Exercise 2.4

Chapter 2 Derivatives Exercise 2.4 1E
f(x)=3x2-2c0s X
Differentiating with respect to x

T'(%) = 6x-2(-sinx) = 6 ¥ + 25in X
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Consider the function

f(x):vf;sinx-

The product rule;
If v and v are both differentiable, then

() ()] = () v(3) v () ()]
To find differentiate of the given function:

j"(x}= J;di(sjn x}+31n,~gi[ﬂ) By using the product rule

Ay

- S . . . .
2 = . —_{x"*) By using the radical rule: 2/, — 4"
x dr[sm;}%—sm .\:dr[.r ) By using Ya=a

% . cos .r+sin,t.'i{.r"":'] Since i{sin x)=cosx
fri dx

ey - I Ml - - d i o
x" cos x +sin x-E.r"'" By using the power rule: d—[.r:’}= nx"'.neR
X

i | R
£ COS X+ "% sin x Simplify.

Therefore, the differentiate of the given function is

-2

sin x|

[(x)= " cosx + ;—.r
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Differentiation is the process of finding the derivative of a function.
Consider the function

’ 1
f[x]:snx+imlx.

By the formula,
The sum rule:

If uand v are both differentiable, then

() v(x)]) = [u(x) ]+ ()]

The constant multiple rule:

If u is differentiable and ¢ is a constant, then

d d
E[cu{.t]] = CE["(I)]

Calculate the differentiation of a function as.

By the sum rule,
.y df1
= —(sinx)+—| —cot>
f{x} dx(sm;)+dx[2m r}
By the constant multiple rule,
st s L
b (.t}—dx(smx]+2dx cot x)

By the formula,

i(sin x) = cos .r,%(cotx] =—csct x

f'(x)=cosx +%'(—cscl x)

1
=c:~:)5,rr—5c:sc3 X

Therefore the required solution is f‘(x}zcos)_—_lcsc? X
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To find the derivative of the function

y=28ecx—cscx
Differentiate both sides of it with respect to x, then

d d
E[y) = E{Escc.r —csex)

Use difference rule of differentiation

()2 ()] = £ (x)-“L g (x)

for f(_‘r]=25ecx and g[x}=C$CI

el _4
y'= 6‘Ex[Zsei:Jr) l"’(Jr(csc:x:]

=2%[sccx)—%(cscﬂ since %{*ﬂv"))zk%(-f{x])

Use the derivative of Trigonometric functions,

i(s-:c x)=secxtanx and i[cscx] =—gscxcoty
dx dx



Therefore,
P 2%{533 .r}—%(““ x)

=2-secxtanx—(-cscxcotx)
=2secxlan x+cscxcotx

Hence,

_v' = | 2sec x tan x + csc x cot .\'I
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Criven that v =sec&tan &

Then d_y= i[sec:ﬁ'ta.n 5‘)
d8 df

Rule: iffey=stnfh:
ax

TTsing the above Eule, we have
d—y=sec9itan 9+tan9isec5'
48 a8 d8

=sec Psec® G+tan 5‘[sec5tan 5‘]

=sec® B+zcecHtan’ 9
= secfﬁ'l[sec2 &+tan® 5‘:]

a?_y = sec 5‘[sec2 &+tan? 5‘)
d8
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g[fj =dsect+tan
g'(2) =dsecttani+sec’ ¢
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The measure of rate of change of a guantity with respect to some other quantity is called as
the derivative and the method to determine the derivative is called differentiation.

Consider the formulae of diferentiation shown below:
d dr.
4 o] =e L]
d ' !
E[,f(.\']g [t}] =f(x)g'(x)+ f (x)g(x)

Consider the function:

y=ccosi+t sint

Use the above formulae to find @:
et
d’ d > g
2 —[r_‘ COSf+17sin .’]
dt dt

d drs.,
=E[cmsf]+?[r smr]

¢
= cg;{cusr] 12 %{siu!}+ sin f -S;(rz)

=—csinf +° [cns!}+sim‘{2r]



Simplify the above equation further:

dy . 2 .
E =—csinf+I cost+2rsind

=1 cost+(20—¢)sint

=—csint+1(fcost +2sint)

Hence, the final expression is fj =—¢s§int -H‘(f cosf+2sin ;] 2
!
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We have yzu[a cosu—i—bcotuj

MNow we differentiate with respect to z as follows:

)
d_y = [u:lr I:a cosy +& cotu:l +[u:l [a cosi+b cc-tz.t)r [Product rule]
X
= acosu+ b ooty +ua (cosu)r + b [icotmjlr [Constant multiple and sum rule]
= |a; cosu+h ooty — ausinn —bu csczu| |:Si.nce (cosu) =-sinwand {eota) = -csc’ u:l
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Consider the function y=_ >

2—tanx
Need to find differentiate the function.
Differentiate with respectto x

X
y=—-
2—tanx

Let u=x,v=2—-tanx

(2-tanx) 4 (x)-x 4 (2-tanx) o . (#)—u . {v)
?'"'(.':}I X 23 him:u,_- il ,'_; _—”r"-—if_
oY (2- tan _1.']: dx\ v} i

Caontinuation to the above steps,

2=tanx)l=x(0-sec’ x .
=( ] ( } :.'incc-i[l;m X)=sec” x

(2-tan .1.']2 e
- (2-tanx)l —.r{-—secl .1'}
{Z—tan _1')2
2 —tan x + xsec’ x
B (2-tanx)’

Therefore,

. |2—tanx+xsec x
(2-tanx)’
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Tet y=sinBcosd

Formula: di[fg) =B+
x
Tzing the above formula

s i[sinff)u:os &)

PR
=sn Ei cosﬂ+cosgisin g
28 a8
= sinH[— sin 9)+c059[cos 9)

=cos® d—sin’d

d_y =cos? d—sin? 8
g
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secd

f[9)= 1+secd

Tsing quetient rule,

|:sec:-:5')r (1+sec8)—(sec &) (1+secd)’
|:'l+seu: 9)2

J'(8)=

We know that i[sec x) =secxtan x

ax
. sec Ftan &(1+sec ) —sec Fsec Ftan &
yi(e)= 2 0m A seel)
[1+sec 5‘)
; sec Htan &+sec? Htan §—sec” Ftan &
f [5')= P
[l+sec5‘)
: sec &tan &
(0)= 20
[]+seu:5‘)
Therefore f'(8) = w
[l+sec 5)
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Let y= CO_SX
l-sinx

Formula: i[ingf:ﬁfg
drxl g g

TTsing the above formula
dy d( cosx
dr  dx\l-sinx

B [l—sin x)ixcos x—rcos xi(l—sin x:I

- []—sin x)g
: [l—sin x) (—sin x)—cos x[—cos x:l
- [1—sin x)g
—sinx+sin® x+cos’ x
[l—sin x)z
l—sinx
[l—sin xf
1
l-sinx
&1

U dr l-sinx
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The measure of rate of change of a quantity with respect to some other quantity is called as
the derivative and the method to determine the derivative is called differentiation.

Consider the formulae of differentiation shown below:

[ (x)]=7(x)g'(x)+ 7" (x)e(x)
i{f‘{r} g(r), [f )]-1 i,[g{f]]

dr| g(r)

7

[s()]



Consider the function shown below:

_ tsint
1+

J.l'

Use the above formulae to find Q:

i{ _I}zi(rsinr)
i ) i\ 1+1

dt

dt\ 1+1¢

& [Si"’]= (1+:]§;[rsinr}—rsinri[l+r)

{1+-‘]3

(}+I][r%[sinr]+Sinr3:-{r):|—.*sinf[l]

(1+1)"

_ (I+.r][.*(cos.r}+sim{l]:|—rsin;

[1+;r)2

Simplify the above equation:

di\ 1+1¢

d(sint) t(cost)(1+¢)+sint(1+1)—1tsint
(i)

[I+1r}2

B t(cost)(1+1)+sint+1sins—rsing

(1+.r]2
=f{ccrsr]{1+.f}+sinr

[1+f]2

B (Hrz][cnsr}i-sim

[|+;}=

Hence, the final expression is

d
E{‘P} e

(I+IZ}C¢-SI+5inr

(1+¢)°
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Consider the following function:

_ 1-seex
tanx

The objective is to find the derivative of the function.

The quotient rule:

If u and v are both differentiable, then

X

dv

v(x)

The difference rule:

]29). R ) P )
£

If i and v are both differentiable, then

d d d
5 u(x) —v[x}:l = E[“(I}]_E[V(I]]

,v{x}:ﬁﬂ'




Now differentiate y with respect to x.

d d
dy WY (1-secx)-(1 -SELI)JI(IH" %) Use the quotient rule

e AN
dx tan® x
tan x d{l)— g (secx) [-(1-secx)—-(tanx)
dy dr ’ Use the difference rule
t.'in2 X

_ tanx-(0-secxtanx)~-(1-secx)-sec’ x

lé:ll:]2 X

Apply differentiation

2 2 3
- i i x :
secxtan® x zscc X+S€CT X oy
tan” x
, 2 2
sec:x(se-:: X —tan x]-sec ¥
_ Factor
tan® x

= FECX7SE ¥ se the identity: gee? y—tan? x =1

tan® x

dy secx(l-secx)

Therefare, the derivative of the given function is
d tan® x
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Consider the following function:

h(8)=6cscd-cotd
The objective is to find the derivative of the function.
The product rule states that,

If v and v are both differentiable, then

() v(x)] =) )]+ () ()]

The difference rule:
If uw and v are both differentiable, then

d d d
E["{x} —v[:)] = E[”(I)] —E[v(,\‘}]
Now differentiate h{ﬁ) with respect to g.

d

d
E(h({;]] = E[Bcsc&—cm 8)

=%{&csc3}—di3(mm) Apply the difference rule
d d d
=d_g{g}'CSGHJFSE(CSCQ)_E(CNQ) Apply the product rule

o
Use —escx=—cscxcotx

=cscl—GcscHeot @ +cese” & dx

o
and —cotx =—csc’ v
dx

=cscl(1-Gecotd + csc&} Factor

Therefore, the derivative of the given function is

I(0)=cscO(1-Ocot+cscd)|
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Given function y = x° sin xtan x

Differentiate y with respect to x using product rule, we have

d—‘y=i(xzsinxtanx:l
dx  dx
e 8 : A
x x[smxtanx:Hsmxtanxdx(x)

= ;? [sin xi(tan xj +tan xi(sin x)] + [sin xtan x) 2x
ax ax

x smx sect x +tanx|:cosx)]+|:sinxtmx)2x

=5 [s1n xsec’ x +cos xtan x] + (sin xtan x) 2x

S0 % :
sinxsec x+cosx +[sm X tan x)2x Wotan x =
COSX

s ; . :
Therefore d_y =% I:sm xsec’ x+sin x) +Zxsinxtan x
%
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d
To prove —[cscx):—cscxcotx
adx

Tet f[x:lzcsc;rz .
gin x
Differentiating with respect to z by quotient rule

fr(x)z%[sirllx]

(sin 1) 2 (1)= (1) < (sin)
(sin xf
_ (sinx){0)=(1){ cos x)
[sin sz
_ O—I:c:os x)
(sin x)g

—Cos X

(sin x)g

cosx 1

SN X sinx
R o o ol o]

Or, i[u:su: x:l =—cotxcscx
'
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To prove i|:sec x)=secxtan x
d
Let f[x):secx:Lz(u:os x:l_l
cosx

Differentiating with respect to x, by chain rule, we get

J'(x)=—1(cos x)_2 ol {cosx)

dx

—[cos x)_2 {(—sinx)

S X

= 3
cos X
1 sinx

COSX COSX
=gecxtan x

Thus, i[sec x) =gecxtan x
ax
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)
We have to prove that d—(cot x) =—cscix
x

cos X

Let f[x)zu:otxz -
sin X
Differentiating with respect to x by quotient rule

: ) o
[:sm x) d—(cos x— [cos x) E(sm %)

J'(x)= . 2

sin” x

[sin x) {—sin x)— [n:os x) {cos x)

T
sin” x
—sin® x—rcos® x
=3
sin” x

i 2
—(sm x+cos x)

]
sin® x
=

]
nox

= —CSCE X

Or |—(cotx)=—csc?
T dx[cox) cic X
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We have f [x) =rCosx
Then by the definition of derivative we have
; o Fflx+k)—-flx
f Iix)=1&1§% [ ; I: )

cos[x+}'z)— COSX

(Y p

Weuse cos[ﬁ+3) =cosdcosB—sinAsin B

Thus
cosxkcosh—sinxsink—cosx

; r
J'x) _lkli% P
. cosxcosh—cosx .. sinxsink
= lim —lim
B0 b P I

coshk—1

sin f

—limsinx
]

cosh—1 . . .osnk
—limsin xlim

=lmcosx
k=0

=limcosx.lim

E—=0 b—=0 ;2 k=0 k=0 ';2
T L O e
hs0 g B0 )

Thus f'{x)=cosx0-sinxl
= f'(x)=0-sinx

= |/ (x)=—sinx
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Problem: Find Equation of Tangent Line to y = sec(x) at the point (1 /3,2)

In order to find the equation for the Tangent Line, use the point-slope form of a line:

(y -y1)=m(x - x1)
You are given (x1,y1) as (m /3.2), but the slope is unknown.
To find the slope, m, at x= 1 /3 requires evaluating the derivative of y = sec(x) at x=m /3.

Diferentiating y = sec(x) yields:

4 sec(x) = sec(xjtan(x)

dx

Evaluating the derivative sec(x)tan(x} at x=T11 /3 yields:

sec(m [3) *fan(m /3) =2 1!3
Therefore, the slope, m, is 2 1,‘3

Substituting into the point-slope form of a line:

(y-2]=2\{§f_x-m‘3)

Solving for y:

y=2 3x-(2;3)\@n+2
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¥= [1-‘:— x) Cos X
d_y = |:1+ x)r cosx+[l+x) [cos x)r
dx

= cosx—(1+x)sin x

The slope of the tangent at (0, 1) 15

mzdi =cosU—|:1+0)sin0=1
dx =)

The equation of the tangent at (0, 1) is
y-y=m(x-x]
=y-1=1{zx-0)
= y=x+1
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Given curve 8 y=cos x—sin x

o :
Then B —sinX—cos X
ax

Slope of the tangent line at [ﬂ',—l) is

= [d_y] =—sinA—cosA=1
dx .,

The equation of the tangent line is
(y+1)=1(x-m)
= y=x-m-1

Ly=x—m-1
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Let y=x+tanx

Then ﬂ: ] +ilan X
dx dx
=1+sec’ x

. Slope of the tangent line at (z,x) is
dy .

m:['—llJ =l+sec  r=2
dx ),

.. The equation of the tangent line is

(y-7)=2(x-7)

= y-mg=2x-2rn
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(&) Given y= I:sin x) 2x

the point 13 [gﬁ]

d_y: i1:2.7:5111;::1
dr  dx
d :
=g
Iﬂf1}([A's1n x)
= 2[x%[sinx)+sin x%[x)}

= 2[xcos x+sin x]

[d_y] = E[Ecosi+sin£]
adx [x_ x] 2 2 2
-+

=2(1)
=0
=m
Equation of the tangent line iz
y=-» =m|:x—x1:l

= —}‘T—2[x—ﬂ-]
yoA= 2

Y-—m=2x—-7

Ul

y=2x



by Graph of the curve and the tangent line 15 shown below.

Cradeal vl aLizl =aao s A Sadezriczd Gizpliz - i A glzribamcn nfzgiapg oy
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{a)

To find the equation of the tangent line to the curve
yp=3x+6cosx
At the point (z/3,7+3) itis need fo find the slope of the curve at this point.

Recall that, slope of the tangent line to the curve y = f(x) at the point (x,,y,) is

(&)
m=|=—
t’.‘{r X=x

As y=3x+6cosx,

ﬁ=i(?;,\”rlfaclos.r)
dr  dx
d o S - [ d, . d
== (3x)+—(6cosx % ) =— e
d.t( xJ+dx{ COSA} HEng d:rU -H’} ffx(fj-'-r.".r{g}
- 3%+ 6;—1({:05.7} using %(ﬁrﬁ(x]] =k ;—i{,’{t ))
=3-6sinx
S,
dl:?:—f:—sinx
efx

Slope of the tangent line to the curve y=3x+6cosx at the point (z/3,7+3) is

m =[£{£]
dy /=
3



Equation of the tangent line, to the curve y = f(x)at the point (x,,y,) have slope m is

Y=x =m[1_x|}
Therefore, equation of the tangent line to the curve y =3x+ 6cos x have slope

m=3{|—\f"§] at the point (z/3,7+3) is
_1«'—(:{+3]=3[I~ﬁ][x-:r,"3]
y—(;r+3]=3[|—£][3x_”]

3
y—(7+3)=(1-43)(3x-7)
(1-3)3x—y+(7+3)-(1-3) 7 =0
Continuation to the above
(1-V3)3x—y+(7+3)-(1-V3) 7 =0

3(1 —Ji)x—J-+3+ﬁsr =0
3(1-1.732)x— y+3+(1.732)(3.141) =0

3(~0.732)x -y +3+544=0

—2.19x-y+8.44=0
2.19x+y-844=0

Hence, equation of the tangent line is |2.196x+ y—-8.44=0

(b)
Graph of the tangent line to the given curve at the given point is shown as follows.
F

1_.

107
\ 2.196x+y—8.44=0

y=3x+6cosx

"
>
i
£
05t J-025n 10 0.25m 0.57 0.757
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Consider the function f(x)=secx—x

(a)
Meed to find differentiate the function.

Differentiate with respectto x

;—ij(r} — i[scc.t =x)

dy
d d d
Ej( }—E{SCCI)—I(I)
: - {
since = f(x)-g(x)] =1 (x)-—-2(x)
X - [4 I:I'l.‘.

Continuation to the above steps,

f'(x)=secxtanx-1

. o . o

Since —(secx)=secxtanx,—(x)=1
dv dy

Therefore,

o)

(b)

Graph of the functions f(x)and f'(x) for |y <%

aty

« f=secx—x 3.5

f'=secxtanx—-1—

—0.5n —0.25x 0
~0.5

-1.5
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(A)
e have f(x) = n.j’;sin x

Then f'(x)= di[-.f; sin x)

X

g'v?-e

By the product law we hawve i[ﬂ:x).g[x))

X



So f’[x):sinx.iﬁ+ﬁ.isinx
dx ax

1. 1
=—snx —+yxcosx

Jx

Fix)= 2 sinx+-/xcosx

2%

(B)
We draw the graph of [x) = nJ';sin x and f'[x) on the same screen we see that there 1s

no tangent can be at x=0 50 here f’[x) 1z not defined and where the slope of tangent 1z
positive j'lfx) is also positive, for negative slope j'lfx) 1z alzo negative This verifies

that our answer in part {4) 15 reasonable

1

*

Fig .1
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Product Rule: If »(x) and v(x) are differentiable, then

d [..-[_1;):|+ 1*{4‘)%{”(-"}]

d—[h‘(,\’] 1’{.!’}] . H'(}.')

X

4
oy

Consider the function:

H(8)=8sin@
Apply the product rule to differentiate the above function.
{(sind i(d
H'(6) _ghsne) . 48)
d df

=fcosf +sind

MNow, again differentiate the function.

H*(6) =9d[cos£?) +cns€d(m+ d(sind)
do dd dd
=8(—sind)+cosd+cosd

=—fFsinf+2cosld

Hence,

H'(0)=0cosf+sind
H"(#)=-0sinf+2cosd
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Let f[.f) =:eans
Then f'(¢)= it:su::.ﬁ

cdt
= —cacicoté

=21

el
= —ﬁ [ CECECo )

(G Josseo
=—|| —cotf |cecé+cotf —cscE
cfi etk

= —[[— csc? f.) csci+coots [— CSCE cot.ﬁ):|

= I:SI:3 ft+csct cotg £

Aot

1 1 2
= [[]_5)3 +ﬁ( 3)
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Consider the function f(x)= tan x —1

SCC X
[:E'!:I
Meed to find differentiate the function.

Differentiate with respectto x

F(x)= tan x — 1

SCC X

Let y=tanx-1,v=secx

(secx) g (tanx—1)—(tanx—1) q (secx)

flx)=—=" o
(secx)
- a
Since _n‘_ u II dy ) ”_:_.i'}. ¥)

axsv) W



Continuation to the above steps,

[secx}(sec?x—ﬂ}—{tanx-I][secxtanx}
) (secx)
Since (—"r(mn x) =sec’ .T.i{SL"CI] = sec xtan x
i el

i (sec x}(sec’ x)—{tan x—1)(secxtan x)

sec” x

(sec .r}(sec:' x—tanx(tanx— I]]

sec’ x

[5503 x—tan® x +tan x)

SECX
(1+tanx) _ ; :
= since sec” x—tan” x=1
secx
Therefore,
, (1+ tan x)
i {x}=-7.
SEC X
(b)
Consider the function f(x)= tan x —1
Secx

Meed to simplify the expression for f{x] by writing it in terms of gjp y and cosx, then find

7).

sin.x'] 1
COSX sinx

f{x] =>—"""" __ S5Since tanx= JEECX =
] COsS X COs Y
CoS X
[sinx] [cusx]
CoS X €OSX) oo COSX _
[ 1 ] COsX
Cos X
(sinx—cnsx]
COs X
|
Cos ¥

f(x)=sinx—cosx

f(x)=

f(x)=

MNeed to find differentiate the function.

Differentiate with respectio x

f(x}=$inx-cnsx

f'(x)=cosx—(~sinx) Since i{siﬁ_r} =008 X, g (cosx)=—sinx
dx dx '
S'(x)=cosx+sinx

Therefore,

f'(x)=[cosx+sinx]



(c)
Meed to prove parts (a) and (b) are equivalent.
From part (a)

_)’“'{.\'} 4 {I + tan .1')

seCx

Need to simplify the expression for f'(x) by writing it in terms of gjnx and cosx

sin x
COs X - 51N X
= since tan x s

| =, R

|
flx)=—r———= -
; ( ) 1 COS X Ccos X
COS X
COSX Sin x
+
5 X s X g2 i g
cos X COS X Since CA
| J COs X
Cos X
(cos.r+sin.r)
CosX

[cos)
COs X

f(x)=cosx+sinx

f(x)=

f(x)=

Hence, [parts (a) and (b) are equivalent].
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Criven f[g] =4,j'[g] =-2

Cos X

g(x):f[x)sinx atd k(x)—j[x)

(&) g'(7f3)= %I{g lix)jl at x=m/3
d

&
- (%)
- /(=)

=

g'(x)==—(r

x) sin x:]

(sinx)+sin x f'(x)

S

os x+sinx f(x)

[y}

gr(ﬁf3)=f[§]+cosg+sin gfr[fﬁ)
4[1] ?(—2)

2

2-43
(=) Ee'(;?rﬁ)

: d | cosx
vo- 2 5%5)




# GRE) - s )= cos T ) 13

R L]
4(~3/2)- %(—2)
= 16
—ofE L

16
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125
i

=51nxXx L.-}_.
2 f
Gl.l EE 3 4'.! Jlal i In\/ I.In 2n :1IJ|. 4 5' GJ-
s
! e
We have f(x)=x+2sinx

Differentiating with respect to x
Sx)=1+2cosx

For horizontal tangents, we must have
J(x=0

o] 14+ Z2cosx=10

= Cosx=—

O e 2?21'T+2?ﬁ

O we can write |x= [293+1:lﬂ'i§ iWhere # 13 an integer
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(cosx)
[2 +sin x)
The slope of the tangent at x will be the derivative of v with respect to x
then slepe of the curve

d_fi{u}

dx  dx 1:2 +sin x)

The equation of the curve y=

=By using Quotient rule

dy 1:2+sin x);jlzcos xj—(cos xj%[2+sin x)

ax [2 +sin :Jr:l2

_ (2+sinx)(—sin x) - (cos x)(cos 2) [di o ““}

- (2+sin x:lz [d — J
—&8NnX =C005%
dx




—Zsinx—sin” x—cos” X

- |:2 +sin :r::l2

—Zsin x—l[sm r+cos x:l

|:2+sin :Jr:]2
We have sin® A+cos® A=1

dy  —2sinx-1

Then —_—
ax [2+ sin x)

Mow the condition is that the tangent is horizontal so slope of the tangent=10
)
Thus =10

o
—2snx—-1

1:2+sin Jr:l2 -

= -Z2anx—1=10
=-Zanx=1

2
This gives = zx=_ . . —————? ...........

=0 the points are

---------- - D

(cosx)

— < _ are horizontal
[ 24sin x:l

at which the tangents of the curve y=
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Equilibrium
Position

A\

0 22

A The equation of motion is x(f,) =8sin’
The velocity of the mass at time £ is

xf(z):m:%(ssmz)

= 8£sinz
beitd

[d
=8cost H—sasnx=rcosx
|edx

Then welocity cmfSec

(B

. 2
Position of the mass at = — iz

(Bl




Andthe velocity of the mass at £ = 2;
Niis 2T 2T 1
il Bl i e COf— = ——
3 a3 c 2

= [Velocity = =4 cmis| to the left
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Equation of the motion 5 =2coss+3sins

(2)
Find the velocity at time ¢

cls

Recollect that the velocity at time ¢ is -,:(,rj.:F
t

Equation of the motion §=2cost+3sint-

Differentiate with respect to ¢ on both sides to get the following:

s ; s o il g
— =-2sinf +3cost Sinte —(coss)=—sint,—(sin? )= cos/
dt dt cf

Therefore, the velocity at time ¢ is v(f}=|_25im+3msr],

Find the acceleration at time ¢

Recollect that the acceleration at time ¢ is the following:

[

ﬁ.|::,_ ﬁ.|
=L|5;. o

: s
since v=—
dt

5‘*‘-*-
(]

The velocity at time ¢ is ?:—25i|‘1!+3c05.’
t

Differentiate with respect to ¢ on both sides to get the following:

d’s o il em g
— =—2cost—3sins Since —{Lmr} —sint,—(sint) = cos!
drt* di dlt

Therefore, the acceleration at time ¢ is s(f}z[—lcosf—}sin.fL




(b)

Graph the velocity and acceleration functions.

51

3\ v(7)

L

()

(c)

Find the mass pass through the equilibrium position for the first time.
At equilibrium, s(¢)=0

—2cosf—3sin¢ =0

—3sint = 2cosr Add on both sides with 2 cosr

sinf =—%cosf Divide on both sides by -3
tani = —g Divide on both sides by cost
: il’ 2 .
tan ' (tant) = tan == Take yqn ' ON both sides
-1 2 f i
{=tan “5 Since tan (tanf) =t
ol 2 s ' :
t=m—tan [;] Since tan ' (-x)=x-—tan (x)

a3
£=3.142-0,58 Since tan '| = ]:n.sﬁ
X2

t=2.56
Therefore, the mass pass through the equilibrium position for the first time is [2_56seconds



(d)
At extreme position. v(¢)=0

—2sint+3cosr =0

—2sgint = —3cost Subtract on both sides with Icpsy

sins =%msr Divide on both sides by -2

tan ¢ =% Divide on both sides by cos/

By the right triangle with base 2 and altitude 3

Recollect the Pythagoras theorem.
(hyp)’ =(side)’ +(side)’

(hyp) =(2)" +(3)°

(hyp)’ =4+9

(hyp) =13

hyp =+/13 Take root on both sides

Cosf= ﬂ
hyp
2

NE

Substitute these values in 5 = 2 cost +3sin/
2 3
§=2 — |+3| —
(&)l

()3

i
J13

§ =_13__J.1__3. Rationalize with /13
J13 13

yr=

NE
s =[3.6 cml.
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v,
]

10

wall ladder

—

From the figure,
x=105n 8

Differentiating with respect to &
= d_x =10coz8
d
When d=m/3
Then ax_ 10cos(mi3)
d8

=[5 ftirad
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Magnitude of the force is,

LW

L TR e—
Asin @+ cosd

a)

To find the rate of change of fF with respect g, differentiate the function g with respectto g

Fa—t"
psin @+ cosd
ar _df_ _uw
dfl  d8\ psinf+cosd
1
L e s m———
d@ | psin @+ cosf
= uW —tﬁ;}-ﬁ{psinﬂ+cnsﬂ}
isin +cos
[di[l :"Lz and use chain rule}
el x X

Simplify further.

;JW{"{%](F cosf—sind)

psinf +cos )
—uW (prcosd —sin8)
(usind +cos 6']3

B i (sin@ - pcos @)

{-“ sin # + cos 6’]1

Therefore rate of change of  Fwith respect g is.

dF | W (sin - ucosd)
dé | (usin@+cos (i‘]:




b)

To find when the rate of change equal to 0, set j—]; =(and solve for g
dF
— =0
dg

LW (sinf - pcos @)
(,usin-‘5‘-&1:»:)3»:55‘)2
LW (sinf - pcos@)=0
(sin@— pcosd) =0

sinf = ycos@
tan@ = u

Or @=tan' u

Therefore the rate of change is equal to zero when @=

c)
Recall that extreme values for a function occur at the points where the derivative is zero.

Take W =50, u=0.6and sketch the graph of

BUJIF

72

64

B6

. 30

0.6s1n8+cosf

40

24 \“"‘_\

15 dF _ =

: a0 0 at #=0.54

B
15 -1 05 SD 0& 1 15 2 25 i
6=0.54

Observe from the graph, minimum value is occurring at @ = (0.54. S0 j—!;={}mr 8=054

dr
From part (b), =—=0 for @=tan™'
dd ;

Set p=0.6andfind @

f=tan"' u
=tan"'(0.6)
=0.54

Therefore, from the graph we observed that j_‘; =(0for @=0.54and setting x=0.6in part

(b}, we obtained @ = 34where %:{)

Therefore the conclusion of part (c) is in agreement with that of part (b)



Chapter 2 Derivatives Exercise 2.4 39E

Consider the limit:

. sin3x
hm :

0 x

The objective is to evaluate the limit.

Multiply numerator and denominator by 3 in order to put the function in a form in which we can
use the following limit.

PR

sl H
The function becomes,

sin3x 3 sin3x
X _5- X

sin 3x

3

Ifwelet g=3x then g 50 as y—10.

e L L R T R DT e
a—ld X x4l 3_1-
T L R S
=0 Iy
. sind
=3lim—— [as x = 0,8 = 0]
a0 £
=3xl from (1)
=3

Hence the result is .

Chapter 2 Derivatives Exercise 2.4 40E

. osndx
litm —
=0 o Gx
.oandx dx bx
=lim —
=0 Ay 6x sinbx
4 in &
Mo [umsm =1]
£ g0 4
i
3
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tan 6/

Consider the limit lim
-0 gin 2f

The objective is to evaluate the limit.
Recollect the following result:
sinx

lim>—==1. [|]

— oy



Use the above result to find the given limit as follows:

_ tanér [ 1
lim— = lim| tan 6f - —
=0 gin2t 0| sin 21

. [sin6r 1 }
=lim -—
t=0| cos6r sin 2t

. | sin6t | 1
:hr{:' i “sin 21
0 Gt cos bt Bt o
L 2
| sin6r 1 1 6%
:I[m . - — 5,
0| 6 cos6r sin2t 2y
| 2f
. sinf . 1 1 .
=lim -lim . : x3Since 6t = 0and 2t >0 ast—0.
b Gy 6040 oS Bf Iim-s—mﬂ
a0 Yy
=1- : -lx} Use equation (1)
cos0 1 E :
sl lea
11
=3

Thus, the value of the imit s {im 218 = 3.
-0 gin 2
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Consider the following limit,

. ctosd-1
lim——
#0 gin

The objective is to evaluate the limit.

Multiply numerator and denominator by g in order to put the function in a form in which we
can use the following limits.

cosfl -1

lim 0
il 2]
T
g0
Therefore, the value of the limit is,
. cos@—1 ; (cns&-l 3]
lim——— =lim| ————
60 gin @ g0l gind @
. cosf-1 . @
=lim -lim—
a—i B H—PUSIDH
. cosf-1 1
=lim - -
a0 g . sing
lim———
a-d g
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sin 3x
Fsil 53 — A

sin3x.3x
= I 333'7
x=0 07 —4x
i s1n3xl i 337:{
¥=0 0 3y w05y —dx
-k s1n3x. i 23
=0 Zx w052 -4
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sin 3xsin ox

;ED xg

5 g s1n3;r_3 It smﬁ;r.5
=0 Gy ¥ Sx

o et

=15

X s1n3x21n5x:15
=0 T
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: sin &
We have to evaluate lim ————
80 Gt tan &
sin & . sin &
1 =lim z
60 G4 tan 8 9—>UH+SIII9
cosé
5 sin &
=lm —-——
60 Joos F+sin &
coséd
sincosd

=lm—
=0 8 cozsf+an &

-1 sin & cosd
= g [ sing]
cosd+——m
&
e i 5. lgii% cos & |
= @ (lim cos &+1lim s 6‘]
L] a0 g

B cosl

[cosO+1)
=il .

(1+1)

Phuge  [apan? i3
=0 g4 tan &
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. sin {\.}
lim————

x—0 x

Find the limit,

Use the following formulas:

P |1 1
() lim =]
o0

(i) lim f(x)g(x)=lim f(x)limg(x)




Consider the expression,

. sin(_rz) ) sin(xz)
lim = lim —~.x
a—ld x ] o

sin(.l:z) [

=| lim - limx:| Since 2 _ypas x50
x =l X K=pl}

=(1)(0)

=0

o il
Therefore, the limit is i sin(+*)

x—l) x @
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L Hospital's Rule states that suppose that and g are differentiable functions with g’{x];t[l_
and suppose f(x)—0 and g(x)—0.

As I_"c*: r=o - X=rC, X =—=>00[ X —»—00

il (e ) |
If g{{x]—:rl._.th 2 (%) L
f'(x)

f(x) .
- —» o0 0r -2, then —» 00T -aorespectively.
g'(x) g(x)

If

Consider,

; 1 —tanx
lim——

x ,; 5in X —Cosx
AS y —;% . both numerator and denominator tend to 0.

The above limit is of % indeterminate form.

Hence, use L'Hospital's rule

Let
f{x} =l-tanx
Sf'(x)=0-sec’ x
=—sec’ x
And

g(x)=sinx—cosx
g'(x)=cosx—(-sinx)
=Ccosx+siny
Use L'Hospital’s rule;
f(x) —sec’x

g'(x) © cosx+sinx




Continuation to the above steps,

f(x) —sec’x

g'(x) " cosx+sinx

:[ﬁ]

—8eC

VR .
T

It follows from L'Hospital's rule that
l—tanx
o
SMX—CO08X
As
T
xX—=—
4
Therefore,

fitid |—tanx =_\5_

. sinx —cos x
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i Si;l I:x— 1)
Ll e T
We factonize the denominator
=t br-2=24+2x—x-2
= x[x+2)—1[x+ 2:]
= [x—l) |:x+ 2:]

sin[x—l) _ 1 ] sin[x—l)

11 =1 ;
(2 +2)[x-1) = (xr2) 1 (z-1)

[+ lim f (g (x) = lim £ (x) lim g())

Let x-1=¢
Here x —=1 then x-1=8 =0
: sin &
=lim dim ——
¥l (I+2) f=0 4
ce ['.'lim 5”19:1]
(1+2) a0 g
_1
3
= lim—sTI:x_U:l
ol txs2 B

=0 we have

e s1n|:x—1) - s1n|:x—1)

¥—=1 Iix_'l) ¥—1-00 [x_'l:]
Ifwe compare this with

im 08 _1 Then 9=x-1
] 5




So we have

lmsm[:x—l:]: - sm(x—l)zl
=1 ICX—]:] E=1=0 (X-l:l
So
1 -1
i BB g T sy
w=lxl4x=-2  #l(x+2)
1
C(1+2)
o
3
i ms1;1|:x—l) _l
wha fwnm20 13
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In order to find the 99% denvative, consider the function.
flx)=smx

To determine first few derivatives of the function £(x) =sinx, use following formulas.

i{cosx}:—sinx and i(si.nx}:{:vc:'sx
dx dax

f'(x)=cosx

f(x)=—smnx
S (x)=—cosx
F¥x)=sinx

Vi (x)=cosx

Notice the pattern that a successive denvative occurs 1 a cycle of length 4. The

successive dervative f (] (x) =sinx occurs when 7 1s a multiple of 4.

The number 96 1s the nearer to 99 which 1s a multiple of 4.
Therefore, it can be concluded that £ (x) will also be equal to sinx .

f('!;Hsj (x} =smx

To obtain the 99th derivative of f fx:l . differentiate three more times.
I 4 (x} =CosXx
o {x} =—sinx
F#(x)=—cosx

Therefore, the 99th derivative of sinx is.

2
F{smx) =—COSX|.
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Chven function 15 xsinx
ilixsin x) = xi[sin x) +sin xi(x)
x .
=zxcosx+sin x

2

dxg I:XSln X:] xl:xcosx i1 X:]

= %[xcos x)+;;x[sin x)

= x[:— sin x:l—i-cos x+cosx

=Zcosx—xsinx



3
%[xsinx):iﬁcosx—xsinx:l
: o :
sl el
|: smx) dx[xsmx:]
=—2sinx—[xc:osx+sinx)

=—3snx—xcosx

4
%[xsin xj: di[—BSin X—xcos x)
x x

=-3cos x—[x(—sin x)+cos x:l
=—dcosx+zxsnx

5

j—j[xsin x)= i[—dl cos x+ xsin x)
x

=dsin x+xcosx+sn x

=Ssnx+xcosx

We continue like this we get
35

F[xsin x) =|-35sinx—xcos x|
%
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Civen function is y= Asinx+ Bcosx

: i : ) ;
Then differentiating both sides wort x, we get BE_ y=dAcosx—Fsnzx
%
2

— — ; d .
Lgain differentiating both sides wrt x, we get —f =y"=—Asinx—Bcosx
x

g y"+y'—2y=—ﬂsinx—Bcosx+ﬂcosx—Bsinx—2[ﬂsinx+3cosx]=sinx
=" +)y' -2y=(-A-B-2A)sinx+(-B+A-2B)cosx=sinx
Lo=34-8=1, A-38=0

-1 -3

= B=—andd=—
10 10

Az_—3 andﬁz_—1
10 10

Chapter 2 Derivatives Exercise 2.4

Seueeze theorem: if F[x)= g(x) 2 h{x)when xis near ofexcept possibly at o) and
lim f{x)=limk(x)= L, then limg(x)=1L

.sind ]
(a) welnowthat im=——=1 ... .. (1) and im—=10
=0 3 ooy
. |
So, wWecan write x —»c= -3
x
Eeeping this in view, consider lim xsin —
F—=w B
1
sin —
=lim x
l—}ﬂ 1
£ psi
x

; . . . sn : 1
Thiz can otherwize be written as lmé SR by assuming —=y
=l oy

siny_l

By (1), we get lim
=0 ¥

Thus, [lim xsin l =1
N I




(b We know that —1=sin# =1 for any real number ¢

; , .
Eeplacing zwﬂ:hl, we get —1=sn—=1
x

X

. : s
Multiplying throughout with x, we get —x = xsin—=x

X

x—=

Lo 1
Applying limit throughout as x tends to 0, we get lim (—x) Slim (x sin —] =lim(x)
x—=l x x—=0

1
=0 =lim [xsin—]f_f»l:l

x—=0

X

Bw squeeze theorem, we get lim(xsin —] A
¥—=0 x

Therefore, |lim xsin l =4

F—=rw x
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(A)

(B)

sin %

e have tan x =
Cosx

Differentiating both sides of the equation with respect to

e o [ sinx
—[tan x:l:—[ ]
i, &%

X Cos X

[c:os x) iI:sin x:l— [sin x) —I:cos x)

2 ax ax

] SECT X = 5
[u:c-s x)

[c:os x) [n:os x) - [sin x) [—sin x)

2
= sect x= =
cost X

2 .2

] cost x+sn” x

== e s —m 4 ——————

I
cos” x
2 1 2 2
Thus, sec’ X = —— [cos® x+sin” x=1]
cos” x
1
SEC X =
cos X
-1
Oy secx:[cosx}l

Differentiating both sides of the equation with respect to x

i[snau: % i|:|:-::-s Jr::l_1

e ger xtanxz—(cos x:l_zdi[cos x) [Chain rule]
%
= SEC xtanxz—[u:os x:l_z [—sin x)

sin x
= secxtan x =

Cos X

[Cuotient rule]



: 14+cotx
i sinx+cosx=

CEC X
Differentiating both sides with respect to x

ad .. d [ 14+cotx
—|:s1n x+cos x) =—
dx dxl cecx

I:csc x);i[l+cot x)—[l—i—cot x)di[csc x)

= (cos X—sn x) = fis - 2 [Quotient rule]

csc” X
:s (cos o x:l _ (csc x:l [—csc2 x)— [1 -:cot x) |:— cacxcot x)

Csct X

—csc’ x)— (14+cot x){—cot
5 (cosx—sin x)=( CsC x:l [ Co x:l( Co x:l
CSC X
; —CSsz-l-COtx-i-COth
= (cos X—=sn x:lz
cscx
= (cosx—sin x:lz BC Abpol AFeEs Al [Since cot®x=csc? x—1]
cscx

Thus, cosx—sinx= poiE=]

CEC X
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il

B

.4

Let r be the radius of the semicircle PTQ and h be the height of the isosceles
triangle.

Then by the property of isosceles triangle, we have “That bisector of an angle of
an isosceles triangle bisects the opposite side and 1z perpendicular to this side”™

In the figure ES iz the perpendicular to PO and P35 = 50 =r {radus of semicirele),
B3RO = ASRP=% and E3=h

Zince the triangle BESQ) 15 a nght angled triangle, we have

g 28,
2 SR
_.?"

P

== }ztang -1

Mow area of triangle POR =8 |:5':l = % base x height

ie B(H):%PQXRS

1
=—[2rixk
()

= hr

e B (9) =i tang From equation (1)



And the area of semicircle

A(g)= %mﬁ

2

= lﬂ'[}ztan E]
2 2
T 2 8

=Z b tan® =
2 2

Then

Hence |lim ——<=10

S
Amn
8
C

We know that formula
g
Length of the arc = ——x 2w
& 260°

Length of the arc 1z defined as=
S=r8 --- {1}
D 15 the midpoint of AR
a0 1z ightangled triangle.
by apply trigonemetnc sinangle formula

Where r 15 the radius of the circle and length of the chord 15 defined as

d = 2.rsin% - (2

Let

g
e

2
8—=>0gei—0"

oA £
lim —=lim ——
st 0t s1n|:,f)

. 1
=lim —
st s f

i

=%=1 {limsmgzl}

lim —=1
a0t
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kY

A e

.2
Formula, 1-cosZ2x=2smn"x
x

xl= = =
f[) J1—cos2x ngmgx J2sin x

VY.

12 345EF 78 910

X X

f[x):i

2sin x

05 8 76543
(a)

From the graph left hand limit 07 and right hand limit 0% exist and are finite, but not

erual
| 015 a ump discontinuty or step discontinuty‘

T
by I flx\= &
x=0t I: ) x—)ﬂ"'ﬁsinx
(0+4k)
k0.2 sin (0+4)
= Bt o [ o]
A0 2 sinh «,E k=0 zinh
1
. Right limit of ¥ at 01z —
g 7 NG
—x
It Xi=
x—:olil'f( ) =07 D e x
E=0. 2510 [0—}3)
. L
E=0 2 sinh
-1 h
T i Vol =
973 [ E=0ginh ]

; — s 1
. Eight hand limitat 015 —
2

. ) 1
left hand himit at 015 — —
o

ves, these values confinm our answer to part (a)|




