— — - — VA
Theorem 6.7 : If X, Yy € R3, Y #0, Y # 0 and (X, y) = O, then

1) Xy =|x||Y]| cosa
2) |EX§|=|E| |§|sinoc

B ¥xLGExy),y LExy)

Proof : (1) By definition of the measure of the angle between two vectors, O = cos™ ! I;.I 3
cosQL = |)xi||y§|
XY =|X||Y| coso
(2) By Lagrange's identity,
IXXY P+ XY =3P |V
[TXYP2 = |XP |V x5
=IXPIYP=[XP|Y P cos’a
=|XP|Y > — cos’o)
= | X2 |y |? sinal
X XY | =|X]||Y| sinc (sinot = 0 as 0 < a < M)

(3) Let X = (xq, X5, x3) and ¥ = (¥}, V5, ¥3)
o2 X3
Now, X (X X¥Y) =[x x x3[ =0
y1roy2 ¥3
x LGxYy)
Similarly, ¥ - (x Xy) =0.So y L (x XY).

X
X

=1
~<I

Thus, (X X ) is a vector orthogonal to both X and Y. And so * I | are unit vectors

=
<l

orthogonal to both X and y.

zZ

Geometrical Interpretation of x X y o

When the positive X-axis is rotated in
anticlockwise direction to the positive Y-axis,
a right handed screw would advance in
positive direction of Z-axis as shown in figure
6.15.

Figure 6.15
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Y
o
X
Figure 6.16
_, - — — X _ N
As |x XY |=|X||Y|sin0, 0 =(X, Y)
So, XXy =|X||Y|sinO i, where 7 is the unit vector in the direction of ¥ X y.

PMC(X xy)

Direction of X X ¥ can be determined by

using right hand thumb rule i.e. if we keep

fingers of our right hand in the direction of x

and turning the fingers towards y, then the
direction shown by the thumb of the right
hand is the direction of X X y.

A(X) B(y)

Figure 6.17

Example 14 : Find the measure of the angle between the vectors (1, —1, 2) and (2, —1, 1).

Solution : Let, X = (1, =1, 2)and ¥ = (2, —1, 1)

Xy
X1yl

A
Now, cos(x, YY) =

1,-1,2)-2, -1 D 2+1+2

T iti+a favi+1 T Joe

=3
6
A—
(. F) =cos™' 3
Example 15 : If the measure of the angle between the vectors 3i + ] and af + V3] is %,

find a.
Solution : Let, X = ﬁf + ]A = (1/5, I)and y = ai + 1/5} = (a, \/5)
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. —N= s
It is given that (x, y) = 5

AN
cos(x, y) = COS%
Xy :
Xyl 2 @
Now X5 = (V3. D@, V3) = V3a+ V3, [T|= B+l =2 |V |=Jd2+3
J3a +43

2,/a2 +3
Sa+n=J243 (ii)

3@ +2a+ 1) =a*+3

NIH

(using (i)

2a% + 6a = 0
2a(a + 3) =0
a=0 or a=-3

a = —3 does not satisfy (ii) as \/5(—2) = J12 =243
For a = 0, \/g(a+ 1) = ‘/3, ‘/a2+ = J§ Hence a = 0.

Example 16 : If [ X | =]y | =1 and (7,/\§) = 0, then prove that | X — YcosO | = sin®
Solution : | X — YcosO |2 =|X |2 — 2X - YcosO + | YcosO |?
=1 —2cos0-cosO + |y |? cos?0 (x| =1
(cosG chcl.lél = cosO = Yly)
=1 — 2cos?0 + cos?0 gy|=1
=1 — cos?0
= sin%0
| X — YcosO®| = sinO 0<0 < m

Example 17 : If ¥ ={ + aj +3k and ¥ =2{ — ] + 5k are orthogonal, find a.
Solution : Here X = (1, a, 3), Yy = (2, —1, 5)
xly ©x-y=0
S 2—a+15=0
S a=17
s a=17
Example 18 : Find unit vectors orthogonal to both (1, 2, 3) and (2, —1, 4).
Solution : x = (1, 2, 3),
Yy =2, —1,4)

IXY=(L2-5and |TX¥|=J121+4+25 = /150 = 5J6

XXy 12 -1
i i + =+ (2=
Unit vectors orthogonal to the given vectors are | =% ( V67 56’ ./E)
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6.10 Projection of a Vector

If 7 and 5 are non-zero vectors and they are not orthogonal to each other, then

projection of a on b is defined as the vector (

—> -
Let PR = a and PQ = b have the same
initial point P. Also S is the foot of perpendicular

> —> L
from R to PQ. Then we assert that PS = Proj R

(as shown in figure 6.18)

— %— -
Letc =PS,c # 0 (Why ?)
— -> o> >
Then SR = a — ¢ since PS +

SR=PR =a

a-b

b 1

P

the

j b and is denoted by Proj 55.

R

N

Sl

|
|

ol

ol
]
S

Figure 6.18

¢ and b are in the same or in the opposite directions.

=kb, ke R — {0}

ol

cb =kb b =k|b |?

la -
Magnitude of projection vector is PS =

a-b

1b

b P

|];|= =

@bl

b1 -

= is called the component of Z along b and is denoted by Comp I;E .

If two vectors of R3 are given, then

we can think as above by taking corresponding
two bound vectors.
- — .03 .
If AB and PQ are two vectors in R, then if
%
we take equal vector as AC with initial point A,
ﬁ

then we have the same result. Projection of AB on

— —
PQ is the vector AC.

//IB

i > 1C

| |

| |

| |

| |

| |

| |

L 1 >
P Q

Figure 6.19
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Area of a Triangle :

—> — - _
In AABC AB =¢,BC =a, CA =5bp.
Area of AABC = %bc sinA

_ 17 -
=35 |b X ¢
— A_
(b, ©)=T — A and sin(Tt — A) = sinA Figure 6.20
Thus, area of AABC = 1|5 x z|=112 x| =117 x 7|
This formula can be applied in R3 only.
Area of AABC is also given by
A = %bc ‘ll—coszA
=Lz -
- L5117
A =L BRER-1b ER
This formula can be applied in R2 as well as in R3.
Area of a Parallelogram :
[JOACB is a parallelogram with B(b) C(@+b)
- —>
OA =a and OB = b.
BM L OA.
BM = OBsinQ. = | b | sin0.,
Area of []™ OACB = OA - BM & -
= || | b|sinoi 0 M > Aa)
Area of []J" OACB = |a X b_l Figure 6.21
Area of (J” ABCD = 1 |% x ¥
— - _
if AC =X, BD =Y. P €
Let M be the point of intersection of the
diagonals, then
M
A o _ 1S
AM = = x and BM =2y
Area of []™ ABCD = 4(Area of AABM) A B
- —> Figure 6.22
= 41| AM X BM |) e
Area of (1™ ABCD = 2|1 X x 2| = 2|% x V|
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Example 19 : Find projection, component and magnitude of projection of 2 + j + k on

—47 — 2] + 4k.

Solution : Here @ = (2, 1, 1), b = (=4, =2, 4)

h =—8—2+4=—6and |b| = 16+4+16 = ¢

(@b~
Pr0J5a=(52Jb=3—g(—4,—2,4)=%(4,2,—4)=%(2,1,—2)

Magnitude of Proj Zc_l =—==

Volume of a Parallelopiped :

A parallelopiped is a solid consisting of
six faces which are parallelograms.

Suppose a, b, ¢ are non-coplanar axb

vectors in R3,
(@Xb)-c#0

AV
Let the position vector of O be 0. /

—> _ = - _ -
OA = a, OC = p represent vectors a and b

respectively.
Here, [[]OABC is a parallelogram.

Area of []J™OABC = |a X b |

Sl
N
>

— —> .
Also @ X p (i.e. OM) is perpendicular Figure 6.23
to 2 and b both.

Height of parallelopiped OABC — B'C'O'A' = Magnitude of projection of ¢ on @ X b
(i.e. OM)
IT-(@xb)l
|@ xb |
Volume of parallelopiped = Area of base X height
Ic-(@xb)l
1@ xb |

Volume of parallelopiped = |[c @ b ]| = |z b <]

Let us note that @, b, ¢ are the vectors denoting three consecutive edges of the
parallelopiped.

%
Example 20 : Find the volume of the parallelopiped three of whose edges are OA = (2, 1, 1),
— —
OB =(@G,—1,1), OC= (-1, 1, —1).
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Solution : Here, a = (2, 1, 1), b = 3,1, 1),c =C1,1,-1)

2 1 1
@b c]1=|3 -1 1|=20—-1(-2)+12)=4
-1 1 -1

Volume of parallelopiped = |[z b T]|=|4]|=4
6.11 Direction cosines, Direction Angles and Direction Ratios of a Vector

We know that i = a, o0, 0), j = (0, 1, 0) and lg = (0, 0, 1) are unit vectors of R3 in the
positive directions of X-axis, Y-axis and Z-axis respectively. If X = (x, x,, x3) is a non-zero
vector of R?> and makes angles of measures o, B and Yy with the positive directions of
X-axis, Y-axis and Z-axis respectively, then o, B and Y are called the direction angles of

X and cosQl, cosP, cosy are called the direction cosines of X.

As O is the measure of the angle between X and i, we have,

-_—

X+l (X1, X5, X3) = (1,0, 0) X
cosoL = "= 7, = -
Ix 17 | ,/x12+x§+x32-1 ‘/x12+x22+x32
- . —'x2
Similarly, cosp = 7—=—>—= and cosy = T5—>—.
Xi + X5 + X3 AT+ X X3

If we take / = cosOl, m = cosP, n = cosY

X X X
then (/, m, n) = (cosQ., cosB, cosY) = ( L = : )

b 2
Jx12+x22+x32 \/x12+x§+x32 fo+x22+x32

_ L 2
=T (o X, X3) =7 5 X
2 2 2
X+ X5 + X3
Now, 2 + m? + n? = cos?o. + c0s2[3 + cosz'y =7 - . 2 =1
X+ X5 + X3
X N
Also (cosOl, cosP, cosy) = x] — *
. . e — X — 1
.. (cosal, cosp, cosy) is the unit vector in direction of X as 7— = kx, where k = 7=— > 0.
[x1 Ix1

If X = (x5, x5, x3), X # 0 and m # 0, then let mx = (mx,;, mx,, mx;). The components
of mx, namely, mx,, mx, and mx; are called direction ratios (or direction numbers) of Xx.
Direction ratios of kx are m(kx;), m(kx,), m(kx;) (m # 0, k # 0). Direction numbers of

x and mXx are same. For m > 0, X, mx have same direction cosines. For m < 0, direction

— — e . . — 14
cosines of x and mXx are additive inverses. Also, the direction angles of X are O = cos 1 =0
X X
— -1 =2 — -1 =3
= cos = = cos =.
p x> Y K
mx__ _mx__ _mx_ X >0
mx| — Imlxl — mlxl — 1xI-™M
If m > 0, direction cosines of x and mx are same.
And if m < 0, |m| = —m. Hence direction cosines of x and mXx are additive inverses.
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Example 21 : Find direction cosines and direction angles of i - j+ k.

Solution : Since x = (\/_ -1, 1, |x]|= ‘/2+1+1 =2

. . — 1
If o, B and 7y are the direction angles of X, then cosOl = % € osP = ——, cosy = %
=% B=7 —cos | L =2 =I
o=, B=m— cos > 3 and Y 3
irecti i X 1 _1 1 irecti L 2n iy
Direction cosines of X are 522 and direction angles are T3 and 3
Example 22 : If a vector X makes angles with measure %, ZTE with X-axis and Y-axis respectively,

then find the measure of the angle made by X with Z-axis.

Solution : Let X make angles with measures O, [ and Y with X-axis, Y-axis and Z-axis
respectively. Then cos?0t + cos?f} + cos*y = 1. Here Ol = %, B= ZTE
coszg + cosz%t + cos*y =1

1 + - +cos2”Y—1

-

= L
cos*?y =1 — > =3

cosy = £

N

’Y=%or
Miscellaneous Examples
Example 23 : If [ ¥ |=2,|Y|=4,|Z|=1land X +Y +7Z =0,find Xy +Y-7 +7-X.
Solution : | X + Y + Z 2= |XP+|YP2+|ZP+2%x-Y +2Y-7 +27-%.
0=44+164+14+2x-Yy+yY -2 +7-X)

_21
R

Xy +y-z+z7-x=
Example 24 : If A(1, 1, 1), B(0, 2, 5), C(—3, 3, 2) and D(—1, 1, —6) are four points in R3, find the
— — —> —
measure of the angle between AB and CD. What can you conclude about AB and CD?
— —
Solution : AB =(0,2,5 —(1,1,1)=(=1,1,4)and CD =(—1, 1, —6) — (-3, 3, 2) = (2, =2, —8)

— —
IAB| = J1+1+16 =3v2 and |CD| = Ja+4+64 =62

- =
- A AB * CD 2-2-32 6 .
cos(AB, CD) = = = == = —
( ) Anllch! 3W2xed2 T 36
—> A
(AB, CD)=Tm
% % . . . .
As the angle between AB and CD has measure T, they are in opposite directions.

- > _ — —
Also, AB X CD = 0, so AB and CD are collinear.
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% % 9 % . . . . .
CD = —2AB . Hence AB and CD are collinear and in opposite directions.

Example 25 : Express X = 3/ — j + 2k as a sum of two vectors @ and b such that @ is
parallel to ¥ and b is perpendicular to vector ¥, where y =2i — k.
Solution : @ is parallel to y.

Soa =my,me R — {0}

a =2mi —mk =Q2m, 0, —m)

GB—2m,—1,2+m)-2,0,—-1)=0
6 —4dm—2—m=0

m=3
F-8i-4iandb -(3-22)i -+ =27+

aabla—|alP—®m X a))

—

a
0+|alPkm X a)
=|a (kb xa)

Example 27 : For non-zero vectors a, bandC,ifaXb =¢,b X =a, then prove that | EI =1.

Solution : b X ¢ =@

[b ©bl=a-b

a-b =0 0]
Now, b X ¢ =a

b X(@Xb)=a C=axb)

b-bla—(b-ay =a

b ?a =a (using (i)

(b PP-1a=0
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Since @ # 0, |b 2 =1 (ox =

<l
U
Q
Il
=
=)
=
=
Il
<l
N’

b | =1

Example 28 : A(1, 1, 2), B2, 3, 5), C(1, 3, 4) and D(0, 1, 1) are the vertices of a parallelogram
ABCD. Find its area.

Solution : Method 1 : Adjacent sides of []”ABCD are
%
AB =(2,3,5—(1,1,2)=(1,2, 3) and
_)
BC =(1,3,4)—(2,3,5=(1,0,-1)

- -
Area = |AB X BC|=[(—2 —0, (=1 +3), 0 + 2)|

= I (=2,-2,2) I

- Jivas
=243

P —>

Method 2 : Vector along the diagonal AC is AC = (0, 2, 2) and
R —>

Vector along the diagonal BD is BD = (=2, —2, —4).

-> -
AC X BD = (-8 + 4, —(0 + 4), 0 + 4)

= (—4, —4, 4)
- >

Area = - | AC X BD |

| (-4, -4, 4) |

,/16 +16+16
J3

Example 29 : If o, 3, Y are the direction angles of X, prove that sin’0t + sin’} + sin®*y = 2. Also
find the value of cos20l + cos2[3 + cos2Yy.

N |—

[\

Solution : O, B, 'y are the direction angles of x.
cos’0L + cos’P + cos?y =1
1 —sin?0L + 1 —sin’B + 1 — sin?y =1
sin?oL + sin?P + sin®y = 2

Again, cos?0l + cos’} + cos*y =1

1+ cos20 1+cos2B | 1+cos2y
P

3 + cos20L + cos2f3 + cos2y =2
cos20. + cos2P + cos2y = —1

Example 30 : Find a unit vector in XY-plane perpendicular to 4/ — 3] + 2k.

Solution : Let the required vector in XY-plane be (a, b, 0) and it is perpendicular to (4, —3, 2).
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Example 31 : @ is a unit vector and » = (3, 0, —4). The measure of the angle between them is Z.

—

Sl S o

(ar b9 0).(49 _35 2) =0
4a —3b =0

a=2

Now, (a, b, 0) is a unit vector.

a2+ bp=1

Required vector is + %(3, 4, 0).
T
6

If the diagonals of the parallelogram are (3a + b)and (7 + 3b ), then obtain the area of the
parallelogram.

Solution : Area of parallelogram =%|(35 + l;) X (a +3l7)|
=L 3@ xa)y+b xXa+%a xXb)+3(b Xb)
=2 1-@Xb)+9%a@ Xb)|=4]axb|
— - — - —A_
Now, |a X b | = |al|b]| sin(a, b)
= (1) (J9+16) (sinZE)
= (3)
=3
2

Area=4><%=10

Exercise 6

Ifx=(1,2,3), Yy =@,—1,3)and 7 =3, 2, 1), show that x X (¥ X ) # (X X ¥) X Z.
Prove that [x + Y Y +7Z Z +X]=2[x Y Z]

Does X -y =X -7 imply ¥y = 7? Why ?

Does X Xy =x Xz imply ¥y = 7? Why ?
IfX-Yy=X-Zand X Xy =X XZ and X # 0, then prove that y = 7.

Find a, b, c if a(1, 3, 2) + b(1, =5, 6) + (2, 1, =2) = (4, 10, =8).

If ma =nb,m,n € N, then prove that 7 - b =|a ||b|. If m, n € Z — {0}, what can be said ?

Prove that X X (Y X Z)+ ¥ X (Z X X))+ 7 X (T X y)=0.
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10.

11.
12.

13.
14.
15.

16.
17.
18.

19.

20.
21.

22.
23.
24.

25.
26.

27.

28.
29.
30.

31.
32.

33.

34.
35.
36.

Find direction angles and direction cosines of the following vectors :
1) (1,0,=1) @) Jj+k (3)5i+12] + 84k.

A\ — —
If (x, y) = O then prove that sin% = % | x — y|, where Xx and y are unit vectors.

Find unit vectors in R2 orthogonal to (5, —12).
If X, ¥, 7 are non-coplanar, then prove that x + ¥, Y + 7 and 7 + X are non-coplanar.
Prove that (@ — Proj 55 ) is orthogonal to b .

Prove that (1, 2, 3) and (2, 1, 3) are not collinear.
Prove that (1, 2, 3), (2, 3, 5) and (5, 8, 13) are coplanar.

If the angle between (a, 2) and (a, —2) has measure %, find a.
Prove that ai + 3f + 2k cannot be orthogonal to —ai + j - 2k.
Find|@a X b |,if|a|=4,|b|=5and (a-b)=—6.

If (a, 1, 1), (1, b, 1) and (1, 1, ¢) are coplanar, prove that 1—1a + 1—1b + 1_10 = 1.

aXDb =aXxXc,a#0,b #cC,then show that b = ¢ + ka, k € R

If a is orthogonal to both b and ¢ and @, b, T are unit vectors and (l: ,AE) = %, show
that 7 =+ 2(b X °).

Prove that [(@ X b) X (@ X ¢)|*d =(@-d)a b ¢

Prove by using vectors that sin(0t + ) = sinQ. cosP + cosot sinf3.

Find the area of the triangle whose verticies are (4, —3, 1), (2, —4, 5), (1, —1, 0).

Find the projection of 4 i + j+3koni—j+k and its magnitude.

Find the projection of (a, b, ¢) on Y-axis and its magnitude.

—> -> >
If A3, 2, —4), B(4, 3, —4), C(3, 3, 3) and D(4, 2, —3), find projection of AD on AB X AC.
a _ _b _ ¢
Use vectors to prove TN ) e for AABC.

Obtain cosine formula for a triangle by using vectors.
Express 2 + 3j + k as a sum of two vectors out of which one vector is perpendicular
to2i — 4]A' + k and another is parallel to 27 — 4} + k.

Find unit vector in R3 which makes an angle of measure % with { and perpendicular to k.

If the sum of two unit vectors is a unit vector, show that the magnitude of their difference
is V3.

Ifa =(,1,1)and ¢ = (0, 1, —1) are two given vectors, find b such that @ X p = ¢ and
a-b =3.

Find the volume of parallelopiped whose edges are (;)A =3, 1,4), (7;3 =(1,2,3), (;)C =2, 1,5).
Prove that if ¥ X y = 0, then X =ky , k€ R— {0}, X # 0, y # 0

Select a proper option (a), (b), (¢) or (d) from given options and write in the box given
on the right so that the statement becomes correct :

(1) If X = (=2, 1, —2), then a unit vector in the direction of X is ...... ]

@GS 03 ) 0653

222
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Q2 ... is not a unit vector. (O # %, ne 7) ]
(a) (cosOL, sinQL) (b) (—cosO., —sin®) (c) (—cos2, sin2A) (d) (cos20., sinQl)

3) ¥ Xy =(7,2,-3),then y X X = ... ]
(@ (7,2, -3) (b) (3.2, 7) (©) (=7, -2, 3) (d) 3, =2, -7)

@ [Xx|=1yI=LX Ly |¥x+7[=.. ]
@ V3 (b) ¥2 (©) 1 ()0

(5) If x =3y, then x X j = ..... ]
@ 31y ? (b) 3% © 0 @ 315y P?

6) x=(2,3),y =(5 —2)are ...... vectors. ]
(a) collinear (b) non-collinear (c) same directional (d) of opposite direction

(7)y If x =(a, 4, 2a) and ¥y = (2a, —1, a) are perpendicular to each other, then a = ...... N
(a) 2 (b) 1 (c) 4 (d) any real number

8) (a, 1, =2), (1, 1, 3), (8, 5, 0) are coplanar then a = ...... ) ]
(@) =5 (b) 5 (c) =2 (d) 2

9 Ifx=@G,1,0,5=(2,2,3),z =(1,2,1)and x L (y + kzZ), then k= ...... ]
(a) 8 (b) 4 © 3 d 5

(1) Ifx =(1,2,4),y = (=1, =2, k), k# —4, then | X -y | ...... EXIEAE ]
(@) < (b) > (© = (d) 2

(1) x =(—1,4,-2), y =(—4, 16, =8), then | x + y | ...... X |+ 1]y ]
(a) = (b) > (c) 2 (d) =

(12) (3, 6, —9) and ...... have same direction ratios. ]
(@) (1, 2, 3) (b) (T, 27, 3TT) (©) (=1, =2, 3) (d (1, 2,0)

(13)If @ = (=3, 1, 0) and b = (1, =1, —1), then Compzb = ...... . ]

4 J3 =4 _3

@ 7o (®) o= ©) o (d) ==~

(14) The area of the parallelogram whose diagonals are J+kand i+ K is ... . ]
(@ £ (b) 3 © 3 @ V3

(15) Magnitude of the projection of (—1, 2, —1) on { is ...... ) ]

1 1

@ b —7= © 1 (d) -1

(16) a is a non-zero vector, then number of unit vectors collinear with a is ....... . ]
(a) 1 (b) 2 () 3 (d) infinitely many.

(17) The area of the parallelogram whose adjacent sides are i + kand i + ] is ... .
(@) 3 b V3 © 3 (@ L

(18)If X and Y are non-collinear, non-zero vectors, then number of unit vectors orthogonal
to both X and y is ...... ) ]
(a) 2 (b) 4 (c) none (d) infinitely many.
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(19) If O is the measure of the angle between vectors X and y such that X -y = 0, then

...... ]
@0<O<Tm (b)%SGSTE (c)OSGS% (d)o<e<§

(20) The unit vector in the direction of sum of the vectors (1, 1, 1), (2, —1, —1) and (0, 2, 6)
is ... ) ]
@—73.2.6 (1) 356.26  (©36.-26 (@ 33.2.6

(21) The expression ...... is meaningless. ]
@a-(b xT) (M @-b)c (©a x(b-c) (dax(p xX7c)

22)If x = i - j + lg, Y =4i + 3} + 4k and 7 =1 +a} + bk are coplanar and
|7 | = V3, then ...... ]
@a=1,b==1 (bya=1,b=x1 ()a=-1,b=*1 (da==x1,b=1

(23) If A3, —1), B(2, 3) and C(5, 1), then mZLA = ...... . ]
(a) cos™! ﬁ (b) T — cos™! ﬁ (c) sin~! ﬁ (d) %

Q24 If|x-Y | =cosO, then |x X V| = ... ) ]
(a) * sinOL (b) sinoL (c) —sinOL (d) sin*o

25 Ifx-y =0,then ¥ X (¥ X ¥) = ... , where | X | = 1. ]
(@) x Xy (b) x (c) =¥ (dy xXx

°
Summary

We have studied the following points in this chapter :
1. RZ2={(x,y) |x€ R,y € Ry and R3 = {(x, , 2) | x € R, y € R, z € R} are vector
spaces over R.

2. Properties of vector space were listed.

3. Magnitude of a Vector : If X = (x|, x,, x3), then magnitude of X is | X | = fx? + x3 + x5 -

= (1, 0, 0), } = (0, 1, 0), k= (0, 0, 1) are unit vectors in the positive direction of X-axis,
Y-axis and Z-axis respectively. If X = (x,, x,), then | X | = 1’x12+x%' In R, { = (1, 0),

0, 1).

4. Direction of vectors : Let x # 0, y # 0

J

If (i) x =ky, k>0, then Xx and y are vectors having same direction.

(i) x = ky, k<0, then x and y are vectors having opposite directions.

(iii)x # ky, for any kK € R, then X and y are vectors having different directions.
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10.

11.

12.

13.

14.
15.
16.

17.

18.
19.

Non-zero vectors x and y are equal if and only if [ x| =]y | and X and y have the same

direction.

— - 1 . . . . . — .. ~
If X # (, then Tx] X 1s a unit vector in the direction of X and it is denoted by x.

. If A(x;, x5, x3) and B(yy, ¥,, y3) are two distinct points in R3, then

%
AB = (y; — Xy, ¥y = X3, ¥3 — X3)

- P(xp, x5, x3) € R3, then

(i) Distance of P from XY-plane = |x5|. from YZ-plane = | x; | and from ZX-plane = |x,|.
(i) Distance of P from X-axis = 1/ X5+ x5 -

(iii) Distance of P from origin = ‘/ XL+ x5+ x5

Triangle law of vector addition : If A, B and C are non-collinear points, then

e
AB + BC = AC.

Inner Product : If X = (x, x5, x3) and y = (¥1> Y2 ¥3), then inner product of X and Y is

XY =xy + X, + x5 If X = (x), x), Y = (¥, ¥,), then X - ¥ = x;3; + x,0,.
Properties of inner product were studied.

Outer Product : If X = (x;, x,, x;) and y = (¥1> Y5> ¥3), then outer product of X and y
Xy X3 X1 X3 X1 X2

isx Xy = .
Y2 Y3 yi 3 yi o »

Properties of outer product were studied.
Box Product : If X = (x;, x5, x3), y = (1> ¥2» ¥3) and 7 = (24, z,, z3), then box product

B B

of X,y and 7 is
X1 X2 X3
T (Y XZ)=[x ¥y z]=|Nn »2 »n
1 2 23

Properties of box product were studied.

Vector Triple Product : If X, ¥, 7 € R3, then vector triple product of X, y and 7 is

YXOXZ)=(Xx-2)y —(*-Y)7.

Lagrange's Identity : (x - Y)? + |[X X Y > = |X ] | ¥ |

Cauchy-Schwartz Inequality : | X -y | < |X || |

Triangle Inequality : |[Xx + ¥ | < |X |+ | Y |

Measure of the angle between two non-zero vecotrs : (Y,/\y) = cos ! |§|'|;|

fx.-y=0&x 1Yy

Projection of a Vector : If 7 and b are non-zero vectors and they are not orthogonal, then

_ a-b)\ -
the projection of a on b is Proj 1;5 = (WJ b.
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20.

21.

2P5c

23.

24.

25"

26.

_ a-b
Component of @ on b is Comp 55 =5

@b
b1

Magnitude of Proj 55 =

- _ - —
Area of AABC : If @ = BC, b = CA, ¢ = AB, then

area of AABC %|Z><E|
=1 JbPIER -1b 2P

Area of a Parallelogram : Area of []” ABCD

- -
| AB X BC |

A e
2| AC x BD|
Volume of a Parallelopiped : If @, b and ¢ are the edges of a parallelopiped, then volume

of parallelopiped = | [@ b Z]].

Collinear Vectors : Non-zero vectors X = (x;, x,) and ¥ = (y, »,) are collinear if and

only if x;y, — x5y, =0.
Non-zero vectors x and y of R3 are collinear if and only if x Xy = 0.

Coplanar Vectors : If X, ¥ and 7 are the vectors of R3 and we can find o, 3, Y € R with

at least one of them non-zero, such that tx + B? + Yz = 0, then X, ¥ and 7 are said to

be coplanar vectors.
The vectors which are not coplanar are said to be non-coplanar or linearly independent
vectors.

Distinct non-zero vectors X, y, z of R3 are coplanar if and only if [x Y Z]=0.

Direction cosines, Direction Angles and Direction Ratios of a Vector : If X = (x;, x,, x3)
is a non-zero vector of R? and makes angles of measures O, [3 and Yy with the positive
directions of X-axis, Y-axis and Z-axis respectively, then 0., 3 and Y are called the direction

angles of X and cosQL, cosB, cos?Y are called the direction cosines of Xx.

~

Y'i xl

Xy d X3
Here, cosOl = HIES T cosB = > >, and cosY = 5 "
1 T X + X3 X + X + X3 X + Xy + X3

For m # 0, mx,, mx,, mx; are called direction ratios of Xx.
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THREE DIMENSIONAL GEOMETRY

To divide a cube into two other cubes, a fourth power or in general any power
whatever into two powers of the same denomination above the second is
impossible, and I have assuredly found an admirable proof of this,
but the margin is too narrow to contain it.
— Pierre de Fermat

7.1 Introduction

We have studied plane geometry in standard IX and X and studied the same concepts in the
light of coordinate geometry in standard X and XI. Now in the semester II, we studied about the
vector space which was explained with the concept of three dimensional coordinate system in R3 and
vectors in R3. Now, question arises whether we can study a line, a plane, a square, a triangle,
a sphere,... in R3? The answer is yes. Vectors can help us to study such concepts. In this chapter, we
shall study about the equations of a line and a plane in space.

Before we study lines in space, let us be clear about some differences in plane geometry and three
dimensional geometry. Given two lines in a plane, there are three possibilities : (1) lines are parallel,
(2) lines are coincident and (3) lines intersect in unique

point. These can be very easily seen by drawing lines on a \M
paper, but when we think of two lines in R3, basically there are N

two possibilities : They are in the same plane or there is no plane
containing these two lines. If they are in the same plane, they are

called coplanar and for them, there are three possibilities as el
discussed above. If two lines are not in the same plane, they are :
called non-coplanar or skew. I] T
In figure 7.1, we see that line L is in the plane of floor and < /
line M is in the plane of ceiling. These lines L and M are in different Figure 7.1
parallel planes and there is no plane containing them. Hence these N
lines are skew lines or non-coplanar lines. Such a possibility M
cannot be observed in plane geometry. Observing carefully one 1
can imagine that L .. N and M L N but L and N as well as M i 7 .
and N are not intersecting each other. This is not observed in Y
the plane geometry.
Figure 7.2 is a picture of three mutually perpendicular lines -
in space. This is not possible in plane geometry. Figure 7.2

7.2 Direction of a line

We know about the direction of a vector. If A and B are two distinct points of a line L in R3,

- —> NPT o > = o - =
AB and BA have opposite directions. If direction of AB is [, then direction of BA is —7 . Both

— <>
+ [ are called directions of AB. (i.e. line L)
Thus, when we talk about I as the direction of a line L, we mean to say that direction of any

non-zero vector on L can be [ or — /.
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Note : | (1) Lines in space will be denoted by letters L, M, N,...
(2) A line in space can uniquely be determined if

(i) it passes through a given point and has the direction of a non-zero vector 1. (or —7)
written briefly as ‘direction 7
(ii) it passes through two distinct points.

7.3 Equation of a line passing through A(a) and having the same direction as a non-zero

vector 7

Let L be the line passing through A(a) and having direction 1.
Let P(r ) be any point on the line L and P # A.

S
7

. . - . = -
Direction of AP is [ or —1 .

—> —
AP = kI, k€ R— {0}. (k#0 as P # A)

Q|

r —

Q|

=kl
T =a+ki
Also, if k=0, then r = a

i.e. P=A and A is also on L.

For every point P(7 ) on L, Y

T =a+kl, ke R
Conversely, if P(r) is any point in e
then (i) if kK = 0 then ~

and (ii) if k # 0, then r # a and r — a = k[, where k # 0

— —
=k

space such that » =g + k1 for some k € R, Figure 7.3
r

=g or P=A.

AP

% . . - . . . - .

. AP has the same direction as [ or direction opposite to that of /. But A € L (given).

So P € L.
Thus, (7r)e L& 7 =a +kl., ke R

The vector equation of line L is r = a + kT, k € R

Vector equation of a line gives the position vector of any point on the line.
The equation does not depend upon the choice of a. If belLleth=a-+ k17

Then b +kl =a + k| +kl

Q|

+k + R
=a+1l, t€ R

(b +kIl |ke R} ={a +kl |ke R}

Parametric Equations of a Line :
Suppose a line L has direction 7= (1, 15, I3) and passes through a = (x;, yp, zp)- Let P(r)e L.
Suppose r = (x, y, z). Also a = (x;, ¥y, z7) and 1 = (I, b, ).
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T =a+kl, ke R

G ¥ 2) =@y z) H kU, b ), k€ R

x=x1+kl1
y =y, + ki, k € R
z =17z + ki

These equations are called the parametric equations of line L passing through (x;, y;, z;) and
having direction (/,, /,, /3) and k is the parameter.
Cartesian Equation (Symmetric Form) :

If we eliminate the parameter k& from above equations, we get

A y_—Jy =z . . e
T - = A L= A L (=k) provided I, # 0, I, # 0, I; # 0 (using (i) (i)

This is called the symmetric form of the Cartesian equations of line L.

If [, =0 and /, # 0, 5 # 0, then (i) gives

Y= N 2= 2

X = Xl, lz = 13

[Here actually x — x; = 4/, and as /; = 0, so x — x; = 0, i.e. x = x.]

—x, _ Y% _Z-a ,_
Conia S A

. . X
This can also be written as

T~ does not mean that denominator is zero. This is only a symbolic form. ]

[Here,

It simply means x = x; + 0k, y = y; + kl,, z = z; + kij

X=x,y =yt kb z=z + k.

Similarly, we can write the equation if any of /;, /5, /5 is zero (of course not for /| = [, = I3 = 0).

If 11 = 12 = 0 in equation (i) then x = X, Y= and z is arbitrary.

_ — 77—z — —
This can be written symbolically as = 0x1 =2 Oyl = Tl =k(3#0as | #0)

Agian 0 in denominator does not mean division by zero. It simply means x — x; = 0 or x = x; and
Yy =»
If /;, 1,, I are direction cosines of a line L passing through A(x,, y;, z{), then the

: L X=X - B=%
equation of L is — L2 lzyl =7 -, where 1,2 + 1,2 + 1,2 = 1.

Example 1 : Find the equation of the line passing through A(2, 1, —4) and having direction (1, —1, 2),

in the vector form and also in the symmetric form.
Solution : Here, @ = (2, 1, —=4) and [ = (1, —1, 2).

The vector equation of the line L, T =a+ kT, k € R gives,
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T =2, 1,4 +k(1,-1,2), ke R

This is the vector equation of the line.

X—X
Symmetric Form : Symmetric form of the equation of line is 3 - =

-2 —1 +4 . . . . .
d =2 =2 is the equation of the line in symmetric form.

1 -1 2
7.4 Equation of a line passing through two distinct points
Suppose a line L passes through A(a) and B(b), A # B. 7

— >
Let P(r ) be a point on AB and P # A.
- > . . —> —>
P(r) € AB <& directions of AP and AB
are same or opposite. A(@)
- >
<& AP =kAB , k€ R— {0}
(k#0as P#A)
ST —a=kb —a)

ST =a+kb - a) o

&7 =(—ka+kb,ke R— {0}

- YN _Z7%
L L
N
B() P
>Y
Figure 7.4

— - _ <~ X
Also, k=0<& r = a and A(a) € AB

> — _ —
The vector equation of AB is r = (1 — k)a + kb, k € R

or r =a+kb —a), ke R

Taking k =1—t,r =1 -1 —-8)a +1A—-0b, t € R
=ta+Q—0b=0b +Ha — b).
[Compare : In Rz,x=tx2+(1 —Ox, y =1y, + (1 — 0yl

Thus roles of @ and b can be interchanged or you can choose any pair of distinct points of L,

to get its equation.
Parametric Form :
Suppose a = xp Yy 2s b = (X5, ¥y, 25)s Fo= x, y, 2).
7 =4+ kb — a), ke R gives,
¥ 2=, vy, z) Fh(xy, = x5,y =V, 2 —2), k€ R
X—x; = k(xy —x)), y—y =k, =y, z =2z = k(zy — z))
x =x; + k(xy, — x)
Y=y T k(v —»y) k € R

>
are the parametric equations of AB, k is a parameter.

Symmetric Form :
Eliminating parameter £ from above equations, we get

X=X _ Y= _ Z—%

X2 — X =N L~

(@
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2 XX Y~ N

[Compare : In R Nox o )ﬁ]

This is the symmetric form of the Cartesian equation of AB.
Here, also if x; = x,, then we get

x—x1 _ y_yl o Z_Zl

0 Y2—0N L%

. - 2—-2
which can be understood as x = x, ;;2 _);1 = o= le .

[Here denominator of x — x; is not zero, it only means x = x;. The form is only symbolic.]

5"

Example 2 : Write vector form of the line 3 5

3
. Sy .o Xx=3 _ Y75 _z—0
Solution : Line is = = % =

2.0 and T =(=3, 2,2) ={-6. 5. 4)

Here, a = (3

The vector form of the equation of the lineis » = a + kI, k € R

T =(3.2.0)+k-654.keR

Example 3 : Convert the equation of the line r = (5, =2, 4) + k(0, —4, 3), k € R in the Cartesian
form.
Solution : Here, a = (5, =2, 4) = (x;, ¥, z;) and 1 = 0, =4, 3) =}, L, Iy)

X—XxX YN 2Tz

Cartesian form of the equation of line is R A A
_5=0, X2 _z2-4 -
x—5=0, — 7] 3 ¢ =0

Example 4 : Find the equation of the line passing through the points (2, 2, —3) and (1, 3, 5).
Solution : The equation of the line pasing through a and bisr =a+kb—a) ke R
Here @ = (2,2, —3)and b =(1,3,5), b —a = (-1, 1, 8).

T =@,2,3)+k(-1,1,8), ke R

Cartesian form of the equation of the line L is I = =
7.5 Collinear Points

Let A(a), B(l; ), C(¢) be distinct points in R3.
A, B, C are collinear & C € AHB

& ¢ =a + kb — a), for some k € R,

(AHB has equation r = g + k(l; — a),k €R)
&S —a=kb — a)

. A, B, C are collinear < (¢ — a) X (l; —a)=0

Thus, (¢ — a) X (b — a) = 0 is necessary and sufficient condition for A(a), B(b), C(¢)

to be collinear.
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There is a theorem also stating the necessary and sufficient condition for collinearity. This
theorem is stated below and we accept it without proof.

Theorem 7.1 : If A(a), B(l;), C(c) are three distinct points in space, then a necessary
and sufficient condition for A, B, C to be collinear is that there exist three non-zero

real numbers /, m, n such that / + m +n =0 and la + mb + nc 0

0.
We obtain a necessary condition for collinearity of three points.
A, B, C are collinear = (¢ — a) X (E —a)=0
= (¢ Xb)—(@Xxb)y—(c Xa)+(@xa)=0
Alsoa Xa=0and ¢ Xb=—b X ¢
= @Xb)+b X c)+(c Xa)=0
= @Xb)-c +(b X<)c+(c Xa)yc=0
=[ap c]=0
[@a b c¢] =0 is a necessary condition for A(a), B(l; ), C(¢) to be collinear. However as
a following examples show that it is not a sufficient condition.

We also note that [a b ¢] # 0 = A, B, C are non-collinear as contrapositive of above

statement, but [a » ¢ ] = 0 does not guarantee any conclusion. Following examples will clear this.

For example : Consider A(1, 2, 0), B(—4, 1, 9) and C(2, 4, 0).

Leta =(1,2,0), p =(—4, 1,9 and ¢ = (2, 4, 0)
1 20

[ab cl=|-4 1 9| =1(-36)—2(-18)+0=0
2 40

Now, ¢ —a =(1,2,0)
b —a=(5-1,9)
(¢ —a)yx((® —a)=(18,-9,9#0
A, B, C are non-collinear, though [¢ 3 ¢]=0
We shall take one simple example, let g = (0, 0, 0), » = (1, 2, 3), ¢ = 2, 3, 4).
Then[a b ¢c]=0
But (¢ —a)xX( —a)=7¢ Xb #0
a, b, ¢ are not collinear.
Example 5 : Prove that (—1, 2, 5), (-2, 4, 2) and (1, —2, 11) are collinear.
Solution : Method 1 : @ = (=1, 2,5), b =(=2,4,2), ¢ = (1, =2, 11)
c —a =(2,—4, 6)and
b —a=(-12-3)
(c —a)x((b —a)=(0,0,0=0

The given points are collinear.
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Method 2 : First of all, we shall find the equation of the line passing through two points
A(a) = (=1, 2, 5) and B(b) = (=2, 4, 2).

Equation ofAHB is 7 =a + k(l; —a), ke R
T =(1,2,5+k-1,2,-3), k€ R
Now we shall prove that the third point C(¢ ) = (1, =2, 11) is on this line.
Let, if possible T =Tc = (1, =2, 11) lie on g
We must have (1, =2, 11) = (=1 — k&, 2 + 2k, 5 — 3k) for some k € R.
We must have 1 = —1 — k, =2 =2 + 2k, 11 = 5 — 3k for some k € R.
= —2 satisfies all the three equations. So C(¢ ) lie on AHB

A, B, C are collinear.

7.6 The Measure of the Angle Between Two Lines in Space
Suppose r = a + kT, k€ Rand 7 =b + kin, k € R are two lines in space.

i If 1= m or 1= —m then T x 7 = 0. Then the measure of the angle between the
lines is defined to be zero. Since direction of lines are same, they are coincident
or parallel.

(ii) If T Lo oie [ -m = 0, then the lines are mutually perpendicular. Then the

measure of angle between the lines is defined to be I,

2

Gii) If [ # *mwm and 7 -wm # 0 ie. lines are neither perpendicular nor parallel or

coincident. We define the measure of the acute angle between 7 and 7 as the
measure of the angle between the lines.

If o is the measure of angle between the lines, then

|l - | -
cosoL = E 0 < a< >

Il N
which also holds good for o0 = 0 and %

[ Note : | For ot = 0, [7 -m| = [1]| .

T Xm=0

Il <<k
T S %s g

Thus, cosO. =
7.7 Condition for intersection of two distinct lines
Theorem 7.2 : If two distinct lines r = a + kT, ke€Rand 7 =b + km, kK € R intersect
in a point, then (¢ — l;)-(T X m) = 0.
Proof : Suppose two distinct lines T =a + kT, ke Rand 7 = b + km, kK € R

intersect at C(c ).

?=E+k17=5+k2ﬁ,forsomek1,k2€ R

THREE DIMENSIONAL GEOMETRY 233



(@ —=5b)- (I Xm)=(yim — k1) (1 X7w) =hkym - (I X )= kjl (I X7m)
=0—-—0=0

@—-0b)-(Il Xm)=0

If the lines intersect in a point, then (a — b )-(7 Xm)=20

This condition is necessary but it is not sufficient. Why ?

fa = pp 2 b = (g ¥ys )y | = Uy by I3), @ = (my, my, msy), then the condition
(a — l;) . (7 X m) = 0 is transformed into

Xp—=X2 V1= Y2 34—
ll 12 l3 =90
my m ms

This is the Cartesian form of the condition, when two lines intersect.

Example 6 : Find the measure of the angle between the lines x;Z = 2 2_1 = ZJ1r3 and

x+2 _ y—4 _ z-3

4 1 8

Solution : Line L has equations x;Z = y2—1 = Z-1+3 and M has equations XIZ = yI4 = Z;3
7 =@2,2 1)andm =4, 1, 8)
If o is measure of the angle between the given lines, then (0 <o =< %)
Ll 1842481 e
oSO = T T ST T 3973
o = cos 1%
Example 7 : If the lines XS5 Y0 272 g X = XT3 2 2HL g perpendicular to each

7 k 1 1 2 3
other, find k.
Solution : Here, { = (7, k, 1) and 7 = (1, 2, 3)
As the lines are perpendicular, T-m=0
7+2k+3=0
2k = —10
k=-5
Example 8 : Find the Cartesian equation of the line which passes through the point (2, —4, 5) and is
parallel to the line r = (=3, 4, 8) + k(3, 5, 6), k € R.
Solution : Here lines are parallel, so the direction of both the lines should be same.
Direction of required line is T o= (3, 5, 6) = (I}, I, I3) and it passes through the

point (2, —4, 5) = (x;, ¥, zp)-
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(2, —4, 5) does not lie on T o= (—3,4,8) +k(3,5,6), ke R

as (2, =4, 5) = (=3, 4, 8) + k(3, 5, 6) for some k € R

= (5, =8, —3) = k(3, 5, 6)

But 5 = 3k, —8 = 5k, —3 = 6k is not true for any £ € R.

The equation of the line parallel to the given line and passing through (x,, y,, z) is
X—x _ Y=n  z2-%

R
a 3_ z2_ Y :4 = Z;5 is the equation of the line passing through (2, —4, 5) and parallel

to given line.

Condition for coplanar and non-coplanar lines :

Theorem 7.3 : A necessary condition for lines T =a+ kT, keRand 7 =) + km, k € R,
to be coplanar is that (a — 5) . (7 X m) = 0.
Proof : If the two distinct lines L and M are coplanar, then either they intersect or they are parallel.
If they intersect, then by theorem 7.2, (a — b)- (7 X m)=0.

If they are parallel, then X 77 = 0. So (@ — b)-(1 X m) = 0.

Thus, if the lines are coplanar, then (a — b ). (7 X m)=0.
Is this condition sufficient also ?

Non-coplanar or skew lines : If there is no plane that contains both the lines L and M,
then L and M are called non-coplanar or skew lines.

From theorem 7.3, it is clear that (a — b)-(/ X m) # 0 = lines r = a + k/ and
T =b + km are skew lines.

-3 _y+2 z+1
4 -1 -1

z+
3

[SV]

Example 9 : Examine whether the lines L : = and M : & =

,y=—1 are
coplanar or not.

Solution : M can be taken as = = =—— =

3 -1 2
@—-b)-(I xm) =4 -1 -1
2 0 3
= 3(=3) + 1(14) + 2(2)
=9+ 14+4=9

Hence L and M are non-coplanar or skew.
7.8 Perpendicular distance of a point from a line

Suppose r = a + k1 is the equation of a line L passing through A(a) and having direction
7 and P(7) is any point in R3.

If P € L, then perpendicular distance between P and L is zero.

If P& L, Pand L determine unique plane TT.

— A—>
Let M be the foot of perpendicular in the plane 7T from P to line L and (/, AP) = Q.
let M # A.
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where 0 < O < %

. . P(p
PM = Perpendicular distance from P to L. (p)
= AP sinQ
= =
AP Il [ Isinot — —
=——— (I #0)
171
- — @ O L
IAP X [ | —> N— A(Q) M
=T = (@=@p, 1)
_ Figure 7.5
B I(p—a)X 1l
a 17|
(p—a)x 11 - . -1
Thus, PM = ——=——or |[(p —a) X [| (l:ﬁ)
Second proof :
-
> AP /|
AM = | Proj_AP | = =
l 1
Now, PM2 = AP? — AM?
— —2
[AP - 1]
=AP2—_—2
L1
-2 -2 > —2
B TAPI 111 —1AP- [ |
Vs
—> -2
AP X [ |
PM2 = T (Lagrange's identity)
l
- = =
AP X [ | l(p—a)X1I _ — ~
PM = ———— = =|(p —a)x1]

171 17|

If P lies on perpendicular to A, both the proofs fail, but the result is true.

Example 10 : Find the perpendicular distance of the point (1, 2, —4) from the line X3 _y-3_z#3

2 3 6
Solution : Here, point P(1, 2, —4) and A(a) = (3, 3, —5), 7= 2, 3, 6)
%
AP =(1 —3,2—3,—4+5)=(=2,—1, 1) and
7 =(2, 3, 6)
- _
AP X [ = (-9, 14, —4)
1]= J4+9+36 =7
RN —

. . . . TAPX T (9,14, —4)]

Perpendicular distance of P from the given line = _I_I -
l
‘/81 +196 + 16 @
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Perpendicular distance between two parallel lines :

LetL: 7 =a +kl, ke Rand M : r =b + ki, k € R be two parallel lines in R3.

Since L || M, they determine unique

A(a)
plane. L
The distance between L and M is
the perpendicular distance between
A(a) and M (or between B(b) and L).
: : ¢ ] M
Distance between L and M is B (5) N
— _ —_ —
IABX 11 (b —a) X1 Figure 7.6
7 171
Example 11 : Find the distance between the lines L : xg4 = y_—|2-1 = z;Z and

M: 7 =(@2,3, 1)+ k(3,2 —6), ke R
Solution : Here, a = (4, —1, 2); 7= (3, =2, 6), b = 2,3, —-1); m =3, 2, —6)
If possible, let A(a) € M.
Then (4, —1, 2) = (2, 3, —1) + k(=3, 2, —6) for some k € R
(2, =4, 3) = k(—3, 2, —6) for some kK € R
2 =3k, —4 =2k, 3 = —6k
This is not possible for any £ € R as first equation gives k£ = —% and this k£ does not satisfy

other two equations.

A(a) € M
Also [ =—m
IXm=-mXm=0
Now [ X 7 =0 and A(@) € M

Given lines are parallel.

a —b =(,—4,3)and
T =@, -2, 6)
(@—b)X 1 =(—18,-3,8),|1|=Jo+4+36 =7

(@ -b)X1LI
17

_ P2 +9+64 _ J397

7 7

Perpendicular distance between given lines =
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Perpendicular distance between two skew lines :

LetL: r

E+k7, k € RandM:7=5+kﬁ, k € R be skew lines of R3.

As L and M are skew lines, (@ — b)-(I X m) # 0 (Theorem 7.3)
We shall assume that for skew

. : . Ala) L
lines L and M, there exist points P € L

e
and Q € M such that PQ L L and

>
PQ L M.
—> — —
PQ-1 =0,PQ-m =0
—> — - M
Direction cosines of PQ and [ X m are same. B(b)
— .. - —> Figure 7.7
Now, PQ = projection of AB on PQ.
—> |(3—E)-(7><E)|] [7)(71]
PQ = 1L Xm I Xm |
b (b -a)-(l Xm)l
Q= 'L Xm
Also. PO — b —ahl xmlcos o
so, PQ = B
- _ - - N =
=1|1b —a] |cosO| where & = (b — a), (I X m))
PQ<|b —a| (| cosoL| < 1)

Distance PQ is less than or equal to the distance between any pair of points on L and M.

PQ is the shortest distance between L and M.

(b —a) (I Xm)]
1l Xm

Thus, PQ = is the perpendicular distance or the shortest distance

between L and M.

&
PQ and L are intersecting lines, so there is

a plane TU containing them. [J PANQ is a rectangle
in the plane Tt.

o “ )
AN and PQ are parallel lines.

4 >
If the measure of the angle between PQ and AB

>
is O, then the measure of the angle between AB and

AN is O.. Now, in the plane containing AN and AB,
AN = ABcosQ, because in AANB,

mZANB = %

(AN L Q—N and AN L @, so AN is perpendicular to the plane containing Q—N and @.)
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PQ = AN = | ABcos |

% = T — — — —
_ lAB- I xml _b—a)-(I xm)l

[l xm| 17 x m |

Example 12 : Find the shortest distance between the lines » = (1, 1, 0) + (2, —1, 1), k € R and
T =@, 1, =)+ k3, -5, 2), k€ R
Solution : Here, a = (1, 1, 0); 1= (2, —1, 1) and b = @, 1, -1);m =(@G, -5, 2)
b —a=(,0,-1)

1 0 -1
b —-—a)- (Il xXm) =2 -1 1
3 -5 2

13) — 1(=7) =10 # 0

Given lines are skew lines.

T =2, -1,
m = @3, —5,2)
T Xm =06, —1-7)

|7><m|=,/9+1+4 =J39. G —a)- (I Xm)=3+0+7=10

. . o (b —a)-(IXm)
The shortest distance between given lines = T | = o

7.9 To determine the nature of pair of lines of R3

LetL:7=5+k7,k€R B 1§(c7) [

4
\
.

M:7=Z+kﬁ, k € R be two lines

If 7 X 7 =0, then L and M are parallel

N

or coincident. B(h) m

Suppose L || M Figure 7.8

Here, AB and I are non-collinear vectors.

—> - — _ — —

AB X I =((b —a)X |l #0

e SV > - .

Conversely if AB X [ =(b —a) X | # 0, then AB and [ are non-collinear.

L | M, if L and M have same directions and (b — @) X [ # 0.
But, if (l: —a) X 1= 0, then L is not parallel to M, so L and M are coincident.
Hence if [ X m = 0, (l; —a) X 1= 0, lines are coincident.
If 1 Xm= 0, (l; —a) X T 0, lines are parallel.

If two lines of R3 are given, then we want to determine whether they are parallel or
intersecting or coincident or skew. We can decide by the following flow-chart, based on the entire
previous discussion.
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(bh—-—a)X1#0 (b—a)x1=0 (b —a)- (I Xm)#0 (b —a) (I Xm)=0

L and M are L and M are L and M are L and M are
parallel coincident skew intersecting

Example 13 : Identify the nature (i.e. skew, parallel, coincident and intersecting) of the following lines :

xX-7 _ 'y _ Z+6

1 2 2

(1) 7 =@, -5, 1)+ k@3, 2, 6), k€ R and
22 - —Zand T =(LL-)+kI1.-6.2). k€ R
(1, =2, =3)+ k(—=1, 1, =2), k€ Rand 7 = (4, =2, —1) + k(1, 2, =2), k € R
4 T=CG+ni+0—-0j+(2—-20k.t€ Randx=4+k y=—k z=—4—2k ke R
Solution : (1) Here, @ = (2, =5, 1), [ = (3, 2, 6)
b =(7,0,—6); m = (1,2, 2)
—a=(.5 -7
Xm=(804)#0and (b —a) (I Xm)=(5,5,—7)-(=8, 0, 4)
=—40 — 28 = —68 # 0

(2)
3 T

~] &I

The given lines are skew lines.

.X—Z_y—3_1
— = — =
7 3 1

(2) The equation of the first line is
=(2.3,0: 1 =<k =3, 1>=<1, -6 2>
(1, 1, =) m = (1, =6, 2)
Now [ X7 =(0,0,0)=0and (b —a) X m = (=1, =2, =1) X (1, =6, 2) = (=10, 1, 8) # 0
Lines are parallel.
(3) a=(,-2,-3); [ =(—1,1,-2)
b= -2 —1):m=(,2 -2)
(b —a)=(.0,2)
Now [ Xm =@, -4, -3)#0and (b —a)-(I Xm)=(3,0,2)(Q2, —4, —3)
=6+0—-6=0
The lines are intersecting.
@) a=@G,1,-2); 1 =(, -1, =2)
b =(@4,0 —4):;m =(,—1,-2)
b —a)=(1,-1,-2)
Now [ X7 =(0,0,0)=0and (b —a)x [ =(1,—1,=2)X(1,=1,-2)=0

The lines are coincident.
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Exercise 7.1

1. Find the vector and Cartesian equation of the line passing through (2, —1, 3) and having direction
27 —3] +4k.

2. Find the equation of the line passing through the points (2, 3, —9) and (4, 3, —5) in symmetric and
in vector form.

3. Are the points (0, 1, 1), (0, 4, 4) and (2, 0, 1) collinear ? Why ?

4. Find the direction cosines of the line x = 4z + 3, y =2 — 3z,

5. Find the vector and Cartesian equation of the line passing through (1, —2, 1) and perpendicular

y+6 _ 3z2—9

to the 1inesx+3=2y=—12zand%= > -

6. Prove that the lines L : XTH = y_—12 ,z+1=0and M : {(4 + 2k, 0, —1 + 3k) | kK € R} intersect
each other. Also find the point of their intersection.
7. Find the measure of the angle between the lines T o= (1, 2, 1) + k&2, 3, —1), k € R and
x—1 _ y—2 _
7 5 ? 3.
8. Show that the line through the points (2, 1, —1) and (=2, 3, 4) is perpendicular to the line through
the points (9, 7, 8) and (11, 6, 10).

9. Identify whether the following lines are parallel, intersecting, skew or coincident :

(1) 7 =(1,2 -3)+ kB3, =2, 1), k € R and x2—1 — 3=y _z75

2 —1
X—=5 _ y—3 _ z+2 X—2 _3—y _ z+2
2) — ) 7 and — - 2
@) x=2—= = Tland {2 1+3k2+k|ke R}
4) xgz = y;3 = Z;1 andx=14+2,y=tz=4+5,1€ R
) X—4 _y+2 _z—-1 o x—1 _ y+2 _ z-2
1 -2 3 -2 4 -6
10. Show that Xl _y+l_z-l and x+2 _y_1_zHl are skew lines. Find the shortest

3 2 5 4 3 -2
distance between them.

11. Find the perpendicular distance of (=5, 3, 4) from the line x_-ié-‘z =2 5_6 = ng.

12. Find the perpendicular distance between the lines x =3 — 2k, y =k, z =3 — k, k € R and
x=2k—3,y=2—k z=T7T+k ke R.

7.10 Plane
Let us recall the postulates of plane we studied in earlier class.
(1) Three distinct non-collinear points determine unique plane.
(2) There is a unique plane containing two parallel lines.
(3) There is a unique plane containing two intersecting lines.
Plane passing through three distinct non-collinear points :
Suppose A(a), B(l; ), C(c¢ ) are three distinct non-collinear points of R3.

A, B, C determine unique plane TT.

Let P(r ) be any point of the plane T and let P # A.
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- > -
AP, AB, AC are coplanar.

is a linear combination of AB and AC.

> —
= mAB + nAC, where m, n € R and m? + n? # 0.

“lElEl

—a=mb —a)+n(c —a)

If 7 =d and A(a) € T, then m = n = 0.

T =a+mb—-a)+n(c —a),mneR i)
Conversely, if P(r ) satisfies

7—Z=m(5—5)+n(?—5),m,ne R.m?+n2#0

— — —
then AP = m(AB ) + n(AC)
L2 =2 = P(7)
i.e. AP is in the plane of AB and AC.
Aisin 7. So P € T. B(b)
Ifm=n=0,then r =a ie. P=A € T.
Thus, P(7) € T if and only if 7 satisfies (i).
The plane T determined by A(a), B(; ). C(0)
C('c) has equation A@) > T

r=a+mb —a)+n(c —a) mnéeR Figure 7.9

Now, r = (1 —m—n)5+ml7+n? ifP(r) e m.
Letl—m—n=1[1ie.l+m+n=1
T =1la +ml;+n?,wherel, mne€ Rand /I +m+n = 1.
This is the vector equation of the plane containing three distinct non-collinear points
A(a), B(b) and C(¢).
Parametric equations of a plane :
Let P(x, ), z), be any point of the plane passing through non-collinear points A(x;, y;, z;),
B(xy, vy z5) and C(x3, y3 z3).
T =la+mb +nc,
x ¥z = l(xl, Yy zp + mxy v, zp) + n(x3, V3 23)
S x = Ixp + omx, + onxg
y =1, + my, + ny;
z=1Ilzy + mz, + nz; wherel, m n € Rand/+m+n=1
are the parametric equations of the plane through A, B, C and /, m, n are the parameters.

Other forms :
If A(a), B(b), C(¢) are three non-collinear distinct points, they determine a unique plane Tt.

— - >
P(r)ye m < AP, AB, AC are coplanar P #A)
& (7 —a), (b —a), (¢ — a) are coplanar P #A)

ST -a) b —a)x(c —a)=0 (ii)

Also, if 7 = @, then ¥ — a = 0.
(rF —a)- [ —a)X(c —a)=0, VP(r)e &
Thus, the vector equation of the plane through distinct non-collinear points A, B, C is

(F —a) b —a)yX(c —a) =0
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Cartesian form (Scalar form) :

Let 7 = (-x; Vi Z)a Z = (x]: Y Z])a E = (x2! Yo ZZ)’ ? = (x3’ V3 Z3)

The equation (r — a)- [(b_ — a) x (¢ — a)] = 0 becomes,

X=X Y=y =7
X-=xp -y -ul =0
X3—X Ya— )V 13—
This is the Cartesian equation or scalar form of the equation of the plane passing
through (x;, y;, z7)s (X3, ¥y 2p) and (x3, y3, 23).
Condition for four distinct points of R3 to be coplanar :
Let A(xy, ¥y, 21)> B(xy ¥y 25), C(x3, ¥3, 23), D(x4 ¥4 z4) be points of R3.
A, B, C, D are coplanar < D lies on the plane determined by A, B, C
X=X Y=y =7
< D(xy, yy zy) satisfies |x; —x; y»—y 2—-7z| =0
A3=X Y3—Nn BT
X4 =X Ya—)V1 4773
S |2 X Y2V 273 =0
X3—X Y3—y 3%
Thus A(x, yys 29)s B(xy ¥y 25)s C(x3, ¥3, 23)s D(xy vy z4) are coplanar if and only if
X=X MYV L2714
X3=X Y3=V1 B[ =0
X4 =X Y4a— V1 4—2
Example 14 : Find the equation of the plane passing through A(—6, 0, 7), B(1, 2, 2) and
C(3, —5, —4), if possible.

Solution : Let us examine if A, B, C are collinear or not.

6 0 7
1 2 2|==6Q)+7(-11)=—-89 #0
3 -5 -4

A, B, C are non-collinear.

There is a unique plane passing through A, B, C.
Cartesian equation of the plane passing through A, B, C is
X=X Y-y zZ—7

X=X -y 2-u[ =0

X3—X Y3—Y 3%

x+6 y-0 z-7
1+6 2-0 2-7|=0
3+6 -5-0 —-4-7

x+6 y z-7
7 2 =51=0
9 -5 -11
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(x+6)(—47) — y(=32)+ (z—T7)(=53)=0

—47x — 282 + 32y — 53z + 371 =0

—47x + 32y — 532+ 89 =0

47x — 32y + 53z — 89 = 0 is the equation of the plane passing through A, B and C.

Example 15 : Does a unique plane pass through A(4, —2, —1), B(5, 0, —3) and C(3, —4, 1)? If so,
find its equation.
Solution : Let us examine if A, B, C are collinear or not.

4 -2 -1
5 0 -3|=4(—12) + 2(14) — 1(—20)
3 -4 1

= 48 +28 +20 =10

This is not enough to confirm that given points are
collinear. So let us verify using the condition whether

(¢ —a)X (b —a)=0 is true or not.
©c —a=(1-22)

b—a =(0,2-2)=—c —a)

(? _ E) X (l; _ E) _ 6 Figure 7.10

A, B, C are collinear.

A, B, C do not determine a unique plane.

Example 16 : Show that the points A(1, 0, 2), B(—1, 2, 0), C(2, 3, 11) and D(1, —3, —4) are coplanar.

X=X Y=Y 2% -2 2 2
Solution : |x3—x; y3—y; z—z| =1 3 9 |=-209) —2(-6)—2(—3)
Xg— X1 Y4— Y Z4—3 0 -3 -6

=—18+124+6=0
A, B, C, D are coplanar points.

7.11 Intercepts of a Plane
If a plane T intersects three coordinate axes at points A(a, 0, 0), B(0, b, 0) and
C(0, 0, ¢), then a, b, c are called the X-intercept, the Y-intercept and the Z-intercept of the plane
TC respectively.
If the plane 7T does not intersect X-axis, then X-intercept of the plane 7T is said to be
undefined and similarly for intersection of the plane with Y-axis or Z-axis also.
Equation of a plane making intercepts a, b, ¢ on the coordinate axes :
Suppose intercepts made by a the plane V4
T on X-axis, Y-axis and Z-axis are respectively
a, b and c. (where a # 0, b # 0, ¢ # 0). C(0,0, o)
A(a, 0, 0), B(0, b, 0) and C(0, 0, ¢)
are points on the plane T.
Obviously, A, B, C are non-collinear.
(Why ?) o B(0, b, 0)
Parametric equations of the plane T
through A, B, C are X A(a, 0, 0)

Figure 7.11
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x=lx1+mx2+nx3=la

y=by+my, + ny;=mb ; where [, m, n€ R, [+ m+n=1

Since [ +m +n =1, % + % + % = 1 is the equation of the plane having intercepts
a, b and c. (abc # 0)

Another Method :
Using cartesian form of the equation of the plane passing through A(a, 0, 0), B(0, b, 0),
x—a y—-0 z-0
C(0, 0, ¢), we get [0—a b—-0 0-0 = 0 as the equation of the plane through A, B and C.
O-a 0-0 ¢-0
xX—a y z
-a b 0[=0
-a 0 ¢
(x — a)bc — y(—ac) + z(ab) = 0
bex — abe + acy + abz = 0
bex + acy + abz = abc

ﬁ + % + % = 1 is the equation of the plane having intercepts a, b, c. (abc = 0)

Example 17 : Find the equation of the plane making X-intercept 4, Y-intercept —6 and Z-intercept 3.
Solution : Here a = 4, b = —6, ¢ = 3 is given.

The equation of the plane is f + % + % =1

X 4 Y 4z
T TS T3 I
3x — 2y + 4z = 12 is the equation of the plane having X-intercept 4, Y-intercept —6 and
Z-intercept 3.

Example 18 : Find the intercepts made by the plane 2x — 3y + 5z = 15 on the coordinate axes.

Solution : The equation of the given plane is 2x — 3y + 5z = 15

Z’g + _ls + % =1 (dividing both the sides by 15)

2

Com . . . X l Z _ . _ 15 . _
paring with the equation p + 5 + 5 1, X-intercept 5 Y-intercept 5,

Z-intercept = 3.
Example 19 : Find the intercepts made by the plane 3y + 2z = 12 on the coordinate axes.
Solution : The equation of plane is 3y + 2z = 12

Y4z =
Tte =1

S

Comparing with % + + % =1, X-intercept is undefined, Y-intercept = 4 and

Z-intercept = 6.
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Another Method :
The equation of the plane is 3y + 2z = 12.

It intersects X-axis where y = 0 = z.
But then 0 + 0 = 12
This is not true.
3y + 2z = 12 does not intersect X-axis.
It has no X-intercept.
To find Y-intercept, let x = 0 = z.
3y =12
y=4
Y-intercept is 4.
To find Z-intercept, let x =y = 0.
2z =12
z=26
Z-intercept is 6.

> I

7.12 Normal to a plane

There exists a line which is
perpendicular to every line in the plane. It

is called a normal to the plane. Usually, P

normal is denoted by n or n,, 1y, 135
Figure 7.12

S|

Vector equation of the plane passing through A(a) and having normal

Let the plane passing through A(a) and

having normal 7 be Tt.

n
Let P(7 ) be any point in the plane Tt.
— —> -
P(r)€ M,P#A = AP € TT P(r)

9
= AP L 7
o _
= AP -7 =0 Al
T

=(r —a)- n=0
IfP=A,then r =a so(r — a)- n =0 holds good. Figure 7.13
VP(rye m,.(r —a)- n=0
cr L - - -
Conversely, if P(r ) is any point in space such that (r — a)- 7 = 0, then AP L 7.
AsAe T, Pe T
Thus, P(r)e ® < (r —a)-7 =0

S Tren=a-n
7 -7 = a-7u is the vector equation of the plane passing through A(a) and having
normal 77.
Let a -7 = d
7 .nw = a-n becomes r -nw = d
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Cartesian form :

Let r =(x, » 2, 7n =(a b, c¢)and a = (T PA-2))
7 -7 = d becomes (x, y, z)+(a, b, ¢) =d where d = a -7 = ax; + by, + cz,.
ax + by + cz=d, a> + b2 + ¢ # 0 as 7 # 0 is the equation of the plane having

normal n = (a, b, ¢)

The ordered triplet formed by the coefficient of x, ), z in the equation of a plane
represents the normal 7 of the plane.

Example 20 : Find the equation of the plane passing through (4, 5, —1) having normal 3 { — j+ k.
Solution : Here @ = (4, 5, —1), w = (3, —1, 1)
The equation of the plane 7 -7 = a -7 gives (x, , 2)- (3, =1, D) =4, 5, =1)- (3, =1, 1)
3x—y+z=12—-5—-1=6
3x — y + z = 6 is the equation of the plane passing through (4, 5, —1) and having normal
37— + k.
Example 21 : Find the normal and the vector equation of the plane 2x — z + 1 = 0.
Solution : Cartesian equation of plane is 2x —z + 1 = 0.
Normal n = (2, 0, —1) (see note)
Vector equation 7 -7 =dis2x —z+1=(2,0, =1)+(x, y, 2) + 1 =0
The vector equation is 7 -(2, 0, —=1) + 1 =0
7.13 Equation of the plane using normal through the origin
Let N(7) be the foot of perpendicular
from origin to the plane TT.
Let ON = p
|n|=p.
Let «, B, Y be the direction angles of 7.

P(7)

Direction cosines of 7 are cosQl, cosP, cosYy. N(77)
Unit vector in the direction of 7 (i.e. i) is

o n n
n=T1s = ; = (cos, cosB, cosY) 0 N Y

n = (pcosQ, pcosB, pcosY)

Let P(r ) be any point of the plane Tt.
_ X Figure 7.14
Here a = n = (pcosQ, pcosB, pcos?)

The equation of the plane + -7 = a -7 becomes

(x, ¥, z)+(pcosQ, pcosB, pcosY) = P> @ a-n =n-n=|n]=p?
xcosO, + ycosP + zcosy = p is the equation of a plane having O, 3, Y as the direction
angles of the normal and p, the length of the normal.

If the equation of the plane is ax + by + ¢z = d, then to convert such an equation
into the form of xcosO + ycosP + zcosY = p, we divide the given equation by | 77 |. That is

_C_ d_
ml %~ 1nl

_a_ b
m Xt iyt
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If d > 0, then let n = (a, b, ¢) so that 4 _ p 1s positive.

7|

— ) .,
ﬁ = (L =2 é) =i = (cosO, cosﬁ, cosY) and T = p

If d < 0, then let n = (—a, —b, —¢) so that |_7d| = p is positive.
—ax — by — cz = —d
d

N _(za =b =c\ _ -—a _
Il = ( REE |ﬁ|) = (cos0, cosP, cosy) and 7 = p.

Example 22 : Find the direction cosines and the length of the perpendicular drawn from the
origin to the plane 2x — 3y + 6z + 14 = 0.

Solution : The plane Tt has the equation 2x — 3y + 6z = —14 (given) i)
We shall represent the equation in the form % x + % + % z = %
Here d = —14 < 0.
The equation can be written as —2x + 3y — 6z = 14, so that d > 0.
Let w =(—2,3,-6), |n|~= ,/4+9+36 =17.
—d _ _
P=T = % = 2, (cosQ, cosB, cosY) = (TZ’ % 76)
Thus, the length of perpendicular from origin is 2 and direction cosines of the normal are
=2 3 =6
77 77

Intersection of a Line and a plane :
Let the equation r = a + ki, ke R represent a line and the equation r -7 = d represents
a plane. (7 # 0)
Consider the intersection of the line 7 = @ + k[ and the plane 7 -7 =d. (7 0,7 #0)
Suppose | = (I, b, L), @ = (a, b, ), a = (x;, V1> 2))-
If the point 71 =a + k17 for some k; € R of the line is also on the plane, then

7w
k(I -7)=d—a-n @)
Now,

ay 1If 7T .-m=0andd—a-7 # 0, then (i) is impossible.
If /-7 =0 and ax; + by, + cz; # d, then the line and the plane do not intersect.

We say that the line is parallel to the plane.
2) If 7.7=0andalsod —a-7 = 0, then (i) is satisfied for every k; € R.
In this case, every point of the line is in the plane.

Thus, if ax; + by, + cz; = d and n

-n = 0 then the line lies in the plane.
— d—a-n
3) If [ -n # 0, then we get a unique value of k| by k; = 7 So in this case, exactly
one point of the line is on the plane. i.e. the line intersects the plane in exactly one
point.
7.14 Measure of the Angle between two planes
The measure of the angle of between two planes is defined to be the measure of the angle
between their normals.
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Since we take angle between two lines (normals) to be the acute angle between the lines, the
angle between the planes is an acute angle.

Figure 7.16 shows that the measure of the angle between two normals 7, and 7, is O,

i.e. (ﬁl’

/\ﬁz) = 9 = mZCOD,

but mZLCOA = % so mZDOA = % - 0.

Again, 77, is a normal of T,, so m£BOD =

Let

®

2)

3

I
2

mZAOB = 0, the angle between two planes.
T,

7-ﬁl=d1and
7'52:7

-, = d, be the equations of given planes.

The measure of the angle between the planes 7, and T, is I

L o ey =0

For distinct planes T, and T, we define T, is
parallel to T, if they do not intersect. In this case

- _ - _ = n
ny — ny)— n.
|l T, & X 7,=0
The measure of the angle between T, and T,
- Figure 7.17

is zero & X n, = 0.
Let O be the measure of the angle between the planes T, and T,, so that 0 < 0 < %
Iny - m |
17 117y |
-1 Al

172, 1172, |

which also holds true for © = 0 and % (Verify !)
fm :ax+by+cz=d and T, : a,x + b,y + ¢,z = d, are given planes, then

COSG =

0 = cos

ny = (a;, by, ¢y) and 7y = (ay, by, c,).
la,a, +bb, + cc, |

\/a12+b12+c12 ‘/a§+b22+c22

-1

0 = cos

Example 23 : Find the measure of the angle between the planes 2x — y + z + 6 = 0 and
x+y+2z—3=0.
Solution : T, :2x —y+z+6=0.Son; =2, -1, 1)

T, :x+y+22—3=0.S0n,=(,1,2)
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Now, 7y - 7, = 2(1) + (=1 + 1(2) = 3

Iﬁlh=J4+1+1==Jg,Iﬁzl=,h+1+4::J€

0 = cos™! lEl.r_I—al = cos ! > _ cos”!
172, 1175, | Jo Jo

w3

1
2

The measure of the angle between given planes is L.

3
7.15 Equation of the plane passing through two parallel lines

Let7=5+k7, k € R and

7 =b +kl, k€ R be two parallel lines.
They determine unique plane TT.
Also,b & {r |7 =a +ki,ke R}

E¢E+k7,foranyk€R

I;—ZikT,foranykE R

b —a)X 1 #0
_ _ _ Figure 7.18

Soletw=(b —a)X [.Then 7w # 0
We assert that the equation of the required plane T is (r — a)-7 = 0.
ie.(r —a)-[(b—a)x 11=0
Now, we shall show that this plane Tt contains both of the given lines.
For 7 =a + ki

(F —a)-[(b—a)X 11=G(l)-[(b—a)x 1]=0

Every point of line 7 = a + k1 is in the plane (v —a)-m = 0.

The plane T contains the line r = a + ki,ke R
Similarly, for 7 = b + kil

(F —a) (b —a)x [1=@( +kl —a)-[(b—a)X 1]

= —a) (b —a)X [1+ kIl -[(b —a)X 1]
=0

The line 7 = b + k[ is a subset of the plane (r — a)- [(l; —a) X 7] = 0.

Hence, (r — a) - [(I; —a) X 7] = ( is the equation of plane containing given parallel lines.
Cartesian form :

Let a = x1, Yy 2ps b = (X5, ¥y, zp) and [ = (I}, 15, 13).
The Cartesian form of the equation of the plane containing two parallel lines is

X=X Y=y -7

XY=x 2=y -u|=0

h b l
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-3 y—3 zZ—35

Example 24 : Show that lines L : e = = and M : £ =2~ = TZ are parallel and

3 ) 2 6 3
find the equation of the plane containing them.

Solution : Here, [ = (3, —4, 2), m = (6, —8, 4). So, [ X m = 0.

L=MorL]| M

Also, for (3, 3, 5) and % = 3_;85 = % is not true. So (3, 3, 5) € M.

3.3, L,(3,3,55¢ M
L#M
Hence L || M
Now, @ =(3,3,5), b =(0, 5, 2) and 7= 3, —4, 2).
x—3 y-3
The equation of the plane containing L and M is [0—-3 5-3

3 -4 2

x—3 y-3 z-5

(x=3)8) = =3)B) +(z—5)6) =0
—8x+24—-3y+9+6z—30=0
8x + 3y — 6z = 3 is the equation of the plane passing through given parallel lines.

7.16 Equation of the plane containing two intersecting lines

Let »r =a +kl, ke R and

7 =b + km, k€ R be two intersecting lines.
They determine unique plane TT.

Also, | Xm #0and (@ —b)-(1 X m)=0.

(Why ?)
) — _ T
Taking w = | X m, we have n # 0.
_ _ Figure 7.19
(r — a)-n = 0 represents a plane Tt.
ie. (r —a)- (7 X m) = 0 is the equation of a plane Tt. (as 7 # 0)

Now, we shall show that plane TU contains given lines.
For r =a + kT,
(7 —a)-(I Xxm)y=0kl1)-(I Xm)=0

Every point of r = a + k1 is in the plane (r — a)- (7 X m)=0.
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Similarly, for

(7 —a)-(I Xm) =0 +km —a)-(I Xm)

=b —a)-(I Xm)+n)-(I Xm) (b — a)-(I x m)=0)

Every point of r = b + km is in the plane (r — Z)-(T X m)=0.

Hence, (r — a)- (7 X m) = 0 is the equation of a plane containing given intersecting
lines.
Cartesian form :
Let r = x, v 2), a= xp, Yy 2ps 7 = b, 13) and m = (my, m,, my).
The Cartesian form of the equation of the plane containing two intersecting lines is
X=X Y=y 23—
A b h

m my m3

(1) In the formula (r — 5)-(7 X m) = 0, we can also use b in place of a
ie. (r —b)- (7 X m) = 0 is also the equation of plane containing two intersecting lines.

(2) To get the equation of the plane we need three non-collinear points. So A(a) and B(E ) are
two given points of the plane. The third point C can be any point of the given lines (which can be
obtained by taking £k € R — {0} in any of the given equations.)

Example 25 : Prove that L : x2—1 = y;Z = 223 and M : x;4 = T_l = z are coplanar and find

the equation of the plane containing them.
Solution : Here, @ = (1, 2, 3), [ = (2, 3, 4) and
b =4 1,0, m =(5,2,1).
T Xm=(518—-11)20and b —a =3, -1, =3)
b —a)-(I Xm)=03,—1,-3)-(=5, 18, —11)=—15— 18 + 33 =0

L and M are intersecting lines and so coplanar.

The equation of the plane containing L. and M is

X=X Y=y 71
4 ) L =0
m my m3
x—1 y-2 z-3
2 3 4 | _ 0
5 2 1

x=—DES) =@ —=2)=18) +(=z—=3)(—-11)=0
—5x+5+ 18y —36—-11z+33 =0
5x — 18y + 11z — 2 = 0 is the equation of the required plane.
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Another Method : A(1, 2, 3), B(4, 1, 0) are given.

Taking k& = 1 in the equation r = (1, 2, 3) + k(2, 3, 4), k € R of line L, we get C(3, 5, 7)

as a point on line L.

Obviously, A, B, C are not collinear as =7 —=56+ 51 #0.

W B~ =
N = N
N O W

x—1 y-2 z-3
So the equation of the required plane through A, B, Cis [4—-1 1-2 0-3|=0
3—-1 5-2 7-3

x—1 y-2 z-3

x=—DOS)—@—2)18) + (= —3)(11)=0
Sx—5—18y+36+11z—33=0
S5x— 18y +11z—2=0

Note : | Similar approach can also be taken for finding the equation of the plane containing two

parallel lines.

7.17 Perpendicular distance from a point outside a plane to the plane
Let T: 7 -7 = d be the equation of a given plane and P(P) be a given point, P & T.

If M(m) is the foot of the perpendicular from P(P) to the plane T, then we need to
find the distance PM. 2 P(7)

—>
Direction of MP and 57 are same.

s — —
The equation of MP is r = p + kn, k € R

f
AsM(m)el\%som=l_ﬂ+klﬁ, |
for some k; € R — {0} M M)
Also, M(m) € W. Som -n =d
Soo(P+kp)-n=d

k1|ﬁ|2=d_ p-n

- - Figure 7.20
d—p-n =
% — - — - —
Now, PM = |PM |=|m — P| C-m=p + Kkn)
=lknl=1kl|n]
ld—p-nl _ p-n—dl
PM =77 x|nl= "7

Cartesian form :
Let P(x,, ;. z;) be the given point and ax + by + cz = d be the given plane.
P=@pyp 2 7 =1(ab o
lax; + by, + czy —d |

Ja* + b2+ ¢?

Perpendicular distance from P to Tt =
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Also, if the equation of the plane is taken as ax + by + cz + d = 0, the perpendicular distance

lax; + by, + cz; +d | .
,/a2 S (replacing d by —d in r -7 = d)

(1) The foot of perpendicular from the point P(P) to the plane 7 -7 = d is M(7)
R 4—_p-n
where m = p + kin, k| = 7 P

lax; + by, +c|
(2) Compare with 2, .2 . the perpendicular distance of (x;, y,) from ax + by + ¢ = 0.
‘/a +b 11

Example 26 : Find the perpendicular distance from point (=1, 2, —2) to the plane
3x — 4y + 2z + 44 = 0.
Solution : p = (—1, 2, =2) and T : 3x — 4y + 2z = —44 are given. So d = —44.

lax; + by, + ¢z, —d |

Perpendicular distance from P to plane Tt = Ja2 D21 2
[3(—1) — 4(2) + 2(—2) + 44 | 29
- V3P + (=42 +22 =T~ V¥
Distance between two parallel planes : 7w

N

Suppose 0, : r -n =dyand T, : r - = d,

are two parallel planes. —
_ / uA(a) —|/
The perpendicular distance of any point A(a) T

in T, to the plane T, is the distance between two

parallel planes.

A(a) € T. Hence a -7 = d, - Bl 2
Perpendicular distance of A(a) from

— =4 la-n—d,| |d—d,| Figure 7.21
ren = OB TR T T m

Example 27 : Find the distance between the planes 2x — 2y —z + 4 =0 and 4y + 2z —4x + 1 =0.

Solution : 70, : 2x — 2y —z+4 =0 }: T :4x —4y —2z=-8

T, :4y+2z2—4x+1=0 T :dx—4y—2z=1
n=4, -4 -2),d =-8d,=1
ld, —d, |
Inl

[—8 — 11

V42 + (-4)? + (-2)?

Perpendicular distance between the given planes =

6 2

By using above formula, we can obtain the formula for the shortest distance between two skew

lines.

Let7=E+k7,k€ Rand 7 = b +k%,k€ R be two skew lines. So (E—Z).(TXE)iO
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First of all, let P (@+k, [ ) for some ky€ R

be any point on L and Q (b+k; m ) for some
k; € R be any point on M.

— _ — —
PQ =0b—a+ km— kyl
>
Now, if PQ is perpendicular to both L and M, then
(b—a+km— ki) 1 =0

and (l; _E+ klz_ k27)-ﬁ =0
(7-%) kl - |7|2 k2 :(E - E)-T
Im 2 k= (l-m) ky =@ —b) -m
As, lines are skew lines, so

(Lem) (Lem)=11P2|m

Figure 7.22

—- — 2 _ .
| Tem | "= 1T m?

——|Txml|*=0
) . > H
There exist unique k; € Rand k, € R, such that PQ L L and PQ 1L M

But directions of L and M are [ and m respectively.

— — _
*. Direction of PQ is I X m.

The plane (¥ — @)-(/ X m) = 0 passes through L. Since (@ + kI — a)-(I X m) =10
Similarly (r — b)- (7 X m)=0 passes through M.
.Direction of 1% is [ xm and it is perpendicular to both the planes.
ldy—d,|
T Ixml
la.(Ixm)—b.(Ixm)l
11X ml
l(a—b)(Ixm)l
1 Ixml

7.18 Angle between a line and a plane L

Suppose r = a + ki is the equation of a
given line and 7 - 77 = d is the equation of a given —0 fA(a)
plane. Suppose the line intersects the plane at P 1=

and is not perpendicular to the plane. M is the foot

of the perpendicular from A(a ) on the plane. Then
ZAPM is called the angle between the given line o

and the given plane. /

LetmLAPM=oc,o<oc<% /

— A
Ioa=(1m //
1771

T o_ o Figure 7.23
""s(z O‘) 717l

3|

S|
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is the measure of the angle between the line and the plane.

-1 _ y-3 _ z+1

> > : and the plane

Example 28 : Find the measure of the angle between the line X
T (2,2, -1 =1.
Solution :Here [ = (2,2, 1), 7 = (-2, 2, —1)
T =2(=2)+22) + 1(=1)=—1

[11= 22422412 =3, |7] = J(-2)2 +22 +(-1)2 =3

The measure of the angle between the given line and the plane

I
)
~.
S

7.19 Intersection of two planes

Letm,: r -ny=d,and T, : 7-n2
Ty XA, %0
Suppose A(a) is a point of intersection
of T, and T,.
A(a) € T, and A(a) € T,.
The equations of T, and T, are

vy =di=a-m

(r—a)-n; =0

Figure 7.24

Similarly (7—5)-ﬁz=0

If P(7) is on both T, and T,, then (r —a) L 7, and (r — @) L 7,, P # A.

T —a =k, X1, ke R— {0}

7T —a=kn, ke R— {0} (7 =7y X 7y
If k=0,then P=A. So r =a + ku, k € R.

Thus, if P(r) € T, N M), then r =a + ki, k € R.
This is the equation of a line.

Every point of T; M T, is on the line T =a +kun, ke R.
Conversely, if P(7) is on the line » = a + kiz, k € R, then
(r—a)-ny=hkn-ny=k(i, X my)-71, =0
and (r —a)-ny =kn -7y = k(| X 7y) -7, =0

Thus, P(r) € T, N T,.
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Hence, Ty M T, is the line given by the equation 7 =a + kn, k € R where 7 = ny X 1y

Thus two planes r - ny = d; and - ny = d, intersect in the line T =a+ k(ny X 1,)

k € R provided n; X n, # 0.
Equation of a plane passing through the intersection of two planes :
Suppose a;x + by + ¢;z + d; = 0 and ay,x + b,y + ¢,z + d, = 0 are two intersecting
planes.
The equation of any plane passing through their line of intersection is
lapx + by + ciz +d) + m@ayx + by +cyz +dy)) =0, 2 +m?> =0
Conversely, any plane whose equation can be expressed in the form,
lax + by + cjz +d) + m(ayx + by + ¢,z +dy) =0, 2+ m? # 0 will certainly
contain the line of intersection of the two given planes.
We shall assume both these statements without proof.

Here 2 + m? # 0 means atleast one of /, m is non-zero.
If / = 0, then m # 0 and hence the required plane is ayx + b,y + ¢,z + d, = 0.
If / # 0, then the required plane is not a,x + b,y + ¢,z + d, = 0.

llax + by + ¢z +d)) + m(a,x + by + ¢,z + d,) = 0 becomes

a1x+b1y+clz+d1+%(a2x+b2y+czz+d2)=0

Let%=7&

If a,x + b,y + ¢,z + d, = 0 is not the required plane, then
the equation of the required plane is

a1x+b1y+clz+d1+X(a2x+b2y+czz+d2)=0,7\,6 R

Example 29 : Find the equation of the plane passing through the intersection of the planes
2x+3y+z—1=0and x +y—z— 7 =0 and also passing through the point (1, 2, 3). Also obtain
the equation of the line of intersection of these planes.

Solution :For (1,2,3), x+y—z—7=14+2—-3-7=-7%#0

(1, 2, 3) is not in the plane x + y —z — 7 = 0.

x +y—z—7 =0 is not the required plane.
Suppose the required plane has equation 2x + 3y +z— 1+ A (x+y—z—7)=0 @)
It passes through (1, 2, 3)

246+3—-—1+Ml+2—-3—-7)=0

—7h =-10

7\,2%. Substitute }\,:% in (i).
2x+3y+z—1+%(x+y—z—7)=0

14 + 21y + 7z — 7+ 10x + 10y — 10z — 70 = 0
24x + 31y — 3z =77 =0
The direction of the line of intersection is n = n'y X n, = (2, 3, 1) X (1, 1, —=1) = (=4, 3, —1).
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Let us take z = 0 in both the equations of planes.

We get 2x + 3y =1and x +y = 7.

Solving these equations we get x = 20, y = —13.

A point of intersection is A(20, —13, 0)

The equation of the required line r = a + ki, kK € R gives,

(20, —13, 0) + k(—4, 3, —=1), k € R

r

To find a common point of two planes, we can take any one of x, y, z as known
number so that the other two can be uniquely determined.

Exercise 7.2

Find the unit normal to the plane 4x — 2y +z — 7 = 0.

2. If possible, find the vector and Cartesian equation of the plane passing through (1, 1, —1),
(2, =1, —=3) and (3, 0, 1).

3. Find the equation of the plane parallel to 2x — 3y — 5z + 1 = 0 and passing through (1, 2, —3).

4. Find the equation of the plane passing through (5, —1, 2) and perpendicular to the line which
passes through (—2, 1, 1) and (0, 5, 1). Also find the intercepts made by this plane on the
co-ordinate axes.

5. Find the equation of the plane passing through (2, 0, 1) and containing the line
T =(1,4,=1) + k2, =3, 3), k € R.

6. Show that the points (2, 7, 3), (—10, —10, 2), (=3, 3, 2) and (0, —2, 4) are coplanar. Also find the
equation of the plane passing through them.

7. Obtain the equation of the plane which passes through (3, 4, —5) and (1, 2, 3) and parallel to
Z-axis.

8. Find the measure of the angle between the planes 2x + y —z—1=0and x —y — 2z + 7 = 0.

9. Find the measure of the angle between the line x;2 = 2 __32 = = ;1 and the plane
2x+y—3z+4=0.

10. Find the perpendicular distance to the plane 3x + 2y — 5z — 13 = 0 from the point (5, 3, 4).

11. Find the perpendicular distance between the planes 12x — 6y + 4z — 21 = 0 and
6x —3y+2z—1=0.

12. Find the equation of the plane passing through A(1, 3, 5) and perpendicular to AP, where P is
(G,=2, 1)

13. Find the equation of the plane passing through the point (1, 1, —1) and containing the line
T =2, —4, —6) + k(1, 8, =3), k € R.

14. Find the equation of the plane passing through the intersecting lines xiH = 3—1y = Z—;S and
x+1 _ y—3 _ z+5

3 1 2
*
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Miscellaneous Examples

Example 30 : If a line makes angles of measures O, [3, A O with the four diagonals of a cube,

prove that cos20t + cos23 + cos2y + c0s20 = —%. 7

Solution : Assume that each side of the cube is
of unit length. Then the vertices can be taken as C(0,0,1) LO,L,1)

shown in the figure 7.25.
) — M(1.,0,1) P(1,1,1)
The four diagonals of the cube are QP = (1, 1, 1),
- —> —
AL =(1,1, 1), BM =(1,—1, 1), CN = (1, 1, —1).
Suppose the line has direction cosines [, m, n.
So P+ m?+n?=1. 0(0,0,0) B(0,1,0) Y
If o, B, Y and O are the measure_;)f th_e) angﬂis ALO.0) N(1,1,0)
made by the line with the diagonals OP, AL, BM X
% .
and CN respectively, then Figure 7.25
_Hl+m+nl _I=l+m+nl _l-m+n d 5 - Hl+m—nl
cosOl = _./5 s cosB = —./5 , cosY = _./5 and cosO = _,/5

Now, cos20 + cos23 + cos2Y + cos20 = 2cos?0l — 1 + 2cos’ — 1 + 2cos®>Y — 1 + 2cos?d — 1
= 2(cos?0L + cos*P + cos*Y + cos?0) — 4
=2 [+ m+m?+ (=l +m+n)?+
(—m+n?+A+m—n?—4
[4(2 + m? + n?)] — 4

2
3
%—4 @+ m+n?=1)

__4

3
Image of a point in the line (plane) : If M is the foot of perpendicular from A to a line (plane)
and B is the point such that M is the mid-point of AB, then B is called the image of A in the line (plane).
-6 _ y—7 _7-2

3 2 2

Example 31 : Find the image of A(1, 2, 3) in the line L : a

— — z—1
Solution : The line has equation s 3 6 — yT7 =" .

Here @ = (6,7, 7), [ =(3,2, —2). Let M be the ? A(12,3)
foot of perpendicular from A(1, 2, 3) to L.

M e L. So M is (6 + 3k, 7 + 2k, 7 — 2k) for
some k € R.

= m|

AM =(6+3k 7+2k 7—2k—(1,2,3) v
=(5+ 3k, 5+ 2k 4 — 2k)

%

AM L L

- —

AM -1 =0

(5+3k 5+2k4—-2k-3.2,—2)=0 B

15+9% +10+4k—8+4k=0 Figure 7.26
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176+ 17 =0
k=—1
The foot of perpendicular is M(6 + 3k, 7 + 2k, 7 — 2k) = M(3, 5, 9).

If B(x, y, z) is the image of A in the given line, then M is the mid-point of AB.

(3. 5.9) = ( x;—l, y-2|-2’ Z-2|-3)

x=5y=8z=15
The image of A is B(5, 8, 15).

Example 32 : The direction numbers /, m, n of two lines satisfy / + m + n = 0 and P—m?+n2=0.

Find the measure of the angle between the lines.
Solution : Here / + m + n =0
m=—l—n
Also 2 — m? + n2=0
P—(l—n?+n*=0
P—12—=2n—n?+n*=
In=20
[I=0o0rn=20
As [, m, n are the direction numbers, (/, m, n) # (0, 0, 0)
If /=0, then n = —m
Direction numbers are (0, m, —m)
If =20, then /[ =—m
Direction numbers are (—m, m, 0)
If & is the measure of the angle between the two lines, then

10, m,—m) - (—m, m, 0) |

cosoL = Vam? - oam?
e
T oam?l 2
=X
o 3
. . . . . x-4 _ y—5 _ z-—3
Example 33 : Find the point of intersection of the line = = and the plane

2 2 1
x +y+z—2=0. Also find the distance between this point and the point (8, 9, 5).

Solution : Here @ = (4, 5. 3), [ = (2, 2, 1).

Let P be the point of intersection. So P is on the given line.
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Pis (5 + 2k 3 + k, 4 + 2k) for some kK € R, P is also on the plane
x+y+z—2=0.

44+2k+5+2k+3+k—-—2=0

Sk=-10

k=-2

The point of intersection is (4 + 2(—2), 5 + 2(=2), 3 + (=2)) = (0, 1, 1)
The distance between P(0, 1, 1) and Q(8, 9, 5) is given by

PQ = ‘/(8—0)2+(9—1)2+(5—1)2 = J64+64+16 = V144 =12
Example 34 : Find the equation of the plane passing through (2, 2, —2) and (—2, —2, 2) and
perpendicular to the plane 2x — 3y +z — 7 = 0.
Solution : Let the equation of the required plane be ax + by + cz + d = 0.
If 77 is normal to this plane, then 7 = (a, b, ¢).
Since this plane is perpendicular to 2x — 3y +z — 7 = 0.
n-(2,-3,1)=0 @)
Also A(2, 2, —2) and B(—2, —2, 2) lie in the plane.
—> —>
AB lies in the plane. AB = (—4, —4, 4)
ne(—4,—4,4)=0
Sonc(-L=-1,1)=0 (i)
From (i) and (ii), 7w = (2, =3, 1) X (=1, =1, 1)
n=(2,-3,-5o0rn=(,3,5)
Since the plane passes through (2, 2, —2) its equation is given by r -7 = a - 7z.
T (2,35 =(2,2, -2)-(2,35)
2x+3y+5z2=4+6—-10=0
The equation of the required plane is 2x + 3y + 5z = 0.
Example 35 : Find the foot of the perpendicular from P(9, 6, —2) to the plane passing through
the point A(4, 5, 2), B(2, 3, —1) and C(6, —1, —1). Also find the perpendicular distance from P
to this plane.

¢ P(9,6,-2
Solution : The equation of the plane is ¢ )
x—4 y-5 z-2
2-4 3-5 -1-2|=0 T
6-4 —1-5 —1-2 * 61D
oM
x—4 y-5 z-2
2 2 3|=0 e A(45.2) ® B23.-1)
2 -6 -3 )
Figure 7.27

x—=DH12) =@ —=5(12) + (z—=2)(16) =0
3x—H+3(v—5—-4z—-2)=0
3x + 3y — 4z — 19 = 0 is the equation of plane through A, B and C.
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Let M be the foot of perpendicular from the P(9, 6, —2) to the plane T : 3x + 3y — 4z — 19 = 0.
Here, n = (3, 3, —4)

Equation of Pel\jl isr =p+ kn, k€ R
T =0,6,—2)+ k3,3, —4), ke R
M is (9 + 3k, 6 + 3k, —2 — 4k) for some £k € R
Now, M € T
39 + 3k) +3(6 +3k), —4(—2—4k)—19=0
27+ 9% + 18 +9% + 8+ 16k— 19 =0
34k = =34
k=—1
The foot of the perpendicular is M(9 + 3(—1), 6 + 3(—1), =2 — 4(—1))
M is (6, 3, 2)

Perpendicular distance PM = ‘/(9 —6)2+(6-3)% +(=2-2)2

B CFYTS
e
Example 36 : Show that (i) The line r = (1, 2, =3) + k(4, =3, 2), k € R is parallel to the plane
3x + 2y — 3z = 5. (ii) The plane 2x — 3y + 4z = 0 contains the line r = (1, =2, —2) + k(1, 2, 1),
ke R

Solution : (i) Here, the equation of the line L is T o= (1, 2, =3) + k(4, =3, 2), k € R and
the plane T has equation 3x + 2y — 3z = 5.

A(a)=(1,2,-3), [ =@, —3,2)and 7 = (3, 2, —3)
Now,T-ﬁ=4(3)—3(2)+2(—3)= 12—-6—-6=0

7 L7 SoLis parallel to ¢ or Tt contains L.
Alsoa -7 =(1,2,-3)-3,2,-3)=3+4+9=16#0

The line is parallel to the plane.

(ii) Here, the equation of the line L is T o= (1, =2, =2) + k(1, 2, 1), k € R and the equation
of the plane T is 2x — 3y + 4z = 0.

A(a) = (1, =2, —-2), 1= (1,2, 1)and v = (2, =3, 4)
NOW,T-ﬁ:1(2)+2(—3)+1(4)22—6+4=0

7 L7 SoLis parallel to Tt or T contains L.

a-n=(0,-2,-2)-2,-3,4)=2+6—-8=0

The plane Tt contains the line L.
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10.

11.

12.

13.

14.

15.

Exercise 7

Find the foot of perpendicular from P(1, 0, 3) to the line passing through the points A(4, 7, 1) and
>
B(5, 9, —1). Also find the equation of perpendicular line AB through P and perpendicular

. —

distance from P to AB.

Find the measure of the angle between two lines, if their direction cosines I, m, n satisfy
I+m+n=0and m?+ n?* = 2

. -1 - -1
Prove that the llnesx=2,yT= le andx=yT zt1

are skew. Find the shortest

distance between them.

. . . . . +3 5— 1- +3 -5 -1
Find the point of intersection of the lines x2 = 1y = 12 and x2 = y3 = Zl .

Also find the measure of the angle between them.
Find the equation of the line passing through (1, 2, 3) and perpendicular to both the lines

—_ _1 — + —_
xX—3 _ Yy _z+1ndx5:y8_z5

T 2 o and =3 T 5

Find the equation of the line equally inclined to the co-ordinate axes and passing through
(3. =2, —4).

Find the point of intersection of the line x2—1 = 2—3y = ZIS and the plane 2x + 4y — z = 1.

Also find the measure of the angle between them.

Find the equation of the plane parallel to X-axis and whose Y and Z-intercepts are 2 and 3
respectively.

Find the image of (1, 5, 1) in the plane x — 2y +z + 5 = 0.

Find the foot of perpendicular from (0, 2, —2) to the plane 2x — 3y + 4z — 44 = 0, the equation

of this perpendicular and the perpendicular distance between the point and the plane.

Find the equation of the plane through the line of intersection of the planes 2x + 3y —z —4 =10
and x + y + z — 2 = 0 and through the point (1, 2, 2). Also find the equation of the line of

intersection of these planes.

If the centroid of the triangle formed by the intersection of a plane with the coordinate axes is

(2, 1, —1), find the equation of this plane.

xX-1_ y+2 _ z+4 X—7 _y+6 _ z+8
2 3 7— and — T 2

Prove that the lines intersect each other. Find the

equation of the plane containing them.
Find the equation of the plane whose intercepts are equal to half of the intercepts of the plane

3x + 4y — 6z = 12.

Find the equation of the perpendicular bisector plane of the line-segment joining the points
(1, 2, =3) and (=3, 6, 4).
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16.

Select a proper option (a), (b), (¢) or (d) from given options and write in the box given
on the right so that the statement becomes correct :

(1) The equation of the line passing through origin with direction angles ZTTC, %, % is ... ]
Y x Y Y __ - _
(a) x 5 ¢ (b) = —5 ¢ () x 5 z (d) x 5 C
(2) Line passing through (3, 4, 5) and (4, 5, 6) has direction cosines ...... ]
I S W
@1, 1,1 MBS O @hon
oox_ Y _z X—-2 _ y+1 _3—z )
(3) Lines 3 - =% and — - —— are ... lines. ]
(a) parallel (b) perpendicular
(¢) coincident (d) intersecting in an acute angle
(4) Line through origin and parallel to Y-axis is ...... ]
X =Y =z x =Y -z x =Y =z x =YY -z
@T=5790 O)T=T7% ©T =571 T=1T=9

(5) The measure of the angle between the linesx =k + 1, y=2k—1,z=2k+ 3, k€ R and

x—1 _ y+1 _ z—1 .
> - — is ... ]
14 -14 1 A5 e
(a) sin 3 (b) cos 5 (c) sin 5 (d) 5
(6) A normal to the plane x = 2 is... ]
(@) (0, 1, 1) (b) (2,0, 2) (c) (1, 0, 0) (d) (0, 1, 0)
(7) Direction of the line perpendicular to the plane 3x — 4y + 7z = 2 and passing through
(=1, 2, 4) is ... . ]
(@ (3,4, 7) (b) (4, =6, 3) (©) (3.4, -7 (d) (=12, 4)
(8) Perpendicular distance of origin from the plane r - (12, —4, 3) = 65 is ...... ]
(a) 65 (b) 5 () =5 @ =
(9) Plane 2x + 3y + 6z — 15 = 0 makes angle of measure ...... with X-axis. ]
(a) cos™! # (b) sin_I% (©) sin_I% (d) tan_l%

(10) Perpendicular distance between the planes 2x — y + 2z = 1 and 4x — 2y + 4z = 1

is ... ) ]
(@ (b) 3 © ¢ () 6

(11) The plane passing through the points (1, 1, 1), (I, —1, 1) and (=1, 3, —5) will pass through
2, k., 4) for ... ) ]
(a) no value of & (b) two values of &
(c) any value of & (d) unique &
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(12) If the foot of the perpendicular from the origin to a plane is (a, b, ¢), the equation of the

plane is ...... ) ]
@ax +bytcz=a+b+c (b) ax + by + cz = abc
(c)%+%+%=1 (d) ax + by + cz = a® + b* + 2

&>
(13) Equation of the line L passing through A(—2, 2, 3) and perpendicular to AB is ...... where

coordinates of B are (13, =3, 13). ]
X=2 _ y+2 _ z+3 X+2 _ y—2 _ z-3
(@) =5 3 2 (b) = 3 2
xX+2 _ y—2 _ z-3 x-2 _ y+t2 _ z+3
© =3 = 10 ) =5 = 10
(14) If XI4 = y1—2 =Z;k lies in the plane 2x — 4y + z = 7, then k = ...... ) ]
(a) 7 (b) 6 (c) =7 (d) any value of &
(15) Perpendicular distance of (2, —3, 6) from 3x — 6y + 2z + 10 = 0 is ...... ) ]
13 46 10
(@ = (b) == (c) 7 (d) =
(16) Line passing through (2, —3, 1) and (3, —4, —5) intersects ZX-plane at ...... . ]
@) (=1, 0, 13) (b) (=1, 0, 19) © (.0, =2) (@, -1, 13)
(17)If lines r = (2, =3,7) + k2, a, 5), k€ Rand r = (1, 2, 3) + k3, —a, a), k € R are
perpendicular to each other, then a ...... . ]
(a) 2 (b) —6 () 1 (d -1
@
Summary

We have studied the following points in this chapter :
1. Vector equation of the line pasing through A(az) and having the direction of a

non-zero vector [ is r = a + kT, k € R

Parametric equations :

x = x; + ki
y =y + Kk, ke R
z =z + kg
X—X = =5
Cartesian equations (symmetric form) : 3 L_ 2 A A _ A .
= B=Z%
If /; =0 and [, # 0 and /5 # 0, then equation is x = x,, u A L A 1,

L. 3=
we can write 1t as

0 bL
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2. Equation of a line passing through two distinct points A(a) and B(l; )
Vector equation : r =a + k(b — a), k € R
Parametric equations :
X = x; + k(xy, — x)
y=y t k(v =) ke R
z=z; + k(zy — z¢)
Symmetric Form :

X—X _ Y= _ T3

Xo — X Y2—=0 =2

3. Collinear points : A(a), B(b), C(¢) are collinear if and only if (¢ — a) X (b — a) = 0.
4. If A(a), B(E), C(c) are collinear, [a b c]=0. But [a b c] = 0 does not assure that
points are collinear.
5. The measure of the angle between two lines : r = a + kT, ke Rand 7 = b + km,
k € R are two distinct lines. If O is the measure of angle between the lines,
1l -mi

then cos0l = =——;0< o < &
Il 1ml 2

Lines are perpendicular if and only if T.m =
6. If two distinct lines r = a + kT, ke Rand 7 = b + km , k € R intersect in a point,
then (@ — b)-(1 X m)=0, [ X m # 0.
X=X M=V -3

It can also be stated as b ) L =0,
my nmy mg

where a = xp Yy 2ps b = (X5, Y9, Z5)s 1= (I, b, ) and m = (my, m,, my).
7. Non-coplanar or skew lines : For two distinct lines r = a + kT, k € R and

T =b + km, k € R, if (¢ — 5)'(7 X m) # 0, then they are non-coplanar or

skew lines.
: : R = =, P -a)x1l
8. Perpendicular distance of a point P(p) from a line r =a + kl, k€ R is —
9. Perpendicular distance between two parallel lines r = a + ki, k € R and
- - - Wb -a)X1]
r =b +kl,kER1sT
10.Perpendicular (shortest) distance between two skew lines r = a + kT, k € R

(b -a) (I Xm)l
1l Xm

and 7 =b + km, k € R is

11. Vector equation of the plane passing through three distinct non-collinear points A(a), B(l: )
andC(?)is7=lE+ml7+n?,wherel, mné€ Rand I+ m+n=1.
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Parametric Form :
x=lx1+mx2+nx3
y = ly1 + my, + ny,
z = lzy + mz, + nz4 where /, m, n € Rand /+ m + n =1 and
the points are A(x;, y, z7), B(xy, ¥y, z;) and C(x3, y3, z3).

X=X Y=y 2zI-Z
Cartesian Form : (*2 —X1 Y2=Y1 22 —%| =0
X3—X Y3—Yy 3%
12.Four distinct points A(x, ¥y, zy), B(xy ¥y 25), C(x3 y3 z3) and C(xy, y, z,) are coplanar
=X N 14
if and only if [¥3 =X Y3—=Y1 Z3—Z%| =0.
X4 =X Y4a—)V1 Z4—Z3

13. Equation of the plane making intercepts @, b and ¢ on X-axis, Y-axis and Z-axis respectively is

x 4 Y Lz
a+b+c 1 (abc # 0).

14. Equation of the plane passing through A(a) and having normal 7 :
Vector equation : r -7 = a -7

Cartesian form : If 7 = (x, y, 2), 7 = (a, b, ¢), then the equation is ax + by + cz=d,(d=a - i)
15. Equation of the plane using normal through the origin : Let N(n) be the foot of
perpendicular from the origin and |7 | = p. Then the equation of the plane is

xcosOL + ycosP + zcosy = p where cosQl, cosP, cosY are the direction cosines of 7.

16. Measure of the angle between the planes 7 - ny=d; and T - ny=dy: If 0 is the measure
f th 1 h h e — M 5 < e < It
of the angle between them, then cos —lﬁl”%l,o_ s 5
Planes are perpendicular if and only if 7’| -7, = 0.

17.Equation of the plane passing through two parallel lines » = a + kI, k € R and
T =b+kl, ke Ris(7¥ —a)-[(b —a)x []=0.
Cartesian form :
X=X y—N <=1
X=X 2=y 2-u|=0
L 3 L
where @ = (x, ¥, 2/, b = (X, ¥, 2p) and [ = (I}, L, I3).
18. Equation of the plane passing through two intersecting lines r = a + kT, k € R and
T =b+km, ke Ris(7 —a)-(I Xm)=0.

Cartesian form :

X=X Y—Y1 22—
b b L

my ny ng

=0, where @ = (x, v, z)). | =}, b, I3) and 7 = (my, m,, ms).
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15-7—dl

19. Perpendicular distance from a point P(P) to the plane 7 -7 = d is |

Cartesian form :
lax; + by, + cz; —d |
Ja2 + b2+ ¢?

where equation of the plane is ax + by + ¢z = d and point P is (x|, y;, z)).
20. Perpendicular distance between two parallel planes T, : Tewm = d, and T, : Ten = d,

Idl_d2|

1S =
7|

21.If the measure of the angle between the line + = a + k/, k € R and the plane 7 -7 =d
) . -7l -
iSO, then X =sin ' == ;:0< O < =.
71| 2

22.Intersection of two planes T, : T - n, =d and T, : 735 n, = d, is a line given by the

equation r = a + ki, k € R where 7 = 7| X 7,.

23.Equation of a plane passing through the intersection of two planes a;x + by + c;z+d; =0
and a,x + by + ¢z +dy =0isax + by +ciz+d + 7u(a2x+b2y+czz+d2)=0.

Mahavira

Mahavira was a 9th-century Indian mathematician from Gulbarga who asserted that the
square root of a negative number did not exist. He gave the sum of a series whose terms
are squares of an arithmetical progression and empirical rules for area and perimeter of an
ellipse. He was patronised by the great Rashtrakuta king Amoghavarsha. Mahavira was the
author of Ganit Saar Sangraha. He separated Astrology from Mathematics. He expounded
on the same subjects on which Aryabhata and Brahmagupta contended, but he expressed
them more clearly. He is highly respected among Indian Mathematicians, because of his
establishment of terminology for concepts such as equilateral, and isosceles triangle;
rhombus; circle and semicircle. Mahavira’s eminence spread in all South India and his books
proved inspirational to other Mathematicians in Southern India.
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ANSWERS

12.
17.

11.

12.

14.

15.
21.

Exercise 1.1

ner +h?
15 em3/sec 2. 27k 3. Ter th) 4. 4 cm?/sec 5. 3 cm?/sec
3 Jr2 +n?

(1) 27T cm3/sec (2) 36T cm?/sec 7. 80T cm?/sec
(1) 1 em?/sec (2) 1 emlsec  (3) 0.5 cm/sec 9. 4 cmlsec 10. # cmisec 11. % 21.42

T 615 13. 2 m/min 14. 0.1 cm/sec 15. 0.25 m?/sec 16. %‘/; m/sec

1270 ecm?/sec 18. —36 units/sec 19. (1, 1), (=1, —1) 20. (1, 2)

Exercise 1.2

(1) Increasing on R (2) Decreasing on R (3) Increasing on (1, o), Decreasing on (—oo, 1)

(4) Increasing on (—00, %), Decreasing on (%, 00) (5) Increasing on R

(6) Decreasing on (—oo, —1) and (0, 2), Increasing on (—1, 0) and (2, <o)

(7) Increasing on (0, %) and Decreasing on (%, Tl:)

(8) Decreasing on (—eo, —2) and (—1, o), Increasing on (=2, —1)

(9) Strictly increasing on (1, 3), (3, o0); Strictly decreasing on (—oo, —1), (—1, 1)

(10) Decreasing (11) Increasing (12) Decreasing

Decreasing in (—eo, =2) and (1, 3); Increasing in (=2, 1) and in (3, o°)
Increasing in (21m, (4k + 1)%) and ((4k + 3L, 2k + 2)n), ke 7
Decreasing in ((4k + 1)%, 2k + l)ﬂ:) and ((2k + )T, (4k + 3)%), ke Z
Decreasing in (O, %), Increasing in (%, %)

— 1
a<-2 16.a€ [0, 1)

(1) Increasing in (—oo, —=2) and (6, =°); Decreasing in (=2, 6)

(2) Increasing in (1, o), Decreasing in (—oo, 1)
(3) Increasing in (—00, %), (2, o) and Decreasing in (%, 2)

(4) Increasing in (—oo, 1) and (3, o°) Decreasing in (1, 3)

(5) Increasing on Rt (6) Increasing on R
(7) Increasing in (%, %)’ Decreasing in (O, %) and (%, n)

(8) Increasing in ((2k — 1)®, 2km), Decreasing in (2km, 2k + )W), k € Z

(9) Increasing in (0, o), Decreasing in (—oo, 0)
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11.

13.

15.

19.

22.

23.

25.

11.

16.

21.

(10) Decreasing in (—oo, —2), Increasing in (=2, o0)

(11) Increasing in (—1, o), Decreasing in (—oo, —1)
(12) Increasing in (—oo, —2) and (0, o), Decreasing in (=2, 0)

(13) Increasing in (0, e2), Decreasing in (e2, o)

(14) Increasing in (%, oo), Decreasing in (0, %)

Exercise 1.3

%—b—zl=1 2. yy; = 2a(x + x)) 3. 17 4. —1 S.y=4x+1 6.2x +4y =9

My=1 @@m+Z 1) nez-{0 1Z.x+y=42
(1) y=0at(0,0) (2)y=2xat(l,2)and (-1, —=2) 14.a=2b=—7

a=5b=—4 16. xcos% — ysin% =a Gcos% — 2asin% 18. (—1, —2)

4

4 3
a=2,b=-1  20.x+ y=6, horizontal at (0, 0), (23, 23), vertical at (0, 0), (2

2 4
3 53
b

2%)
M) S5x+4+16=0 2)x—2y+9=0 @)x—p=0

4 9%x—2y—5=0 (5)9x + 13y —40 =0

(LD, (=1L, =) 24 ()ian '3 (2)an™'2 at 2, 1) and (2, —1)

x+2w=@k+DE kez 20.x+y=3x+y+1=0 28.a=-2b=-3 c=3

Exercise 1.4

13 323 1023
50 ©f 0.6083 2. 0.9999 3. Tog OF 2.9907 4. 25¢ Of 3.9961 5. 19.975

3y B3 4L,
200125 7.8 + K g8 4 L 9 =+ L 10, 46062

1.0004343 12. 2.003125 13. % cm? 14. 4102 Ar 15. 0.5 %

_*/56“ %  17.1.12  18. 4.05 19. 60 cm®  20. 5.184T cm?

Exercise 1.5
Local minimum at x = %,f(%) = %; Local maximum at x = 3, f(3) = 14
Local minimum at x = —/3, F&3) = f(=3)=—9
Local minimum at x = /3
Local maximum at x = 0, f(O)y=20

No extreme value. f is increasing on R
Local minimum at x = 2n + D)Tt, f(2n + 1)T) = -2
Local maximum at x = 2nTt, f(2nT) = 2
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10.

11.

12.

13.

14.

15.

16.

22.
24.
25.

1
4
s5.
8

10.

Local and global minimum at x =0, f(0) =0

1
e
0
1
e
0

Local and global maximum at x = 1, f(1) =

Global minimum at x = 0, 1) =
Local and global maximum at x = e, f(e) =

Global minimum at x = 1, fay =
Local and global maximum at x = 0, f(0) =4

Global minimum at x = 4, f&EH =0
Global minimum (1) = %; Global maximum f'(2) = %;fis T. No local minimum or local maximum.

Local and global maximum at x = %, f(%) =2

Local and global minimum at x T ya (
Local and global maximum at x = H—n, f (T) = ﬁ
Local and global minimum at x = 7%, f (

Local maximum at x = %, f (%) = %

32
Local and global minimum at x = 2, f(2) =61
Global maximum at x = 0, f(0) =125
. _ T 5m ) _ (3 =
Local and global maximum at x = s f ( 4) f ( T ) 1
ini - 3n In 3\ _ (Im) = _
Local and global minimum at x = Ao f( . ) f( I ) 1

Local and global minimum at x = 2, f(@2) =175
Global maximum at x = 3, f(@3) = 89

Length (/) = =27 m, Breadth (b)) = =7 m  18.8,8  19.x =10,y = 25

Minimum distance 10 for P(4, 3) and Maximum distance 20 for Q(—4, —3)
Length = Breadth = 2 m, Height = 1 m, Minimum surface = 12 m?
a=0,b=—1,c=2  26.25 cm?

Exercise 1

5 .
23 cmlsec 2. 15 ml/sec 3. =3 cm/min

Increasing in (—eo, —2) and (3, o0), Decreasing in (—2, 3)
(1) (1, 3), (3, )  (2) (oo, —=1), (=1, 1) 7. Increasing in (=2, o), Decreasing in (—oo, —2)

Decreasing in (—oo, 0) and (2, o), Increasing in (0, 2)

ﬁ + % =] 11. % at (0, 0), tan_I% at (4a, 4a) 13. (-1, 2), (1, =2)
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15.
16.

17.

18.

19.

20.

27.

29.

Global minimum at x = 0, f(0) =0

Local minimum at x = 1, f(1) =3

Increasing in (—%, %), Decreasing in (%, %) and (—%, —%)
Local minimum f (%) = _“Tn + \/5 , Local maximum f (%) = 4R _ \/3

Increasing in (0, %), Decreasing in (é, 1).

4
i =3 (é) =3
Local maximum at x e VAt 7]

Critical numbers 0, 4 and 6. Increasing in (0, 4) and Decreasing in (4, 6).

S
Local and global maximum at x = 4, f(4) = 23, Global minimum at x = 0 and 6, f(0) = 7(6) = 0

ini - I 1
Local and global minimum at x = i f ( 4) >

Global maximum at x = 0, %,f(o) :f(%) =1

11
3

W) tan ' @) tan 'L @) tan 'L (@) tan! ESULE (4aJ3'b% 4a%bJ3') and & at (0, 0)
11 2 2 2 2 > 2 B
2(a3 +b3)
(5) tan™! 1% (6) tan_lé at (1, 1) and (1, —1) and touch each other at (0, 0)

1 ® @ @ G @@ G 6 @ G @ @ © @ (b 9 d 10) (b
(11 (@ (12) (¢) (13) (b) (14) (d) (15) (d) (16) (b) (17) (b) (18) (a) (19) (¢) (20) (d)
21 (d) (22) (¢) (23) (@) 24 (¢) (25 (d) 26) (@ (27) (¢) (28) (a) (29) (b) (30) (©)
(1) (b)) (32) (b) (33) (b) (34) (d) (35) (d) (36) (©) (37) (a) (38) (a) (39) (b) (40) ()
(41) (d) (42) (b) (43) (b) (44) (a) (45) (a) (46) (a) (47) (a) (48) (b) (49) (a) (50) (b)
(51) (b) (52) (a) (53) (b) (54) (a) (55) (b)

Exercise 2.1

X3 1.3 (3+5x) ) 5
1. 3 log x g X + c 2. 5 sin Tx + %9 cosTx + ¢
—1 — , 2 a2 _ 2 2
3. xcos 'x 1—-x% tc 4. e [3 9x+27]+c
3
5. x? tan 1x — %[x2 —log(1 +xH)] + ¢ 6. x cosec”lx + log |x + ‘/xz -1 ‘ +c
7. %[sin (log x) — cos (log x)] + ¢ 8. % [secx tanx + log ‘ tan (%"'%) H +c
2
9. —x cot% + 2 log ’ sin %‘ +c 10. _XT cosx? + %sinx2 + c
11. 2xtan 'x — log (1 + x2) + ¢ 12. —% (x cosec*x + cotx) + ¢
13. %(x sinx + cosx) + %(x sin3x + %cos 3x) + c 14. %(x” sin x" + cos x") + ¢
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15.

17.

10.

12.

14.

15.

16.

17.

19.

20.

(x )logx—x+ +c
_sin"'x +10g‘ 1—‘/1—x2 |+c
X X
Exercise 2.2
2 4+ 2gin 1L 4 ¢
9—x 2 3

V2[2 245 +ilog\x+,/x2+5 |+
T Y52 -3 = 5 log| Vx+ 5.2 3 [+

4x+3
= Ja-3x-2x% +

_ 4x+3
4l sin ! (—) + c
1632 Ja1

log x
x+1

16. —

+log(x+1)+c

18. 2(Vx — Ji—x sin'Wx) + ¢

%[2)6;'1 ‘/m — 8 log ‘ 2x + 1 + "4x2+4x—15 H t+c

11 -6 e

3[2 8—x0 + 4sin 2‘/5]+c 7.

e’ log sinx + ¢ 9.
2

£ tanx + ¢ 11.
X

- +c 13.
x> +1

—1 (1+x—x2)2+ (zx—l)‘/lﬂ 2 +—sm
72x +1
—exrh g )\/x +x+1 —

3
2+ x4+ 1)2

3
—% Q2+ 3x —xH)2 —

X
o (sin 4x — 2cos 4x) + ¢ 18.

3 3 )
21083 2+ (log 32 ((log 3) cos 2x + 2sin2x) + ¢

2 2
% (sin 2x + cos 2x) — % (cos 4x + 2 sin4x) + ¢

2x -3 .
5 \/2+3x—x2 _%Sl”

Exercise 2.3

X (x—1)>

x+n2 | ¢

log

%10g|x—1|—810g|x—2|+1—2110g|x—3|+c

xTz—x—Zlog|x—2|+log|x—3|+c

sin x

1 sin x
5 "4_sin2x + 2Sin P + c
—excot% + ¢
Xx—2
elxyz] te

X
€ -+ ¢
1+ x

(235_1) +c

élog‘x+%+‘/x2+x+1 ‘+c

| (2x—3) +
J17 ¢
X

6172 (—cos2x + 4sin2x) + ¢

X
— * +
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x—1

1 —
4. Etanl(ﬁx)+%log x+1|+c

1 — 1 —
5. Etan 1(%)+mt¢m 1(\/Ex)+c
6. %log(x2+5)—%log(x2+2)+c
7. —2log [x+ 1| — o7 +3log|x+ 2|+ ¢

1 1 —
8. —Elog|x+1|+zlog(x2+9)+%tan1(%)+c
9. x+2log|2ef+ 1| —3log|3e"+ 1| +¢

1 tan® —3
10. Elog Tanb—1 c

1 1 1
11.Elog|x+l|—m—zlog(x2+l)+c

-1 1 — 1] = 3 — 1
12. 5 log|x+ 1|+ 5 log|x — 1| TR 212 +c
13. —% log | 1 — cosx | —%log| 1 + cosx| + % log| 1 — 2cosx| + ¢
14. % log | 1 — cosx | —%log| 1 + cosx| + % log|3 + 2cosx| + ¢

Exercise 2

3 . — i —

1. x?szn lx+% 1_x2—%(1—x2)2+c 2. %cos lx—%l_x2+c
1+ v sinx _
3. —xcotX +¢ 4. Liog | /——=| — tan ! (Vsinx) + ¢
2 2 08 1—Vsinx ¢ )
5. x10g|x+‘/x2+a2|—‘/x2+a2+c 6. (x+a)tan_1‘/%—\/ax + ¢
7. 2\/;—2 1—x sin_l\/;+c 8. %ex secx + ¢
9. lofgcx +c 10. xlog (logx) + ¢
3 _
s, alx—a 30 .4 X—a
11. —%(2ax—x2)2 + ax=a) > ) 2ax—x* + & sin 1( p )+c
3

12 1 (2 +x)7 =4 Qx + D2 +x + 15 log [ x+ 5 + ‘/x2+x‘+c

1 sinx — 1 1 V2 sinx —1
13. 2]0g m JE]O ﬁsmx+1 +c
14. %log | 1 — cosx | +%log | 1 + cosx | —%log | 2cosx + 1| + ¢

1 sinx —1 | _1 »/Esinx—ll
15. 8 log Sinx + 1 42 log ﬁsinx+1| te
16. xtan 'x + xtan™ ' (1 —x)+%log|x2—2x+2|+tan_1(x—1)—%log @2+ 1) +c
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17.

18.

19.

+ tan_l (Jcosx) +c

2 Lo coSx + 1
Jcosx 2 Jeosx —

1 1+ sinx 1

1 log 1— sinx 2(1+ sinx)

1 X 1 22X X
2log‘tan2‘+4sec > tuns +c

200 () (@ 2 ) G @@ @ ) (© 6 © () (@ @ @ © (b (10) (b)
(11) (a)
Exercise 3.1
A 38
1. 8 2. 10 3. % 4. X
5. e—e¢! 6. %(e2 —eh 7. 6 logse 8.3
9. e -3 10. 2 log e 11. 26 12. sinb — sina
13. 2 14. 1 15. 20
Exercise 3.2
5
1 2 _t T 1
1. 1.2 2. (1-%) 3. E 4. L log2
5. V2 6. V2 — 1 7. L 8.1 log6
1 3 -1 _ T _T_
9. §log6+ < ran Js 10.2 -2 1. 55
12. 6 — 4 log 2 13. & 14. tan"le — L 15. & — 7 log2
ud _n 1_ -11
16. Z 17. -2 18. 1 b 19. tan”! 3
L -1 /2 n _ n _ 1 32
20. 5 tan ‘/Z 21. L — 22. L — 23. Liog ()
1o = 1 Lige 8 1 _m 41
24. 2(J5 1+ 4 log (W2 + 1) 25. L log 26. ;log2 — £ + &
= -1( 1 2
27. F tan (_5) 28. S tan Jg) 29. 4 30. 47
445_T 13
31. t+5 -1 3. 2 33. 4 34. 0
1 9
35. 0 36. 2 37. 1 38. 2
Exercise 3.3
L. M0 0 Ho WHo (L ©2
2. )0 (20
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Exercise 3

2
T _ 1.4 _ 1 a+b
3. = 2) T 5. —64 8. 2(1 log2) 9. b log —7
A 13 L 3 T _ 1 T 2 2
10. ;5 tan ;) 11. 0 12. o3 > log > 13. <73 log2 14. 5 log2 15. 5t log (3)

16. & 17242 = 1) 18, & 1. 15;‘38
22. () © 2 @ 3 @@ © G @ 6 b ) © B (@ O (b 10) (b

(11 (@ (12) (@ (13) (b) (14) (b) (15) (d) (16) (b) (17) (d) (18) (a) (19) (b) (20) (©)

Exercise 4.1

136 32 2 32
4. 3 S. 3 6. 36 7. a 8. 3

[a—y
wla
N
O
W
w

Exercise 4.2

L2722 3.i .8 532 2 7L g8 95 10.L

14n 12, 2 5 —2)

Exercise 4

1. 1—25 2.
8T _ 32 smo_ 1 9 4
1. 8¢ 23 12, : 1.2 14.E-1 152 162

3.

W

T g
4. vy 5.3 6.

] N=)

4 13 23
7. 3(8 + 3m) 8. 3 10. r

=

17.. (1) © @ @ G © @ (b)) G © 6 © ) (b)) & d O (© 10) (b
(11) (a) (12) (b) (13) (d) (14) (a) (15) (b) (16) (d) (17) (d) (18) (c¢) (19) (a) (20) (b)

Exercise 5.1

1. Sr. No. Order Degree

1 2 1

2 1 4

3 2 Undefined
4 1 1

5 3 2

6 2 2

7 1 2

8 3 2

9 2 1

10 2 3
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Exercise 5.2

d)2

dy
dx

d’y _ i
2. dx2_0 3. e ( )
dy

1. (x—y)z[(%)2+ 1]=(x+y

2

=0 (Z)x(

@) X%y, + =y =0 (5 x—— =3y

d
2 2y &Y
4. (x y)dx 2xy

d
))=yzx—y @28k (%) =0

d2
© ;=4 =) DT e[ 2] =y

dx* dx

Exercise 5.3

1. (1) 27+ 32=3x2+6log |x| + ¢
(3) siny = ccosx
(5) (& + 1)sinx =c
(7) x=clogy
(9) y=x%+ logx
(11) 4e* + L =8
y
(13)y=x+ Dlog(x+1) —x+3
(15)y = secx
2. (1) tan(x +y) —sec(x +y)=x+c¢

B) x+y+2ec=e"1

X+
Q) y—atan_l( ay) =c

2) &=+ e+ De

4) log|y|=log|secx|—tanx+c
(6) tan y =x+ = +c

8) 7 =2x2 + 1

(10) 8¢ = x(y + 2)?

(12) xsecy = 2

(14) y =sinla-x + 1

ex
(16) y=x+1+c

2) c(x—y+2)=e—x
@) c@E@tr+1n=¢

Exercise 5.4

-2
1. (1) x—yp2=cxe =

2 -
(3) xtan T c
5) —cos% = logx + ¢
2y +x
NYTX o2
@) 2y —x cx
X
(9) ex =xc

X
(11) —e * = log xc

(13) sin % = xc

A
(2) sec " xyc
4 e =y+ec
(6) 2e =10g;
8 ye? +x=c¢
Y _ 1) =
(10) y(log; 1)=¢

(12) yx2 =c(y + 2x)
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2. (1) X224+ 2% =3 (2) e x =logx
2, 2
A) e x =X 4) xex* =e
|2 y
5) x=e 7 6) ¥ty =x
Exercise 5.5
1. y= % [2sin x — cos x] + ce 2 2. y=-——e*+cx
3. l=logx+c 4. y2=x+c
x 1+ x
5. y+x+1=ce 6. wr=e&@G@r—2x+2)+c
7. y=—% e 4 e 8. (1 +x2)y=4—’3‘3+c
9. xelan 'y = gtan”ly (tanly — 1) + ¢ 10. ylogx = —% (1 + log x) + ¢
11. y = (cotx + 1) + cet> 12. % =2y +c
Exercise 5.6
_X
1. y=ce % 2. 16 times, 3000
3. xr=—2y 4. 14 years, 6.9 %
5. my=125¢ 6.  y2 = 2kx, (k is arbitrary constant)
7. y2—x2=3
Exercise S
d?y dy 2 dy
5. Xy == +x[aj =V
xty 2 2 -1
6. (1) 1+ tan > = ce* 2) yx=+ 1D)"=tan 'x +c
= c
(3) 2¢” =log ?|’ y#0 @ -2 =c
(5) x*+y?=2x 6) y=tanx— 1+ cetanx
7. 1) (b)) 2) @ () (b @ (© S (b ©6) © ) () @ (b O (@ 10) (8
(11 (b) (12) (¢) (13) (d) (14) (a) (15) (@) (16) (b)
278 MATHEMATICS 12



11.

25.

30.

36.

Exercise 6.1

M4 25 332 2. 2i-27+
(6, —4, —4) 4. 127 —8J3] + 8k

5

R
110 110 110
Scalar components are 3, —6, 7; Vector components are 3 i, —6}', Tk

@S5S @i)5 (ii) 5v2

Exercise 6.2

5 2. (-7, 3, 5) 3. (—6, —24, 6) 4. 843
3 6. (=5, 5, 0) 7. =2 8. 0
(1,—11,11) 10. 7J6

Exercise 6

T ©m 3n. L =1 n T on., L L
(1) Ta ?5 Ta ﬁa Oa JE (2) 2 4> 4907 ﬁa JE

—1_1. —112. —-184. 1 12. 84
(3) cos cos 3 €os oS T70 55 %5

(2 i) or (—2 —i) 16. £ 243 18. 2491 24, 16

13 13 13 13 5
@ -2.2.243  26.bj: (6] 27. (% 2.8
E L+ (Z 4L -enn 3 (FEE0 3322 3410

1 ® @ @ G © @ O® 6 © © G 7 G 6 d 9 (@ 10) (@
(a1 (@ (12) (¢) (13) () (14) (a) (15) (c) (16) (b) (17) (b) (18) (a) (19) (¢) (20) (d)
21 (© 22) (d) 23) (@ 24 (b) (25 (o)

Exercise 7.1

xX-2 _ y+1 _ z-3

2 3 4

r

2, —1,3)+ k2, -3, 4), k€ R;

xX=2 Z+9

5 =T,y—3=0;7=(2,3,—9)+k(2,0,4),k€R
Non-collinear 4, A 3 L

V26~ J26 7 V26
- 11 D3 -1 _ 2y+2) _ z-1
F=(, -2, D+ k(3.3 1) ke R - — .
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10.

12.

11.

14.
16.

(4,0, —1) 7. cos! Slﬁ 9. (1) Skew (2) Parallel (3) Skew (4) Intersecting (5) Parallel

(A 1 BT g, [US

J1038 3

Exercise 7.2

ﬁm,—z, ) 2.7-(2,2,-1)=52x+2y—z=5 3.2x—3y—5z=11

x+2y—3=0; 3,%,n0tdeﬁned 5.6x —y—5z=17 6. 13x — 7y —37z+ 134 =0

_ - i S . A2 19
x—y+1=0 8. 3 9. sin (Jﬁ) 10. /38 11. o
0

2x — Sy — 4z + 33 = 13. 55x — 2y + 13z = 40 4. x—y—z—1=0

Exercise 7

L) F-03)+k278). ke RiJI3 2L 3.# 4.(=3,5 1), &

33 3 3 > 2
x—1 _ y—2 _ z-3 xX—3 _ y+2 _ z+4 _ Lo -1 12

T - 7 6. 1 0 : 7. (3, —1, 1); sin 7600
2rzZ=1 92,32 10.(4 -4 6;%=2"2=2%2. 5/

2 3 2 -3 4
4x+7y—5z—8=o;x;2=_l3=§ 12.x4+2y—2z=6 13.2x+ 16y — 13z —22=0

3x+4y—6z=6 15. 8x — 8y — 14z = —47
®H © @ © G @@ b 5 @ © © @ © @ b O @ 10) (©
(11) () (12) (d) (13) (b) (14) (a) (15) (b) (16) (b) (17) (d)
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TERMINOLOGY

(In Gujarati)

Approximate Value
Box Product
Coincident

Collinear Vectors
Component

Coplanar Vectors
Coplanar

Definite Integration
Degree

Dependent Variable
Differential Equation
Direction Angles
Direction Cosines
Direction of Line
Direction Ratios
Error

Free Vector

Global

Having same Direction
Homogeneous
Improper Rational Function
Independent Variable
Initial Condition

Inner Product
Integrating Factor (L.F.)
Integration by Parts
Linear Combination

Linear Differential Equation

Lower Limit

Monotonic

U HEL
RELRTER

Autdl

auw, Aulzal

ues

auddla alzal
AHAdl

[Rad Asan
ylRum

vadell ad

[Qsa uuls2e
(Esvu

(2551208

vl [Baun
(EsopRinz (85 dvaail)
A

Hsd ulea

alus

aulza

auyf

wRAd ARY (A8
KA A

w3l Ad

vid: JLRIr
ASRUSIRS AU
(ERETERYEYCE]

Yt AW

v [Asa uHlsw

SR (1))

A5l
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Normal

Opposite Direction

Order

Outer Product of Vectors
Parallelopiped

Particular Solution
Perpendicular Bisector Plane
Projection Vector

Proper Rational Function
Rate

Scalar Product

Singular Solution

Skew Lines

Strictly Decreasing Function
Strictly Increasing Function
Subnormal

Subtangent

Symmetric Form

Tangent

Triangle Inequality

Upper Limit

Variable Separable

Vector Product

Vector Triple Produc t

Vector

e (YT

[a3s (B

sl

Alzan eldopq
AUIAR s
[alare B34

daolgaue s unda

uau Alza
BRI AN [@Q8
€

LTI TETEY
BRAMA G3A
[Qumadla Juui
Y ued (A8
Yad aud [Qta
vaildco
BA/ANS

AMd 2a3u
s

Giswella »audl
Geaflu
Qi a4
ulea apeusiR
ulead G
alza
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