Exercise 11.R

Answer 1CC.

(a)
If a sequence {a,} has Limit L. then we write

lim a, =L
T

If lim a, exists, we say the sequence converges.
oY)

®)

(Jiven a series

7.a&, =a tayt+as+__ let s denote its nth partial sum
=l

n
5, =D G, =G taytaz+._ +a,
=1

Ifthe sequence {s,,} 1s convergent and lim 5, = s exists as a real number,
e

Then the series ) a, is called convergent and we write
=l

2,0e =6

=1

(c)

lim a, =3 means the sequence {a,}convergesto 3
PPN, )

(d)

2. a, =3 means the series 3 a, is converges and its sum is 3.
==l =



Answer 1E.

For checking the convergence of the sequence a, = 12+;33
+2An
‘We find the limit as » —c0_ If the limit exists then a, is convergent other wise
divergent.
244
lma_ =hm
S
. 241 L _
=hm dividing numbertor and denomiator byn?
o 142 [ ividing yo’]
0+l
0+2
=lima_= 1
l—)na. 2
Thus sequence a, is |convergent
Answer 1P.
We have f(x)=sin(x3)
. i x . o )
Since mnx=x—§+§ _____ [1) (15 Maclalmnsmﬂsformnx)
Then sin(x’)=% EESPE SU (2)
31 sl
This is the Maclaurin series for sin(x’)
B0 0
Coefficient of z"is ¢ = fIS(I ) SINCE €, = j!—(l)
I znl

Comparing with (2) we have

F20) _1
151 5l
:>j“5’[ﬂ)=%

= 7%(0)=15-14-13-12-11-10-9-8-7-6

= |7 (0) = 10897286400

Answer 1TFQ.
False
Ezample:

lim =l=ﬂ but Zlis divergent
3oz %

Answer 2CC.

(@)
A sequence {a,}is bounded above if there 15 a number M such thata, < Mforallz =1

It 1s bounded below if there 1s a number m such that »2 <a_forall =1
If it 15 bounded abowe and below, tht:n{a"} 15 a bounded sequence.



®)
A sequence {a,} 15 called increasing if g, <a,  forall #=1

It 15 called increasing if a, >a, yforallnz=1
A sequence 1s monotonic if it 15 either increasing or decreasing

(c)
Every bounded, monotonic sequence 1s convergent.
Answer 2E.

1
For checking the convergence of sequence a, =

10"
‘We find the imit as » —co, if limit exists then a, 15 convergent otherwise
divergent.
9!+l
lma, =lm—
=hm 9 i
=lim 9.{09)

2o

Since 09islessthanl so (09)° =0 as a2—c
Then lima,=9-0

=lima, =0

Thus the sequence a, 1s [convergent

Answer 2P.

Consider the function, £(x)= lim .

n—ai 'r

=Ty
If |_rtf:l dhen g<¥? <l
limx™ =0
-1
S0 X =I:mx.
(x) nx x2% 4]
_0-1
0+1

f(x)



If |x]=1thatimplies x=4] and 2 -] thatimplies y2* _|

. X -1
= f{x)=£ﬂxh+l
et
1+1
=0
If |x|>1 that implies y?5 1. limx™ =oo

R

2n I.

. X
. f(x)=5ﬂx1'+l




Therefore,

f(x)=1 ifx<-I
f(x)=0 ifx=-1
flx)=-1if —-1<x<l
f(x)=0if x=1
flx)=1if x>1

The above graph as shown as f is continuous everywhere exceptat x=-1,1

Answer 2TFQ.

Falze

e ZF 15 a p-series with p=sin1 <1, so the series 15 divergent.
=l

- . . .
The p-senes ZTIS convergent if p >1and divergent if p =1
=1 #



Answer 3CC.

(@ o
The geometric series

Za.r"_l —atar+ar-+.
=l
Is convergent if H <1and #ts sum 15
Sar =2 <1
=l l_r
IfHEl . the geometric series 15 divergent
(b)
The series of the form Z Lp 15 called a p-senies.
m=] #

It 15 convergent if p>1 and divergent if p =1

Answer 3E.
For checking the convergence of sequence a, = ] % =
+x
‘We find the limit as »# —3c0_ if imit exists thena, is convergent otherwise
divergent.
- 5
lima_=hm
l—}na! f = 1+.P!2

Dhiwiding numerators and denominator by o

lim a, = lim 1”
x

_ co

0+1

So limit does not exist

Then the sequence a, is

Answer 3P.
(A) wehavetanzazﬂ
1-tan” &
_ 2
Then 1[:01:215':M
2tan &
.2
Dot 0 #
tan &
2
=}2cot25'=L—taﬂ 2
tan& tanf

=2cot2f8=cotf—tan



Putting g=

| -

x x
Z2ecotx=cot ——tan —

x x
= tan5=[:c-t——2cotx

- - - - =+
Gi o T
VeI SETIES 15 Ez,.tﬂﬂz,l
#™ Partial sum
_tan(x/2) tan(x/4) tan(x/8) tan(x/16)

1 1 1
=8, =— [:otf—E[:otx +— [:Oti—zcoti +- cot£—2c:ot£ +.
2 2 4 4 2] 8 [ 4

+ +%(mt(x.-"2')—2cot(xf 2"1))

1 x 1 x 1 x 1 x 1 x
=|—cot—ocotx|+| —cot——cot— |+| —cot —— —cot— | +.._._._.
2 2 4 4 2 2 A 2 4 4

________ [cot(;-"?')_ cot[;ilzﬂ)]

cot(x.-"Z')
>
cﬂt(x:’ 2')_ cns(x.-"E') B ms(x.-‘?') (x.-"E')

Bytelescoping sum =5, =—cotx+

o T Fmw?) x (a2
_— Hmcot(x.-"f):]jmms(xff)_ (x.-"Z')
e DT e g sin(x/2")
1, (x127)
x"“’sin(x.-"Z')

Let xf2*=89 then >0 as B —0m
cot(x:"E') 1 g

So lim———~=—lim ——
3w 2 I'_’uﬁlﬂg
14
x

Then lims, =—|[:<:~t1r+l

o x

Sum |[s=——cotx
x




Answer 3TFQ.

True

Since any subsequence of a convergent sequence is also converges to the same limit
{@2.u} is a subsequence of {a,}

Since if # —co then2z+1—c0

So, lima, =hm a, 4 =1L
ns0 n-00

Answer 4CC.

lima,=0 and lim 5, =3
R3©

Y

Answer 4E.

We have a, =cos (w7 /2)
lim a, = lim cos(n7r/ 2)

When n 15 an odd number, cos (Jm'.-' 2) =0
And when n 15 an even number,

The walue of cos (mr.-" 2) oscillates between -1 and 1

So cos [mr.-" 2) does not tend to a iz number
Then lim cos (mn" 2) does not exist

So the sequence a_ 1s w

Answer 4P.

Let {P } be a sequence of points determined as shown in the below figure.




Let, |[4B|=1,|P.P_,|=2"" and 4P P , is aright angle.

_|RE.|

So. an(£FAF,.,) 4P|

and 4P, [ ~|4[ =|RF..f

And we can write |_,.|‘F:|2 _|,,qp;|2 in the following form.

|4P.[ ~|4R[ =(j4P,

AR )+ (AR | 4R ) . +(|4R] |42
- |E-—l‘p-'-f +|P.P., |: +m+|P_;f;|3 +!F,‘.ﬂ5|2
= (2“2 )3 +(2"5)= +..+(2) +(1)

=270 4 2 4441

=47 +4"7 4 +4+1

=l
='|14__|I Since by geometric series formula.
2 » 4" -]
AP| =|AP| =
| "l | 1| 4_I
» 411 2
jarf =L =14 |ap)
=1
=4 _I+1
3
_4""+2
-3
4P| = 42




To find Ii_{dn.{ﬂdP“, .
|'F:I'F:H| y
42|

- lim mn-'l(lﬂ n+||

limZP AP, = lim mn“[
r
b

=

=limtan™ | —x———=
A= L l 4l'|+1

= limtan™' x

21‘—' Ji

= limtan~' lx
Jf‘"“ (1 + :_])
L

Solve the above equation.

_ } V3
_!I_Etal'l | " XT_,J[I_F‘:_EI]
- timan |

: ]"'4.4]
s
(1+0)
- ()



Answer 4TFQ.

True
(Fiven

a4y =, (6)"
Since the series 1s convergent by the Ratio Test we must have

Gadl | _ 6Cnn <1
a | [ |
= [Cenf 1
c, | ©
Letd, =c, (—2)"
Then |22 - |2=af 1 4
b, €y | 3

5o by the Ratio Test the series ch [—2:]"l 15 convergent.
Answer 5CC.

(a)

The Test for Divergence:

If lim a, doesnot exist or if lim a, # 0, then the series 1s divergent.
T @

(b)
The Integral Test:

Suppose I 15 a continuous, positive, decreasing function on[1, o)
And leta, = f(#). Then the series

Zaﬂ 1s convergent if and only if the improper Integral _[ F{x)dx 15 convergent
1

(c)
The Comparison Test:

Suppose ' a, and 3 &, are series with positive terms.
(1)If > &, is convergent and a, <&, for all n, then )’ a, 15 also convergent.
(2)If > a, 1s divergent and a, 2 &, for all n, then 3 a, 15 also divergent.

(d)

The Limit Comparison Test:
Suppose that

2.4, and >’ B, are series with positive terms.

If lim % =¢ where c 15 a finite and c>0, then either both series converge or both
ryo

diverge.



(e)

Alternating Series Test:
Ifthe alternating series
D b, = b by by by ths—bg .. B, >0
=1
Satishies
(0 b,y =&, foralln
(i) lim &, =0
o,

Then the series 1s convergent.

D
The Ratio Test:
(D If lim Fut | 1. <1, then the senies Zaﬂ 15 absolutely convergent.
3| a, o
{and therefore convergent).
{n) If 1im ‘ﬁ =L>1,0rlim ‘ﬁ‘zm, then the series Zaﬂ divergent.
ol a, ol a, ]
{11) If 1im . § 1, the Batio Test is inconclusive: that 1s, ne conclusion can be
3| a,

Drawn about the convergence or divergence of Z a,

(g)
The Eoot Test:

Iflim = = I <1, then the seni is absolutel t.
(1) nﬂm n the series Eaﬂ 15 absolutely convergen
(and therefore convergent).

u) I[flim 2 =L>1l,orlim 7 =00, then the ser di t.
(1) nﬁ\m ornl—?;l\m n the series Eaﬂ vErgen

() If 1im M =1, the Root Test 15 inconclusive: that 15, no conclusion can be
R, )

Drawn about the convergence or divergence of Z a,
Answer 5E.
zsin 2

e +1

‘We have a, =

n .
=&, = _sina
n +1

Taking himit as # —co
. . # _
lima, =lm lim sinz
l—}nal 3o HJ +1 (l—m- )
Since —1=snxn=1 forall valueofn
So sin n tends to a finite value between -1 and 1, but sin# doesnottend to a
fized walue.




Answer 5P.

To construct a snowflake curve, start with an equilateral triangle with sides of length.

In the construction of it, divide each side into three equal parts, construct an equilateral triangle
on the middie part, and then delete the middle part as shown.

Repeat the above process for each side of the resulting polygon.

(@)

Let s . I .and p_ representthe number of sides, the length of a side, and the total length of
the mth approximating curve respectively.

At each stage each side is replaced by four shorter sides, each of the length % of the side
length at the preceding stage. Writing s, and [/, for the number of sides and the length of the
side of the initial triangle.

We generate the table as shown.

Sides | Length
5, =3 I, =1
5,=3-4 | =13

5, =3-4 |} =13
s, =3-4 |1 =1f3’




In general, we have
s, =3.4" and ;_ = [l]
3

5o. the length of the perimeter at the 5% stage of construction is

pl = SII.

o)
Ay
= nofl

(b)

4 "
limp =lim3-| —
l-|-:|:'p.I nl-n: [3]

m-1
- 4-[5]
e 3
4

n—l
=0 Since:—}l,[i] —3a0as 0 —» W
3 3

(c)

The area of each of the small iriangles added at a given stage is one-ninth of the area of the
friangle added at the preceding stage.

Let a be the area of the original triangle.

Then the area g, of each of the small iriangles added at stage n is

a =a-i
: 9"
a

9"

Since a small triangle is added o each side at every siage. it follows that ihe total area A,
added to the figure at ,,® stage is

A =5_,-a

=Tl L
9
4J|—'|

’ 321

=4

Then the total area enclose by the snowflake curve is
A=a+ A+ A+ 4, +---
4 &
=a+a-§+a-—+a-—+a-—+---

3 3 3



After the first term, this is a geometric series with common ration E

So
all
A=ag+——
4
e
9
a9
=g+—-—
35
_8a
5
But the area of original equilateral triangle with sides 1 is
1 . 3
a=—-1-sin—
3

I
Ml

Falze
Ezample
P
e
a6"

15
Then D¢, = Z% is convergent, but >’ c, (-6)" = Zl 15 divergent.
o 2

Answer 6CC.

(@)
A series Z a, 15 called absolutely conwergent if the series of absolute values Zlaﬂ |is
=1 =1

convergent.

()
[1a]

If a series Z d, 15 absolutely convergent then it 15 convergent.
=1

(c)
A senes Z a, 15 called conditionally convergent if it 15 convergent but not absolutely

=l
convergent.



Answer 6E.

In
Jn

Taking limit as # —>w
lu:na! ]11:|:11ﬂ—'l'I
e

‘We have g, =

This 15 the form of L 50 we use L-hospital rule

oo
d
ik —(lnx)
lu:n——hm 7
E—a x T
Z )
_ 1/x
=1/ 2%
i
3o x
S0 [ima, =0
And then the sequence a, is M
Answer 6P.

Find the sum of the series

1 1. 1. 1.1 1 1
I+=+=F=t—F=F=F=—+--
2 3 4 6 8 9 12

Here the terms are the reciprocals of the positive integers whose only prime factors are 2s and

35

Suppose that §=1 +l+1+l+l+l+l+i+
2 3 4 6 8 9 12
Since the terms are reciprocals of the positive integers whose only prime factors are 2s and 3s,
we write the series as
= X ]
5=
>y

=i} m=10

_Z( I s+ I =3 l =+ l +---]Expand the summation over m
2"x3" 2"x3' 2"x3 2"x3
v v o
T 2%x3% 2%°x3 2°%37 2°x3?
1 1 1 1
Tx3 2x3 2x3 2xF
i ] I , Expand the summation over n
t o ata ataa a2t 5t
27x3 2xI 2x3I 2x3
+ ] + : + ] - : %
ESKJB 23)(31 23)(33 23:(35




Continuation to the above

1 1 . 1 . 1 .
2! z' x3 2'x3 2'x¥
1 1 1 1

>

rd |+ 2 "I+ > 5+
2" 2’x3 2'x3 2°x3
+—+ : - : + I -
2 2’x3' 2x3' 2'x3

( L ] {1 11, ]
l+=—4+—4+—+- |#| =+ —+—+---
3 3 3’ 2 2 2’

+|1]+|l,+,ll+,l,+lli+ ,I|+
2x3 2xF 2x3 2x3 2xF 2x3

1 1 1 I 1
=(1+3+3—3+3—3+"-]+[E+2— —t- ) zzsz}.

p=l o=l

+

Continuation to the above

1 1 1 11
S=[l+3+3—]+?+"')+(i+? ] ;qznzpﬂ 31"
1 1
27T 2’ ) ;srz“szr

11 1 11 1
=l l+—+—+—+- |+| | |+ =4+ —+—+--- | =]
[ 3 3 3% ] [ 2 22 ] ] Zzz*’xr

P"—"rﬂ

= - -1+ S
LA 23
3 2
_—+{2 l)+—5

|_.
3

=§+l+lS
2 6



Answer 6TFQ.

True
(Fiven

ay =y (6)"
Since the senies i1s divergent by the Ratio Test we must have

a, Cu
= |Cen5 1
c, | ©
Let b, =c, (10)"
10¢
Then (28| |M0af 10,
b, €n 6

So by the Ratio Test the series Zc:n [lﬂ)n 15 divergent.
Answer 7CC.
(a)
Eemainder Estimate for the Integral Test:
Suppose f [i::] =da; , where £ 15 a continuous, positive, decreasing function for x=»nand

2 d, is convergent.
=

If R =s5-s5,
Then

| 7z <R, <] f ()
rH n



®)
Eemainder Estimate for the Comparison Test:

If we have used the Comparison Test to show that a series

L14] [14]
Z 4, 15 converges by comparison with a series an . then we may be able to estimate
=1 =l

the sum Z a,, by comparing remainders.
=1
‘We consider the remainder R, =s5—5,=a_,; +a_ 5 +...

L1 4]
For the comparison series Zb,, we consider the comesponding remainder

=l
L=t—ty=by topp +..
Since a, <b forall n, we have R, <7

(c)
Remainder Estimate for the Alternating Series Test:

If szZ(—l}"'—l.-bJl 15 a sum of an alternating series that satisfies & ; <b and lim & =0
3w
Then
|Re|= 5= 5| <2

Answer 7E.
We have a, ={(1+3/2)")

lima, =lim {1+3/)"

4
Let _}r=(1+§)

x
Taking loganthms of both sides
In y=4xln [1+3.-"x)
Taking limit of both sides as x —co
limln y= ]im4x]n(1+ 3 x)
In(1+3/
= pon 3 2]

e 1/4x

This 15 the form of % 50 we use L-Hospital rule

1 2
limn —h‘mtlﬂ"x)(_yx)
S —(1142%)

. 12 12
= hm —
e (143/x) 140
=12
Then limlny=12 so  limy=e"

- _ n -
Thus li_}ﬂial =e"| sothe sequence a, 15 w




Answer 7P.

(@)

()

Let g = arctan x and & = arctan y .

Then tan(a—.b):

tang —tan b

l+tanatand

B tan (arctan x) — tan ( arctan y')

a 1+ tan (arctan x)tan {arctan y)

£—¥

=1+.7|:_'),ir

Now, arctanx —arctan y =a — &

= arctan I:tan (a —E:-:])

From part (a), we have

arct

120
e
119

e sogrcban, T &
1+ xy

Since

120 1
119 239
120 1
14222
119 239
28 561
28 441
258 561
28 441

- Ik <a—h -::E
2



(c) Eeplacing y by — ¥ in the formula of part (a), we get

x+y
arctan x +arctan y — arctan ——
1-xy
1 1 1
So  4arctan —= 2| arctan —+arctan —
5 5 5
1 1
.
= 2 arctan S
11
1= .2
55
=2rm:1:a1:1i
12
5 5
= arctan —+ arctan —
12 j
5 5
212
= arctan —% %
N
12 12
120
= an ——
119
Therefore, from part (b), we have
1 1 120 1
darctan — —arctan —— = arctan ——— an ——
5 239 119 239
_'I[
4
{d) ‘We have
r © @ =
actamnx=-x——-H"+——"-—-+——~++4+__.___.
3 5 7 9 1
1 1 1 1 1 1 1
So arctan — =

—————— b —— A ——— +..
5 5 35 55 75 95 115!

This 15 an alternating series and the size of the terms decreases to 0, so by the
Alternating Series Estimation Theorem, the sum lies between

55 and s, that 15 0.197395560 < arctan% <0.197395562

{(e) From the series in part (d) we get that
arctan L = : - 1 + : =
239 239 32390 5239

The third term is less than 2.6x107 . 50 by the Alternating Series Estimation

Theorem, we have, to nine decimal places, arctan ﬁ = 5y 0004184076

Thus 0.004184075 {arctanﬁ < 0.004184077



(D) From part (c), we have that ‘,Il:=llt'::ar[:tanl—‘ﬂlar[:tani

239
So, from parts (d) and (e) we have that

16(0. 19?395560) — 4(0.0041840‘??) <m<16 (EI. 19‘?395562) —4 (0.0041840?5)
=3.141592652 < <3.141592692
So, to 7 decimal places, = 3.1415927

Answer 7TFQ.

Falze
twa L
iy 3
1
au| |+1) 1
Then |-—|= = 3—}1
“E | ()
" #

So Ratio Test cannot be used

Eatio test:
(1) If hm Ge1 =L<1, then the senes Zan 15 absolutely convergent
rw an =1

=1=10or lim

B

(i) TF lim |22
S %

anl-l\=m
=

then the senes 3’ a, is divergent
w1
Gii) If lim ‘E‘ =1, the Ratio test is inconclusive
f o d ] an.

Answer 8CC.

(@)
The general form of the power series 1s

2 cp(x—a)" =cg +ey(x—a)tep(x— ar’+..
=l

()

Ifthere 1s positive number R such that the above power series converges if |x—a| <Rand
diverges 1if |x—a| > R then R 15 called the Eadius of convergence.

(c)

The interval of convergence of a power series is the interval that consists of all walues of
% for which the series converges.



Answer 8SE.

e o GO

zl

limla_|:]imﬂ

3w H!
Both numerator and denominator tend to €0 as 2 —co_ but we can not use
L-Hospital rule with =l

‘We expand 1t

=TI

10 10 10
—hm( ] hm[ )li.m (—) ........ ]im('lﬂ)
rw F 3w B — 1 B H_E o

hm( L ] hm( 1 ]———]imlﬂ
i 1) ==\n-2 2w
= |hma, =0

So the sequence a, I's

Answer 8P.

I
=

(a)To show that for xy =1,

xy+1
arccm.r—arcculy=arccm
x=y

4
Thatis. cot™ x—cot™ y= cot™ [L‘] ...... {1}
x=y

Let cot'x=a = x=cota
and cot”' y=f= y=cotff

cotacot f+1

Now the formula of cot(a— )=
cota —cot §

The above formula can be written as

a_ﬂ=mt_.[mtamtﬁ+l]

cota —cot ff

Substitute the above conditions in { E)

cot” x—cot™ y=cot™ ["TH ]
x—y

r+1
Hence |cot™ x—cot™ y=cot” ("} ]fs:-r el
xr— }’




(b)Consider the series
i:arrmt(nz +n+ ]]
w=0

If @ =arccotx and f=arccoty for some x,y>(.then the subtraction formula

cotacot f+1
cota —cot §

cot(a—f)=

. ) 1
Provided that arccot x —arccot y 5% LE., arecotx = EFCCUI(—]
y

1
Which is equivalent to x2=— and hence equivalentto xy>1.
F

Verifying that xy > 1

Using the previous equation to computie the first few partial sums,
arccotl =arccotl
arccot3—arccot]l =arccot 2

arcmt?—[an:'cm?n—arrcoll} =grccol T—arccot 2

=arccot3

And guess that Earcmt(nz +n+l} =arccot(m) forall pm>1.
=i
This is easily proved by induction on m.
im‘cmt(nz +n+|) =ﬂ!‘[.'ﬁﬂl(m2+m+l)+ilﬂﬂ_'mt(ﬂz +n+l}
=0 a=0

=m‘r¢ﬂt(mz +m+ I)+an:‘l:ﬂt{m)
_ (m'z +m+]]{m)+l

m +1
_ (m+1)(m’ +1)

2
m” +1
=m+1

Therefore, iamml(nz +n+ 1] =m+1
=0




Answer 8TFQ.

True
1
Let a, =—
2!
1
+1)! 1
Than |22 |- A1) = —0<1
1 #+1
zl

So by Ratio Test the given series 1s convergent.

Ratio test:

) If hm =L<1, then the senes Zan 15 absolutely convergent
| ay

Gi) I tim |22 =11 or lim @{:m

then the senes )’ a, 1s divergent
rl
(i) IF lim |22
F ol ] ‘In_
Answer 9CC.
(a)
Ifthe power series is ch {x—a)" has radius of convergence R>0, then the function f
=1

=1, the Rat o test 15 inconclusive

defined by
Fx) =2 cp(x—a)" =cg+e(x—a)+ey(x— a’+...
=1
15 differentiable {and therefore continuous) on the interval (a— Ra+ R) and

£ =§‘,m:,, (x—a)" =g +2c,(x—a) + 35 (x—a)’ + ..
=l

The radius of the convergence of this power series 15 E_

®)
Ifthe power series is ch {(x—a)" has radius of convergence & >0 , then the function
=1

f defined by

F@) =2 cp(z—a)* =cp ey (x—a) +e; (x—a)’ +...
n=l

15 integrable (and therefore continuous) on the interval [a— Ra+ R) and

(x—a)™

[rm= C+Z‘, i

=Cteg(x—a)teg 5

The radius of the convergence of this power series 15 K

(x=a)f , (x-a),
2



Answer 9E.

Assume that a,; <a, <2 -0
Forn=1 dy <y <2
=a;+4 <aq+4 <244

=1(g,+4) <1(g+4) <1 (2+4)
3 3 3
= a <a; <2 Since a!ﬂzé(a. +4)

:::1{2-::2
3

So the statement (1) 1s true forn=1

Assuming that (1) 15 true forn=k
So dy y <dp <2
=g, +4 <a, +4 <2+4
1 1 1
:E[a,_1+4) -::g(aJrL +4) {§[2+4)

=day, <dg,; <2 sottistrue for n=ktH1
So by mathematical induction
a, <d ., <2 istrue poralln

Since {a,} 15 an increasing sequence then

d, <dya
Then lma,=lm a,,=71L (Zet)
Thean L=%(L+4)

L 4 2L 4
=f-——=— = —_—=—

3 3 3 3
=2L=4

Then |hma, =2| and so the sequence a 15 conwvergent




Answer 9P.
Consider the power series
an_r"
=]
Its need to find the interval of convergence and its sum

al‘*l
[}

Consider lim

=k

lim Ihl = lim
B ,ﬂ-. B

1'5113(1+l
. n

= lim -
m—sx mx"

[I+i)]r|
=|(1+0)-x]
=i

Thus Jlim |—=: =|_),—|

Fo e a'

=lim

L b8

By the Ratio Test, the series » a,x" converge if lim

LB o

al"'l-l < 'l
Hn

By the above fact, the given series converges if
|_II <1
This means that given series converges if |x] <1 and diverges if |d>1.
That is the radius of convergenceis R=1
As xl<l & -l<x<l]

So the series converges when —] < y <]and diverges when y<—-]0r y=1



The Ratio test gives no information when |r| =
1::} X= l Enﬂ X= —1

So we must consider y=-—] and x =]separately

If we keep x=—]in the series ) 3"x", it becomes

>3 () =23

which is divergent series.

The Ratio test gives no information when |r| =
< x=]and xy=-1

So we must consider y=—] and y =]separately.

If we keep x=—]in the series ) 3"x", it becomes

>3 () =23

which is divergent series.
Answer 9TFQ.

False
Using comparison test, the given statement 1s false

The Comparison Test

Suppose that 3" a, and 3, are series with positive terms
(i)]bel 15 convergent anda, <&, forall n, ﬂlmZa_ 15 also convergent.
(U)X 3’2, is divergent and a, = &, for all n, then}’a, 15 also divergent.

Answer 10CC.

(@)
Expression for the nth-degree Taylor polynomial of f centered ata:

)
F(x)= z‘, ("‘3'-: —ay

)
- fa )+f @ G-+ +

(x—a)+

2@ 2@,
21 »l

(x—a)”



(b)
E=pression for the Taylor senies of f centered ata:

n)
7= zf( ) (x-ay"
) (2)
:_}"(.c:}+fal::ﬂ:l (x—a)+f zl(a) {x—a)?' +...
(c)
Ezpression for the Maclaurin series of f centered ata:
®)
)= Zf‘ (n)x,,
) 2)
=J’{I3l)i+f(1 © x+f( O,
11 21
(d)

If 7(x)=7(x)+R (x),where T is the nth-degree Taylor polynomial of f ataand
lim R (x)=0 for |x—a| < R, then f 15 equal to the sum of its Taylor series on the interval
n3m

|x—a| <R

()
Taylor’'s Inequality:

If |j"“ (x)lEMfor |xr—a|<d thenthe remainder R,(x) ofthe Taylor series satisfies the
inequality
IR, (®)]=<

- _H}le arﬂforlx al‘f:d

Answer 10E.

L'Hospital's rule:
Suppose f and g are differentiable and g’{_r} # (0 on an open interval [that contains a.
Suppose that ,
Ei_l;l:_f(.t] =0 and li_l:j'l"g{x] =0
Or that
iIi_Tf[,t] =+x and limg{x} = oo

Then hm f{ )

if the limit on the right side exists.




=

Recollect that

if limf(x)=L and f(x)=L and f(n)=a, when nis an integer, then lima, =L

Consider the limit, limn'e™

R

-
. n
4 - &
limre™ =lim—
X ﬂ‘h?:fn

3

= lim4i" By L'Hospital's rule.

o= o
. 1207 : . o
=lim——  Again use L'Hospital’s rule.
L i -
. 24n . . o
=lim—— Again use L'Hospital's rule
n—sT E
. 24 ! :
=lim—  Again use L'Hospital's rule
L]
=0

The below figure it seem that 242" = ] but %" < (.] whenever 5 >12
Therefore the smallest value of N correspondingto g=).]

The definition of the limitis N =12

f (x):x4e_x

=




Answer 10P.

Consider the following:
a,+a,+a,+-+a, =0 (1)
At k=1

a~Nn+k=a-n+l

=an+l

=0 From(1),a, =0
Hence, it is true.
Al k=2
a~Nn+2=ann+2

=0 From (1), @, =0

Hence, it is true.

MNow, to evaluate lim(ﬂn\"; +an+l+a, n+2 44 a, Jn+k} . follow the steps:

A—E

lim (g, +a,Jn+1+a,Jn+2 +-+aln+k)
= lim(a,Vn + an+1+an+2 +-+(-a,—a, ——a,, )n+k)
‘ %(J:_:—JM}+¢,{JH+I —Jn+k)+-u
s +a,,(\fn+(k=1)-Jn+k)

=Iimau(ﬂ—{n+k)}+]ima|(n+l—{n+k}}+m
= Jn+dn+k = JIn+l+Jn+k
+]ima,,_,(n+{k—l]—{n+k)}
—pas Jn+[k-l)+wfn+k

P S | Und.) B a;..(1)
>=n+dn+k  ==In+1+dn+k e Jn+(k—1)+n+k
_ ﬂok +al{1_k)+...+f_!'_:!_
aD aD a0
=0

Hence, it is proved.



Answer 10TFQ.

=1+x+x2+..
Radius of Convergence R=1.

)
Ex = Zi
Fu.i'!!
=1+5+ﬁ+
1 21

Radius of Convergence B=vo.

(©)
= g
nr= L O

¥ x
=x——+—+_
31 5l

Radius of Convergence E=vo.

(d)
o ; Izn
COSX= Eﬂ( ) p

2

_+_
21 41
Radius of Convergence RE=vo.




©
L= e

1 - _1
P P e

£ x
=x——+—+__.
3 5

Eadius of Convergence E=1.

®
l(+0)=3 )X
= M

2 2
=xr——+——+__

2 3

Radius of Convergence E=1.

Answer 11E.

A
Seres 15
E:PH

‘We use comparison test

) 1 1
Since =
i+l n
2 »” 1
= ==
i+l 5 B
»n
If - and = 1
ST =
Then a, <& for all »

Now 3’ bh, :Z% 1s a p-series with p = 2>1
2-0 ]

So series ) b, is convergent then
=0

15 also |convergent

By comparison test series 3
=1

M
7 +1




Answer 11P.

Consider the series
- 1

>n [ 1- —,)

Its need to find the sum of the series

On rewriting the given series, we have that

$2(-3)- 24

w=Z m=2 n

(2t

-5 )e(=2)]
-$[1-2)m(1+2]
(gl grlien(eg)e o)
m[l+ﬁ]+m(l_i]+m[l+ﬂ+...
Syn(1-5z)=ta(3 )+ (3 )3 )em(5) e+ (5 )+
(2 n( 22 222
(5} () ()
e
:hg)+,}gj-%j+h : ,/%j
-u(3)

Thus ;'“["%)z ln[%]




Answer 11TFQ.

True

As n —>co, the value of o are tends to 0.

The sequence [r'] 15 convergent if -1< <1 and divergent for all other values of

. . |0 if-1=sr <l
limr = ]
1ifr=1

E ol ]

Answer 12CC.

Ifk 15 any real number and |x| <1_then

(1+x* = f‘, [:Jx"

=i
EE-1
ke ED 2

Eadius of Convergence R=-1_

Answer 12E.

Given series 15 ZE
“~ 41
Dominant part of the numerator 1s o
And dominant part of the denominator is n°
2
Sorweake dy= Tt

¥ n

Now we use limit comparison test

7 +1
3
Boh 2w lfp
—]im’i_l_n
=y +1
o 141A _40_,
e l4lin 140
So lim2x=1>0
l—}nbl
And since Zl 1s a divergent p-series withp =1
17

RIS :
Then the also |di t
athe sries 33271 st




Answer 12P.

To balance a book on the table, the center of gravity of the book must be somewhere over the

table to achieve the maximum overhang. and the center of gravity should be just over the
table’s edge.

Assuming the book is one unit in length, the maximum overhang achieved is luniL

For two books, the center of gravity of the first should be directly over the edge of the second,

while the center of gravity of the stack of two books should be directly above the edge of the
table.

The center of gravity of the stack of two books is at the midpoint of the books overlap, that is,

2 4

The maximum overhang possible d, for nbooks (without the stack falling over) is half the nth
partial sum of the harmonic series.

| Ay
d =% =
'Eg.:k

The overhang in case of five books :_[|+_+_+_+_]

I
=5(228333)

=1.14166
>1

Therefore, no part of the top book is over the table.

Answer 12TFQ.

True

Since we have

I 22,
=2 o[22 e

Z Ia,,l is divergent by comparison test

The Comparison Test:

Suppose that ) a, and 2 b, are series with positive terms
(1)If 25, is convergent anda, <b, forall n, then} a, is also convergent.
(1) &, is divergent and a, = &, for all n, then) g, is also divergent.



Answer 13E.

Series 1s iﬁ
il

We use ratio test
[~ 3
+1
lim [724) — 1im Mi
=D al = 5I+ H
. 3
 lim n+1) l
ol 5
3
_ l_hm[l-l_”'u)
5 e 1
1 (1+u]3
501
tim Z22f = L o

Then |3} i [:ﬂnvergesi by ratio test.
—_

Answer 13P.

{(a)The graph of the function f (x) =¢ sinx, x= 0 intersects the z-axis an infinite
number of times at x= (k—l)ﬂ' k=12, . The volume of the »* bead can then be found

s’

vo=x | [£(3] &=

(=D=



I E_j_l [1— Cos (21)]dx

(=D=

=[g T e_j_ldx]—[g T o [cos(zx)]dx]

(x-D= (=)=

SIE

In first part plugin u = s

|

To calculate the second integral we carry out integration by parts:

T _' cus(Ex)-:ix
(=)=

I [_ ]cus[zx)dx
(=1

[_ y] COoS (2:{) - [.Jll,[ﬁ] ([:us (2 I)) ax



—xx = D= =
| |eos | o eos2tr-1)+2 T | 5 i (2
I —}é (D= _}é
' -z 4
-ax Al T (2)
=—% 3 4+% 3 —-10 sm x
(x T _}/
= =E
zjeT(E?_l]_m f_j sin(Ex) - Tj (sin(27)) as
}é) (= e A

=i S ;l;¢ =
=57 |e’-1|-10] - sml:lmr)+ll] —3 sin(2(n—1)x)-100 _[ e? cos(2x)dx
\ / / A (=)=
—=x & = e e
=5¢ 7 [&3-1[-100 [ & cos(2x)dx
% A I=1)=
Then
| 7 cos(2x)dx=5¢3 [523 1} mnj 3 cos(2x)dx
(=D (D=

.!.

| &7 cos(2x)dx+100 j S cos(2x)dx="5¢ 3 [593—1)
(x-p= (x-p=

101 | &% cos{2x)dx= 5073 | 5% - 1)
D

o

= [

cos (21)&1 = i 5 [5&5 1)
(=1 101

Using that expression in the equation for ¥, gives:



Then
oSy =3 B0
el 11

o= N a —=x
=25 Ky E?—l ZE‘ 3
)5
250 2 Y., &
=275 1@2&
101 | o
=297 5 1] kim
101 Feo
RN
:_25ﬂir 1-lim|e3
101 | &+

101

250




Answer 13TFQ.

True
Since the Maclaurin series 1s

@ An)
1@-3 L0

= Ix—x2 + f" f{n](ﬂ)x"

nl
3)
20 5_1 1
3
now comparing coefficients of z
3)
31 3
= 7G(0)=2

Answer 14E.

Series 1s Z 5}%

This 15 an alternating series so we use alternating series test

here Z( 05, = ZE!L
=b, =

1,-‘?: +1

Cleary it 15 an decreasing functionso &, <&,

1
z+1
_ U+dn
=lim =
H‘*ad'i+1.-'n

=1lima, =0

How 111:|:1.-!1'l lu:n

Then by alternating series test the series Z

@)
> —




Answer 14P.

Consider the expression

Its need to evaluate the expression for P >1

On rewriiing given expression, we have that

1 1 1
1+—+—+
EP 3? 4?
1 1 1 1
G
1 1 1
1+ -
_ 27 3 4
- 1 1 1 1 1 1 1 1 1 1 1
4+————-—= i i o ol s
p Lo LA LA LA LA LA LA N O
1 1 1
l+—+—+
_ 2!’ 31’ 4}-"
[ 1 1 1 1 ]2 2 2
I+—+—+—+—+ |- ——— —
Z.P 3}’ 4!' SP 2}" 4!' EP
1 1 1
1+
ZP 3? 4?

1+ : 1
2? 3? 4? _ 2? 3F 4#‘

B 1 . 1 B 1 ; 1 1 1 1 2 1 1 1
iy ottty [ty t



Suppose that §=1 +L+L+ L+
2!‘ 3.F" 4?

Then from (1). we have that

I+ —+—+—+---
P P 4P B 5
1 1 1 - 2

|—27+3—F—F+“' [S]_I_F{S]

S
5[1-2)
ZF
_ 1
2
1_2”
ZP

T ar g

Hence

I 1 | 1

+2"+3"+4’+m= 27
1. r 1 222
2F 37 4°

Answer 14TFQ.

Falze

Exzample : Let a, =z#and b, = —»
Then both {a,} and{4,} are divergent but {a, +5,} ={0}is a convergent sequence.

Answer 15E.

1

R b

Series 15 i
=2

: ) ) 1 . : )
Since the integration of 15 very simple so we use integral test
xflnx



1

We find j" dx
2 rflnx
Let Inx=¢ then ldx:d.t
x

And ¢ —>co as x —Soo, when x=2 (=2
e 1 _ 1
:>L mdx:}hﬂﬂﬂﬁcﬁ
-tm[2],
=£E[2,E—2JE]

=G0

Since ]" Z

y dx 15 divergent

x+flonx
1

M

So the series 15 also |divergent
2-2

2

Answer 15P.

If [ is the length of a side of the equilateral triangle, then the area is given by the following
relation:

fl=lx£xh"
p !

Here, pH is the height of the equilateral triangle.

2 2

[~



From the above triangle, Use the Pythagorean Theorem and solve as follows:

H+(L2) =

>m=p-L
4
2
Thus, area of the Equilateral IITEHQIE is calculated as follows:
A= l x I x ﬁ L= £ :

4

F=—4
R

Let » be the radius of one of the circles. When there are m rows of circles, the radius in terms
of length can be calculated as follows:

brr 2r 2 T \fr
I L |

L= ﬁr+r+(n—2){2r)+r+ﬁr
=r(2n—2+2£)
L

So, ' 7 1

2(n+3-1)



The number of circles is calculated by using the following summation:

I+2+3+---+nr=M

S0, the total area of the circles is calculated as follows:

e H{ﬂ-i—l)xrz
: 2
_ I'I'{H-!-l}x I?
2 4n+ J.':_'—-i)z
_ H'(ﬂ'-i-l}f 44/\3
2 4(neV3-1)
n(n+l} xA

(.--s~+~."'§—l}2 23

A n[ﬂ+l} T
T (naaot) 205

Consider the limit of A, ‘M as n—w

A,

lim = jim 117

=4 = (a3o1) 2B

(1+2)
n-n| l+—
=lim a/ =

v Y24
n;[l-vr-('ﬁ—l)-]

n

i (1)

_(140) =
-(I+ﬂ}: 23

__T
243

Thus, the final answer is as follows:

T

AT A m




Answer 15TFQ.

Falze

Exzample : Let a, = [—1:]“l - =[—1:]n
Thenboth {a,} and{&,} are divergent but {a,b,} ={1} is a convergent sequence.

Answer 16E.

L= H
Series 1s 1
Z “[3n+1]

]
HEI'E =]_1:|,
= (h+J

Fd
=1 =lmln| ——
im a, =lim ( +1)

=hm .
Hn[3+1.-‘n)
1
=ln| —

(553)

=lima,=1n(1/3)=0

Then by the test for divergence the series Zln[ ) is
=1

3n+1
Answer 16P.

Suppose a sequence {a,} is defined recursively by the equations

a, =1,a,=l,n(n-1)a,=(n-1)(n-2)a_,—(n-3)a_,

Find the sum of the series Z a, .
m=l

Put p=2into n(n-1)a, =(n—-1)(n-2)a,_, —(n-3)a,_,. then

2(2-1)a, =(2-1)(2-2)a., ~(2-3)a ,

2a, =a,
2a, =1 Substitute a, =1.
|
ﬂ'-.. =—
° 2

Put p=3into n(n-1)a, =(n-1)(n-2)a,_,—(n-3)a_,. then
3(3-1)a, =(3-1)(3-2)a,, -(3-3)a,,
6a, =2a,

6a, = z[l] Substitute @, =~
2 273

6a, =1



Put p=4into n(n-1)a,=(n-1)(n-2)a, ,-(n-3)a,_,. then

4(4-1)a,=(4-1)(4-2)a,,—(4-3)a,,

12a, = 6a, —a,

1 1 . 1 1
12a, = E(E]—E Substitute a, = Eand a, =<
12a, =%

1
a, =£

Put p=5sinto n(n-1)a, =(n-1)(n-2)a,_, —(n-3)a,_,. then

5(5-1Da,=(5-1)(5-2)a,,-(5-3)a,

20a, =124, - 2a,
1 1 i 1 1
Eﬂﬂs = IZ[E]— Z[E] S“hﬂltﬂ[ﬂﬂ'} =Eﬂﬂdﬂ4 =£.
20a, =%
Wl
120

Recollect the series ) a, =a,+a,+a, +a, +a, +a; +...
=il

Substitute these values in the series Za_ . to get

=0
Za_=an+ﬂ'|+a]+aj+a*+as+...
=0
1 1 1 1
=l+l+—+—+—+—+
2 6 24 120
1 1 1 1 1
=l+—+—+—+—+—+
1n 21 31 4 5
x. x £ x5
=g Sincee" =1+—+— '

THETRE TR TR

Therefore the sum of the series is Za_ =e|

Answer 16TFQ.

True

{a,} is decreasing and bounded below. So {a,} is convergent.



Answer 17E.

Series is Z—EGSBHI
:-11+(1.2)

Since cos3r=1foralln

Then COS 37 = 1 1

1+(12)" 1+(12) {(1_2)'

Since i - 15 a geomelric series with = i and |r|= 0.83 <1
1_1(1_2) 1.2
So i

=1(1.2)"

Then by comparison test i;. 15 also
1_11+(1_2)

1s convergent series

Answer 17P.

By taking ,~ at 0 to be 1 and integrating a series term by term. its need to shows that

I'err =i(-'}H

n

To do this, rewrite the function ,* as
= (eﬁh }:r

'lh'!
=€

Now, using the Maclaurin series for *. we have
= (xInx)’
e,rh - Z{ )
=i "!

5 x“'{]n:lr)'l

=il "!



As with power series, we can integrate this series term by term

x"(In
J.I'dl' ZJ‘ { ,1'}
=% — | dx
.E_.;n J' x*(Inx)’
Now integrate by parts with 4 ={ln 1]". dv = x"dx
S0,
A=l -

d‘.':n{hlx] 4 and V=.t"'

X n+l
Thus

J:.t'('n.trtit— ltmI' x*(Inx)" dx

g
= lim
| n+

1—l|m —.r"[l x)" dx

®n+l

Use L'Hospital rule to evaluate the first limit.
1 - b 1 - -1
J;x‘“[ln.r) ‘if:ﬂ_mjﬂ (Inx) dx

Further integration by parts gives

['x un.rj.ir_—i 2 (tnx) de

Combining the terms, we get

'’ . _( l} n!
J;x (Inx) dx= —( ) I

_ (-1)" n!

(n+1)™



IR N I LR PP )
As _Lx dr:;;-[“r (Inx)" dx and Lx (Inx) d‘r-(ﬂﬂrq.'ﬁe have that

II " I) n!

.,a-"i"fi'I'-!-l}"|

=§f'

Therefore

Answer 17TFQ.

True

Since if a series {an} 15 absolutely convergent, then it 1s convergent.

A series Za. 15 called absolutely convergent if the senies of absolute values Z la, |is

convergent.

Answer 18E.

Series is iin[Lﬂ)]

=1(1+2%) = (142x

Since this series 15 the form of Zb:

So we use root test

p!
; ; #
EMZEI_FE,“

1 1 1
=im T 2
12 D+2 2
n
- 1
So lim 2p | = — <1
[ Hh
So by root test, the series Z— is lconvergeni

--1[1+2a-:“)l



Answer 18P.

Consider a square with vertices P(0,1), 2 (1,1),2(1,0),7,(0,0)

MNow construct further points as shown in the figure below.

'PI

From the figure, Fis the midpoint of £F,. Fisthe midpoint of FF;. F;is ihe midpoint of
F,F, and so on.

a
Consider the coordinates of P, are (x_,,)-

From the figure, P is the midpoint of P_P, .
Now prove that the statement %;ﬂ +x,,, +Xx,,,+x,; =2 by using mathematical induction
Let §(n) be the given statement.

=2

1+3

EI' +x ,+X ., +X
1
E.r] +X,+x+x,=2

%{ﬂ}+l+l+ﬂ=2
2=2 Tre.

Thus, the statement S(n)is true for p=1



Assume that §(n)is true for p=k-1

That implies that
1
E.r,_, +X + X X =2 - (1)
Now prove that §(n)is true for p=jk
1
E-‘-} XX, X =2
Since ﬂf] (Il:-r!‘ylrf]-}is the midpDint of ﬂ#i—‘ﬂ*ﬁl—:’r'
1
E-"a + X F X+ X5 =2
1 1
E-‘} tXat N +E(-‘h3—¢ +Xy55) =2
lx +X,+X +lx +lx =2
z & kel E+2 2 k=1 2 k
EIM X X, X, =2
2 =2 From (1)

+X ,t+x, =2 is true for all n

Thus, the by induction hypothesis, %x_ +Xx

MNow find an equation for the y coordinate:

Subsiitute p=1in %}’_ + Vot Yot Vear the value obtained is as follows:

%.}?I L T A =%(l}+l+ﬂ+ﬂ

Similarly, prove that % Vo4V Vet Vs =% by using mathematfical induction.

1 3
Thus1 Eyn +-Fn+l +-};H1 +_F.--_'I o

2




b)
Find the coordinates of P

] :
m| —x +x_,+x ,+x_; |=lm2

= [

1. . . .
—limx, +!]11: x_,+lmx_,+lmx_,=2

2 L 2 L i L 4
Since all limit values are same. So, equate and obtain the following value:
7 5
5 limx, =2
limx =—
e ¥

Now find the y coordinate:

. (1 .
I.lm['i"lr'. +J-.a-!l +.-Fl-|-:! +yav$]= L[I;]:'E

L

1. . . .
=lmy +limy_, +limy_,+limy_.=
L LE N L - AT 2

Since all imit values are same. So, proceed as follows:

Therefore, the coordinates of P are [;%]
Answer 18TFQ.

True

By the ratio test, Z{an} 18 convergent.
=1

So
lim{a_ =0
lim {a,)
Ratio test:
1) If im E‘:L*ﬁl, then the senes Zan is absolutely convergent
e ‘:n =1
Gi) I Lim |22 = 1>1 or lim|®|-w
3 3o aﬂ.

then the senes > a, 15 divergent
=l

(i) If lim ‘E‘ =1, the Raho test is inconclusive
o a_ﬂ.



Answer 19E.

© 135 (22-1)

Series i
eries is g =
Since this series involves factorial. So we use ratio test
Lot e 1.3.5....1___[2r:—1:]
5 nl
135 (2?:—1)[2n+1)
And =
e S (n+ 1)1
135 .  [2e-1N{2r+1 I
Then 1imH""‘ =lim[ Gr-lioetl) YA ]
=olg | 2w o [n+1)! 1.3.5......[2?:—1)
2n+1
=lm
Hﬁﬂ(n+1:]
2+1in
=lm—
o 5(1+1.-‘n)
_ (2+0)
~ 5(1+0)
—stim [22f_ 2 o1

Then by ratio test given series 1s W
Answer 19P.

(Jiven series

= 1.35.(22-1
E 5% nl
We used the Ratio Test with a, = ===
5% nl
13.5. . Qa—-D(22+1)
G | _ (1)1
o | | 135D
5% nl
_(2n+1)
S(z+1)

=

- lim ‘ﬁ‘= lim ~,— 2L
3ol g n—)mj(l_l_l)



Ratio test:

1) I hm E‘zL*ﬂl, then the senes Zﬂn 1s absolutely convergent
() TIF lim 22| = L>1 or lim |2l =
3 % t 1] an
then the senies 3" a, 15 divergent
=1

111 m |——| =1, the Kaho test 15 imconclusive
Qi) I Lim | 21| =1, the Rati is inconclusi
f ol ] 'ﬂn

Answer 19TFQ.

True
Since
099999 =09
8 " 9 o
10 102 10°
o
__10
-1
10
=1
Since the series 15 a geometric series witha =ﬁ, and r=ﬁ
Sum of the series 15 =
1-r

Answer 20E.

P
Series is Z(_-.-ﬁ)
1 7 gl

Here we use ratio test.

(9"
Lot & ="
BTG T (a1 o




Lo [T 2|
o [(a4+1) 9 (-5)7|
|
=olg (z+1)°

25 »*

=lim —

=* 9 (n+1)’

2
Zin(2)
9 2wl p41
2
9 2se\1+1fm
_B( 1yl
1+0 9

9
25
Since. Jim ‘%:—}1

Therefore lim [F24
e g,

2
° (-5
Then by ratio test the series Z( 2) is |divergent
- no
Answer 20P.
© ¢ oEn
Given series Z( =,
= 29"
5>
‘We use the Ratio Test with a, = —
n o
- tim %=1 = 1im i:%}]
nyo| a_

H"a[ulz] 9
K.

Thus, by the Ratio Test, the given senies 15 divergent.



Ratio test:
(1) I hm|— Fre1 =L <1, then the senes Zan 15 absolutely convergent

} ol ] a.ﬂ.
@|zm
2

ﬁi)]funaIE‘:L:lor lim
B ‘5. =

then the series 3" a, is divergent
o |

(i) If hm =1, the Rat o test 15 inconclusive

i

Answer 20TFQ.

True

Since
hm a,=2
n—3®
= hma, ;=2
n3m

li_ﬁ[aHB o an] =0

Answer 21E.

"

Series 15 -1
Z' ( ) z2+1
Since th15 15 an alternating series so we use test for alternating series

(x+1){1724x)-x

Then f'(x)= (2 1)
) ﬁ(x+l—21}
(x4
=f (I)_E-J_(;[ 1) <0 jor x>1

So _f(.u)}f(n+l) =b ,=h,



Now lima, =lim Y-

So by alternating series test given series 1s
Answer 21P.

(Jiven series

i(—l}-ﬂ&
= @+
-yl
s VR
(z+1)
This series satisfies
(1)
n+1 J;
<b because <
Ben <Bn nt+2 o+l
(2
limbnzlimﬁzljm L =0
n3w® 3o pn+1 HmJ;+l

7
Thus, by the Alternating series Test, the given series 1s convergent.

Alternating Series Test:
S h=hth. >0

sahisfies
(1), <&, foraln
(limd, = 0
then the senes 15 convergent.
Answer 21TFQ.

True

Let Y a,=a

=l
Suppose a finite number of terms &,5,,....&; added to the above series.
Letdy +d,+... +8 =5

Then iaﬂ +i+ht+ b =atd
=1

Hence the new series is also convergent.



Answer 22E.

° Jnt1-n—1

The given series is
-l

]
Here n™term of the given series

o = J?z+1—1||n—1

_ [JH+I—JH—1)(JH+1+JH—1)
B n(ﬁ+ n—1
(n+1)—[.u—1)

=H[J;J1+§+J;J1—§]
Zioae

Let us consider another series ) &, where

b=—7
N T 2
How lim-—2=lLm
I—m E=w 1 1 1
22 N+ =+ 1I-—— | =5
M M ?fyﬂ
=hm 2
[/1+1+ [1_1]
M M
_ 2
\.‘i+ﬂ+~.-‘i—ﬂ
=§=1[Finite)_

Therefore, By comparison test. Both the series ) a, and 5, will converse or
diverse simultanecusly.
Now the series "5, =3 Lmis convergent by p-series test).

”n

As here p=§:‘-1.

So the given series a4, i€

e fntl—Jn—1 .
P 15 convergent.
o b




Answer 22P.

Consider the figure about Right-angled iriangles.

1

From the figure,

. |
sinf, =—
=%
. 1
sinf, =—
N
sin & —L
4
sinfd_= =8 =5in't( ! J
e & R

=Y,

_ 1 | -
Then v, =—==>V, = Z~— is divergent,
n

Jn

Since ZLF is divergent if p <1
n



.o
Now [ = lim =

n—
pﬂ‘

= lim ]
Jn
Hheka)
I—L n+1 )\ 24Jn+1
= lim 1241 — (By L'Hospital rule)
n=FT ot
n 2Jn
. A+l [1 [
=2lim x xmln
Az -.,-";_-.- }‘H-l] Z-Jn+ J
= lm —
o 1+ 1
— Jim ——
E-"“I+I
N n

=120 and Yy v, isdivergent
So by limit comparison test, Zu” is also divergent.

That is, Zﬂn is divergent series.

Answer 22TFQ.

Falze
Ezample: let
1 1
a,.—z,,=b,.—3,,
1 1
& =N
Thengaﬂ——l—l and Zbﬂ_—l_a
P =l ;
2 3
but



Answer 23E.

Berissiis i[—l)l_ln_m
=l

Comparing with alternating series form 3 (—l)l_lb_
=1
=b =" =1{n"
Clearly it 15 a deceasing function so

b, =h jor ail n
And  limb, =lim » % =0

E s CHEE k]

So given series 15 |comergent

Mow we check for absolute convergence
] 1 _n o an
M GV I B2
=1 =1
= 1 oL . i 1
:Z? which isap-senes with | p=—<1|.
=] 7 3

Therefore il[—l)l_l .u_ml is a divergent series
=1

Hence given series 1s |camﬁﬁamff_}r canvergent

Answer 23P.

Consider a series whose terms are the reciprocals of the positive integers that can be written in
base 10 notation. without using the digit 0.

Observe that, the terms in the series are as follows:

1 1 1 1 1 1
l+—+edb—t —dorom— d—— e ——deen

27 79 11 9 111 99

mvet with saigde gt b with e gt s wailh e dagits

Suppose that, the series is 8, then the terms are as follows:

1 1 1 1 1 1
S=l+=+d=F —ter— e ——t--
2 9 11 99 111 999
mu:h:hgkm mnn'mbgm lcr-n-ml'drnntpb
I 4 b} b 51




Mow in group g we have g terms because we have 9 choices for each of the n digits in the

denominator.

Furthermore, each term in g _is less than %[except for the firstterm in g,]

l g r=l
So, Q" .— 9| —
B 107" (m)

- =]
Now Zg[%] is a geometric series with g =9 and r=%{ 1

Therefore, D'_lf ::Dmparison Test
3= Z,-g_t
a=l
- 9 m-1
<y 9 —
25(3%)

a=l

Answer 24E.

Given series is [—I)H ">
x-1
Here b =n" this 15 a decreasing function

So b, <h Joralln

Kol limd, =Hmw—=0
- I—PIIIH

So by alternating series test the series 3 (—I)H n~ is convergent
=1

Now we check for absolutely convergence
1

P QVEEN BV W
=1 =1 x1 7
‘Which 1s a p-series with p=3

Since p>1 | so series 1s convergent

Hence given series is labsolutely convergent|



Answer 24P.

(a)
Consider the function

_f{.:‘) 3 I—th—_tJ

Its need to shows that Maclaurin series of the given function is Z 1x"

=l

Where f isthe ,* Fibonaccinumber, thatis, f,=1. f,=1.and f =/ +f ,for p=3

On rewriting the function, we have that

f(-f)=|__t;-.

-X

X

- I—(_'{+_l.'z]

= x[l -(.t+xl)]'l

=:c(I+J|r+Jr2 +{x+x:): +(I+IZ)J +(r+x2)‘ +(r+x1f +)

=x[|+.t+x3 +(.r"+x‘+2.r’)+(x’+x‘ +3x* +3x’)+(x" +4x +ﬁx‘+4x7)+u-]
=.-n:[l+_1|r+1:|:z +3x* +5x* +8¢° +]

=x+x"+2x0 +3x° 452 +8x° +---

ES

=21

m=1

From the above series, observe that
fi=Lf,=land f,=2=f+f;
fi=3=f+1,

fs=5=L+1;

Jo=8=f+J,

And so on.

Thus successivelyweget f =f  +f ,for >3



(b)

Resolve the fraction in to partial fractions

=

l-x—x"
Observe that
X X
l-x—x x*+x-1
And also that
—Ii,fl—d! -1
r4+x—-1=0=x= 2{){ )
_—]i:‘\."]+4
2
145
2
Thus

toonoo-(25E)-(255)

By using partial fractions, we get
-X A B

f+x-l=x_[—1+£]+x_’—|—£]
2

L 2

e )

-:=(A+B}x+[{ﬁ+3]+[d—ﬂ}%]




By comparing the coefficients on each sides, get
A+B=-1

V5

(A+B)+{A—B)?={] = A—B=%

Solve the equations

A+ B=-1and A—B=%

for unknowns.

By adding these two, get

A+,B(+A' ,3' —I+E
_2-45
M5
_2-+5
25
Use ,4-_~2_J5in A+B=-1.toget
(25
- (zﬁ]
_—2J§-2+J§
-="F
245
25
Thus
-x__2-45 1 2+45 1
Crx-1 265 (1+5) 25 (-1-5
* 2 * 2
. ;
2= 2 |, o« 245 2 |«
" 285 1445 (1445 265 145 (1445
2 k 2
_2-5 2 ¢ ‘2+J'2*r'2‘
2.5 -|+J'Z[ 1] 25 1+,;rz 5+1]f



Answer 25E.

. =2 (-0 (n+D 3
Given series is E%
We use ratio test for absolute convergence
1 (2413 ) (n+2)3™
"x=_( )zgua) . du-l:( ) 2(2113 )

Then
lim |’a"l‘=1im )" ()3 2|
=o|g, | == 2 (1) (= +1)7|

-1

i |[ED3(+2)
el 4 (at])
. 3 n+2

=lm—.
=od g+l
3 1+2fx

=—lim
dzoe14+1fn

_31+0_3
4140 4

<1 then given series is |absolutely comvergent

solim}@
==|a,

Answer 25P.

3 L3 9
X X X
Lel y=l+—+—+—+

6! 9!

&4 T Ilﬂ
VX
4 71 10
¥ ¥ X
w="—"—4"—+——F---
21 51 8t

Its need to shows that ;3 4% + w* —3avw=1
From the data, we observe hat

"' =w. w=yand = u



Suppose that

w’+v +w =3wmw= f(x) . (1)

On differentiating both sides with respect to x, get

3w’ +3vV + 3w W = 3u'vw - 3uv'w-3u'vw = f7(x)

30t (w)+3v* () + 3w (v) = 3(w) vw=3u(u) w=3uv(v) = f'(x)
3wa’ + 3wy’ +3vw’ = 3w’ = 3u’w-3w’ = f'(x)

S + 3+ 3 — 305~ 3%~ S = £(x)

= f(x)=0

= f( I) =C here ( isaconstant.

Replace x by 0in (1), we get
[u(0)T +[v(0)] +[w(0)T -3[u(0)][v(0) ][ w(0)]= £ (0)
(1] +[o] +[o] -3[1][0][0]= 1 (0)
= f(0)=1
Since f(x)=C and £(0)=1.we have that
Cc=1
Thus f(x)=1 forany value of x .. (2)
From (1) and (2), we observe that

w+v +w —Jinw=1



Answer 26E.

L'Hospital's rule:

Suppose f and gare differentiable and g'(x)= 0on an open interval [ that contains a.

Suppose that ,
Eﬂf(x) =0 and ]i_r&g(x] =0
Or that

!‘Ef(.t) =+ and Li_llig[.t}= +on

Then lim /(x) = lim f'{.r} if the limit on the right side exists.

The test for divergence:

If IiEa, does not exists or if Iiﬂ a, #0_ then the series Za_ is divergent.

m=]
The alternating series test

If the alternating series,

i(-'}’"'b. =b -b,+b,—b,+--- b, >0 satisfies,

m=1

(1) b,,<b, foral n

mel —

(2) limb, =0 then the series is convergent.
-



(-1)"Vn

-
Consider the series. z_
= Inn

Let 4 Jn

s s n
lima, =lim—

L e 8 AT “"
|"'I Al
—n
= lim 11 By L'Hospital's rule.
—x
, M
r
=lim|
\2n?
o
=lim| —
\2n’n""
=
= lim| —
\2n ?
F o1
"i
= lim| —

The above alternating series condition (2) is not satisfies

So, the limit of the nth term of the series.

lima = 1imM is does noi exisis.
N Inn

—X a—sx

Therefore, the above series is divergent by the test for divergence.

Answer 26P.

Let 5k be the largest power of 2 that is less than or equal to n.

And let )s be the product of all odd integers that are less than or equal to n.
Suppose that s, =m, an integer.

Then M2*s =M2'm.

The right side of this eguation is even.



The harmonic series is the divergent infinite series:

= I 1 1 1
Z_=I+—+—+—+—+———

" 2 3 4 5
Suppose the harmonic series converges with sum 5.
1 1 1
Then —4+—4———dt—+—====F§,
2" 2
Therefore, the sum of the odd-numbered terms must be other half of 5.

Thatis, 144 4+———4—1)
3 -1

Therefore, the left side is odd by showing that each of its terms is an even integer, except for
the last one.

———

! b L for each positive integer n.

However this is impossible since 3 "
" —

Mote: The diference between distinct harmonic numbers is never an integer.

No harmonic numbers are integers, except for p=1.

Answer 27E.

- =l
Consider the series, z{-3)
=l 2}.

_3]l-|

s.-35L-

RN
; (2*)

S
&7

-l E) ]



The above equation is in the geometric series, so that the sum of the above series,

10 J[(—i"] -]
(-]

Applying limits on the both sides.

F "
lim$, -Ilm—l —3) =1

ave " a1\ 2°

=I—ll[{]—|] Since n— o then ('_) -0

—I
T

=
Therefore the sum of the series of Z{ 3} '_I

= 11




Answer 28E.

1

We hawe to find the sum of the series E

n(n+3)
‘We use partial fraction
1 A B
w(nt3) # (2+3)
= A(rn+3)+Bz=1
Puttingn=0 A=1/3 and puthng w=-3, = F=-1/3

= én[n+3) é[;n 3(r=1+3)]
(3563
;[ S b 1 o L %E‘ (»13)]

( 111 11 1] 1 11 1 1
+—+-+—+-+—-+..+ —t+—t+—+—+....
2 3 4 5 6 2l 4 56 7 (a+3)

r'11111]

N I S R T

1+—+——
L 2 3 =2+l m+2 245

r6+3+2_ (242)(n+3)+(2+1) (n43) +(n+1) (2 +2)
X & [.u+3)[n+2)[n+1)
[1__(.u+2)(n+3)+(n+1)(n+3)+(n+l)(n+2))

&

(n +3) (n +2) (.u+1)

S.:

) | =t

Therefore

i 111 (m+2)(43)+Ha+ ) (n43) +(n+1)(n+2)
TTRRET3lE (n+3) (2 +2) (+1)

a2
3 | 6 e . (1+§) [1+%)[1+5

R R )
NS

{1
=2[=-0
5




Answer 29E.

We have to find the sum of the series i[tan_l (n +1)—t:a1:l_l (H)]
=[[tan™ 2-tan™ 1)+ [tan™ 3-tan™ 2]+ [tan 4 —tan 3]+
_.__+{tan_l[n+1]—tan_ln:|]

=5, =[tan“ (n+1)—tan‘11]

Then sum
s=lms, =hm [tim_1 (.u+1) —tan™} 1]
[ since # —> @ so ]
I n+l—co
T2 4 then tan™{z+1) >7/2
| as H —00 ]
=ls=mf4
Answer 30E.
W s
Given series 1s Z gh gzu)l
This 15 an alternating series

17, z +:r‘
ol 32y 34y 3F(e) Fs
T, @ T +J'!'"
18 1944 524880 3“3!

Or s=1-—

j'r"'

Since &= w3 7x107
Z 3

By Alternating series Estimation Theorem we know that
|s—s55] <3.7x107 <0.0000004
This error does not affect the affect the sizth decimal place
So we have
7, x P
18 1944 524880
= |5 = 0.830485]

s 1—




=)

Comparing with cosx = Z (2?:)'( :]h

Wehavez l)ﬂl cos(q"}'_r.-'B)

=3 (28)
Answer 31E.
e & é
Consider the series |—e4——— 4 — —... .
21 31 4

Find the sum of the given series.

Use the Maclaurin Series for g~

=0 H!
o) () (=) (),
T 21 31 4!
=]= +i-ﬁ i
R TRETRT
Thus
et & € € e
R TR TR
_1
eﬂ
- 1
(2.7183)"°
o
15.155
= 0.065989

Therefore. the sum of the given series is or approximately [0.065989



Answer 32E.

Since
A 17326326326 =4 114+0.06324+0.0000632 +0.0000000632 +

411+ 632 L 632 632

4+ + ...
10" 107 10"

632 1
=411+ efric series with a= — r = —
[a BE0In C SETIES W1 [ 104 r 103:|

= 4_11+[sum of the se:rit:s]

632
= 4.11+[i] =411+ 4“'
i ‘Ao*

411+ 632  410589+6320

T100 9990 99900
_ 416909
99900
=4.17326326326.._. :416909
L9900
Answer 33E.
‘We recall the followring:
t:n:>s]:11r=E *e
2
. 2z
e =l+x+—+—+—+_ .
2l 31 4l
. = 2 i
g =l-x+———+——____
21 31 41
e =Z£ and e =3 (=2)
I—UH! x11 xl
Using the above we have

1
=coshx=—|2+ + + +....
2 21 41 6!
4+ 5
=coshx=1+Z +Z +%_
21 41 8l

4 &
X X

= cosh x=1+—+—+—+_...21+£ for all x
2 24 720

So coshle+§ forall x




Answer 34E.

By the Root test, series converges when I].nxl <1

=-l<lnx <1
=zl cxce

L ]
Thus series ' (In x)' converges when
=1

Answer 35E.
- [_ )l-l-].
eries 15 an alternating series
==l
=+l
-1
- Z )_ 1,1t 1 1 1 1 1.
32 243 1024 3125 7716 16807 32768
Since & = ! s 0.0000305
32768

By Alternating series estimation method we have

ls —s;| <& <0.000031
This error does not affect 4th decimal place

1 1 1 1 1 1
Sosum s=1-—+ = + — +
32 243 024 3125 TFIH6 16807
= |s= 09721
Answer 36E.
(A) Seriesis Zlﬁ
»1
ne 1 " 1 + 1 + 1 + 1
TP P 4 S0

=[5, = 1017305

According to the remainder estimate, we have
r1
Rj{.l- —dx i 58 T

1
52

- stal- 5+ 1]

1
:>Rj*_:[u+¥]=5_4xm‘5
So the size of the error is at most |64x 107

:>Rj"~':]1m[



(B) For getting the sum correct to five decimal places we must have the size of the
error 10° = R <107° first we find the number of terms by remainder estimate
1

R<[ —‘fx—g

We want % < 0.000001

Solving this inequality, we get 5»° > S BEE
= 5% > 1000000

=" > 200000

—=n>1148

‘We have to add n= 12 terms for getting the sum correct up to 5 decimal places.

11 1 1 1 1 1 1 1 1 1 1
smsy =gt gtgtgtgtgtgtgtgt

3 S e P E e 10 1T 12

Answer 37E.

Wehave 3 (2+5) w3 (245

=l

1 1 1 1
(2+5)+[2+5“)+[2+53)+[2+5‘)+ """
T SR SV
(2+5°) (2+5°) (2+45") (2+5)
I== 0 12976224
1 1

T {? Joralln

So remainder term is R = Z

=5 =

We see that

1 =1
e E_

Since Zl 15 a geomelric series with ﬂ=lﬂﬂd rzl

Then R, .:E:ﬁ_qxw-’
1-1/5

So error =|6.4x 107




Answer 38E.

(A) Series 15 Z (;)I

We use ratio test
x4l
w| g 130 (2n+2:]|

L (rHD(e1) (20
" roo (204 2) (22 +1) (29) 17
[n+1) [n+1) in*
[2n+2)[2n+1)

 (Ua+12") (1414 R)
=hm
2o (24+2/#)(2+1/#)

: (1 1) : (1+1/7)"
=hm| —+—|.im
ol g H°(2+2f.u)(2+1f.u)

. (1+1/ %) N
- U[E[2+2fn)[2+lfn)]_ °

. NEea| ) o
So I'I‘EIZ{_U <1 so by rabo test series is

(B) Bythe theorem, if the series Zal 1¢ convergent then lima, =0
i B

=
M

Andso |llm——=10
22

Answer 39E.

We have 3" a, is absolutely convergent
==l

We use limit comparison test

[n +1}:Il
lim # — lim (.u+1)

1
= ]im(1+—] =1>0
o H
And Z"! 15 absolutely convergent then Z(H—_Hai) is also absolutely
b

convergent by himit comparison test.



Answer 40E.

‘We have to find radius of convergence and interval of convergence of the series
[ i xl

-1
E( ) Hijl

L 4 =(-1) 2 then

s
a.ﬂ‘_ ()" w5 |
(r+1)' 5™ (-1 &
"
5(;-=+1)2

———al

1
5(1+1.-"n:]

Taking liput as # —c0

tim [Fe1| = Ly ——— |
==, 5-4-(1+u )
=§|J'f|

By the ratio test given series converges if %lx' <1

=>|x| <5 and diverges when %lxl}] or |x|:=-5

This means radius of convergence is and -5<x <5

Ifx=5
Then series becomes Z( 1) i( )
n’ﬂ' ]
'I'hisism:lall:t:rl:lal;:ij:lgs&rit:s‘lai"il;h.-51,=i2
o)

Clearly ba=b,
And limb =hm lzz 0 therefore series 1s convergent
ey

F o ]

If x=—5 then Z(_ll,g_j)

= E ?
This 15 a p-series with p = 2 > 1 50 it 15 convergent.
Then interval of convergence is |[—5, 5]




Answer 41E.

[x+2)
s
enf:smé 7
Let =|:x+2)
n4"
go Bpa|_ (x+2)'+l[x4') |
a, | |(z+1)4™ (x+2)°
_|[x+2) n |
|4 (D)
Then o P2l i T2, 7
wlg | ==| 4 -(n+1)
:|x+2|h_m 1 :|x+2|
4 =e=1+lin 4

The series converges when |x:2l <1 =}|x+ 2| <4

So radius of convergence 1s

Since —d<x+2 <4

=—b<x<2
If x = -6, then series becomes i[x+2) 2[4) Z[_)
-1 nd x-l 4

This 15 an alternating series withd, , <& , and lim LN 0 so by alternating series
e

test this series converges.

If =2 then Z(”j) _i; éi

‘Which 1s a p-series with p = 1, so 1t 15 divergent.
The interval of convergence 1s |[—6, 2) ;

Answer 42E.
2* (x—2)
SEI'].ﬂS ISZW
B i [1—2)
Lt &=

2 (x-2)"" (w+2) |
(n+3)! '2'(1_2)'
2(1—2)
(n+3)

Thenlb
a,




And so tim [222]~ ]2 2[tim ——
=l g ont3

=2[x-2|(0)=0 forallx
So radius of convergence 1s and interval of conwvergence 1s |(—mm)

Answer 43E.
= P (x-3)
Series 1s L i
E Jrt3
2* (z-3)"
Let =
% Ju+3

a, Nntd 2 (x-3)
n+3
=2|x—3| n+4
Therefore hmH 2fx-3jtim B
Ew n+4
143/x
=2|x-
k=3 i Ve
= 2|x—3|

Converges when 2|x—3|-::1 :‘!rlx—f‘il{lIE
Radius of convergence 15 m

Since |x-3<1/2 =-1/2<x-3<1/2

=5f2<x<Fi2
= 2% (-1/2)" -1)°
If x=5/2, series becomes =
g 1.1'?:+ Z:1.-‘3':+
s - g - 1
This 1s an alternating series with & = clearly =b,
e = o
And lim =0 so this series is convergent.
o In 3

If »="7/2 seniesbecomes Z it 15 a p-series with p =% <1

=l
EJH+3 I-BH

so it 15 divergent, then interval of convergence 1s |[5.-" 2,11 2)




Answer 44E.

(22)! ,
nl)

%11
Let a, = ( )x’then

(1)

‘a_ﬂ (2212 (a))’ |
a | | {(=+1))’ ()12
(2724 2) (22 +1).5|

(.u+1)(.u +1) |

(Jiven series is Z

[2+212)(2+112)
(1+1/2)"

(2+0){2+0)

(1+0)’

Therefore lim |22

= |x|]im
==l a,

= x|

S
Series converges when 4|x| <1 =>|x| <1/4
So radius of convergence is



Answer 45E.

202-12R-45E

We have f(x)=sinx, a=7fb

= 7(x)=sinx. j(:n'ﬁ)=%

= f'(x)=cosx f'(ﬂfﬁ):%

=S/ (x)=-sinx  f*(mi6)=—-1/2
=" (x)=—cosx [ (716)=—/312
=P (x)=sinx O (wi6)=1/2

Seeing the trend we have j(h}( ] (- 1) -

Ji

And e (w16 = (-1 2

Therefore Taylor series at 776 1s

O S R S B SN
R i e
=0 25(22)![ J Z 2.’((2::::+1)I[ __]M

sin X =

Answer 46E.

‘We have j[x)=[:osx j[}'r.-"3)=1.-‘2

So  fi(x)=-sinx F(x13)=—-312
F(x)=—cosx S (73 =—1/2
fﬁ'} (x)=cosx j(ﬂ[?r.-'?) =1/2

Eepeats this pattern indefinitely. Therefore the Taylor seriesat a=7/3 1s

R A A

3 3 21 3 31 3

G e e W e O

O (=)

= TR 2Tl




Answer 47E.

We have f[x)=$

1 B 1
1+x 1—(—::)

= é[—l)’ g for |4 <1
'S

= = i (—l)' x? With radius of convergence R=1
1+ X s

Maclaurin series for f {x) 15
5= 2
And radius of conwergence 1s
Answer 48E.
We have f(x)=tan_l( )

Since tanl[x) E[ 1) -

Zn+1
Eeplacing = by xz we have

gy B ol
(f)—é(_l) e

Since

dm+l

o Y@-ZV Gy

This series converges when |x’| <1= |x| <1
So radius of convergence1s  |[R=1

Answer 49E.
We have 7 (x)=In(1-x)
]n(l—x)zl%dx
=_ji;x=dx with  |a] <1

with |x|-r:1

,_nn+1

Forz=10, h(l—x)zﬂ and then c=0

[ =1

So ]n(l— x):—

ar ]n(l x) Z(n+1}

o |a(-9)=3%
- 7
ERadius of convergence is




Answer 50E.

We have f(x)z

Since e':zil forall x
al

Replacing 2x in place of x
o = - (EI)I
=0 2!
= nl
- Elxl+l
= mﬂz =Z forall x
= 2!
Radius of convergence 1s

Answer 51E.
We have f(x)=sin (I‘)
We have Maclaurin series representation for sin x as

sinx= Z( ) (2n+1)| Jorall x

Replacing x* inplace of x

_1 2m+l
sm(x )—E( ()2?:(4_3' Jorallx
=sin(x') = Z((zlﬂ)n Jorall x
Radius of convergence 1s
Answer 52E.

Wehave F(x)=10" F(0)=1
F(x)=10"In10 F(0)=In10
F*(x)=10*(In 10)’ 7 (0)=(1n10)’
7" (x)=10"(In 10’ F(0)=(1n10Y’

7 (x)=10*(1n10)" 7#(0)=(tn10)’



The Maclaurin series for f{z) 1s

f(x)=f(ﬂ)+”|°) i L

SR (]"m) 2+ ('”;“) R

F(x)= Z(lnm) T fordll x
:lﬂ,zz(xlnlﬂ) il =
mdl zl

For geiting radius of convergence we take a, = (III:U)!
|7‘ [zn10)™ | '
(n+1)|
n+1
=(1nw)|x1i
Since lim I— (In10) []. lﬂm— 0 <1 so i converges forall x

Then radius of convergence 1s

Answer 53E.

-4

We have f(x):‘—!l;fo(lﬁ—I

Then (x)=(16-x)" £(0)= (165 -1

f'(x)=[—1](m—x)"" 70=(-3)( ]
()= (——][——)(16 I 0= [ -3
s e



Then Maclaurin series

F(0 F (0 2 f[0 3
70)=5 O+ D e L0 L0 oy

_1, 1 (—I]Jr (U (514) (=) | (CUAESHA) (914 (=)

2 THLE) 21 512 3 2192

_1+ (-1/4) (—x)_l_ (~174)(=5/4) (-x)’ , C1A)(=514)(-914) (=) . ]

1 Lis 21 256 31 4096

L

2 16

(Al B
=—|1+| —=||-=|+—=| = —==|-—=]| +-

2| 4 16/ 4721\ 16 4310 16

1Ls (1)’ (_%] _1_5_9______(43—3):1+ © 159....(4n-3)

2 & 22! 4n 2 9 24%16" »
1 =159 ... (41:—3) x
(=) 2 é 2501 Jﬁ?""FI‘lnas;

So radius of convergence m



Answer 54E.

Given functionis f({x)={1-3x)" - F{0)=1

Successive derivatives of H{=) and their values for z=0 are
S (®)=(-501-32"(-3) 2 F(0)=(=5)(3)
FE(@)=(-5)(-6)(1-3%)" (-3)" L AT =(-6 (-3’
i (x) = (1— 3;1|:)_j is givenky

77 (1) = ()N (B3 (3" = 77 (0)= (-5)(-6)(-T)(-8).(-3)'

Andso on
Therefore dMaclaurins series for

=3 when cis acontant

=17 n!

7()=1+EAB AN 5 (AN o,
31

567

- ——(—3 )+ 22(- 2 LSRR
=Z[_1) 5(:?']:I [n+4)( 3 )

(.u +4)

=§MTI!_Z T al

The series 15 convergent for |3x| <lie |x| {%.

1

So the radius of convergence 1s R=—

3

Answer 55E.

Consider the following integral:

e:l'
I—:i'r

X
To evaluate the above integral as an infinite series use the infinite series of .*and evaluate the
integral.



The infinite series of exponential is:

e‘: 5 i
a:ﬂn!

Divide the above by x:

-1 £
n|r| 2 E.rm‘+c

Therefore the required integral is:

j—dr— ln]_t|+— £+C
o 11!

Answer 56E.

Binomial series 15

(145" =1+kx+ k(D) o KEDE=2) 5,
21 51

Putting k=% and replace z* inplace of =

i), 400
12 1 2L 2 2 2y 2JL 2 3
(1+x‘) =1+5(x‘)+ - (x‘)+ = (x‘)+
1 4 13 L35

S eyt At -

x 13;:‘2 135,,s
ThenL1+x dx= L[ e e

f.2 2 132 1352 T
| 25 2209 22313 2L(am7r
1 1, 3 15

10 72 624 6528

1 1 3 15
=1+ —+ = +...
[m 72 624 6528 )




We can approzimate the sum using Alternating series estimation theorem
D 23107
28

since

This error will not affect second decimal place

So _[:(1+x) dxml+[%—%+%] 1.09

Answer 57E.
(A) F(D=vx a=1 2=3 09=<x<11

(D=1
F@=" r=
r@=-37" 0=
e S (B
O S A UL

Then

() =1+ 2 (1) ) g By

JanT(x)= 1+§(x—1)—§(;.:—1)2 +E(x—1)

(B) MNowwegraphfand 7, oncommon series

15+

Fig.1



(©)

Wehave 09<x<11
= (==#'=<(01)
By Taylor’s inequality if If"l[x)liﬂ{ for |x—a|£d

Then |R_ (x)l l)llx—arﬂ for [x—a|<d
= |&(x)|£m|x—1|‘ ) |f(4}[x)|*_:ﬂd'
f(q( ) 15 ~In
Let==09
15
Then M=——""
16(0.9)"
And so, |R (x)[< W(U 1)* ~[0.000005648]
16{0.9) 41
@ Nowwe graph | (x)|=|Vx -5 ()]

0l

1 500"

1 Dt

SOl

ad - ., - '
Sl
Fig.2
We see that error is less than 5x107° on[0.9, 1.1]
Answer 58E.
(&) f(I)=SE[:I, a=0r=20=x=maf6

Fi (U) =sec0=1

F(x)=secxtanx Fi=0

_f'[x)zsec3 x+sectan’ x F(0)=1

(x)= 3sec’ xtanx+2sec’ xtan x+secxtan’x = f7 (0)=0

Then secxsT,(x)= 1+%{x— U)+%(x— ﬂ)z

=secxs T (x)= 1+%Jr2

= sacxssi';(x)=l+§




(B) Mow we sketch the graphs of 7} (x) and f(x)

L
i
T.

Fi ]
(C)  We have DEIEA

= 7 5(3%)3

By Taylor’s int:qua]itjr If |f"1 (x)l =M for |x— al =d
Then |'R-l (I)l - 1)' o ar+l
=}|R, (x)lia(x) ; |f3(x)|EM

We have fm(x) =5sec’ xtan x+sec xtan> x

Let IZA

Then F®(n/6)=456
=M=46

—= z
So |R(ol<L(Z] ~ DI



D)

Now we sketch graph of |R, (x)lz |SE[: =T (x)l

L

o.000

0000 0523
Fig.2

‘We see that error 1s ten then on [[], ?%]

Answer 59E.

We have to evaluate ]imsm};_x
= x
= (-1)" ==
WEhﬂ?ﬂSiﬂXZZL
r [2?:+1)!
© X
=x——+———+...
31 51 7
| 2 7
So SINX—X=——=F———+4.__.___
31 a5l 7l

= & 6 5171
=-Lio
6
. SInX—X 1




Answer 60E.

(@)

Consider the force due to gravity on an object with mass m at a height } above the surface of
the earth is.

(R+h)

mg

fit]

= mgz[f](%) By use the Binomial series.
=01

(b)

F as a series in power of % then,

Feme3( 3]

) oft] -

The above equation as an alternating series so by the Estimation theorem the error in the

approximation F = mg is less than 2mgh nd the accuracy within ]9 then,
R

PP

mgR’
(R+h)

Zh{ﬁ':h] .

<0.01

01

The above inequality should be difficult solve for 4.S0 R = 6400 km
21 (6400 + )’ i
(6400)°

h <31.68548279
Therefore, the approximation is accurate to within 1% for (5 <31.68548279|

0.01




Answer 61E.

(A) Wehave f(x) =ir:,x' forall x ——(1)
-0
Eeplacing — x in place of

f(—x)=§c. (—x)'=§(—1)’c.x' ——(2)

If f is odd function then i‘, (1) cpx™ = i—c,x'
==l ==l

(a)

zl
And coefficients are umquely determined. So (—l)l &, =ty
If n 15 even number then (—l)l =1

S0 €y = —Cy

Coefficients are given by the formula ¢, =

=c, =0 ==, =g =g =...=0
So all even coefficients are equalto 0

(B) Iffiseventhenfiz)=f(xz)
Z}i [—l)l CX = ic, x
==l ==l

= (—1:]l €, =C,

==€, =€, if nis odd then (—1:)l ==]
=2c,=0
=, =0 = O =C=c=c;=...=0

Thus all coefficients are equal to 0.

Answer 62E.

4
We have &5 =1+x+£+£+x—+£+ ............
21 31 41 51
4 1] ] =
Then e"=1+x’+x—+x—+x—+£+ ______ +IJ
21 31 41 5l a1l

.. (M



