent
from P touches the circle at Q. Find PQ.

10. Select a proper option (a), (b), (¢) or (d) from given options and write in the box given
on the right so that the statement becomes correct :

(1) P is in exterior of ®@(O, 15). A tangent from P touches the circle at T. If PT = 8, then

OP = ... 1
(a) 17 (b) 13 (©) 23 ) 7
o &

(2) PA, PB touch ®(O, r) at A and B. If mZAOB = 80, then mZOPB = ...... ]
(a) 80 (b) 50 (©) 10 (d) 100
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(3) A tangent from P, a point in the exterior of a circle, touches the circle at Q. If OP = 13,

PQ = 5, then the diameter of the circle is ...... ]
(a) 576 (b) 15 () 8 (d) 24

(4) In AABC, AB = 3, BC = 4, AC = 5, then the radius of the circle touching all the three
sides is ...... 1
(a) 2 (b) 1 (© 4 (d)3

(5) I(?) and g touch the circle with centre O at A and B respectively. If mZOPB = 30 and
OP = 10, then radius of the circle = ...... ]
@35 (b) 20 (c) 60 (d) 10

(6) The points of contact of the tangents from an exterior point P to the circle with centre O
are A and B. If mZOPB = 30, then mZAOB = ...... ]
(a) 30 (b) 60 (c) 90 (d) 120

(7) A chord of ® (0O, 5) touches @ (O, 3). Therefore the length of the chord = ...... ]
(a8 (b) 10 )7 d)é6

ES

In this chapter we have studied the following :

Meaning of the phrase “tangent to a circle”.

Number of tangents from a point in the plane of the circle.

A tangent to a circle is perpendicular to the radius which passes through the point of
contact.

A line drawn perpendicular to a radius at its end-point on the circle is a tangent to the
circle.

A unique tangent can be drawn to a circle at each point of the circle.

Meaning of the phrase “length of a tangent to a circle from a point in the exterior of a circle”.

The lengths of tangents from a point in the exterior of a circle are equal.
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CONSTRUCTIONS 1 2

Some mathematicians, I believe, hor aaid that true pleanse ler not
ir the discovary bwt in the secrch for it

12.1 Introduction
Why we learn abomt constrmetons @

The ancient Greek mathematician Ewclid is the acknowledped imventor of
geometry. He did thie over 2300 yeare ago and his book "Element’ is still regarded
a8 the ultimate geometry reference. In that work, he uses these construction
techniques cxtengively and po they have become a part of the field of study in
geomeiry, They also provide a greater ingight into geometric concepts and give ux fq".
tocls to dmw figures when direct meammement i3 not sppropriste. . ;
Why did Euclid do it this way ? Euclid

Why did Eoclid not just measure things with a tuler and caleulate lengthe 7 For emample, one of
the bagic constrootions is bisecting a line-segment (dividing it into two congruent parts). Why not just
mwagnre it with a ruler and divide it by two ?

The answer is surprising. The Greeks could not do arithmetic. They had only whole numbers, no
zero and no negative numbers. Thiz means they conld not, for example divide 5 by 2 and get 2.5,
because 2.5 is not a whole nomber - the only kind they had. Also, their nombers did not nse a
positional system like ours, with units, tenths, hundredihs, etc, but more like the Roman numerals,
In short, they could perform wery litte useful arithmetic.

S0, faced with the problem of finding the mid-point of a line, they could not do the obvious -
meazure it and divide by two. They had to have other waya and this lead to the constructions using
compass and straight-cdge or immarked mler. It ir also why the siraight-cdge has no marking, It is
dofinitely not a graduated ruler, but simply a pencil goide for making straight lines. Euclid and the
Greeks solved probleme graphically, by drawing shapes, 55 8 subsfifige for using arithmetic,

We have stndicd rome constructione in standsrd IX namg straight-cdge (roler) and compass
only. We have lcamt how to draw the bisector of a given sngle, the perpendicular bisector of & given
line-scgment mnd mngles whore meamures sre multiple of 15. Some constructions of trianglex were
also done. We have aleo given their justifications.

In this chapter we shall sindy some more comstructions by uming the knowledge of the
constructions studied in standard IX and also using some principles of geomeiry. We hall also give the
mathematical reasming (justification) for the constructions, i.e. the principles behind the method of
constraction done.
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12.2 Division of a Line-segment

If we are asked to divide a given line-segment in the ratio 3 : 4, we need to measure the length
of line-segment and we mark a point on it, which divides the given line-segment in the given ratio,
i.e. 3 : 4. (This is possible if the length of the line-segment is a multiple of 7.)

If we want to divide the line-segment in the ratio m : »n (m, n € N) without measuring the actual
length, then there is one interesting method to do it. Let us see how to do it. First of all, we will do the
following construction. We will take one example, where m = 3 and » = 5.

Construction 1 : To divide a given line-segment in the ratio 3:5.
Note : (1) As the ratio is 3 : 5, so we would like to divide the line-segment into eight (= 3 + 5)

congruent parts and we select first three parts together as one part and the next five together as the
other part.

(2) To divide AB in the ratio 3 : 5 means to find a point P on AB such that % =%.
Data : AB is given.

To construct : To divide AB into two segments,
such that the ratio of their lengths is 3 : 5.

-2 .
Steps of construction : (1) Draw AX making an
acute angle with AB. Select arbitrary point C on AX.

(2) Select an arbitrary radius less than %AC.

Draw an arc with centre A and this radius intersecting
AC in A,. Similarly with centre A, and the same A

radius draw an arc intersecting AC in A, such 9

Figure 12.1

that A—A|—A,. Similarly continue the procedure with

centres respectively A; and arc having same radius intersecting AC in A, | such that
A, 7AAL o, where k=2, 3,4, 7. Thus we get 8 points A}, A,,..., Ag on AC such that
AA; = AA, = AA; = .. = AjA,

(3) Join Ag with B.

(4) We draw a ray parallel to AgB, through Aj, so that it intersects AB at P.

(To draw a ray parallel to AgB, we shall construct LAA3P congruent to ZAAgB as we have
learnt earlier.)
Thus we have obtained P € AB such that AP : PB =3 :5.

o o e S oo
Justification : As A3P || AgB and AC, AB are the two transversals,

AA3 _ AP . .
A = BB (Theorem on proportionality)
AAs AP

wjw

— = i
Here, + As 5 So )

Hence point P divides AB in the ratio 3 : 5.

Alternative Method :

Step of Comstruction : (1) Construct acute congruent angles ZXAB and ZYBA in such a
way that X and Y are in the opposite half planes of flﬁ)s
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(2) Select an arbitrary radius less than %BY and %AX Draw an arc with centre A and this
radius intersecting AX in A,. Similarly with centre A, and the same radius, draw an arc intersecting
AX in A, such that A—A —A,. Similarly with centres A, and same radius draw an arc intersecting AX
in A5 such that A;—A,—A,. Thus we get 3 points A, A,, A; on AX such that AA; = A|A, = AyA,.

Now draw an arc with centre B and the same radius

X

intersecting BY in B,. Again with centre B,
and the same radius, draw an arc intersecting BY in
B,, such that B—B,—B,. Similarly continue the procedure
with centres respectively B, and arc having the
same radius intersecting BY in B, , ;| such that
B, _ —B;—B; , |, where k = 2, 3, 4. Thus we get 5
points on BY such that BB, = BB, =B,B; =... = B;Bs.

(3) Join A,, B; intersecting AB at the point P.
Thus we have obtained a point P € AB such
that AP : PB =3 :5.

Justification : AAA,P ~ ABBP (AA)

Ald; _ AP

BB PB
But 23 _3 g, AP _ 3 Y Figure 12.2
U BB, 5 °°PB S

AP :PB=3:5

Example 1 : Divide a line-segment into three congruent parts.
Solution : Data : AB is given.
To construct : To divide AB into three congruent
parts.
; —2
Steps of comstruction : (1) Construct AX and
B_X)( at A and B respectively in different half planes
w4
of AB such that ZXAB = ZYBA and also they

are acute.

(2) Select an arbitrary radius less then %AX
(%BY also). Draw an arc with centre A and this radius
intersecting AX in A|. Similarly with centre A; and
the same radius, draw an arc intersecting AX in A,,
such that A—A;—A,. Here AA; = A/A,.

(3) Similarly draw an arc with centre B and the

Figure 12.3

same radius (as in (2)) intersecting BY in B;. Again
with centre B, and the same radius, draw an arc intersecting BY in B,, such that B—B,—B,. Here

also BB, = B{B,.
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(4) Join A, with B, and A, with B, intersecting AB at P and Q respectively.
Thus, points P and Q divide AB into three congruent parts, i.e. AP = PQ = QB(=%AB).

Now we shall use this idea of dividing a line-segment in a given ratio with the corresponding
sides of similar triangles. Such a ratio is called a Scale factor.

Scale Factor : The ratio of the measures of the corresponding sides of two similar
triangles is called a scale factor.

Construction 2 : To construct a triangle similar to a given triangle as per given scale factor.
Case (1) : Let the scale factor less than 1, i.e. the triangle to be constructed has sides of

measure less than the measures of the corresponding sides of given triangle.

Construct AABC whose sides have lengths equal to % of the lengths of the corresponding sides
of AAPQ.

Data : AAPQ is given.

To construct : To construct AABC such that the ratio of the measures of sides of AABC
to measures of sides of AAPQ is 2 :5. Q

Steps of construction : (1) Draw A_)>( making an acute
angle with AP and Q and X lie in different half planes
of ,?P

(2) Select an arbitrary radius less than %AX Draw an arc

with centre A and this radius intersecting AX in A,. Similarly
with centre A and the same radius draw an arc intersecting
AX in A,, such that A—A;—A,. Similarly continue the
procedure with centres respectively A, and arcs having same
radius intersecting AX in A, . ysuchthat A, _|—A—A, |,
where k = 2, 3, 4. Thus we get 5 points on AX such that
AAL = A A, = AA; = AjA = AJAs

—_— Figure 12.4
(3) Draw A4P. s
(4) Draw A,B parallel to AsP intersecting AP in B.
(5) Draw B<_()j parallel to F) intersecting F) in C.
Thus AABC is the required triangle of desired measure.
AA
Justification : According to the construction 1, since A, A25 = %
AB _ 2
BP 3
BpP _ 3
AB 2
BP+AB _ 342
= -3 (Componendo)
AP _ 5 —B—
AB 2 (A—B—P)
AB _ 2
AP 5
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Also, BC || PQ. So AABC ~ AAPQ

Case (2) : The scale factor is greater than 1, i.e. construction of a triangle which has sides
larger than the sides of the given triangle.

To construct AABC similar to AAPQ with its sides having lengths equal to % times the lengths
of the corresponding sides of AAPQ.

Data : AAPQ is given. \C

To construct : To construct AABC such that the ratio of Q
the lengths of the sides of AABC to the lengths of the sides
of AAPQ is 4:3.

Steps of construction : (1) Draw A_))( making an acute

v

angle with AP lying in the half plane of <A_I)> not containing
vertex Q.
(2) Select an arbitrary radius less than %AX. Draw an

arc with centre A and this radius intersecting AX in A,

Similarly with centre A; and the same radius draw an arc

Figure 12.5

intersecting AX in A,, such that A—A;—A,. Similarly
continue the procedure with centres respectively A, and arcs having same radius intersecting AX in
A, . 1 such that Ay _ | —A,—A, , |, where k£ = 2, 3. Thus we get 4 points on AX such that
AA; = A A, = AYA; = AjA,

(3) Draw AsP.

(4) Draw a ray parallel to A_3P originating from A, and intersecting K)P at B. (AB > AP)

(5) Draw a ray parallel to E originating from B and intersecting A_(>2 at C.

Thus AABC is the required triangle with desired measure.

ion : AR — AAs 3 AB _ 4
(Expianaﬂon “AB _ AA, 4 So, AP 3 etc.)

EXERCISE 12.1

Construct the following with the help of straight-edge and compass only :
1. Draw AB of length 7.4 cm and divide it in the ratio 5 : 7.
Divide a line-segment into three parts in the ratio 2 : 3 : 4 in the same order.
3. Construct a triangle with sides 4 ¢m, 5 ¢cm, 7 cm and then construct a triangle similar to it

whose sides have lengths in the ratio 2:3 to the lengths of the corresponding sides of the
first triangle.

4. Draw APQR with mZP = 60, m£Q = 45 and PQ = 6 cm. Then construct APBC whose sides
have lengths % times the lengths of the corresponding sides of APQR.

5. Draw AABC having mZABC = 90, BC = 4 c¢cm and AC = 5 cm. Then construct ABXY,

where scale factor is %.

6. Draw Fz of length 6.5 ¢m and divide it in the ratio 4 : 7. Measure the two parts.
*
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12.3 Construction of Tangents to a Circle

In this section we shall study a construction based on ‘circle and its tangents’. So we shall
revise some necessary points.

(1) If a point is in the interior of a circle, then we can not draw a tangent to the circle through

this point. '

y

(2) Ifapoint is on the circle, then we have only <
one tangent to the circle at this point.

As a tangent to the circle is perpendicular to
the radius drawn through this point (i.e. point
of contact or point of tangency), to construct \
such type of tangent is very simple. We draw a C P R
radius through this point and a line perpendicular to
this radius at this point of contact is the required
tangent. (See figure 12.6)

(3) If a point is in the exterior of a circle, >5<
then there will be two tangents to the circle from ) ¥
. Figure 12.6
such point.

Construction 3 : To construct tangents to a circle through a point in the exterior of a circle.

A circle with centre O and radius 3 c¢m is given. Point P is such that OP = 7 c¢m. Draw the
tangents to the circle through P. s

Data : @(O, 3) is given. Point P is an >:<
exterior point of the circle. :

To construct : To draw tangents to
@ (0, 3) through P.

Steps of comstruction : (1) ®(0, 3)
is constructed and P is chosen such that
OP =7 cm.

2 OP is drawn.

(3) Mid-point M of OP is obtained by
constructing perpendicular bisector of OP.

(4) ®(M, OM) is constructed intersecting
@®(0, 3) at Q and R.

(5) Draw 1(3_)Q and ﬁ

Figure 12.7
Then I% and g are the required tangents. (What can you say about the measures of % and
PR ?)
Justification : ZPQO and ZPRO are the angles in the semi circle of ® (M, OM).
mZPQO = 90 and mZ/PRO = 90

PQ 1 0Q and PR L OR.
V4 < .
PQ and PR are the tangents to the @ (O, 3) at P and R respectively.
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Example 2 : Construct the pair of tangets from the point in the exterior of a circle whose centre is
not given.

Solution : Data : A circle of arbitrary radius is given and a point A exterior to this circle is given.

To construct : To draw two
tangents from the exterior point A to
the given circle.

Steps of construction : (1) Two
non-parallel chords % and RS are
drawn in given circle.

(2) Perpendicular bisectors of F)
and RS intersect at O. O is the centre
of the given circle.

(3) Draw OA.

(4) Perpendicular bisector of 0OA

is drawn intersecting OA at M.

(5) ®@(M,0OM) is drawn which
intersects @ (O, OP) at B and C.

(6) Draw AB and AC.

Thus, <Aﬁ)3 and 1(\_()3 is the required pair of tangents. Figure 12.8

EXERCISE 12

1. Draw a circle of radius 5 cm. From a point 8 cm away from the centre, construct two tangents
to the circle from this point. Measure them.

2. Draw ®(O, 4). Construct a pair of tangents from A where OA = 10 units.

3. Draw a circle with the help of a circular bangle. Construct two tangets to this circle through
a point in the exterior of the circle.

4. Draw ©(O, r). E is a diameter of ® (O, ). Points A and B are on the I<>_)Q such that A—P—Q and
P—Q—B. Construct tangents through A and B to ®(O, r).

5. Draw AB such that AB = 10 ¢m. Draw ©(A, 3) and ®(B, 4). Construct tangents to each
circle through the centre of the other circle.

6. ©(P 4) is given. Draw a pair of tangents through A which is in the exterior of ® (P, 4) such
that measure of an angle between the tangents is 60.

£

’

In this chapter we have learnt how to do the following constructions with the help of straight
edge and compass only.

1. To divide a given line-segment in the given ratio.
To construct a triangle similar to the given triangle whose corresponding sides are in some
ratio, which may be less than 1 or greater than 1.

3. To construct a pair of tangents to a circle through a point in the exterior of the circle.

®
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We can summarise the process of construction 1 as follows :

After doing this

Your work should look like this

Start with a line-segment AB
that we will divide into S (in
this case) congruent parts.

w ]

A

Step 1

%
Draw AP at an acute angle

’ =
to the given AB.

A

Step 2

Set the compass on A, and set
its width to a bit less than
one fifth of AP.

A

Step 3

%
Step the compass along AP,

marking off 5 congruent arcs.
Label the last one C.

/
-
el

A

Step 4

With the compass width set
to CB, draw an arc from A
just below it.

C
P

> B

Step 5

With the compass width set
to AC, draw an arc from B
intersecting the one drawn in
step 4. D is the point of
intersection.

P
B
P
B
E—%
B
C—p

A® B
M/
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After doing this Your work should look like this

&
B
A
D
Step 7 | Using the same compass C
width as used to step along
AC, step the compass from
B along DB making 5 new n
- B
D
D
C
B
D

Step 6 | Join D and B.

congruent arcs
Step 8 | Draw line-segments joining c
corresponding points along

AC and DB. m
Ay B

Step 9 | Construction is over. The
line-segments divide AB
into 5 congruent parts.

A

L
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AREA RELATED TO A CIRCLE 1 3

No mathematician can be a complete mathematician unless he is also something of a poet.

- Karl Weierstrass

13.1 Introduction

We have already learnt about the methods of finding area and perimeter of simple plane figures
having regular shapes like a triangle, a square, a rectangle, a circle, a parallelogram etc. If we see the
objects around us, then we can see many objects or their parts in the shape of a circle or parts of
a circle. Some shapes are combinations of a circle and other plane figures or some of the parts of the
circle along with a triangle, a rectangle, a square etc, for example a circular table cloth, a rectangular
table cloth with some circular shaped figures patched on it, washers, bangles, wall clock, flower beds
etc. So here we shall study the methods of finding areas and perimeters of the plane figures which we
come across in day-to-day life. Here we shall also focus our study specially to the area of a sector and
the area of a segment of a circle.

Perimeter and Area of a circle : Perimeter of a circle is known as circumference. We know that

the ratio of circumference to the diameter of a circle is a constant, denoted by 7t.

T is an irrational real number. Its approximate value is taken as 27—2 or 3.14.

Unless otherwise specified, we will take T = %

So, circumference = Td, d is the diameter
= 27r, r is the radius.
Example 1 : A bicycle wheel makes 6250 revolutions in traveling 11 4m. Find the diameter of the

wheel. .
Distance travelled

Total number of revolution
11 _ 11X 100000

6250 6250
176 cm

Solution : Circumference of the wheel

Circumference of a circle = 27tr
176 = 2 X % X r

176 X7
F=aox22
r=128

The radius of the wheel is 28 cm.
The diameter of the wheel 56 cm.
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Example 2 : The cost of ploughing a circular field at the rate of T 0.75 per m? is ¥ 4158. Find the
cost of fencing the field at the rate of ¥ 30 per m.
Total cost of ploughing .,

g % = 4l _— 2
Solution : The area of the field Rate of ploughing 535 5544 m

Now, area of a circular field = 772
5544 = 2 x 12

5544 X7
= 22

2 = 1764
r=42m
The circumference of the circular field = 2tr = 2 X % X 42 =264 m
The cost of fencing the field = 264 X 30 = ¥ 7920
The cost of fencing is ¥ 7920.

EXERCISE 13.1

1. Find the circumference and the area of the circle whose radius is 8.4 cm.
Find the circumference of the circle whose area is 38.5 m?.
3. The inner circumference of a circular race track is 44 m less than the outer circumference. If
the outer circumference is 396 m, then find the width of the track.
4. The radius of the wheel of a truck is 70 c¢m. It takes 250 revolution per minute. Find the speed
of the truck in km/hr.
*
13.2 Area of a Sector and a Segment of a Circle
We have already learnt the terms Sector and Segment of a circle in our earlier classes. Let us
recall them. D

Sector : The region enclosed by an arc and the radii from the end
major sector

points of the arc is called a sector. Here, XEE U OA U OC is called
a minor sector and denoted by OABC, while XBE U OA U OC is called
a major sector and denoted by OADC. Area enclosed by minor sector
OABC = Tg’r;)G’ where O is the measure of the angle subtended by
the minor arc 7\36 at the centre.

Figure 13.1
Minor sector OABC and major sector OADC are called corresponding sectors of each other.
Area enclosed by major sector OADC

= area of the circle — area enclosed by the minor sector OABC

_ _ mre
2 60 D
ARG = K9
Length of the minor ABC = 180
The area enclosed by a sector is also called the area of the sector.
A positive real number is associated with every segment called the
area of the segment.

Minor Segment : AC U ABC is a minor segment. A C
Area of the region enclosed by minor segment (AC W ABC) B
= Area of minor sector OABC — area of AOAC Figure 13.2
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Major Segment : AC U ADC is a major segment
Area of the region enclosed by a major segment (AC U KFC)
= Area of a circle — Area of a minor segment (E ) X?C).
The area enclosed by the segment is called the area of the segment.
Area of major segment (A_C U X?C) = area of major sector OADC + area of AOAC

Example 3 : The length of a minute hand of a clock is 12 cm. How
much area will it cover on the circular dial in an interval of
5 minutes ? How much area remains to complete the
revolution ? (7t = 3.14)
Solution : In 5 minutes, the minute hand revolves through

an angle of measure 360 % 5 =30

60
. nr’0 ;}i:
Now, the area of a minor sector = <=
360 5
Figure 13.3
The area covered by the minute hand in an interval of 5 minutes = 314 % 1§ 6>(<)12 X 30
= 37.68 cm?
The area remaining to complete the revolution = The area of the circle — The area of the minor sector
= 7tr2 — 37.68
=3.14 X 12 X 12 — 37.68
=452.16 — 37.68
= 414.48 cm?

Example 4 : Find the area of the minor segment whose chord subtends an angle of measure 120
and radius of the circle is 42 cm.

2,
Solution : Area of the sector OACB = 7?606 = % X % = 1848 cm?

Draw OM perpendicular to AB.M € AB

mZAOM = %mAAOB = % X 120 = 60

In the right AAMO, sin60 = 2K

AM = OA - sin60 = 42-@ = 2143

AB =2.AM = 42{3

= oM
0= 0a

OM = OA - cos60 = 42-% =21

cos6

The area of AAOB = % X AB X OM

=1 x 4243 x21 = 44143 cn?
. — Ve
The area of minor segment (AB LU ACB)

= The area of minor sector OACB — The area of AAOB = (1848 — 44143 ) cm?
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Example 5 : OA and OB are two mutually perpendicular radii of a circle. Find the area of the minor

segment, if the perimeter of the corresponding minor sector is 20 cm.

o~
Solution : Let / be the length of the minor arc ACB.

The perimeter of the minor sector =/ + 2r = % + 2r

= 22 90
20 o Xr><180+2r

11 .
(2] =20 AN
B, -9 S

C

_20X7 _

== —>6cm Figure 13.5

— N
The area of the minor segment (ACB U AB)
= The area of the minor sector OACB — The area of AOAB

e _ 1
7Y — 7 X OA X OB

_ 22 5 S6X56X90
7 360

=44X56—28X5.6
=24.64 — 15.68 = 8.96 cm?

Example 6 : The radius of a circular ground is 70 m. There is 7 m wide track inside the ground
near the boundary. The blue coloured portion of the road shown in figure 13.6 has to be repaired.
Find the cost of repair at the rate of ¥ 40 per m2. Measure of the angle subtended by the arc
at the centre is 72.

Solution : The area of the shaded portion
= The area of minor sector OABC — The area of the minor sector ODEF
(mZAOC = 72 = mZDOF)

-1
> X 5.6 X5.6

0 w0

=360 — 360 > Where r; =70 m, r, =63 m
-2 2 _ 22 12
=2 XT0X 70X L& — 2 X 63X 63X
= 3080 — 121 a
5
= 3080 — 2494.8 = 585.2 m? ~
The cost of repair of 1 m2 of road = T 40 A g ©
The cost of repair of 585.2 m? of road = 40 X 585.2 = 23,408 ¥ Figure 13.6

Example 7 : An umbrella has 8 ribs which are equally spaced. Assuming the umbrella to be a flat
circle of radius 56 cm. Find the area between the two consecutive ribs.

Figure 13.7 Figure 13.8
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Solution : The measure of the angle made by two consecutive ribs at the centre = 360 = 45

8
The area between two consecutive ribs = The area of the sector of a circle having radius
56 c¢cm and making an angle having measure 45 at
the centre.
_ wrle
360
= 2 x BXRXB — 1233 em?
Example 8 : The length of a diagonal of a square garden is A B
50 m. There are two circular flower beds as shown in
figure 13.9 on the opposite walls of the garden having v
centre as the point of intersection of diagonals of the P % Q
square. Find the area of flower beds. (T = 3.14) A
Solution : []JABCD is a square and mZAOQOD = 90 D C
Figure 13.9

The radius of the sector OAPD and OBQC is 570 =25 m.
The area of the segment APD U AD = The area of the sector OAPD — Area of AOAD

_mr’e _ 1
560 2XOA)(OD

=3.14><25><25><-3%—%><25><25
= 625(0.785 — 0.5)

= 625 X 0.285

= 178.125 m?

The area of flower beds =2 X 178.125
=356.25 m?

EXERCISE 13.2

An arc of a circle whose radius is 21 ¢m subtends an angle of measure 120 at the centre. Find
the length of the arc and area of the sector.

The radius of a circular ground is 63 m. There is
7 m wide road inside the ground as shown in figure

13.10. The blue coloured portion of the road, shown in A
figure 13.10 is to be repaired. If the rate of repair -
work of the road costs ¥ 25 per m2, find the total

cost of repair. Figure 13.10

A regular hexagon of side 10 c¢m is cut from a plane
circular sheet of radius 10 ¢m as shown in the
figure 13.11. Find the area of the remaining part of the

sheet. (3 = 1.73) (1 = 3.14) \ /

Figure 13.11
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4, The length of a minute hand of a circular dial is 10 cm. Find the area of the sector formed by
the present position and the position afier five minute of the minute hand. (T = 3.14)

5. The radius of a field in the form of a sector is 21 m. The cost of constructing a wall around the
field is ¥ 1875 at the rate of T 25 per meter. If it costs T 10 per m? to till the field, what will be
the cost of tilling the whole field ?

6. The length of a side of a square field is 20 m. A cow is tied
at the corer by means of a 6 m long rope. Find the area of the
field which the cow can graze. Also find the increase in
the grazing area, if length of the rope is increased by 2 m.
(R =3.14)

7. A chord of a circle of radius 42 cm subtends an angle of measure
60 at the centre. Find the area of the minor segment of the circle. T
(V3 = 1.13) Figure 13.12

8. A chord of a circle, of length 10 cm, subtends a right angle at the centre. Find the areas of the
minor segment and the major segment formed by the chord. (T = 3.14)

#*

13.3 Areas of Combinations of Plane Figures
We have learnt about finding areas of a circle, a sector and a segment. Now let us see how we

apply this knowledge to find the area of some plane figures involving a circle, a sector or a segment

with some other figures like a triangle, a square, a rectangle, etc. There are no additional formulag to find
these areas for them but we will learn by some examples how to calculate the area of the figures
formed by such combinations.

Example 9 : In a given square of side 14 cm, a design is constructed by semicircles, as shown in
figure 13.13. Find the area of the region covered by the design.

Solution : We mark four regions of the square which are not coloured blue by L II, IT, IV.
The area of the region I and III together
= The area of square ABCD — The area of the semi-circle AOD and the semi-circle BOC.

= (side of the square)z—Z(%ﬂ:rZ).Herer=%=7cm A |\ D
= -2
14 X 14 % X7TX7 ; -
= 196 — 154 2
=42 CMZ B i c
Similarly the area of the region II and IV = 42 cm? Figure 13.13

.. The area of the design = The area of the square — The sum of the areas of the region I to IV
=196 — 84 = 112 cm?
Example 10 : A square is inscribed in a circular table cloth of radius 35 cm. If the cloth is to be

coloured blue leaving _the square, then find the area to be coloured. AT 1
Solution : Diagonal BD is the diameter of the circle having length 70 cm.

Let the length of the side of a square be x cm. 0

Now, AB2 + AD? = BD?

s x2 4+ x2 = (700 DN _“¢C
S 2x2=70%70 Figure 13.14
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2 = 7o>2<70
=35X35X2
x2 =2450 cm?
The area of the square ABCD = x?
= 2450 cm?
and the area of the circle = Ttr2
=2 x35%35
= 3850 cm?

The area of the design = Area of circle — Area of square

= 3850 — 2450
= 1400 cm?
110 >p
Example 11 : An athletic track whose two ends are

semi-circles as shown in the figure 13.15 is 7 m Q
wide. The linear section joining these ends is of yo
110 m long. The distance between two inner parallel R
section is 70 m. Find the area of the track. S
Solution : Figure 13.15

The area of the track = The area of the rectangle ABQP + The area of the rectangle CDSR +

2(Area of semi-circle with radius OA (42 m) — 2(Area of semi-circle
with radius OB (35 m).

= AP X PQ + DS X CD + 2(%TC(OA)2) - 2(%15(013)2)
= 110><7+110><7+27—2><42><42—27—2><35><35
= 770 + 770 + 5544 — 3850

= 3234 m?
Example 12 : What will be the cost of making design in the 14
blue coloured region in figure 13.16 at the rate of ¥ 25 D C
per cm?. P
Solution : The area of the sector ABCP = 1t3rT209 4 14
=Zx14x14x2 Q
= 154 cm? A 14 B

= The area of the sector ADCQ.  Figure13.16
The area of the square ABCD = 196 cm?
.~ The area of the coloured region= The area of the sector ABCP + The area of the sector
ADCQ — The area of the square ABCD.
(Remember, n(A U B) = n(A) + n(B) — n(A N B))
=154 + 154 — 196
= 112 cm?
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Example 13 : On a square handkerchief, 16 circular designs L gire Nvanye S

The cost of making design in the coloured region at the rate of ¥ 25 per cm? is
(112 X 25) =¥ 2800
The cost of making design is ¥ 2800.

each of radius 3.5 cm are made (see fig. 13.17). Find the
area of the remaining portion of the handkerchief.

Solution : The area of each circular design = Ttr2

0, ‘l y } ‘1 ?
4
RO

=%><3.5x3.5 Q

= 38.5 cm? Figure 13.17
The area of 16 circular designs = 38.5 X 16
=616 cm?

The length of the square handkerchief = 4 X diameter of a circle

=4 X (2 X3.5)

=28 cm

The area of square handkerchief =28 X 28
= 784 cm?

The area of the remaining portion of the handkerchief = Total area of the handkerchief —
The area occupied by the design

= 784 — 616
= 168 cm?
— _ Q
Example 14 : In figure 13.17, PQ and RS are two diameters of B
a circle with centre O. They are perpendicular to each
other, 0S is a diameter of a smaller circle. If OP = 14 cm, S R
find the area of the blue coloured region.
Solution : A
The diameter of the smaller circle = radius of the big circle = r = 14 cm P
The radius of the smaller circle, r; = % X 14=7cm Figure 13.18
The area of the smaller circle = 1l:r12
=2 x7x7
= 154 cm? ()

The area of the segment PAR + The area of the segment RBQ
= The area of semi-circle PRQ — The area of APQR (i.e 2 - The area of AQOR)

=%Tl',r2—2><(%XOQXOR)WhereOQ=OR=r=14cm
=%x%x14x14—14><14

=308 — 196 = 112 cm?
The area of the coloured region = The sum of the result (i) and (ii)
=154+ 112
=266 cm?
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EXERCISE 13.3

A /\ B
u
A rectangle whose length and breadth are 12 cm and
5 cm respectively is inscribed in a circle. Find the area of 0 .
the blue coloured region, as shown in the figure 13.19. D v ¢
A 7P B, Figure 13.19
7
R 'Q 2. ABCD, square park, has each side of length 80 m.
80 There is a flower bed at each corner in the form of a
sector of radius 7 m, as shown in figure 13.20. Find the
o N area of the remaining part of the park.
Figure 13.20 Do 12 C
What will be the cost of covering the white portion P
in figure 13.21 with a silver foil if the rate is ¥ 100 L 12
per m? ? (T = 3.14) Q
.
A b B
A B Figure 13.21
4. ABCD is a square plate of 1 m length. As shown in
figure circles are drawn with their center at A, B, C, D
respectively, each with radius equal to 42 cm. The
blue coloured part at each corner, as shown in the
D C figure 13.22 is cut. What is the area of the remaining

Figure 13.22 portion of the plate ?

OA and OB are two mutually perpendicular radii of a
circle of radius 10.5 cm. D € OB and OD = 6 c¢m. Find

the area of blue coloured region shown in figure 13.23.

EXERCISE 13

The area of a circular park is 616 m2. There is a 3.5 m wide track around the park running
parallel to the boundary. Calculate the cost of fencing on the outer circle at the rate of ¥ 5 per meter.
A man is cycling in such a way that the wheels of the cycle are making 140 revolutions per
minute. If the diameter of the wheel is 60 c¢m, then how much distance will he cover in 2 hours ?

If a chord AB of ®@(O, 20) subtends right angle at O, find the area of the minor segment.
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4. There are two arcs APB of ®(O, OA) and AQB of

®(M, MA) as shown in figure 13.24. Find the area Q
enclosed by two arcs.
A D
¥y P Figure 13.24
~ /I
}(’;\\ 5. The length of a side of a square garden ABCD is 70 m.
g Mo A minor segment of ®(0, OA) is drawn on each of
B C two opposite sides for developing lawn, as shown in
Figure 13.25 figure 13.24. Find the area of the lawn.
e 20 >
A D
6. ABCD is a square of side 20 c¢m. Find the area of blue
coloured region formed by the semi-circles drawn on
each side as shown in figure 13.26. (T = 3.14)
B C
Figure 13.26

7. On a circular table top of radius 30 cm a design is formed leaving an equilateral triangle

inscribed in a circle. Find the area of the design. (T = 3.14)
P

8. Figure 13.27 shows a kite formed by a square PQRS
Q S and an iscosceles right triangle ARB whose congruent

~~~
sides are 5 cm long. QCS is an arc of a @ (R, 42). Find

the area of the blue coloured region.

R
A B Aes D
Figure 13.27 g -/ K T
9. In figure 13.28, ABCD is a square with sides having @ 8
length 8 cm. Find the area of the blue coloured
region. (Tt = 3.14) \ / 1
B C

Figure 13.28

10. A circle is inscribed in APQR where mZQ = 90,
PQ = 8 ¢cm and QR = 6 cm. Find the area of the blue
coloured region shown in figure 13.29. (7t = 3.14)

Figure 13.29
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11. Select a proper option (a), (b), (c) or (d) from given options and write in the box given
on the right so that the statement becomes correct :

(1) If an arc of a circle subtends an angle of measure O at the centre, then the area of the

minor sector is ...... . 1
(a) 28 (b) 28 © 28 @ 28

(2) The area of a sector is given by the formula ...... . 1
(r is the radius and / is the length of an arc.)
@) 3l (b) 27 ©) %l (d) 3

(3) OA and OB are the two mutually perpendicular radii of a circle having radius 9 cm. The
area of the minor sector corresponding to ZAOB is ...... cm?. (T = 3.14) 1
(a) 63.575 (b) 63.585 (c) 63.595 (d) 63.60

(4) A sector subtends an angle of measure 120 at the centre of a circle having radius of
21 cm. The area of the sector is ...... cm?. 1
(a) 462 (b) 460 (c) 465 (d) 470

(5) If the area and the circumference of a circle are numerically equal, then r = ...... .
(@@= ) & ©1 (d)2

(6) The length of an arc subtending an angle of measure 60 at the centre of a circle whose
area is 616 is ...... . ]
@ % (b) 66 © % (d) 33

(7) The area of a minor sector of ®(O, 15) is 150. The length of the corresponding arc is
...... . (m=3.14) 1
(a) 30 (b) 20 (c) 90 (d) 15

(8) If the radius of a circle is increased by 10 %, then corresponding increase in the area
of the circle is ...... .(m=3.14) 1
(a) 19 % (b) 10 % ©) 21 % (d) 20 %

(9) If the ratio of the area of two circles is 1 : 4, then the ratio of their circumference ...... JED
(a)1:4 b)1:2 (c)4:1 d2:1

(10) The area of the largest triangle inscribed in a semi-circle of radius 8 is ...... . 1
(a) 8 (b) 16 (c) 64 (d) 256

(11) If the circumference of a circle is 44 then the length of a side of a square inscribed in
the circle is ...... i 1
@ = (b) 742 (©) 1442 @ %

(12) The length of minute hand of a clock is 14 ¢m. If the minute hand moves from 2 to 11 on
the circular dial, then area covered by it is ...... cm?.
(a) 154 (b) 308 (c) 462 (d) 616

(13) The length of minute hand of a clock is 15 c¢m. If the minute hand moves for 20 minutes
on a circular dial of a clock, the area covered by it is ...... cm?. (T = 3.14) ]
(a) 2355 (b) 471 (c) 141.3 (d) 706.5

*
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In this chapter we have studied the following points :

1. Circumference of a circle = 27tr

2. Area of a circle = T2

Length of an arc of a circle having radius ‘7’ and angle subtended by the arc at the centre

= 9

of measure O is / ¥

nr’o
360 °
corresponding arc at the centre.

4. Area of a minor sector = where O is measure of the angle subtended by the

2
5. Area of the major sector = 772 — “32 09

6. Area of minor segment = The area of minor sector — The area of the triangle formed by
the chord and radii of the circle drawn at the end-points of
the chord.

7. Area of major segment = The area of major sector + The area of the triangle formed by
the chord and radii of the circle drawn at the end-points of
the chord.

8. Areas of combination of plane figures like, square and semicircle, rectangle and semicircle,

circle and triangle etc.

Devlali or Self number

In 1963, Kaprekar defined the property which has come to be known as self numbers, which
are integers that cannot be generated by taking some other number and adding its own digits to it.
For example, 21 is not a self number, since it can be generated from 15: 15 + 1 + 5 = 21, But 20
is a self number, since it cannot be generated from any other integer. He also gave a test for verifying
this property in any number. These are sometimes referred to as Devlali numbers (after the town
where he lived); though this appears to have been his preferred designation, the term self number is
more widespread. Sometimes these are also designated Colombian numbers after a later designation.

Harshad number

Kaprekar also described the Harshad numbers which he named harshad, meaning "giving joy"
(Sanskrit harsha, joy +da taddhita pratyaya, causative); these are defined by the property that they
are divisible by the sum of their digits. Thus 12, which is divisible by 1 + 2 = 3, is a Harshad number.
These were later also called Niven numbers after a 1997 lecture on these by the Canadian
mathematician Ivan M. Niven. Numbers which are Harshad in all bases (only 1, 2, 4, and 6) are called
all-Harshad numbers. Much work has been done on Harshad numbers, and their distribution, frequency,
etc. are a matter of considerable interest in number theory today.

Demlo number

Kaprekar also studied the Demlo numbers, named after a train station where he had the idea
of studying them.] These are the numbers 1, 121, 12321, ..., which are the squares of the repunits
b Bl o aee
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SURFACE AREA AND VOLUME

14

If there is a problem you can't solve, then there is an easier problem you can solve. Find it.

- George Polya

14.1 Introduction

We are already familiar with the surface area and volume of some regular solids like cuboid,
cylinder, sphere, hemisphere and right circular cone (see figure 14.1)

| /’T\
1 N ]
g I
I
I
| l . R
N I
/_:_3
N i
® (ii) (iif) (iv) )
Figure 14.1
Surface area of some familiar solids :

Sr. No. Solid Figure State of solid Surface area
1. Cube Open cube 5x2
%

T Closed cube 6x2
X
X
2. Cylinder 1
height(h) Curved surface 2Ttrh
o area
IR0 Total surface
area 27r(r + h)
D
3. Sphere Surface area 4mr2
C O A
radius(r)

SURFACE AREA AND VOLUME
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Sr. No. Solid Figure State of solid Surface area
4. Hemisphere Open hemisphere 272
Closed hemisphere 312
:radius(r)
5. Right
circular height(h) Lateral surface
cone slant area Trl
height(])
radius(r) Total surface area Tirr(r + D)

Note : For simple calculations take 3

7t = 22 unless otherwise stated.

In our daily life, we come across some solids made up of combinations of two or more of the basic

solids as shown in figure 14.1.

We have seen the container on the back of truck or on the train which contains either water or

oil or milk. The shape of the container is made of a cylinder with two hemispheres at its ends.

In our science laboratory we have seen a test-tube. This tube is also a combination of a

cylinder and a hemisphere at one end.

We have seen a toy top also, it is a combination of a cone and hemisphere at the base

of cone.
14.2 Surface Area of a Combination of Solids

Let us consider the cylindrical vessel (see figure 14.2).
How do we find the surface area of such a solid ? Whenever
we come across a new problem, we first divide (or break it
down) into smaller problems which we have solved earlier.
We can see that this solid is made up of a cylinder with a
conical lid surmounted on it. It looks like what we have in
figure 14.3 after we put both the pieces together. To find the
surface area of cylindrical vessel, we have to find the
surface area of a cone and the surface area of a cylinder
individually.

Figure 14.3

/

AN

Figure 14.2

Total surface area of a cylindrical vessel (TSA) = Curved surface area of cylinder (CSA) +

Curved surface area of cone (CSA).
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Let us consider another solid. Suppose we are making a toy by putting cone and hemisphere
together. Now let us see how to find the total surface area of this toy. (See figure 14.4)

rS

& &

Figure 14.4

First we take a cone and a hemisphere and bring their flat faces together, of course we take the
radius of the base of the cone and radius of the hemisphere same. So the steps are as shown in
figure 14.4. At the end we get a nice round-bottomed toy. Now if we want to find the surface area of
this toy, what should we do ? We need to find total surface area of the toy. We need the curved
surface area of a cone and curved surface area of a hemisphere. So we get,

Total surface area of the toy = Curved surface area of cone + CSA of hemisphere.

Now let us learn some examples.
Example 1 : How many square meters of cloth is required to prepare four conical tents of

diameter 8 m and height 3 m. (It = 3.14)

Solution : Here diameter of the tent is 8 m, so the radius

is 4 m and height of the tent is 3 m.
Now the slant height / = "hz +72 1
’ h
= ‘/9 +16 =5 m
Now, the curved surface area of cone = Tr/ 4
=314 X4X5
= 62.8 m? r=4
So, the cloth required for one tent 62.8 m2. Figure 14.5

Therefore the cloth required for four tents is 251.2 m2.

Example 2 : A cylinder has hemispherical ends having radius 14 ¢m and height 50 cm. Find the
total surface area.

Solution : Here the radius of cylinder and hemisphere is
14 cm and the height is 50 cm as in figure 14.6.

Total surface area of the solid composed of a cylinder
and two hemispherical ends, h

50
= CSA of cylinder + 2 X CSA of hemispheres.

= 2Trh + 2(2T0r2)
=2Tr (h + 2r)

=2 X 2 X 14 (50 + 28) Figure 14.6
= 6864 cm?
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Example 3 : A box is made up of a cylinder surmounted by a cone. The radius of the cylinder
and cone is 12 cm and slant height of the cone is 13 ¢m. The height of the cylinder is 11 cm.
Find the curved surface area of the box.

Solution : Here radius of the cylinder = radius of the cone = 12 cm = r

Height of the cylinder = 11 cm. Slant height of the cone (/) = 13 cm. 1=13 em
Total curved surface area of the given solid
= CSA of the cylinder + CSA of the cone «—— 1) T
= 2%rh + Trl o 11 em
=Tr(2h + 1)

= 27—2X 122 X 11 + 13) = 1320 cm?
Fi 14.7

gure
Thus, the curved surface area of the given solid is 1320 cm?.
Example 4 : A metallic cylinder has diameter 1 m and height 3.2 m. Find the cost of painting its

outer surface at the rate of ¥ 35 per square meter. (T = 3.14)

Solution : The diameter of the cylinder is 1 m.
The radius () of the cylinder = 0.5 m and the height (4) of the cylinder is 3.2 m.
The total surface area of the cylinder (including top and bottom)
=2Tr(r + h)
=2X3.14 X 0.5 (0.5 + 3.2) = 11.618 m?

Now, the cost of painting is ¥ 35 per square meter, so the total cost of painting this cylinder
=% 35 X 11.618 =T 406.63
The total cost of painting this cylinder is ¥ 407 (to nearest rupee).

Example 5 : The total surface area of a hemisphere is 763.72 cm?. Find its diameter.
Solution : Let r be the radius of the hemisphere.

Total surface area of the hemisphere = 37072

2= 1872 = J6872 x I = 81.033 = 81 (approx.)

r=9cm
The diameter = 27 = 18 cm
The diameter of the hemisphere is 18 cm.
Example 6 : The radius of a conical shaped dome of a temple is 7 m and its height is 24 m. Find
the cost of painting both the sides (inside and outside) of the dome of the temple at the rate of
% 15 per square meter. (neglect thickness)
Solution : Here the height of the dome is 24 m and the
radius of the dome is 7 m.

The slant height is / = "242 +72 =25m 1

The curved surface area of cone = Tr/ A
= Zx7x25 "
=550 m?
Now, the cost of painting is ¥ 15 per square meter. Tm
The cost of painting the outer side of the dome is 15 X 550 = T 8250 Figure 14.8

The total cost of painting both the sides is 2 X 8250 =T 16500
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Example 7 : The total surface area of a solid composed of a cone with hemispherical base is

base of cone is r.

361.1 cm?. (T = 3.14) The dimension are shown in figure 14.9. Find the total height of the solid.
Solution : Suppose the radius of the hemisphere and the A

The total surface area of the given solid = 7tr/ + 27072

I=13
361.1 =3.14(r X 13 + 2 - 1) h

3611 _ 2
314 13r + 2r C. B

115 = 22 + 13r
22+ 13r—115=0
(r—5)Q2r+23)=0 D

=23 Figure 14.9
2

But radius is positive. So, r =5 cm
Now, from the figure 14.9 the height of the cone = h = "12 —r2

= ‘/169 =25

=12 cm

r

r=5 or r=

The total height of the solid =h +r =17 cm

EXERCISE 14.1

A toy is made by mounting a cone onto a hemisphere. The radius of the cone and a hemisphere
is 5 cm. The total height of the toy is 17 cm. Find the total surface area of the toy.

A show-piece shown in figure 14.10 is made of two

solids - a cube and a hemisphere. The base of the block
is a cube with edge 7 cm and the hemisphere fixed on
the top has diameter 5.2 cm. Find the total surface

area of the piece. Tan—

Figure 14.10

A vessel is in the form of a hemisphere mounted on a hollow cylinder. The diameter of the
hemisphere is 21 c¢m and the height of vessel is 25 cm. If the vessel is to be painted at the rate
of T 3.5 per cm?, then find the total cost to paint the vessel from outside.

Chirag made a bird-bath for his garden in the shape of a %
cylinder with a hemispherical depression at one end, @‘
(see the figure 14.11). The height of the cylinder is 1.5 m
and its radius is 50 cm. Find the total area of the

bird-bath. (7t = 3.14) L l

Figure 14.11
A solid is composed of a cylinder with hemisperical ends on both the sides. The radius and the height
of the cylinder are 20 ¢m and 35 cm respectively. Find the total surface area of the solid.
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The radius of a conical tent is 4 m and slant height is 5 m. How many meters of canvas of

width 125 c¢cm will be used to prepare 12 tents ? If the cost of canvas is ¥ 20 per meter, then
what is total cost of 12 tents ? (7T = 3.14)
7. If the radius of a cone is 60 c¢m and its curved surface area is 23.55 m?2, then find its slant

height. (Tt = 3.14)
8. The cost of painting the surface of sphere is ¥ 1526 at the rate of ¥ 6 per m?. Find the radius

of sphere.

14.3 Volume of a combination of Solids

*

We have seen how to find the surface area of given solids made up of a combination of two basic
solids in the previous section. Here we will study how to find the volume of such solids. It is noted that
in the calculation of surface area, we cannot add the surface areas of the two constituents, because
some part of the surface area have disappeared in the process of joining them. But this will not
happen in the calculation of the volume. The volume of the solid formed by joining two basic solids will
actually be the sum of the volumes of the constituents.

Note that 1 litre = 1000 cm>. 1 m3 = 1000 litre

Volume of some familiar solids

Sr. No. Solid Figure Volume
1. Cube x3
X < length
# A0
/
2. Cylinder Trh
radius(r)
height (k)
3. Sphere %Tl:r3
>
radius(r)
4. Hemisphere %nr3
T = s
radius(7)
5. Cone %nrzh
height (k)
radius(»)
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Let us see some examples to understand the concept given above.
Example 8 : What will be the volume of the cone whose height is 21 cm and radiue of the base is
6 cm?

Solution : Volume of cone = %‘nrzb

=ixZx§x6x2l
= 792 e
~. The volume of the cone is 792 cnr’.
Example % : Find the capacity of a oylindrical wader tank whose rading is 2.1 m and height 5 m.
Zolution : Here radiug of the cylinder is r = 2.1 # and height k= 5 m.
Volume of the cylindrical tank = 7k

-%xmxmxs-ﬁgsm’

Now, 1 o' = 1000 Hires
s 693 m' = 69.3 X 1000 = 69300 litros
Example 10 : How mmy maximum litres of petrol can be contmined in a cylindrical tank with
hemispherical ends having radius 0.42 s and total height 3.84 m 7
Folotion : Here radius of the hemisphere » = 042 m = radins of the cylinder.
Now, the height of cylinder = Total height — 2(radius of hemisphere)
=3.84 - 2004 =31 m

The volume of the ¢ylindrical tank with hemispherical ends 043
o
- ok + %mﬁ (2 % g-m-‘)
3
=Z,-‘sx(o,42)=x3+-§x§x(u.4z)3 'I'p
o
=22 % 0,06 X 0.42 X 3+ 4 %22 X 0.02 X 042 X042 L
= 1,6632 1+ 0.310464 = 1 973664 53, @
Now, 1 a = 1000 Litrea
S 1973664 w7 = 1973664 X 1000 Figme 14.12
= 197364 litres

Exsmple 11 : A common plot of a society is in the form of circle having diameter 5.6 m. Find how
matry cobic meters of 20l ie tequired to radse the level of ground by 25 cm 7
Holotion : Here the dismeter of the circle is 5.6 m.
& The redivs 7 is 2.8 m
The area of 1 oircle is 72, and we want to raise this reglon
by 25 cm Lo 025 m (385)
& Volume of the soil required to mise the grommd = 72k Figure 14.13
-%x:.:xz.sxu.zs
= §.16 ar

&+ The volume of the soil required is 6.16 m°.
Example 12 : The volhume of a cone is 9504 cnr® and the radiug of the base is 18 cm. Find the height
of cone.

Solution : Here the radivs of baze of cone i 18 cm and the volume of the cons is 9504 cad.
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The volume of the cone = %ﬂ:rzh

9504=%x%x18x18xh

= BUX3XT
T O22X18X18
h=28 cm

The height of the cone is 28 cm.

Example 13 : Mayank, an engineering student, was asked to make a model shaped like a cylinder

with two cones attached at both ends with thin film-sheet. The radius of the model is 4 ¢m and
the total height is 13 cm. If each cone has height 3 c¢m, find the volume of the air contained in
the model.

Solution : Here radius of the cone and cylinder is # = 4 ¢m and the height of cone is # =3 cm.
The height of the cylinder H= 13 - 2(3) =7 cm

As shown in the figure 14.14, the total volume is divided into 3

three parts, namely two conical parts and one cylindrical part.

The volume of the cone %nrzh 4

_ly2
3>< 5 X4X4X3

l
I
I
|
=50.29 cm? !
-
The volume of the cylinder = 7tr2H v
= % X4X4X7T
350 om? Figure 14.14

The total volume of the model = 2 X volume of cone + volume of cylinder

=2 X 5029 + 352
= 452.58 cnm.
The volume of air in the model is 452.58 cm3.

EXERCISE 14.2

The curved surface area of a cone is 550 cm?. If its diameter is 14 cm, find its volume.

A solid is in the form of cone with hemispherical base. The radius of the cone is 15 c¢m and the
total height of the solid is 55 ¢m. Find the volume of the solid. (7T = 3.14)

How many litres of milk can be stored in a cylindrical tank with radius 1.4 m and height 3 m ?
The spherical balloon with radius 21 cm is filled with air. Find the volume of air contained in it.
A solid has hemi-spherical base with diameter 8.5 cm and it is surmounted by a cylinder with
height 8 cm and diameter of cylinder is 2 ¢m. Find the volume of this solid. (1T = 3.14)

A playing top is made up of steel. The top is shaped like a cone surmounted by a hemisphere.

The total height of top is 5 ¢m and the diameter of the top is 3.5 ¢m. Find the volume of
the top.

How many litres of petrol will be contained in a closed cylindrical tank with hemisphere at one
end having radius 4.2 cm and total height 27.5 cm ?
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10.

11.
12,

13.

14.

The capacity of a cylindrical tank at a petrol pump is 57750 litres. If its diameter is 3.5 m, find
the height of cylinder.

A hemispherical pond is filled with 523.908 m3 of water. Find the maximum depth of pond.

A gulab-jamun contain 40 % sugar syrup in it. Find how much syrup would be there in 50
gulab-jamuns, each shaped like a cylinder with two hemispherical ends with total length 5 cm
and diameter 2.8 cm.

The height and the slant height of a cone are 12 ¢m and 20 cm respectively. Find its volume. (7t =3.14)
Find the total volume of a cone having a hemispherical base. If the radius of the base is 21 cm
and height 60 cm.

If the slant height of a cone is 18.7 cm and the curved surface area is 602.8 cm?, find the
volume of cone. (T = 3.14)

If the surface area of a spherical ball is 1256 cm?, then find the volume of sphere. (Take 7T = 3.14)
*

14.4 Conversion of a Solid from one Shape to Another

We know that some of the solids can be melted and can be converted into another shapes, for

example wax candle, iron piece, copper etc.

Let us understand the concept of conversion of a solid form into another solid form by examples.

Example 14 : How many balls of radius 0.5 ¢m can be prepared by melting a metal cylinder of

radius 5 ¢cm and height 7 cm ?
Solution : Radius (r) of the cylinder is 5 ¢m and the height (k) is 7 cm.

The volume of the cylinder = Ttr2h
=2 x 5% 5 X 7=550 cm
Let the radius of a ball be R.
Now, the volume of a ball = %TI:R3

= % X % X (0.5)3 = 0.5238 cm?

Now, the volume of 1 ball = 0.5238 cm?
Volume of the cylinder
Volume of a ball

_ _550
05238

Total number of balls formed is 1050.

The number of balls =

= 1050 (approximately)

Example 15 : A metallic sphere of radius 3.6 cm is melted and a wire of diameter 0.4 cm of

sphere is R.

uniform cross-section is drawn from it. Find the length of the wire.
Solution : Let the length (or height) of the wire be /4 and the radius be r. Also the radius of the

r=02cm R=36cm
The volume of the wire = The volume of the sphere

w2h = %RR3
4 _ 36X36X36
h =3 X %02
= 15552 cm
= 15552 m

The length of the wire is 15.552 m.
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Example 16 : A hemispherical tank full of water is emptied by a pipe at the rate of 14% litres
per second. How much time will it take to empty three fourth of the tank, if it is 4 m in

diameter ?

Solution : Radius of hemisphere = 2 m

The volume of the tank = %1173

9% wlto

X 22 3
2 x (2)
3

52
1

[\

So, the volume of the water to be emptied = % X % X 1000 = % X 1000

= @ litres

Since 12 litres of water is emptied in 1 second.

88000 litres of water will be emptied in === 88000 X 7 = 880 seconds

Example 17 : A 30 m deep cylindrical well with diameter 7 m is dug and the soil obtained by digging
is evenly spread out to form a platform 30 m X 10 m. Find the height of the platform.

Solution : The radius of the well is r = % =35m

The volume of the soil digged out from the well = Ttr2h (h = height of the well)

=%x3.sx3.5x30

= 1155 m?
The volume of the soil = The volume of the platform

1155=1Xx b X H=30 X 10 X H (H = height of the platform)

_ 1155

The height of the platform is 3.85 m

Example 18 : How many spherical balls of diameter 0.5 ¢m can be cast by melting a metal cone
with radius 6 c¢m and height 14 cm ?

Solution : Radius of cone = 6 cm = R

The height of the cone = 4 = 14 cm, the radius of the sphere = r = 0.5 cm = % cm

The volume of the cone

Now, Number of balls
The volume of the sphere

JTR’h(6) x 14

Ay
= 1008

The number of spherical balls is 1008.
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14.5 Frustum of a Cone

basic solids were joined together. Here we will do something different.
We will take a right circular cone and remove a portion of it. We can
do this in many ways. But we will take one particular case that we will
remove a smaller right circular cone by cutting the given cone by a plane

EXERCISE 14.3

A hemispherical bowl of internal radius 12 ¢m contains some liquid. This liquid is to be filled into
cylindrical bottles of diameter 4 c¢m and height 6 cm. How many bottles can be filled with this
liquid ?
A cylindrical container having diameter 16 cm and height 40 cm is full of ice-cream. The ice-cream
is to be filled into cones of height 12 ¢m and diameter 4 cm, having a hemispherical shape on the
top. Find the number of such cones which can be filled with the ice-cream.
A cylindrical tank of diameter 3 m and height 7 m is completely filled with groundnut oil. It is to be
emptied in 15 tins each of capacity 15 litres. Find the number of such tins required.
A cylinder of radius 2 cm and height 10 cm is melted into small spherical balls of diameter 1 cm.
Find the number of such balls.
A metallic sphere of radius 15 c¢m is melted and a wire of diameter 1 cm is drawn from it. Find the
length of the wire.
There are 45 conical heaps of wheat, each of them having diameter 80 c¢m and height 30 cm.
To store the wheat in a cylindrical container of the same radius, what will be the height of
cylinder ?
A cylindrical bucket, 44 c¢m high and having radius of base 21 ¢m, is filled with sand. This bucket
is emptied on the ground and a conical heap of sand is formed. If the height of the conical heap
is 33 cm, find the radius and the slant height of the heap.

*

In section 14.2, we had seen the objects that are formed when two

parallel to its base. We have seen the glasses or tumblers, in general, used
for drinking water, are of this shape. (See figure 14.13) L Cla

Activity : Take some clay or paper or any other such material (like plastic) and form a cone.

Cut it with knife parallel to its base. Remove the smaller cone. What will be the remaining portion
left ? The portion left with solid is called a frustum of the cone. It has two circular ends with
different radii.

A cone sliced by a plane parallel to base The two part separated Frustum of a cone

Figure 14.14
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So, given a cone, when we slice (or cut) through it with a plane parallel to its base and remove the
cone that is formed on one side of the plane, the part which is left on the other side of the plane is
called a frustum of the cone. (Frustum is a latin word which means "piece cut off" and its plural is
frusta'.) (See figure 14.14)

Now let us see how to find the surface area and volume of a frustum of a cone by an example
given below :

Example 19 : The radii of the ends of a frustum are
32 cm and 8 cm and the height of the frustum
of the cone is 54 ¢m. Find its volume, the curved
surface area and the total surface area.

(See figure 14.15)

Solution : We can see that the volume of the
frustum is the difference of volumes of two right circular
cones OAB and OPQ. Let the heights and the slant
heights of cones OAB and OPQ be respectively 4, h,
and /;, [, and radii r| and r;,.

Here we have r| =32 cm, ry =8 cm

The height of the frustum is 54 cm.

Also, hy = 54 + h, (@)

Fi 14.15
Now, AOCB and AODQ are similar right angle triangles. e
h_n_xm_
s
4h, = 54 + h,. So h, = 18 (by ()

Now, the volume of the frustum = Volume of the cone OAB — Volume of the cone OPQ

=12y _ 1.2

I X (4ry) X 4y — 2T X 1y2 X by

_ 1 2

—EXTEX637'2 Xh2
=%><2—72><63><8><8><18=76032cm3

Now, slant heights /; and /, of cones OAB and OPQ respectively are given by

L= \/82 +182 = 388 = 19.698 cm (approximately)
L= J322 +722 = J6208 = 78.79 cm (approximately)

Therefore the curved surface area of the frustum = Tr /; — Tiryl,
=T X 4r,X 4, — WX 1, X I,
=22 X 15X 8 X 19.698
= 7428.96 cm?
The total surface area of the frustum = the curved surface area + 1't:r12 + Tl:r22
= 7428.96 + % X (32)2 + % X (8)
=7428.96 + 321829 + 201.14
= 10848.39 cm?
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Note : Let & be the height, / be the slant height, »; and 7, be radii of the ends (r; > r,) of a
frustum of a cone. Then we will accept the following formulae for the volume of frustum, the
curved surface area and total surface area of the frustum as given below :

(i) Volume of the frustum of a cone = %‘n:h [r2 + ry2 + )l

(ii) The curved surface area of a frustum of a cone = 7(r; + r,) - / where I = " W+ (n- ,2)2

(iii) Total surface area of a frustum of a cone = Ti(r; + r,) + ©r2 + 7r,2,

where [ = "hZ +(n-n)?

Let us solve example 19 by the above formula :

Volume of the frustum = %Tl:h [7‘12 + 7‘22 + 711l
=1 X 2 X 54 [(32)2 + (8 + 32 X 8]
= 3 X 2 X 54 X 1344 = 76032 cm®

The curved surface area of frustum = T(r; + 7,)-! where

I= th +(n-n) = J542 +(32—8)% = 59.09 cm (approximately)
Curved surface area of the frustum = %(32 + 8) X (59.09) = 7428.46 cm?
The total surface area of the frustum = curved surface area + 1tr12 + 1'l:r22
= 7428 46 + % X (32)2 + % X (8)2

= 7428.46 + 3218.29 + 201.14 = 10847.89 cm?

Example 20 : A drinking glass is in the shape of frustum of a cone of height 21 cm. The radii of its
two circular ends are 3 ¢m and 2 c¢m. Find the capacity of the glass.

Solution : The height of the glass is 21 cm and the radii of two circular ends are 3 cm and 2 cm.
h=21cm,ry=3cmandry,=2cm
The capacity of the glass = the volume of the glass = %Tth [r?+ r2+ rr)

%x%x21><[32+22+3x2]
1

2
L x Z x[19] x 21

=418 cm3

Example 21 : An oil funnel made of tin sheet consists of a 20 ¢m long cylindrical portion attached
to a frustum of a cone. If the total height is 40 c¢m, diameter of the cylindrical portion is 14 cm

and the diameter of the top of the funnel is 24 ¢m, find the area 24 cm
of the tin sheet required to make the funnel. (See fig. 14.16) ' i
Solution : The curved surface area of the cylinder = 27trh
= 22
—2X7X7X20 40 cm
= 880 cm? 20 em
The curved surface area of the frustum = T(ry + 7,) -1/ |
14 cm
Here [ = "hz +(n-mn)?> M =12cmry=Tcmand h =20 cm Figis14:16
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l= ‘/4004.(12_7) = J425 = 5417

The curved surface area of the frustum = 7t(r, + ry) -/

=2 x 2+ 7)x5J17
= 1231.04 cm?
The total area of the tin sheet = 880 + 1231.04 = 2111.04 cm?

EXERCISE 144

1. A metal bucket is in the shape of a frustum of a cone, mounted on a hollow cylindrical
base made of the same metalic sheet. The total vertical height of the bucket is 40 ¢m and that of
cylindrical base is 10 c¢m, radii of two circular ends are 60 cm and 20 cm. Find the area of the
metalic sheet used. Also find the volume of water the bucket can hold. (Tt = 3.14)

2. A container, open from the top and made up of a metal sheet is the form of frustum of a cone of
height 30 cm with radii 30 ¢m and 10 cm. Find the cost of the milk which can completely fill
container at the rate of ¥ 30 per litre. Also find the cost of metal sheet used to make the
container, if it costs T 50 per 100 cm?2. (T = 3.14)

#*

EXERCISE 14

1. A tent is in the shape of cylinder surmounted by a conical top. If the height and the radius of the
cylindrical part are 3.5 m and 2 m respectively and the slant height of the top is 3.5 m, find the
area of the canvas used for making the tent. Also find the cost of canvas of the tent at the
rate of T 1000 per m?.

2. A metallic sphere of radius 5.6 cm is melted and recast into the shape of a cylinder of radius
6 cm. Find the height of the cylinder.

3. How many spherical balls of radius 2 ¢m can be made out of a solid cube of lead whose side
measures 44 cm ?

4. A hemispherical bowl of internal radius 18 cm contains an edible oil to be filled in
cylindrical bottles of radius 3 ¢m and height 9 ¢cm. How many bottles are required to empty the
bowl ?

5. A hemispherical tank of radius 2.4 m is full of water. It is connected with a pipe which
empties it at the rate of 7 litres per second. How much time will it take to empty the tank
compeletely ?

6. A shuttle cock used for playing badminton has the shape of a frustum of a cone mounted
on a hemisphere. The external diameter of the frustum are 5 ¢m and 2 cm. The height of
the entire shuttle cock is 7 cm. Find its external surface area.

7. A fez, the headgear cap used by the trucks is shaped like the frustum of a cone. If its radius
on the open side is 12 ¢m and radius at the upper base is 5 c¢cm and its slant height is 15 cm,
find the area of material used for making it. (7T = 3.14)

8. A bucket is in the form of a frustum of a cone with capacity of 12308.8 cn of water. The radii

of the top and bottom circular ends are 20 cm and 12 c¢m respectively. Find the height of bucket and

the cost of making it at the rate of T 10 per cm?.
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9. Select a proper option (a), (b), (c) or (d) from given options and write in the box given
on the right so that the statement becomes correct :

(1) The volume of sphere with diameter 1 cm is ...... cm3. ]
(@ 2n (b) £ (©) 34T (d) 37

(2) The volume of hemisphere with radius 1.2 cm is ...... cm3. ]
(a) 1.152w (b) 0.96T (c) 2.152w (d) 3.4561

(3) The volume of sphere is %TE cm. Then its diameter is ...... cm. 1
(a) 0.5 ) 1 (c) 2 d) 2.5

(4) The volume of cone with radius 2 ¢m and height 6 cm is ...... cm3. ]
(a) 8w (b) 121 (c) 141 (d) 167

(5) The diameter of the base of cone is 10 cm and its slant height is 17 c¢m. Then the curved
surface area of the cone is ...... cm?. ]
(a) 85T (b) 1701 (c) 95 (d) 88w

(6) The diameter and the height of the cylinder are 14 cm and 10 c¢m respectively. Then the
total surface area is ...... cm?. ]
(a) 44 (b) 308 (c) 748 (d) 1010

(7) The ratio of the radii of two cones having equal height is 2 : 3. Then, the ratio of their
volumes is ...... . ]
(a)4:6 (b) 8:27 (c)3:2 d4:9

(8) If the radii of a frustum of a cone are 7 cm and 3 cm and the height is 3 cm, then the
curved surface area is ...... cm?. 1
(a) 50T (b) 25T (c) 35T (d) 631

(9) The radii of a frustum of a cone are 5 cm and 9 ¢m and height is 6 cm, then the volume
is ... cm3. ]
(a) 3201 (b) 1511 (c) 3021 (d) 9871

*

In this chapter we have studied the following points :
1. The surface area of some solids as under :
(1) Open cube with edge x : 5x2 and closed cube : 6x2
(2) Cylinder with radius » and height A
(a) Curve surface of a cylinder : 27rh
(b) Total surface of a cylinder : 27r(r + h)
(3) Sphere with radius r : 4702
(4) Hemisphere with radius 7 is
(a) Open hemisphere : 27tr2
(b) Closed hemisphere : 37tr2
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(5) (a) Lateral surface area of cone : Ttr/

(b) Total surface area of cone : Ttr(r + I)
2. The volume :

(1) of cube with edge x is x3
(2) of cylinder with radius » and height & is Ttr2h

(3) of sphere with radius 7 is %nr:”
(4) of hemisphere with radius r is %nr3

(5) of cone is %Tl',rzh

3. Conversion of solid from one shape to another.

4. For the given cone when we slice through it with a plane parallel to its base and remove the
cone that is formed on one side of the plane, the portion which is left on the other side of the
plane is called a frustum of a cone.

Let & be the height, / be the slant height, 7, and r, are radii of ends (r; > r,) of the frustum
of a cone, then

(i) Volume of the frustum of a cone = %nh [r2 + 72 + ryry]

(i) The curved surface area of a frustum of a cone = 7t(r; + r,) - / where [ = " W+ (n— ,2)2
(iii) Total surface area of a frustum of a cone = T(r; + ry) + 1'Cr12 + 1'l:r22

Sharadchandra Shankar Shrikhande (born on October 19, 1917) is an Indian mathematician
with distinguished and well-recognized achievements in combinatorial mathematics. He is notable
for his breakthrough work along with R. C. Bose and E. T. Parker in their disproof of the famous
conjecture made by Leonhard Euler dated 1782 that there do not exist two mutually orthogonal
latin squares of order 4n + 2 for every n. Shrikhande's specialty was combinatorics, and statistical
designs. Shrikhande graph is used in statistical designs.

Shrikhande received a Ph.D. in the year 1950 from the University of North Carolina at Chapel
Hill under the direction of R. C. Bose. Shrikhande taught at various universities in the USA and in
India. Shrikhande was a professor of mathematics at Banaras Hindu University, Banaras and the
founding head of the department of mathematics, University of Mumbai and the founding director of
the Center of Advanced Study in Mathematics, Mumbai until he retired in 1978. He is a fellow of
the Indian National Science Academy, the Indian Academy of Sciences and the Institute of
Mathematical Institute, USA.
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STATISTICS 1 5

A mathematics teacher is a mid-wife to ideas.
The first rule of discovery is to have brains and goodluck.
The second rule of discovery is to sit tight and wait till you get a braight idea.

- George Polya

15.1 Introduction

We have studied in class IX about the classification of given data into ungrouped data as well
as grouped data frequency distributions. We have also learnt how to represent the data pictorially in the
form of various graphs such as bar graphs, histogram with equal and unequal lengths of class and
frequency polygons. We have studied the measures of central tendency, namely mean, median
and mode of ungrouped data and grouped data. We have studied the concept of cumulative frequency
curves called ogives.
15.2 Mean of grouped data

We know that the mean (or average) of ungrouped data is the sum of all the observations divided
by the total number of observations. Recall that if x|, x,, x3,..., x; are observations with frequencies
J15 Jos J35--» Ji, rESpectively, then the sum of values of all the observations is fx; + f,x, + f3x3 +...+ fix;,
and the total number of observations is n = f; + f, +...+ f;.

So, the mean of the data is given by,
B Jixi + foxp +t frx

T it Lt S
We have also symbolised the sum by the greek letter £ (capital sigma). So,
k
2fi%
—  i=1
x = 2
2f;
1=1
. _ . _ XS o
When there is no doubt then X can be written as x = T where i varies from 1 to k.
1

Example 1 : The marks obtained by 100 students of two classes in mathematics paper consisting of
100 marks are as follows :

Marks obtained (x;) 15 1 20 [ 25 | 32 [ 35 [ 45 50 | 60 | 70 | 77 | 80

Number of students () | 2 3 7 4 10 | 12 9 8 6 8 1

Marks obtained (x;) 8 | 90 | 92 |19 | 99

Number of students (f) | 9 4 2 3 2

Find the mean of the marks obtained by the students.
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Solution : To find the mean we need the product of x; with corresponding f;. For that we
prepare the following Table 15.1

Table 15.1
Marks obtained (x;) | Number of students (f) fx;
15 2 30
20 3 60
25 7 175
32 4 128
35 10 350
45 12 540
50 9 450
60 8 480
70 6 420
77 8 616
80 11 880
85 9 765
90 4 360 Now, x = Zf_}Xl
i
92 2 184
95 3 285 _o1
99 2 198 921
2f, = 100 Xfx; = 5921

Therefore the mean of the marks obtained by the students is 59.21.

In practice the data are large. So, for a meaningful study we have to convert the data into
grouped data.

Now, let us convert the above data into grouped data by forming class-intervals of width 15
(because generally we take 6 to 8 classes and range of our data is 90. So we take class-interval as 15).
Remember that, while allocating frequencies to each class-interval, a student achieving value
equal to upper class-limit would be considered to be in the next class. For example, 7 students
who have obtained 25 marks would be considered in the class 25-40 and not in the class 10-25.
The grouped frequency distribution table is as Table 15.2.

Table 15.2
Class-interval 10-25 25-40 40-55 55-70 70-85 85-100
Number of students 5 21 21 8 25 20

Now we will see how to calculate mean in continuous frequency distribution. Here we use the

2 fi%

formula ¥ = =f where we take x; as the mid-point of a class (which would serve as the representative
I
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of the whole class) and f; as frequency of that class. It is assumed that the frequency of each class-
interval is centred around its mid-point (or class-mark).

Upper class limit of the class + Lower class limit of the class
2

Class mid-point =

10+25 _ 17.5

For the above table the mid-point of the class 10-25 is

2

Similarly, we can find the mid-point of each class as shown in Table 15.3.

Table 15.3
Class-interval | Number of students (f) Mid-point (x;) [x;
10-25 5 17.5 87.5
25-40 21 325 682.5
40-55 21 475 997.5
55-70 8 62.5 500.0
70-85 25 77.5 1937.5
85-100 20 92.5 1850.0

Total Xf; = 100 Xfx; = 6055
2 fix
So, the mean of given data is given by x = Ll — 6055 — 6055
g g Y x Zfl 100

This method of finding the mean is called Direct Method.

We can see that Table 15.1 and 15.3 are the same data and applying the same formula for the
calculation of the mean but the results obtained are different. Why is it so, and which one is more
accurate ? The difference in two values occurs because of the mid-point assumption in Table 15.3.
59.21 is the exact mean, while 60.55 is an approximate mean. It is assumed that the observation
of a class is centred around mid-value.

Every time the values x;s and f;s are not small. So when the numerical values of x; and f;
are large, finding the product of x; and f; becomes tedious and time consuming also. So for such
situation, let us think of a method of reducing these calculations. For this we cannot do anything for
J;s but we can reduce x;s to a smaller number so the calculation becomes easy. How can we
do this ? Let us understand the method.

The first step is to choose one of the x as assumed mean and denote it by A. We may
take as A an x; which is the middle of x, x,,..., x,. Let d; = x; — A.

[Note : In fact A can be any convenient number. There is no change in the proof given below.]

d= 7
_Xfix-A)
= =5 T,
X fix 2 f;
= £ A
_ X
=S5 -
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d =%—-A
T=A+d
_ 2 fid;

Find fd; and Xfd; as shown in Table 15.4. Let A = 62.5.

Table 15.4
Class-interval | Number of students (f)| Mid-point (x;) d=x—A Sfid;
10-25 05 17.5 —45 —225
25-40 21 325 =30 —630
40-55 21 475 -15 =315
55-70 08 625 =A 0 0
70-85 25 71.5 15 375
85-100 20 92.5 30 600
n = 100 2fd; = —195
- _ 2 fi4;
Now, x = A+ 2—}1’
Now, substituting the values, we get
% =625+ £
=62.5—1.95
= 60.55

Therefore, the mean of the marks obtained by the students is 60.55
The method discussed above is called the method of Assumed Mean.
Activity 1 : From Table 15.3, taking the value of A as 17.5, 32.5 and so on and calculate the

mean. The mean determined in each case is the same, i.e. 60.55.
So, we can say that the mean does not depend upon the value of A. Therefore we can take
value of A as any non-zero number, not necessary that it is one of the value of x;s.

See that in Table 15.4, the values in column 4 are multiple of 15 (i.e. class-interval), so if we divide
the value of column 4 by 15, we get a smaller number to multiply with f.

i~ A . . .
So, let u; = ———, where A is the assumed mean and c is the class-size.
c

Suppose uy = Zfiui
pPp u Zfi

Now, let us find the relation between i and x.

X — A
We have u; = ’c
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Now let us calculate u; as shown in Table 15.5. Here c is 15.

Table 15.5
Class-interval f; x; u; = i fu;
c
10-25 05 17.5 =3 —15
25-40 21 325 —2 —42
40-55 21 475 -1 —21
55-70 08 62.5 0 0
70-85 25 715 1 25
85-100 20 92.5 2 40
Zj;. = 100 Xfu, = —13
x =A+c-u
Y. fu.
=A+c- Zf}i

=625 + 15(;713)

= 62.5 + 15(—0.13)

=62.5—1.95

= 60.55

The method discussed above is called the method of Step-Deviation.

We note that :

— the step-deviation method will be convenient to apply if the class length is constant.

— the mean obtained by all the three methods is same.

— the assumed mean method and step-deviation method simplify the calculations involved in
the direct method.

Example 2 : Find the mean of the data given below by all the three methods :

Class 0-10 10-20 20-30 30-40 40-50 50-60 60-70
Frequency 4 8 3 20 3 4 8
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X. - A
Class i X; di=x;— A | 4= lc Jixi fid; S
0-10 4 5 =30 =3 20 —120 —12
10-20 8 15 —20 =0 120 —160 —16
20-30 3 25 —10 —1 75 =30 =3
30-40 20 35=A 0 0 700 0 0
40-50 3 45 10 1 135 30 3
50-60 4 55 20 2 220 80
60-70 8 65 30 3 520 240 24
Zf;=50 Xfx, = | Xfd; = | B, =
1790 40 4

Y fx.
Using the direct method, ¥ = Ji%; = 1790 _ 3534

X f; 5

2.fid;

Using the assumed mean method, * = A + I
L

= ﬂ: =
=35+ 50 35+ 0.8 =358

. . L. - _ 2 fu
Using the step-deviation method, X = A+ Y/, Xc
1
=35+ (&) x 10
=354+ 0.8 =35.8
Therefore the mean of the data is 35.8

Example 3 : The mean of the following frequency distribution is 16, find the missing frequency :

Class 0-4 4-8 8-12 | 12-16 | 16-20 | 2024 | 24-28 | 28-32 | 32-36
Frequency 6 8 17 23 16 15 - 4 3
Solution : Let the missing frequency be x, take A = 26, c = 4
_X;-A
Class Frequency x; u == fiu;
0-4 6 2 —-6 —36
4-8 8 6 =5 —40
8-12 17 10 —4 —68
12-16 23 14 =3 —69
16-20 16 18 = —32
20-24 15 22 -1 —15
24-28 x 26 =A 0 0
28-32 4 30 1 4
32-36 3 34 2 6
;=92 +x Xfu; = =25

We take A = 26, so that the product fu; is zero when f; = x.
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x=A+ Zfl X c

_ —250
16 = 26 + (92+xj X 4

—1000
-0 =55%
92 + x =100

x=8
The missing frequency is 8.

Example 4 : The distribution below shows the number of wickets taken by a bowler in one-day
cricket matches. Find the mean number of wickets.

Number of wickets 20-60 60-100 100-150 150-250 250-350 | 350-450

Number of bowlers 7 5 16 12 2 3

Solution : Here the class size varies and x/s are large. So we take A = 200 and ¢ = 10 and
apply the step-deviation method.

Number of Number of X, — A

wickets bowlers (f)) x; | dy=x;—200 u= lc S
20-60 7 40 —160 —16 —112
60-100 5 80 —120 —12 —60
100-150 16 125 =75 =75 —120
150-250 12 200=A 0 0 0
250-350 2 300 100 10 20
350-450 3 400 200 20 60

37, = 45 Sfu, = —212

T =A+ [Zf"u"J X
= ~ 7 c

x >f,
=200 + (22) x 10
=200 —47.11
= 152.89

The mean wickets taken by the bowler is 152.89.
Example 5 : The mean of the following frequency distribution of 125 observations is 22.12. Find the

missing frequencies.

Class 0-4 5-9 10-14 | 15-19 | 20-24 | 2529 | 30-34 | 35-39 | 40-44

Frequency 3 8 12 — 35 21 - 6 2
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Solution : Let the missing frequencies for the classes 15-19 and 30-34 be respectively f; and f,.

¥

LetA=17and c =5

Class Frequency x; u; = By =4 fiu;
c
0-4 3 2 =3 -9
5-9 8 7 =) —16
10-14 12 12 -1 -12
15-19 N1 17 0 0
20-24 35 22 1 35
25-29 21 27 2 42
30-34 5 32 3 3£
35-39 6 37 4 24
40-44 2 42 5 10
=871+, +/, Xfu; = 14+ 3f,
Here the total number of observations is 125 and
X, =87+f+/,
125 =87+ £, + 1,
fith =38 0]
Now, ¥ =A+ [gf}MIJ Xc
i
2212 =17+ (74;:f2) X5
5.12 = %
5.12 X 25 =74 + 3f,
128 — 74 = 3f,
54 = 3f,
J, = 18. Also f; + f, = 38. So, f; = 20
The missing frequencies are 20 and 18.
EXERCISE 15.1
Find the mean of the following frequency distribution :
Class 0-50 50-100 100-150 | 150-200 | 200-250 | 250-300 | 300-350
Frequency 10 15 30 20 15 8 2
Find the mean wage of 200 workers of a factory where wages are classified as follows :
Class 100-150150-200 | 200-250 | 250-300| 300-350( 350-400 | 400-450 | 450-500 | 500-550
Frequency 4 8 14 42 50 40 6 4
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Marks obtained by 140 students of class X out of 50 in mathematics are given in the
following distribution. Find the mean by method of assumed mean method :

Class

0-10

10-20

20-30

30-40

40-50

Frequency

20

24

40

36

20

Find the mean of the following frequency distribution

by step-deviation method :

Class

40-50

50-60

60-70

70-80

80-90

90-100

Frequency

5

10

20

9

6

2

Find the mean for the following frequ

ency distribution :

Class

1-5

6-10

11-15

16-20

21-25

26-30

3135

32

30

40

25

15

40

Frequency 18

A survey conducted by a student of B.B.A. for daily income of 600 families is as follows,
find the mean income of a family :

Income 200-299 | 300-399 | 400-499( 500-599 600-699 | 700-799 | 800-899

118 139 126 151 2

Number of families 3 61

The number of shares held by a person of various companies are as follows. Find the mean :

Number of shares 100-200 | 200-300 | 300-400 | 400-500 | 500-600 | 600-700

Number of companies S 3 3 6 2 1

The mean of the following frequency distribution of 100 observations is 148. Find the
missing frequencies f; and f, :

Class 0-49 50-99 100-149 | 150-199 | 200-249 | 250-299 | 300-349

Frequency 10 15 20 15

S P 2

The table below gives the percentage of girls in higher secondary science stream of rural
areas of various states of India. Find the mean percentage of girls by step-deviation method :

Percentage of girls 15-25 25-35 3545 45-55 55-65 65-75 75-85
Number of states 6 10 5 6 4 2 2

The following distribution shows the number of out door patients in 64 hospitals as
follows. If the mean is 18, find the missing frequencies f; and f, :

11-13 13-15 15-17 17-19

A 13

1921 21-23 23-25
b2 5 4

Number of patients

Number of hospitals 7 6

15.3 Mode of Grouped Data

Let us recall that the observation which is repeated most often in an ungrouped data is called

the mode of the data. In this chapter we shall discuss the way of obtaining the mode of grouped
data, denoted by Z.

Let us recall how to find mode of ungrouped data through the following example.
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Example 6 : The wickets taken by a bowler in 10 one-day matches are as follows :
4,5,6,3,4,0,3, 2,3, 5. Find the mode of the data.

Solution : Here 3 is the number of wickets taken by a bowler in maximum number of

matches. i.e. 3 times. So the mode of this data is 3.

In grouped frequency distribution, it is not possible to determine the mode of the data by
looking at the frequencies. Here, we can only locate a class with the largest frequency, called
the modal class. The mode is a value inside the modal class and it is given by the formula :

fi—Jo
L=1i+ [Zfl—fﬂ—fz) xe
where / = lower boundary point of the modal class
¢ = size of class interval (assuming all class sizes to be equal)
J1 = frequency of the modal class
Jo = frequency of the class preceding the modal class.
Jf, = frequency of the class succeeding the modal class.
Let us use this formula in the following examples.

Example 7 : A survey conducted on 20 hostel students for their reading hours per day resulted in
the following frequency table :

Number of reading hours 1-3 3-5 5-7 7-9 9-11

1

Number of hostel students 7 2 8 2

Find the mode of this data.

Solution : Here the maximum class freqency is 8 and the class corresponding to this frequency

is 5-7. So, the modal class is 5-7.
The lower limit of the modal class 57 is [ = 5.

Class size ¢ = 2 and frequency of the modal class f; = 8. Frequency of the class preceding the
modal class = f, = 2 and frequency of the class suceeding the modal class = f, = 2.
Now let us substitute these values in the formula :

fr—fo

7 =i+ ()«

B 8—2
=5+ (2xs—2-2) X2
= 56
=5+ 13 X2
=5+1=6

So, the mode of above data is 6.

Example 8 : The mark distribution of 30 students at mathematics examination in a class is as below :

Marks

10-25

25-40

40-55

55-70

70-85

85-100

Number of students

05

21

21

08

25

20

Find the mode of this data.
Solution : Here the maximum class frequency is 25 and the class corresponding to this
frequency is 70-85. So, the modal class is 70-85.

The lower limit / of modal class 70-85 = 70 and class size ¢ = 15
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Frequency of the modal class f; = 25

Frequency of the class preceding the modal class = f, = 08,
Frequency of the class succeeding the modal class = f, = 20.
Now, let us substitute there values in the formula :

Mode = 1+ (57870 x o

_ 2538
=70+ | 3xm5—8-20 ) X135

=70+ 11.59 = 81.59
So, the mode of the above data is 81.59.

EXERCISE 15.2

Find the mode for the following frequency distribution :

Class 4-8 8-12 12-16 16-20 20-24 24-28
Frequency 9 6 12 7 15 |

The data obtained for 100 shops for their daily profit per shop are as follows :

Daily profit per shop (in ) ( 0-100 | 100-200 | 200-300 | 300-400 | 400-500 | 500-600

Number of shops 12 18 27 20 17 6

Find the modal profit per shop.

Daily wages of 90 employees of a factory are as follows :

Daily wages (in I) [150-250] 250-350|350-450 | 450-550| 550-650] 650-750| 750-850 | 850-950

Number of employees| 4 6 8 12 33 17 8 2

Find the modal wage of an employee.

Find the mode for the following data : (4 and 5)

Class 0-7 7-14 14-21 21-28 28-35 35-42 4249 49-56
Frequency 26 31 35 42 82 71 54 19
Class 020 | 20-40 | 40-60 | 60-80 | 80-100 | 100-120| 120-140| 140-160 [160-180
Frequency 1 14 18 21 31 27 12 11 10
The following data gives the information of life of 200 electric bulbs (in hours) as follows :
Life in hours 0-20 2040 40-60 60-80 | 80-100 | 100-120
Number of electric bulbs 26 31 35 42 82 71

Find the modal life of the electric bulbs.

STATISTICS

283



— e —

15.4 Median of Grouped Data (M)

We have seen the definition of median for ungrouped data in standard IX as : “After arranging

the observations in ascending or descending order, the number which is obtained in the middle is
th

called the median.” Also, if the number of observations n is odd, then (-T— observation
is the median and if the number of observations »n is even, thenm median
[—’2&)&! observation + (-’23—+ 1):;: observation
M = 2
Suppose we have to find the median of the following data, which shows the marks of 50
students in mathematics out of 50 marks :

Marks obtained 18 22 30 35 39 42 45 47
Number of Students 4 5 8 8 16 4 2 3
th

Here n = 50 which is even. The median will be the average of %th and (%+1) observation

i.e. 25th and 26th observations. To find this observation we proceed as follows :

Table 15.6
Marks obtained Number of students
18 4
less than or equal to 22 4+5=9
less than or equal to 30 9+8=17
less than or equal to 35 17+ 8 =25
less than or equal to 39 25+ 16 = 41
less than or equal to 42 41 + 4 =45
less than or equal to 45 45 +2 =47
less than or equal to 47 47 +3 =50

We have formed a column which shows the number of students getting marks less than or equal
to a particular number. It is known as cumulative frequency column.

Table 15.7
Marks obtained Number of students (f) [ Cumulative frequency (cf)
18 4 4
22 5 9
30 8 17
35 8 25
39 16 41
42 4 45
45 2 47
47 3 50

From the above table, we see that 25th observation is 35
26th observation is 39

_ 35+39

Median >

=37
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Note : The column 1 and column 3 of table 15.7 form cumulative frequency table. The median
37 shows the information that 50 % students obtained marks less than 37 and remaining 50 %
students obtained marks more than 37.

Now let us see how to obtain the median of a grouped data from the following.

Consider a grouped frequency distribution of marks obtained, out of 100, by 55 students, in a
certain examination, as follows :

Table 15.8

Marks Number of students
0-10 2
10-20 3
20-30 3
30-40 4
40-50 3
50-60 4
60-70 7
70-80 11
80-90 8
90-100 10

We can see that 2 students obtained marks between 0 and 10, 3 students obtained marks between
10 and 20 and so on. So number of students who obtained marks less than 30 is 2 +3 + 3 = 8.

Therefore the cumulative frequency of class 20-30 is 8. Similarly, we can obtaine the cumulative
frequency of each class as shown in Table 15.9 as follow :

Table 15.9
Marks obtained Number of students
(cumulative frequency)

Less than 10 2

Less than 20 2+3=5
Less than 30 5+3=28

Less than 40 8+4=12
Less than 50 12+3=15
Less than 60 15+4=19
Less than 70 19+7=26
Less than 80 26 + 11 =37
Less than 90 37+ 8=145
Less than 100 45 + 10 =55

The distribution given in Table 15.9 is called cumulative frequency distribution of less
than type. Here 10, 20, 30,..., 100 are the upper limits of the respective class intervals.

Similarly, we can make the table for the number of students with scores, more than or equal to 0,
more than or equal to 10, more than or equal to 20 and so on. From Table 15.8, we can see that all
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55 students have obtained marks more than or equal to 0. Since 2 students obtained marks in the
interval 0-10, there are 55 — 2 = 53 students getting more than or equal to 10 marks and so on, as

shown in Table 15.10.
Table 15.10

Marks obtained Number of students
(cumulative frequency)

More than or equal to 0 55

More than or equal to 10 55—-2=353
More than or equal to 20 53 —-3=50
More than or equal to 30 50 -3 =47
More than or equal to 40 47 —4 =43
More than or equal to 50 43 —3 =40
More than or equal to 60 40 — 4 =36
More than or equal to 70 36 —7=29
More than or equal to 80 29 —11=18
More than or equal to 90 18—8=10

The above table is called cumulative frequency distribution of more than type. Here
0, 10, 20,.., 90 are the lower limits of the respective class intervals.

Now, to find the median of this grouped data, we will make a table showing cumulative
frequency with class interval and frequency, as shown in Table 15.11.

Table 15.11

Marks Number of students (f) |Cumulative frequency (cf)
0-10 2 2
1020 3 5
20-30 3 8
3040 4 12
40-50 3 15
50-60 4 19
60-70 7 26
70-80 11 37
80-90 8 45
90-100 10 55

Here in a grouped data, we are not able to find the middle observation by looking at the
cumulative frequencies as the middle observation will be some value in a class interval. So, it is
necessary to find the value inside a class which divides the whole distribution into the halves. Which
class is this ?

To find this class, we find the cumulative frequency » of all the classes and find % Now we find

the class whose cumulative frequency is greater than % and nearest to % is called the median class.

In the distribution above, n = 55. So % =27.5. Now, 70 — 80 is the class whose cumulative frequency

is 37 which is just greater than 27.5. Therefore, 70-80 is the median class.

[Note : The cumulative frequency is just greater than % means the smallest cumulative

frequency which is cumulative frequency greater than %.]
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After finding the median class, we use the formula given below for calculation of the median.

Median (M) =1 + 7 X ¢

where /! = lower boundary point of the median class

n = total number of observations (sum of the frequencies)

c¢f = cumulative frequency of the class preceding the median class.
f = the frequency of the median class

¢ = class size (assuming class sizes to be equal)

Substituting the values % = 52—5 =275,1="70, ¢cf= 26, f= 11, ¢ = 10 in the above formula,
we get

. 275-126
Median (M) =70 + (Tj X 10

15 X10
=7o+( = )=71.36

So, the half of the students have obtained marks less than 71.36 and the other half have obtained
marks more than 71.36.

Example 9 : A survey regarding the weights (in kg) of 45 students of class X of a school was
conducted and the following data was obtained :

Weight (in 4g) Number of students
20-25 2
25-30 5
30-35 8
3540 10
40-45 7
45-50 10
50-55 3

Find the median weight.

Solution : Here the number of observations is 45.
n = 45. So, % =225

Now, we will prepare the table containing the cumulative frequency as below :

Weight (in kg) Number of students (f) | Cumulative frequency (cf)
20-25 2 2
25-30 5 7
30-35 8 15
3540 10 25
4045 7 32
45-50 10 42
50-55 3 45
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% = 22.5. This observation lies in the class 35-40. So the median class is 35-40.
So,/=35,¢f=15,f=10,c =5

2o
Using the formula M =1/ + 2 7 Xc

B 225-15
=35+ | =% —| X5

B 75X5Y

So, the median weight is 38.75 kg.

This means that the 50 % students have more weight than 38.75 kg and other 50 % students
have weight less than 38.75 kg.

Example 10 : The median of the following frequency distribution is 38.2. Find the value of x and y,
where sum of the frequencies is 165.

Class 5-14 14-23 23-32 3241 41-50 50-59 59-68
Frequency 5 11 x S3 b% 16 10
Solution :

Class Frequency Cumulative frequency

5-14 5 5

14-23 11 16

23-32 x 16 + x

3241 53 69 + x

41-50 b% 69 +x+y

50-59 16 85 +x+y

59-68 10 B +x+y

Solution : It is given that n = 165. S0, 95 + x + y =165, ie.x +y =70
Also, the median is 38.2 which lies in the class 32-41.
So, median class is 32-41.

%=l55=82.5,1=32, f=16+x,f=53,¢c=9

2-o
Using the formula M =7+ [2f ]Xc

825—16—x
382 =32+ (T] X9

62 = 66553"‘ X9
258 - 665 —x
365 = 66.5 — x
x =30
butx +y=70. So,y=40
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The value of x and y are respectively 30 and 40.
Note : There is a relation between the measures of central tendency :
Mode (Z) = 3 Median (M) — 2 Mean ()

EXERCISE 153

1. Find the median for the following :

Value of variable 12 13 14 15 16 17 18 19 20

Frequency 7 10 15 18 20 10 9 8 3

2. Find the median for the following frequency distribution :

Class 4-8 812 | 12-16 | 16-20 | 20-24 | 24-28
Frequency 9 16 12 7 15 1
3. Find the median from following frequency distribution :
Class 0-100 100-200 200-300 | 300-400 | 400-500 | 500-600
Frequency 64 62 84 72 66 52

4. The following frequency distribution represents the deposits (in thousand rupees) and the

number of depositors in a bank. Find the median of the data :

Deposit (X in thousand) 0-10 10-20 20-30 30-40 40-50 50-60

Number of depositors 1071 1245 150 171 131 8

5. The median of the following frequency distribution is 38. Find the value of ¢ and b if
the sum of frequences is 400 :

Class 10-20 20-30 30-40 40-50 50-60 60-70 70-80
Frequency 42 38 a 54 b 36 32
6. The median of 230 observations of the following frequency distribution is 46. Find
aand b :
Class 10-20 20-30 30-40 40-50 50-60 60-70 70-80
Frequency 12 30 a 65 b 25 18

7. The following table gives the frequency distribution of marks scored by 50 students of
class X in mathematics examination of 80 marks. Find the median of the data :

Class 0-10 10-20 20-30 30-40 40-50 50-60 60-70 | 70-80

Frequency 2 5 8 16 9 5 3 2

*

15.5 Graphical Representation of Cumulative Frequency Distribution

We know that 'one picture is better than thousand words.' In class IX, we have represented
the data through bar graphs, histogram, frequency polygons. Let us now represent a cumulative
frequency distribution graphically.
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For example, let us consider the cumulative frequency distribution given in table 15.9.

Remember that 10, 20, 30,..., 100 are the upper limits of the class intervals. To represent the data
of table 15.9 graphically, we represent the upper limits of the class intervals on X-axis and their
corresponding cumulative frequencies on Y-axis, choosing a convenient scale. The scale may not be
same on both the axes. Now, let us plot the points corresponding to the ordered pairs given by (upper
limit, corresponding cumulative frequency). i.e. (10, 2), (20, 5), (30, 8), (40, 12), (50, 15), (60, 19),
(70, 26), (80, 37), (90, 45), (100, 55) on a graph paper. By joining them by a free hand smooth curve
(See figure 15.1), we get a curve.

The curve we obtain is called a cumulative frequency curve or an Ogive (of the less
than type). (See figure 15.1)
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Figure 15.1

Now we draw the ogive (of more than type) of the cumulative frequency distribution in table 15.10.

Here, 0, 10, 20,...., 90 are the lower limits of the class intervals. To represent ‘more than type’
cumulative frequency curve, we plot the lower limits on X-axis and corresponding cumulative
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frequencies on Y-axis. Then we plot the points (lower limit, corresponding cumulative frequency),
i.e. (0, 55), (10, 53), (20, 50), (30, 47), (40, 43), (50, 40), (60, 36), (70, 29), (80, 18), (90, 10) on a graph
paper and join them by a free hand smooth curve. The curve we obtain is a cumulative frequency
curve or an ogive (of more than type) (See figure 15.2)

In any way, are the ogives related to the median ?

One obvious way is to locate % = % = 27.5 on the Y-axis. From this point, draw a line parallel

to X-axis intersecting the curve at a point. (See figure 15.3) From this point, draw a perpendicular to
the X-axis. The point of intersection of this perpendicular with the X-axis determines the median of

the data. (See figure 15.3)
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Figure 15.3

Another way of obtaining the median is as follows :

Draw both ogives (i.e. of less than type and of more than type) on the same graph-paper. The
two ogives intersect each other at a point. From this point, if we draw perpendicular on the X-axis,
the point at which it intersects the X-axis gives us the median (See figure 15.4)
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Figure 15.4
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Example 11 : The annual income (in lakhs) of 30 officers in a factory gives rise to the following

distribution :
Annual income (in lakh) | 5-10 10-15 15-20 20-25 25-30 30-35 | 35-40
Number of officers 2 9 3 6 4 4 2

Draw both ogives for the data above. Hence obtain the median annual income.

Solution :

Annual Income

Number of officers (f)

Cumulative frequency (cf)

5-10
10-15
15-20
2025
25-30
30-35
35-40

N AR N WOON

2
11
14
20
24
28
30

First we draw the coordinate axes, with lower limits along the X-axis and cumulative frequency

along the Y-axis. Then we plot the points (10, 2), (15, 11), (20, 14), (25, 20), (30, 24), (35, 28), (40, 30)
for ‘less than’ ogive and (5, 30), (10, 28), (15, 19), (20, 16), (25, 10), (30, 6), (35, 2), for ‘more than’

ogive as shown in figure 15.5.

The x-coordinate of point of intersection is nearly 20.83, which is the median. It

can also be verified by using the formula. Hence, the median annual income (in lakhs) is ¥ 20.83.

(See figure 15.5)

Cumulative frequency

Upper limits

Figure 15.5
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EXERCISE 15

j I

In a retail market, a fruit vendor was selling apples kept in packed boxes. These boxes
contained varying number of apples. The following was the distribution of apples according to the
number of boxes. Find the mean by the assumed mean number of apples kept in the box.

Number of apples 50-53 53-56 56-59 59-62 62-65

Number of boxes 20 150 115 95 20
The daily expenditure of 50 hostel students are as follows :

Daily expenditure (in ¥) 100-120 120-140 140-160 160-180 180-200

Number of students 12 14 8 6 10

Find the mean daily expenditure of the students of hostel using appropriate method.

The mean of the following frequency distribution of 200 observations is 332. Find the

value of x and jy.

Class 100-150 | 150-200 [200-250 | 250-300| 300-350( 350-400 | 400-450 | 450-500 [ 500-550
Frequency 4 8 x 42 50 y 32 6 4
Find the mode of the following frequency distribution :
Class 0-15 15-30 | 3045 | 45-60 | 60-75 | 75-90 | 90-105
Frequency 8 16 23 57 33 23 13
Find the mode of the following data :
Class 30-40 | 40-50 | 50-60 | 60-70 | 70-80 [ 80-90 | 90-100
Frequency | 12 17 28 23 7 8 5
The mode of the following frequency distribution of 165 observations is 34.5. Find the
value of a and b.
Class 5-14 14-23 | 23-32 | 3241 | 41-50 | 50-59 | 59-68
Frequency 5 11 a 53 b 16 10
Find the mode of the following frequency distribution :
Class 1500-2000 [ 2000-2500 | 2500-3000 | 3000-3500| 3500-4000]4000-4500 [4500-5000
Frequency 14 56 60 86 74 62 48
Find the median of the following frequency distribution :
Class 10-20 | 20-30 | 30-40 | 40-50 | 50-60 | 60-70 [ 70-80 | 80-90
Frequency 9 11 15 24 19 9 8 5

The median of the following data is 525. Find the value of x and y, if the sum of frequency

is 100:

Class 0-100 | 100200 | 200-300| 300400 | 400-500| 500-600| 600-700| 700-800 | 800-900 | 900-1000

Frequency | 3 4 x 12 17 20 9 y 8 3
293

STATISTICS



— e —

10. Select a proper option (a), (b), (¢) or (d) from given options and write in the box given
on the right so that the statement becomes correct :

(1) For some data, if Z =25 and ¥ = 25, then M = ...... ]
(a) 25 (b) 75 (c) 50 o

(2) For some data Z — M = 2.5. If the mean of the data is 20, then Z = ...... ]
(a) 21.25 (b) 22.75 (c) 23.75 (d) 22.25

B3)Ifx—Z=3andx+Z=45then M = ...... ]
(a) 24 (b) 22 (c) 26 (d) 23

(4) fZ =24, x =18, then M = ... [
(a) 10 (b) 20 (c) 30 (d) 40

(5) M =15, x =10, then Z = ...... 1
(a) 15 (b) 20 (c) 25 (d) 30

(6) fM=22,7Z =16, then x = ...... 1
(a) 22 (b) 25 (c) 32 (d) 66

(7) f ¥ =21.44 and Z = 19.13, then M = ...... 1
(a) 21.10 (b) 19.67 (c) 20.10 (d) 20.67

(8) If M =26, ¥ =36, then Z = ...... 1
(a6 M5 (c) 4 3

(9) The modal class of the frequency distribution given below is ...... ]

Class 0-10 10-20 20-30 30-40 40-50
Frequency 7 15 13 17 10

(a) 10-20 (b) 20-30 (c) 30-40 (d) 40-50

(10) The cumulative frequency of class 20-30 of the frequency distribution given in (9)
is ... ]
(a) 25 (b) 35 (©) 15 (d) 40

(11) The median class of the frequency distribution given in (9) is ...... ]
(a) 40-50 (b) 30-40 (c) 20-30 (d) 10-20

%

In this chapter we have studied the following points :
1. The mean of the grouped data can be obtained by

() the direct method : % = <22
. X Z fl

Zf idi

(ii) the assumed mean method : ¥ = A + Y7
i

21db = X fiu
(iii) the step deviation method : ¥ = A + ST, X c
l

assuming that the frequency of a class is centered at its mid-point.
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2. The mode for the grouped data can be obtained by using the formula :

where all symbols are in usual notations.

3. The cumulative frequency (cf) of a class is the frequency obtained by adding the
frequencies of all the classes preceding the given class. The median for grouped data can
be obtained by using the formula :

Median M) = + [T_fch Xc

where all the symbols have their usual meaning.
Also Z =3M — 2x
4. Representing a cumulative frequency distribution graphically as a cumulative frequency

curve or an ogive of ‘less than type’ and ‘more than type’ the median of the grouped data
can be obtained graphically as the x-coordinate of the point of intersection of the two ogives.

Baudhayana, (fl. c. 800 BCE) was an Indian mathematician, who was most likely also a priest.
He is noted as the author of the earliest Sulba Sutra—appendices to the Vedas giving rules for the
construction of altars—called the Baudhayana Sulbasfitra, which contained several important
mathematical results. He is older than the other famous mathematician Apastambha. He belongs to
the Yajurveda school.

He is accredited with calculating the value of pi to some degree of precision, and with
discovering what is now known as the Pythagorean theorem.

The sutras of Baudhayana :

The Shrautasutra

His shrauta sutras related to performing Vedic sacrifices has followers in some Smarta
brahmanas (Iyers) and some Iyengars of Tamil Nadu, Kongu of Tamil nadu, Yajurvedis or Namboothiris
of Kerala, Gurukkal brahmins, among others. The followers of this sutra follow a different method
and do 24 Tila-tarpana, as Lord Krishna had done tarpana on the day before Amavasya; they call
themselves Baudhayana Amavasya.
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PROBABILITY 1 6

Pure mathemtics s, in s way, the poetry of logical ldeas.

= Afbert Einstrin
]

The last thing one knows when writing a book iz what to put first.
- Blnize Pascal

16.1 Introdoction

In standard IX, we have studied sbout exporimental (or eenpirical)
probehility of everts which were based on the results of actusl experiments.
Lot uy discnss an experiment of todsing a4 coln 100 times i which the
frequencies of the outcomer were 47 timee Head and 53 times Thil. Based
o this experiment, the smpirical probability of getting & head is i = 0.47
and getting a tail is -3 = 0.53. Note that these probabilities are based on
the result of sn actoal expeciment of tossing & coin 100 times. For this reason,
these probability are called an experimental or emplrical probabillty. K‘;:';m"
Tn fact, the experimentsl probability is based on the result of actual P
experiments and adsquate recordings of the happening of the results. Moreover, these probabilties
are caly ‘estimates’. If we perform the same experiment of tossing a coin 100 times again, then we
may get different resnlts which gives different probability estimates.

In standard IX, we had done activities of tossing a coin many times and noted the results of
getting heads (or tails). We hed noted that as the number of tosses of the coin increased, the

mﬂaﬂmﬁﬁlﬁafpﬁngnhmd{mhﬂ)mchmmﬂchmh%.@mﬁm
different parts of the world have done this kind of experiment and recorded the number of heads
(or teils) tumed up.

Siatistician Karl Pearson had tossed the coin 24000 times atd he got 12012 heads end thus,
the experimental probebility of getting head was MlZ = 0.5005. In the eighteenth century French
de Boffon tossed 8 coin 4040 times and he got 2048 heads. The experimental probability of getting
head in this case was found to be 228 = 0.507.

Now, let s think, “What is the empirical probability of a tail, if the experiment is carried out
upte one lac times 7 or 1{ lacs time ? and 2o on 7" We will feel that az the mumber of tosging a coin
Mhmﬂn&nﬂmhahﬂiﬁofptﬁnghﬂ(whnﬂ}mmhamm%=ﬂj;wﬁch
is what we call the theoretical probability of getting tail (or heed). In this chapter we provide an
introduction {0 the thecretical {also called classical) probabilily of an event and discuse simples problems
bazed on this concept.
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16.2 Probability - A Theoretical Approach

Let us start with an example.

Suppose a fair coin is tossed at random.

Note : When we say a fair coin or a balance die we mean, it is ‘symmetrical’ so that there is no
reason for it to come down more often on one side than the other. We call this property of a coin or
die as being ‘unbaised’. Random toss means that the coin or die is allowed to fall freely without any
bias or interference.

We know that when we toss a coin, then there are only two possible outcomes namely head or
tail. We can reasonably assume that each outcome, head or tail, is as likely to occur as the other.
We refer to this by saying that the outcomes, head and tail, are equally likely.

For another example of equally likely outcomes, suppose we toss two coins once. What are the
possible outcomes ? They are HH, HT, TH, TT. Each outcome has the same probability of showing
up. So, the equally likely outcomes of tossing two coins are HH, HT, TH and TT.

Now, the question arise in our mind that for every experiment are the outcomes equally likely ?
Let us see.

Suppose that a bag contains 5 blue and 3 red marbles and we draw a marble without looking
into a bag. What are the outcomes ? Are the outcomes a red marble and a blue marble equally likely ?
Since there are 5 blue and 3 red marbles, we would agree that we are more likely to get a blue marble
than a red marble. So the outcomes (i.e. blue or red marble) are not equally likely. However, the
outcomes of drawing a marble of any colour from the bag is equally likely. So, all experiments do not
necessarily have equally likely outcomes.

In this chapter, from now onwards, we will assume that all the experiments have equally
likely outcomes.

We had defined in standard X, the experimental or empirical probability P(E) of an event E as

Number of trials in which the event happened
Total number of trials

P(E) =

We can extend this probability to every event associated with an experiment which can be
repeated a large number of times. The repetition of an experiment has some limitations, as it may be
very expensive or time consuming or unfeasible in many situations. Of course, it worked well in
tossing a coin or throwing a die. But how about the repetition of the phenomenon of an earthquake,
Tsunami or flood to compute the empirical probability of multistoreyed building getting destroyed in
these phenomenons ?

The assumption of equally likely outcomes is one such assumption that leads us to the
following definition of probability of an event.

The theoretical probability (or classical probability) of an event E denoted by P(E), is defined as

Number of outcomes favourable to E

P(E) =
(E) Number of all possible outcomes of the experiment

where we assume that the outcomes (or results) of the experiment are equally likely.

PROBABILITY 297



/\/_\

“Probability theoey had its origin in the 16th centnry when en Italian
physician and mathematician J.Cardan wiote the first book on the subject,
The Book on Games of Chance. Since its inception, the study of
probability has attracted the attention of great methematiciane. James
Bemoulli (1654 — 1705), A. de Moivee (1667 — 1754) and Piesre Simon
Laplae are among those who meade significant contributiona to this field
Laplece’s Theorie Analytique des Probabilités, 1812, i= conaidered to he the
greatest contribution by a single person to the theory of probability. In recent
years, probability hay been vacd extengively in many areas such 83 biology,
economics, genetics, physics, sociology #ic

Let us find the probability of some of the cveniz wasociated with experiments where the cqually
likely assumption holds.
Ezample 1 : Find the probability of gefting mumber 1, 4 or 5 on a die when a fair die is thrown.
Solufion : In thiv experiinent of throwing a faie die, the possible owomnes are 1, 2, 3, 4. 5 and
6. Lot E be the eveut that ‘petting number 1° on the die. The number of cutcomes favourabls to E is
only one. Therefore

. Number of outcemes favourable o B
R(E) = Plgetting 1) = e

Number of all possible cutcomes &
Similarky, lachnthﬁm‘gaﬂjngmmhar4‘,thnnP(F}=%debeﬂ1am‘gaﬂjng
number 5%, then B(G) = 1,
Example 2 : A fair coin is tossed twice. Find the probability of getting different the outcomes of this
experiment.
Soluflon : If A fair coin is toszed twice, then the possible outcomes of this experiment are
HH, HT, TH and TT.
Lot A be the event “gelting two heads’, then
Number of sulcomes favourable to 4 _il
Numnber of all possible oudomnes 4

Let B be the event ‘gefting first head and then tail’.
Then B(B) = P({HT}) = ¢

Let C be the event ‘getting T first and then .
S0, P(C) = P({TE}) =

Lad I be the evend ‘getting both iails*, then
FD) = PUTT}) = 1

Mote : (1) An event having only one cutcome of an experiment is called sn elementary or
primary eveat, In cxampls 2, all four events A, B, C snd D are clemeninry everts,

(2) Note that in ezample 2 ; PF(A)} + P(B) + P(C) + P(D) = 1

Observe that the suom of the probabilities of all the clementary events of an experiment
i 1. This is true in general alio.

P(A) =

p Lo MaraeuaTios 18
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Example 3 : Suppose we throw a dice once : (1) What is the probability of getting a number greater
than 3 ? (2) What is the probability of getting a number less than or equal to 3 ?

Solution : (1) Let A be the event “getting a number greater than 3”. The number of possible
outcomes of this experiment is six : 1, 2, 3, 4, 5 and 6. Therefore, the number of outcomes favourable
to A is 3. (namely 4, 5 and 6)

So, P(A) = P(Number greater than 3) = % = %

(2) Let B be the event “getting a number less than or equal to 3”. Outcomes favourable to B
are 1, 2, 3. So, the number of outcomes favourable to B is 3.

So, P(B) = P(Number getting less than or equal to 3) = % =

Note : Event A is the “getting the number greater than 3” and B is the event “getting the
number less than or equal to 3”. Remember that not getting the number greater than 3 is the same

as getting number less than or equal to 3, and vice versa.

So, “event B” is ‘not event A’. We denote the event ‘not event A’ as A' or A.

In general, it is true that for an event A, P(A") = P(K) =1 — P(A).

A is called the complement of the event A. We can say that A and A are complementary
events.

Before proceeding further let us see the following :

Tossing a balance dice once, we have six outcomes namely 1, 2, 3, 4, 5 and 6. Now the question
is, “‘what is the probability of getting number 7 on the dice ?* Since no face of the die is marked with

number 7, so there is no outcome favourable to 7, i.e. the number of outcome 7 is zero. In other

words getting a number 7 on a dice is impossible.
So, P(getting number 7) = % = 0.

So, the probability of an impossible event is zero.

Again the another question arise in our mind that what is the probability of getting a natural
number less than 7 on a dice which is thrown once ?

Here all the faces of a dice are marked with natural numbers less than 7. So, the number of
favourable outcomes is the same as the number of all possible outcomes of the experiment,
which is 6.

Therefore, P(E) = P(getting number less than 7) = % =1

So, the probability of an event which is certain (or sure) to occur is 1. Such an event is called
certain event or sure event.

Note : From the definition of probability we can say that 0 < P(E) < 1 for any event E.
Example 4 : A card is selected at random from well-shuffled pack of 52 cards. Find the

probability that the selected card is

(i) a face card (ii) of diamond

(iii) not an ace (iv) is an ace of black colour

Solution : Here selection of one card from well-shuffled pack of 52 cards is equally likely
outcome.
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(i) There are 12 face cards (4 kings, 4 queens, 4 jackals). Let A be the event that ‘the
selected card is a face card’.

So, the number of outcomes favourable to the event A is 12.

- 12 _3
P(A) = 3

(i) There are 13 diamond cards. Let B be the event that ‘the selected card is of diamond’.
Therefore, number of outcomes favourable to B is 13.

PB) =18 =1

(iii) Let C be the event that ‘the selected card is not an ace’. Then the event C' is ‘the selected
card is an ace’, then the event C' has 4 elements.

PC) =5 ==&
But P(C) =1 — P(C")
=1—-1 =1
=1=-3=3

(iv) Let D be the event that ‘the selected card is an ace of black colour’. So the number of
outcomes favourable to D is 2 (i.e. an ace of spade and club).

PD) =& = %

Example 5 : In a pack of 400 screws there are 120 defective screws. Find the probability that the
selected screw is non-defective.

Solufion : Here in a pack, there are 400 screws. Let A be the event that “the selected screw

is non-defective”. The number of outcomes favourable to A is 400 — 120 = 280.

P(A) = % =07

Example 6 : There are 5 red, 2 yellow and 3 white roses in a flowerpot. Select one rose from it at
random. What is the probability that the selected rose is of (i) red, (ii) yellow (iii) not white colour.

Solution : Here there are total 5 + 2 + 3 = 10 roses in a flowerpot.
(i) Let A be the event that ‘the selected rose is red’. The number of outcomes favourable

to A is 5.

P(A) =2 =2

(i) Let B be the event that ‘the selected rose is yellow’. The number of outcomes favourable
to B is 2.

(iii) Let C be the event that ‘the selected rose is not white’. The complement of event

C (i.e. C) is ‘the selected rose is white’.
The number of outcomes favourable to C is 3.
P(C) = 3 =03
But P(C)=1— P(C) =1-03=07
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Example 7 : Two balance dice are thrown once. Write down all the possible outcomes of this

experiment. What is the probability that the sum of numbers on two dice is

@ 7 @ii) 11 (iii) more than 10

(iv) less than 2 (v) less than 13 (vi) a prime number

Solution : The possible outcomes of the event of throwing two balanced dice are (1, 1), (1, 2),
(1,3),(1,4), (1, 5), (1, 6), 2, 1), (2, 2), (2, 3), 2, 4), (2, 5), (2, 6), (3, 1), (3, 2), (3, 3), (3, 4), (3, 5),
(3,6),(4, 1), (4,2),(4,3),( 44, (4,5),(4,6), (5, 1), 5, 2), 5, 3), (5, 4), 5, 5), (5, 6), (6, 1), (6, 2),
(6, 3), (6, 4), (6, 5), (6, 6).

So, the total number of outcomes is 36.

(i) Let A be the event that the sum of numbers on two dice is 7. The favourable outcomes
are (1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1). The number of favourable outcomes of the event
A is 6.

AORE B

(ii) Let B be the event that “the sum of numbers on two dice is 11”. The favourable outcomes
are (5, 6) and (6, 5). The number of favourable outcomes is 2.

-2 _ 1
P(B)_36 18

(iii) Let C be the event that “the sum of numbers on two dice is more than 10”. The favourable
outcomes are (5, 6), (6, 5) and (6, 6). The number of favourable outcomes of C is 3.

mq=%=%

(iv) Let D be the event that “the sum of numbers on two dice is less than 2”. There is no
outcome in which the sum is less than 2. So, the number of outcomes favourable to D is 0.

P(D) = 3_06 = 0 (i.e. it is an impossible event)
(v) LetF be the event in the sum of number on two dice is less than 13. Here the sum of number

on two dice is less than 13 for all outcomes.

Number of outcomes favourable to F is 36.
P(F) = % =1 (i.e. it is certain event)

(vi) Let E be the event that “the sum of numbers on two dice is a prime”. Primes less than 12
are 2, 3, 5, 7 and 11. The favourable outcomes are (1, 1), (1, 2), (2, 1), (1, 4), (2, 3), (3, 2), (4, 1),
(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1), (5, 6), (6, 5). The number of favourable outcomes of D is 15.

PE) = 2 = 3.
Example 8 : A dice is thrown once. Find the probability of getting (i) a prime number (ii) a number
lying between 2 and 5 and (iii) an even number.
Solution : When a dice is thrown once, we get the outcomes as 1, 2, 3, 4, 5 and 6.

(i) Let A be the event that getting the number on the dice is prime.

2, 3 and 5 are prime numbers. Therefore the number favourable to this event is 3.
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(ii) Let B be the event of getting the number on the dice lying between 2 and 5. The numbers
lying between 2 and 5 are 3 and 4. So, the number of favourable outcomes is 2.

P@)=2-=1

(iii) Let C be the event that getting the number on the dice is even. Here 2, 4 and 6 are even
numbers. So, number of favourable outcomes is 3.

PO =2=1

Example 10 : Gopi buys a toy for his son, if it is non-defective. Shopkeeper takes out one toy at
random from a box of 10 toys containing 3 defective toys and other good ones. Find the
probability that (i) Gopi buy the toy, (ii) Gopi does not buy the toy.

Solution : Here there are 10 toys in the box, out of which 3 are defective, so 7 of them are

non-defective toys.
(i) Let A be the event that Gopi buys the toy. This means that the toy is not defective. So,

the number of favourable outcomes of this event is 7. So, P(A) = % = 0.7

(i) Let B be the event that Gopi does not buy the toy. This means that the toy is defective.
So, number of favourable outcomes is 3.

So, P(B) = =& = 0.3.

Note that the event C is also taken as 'not A'.
P(B) = P(K) =1-PA)=1-0.7=03

EXERCISE 16

1. 15 defective ballpens are accidentally mixed with 135 good ones. It is not possible to just look
at a ballpen and say whether it is defective or not. One ballpen is picked up at random from it.
Find the probability that the ballpen selected is a good one.

2. A box contains 5 green, 8 yellow and 7 brown balls. One ball is taken out from a box at random.
What is the probability that the ball taken out is (i) yellow ? (ii) brown ? (ii) neither green
nor brown ? (iv) not brown ?

3. A bag contains orange flavoured candies only. Rahi takes out one candy without looking into
the bag. What is the probability that she takes out (i) the orange flavoured candy ? (ii) a lemon
flavoured candy ?

4. A box contain 100 cards marked with numbers 1 to 100. If one card is drawn from the box,
find the probability that it bears (i) single digit number, (ii) two-digit numbers (iii) three-digit
number (iv) a number divisible by 8 (v) a multiple of 9, (vi) a multiple of 5.

5. A carton consist of 100 trousers of which 73 are good, 12 have minor defects and 15 have
major defects. Kanu, a trader, will only accept the trousers which are good, but Radha, another
trader, will only reject the trousers which have major defects. One trouser is drawn at random
from the carton. What is the probability that,

(i) it is acceptable to Kanu ? (ii) it is acceptable to Radha ?
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6. Marks obtained by 50 students from 100 are as follows

Marks 0-34 35-50 51-70 71-90 91-100
Number of student 8 9 14 11 8
Find the probability that a student get marks :
(i) below 34, (ii) between 71-90
(iii) more than 70 (iv) less than or equal to 50 (v) above 90.

7. Two fair dice are rolled simultaneously. Find the probability of the following events :
(1) A : getting the same number on both dice.
(2) B : the sum of the integers on two dice is more than 4 but less than 8.
(3) C : the product of numbers on two dice is divisible by 2.
(4) D : the sum of numbers on two dice is greater than 12.
8. A coin is tossed three times. Find the probability of the following events :
(1) A : getting at least two heads,
(2) B : getting exactly two heads,
(3) C : getting at most one head,
(4) D : getting more heads than tails.

9. A game of chance consists of spinning an arrow which comes to rest pointing at one of the
numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12 (see figure 16.1) and there are equally likely
outcomes. What is the probability that it will point at
@ 7?2
(2) a number greater than 9 ?

(3) an odd number ?

(4) an even number ?

(5) a number less than 5 ?

Figure 16.1
10. Select a proper option (a), (b), (¢) or (d) from given options and write in the box given
on the right so that the statement becomes correct :

(1) The sum of probability of event A and the probability of an event A (not A) is ...... [
(@0 ®)1 (c) 0.5 (d) 04

(2) The probability of the certain event is ...... . 1
(@o (b) 0.5 (c) 0.7 1

(3) The probability of the impossible event is ...... . 1
(@0 (b) 0.5 (c) 0.6 d1

(4) The probability of an event is greater than or equal to ...... . 1
(a1 (b)12 (c) 0.2 o

(5) The probability of an event is less than or equal to ...... . ]
(a) —1 (b) —0.1 (c) —0.5 @i

(6) If P(A) = 0.35, then P(A) = ...... . .
(@o (b) 0.35 (c) 0.65 @1

(7) If P(E) = 0.47, then P(E) = ...... . 1
(@0 (b) 0.20 (c) 0.50 (d) 0.53
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(8) The probability that you will get 101 marks in the paper which is in your hand is ...... L

@1 () 0.5 ©)0 (d) —0.5

(9) The probability of the event "The Sun rises in West" is ...... . ]
@1 (b) 0.5 ()0 (d) —0.5

(10) The sum of the probabilities of all the elementary events of an experiment is ...... o
@0 (b) 0.2 )1 (d) 0.8

In this chapter we have studied the following points :
1. The difference between experimental probability and theoretical probability.
2. The theoretical (or classical) probability of an event E, denoted by P(E), is defined as

Number of outcomes favourable to E

P(E) =
® Number of all possible outcomes of the experiment

The probability of sure (certain) event is 1.

The probability of an impossible event is 0.

The probability of an event E satisfies 0 < P(E) < 1.

o N e

An event having only one outcome is called an elementary (or primary) event. The sum of
the probabilities of all the elementary events of an experiment is 1.

7. For any event A, P(A) + P(K) = 1 where A stands for ‘not A’. A and A are called
complementary events.

The mathematics in Sulbasutra

Pythagorean theorem :

The most notable of the rules (the Sulbasutra-s do not contain any proofs of the rules which they
describe, since they are sutra-s, formulae, concise) in the Baudhayana Sulba Sutra says:

dirghasyaksanaya rajjuh parsvamani, tiryadam mani,
cha yatprthagbhute kurutastadubhayan karoti.

A rope stretched along the length of the diagonal produces an area which the vertical and
horizontal sides make together.

This appears to be referring to a rectangle, although some interpretations consider this to
refer to a square. In either case, it states that the square of the hypotenuse equals the sum of the
squares of the sides. If restricted to right-angled isosceles triangles, however, it would constitute
a less general claim, but the text seems to be quite open to unequal sides.

If this refers to a rectangle, it is the earliest recorded statement of the Pythagorean theorem.

Baudhayana also provides a non-axiomatic demonstration using a rope measure of the
reduced form of the Pythagorean theorem for an isosceles right triangle:

The cord which is stretched across a square produces an area double the size of the original
square.
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 ANSWERS |

(Answers to questions involving some calculations omly are given.)

Exercise 1.2

1. M1 @5 @)1 4.575

Exercise 1.3

1. ()72X11X13 (2)22x3%x5 (3)3X7X13X37 (4 2X11 X701
2. (1) 2, 42000 (2) 25,4000 (3)5, 6525 (4) 7, 25025
3. (1) 1,105 (2) 20,240 (3)7,3822 5.1365  8.210 min

Exercise 1.4

1. (1) Teminating, 0.0192 (2) Teminating, 0.00544 (3) Teminating, 0.00208
(4) Teminating, 0.000896 (5) Teminating, 0.094 (6) Teminating, 0.005625
(7) Non-terminating (8) Teminating, 0.4 (9) Non-terminating

(10) Teminating, 0.0390625

: : 3456789120 : 5123456789
2. (1) Irrational (2) Rational, 599995999 (3) Rational, 2000000000,
. 1 . 763 . 1
(4) Rational, i (5) Rational, 330 (6) Rational, 7
: : 5781 : 289
(7) Rational, 1 (8) Rational, 1000 (9) Rational, s

: 2469
(10) Rational, 30000

Exercise 1.5

L. OB+ OfT+42 (3)@ ) '/2“””;‘/2“‘2” )2+ 3

62+ 2 (n@ (S)M 2. 45

Exercise 1

1. 5,175 2. 5, 2625 3. 44, 660 4. 625, 3125 5. 5, 109375 6. 5, 525
7. 2,144 8. 4, 144 9.7, 1260 10. 16, 8064

21. Denominator is 53, so it is terminating

22. Denominator is 54, so it is terminating

23. & 24. Denominator is not in the form of 2™ - 5%, so it is non-terminating

25. Denominator is 24, so it is terminating

JI5+43 foni2+n—2
26. V7T +45 2.7 +1  28. 5 29.3+ 45 30 2I2INTTZ 5,

32. 3 33. 45 34. 7 35.5cm 36. 30 Itr 37. 1140 38. 100080
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41.
43.

ol . F o e

2.

2.
?.

10.

720 cm  42. 24240

Me 2)d (Fec PHDa (()d B)a (MHb @B c B®a (10)c
()b (12)b (13) a (14) a (15 a (16) b (17) ¢ (18) ¢ (19) b (20) b
@l)a (22)a 23)d (24 c (25 ¢

Exercise 2.1

(1) Quadratic polynomial (2) Cubic polynomial (3) Quadratic polynomial (4) Cubic polynomial
M4 @3 A1 @2

110 @ -5 @) -125 @ -1

(1)9,21 (2)4,20 (3)8,20 (4) 47,27

(1), (3) and (4) statements are valid and (2) is invalid.

ME=-1D2E+1D) @QOE+DGx+6) B E—=3NE2+9) @+ DE2+x+2)

Exercise 2.2

m2 @o (A1 D3 2. No. of zeros : 1, Zero : —1 3. Zero do not exist
M1 o0 (33 B2 B4 @3 5. No. of zeros : 2, Zeros : —2, 2

Exercise 2.3

m-7,3 @31 A-,-2 @41 99 ©3-2

-1, % are the zeros. Sum of zeros : %, Product of zeros —%

(1) k[x2 —2x =3, k#0 2) kx2+3x—4, k%0 (3 k[%(6x2—2x+3)],r?‘-'0
Mex2+17x+11  2)x2—-x2—x+1 ()52 +Tx+2
@3 =-32—-x+3 ()33 -52—-11x-3

Exercise 2.4

(1) quotient : x2 — 5x + 4, remainder : 0  (2) quotient : %x + 1, remainder : 0
(3) quotient : 5x + 7, remainder : 0 (4) quotient : x + 2, remainder : 0

(5) quotient polynomial : x2 + 4x + 6, remainder polynomial : 3 — 3x

9 3a=9 422+5x+3 524+ +142+9%x+2 6.0
Each student gets x2 — 4x + 14 pens and no. of pens left undistributed is 9x — 13

42 +2x—3 9.4, 2

Exercise 2
(1) False (2) False (3) True (4) True (5) False

No. of zeros : 2, Zeros : —6 —3

—%; —% are the zeros of p(x), Sum of the zeros : —3, Product of zeros : %

k(x2 + 4x +9), k# 0 5. Quotient polynomial : x + 5, Remainder polynomial : —26 6. 2x + 1
-2,1 832 +8&+5 9.-57
Mb @d BGec @Hd a Gc (Md BDbL Od
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1.
6.

Exercise 3.1

x—Ty+30=0; x—3y—10=0 2. x+y=150; x—2y=0
2x—y=0; x+y=135 4. x—=3y+5=0;, x+y=55
x+y=85 x—4y=0 6. x—3y=0;, x+y=200

x—2y=0; x+y=1

Exercise 3.2
M @G,2) 20 ((3)Q,1) (4 coincident lines, infinitely many solutions  (5) (4, 3)

1,1, (—%,0), (%,O) 3. Number of boys = 5; Number of girls = 10

Infinitely many solutions

Exercise 3.3
ME,5 @@G,9 ()9 (4 infinitely many solutions  (5) (2, 3)

_ 3. = 3
m = 3% x,y)=(42,14) 3. 7

Age of the father : 40 years; Age of the son : 10 years
Cost of a ticket from Ahmedabad to Anand is ¥ 60,
Cost of a ticket from Ahmedabad to Vadodara is T 80.

Exercise 3.4

W (F-35) @(-%2) @@h @ (22) 2 Numbers are 20 and 15
Number of coins of 25 paise = 80,

Number of coins of 50 paise = 60

21 5. length = 40 cm; breadth = 20 cm; area = 800 cm?

T 2500 at 8 % per annum; ¥ 5000 at 6 % per annum

Exercise 3.5

meE99 @9eE1) 600 @G 4
48 3. 38, 32 4. 180 5. mZA = 60, m£B = 90, mZC = 30; Right angled triangle

Exercise 3.6

M 31 @00.62 6F-4 @an 6 e 16

18 days taken by a man to finish embroidary work and

36 days taken by a woman to finish embroidary work

Speed of the boat in still water is 6 km/hr and the speed of the stream is 3 km/hr

(%,2) 5. Speed of the train is 25 km/hr and speed of the bus is 50 km/hr

Exercise 3

x—Ty=0,2x+ 5y =570 2. {3, 1)} 3.2,1 4. (a b) 5., 95
The numbers are 30 and 24
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10.

3.

14.
21.
23.

Length of the rectangle is 15 units and breadth of the rectangle is 10 units.

Cost of food per day is ¥ 80; fixed charge per day ¥ 200. 9. %

MHec @c (e @b Gc BAd Nec b 9Dc 10 c
(1) ¢ (12) b

Exercise 4.1
(1), (2), (3), (4), (6) and (7) are quadratic equations; (5) is not a quadratic equation,
(1), (3), (4) Yes; (2) No.

@5 @2 4m-4t% o331 @242 @i1 6 ./5,—%

© 2,2

Exercise 4.2

(1) 25, real, rational, distinct (2) 1, real, distinct (3) 1 real, rational, distinct

(4) =12, no real roots  (5) —3, no real roots (6) 147, real, distinct

M2,%2 @03

) —=5— 15,5+ J15 (@ SHVB SVIB (3 3440 390 f5 o5

2 2 2 2

5) —5J5+~/%, —5./56—»/% 6) -3, 3

6

Exercise 4.3

13, 14 2. 13, 14 3. D = —48 < 0, So, Statements are incorrect. 4. 40
100, 80 6. 5 km/hour 7. 10,800 m> 8.6

Exercise 4

M -243,2/3 @-512 @78 @H-33 623

M 12-4410, 1244410 2)—4,2 (3)5 (4)—20,15 (5 —18, 13
3

13, 7 4. 40 km/howr 5. 25 kmlhour 6. 15 km/howr 7. %
80 km/hour, 100 km/hour 9. 23 years  10. 38 years  11. 23 years  12.25 13. 30
11, 13 15.14,16 16.24 17.30 Rs/kg 18. 60 Rs/lr  19.%T 60, 60 %  20. T 40
54 cm?  22.36 cm

Mb @)a @B)d @Dec Sa G)c (Md Bb

Exercise 5.1

(1)3,5,7,9,1,.. T, =2n+ 1 (2) 3,-5,-1,-9,-1,.T,=2n—1

(3) 100, 93, 86, 79, 72,... T, = —Tn + 107 (4) —100,—93, —86, —79, —72,..., T, =Tn — 107
(5) 1000, 900, 800, 700, 600,... T, = —100n + 1100

(1) Not an AP. (2) Not an AP. (3) Notan AP. (49 AP, T, =10n—5

5)AP, T, =5n+12 (6)AP, T, =-2n+103 (7) AP, T, =—3n+ 204

8 AP, T, =5n (9) Not an A.P.
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3.

9.

11.

15.

1.

()T,=52—3 (2)T,=205—5n (3)T,=1100—100n (4) T, = 50n
(S)Tn="_% (6) T,=n+ 0.1 (7) T,=1.1n + 0.1 (S)Tn=%n+1
(1) 60, —48, =36,..., T, = 12n — 72 2)2,1,0,-1,2,., T, =3 —n

(1) =2,3,8,13,18,..., T, = 5n = 7 2) =3,2,7,12, 17,.., T, = 5n — 8

No term = 0, T, = 0 does not yeild n € N (increasing and positive)

Yes, Tgp = 5 8. 89th term 9. 273  10. 930  11. -76

Exercise 5.2

(1) 800  (2) 1020 (3) 360 (4) 76  (5) 159
(1) 15150  (2) 1050  (3) 1090  (4) —100  (5) —260

(1) 100 (2) 1365 (3)S,=n% S, =100 (4 T,=2n+21,S,=nr*>+22n

G 1 (624

20 520 6.n=19,8,=95  7.a=3,d=-4,T,=7—4n 8. 165150
10605  10. 32th term, 1888

Exercise 5
S,=3m+8  2.T,=2n+1 3.No. of terms = 5 or 16, T; = 18, T¢ = —15 4. 35
2m—1 16m—17
82350 6. 57 848, =2 9.0,6,12 or 12,6,0 10.780 m, 20 potatoes

55m 12,19 13.12 14.m=6,d=5

Md @b @E)a @Db (B)c DL (NHNa @BDbL a (A0
() c (12)a (13) b (14 b (15) a

Exercise 6.1

~ ~ ~ DE _ EF _ FD

L 3 3
40 3. 72, 12 4.4 5.126,5 6. Y

71,32 9.(1) False (2) True (3) False (4) True (5) True 10.(1)d 2)b (3)b (4)a
Exercise 6.2

(1) AB = 6, AE = 2.7, AC = 45 (2) AD = 1.55, DB = 4.65, AE = 1.05

(3) AD = 9.6, AB = 21.6, AC = 14.4 (4) DB = 11.2, EC = 8.4, AC = 13.8

(5) AD = 3.4, AB = 6.8, AE = 2.55
48 3.(1)52 (257,95

Exercise 6.3

(1) True (2) False (3) True (4) False (5) True

Exercise 6.4

8.64 4.48J3 8. 40, 160
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10.

Exercise 6

Yes, two similar triangles can have the same area. If triangles are congruent then they are
similar and they have the same area.

(1) True (2) False (3) True (4) False (5) False

(1)307 (2)RPQ (3)12 (4)5:4 (516 (6)33.6 (7)30 (8)200 (99 (10)CDB
(11) 13.75

Mc @b @b @b BG)a b (HMd @B c ©®d (10)b

(a1 d (12) ¢ (13) b (14) b

Exercise 7.1

48 3.4410,4415, 446 4.25 525 6.(1)16 (2)3V34 or 5434 (3)26 (4) 1.5

2
2 X 9.12 14 1z
,/x2 +y? ,/)c2 + y? ,/x2 +y?

Exercise 7.2

120 2.56 3.25m 4.4y3 6.85 7.10 8.62 9.25 10.243

Exercise 7

15 6.17m
Mb @d @)c @Dc BGla Gc (Hb Bd @c (10 a
()b (12)b (13) c (14 d (15 d (16) b (17) a (18) d

Exercise 8.1

M3 @5 @ 2‘/a2+b2 2.(16,0), (6,00 4.P(0,-%) 5 3x+y+1=0
18or2 7.7 8.(0,343)or (0,-3v3) 9.(1)=5 ()5 (3)0or3

Exercise 8.2
2, 4) 2.1:2,3 3.(1,2),2, 4, (3, 6) 4. (2, =3) 5.(=3,2),(50), (1,4
(-2, —11) 8.(3,3),(1, 1 9.1:3 10. (5, 4) 11. (4, -1), (0, 3), (-2, 1)

Exercise 8.3

25 2.7o0r-3 3.2 4.% 5.50r 15

Exercise 8

£,3 2.(,6) 3.AC-B,1:2
If mZA =90, k=3. 1 mZB = 90, k=2, mZC #90. 5. (2,%)
Area of AABC = 16, Area of ADEF = 4 8. (0, -1)

He Z)a (BHd @b (5d G a (Dec @b
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3.

23.

25.

29.

14.
20.

22.

Exercise 9.1

3112 5 12 2. sinA = 3, cosA = %, tanA = %, cosecA = %, secA = %, CcotA =

13° 13° 5’ 13’ 13 5°

(RTEN

33 s 12 B = 22 - _ 3 _ _ L
5 4. 5. sinB = tanB 2‘/5 , cosecB w2 secB = 3, coB 2

1 _
%,f 7.% s.% 12. % 1—53% 13. (1) Yes (2) Yes (3) Yes

Exercise 9.2

43—2443 f3-2
Hy== 0 == @&

11 2
(1) mZA = 45, BC = 5, AC = 542 (2) mZC = 60, BC = 5, AB = 543
(3) mZC = 30, mZA = 60, AB = 342 (4) mZA = 45, mZC = 45, AC = 42
BC =20J3,AC=40,BD=40 51 8. sinl5= ‘/g;ﬁ,cos15= ‘/3:‘/5

Exercise 9.3

M1 @0 G0 H2 (G0 @G}1I D2 G ﬁ ®2 @10 6_3‘/5

(1) cos5 + sec5 (2) sinl + sec3 (3) cosec9 + sec36

20 7.5 9.44 10.%

Exercise 9

2
_p o Pl
oy fan® = 2=, sin® = S 24.(1) 0 2) 243

secO =

a a

8 225 a
2 +1 2.4 27.% zs.m,b

Mb @b (B)a HDa ()b G)c (Ma @B c 9a (10)c
() c (12)a (13)b (14 b (15) ¢ (16) ¢ (17) a (18) d (19) ¢ (20) b

Exercise 10

519m 2.865m 3.20m 4.519m 5.346 m 6.34.6 m 7. 230.6 m
173 m, 10 m 9.9m 10. 73 m 11. 200 m 12. 120 m 13.946 m

25 m, 4325 m 16. 16.38 min 18. (1) 346 m (2)40m (3)20 m

180 m 21.2m

Mec @c Gec @b G)a L Na @b b 10)c

(11)a (12) ¢ (13) c (14) d

Exercise 11.1
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10.

11.

6.
12.

Exercise 11.2
M3 @35 @7 @10 2.9 316 46 9.2 1012
Exercise 11
3 5 15 7.3 9,7
MHa )b B(d @b (Ba G4 (7a
Exercise 13.1
528 cm, 22176 cm®> 2.2 m 3.7Tm 4. 66 km/hr
Exercise 13.2
44 em, 462 cm®> 2. T 10,908.33 3. 5448 cm?  4.26.17 cm?> 5. T 3465
2826 m2, 2198 m?>  7.161.07 cm? 8. 14.25 cm?, 142.75 cm?
Exercise 13.3
7267 cm? 2. 6246 m®2 3. 6192 4. 4456 cm®? 5. 55.125 cm?
Exercise 13
Z 550 2.31.68 km 3. 114 ecm?  4.59.10 cm®> 5. 1400 m®2 6. 228 cm?
165825 cm? 8. 1398.5 cm®> 9. 38.88 cm? 10. 11.44 cm?
MHd 2)a (b @Ha (5d G c (Mb @B c (b 10)c
()b (12) ¢ (13) a
Exercise 14.1
361.42 cm? 2. 315.25 cm? 3. T 8200.50 4, 62800 cm? 5, 19800 cm?
602.88 m, T 120576 7.125m 8.45m
Exercise 14.2
1232 cm? 2. 16500 cm3 3. 18480 litres 4. 38808 cm? 5. 185.82 cm?®
21.66 cm? 7. 1.45 litres 8.6m 9. 63 m 10. 0.5 litre 11. 3215.36 cm3
47124 cm® 13. 1725.47 cm® 14. 4186.67 cm®
Exercise 14.3
48  2.120 3.3300 4.240 5.180m  6.450 cm 7. 42 cm, 53.41 ¢cm

15072 cm?, 163.28 litres

Exercise 14.4

2. 97.34 litres, T 2920.20, for tin T 4867

Exercise 14

66 m2, T 66000 2. 6.5 cm 3. 2541 4. 48 5. 68.96 minutes 6. 153.4 cm?
800.7 cm?* 8. 15 cm, T 17097
Mb 2)a B)ec @Ha (B)a B)c (Md B a ¢
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[
.

10.

8.

10.

Exercise 15.1

148.5  2.332  3.25857 4.66346  5.18675  6.58033  7.350
£,=30,/,=8 9.4171 10.£,=9,f =20

Exercise 15.2

21.45 2. 256.25 3. 606.76 4. 33.49 5.94.29 6. 95.69

Exercise 15.3

15.5 2. 13.67 3. 288.09 4. 12.55 5.a=150, b = 48 6.a=734,b=46
36.25

Exercise 15

57.0875  2.1452 3.x=14,y=40 4.53.799  5.56.875 6.a=43,b=27
33421  8.4625 9.x=9,y=15
MHa e (d @Hb Gec GDb (Hd HHa O)c (10D

1) ¢
Exercise 16
0.9 202 G)4% G2 @) 2 3.6)1 (i)o

(i) 0.09 (i) 0.9 (i) 0.01 (iv) 0.14 (v) 0.11  (vi) 0.2
M073 (@085 6.() ML ML WME Wx 70 @3 @2 Wo
M1 @2 G5 @3 %203 @O O @1 O3

b

eV 2)d Fa @Hd d ®c Nd Bc Oc A c

Circling the Square
as that of a square (the reverse of squaring the circle). His sutra i.58 gives this construction:

together with a third part of that which lies outside the square.

Another problem tackled by Baudhayana is that of finding a circle whose area is the same

Draw half its diagonal about the centre towards the East-West line; then describe a circle

Explanation :

® Draw the half-diagonal of the square, which is larger than the half-side by x = % P2 - %.
® Then draw a circle with radius % + % or % + %(ﬁ — 1), which equals %(2 + J2).

?)
. NOW(2+\/5)2z11.66z&n'6 sothemeanrzzz—zx&,fzaz.
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| TERMINOLOGY'

(In Gujarati)

Algbraic Irrational Number Al R{%u dvul | Method of Cross Alsdl vpeusta-l
Algorithm wRR Multiplication Aa
Angle of Depression A5 Method of Elimination dlusdl Aa
Angle of Elevation GAUS Method of Substitution szl dd
Arithmetic Progression (A.P.) Adid gl Mid-point yeyfoig,
Composite Integer [Aouay vl nth term nY e
Consistant Yol Pair of Linear Equations in  [3u& 33wt
Discriminant [Qdas Two Variables wlsm Yoy
Distance Formula ViR Pattern lld.
Division of a Line-segment  Julivis [Qeuss« Point of Confact wilig,
i rime Integer w[Aoay Avul
Equality UMl p In £
Finite Sequence Al ALl Proportionality UL
Frustum of a Cone Q?;lél@% Quadratic Equation (e a{lsw
Geometric Transformation GLUH| 3UldR Ray of Vision ¢ [R0Re
Greatest Common AITAH ALY
P - Root oflo
Divisor (g.c.d. vy
. Bcd) Scale factor KV
Horizontal Ray all3w )
. Section Formula ([Qeno Yot

Identity BIVET

; ’ Sequence el
Incircle idadn
Least Common YA ALY Sutiace Axren W’f“

Multiple (Lc.m.) qYq Tangent s
Mathematical Model suftilds wldsld Trigonometry EREIEIR
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