Chapter 7
Integrals

Integration by Substitution & Trignometric Identities
1. Integration by Substitution

Let g be a function whose range is an interval |, and let f be a function that is
continuous on L. If g is differentiable on its domain and F is an antiderivative of fon |,

then I f(g(x))g'(x) dx = F(g(x)) + C.

I[fu=g(x), thendu=g'(x) and I f(u) du=F(u) + C.
Guidelines for making a change of variable

1. Choose a substitution u = g(x). Usually, it is best to choose the inner part of a
composite function, such as a quantity raised to a power.

2. Compute du = g'(x) dx.

3. Rewrite the integral in terms of the variable u.

4, Evaluate the resulting integral in terms of u.

5. Replace u by g(x) to obtain an antiderivative in terms of x.

The General Poser Rule for Integration

n+1
—[g(:l] +€ nw-1

el @'(x) ax =
If g is a differentiable function of x, then | [aeaT” o'

Rationalizing Substitutions

Some irrational functions can be changed into rational functions by means of
appropriate substitutions.

f9(x)

In particular, when an integrand contains an expression of the form Y9(X) + then the

substitution u = VI(X) may be effective.
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1
1
1
Some Standard Substitutions ! i
( X 1
i Take x" Gputl +x" =t
(i) I X" =) n € N Take x" common & pu X I|
1
l. = n =T n I
(ii) 1){,.,_1),,, neN,take x» common & put 1 + x* =t I|
1
| _ax . . |I
(iii) | X1+ ") take x" common as x and put 1 + x™" = t. i
i
e I
(iv) f dx or {\J(x—a)(B—xj ; put X = o cos26 + B sin20 i
\ B Rl
1
(v) j‘\i dx or { (x—a)(x—-B) ; put x = o sec’* - B tan? |I
1
1
2. Integration Using Trigonometric Identities II
|
In the integration of a function, if the integrand involves any kind of trigonometric 1
function, then we use trigonometric identities to simplify the function that can be I '
easily integrated. I |
i
Few of the trigonometric identities are as follows: II
p 1 2: :
sin? = 102 i\
; i
C(}Sz e — ﬂ II
2 i
. in T—si i
SngiE: 3 sin r—sin 3z I
o |
1
C083 g 3 cos z4cos 3z I
R 1
1
1
All these identities simplify integrand, that can be easily found out. .'
i
Solved Examples: "
1
J '
Ex.1 Evaluate ¥ (xZ+1)2 (2x) dx. 0
Sol. Letting g(x) = x2 + 1, we obtain g'(x) = 2x and f(g(x)) = [g(X)]% II
1
]
1
i
1
]
1
]
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i
From this, we can recognize that the integrand and follows the f(g(x)) g'(x) pattern. ! "
000 gy § "
2 42 oy dX = —(x*+ 1) +C.
Thus, we can write f e 9 'l
1
]
Ex.2 Evaluate = (1-2%7) i
X u(-1) |
u du —“_’—_1- 1
_3 1-2%7) 1
(1-2%2) (-axydx 0=2X7) o 3 4, 2Mdx.
Sol. J. -1 Ex.3 Evaluate [ s B lI
Sol. 1
lI
Letu=x¢t+2 = du=4x3dx II
1
[ x3cos{x® +2)dx = J'cosu%du=%jcosudu :l
1 1 '
=Hsinu+C =?sin(x'+2)+c ll
1
|
,[ x2dx Il
3 s
Ex.4 Evaluate ~ (X" -2) II
II
Sol. Il
Letu = x3 - 2. Then du = 3x2 dx. so by substitution : II
%4 du/3 _1 I|
Xdx = 5
I'(:.:'é zig'j"u’5 R |I
lI
—4
=%%+C=—%(X3—2)4+C. .I
|
o 1
dx 1
Ex.5 Evaluate © X i
1
Sol. Letu = Y*+4 ThenuZ=x + 4,sox =u2-4 and dx = 2u du. |l
1
[x+4 J' u .I
% dx = Zudu
Therefore I % u* -4 II
1
|
1
1
1
]
1
]
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1 1
1 1
1 1
1 1
1 2 ; 1
i = == ]
; 2J'u2_4 du 2](1+u2_4]du i
1 1
1 1
i du 1 u-2 I
= du+8 | —— = e il
II 2f u+ ju3—4 u+8. 55 fn 5+ C II
1 1
1 — 1
! =2 x+4 +2fn \L-M_Z +C I
0 2 Vx+4+2 0
1 1
i i
1 1
] |
. d.‘(x .
I Ex.6 Evaluate * 1+¢ L
1 II
]
II Sol. Rewrite the integrand as follows : II
1 : 1
1 =l 1 1 —X
I Lo e i e — o¥ . — R I
ll 1+eX T o [1+ex J = R (u=e*+1;du=-e*dx) Il
1 II
1 —X =
R ek !
Il AR =-In(ex+1)+c (~ ex+1>0) II
1 1
1 1
1 B 1
1 1
! Ex.7 Evaluate * sec x dx II
1 I
1 Sol. Multiply the integrand sec x by sec x + tan x and divide by the same quantity : 1
! sec(secx+tanx) sec xtanx+sec’ x II
1 Jsec xdx = j dx = J dx
1 secx +tanx secx +tanx |
'I Now put u = sec X + tan x = du = (sec x tan x + sec?x) dx ||
! sec xtanx +sec” x r du !
8 we find : dx = |—=£n|u]+C=£n|secx+tanx|+C I
1 sec x+tanx Jou |I
1
1 1
§ j ll
I I Ex.8 Evaluate * cos x (4 - sin2 x) dx I
1 Sol. Put sin x = t so that cos x dx = dt. Then the given integral 1
i Ty 1
1 I\}(4—t2)dt= | J22-3)dt 1
] -—| - l
1 1
] 1
l 1 Ii 22 - I
= .02 42 < -1 I
'| 2%{2 ) + 3 sin~! (t/2) + ¢ I
1 |
1 1
] |
1 1
] ]
1 1
] ]
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1
1
1
i
1 . T . . !
= 5 sinx. J(4—-sin®x) + 2 sin~? (1/2 sin x) + € .I
|
1
1
Ex.9 Integrate L .
1
e*_g™* lI
N oeXie X" ]
(DEE i
10x” +10" .1og. 10 |
@)  10%+x" 'I
1
]
1
Sol. 1
1
(i) Letl= | g dx. Now putting €* + e™ = t, so that (e* - e™) dx = dt, i
; II
we have I= J(”T}dt = log t = log (&> + ). 1
|
10x° +10*.log, 10 I|
(ii) Here I = j ——=——dx. Now putting 10* + x°=1t, and (10*log, 10 + 10x%) dx = dt,
10* + x10 II
. |
we have I= 1(1,’t}dt=logt=lcg[10"—:xm)+c 1
} 1
1
1
Ex.10 Integrate 1 !
i
.I I
S |
(i) X cos (1+logx) I
1 I|
=y X(1+logx)™ 1
(i) ;
]
|
i
Sol. 1
]
1
1
1
1
|
]
1
|
1
|
1
|
1
]
1
]
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(i) HereI = | dx/{x cos® (1+log x)} - Putting 1 + log x = t, so that (1/x) dx = dt, we have
;A fdtlcoszt = jsecztdt =tan t = tan (1 + log x) + c.

(ii) HereI = J‘dx!{x(1+log %"} Putting 1 + log x = t, so that (1/x)dx = dt, we have

|~ da ™ i0gx)™H
EIm S tmel T T amy T dem)

(1 +logx)™™ +c.

Ex.11 Integrate

cot x
(i) log(sinx)
tanx
(i) (log(secx)

Sol.

. d ) 1
(i) Here pres (log sin x) = prve: cos x = cot x.

cot x dx r cotx dt
=

“Jiogsinx T )Tt " cotx

= log |log (sin x)|+ ¢

B tanx dx
(ii) We have IIOQT

e log Jlog sec x| + ¢

Ex.12 Integrate ¥(!*3N%)

Sol.

Wwe have I = (\."{Hsinx)dx = r {l—cos(g-e-x}} dx = |

¥

7 1 = S
MNow put % + % = = de =dtordx = 2dt, wehavel = _[ V2sin t (2dt) = —Eﬁcosl§+%J:—c
Ex.13 Integrate cosSx.

Sol.
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1 1
] ]
| |
| |
1 1
1 Icossx dx = Icos“xcnsxdx i
1 1
II Il
= [ (1-sin®*x)?cosxdx = | (1-t3)* dt ,
|I I -‘ [put sin X = t = cos x dx = dt] |I
| |
1 1
1 - J(1—2*2+t4)dt =t—§t3+ %t-"+c= I
| |
'I II
.5
i = 5N x—gsin3x+sinx+c |
1 5 3 1
| |
| |
] CO‘S5 X il ]
D
" Ex.14 Evaluate ’ Sin°x o
1 1
1 1
. Sol. I|
1
1 cos®x cos? x I
1 LetI= I'—j-— dx = If-i-— cos ¥ dx 1
1 sin“ x sin“ x |
1 II
1
Cein2 2
I| =IWmsxdx[putsinx=t:msxdx=dt] |I
. sin™ x I
1 II
| 2,2 2,4
=P p1-22 4t
|. then 1I= _[7{2 = dt Jitz dt |I
[ II
1
1 _ l_z_ﬂz} 1 2 1
. -_[[tz e I
1 |
'l i I|
1 =-?:m-25inx+5mx |
1 |
| .I
1
| =—ccsecx—25inx+%5in3x+c ) 1
1 Ex.15 Integrate 1/(sin3 x cos5x). 1 ‘
1
1 |
| Sol. Here the integrand is sin-3 x cos~5x. It is of type sin™ x cos” x,where m +n = -3 - g
ll 5 = -8 1., -ve even integer ll
1 1
| . _J' dx —j dx 1
II 1= ) Gn® xcos® x * (sin® x/ cos® x)cos® xcos® x .I
1 |
ll _!-secB xdx J-secﬁx.seczxdx _J'(htanzx)a sec? xdx II
I tan® x (tan? x) tan® x i
1 |
I 1
1 |
] ]
1 1
] ]
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Now put tan X = t so that secZ2x dx = dt

I- [“*tz)adt - J‘[tlg-}:%+31+12) dt

i3

= =3 +3lo t+§tan3x+-1-tan3x
o2 4 3

2

Ex.16 Integrate

Sol. Here the integrand is of the type cosm x sinnx. We have m = -3/2,n=-5/2, m

R
1/ \J(cos® xsin® x)

+ n = - 41i.e, and even negative integer.

j dx

dx

. —— dx
| - = \——m =7
\'{‘;053“5'“5){} jcosyzxsmwzx

- I tos¥/< x(sin" ¢ x /cos' % x)cos®’

2

_ j sec
= o

X

_J' dx _ J‘ sectx

cos* xtan®/? x tan®/2 x

_ (1+tan® x) _J‘(1+tz}

= J T o secy dx = Bz dt,

= J(t'5’2+t‘"1}dt =_§ =312 3 DpI2

=—§ (tan x)-32 + 2(tanx)¥? = 2 [(tanx) —g— (tanx)"32 + ¢

dx

2x
sec? x dx

,putting tan x = t and sec2x dx = dt

Ex.17 Evaluate
Sol.
Putx-f=y = dx=dy

Given integral

Jsin(x+a)cos® (x—p)
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dy

ycos? ysin(y + B+ a)

1::

dy

=2h= Jcma ysin(y +6) (8=a+p

dy

* | cos® y(sinycos8 + cosysing)

dy

= 7 Jcos® y(cosetany +sine)

[ sec? ydy
e
* J(cosBtany +sin8)

Now put sinf + cosb tan y = z2 = cosq sec2ydy = 2z dz

i — J'Zzsezcadz

| S T
8
|sin(y + @) .

= 2 secé }| cosy

= 2 sec (o + B) J%+c

s5x* £4x°
Ex.18 Evaluate * (x° <x+1) dx

Sol.
. j- 5x* + 4x® 4 _J- x*(5 + 4x)dx
TP ex+1P L 10[ 1 1]2
X1+ +
gt "

- 5/x° +47x°

dx,
o 1y
+}(4+)(5

Page 9 of 79
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1 1
1 1
1 1
1 1
I' t1 3l =1 l'
I PUCL+ F + 8 < 1
1 1
1 1
1 1
5
II = [-x—s-—s]dx=dt=j-? =— +c II
1 1
1 1
l' = - +C= 5 +C l'
1 P xT+x+1 1
i x* %8 i
1 1
1 I 1 |
| : Introduction to Integrals i I
g 1 Integral Calculus ) I
I 1
ll  Integral Calculus is the branch of calculus where we study integrals and their II
1 properties. 1
Il « Integration is a very important concept which is the inverse process of Il
I differentiation. Both the integral calculus and the differential calculus are I
II related to each other by the fundamental theorem of calculus. 1 I
1 « Ifwe know the f of a function that is differentiable in its domain, we can then 1
l' calculate f. In differential calculus, we used to call f, the derivative of the II
I function f, Here, in integral calculus, we call f as the anti-derivative or 1
l. primitive of the function f. And the process of finding the anti-derivatives is |I
1 known as anti-differentiation or integration. 1
Il « Integration can be classified into two different categories: I|
1 €)) Defini.te‘lntegral I
ll (ii) Indefinite Integral 1 I
1 1
1 Definite Integral ' I
1
I _ . e !
[ « Anintegral that contains the upper and lower limits i.e. start and end value, 1
II then it is known as a definite integral. On a real line, x is restricted to lie. II
W Definite Integral is also called a Riemann Integral when it is restricted to lie |
.I on the real line. ll
1 b 1
i [, f(z)dz i
! I « A definite Integral is represented as: 1 I
1 1
: £ Indefinite Integral I !
] 1
1 1
1 1
1 1
i i
1 1
] ]
1 1
] ]
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+ Indefinite integrals are not defined using the upper and lower limits. It
represents the family of the given function whose derivatives are f. It returns
a function of the independent variable.

» The integration of a function f(x) is given by F(x) and it is represented by:
[f(x) dx = F(x) + C, where R.H.S. of the equation means integral of f(x) with
respect to x.

F(x) = Anti-derivative or primitive
f(x) = Integrand

dx = Integrating agent.

C = Constant of integration.

x = Variable of integration.

+ It may seem strange that there exists an infinite number of anti-derivatives

for a function f.

Example: Let us take f' (x) = 3x2.

By hit and trial, we can find out that its anti-derivative is F(x) = x3 because if
you differentiate F with respect to x, you will get 3x2.

There is only one function that we got as the anti-derivative of f(x).

If we differentiate G(x) = x3+ 9 with respect to x, we would get the same
derivative i.e. f(x).

« This gives us an important insight. Since the differentiation of all the
constants is zero, we can write any constant with F(x) and the derivative
would still be equal to f(x). Thus, there are infinite constants that can be
substituted for C in the equation
Hence, there are infinite functions whose derivative is equal to f. C is called an
arbitrary constant or the constant of integration.

Properties of Indefinite Integrals:
(i) The process of differentiation and integration are inverses of each other.

drg. .
[ fw)dv =fx) Jrwdr=fw+c

Lo B

(ii) Two indefinite integrals with the same derivative lead to the same family of
curves, and so they are equivalent.

(iii) The integral of the sum of two functions is equal to the sum of integrals of the
given functions,

X)|dx=]| f(x)dx x) dx
ile.“jh)-i-g(a)]n J‘j(l)(l-i-jg(_l)(l

pF()dx =p [ F)dx
(iv) For any real value of p, J- J

(v) For a finite number of functions fy, f; .... fn and the real numbers p1, p2...pn,
Jpifi(x) + p2f2(X) .tpufa(x) dx = p1[fi(x)dx + p2ff2(x)dX + ... + P Fa(x)dx



Methods of Integration

1. Integration by substitution: In this method the integral [f(x)dx is expressed in
terms of another integral where some other variables say t is the independent
variable; x and t being connected by some suitable relation x=g(t).

It leads to the result [f(x)dx=[f(g(t)).g'(t) dt

2. Integration by parts: This method is used to integrate the product of two
functions. If f(x) and g(x) are two integrable functions, then

[ s@o@)ae = @) [ g@yac— [ {d 9 [ gt 1] &

i.e. The integral of (product of two functions) = first function * integral of the second
- integral of (derivative of first function * integral of the second function)

In order to select the first function, the following order is followed:

Inverse — Logarithmic — Algebraic — Trigonometric — Exponential
3. Integration by a partial fraction: If the integral is in the form of an algebraic
fraction that cannot be integrated then the fraction needs to be decomposed into

partial fractions.

Rules for expressing in partial fraction:

+ The numerator must be at least one degree less than the denominator.

A

« For every factor (ax+b) in the denominator, there is a partial fraction ax+b

« Ifafactor is repeated in the denominator n times then that partial fraction
should be written n times with degree 1 through n

« For a factor of the form (ax*+bx+c) in the denominator, there will be a

Ax+B

l) -
partial fraction of the form ax“+bx+c

Uses of Integral Calculus

Integral Calculus is mainly used for the following two purposes:

« To calculate f(x) from f'(x). If a function f is differentiable in the interval of
consideration, then f’ is defined in that interval. We have already seen in

- - - - - = - - - Page120f79 --- - - - - - - - ] -



differential calculus how to calculate derivatives of a function. We can “undo”
that with the help of integral calculus.

« To calculate the area under a curve.
Until now, we have learned that areas are always positive. But as a matter of
fact, there is something called a signed area.

Integral Calculus Formulas

We had differentiation formulas, we have integral formulas as well. Let us go ahead
and look at some of the integral calculus formulas.

« Jadz =az +C
Jydz=In|z|+C

- [efdz=e*+C
[atdz = +C
fmzdz=zhz—z+C

-

[sin zdz = —cos z + C

« fcoszdz =sinz+C

Jtan dz =In|sec z| + Cor —In|cos z| + C
« fcot zdz =In|sin z| + C

Jsec zdr =In|sec  +tan z| + C

Jcsc zdx =In|csc z—cot z| + C
[sec? zdz =tan 2+ C

» [sec x tan z dr =sec z + C
. f(:s('.2 zdr=—cot z+C
« [tan® zdr =tanz —z+ C

Vot ol

. | v %arcsm(%) +e

= a.rcsiu(f) +C

Application of Integral Calculus

The important application of integral calculus are as follow:

« The area between two curves
e Centre of mass
« Kinetic energy

- - - - - = - - - Page130f7g --- - - - - - - - ] -



1 ) 1

1 1

i « Surface area ' "
« Work 1

. + Distance, velocity and acceleration i .

1 + The average value of a function |

. + Volume II

| « Probability "
1

0 Integral Calculus Examples ; 0

; Example: Find the integral for the for the following function. 1 Y

| () f(x) = Vx il

| 1 1

| Flz) = ff(’r) dip= / Vrdr = f z? dx |

1 T“L 1 ! [
vede= | 2" dz = +C t

I 141 II

1 lI

_....]_ v

I T’ 2 3 |
= F(z) = +C=2z14C !

] E +1 3 |I

1 I

’ (ii) f(x) =cos2x II

1 [ 1 i "
i F(z) = [ cos*zdzx = 5 2cos°r dx = 5 (cos2x — 1)dx |

1 = ' I
1

I 1 I

l =% Flt] = 5 cos2xdr — | ldx II
1

1 ) lI

1 f f(k)=——=4+C and / coszdr =sinx+C i

1 1
1 SHLZI 1 [ sin2a '

1 cLoF(x) = = +C1 — (z+ Ch = — —z| +C I

(@)=3 l 2 1= | =32 "
: 1

! Integration by Partial Fractions 1 l

i 1

i Introduction '|
1

. We know that a Rational Number can be expressed in the form of p/q, where p and 1 !

| q are integers and q#0. Similarly, a rational function is defined as the ratio of two lI

i i
1

] ]
1

] ]



polynomials which can be expressed in the form of partial fractions: P(x)/Q(x),
where Q(x)#0.

1. Proper partial fraction: When the degree of the numerator is less than the
degree of the denominator, then the partial fraction is known as a proper
partial fraction.

2. Improper partial fraction: When the degree of the numerator is greater than
the degree of denominator then the partial fraction is known as an improper
partial fraction. Thus, the fraction can be simplified into simpler partial
fractions, that can be easily integrated.

In this section, we show how to integer any rational function (a ratio of
polynomials) by expressing it as a sum of simpler fractions, called partial fractions,
that we already know how to integrate. To illustrate the method, observe that by
taking the fractions 2/(x - 1) and 1/(x + 2) to a common denominator we obtain

2 1 2A(x+2)-(x-1) X+5
x-1 x+2  (x-1)(x+2) ~ x2ix-2
If we now reverse the procedure, we see how to integrate the function on the right

side of this

_[ X+5 dx_.” 2 1 ']dx_ 2fn |x-1] - In |x + 2| + C
equation e x—2 Tdlx-1 x+2 = <

To see how the method of partial fractions works in general, let's consider a rational
P(x)
X1 =
function Qx)
Where P and Q are polynomials. It's possible to express f as sum of simpler fractions

provided that the degree of P is less than the degree of Q. Such a rational function is
R ol e T Ll R -

called proper. Recall that if P(x) =
where an # 0, then the degree of P is n and we write deg (P) = n.

[f f is improper, that is, deg(P) 2 deg (Q), then we must take the preliminary step of
dividing Q into P (by division) until a remainder R(x) is obtained such that deg (R)
< deg(Q). The division statement is

P(x) R(x)

= S(x
Q(x) Q(x} where S and R are also polynomials. As the
following example illustrates, sometimes this preliminary step is all that is required.

(1) )=

'-x3+x

Ex.1 Evaluate - x-1 dx.




Sol. Since the degree of the numerator is greater than the degree of the
denominator, we first perform the long division. This enables us to write

i 2 2 k| X3 x:
X?+X+2+——|dx= - + = +2x+ 2in|x-1| + C

[13 +X
x-1) 3

dxf
v x-1 ;

The next step is to factor the denominator Q(x) as far as possible . It can be shown
that any polynomial Q can be factored as a product of linear factors (of the form ax
+ b) and irreducible quadratic factors

(of the form ax? + bx + ¢, where b2 - 4ac < 0).

For instance, if Q(X) = x* - 16, we could factoritas Q(x) = (x2-4) (x2+4) = (x-2)
(x+2)(x2+4)

The third step is to express the proper rational function R(x)/Q(x) (from equation
1) as a sum of partial fractions of the form

A Ax+B
(ax +b)' o (ax® +bx +c)

A theorem in algebra guarantees that it is always possible to do this. We explain the
details for the four cases that occur.

Case I : The Denominator Q(Xx) is a product of distinct linear factors.

This means that we can write Q(x) = (a1x + b1) (a2x + b2) ... (akx + bk)
where no factor is repeated (and no factor is a constant multiple of another). In this
case the partial fraction theorem states that there exist constants A1,A,...,Ax such
that.

R(x) Ay A, A
(2)  Qx) = ax+b, T amx+b, T Faxaby
These constants can be determined as in the following example.

x2 +2%x -1
Ex.2 Evaluate ° 2x° + 3%~ - 2x dx,

Sol. Since the degree of the numerator is less than the degree of the denominator,
we don't need to divide.

We factor the denominator as 2x3 4+ 3x% - 2x = x(2x2 + 3x - 2) =x(2x-1) (x + 2)



Since the denominator has three distinct linear factors, the partial fraction
decomposition of the integrand (2) has the form.

@) Bl A, B . G
x(2x -1)(x+2)  x 2x-1 x+2
To denominator the values of A, B and C, we multiply both sides of this equation by

the product of the denominators, x(2x - 1) (x + 2), obtaining.

4)x2+2x-1=A2x-1) (x+ 2) +Bx(x+ 2) + Cx(2x- 1)

Expanding the right side of equation 4 and writing it in the standard form for
polynomials, we get

(5)x2+2x-1=(2A+B+2C)x2+ (3A+2B-C) x-2A

The polynomials in Equation 5 are identical, so their coefficients must be equal. The
coefficient of X2 on the right side, 2A + B + 2C, must equal the coefficient of x2 on the
left side-namely, 1. Likewise. The coefficients of x are equal and the constant terms
are equal. This gives the following system of equation for A, B and C.

2A+B+2C=1,3A+2B-C=2 ,-2A=-1

1 1 1
A==, B=—,andC=- —, and so
2 5

Solving, we get 10

2
X +2x-1 11 1 1 1 1

g | e L e R
sz3+3x2-2x dx I[Zx 5 2% -1 10x+2]d"

1 1 1
3 n x| + 10 nl2x-1) - 10 fnlx+2] + K

In integrating the middle term we have made the mental substitution u = 2x - 1,
which gives du = 2dx and dx = du/2.

Case II: Q(x) is a product of linear factors, some of which are repeatedSuppose the
first linear factor (aix + bi) is repeated r times, that is, (a1x + b1)r occurs in the
factorization of Q(x). Then instead of the single term A1/(aix + b1) in equation 2,
we would use

Ay . Aa -
(6) apx+b; T (ax+b )2 T F (axeb)



Wox+l A B C D E
e R e

+ + -+ e 3
By way of illustration, we could write -1 x T x-1 7 (-7 (1)

but we prefer to work out in detail a simpler example.

cxto2x? s ax 1
Ex.3 Evaluate * % -x“-x+1 dx

Sol.
The first step is to divide. The result of long division

x4—2x2+4x+1 4%

=x+1+
is xF —x® —wal W2 —x+1

The second step is to factor the denominator Q(x) = x3-x2-x+ 1. Since Q(1) =0,
we know thatx - 1isafactorand weobtain x3-x2-x+1=(x-1) (x¢-1)=(x-1)
(x-1)(x+1)=(x-1)2(x+ 1) Since the linear factor x - 1 occurs twice, the partial
fraction decompositoin is

. S A B c
(-120+1) ~ x-1 7 -1 T %1

Multiplying by the least common denominator (x - 1)z (x + 1), we get

(M 4x=Ax-1)(x+1)+B(x+1)+C(x-1)2=(A+C)x2+(B-2x)x+(-A+B
+0)

Now we equate coefficients: A+ C=0B-2C=4,-A+B+C=0

Solving, we obtainA=1,B=2,andC=-1,s0

dx

l‘x4—2x2+4x+1
B-xT-x+1
1 2 1
+ -—
x-1 (}g_]_jz X+1

= [ X+1+ di

+x+£n |x—1[—&—£n]x+ 1] +K



¥X=1
X+1

x2 2
= + X - —— + £n
2 x-1

+ K

Case III : Q(x) contains irreducible quadratic factors, none of which is repeatedIf
Q(x) has the factor ax? + bx + ¢, where b? - 4ac < 0, then in addition to the partial
fractions in equation 2 and 6, the expression or R(x)/Q(x) will have a term of the
form.

Ax+B
(8 ax® +bx +¢ where A and B are constants to be determined. For instance, the
function givenby f(x) = x/[(x - 2)(x2 + 1) (x2 + 4)] has a partial fraction
decomposition of the form

X =_i_+Bx+C Dx+E
x=2)02+)(x2+4) ~x-2 " +1 T 32+4

The term given in (8) can be integrated by completing the square and using the
formula.

J‘sz -X+4
Ex.4 Evaluate x? +4x  dx

Sol.

2% —x +4 A Bx+c
x(x2+4)  x

+
Since x3 + 4x = x(x2 + 4) can't be factored further, we write Ko
Multiplying by x(x2 + 4), we have 2x2-x+4=A (x2+4) + (Bx+ C) x= (A + B)
x2 + Cx + 4A Equating coefficients, we obtain A+ B=2C=-14A=4

242 _ 1 -1
snj'..xa x+4dx=j'[;+}(’;+4)dx
ThusA=1,B=1and C=-1and X 4ax

In order to integrate the second term we split it into to

[32 de= [ dx- [—d
parts X2+4 _'X2+4 _'x2+4 X

We make the substitution u = x2 + 4 in the first of these integrals so that du = 2x dx.

We evaluate the second integral by means of Formula 9 with a = 2.



2%% X+ 4 1 X 1
Imd“= J-;:dx ¥ Ix2+4dx N Jx2+4dx

<l Tl & % fh (2 +4) - % tan! (x/2) + K

Case IV : Q(x) Contains A repeated irreducible quadratic factor.If Q (x) has the factor
(ax? + bx + c)r, where bz - 4ac < 0, then instead of the single partial fraction

AqX +Bq A-X +Bo A X =B,
w2 chxie T [ abxsef THET (ax? +bx +c)
occurs in the partial fraction decomposition of R(x)/Q(x), each of the terms in (10)
can be integrated by first completing the square.

(10)

Ex.5 Write out the form of the partial fraction decomposition of the function

x3 +x% +1

X(X —1)(x* + X+ 1)(x* +1)?

Sol.
x3+x%+1 A B Cx +D Ex+F GX +H IX +J
2 3 7 =& T F— 2 3 ¥ o 3
X(X = 1) (X% + X +1)(x% + 1) X x—=1 ¥ax+l a1 KD s
Jl—x+2x3—x3d
) - b4
X(x= +1)°

Ex.6 Evaluate

Sol. The form of the partial fraction decomposition
1-x+2x2-x* A  Bx+C Dx+E
x(x2 +1)? “x T @il T2

is

Multiplying by x(x% + 1)2, we have -x3 + 2x2-x+ 1 =A(x2+ 1)2+ (Bx + C) x (x2 +
1)+ (Dx+ E)x

=A(X*+2x2+ 1) +Bxt+x2)+C(x3+x)+Dx2+ Ex=(A+B) x*+Cx3*+ (2A+B
+D)x2+ (C+E)x+A

[f we equate coefficient, we get the system A+ B=0,=-1 ,2A+B+D=2 ,C+E
=-1,A=1

Which the solutionA=1,B=-1,D=1,and E = 0. Thus



J‘I—}C+2){2—3(3d _[1—)”1’“ X ]
xo+12 = kT @)

d
jd_x' Ix +1 ¢ j I(x:+);}2

1 1
= £n |x] - 3 £n (%% + 1) - tan-1x - 02D * K

We note that sometimes partial fractions can be avoided when integrating a rational

w2 +1 1
x(o2 +3) &

function. For instance, although the integral

could be evaluated by the method of case I1I, it's much easier to observe that if u =
¥ +1

s 1 2
22+ 7) dx 3 In |x*+3x|+C

X(x2+ 3) = x3 + 3x, then du = (3x2+ 3) dx and so

3 _3x% +2%x-3
Ex.7 Evaluate (+1y  gx

Sol. In this example there is a repeated quadratic polynomial in the denominator.
Hence, according to our previous discussion

_3x%+2x-3  Ax+B; Ax+B;

- = = ] + 2 "'_‘
(x= +1)° X~ +1 (X~ +1)" For some constants A1, B1, Az and Bz
An easy way to determine these constant is as follows. By long division,

x? -3x% +2x-3 o o
¥ +1 x2+1
therefore € - +2x -3 s + -
32 +1 x2+1 0 (2 +1)?

ThusA1=1,Bi=-3,A2=1and Bx=0

-3 +2%-3
(2 +1)

we know have



j‘ SinX +cos x

X +1

1

1
s 2 =1
2En(x +1)-3tanix (%2 +1)

J‘ dx
Ex.8 Evaluate + COSX +CO5eCX

Sol.
e J dx =.[ sinxdx
cosx+ L cosX.sinx +1
sinx
_J’ 2 sinxdx -_[ 2sinx
B 2+25inxcn5x 2+5|r12x

_ J[(sinx +Cos5x)+ (sinx —cosx)]dx
B 2 + 8in2x

sinx — cOSX
dx + | ——————dx
2 4+5IN2x

SinX +Cosx
2 18in2x

Sinx +cosx Ismx COSX
= 13-(1-sin2x) dx + 1+ (1+sin2x)

3_(sinx-cosx)? - X+ -[

5inx -
1+ (sinx + cosx)>

-=j %dx—[%dXJfIi(xzil)z dx

+C

COS X
. dx

put sin x - cos x = s and sin X + cosx = t = (cosx + sinx) dx = ds and (cosx - sin x)

dx = dt

e

3_g j1+t2 j(wB)z-[s}z'

1 V3 +s
- 21."r3 o \,6—5

—-tanlt+c¢

1 J3 +sinx - cos x|
V3 —sinx + cos x|

dt
i

—tan™ (sinx + cosx) + ¢

Page 22 of 79



[ zox.
Ex.9 Evaluate * (¢" —1)°
Sol.
1 eX
j{e" e je"(e“ T ™ o
We have , [multiplying the Nr. and Dr. by e¥]

I dt
- TMt-177 putting ex = t so that exdx = dt.

A B c

1
il = g T

partial fractions)

To find A, putting t = 0 on both sides of (1), we get A =1

Tofind C,putt=1andwegetC=1.Thus1=(t-1)2+Bt(t-1) +t
Comparing the coefficients of t2 on both sides, weget0 =1+ BorB=-1

1
t{t-1)2

a3 a2 L
Tt T t-1 7t -1

dt 1 dt dt
— — _J2dt - [ O
wence [ - et - [ +I(t‘l)z=logt—log(t—1)—{1/(t—1)}+C

=logex-log (ex-1)-{1/(ex-1)}+c =x-log(ex-1)-{1/(ex-1)}+¢c
Ex.10 Integrate (3x+ 1) / {(x-1)3 (x + 1)}.
Sol.

I+l I(1+y)+1 4+ 3y
2 = = ol
Puttingx-1 =ysothatx=1+y, we get =170+ T YR2+y) T y2+y)
arranging the Nr. and the Dr. in ascending powers of y

)'3

2+y

1 1 1 3.1
= — |2+ =YYt
-7 2Y 4)’ 2

] , by actual division

1=A(t-1)2 + Bt(t-1)+Ct...(1) (onresolving into

Page230f79 EgmgmgE e o m o



2 & i i 1
5‘(2+y)

2 1 1 1
= (k-1 F ox-1)2 T ax-1) T ax+1)

Hence the required integral of the given

—j 2 .1 1 1
T x-1P®  2x-1P 4x-1) 4x+1)

fraction

-1

_ N 1,
= x-12 " 2(x-1) "2 og (x-1)+ 7 log (x + 1) + ¢

R 1 L
T (x-1P T 2x-1) T4 9 x 1 *€

¢ A
Ex.11 Evaluate the integral * x*(x-1)
Sol.

Letx =sec20 = dx = 2 sec20 tanq db

2sec? 8tanede

5 =2 Icos4 ade
sec” 8tang

= I=

I=2 Jc:::s4 8de =2 _l‘[{t:c:ns2 EB)zldH

- J'[i +cos 26

2 2
5 ]z de = 2 I(cos 26+2cos268)ds

- “d6+ coszzede-:-z_[coszedal
2

= 2 |[de-+f cos? 26de + 2 cos2ec|

i 1+c0548 sin28
=_ |8+ de +
2 [ I( 2 ] 2 ]“
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12 [B+ e, sin4a

+8in26
2+50 ]+c

8 sin4e " sin2é -
4 16 2

38 sin28 sin4ds
+

= = 2
4 5 + 16 + c where x = sec?s

267 4 o™ _ 4™ 45"

= 5 = dx.
Ex.12 Integrate, (e +4)(e™ -1)
Sol.
) 2y* +y? -4ay? +4y+2
Putetr=y = I=j- v2 + ) (y2 - 1)2 dy
_J-v{vz+4)(v“—2vz +1)
eyt Y
1 e*
=— m + tan-i[?] +C
dy

j T P -
Ex.65 Integrate ~ ¥ (1+Y7)
Sol.
Puty = tan@

dy cos® B (1-sin?e)? de
e j¥2(1+'¥2)3 - 5ir12£31dB - '[ sinfe
_ j(1—35in19+35in‘9—sin59)d9
sin® 8
= J-(coseczﬁ—3+35in26—sin49}d9
2SS . B B Page 25 of 79



—E—Etan'1 —35| (2 tan™t }——5| (4tan*y) +c
y 8 Y 5 n Y 32 n Y

- f(x)
Ex.13 Evaluate ' T dx, where f(x) is a polynomials of degree 2 in x such
that f(0) = f(1) = 3f(2) = -3.

Sol.
Let, f(x) = axZ+ bx + ¢ given, f(0) = f(1) = 3f(2) = -3

~f(0)=f(1)=3f(2) =-3,f(0) =c=-3,f(1)=a+b+c=-3, 3f(2)=3 (4a+b +
c)=-3

onsolvingwegeta=1,b=-1,c=-3
s~ f(x)=x2-x-3
f(x) I %2 —x-3
]. dx (x 1](}( —x+1)d

(x2-%-3) A Bx +C

Using partical fractions, we get, ™~ DO +x+1) - (-1 T O +x+1)

Weget, A=-1,B=2,C=2

4 (23 +2)
I= .[-x—l X+ (x2+x+1) dx

(2% +2) [ 1-dx

=—lo =1 1 B, o e —_—
9lx-1f G2ax+1) T3 00

dx
= —log [x-1] + log [x*+x+1] + I (x+1/2)2 +(J3/2)2

‘\

+
=log [x-1] + log |x® +x+1| + ."_ tan'l[ & J

Ex.14 Integrate 1/(sinx + sin 2x).

Sol.

- - - - - = - - - Pagezsof?'g --- - - - - - - - ] -



dx

We havel = .[sinx + 5in2x%

_ _[ dx _J dx
~ Jsinx+2sinxcosx 4 sinx(1+2cosx)

= [ sin ¥ dx - sinxdx
J gin?(1+ 2 cosx) (1 - cos? x)(1+2cosx)

Now putting cos x = t, so that - sin x dx = dt, we get

_ IL_ | dt
I=-Jua-@a+2n =" J@-oa+oa+20

[ 1 1, a4
=-lls1-t 201-9 3@+2p |9t

1 1 2
=5 log (1-t) +5 log (1 +t)—§ log(1+2t) +cC

1 i 2
6 log (1- cos x) +E log (1+cosx) -3 log(1+2cosx)+c

Integrals of Some Particular Functions

Introduction

I-J'az —_x2

Consider the integral dx

If we change the variable from x to © by the substitution x = a sin0, then the identity
1 - sin20 = cos?6

allows us to get rid of the roots sign because

3

Iva? —X [

= Ja2_aZsin?p = yal(1-sin?6) = \a2cos2g = alcosd| Moticaithc
difference between the substitution u = aZ - x2 (in which the new variable is a
function of the old one) are the substitution x = a sin 8 (the old variable is a function

of the new one).

In general, we can make a substitution of the form x = g(t) by using the Substitution
Rule in reverse. To make our calculations simpler, we assume that g has an inverse



function; that is, g is one-to-one.
_{f(x)dx= jf(g(t))g'(t}cit

This kind of substitution is called inverse substitution.
We can make the inverse substitution x = a sin 0 provided that it defines a one-to-
one function. This can be accomplished by restricting 0 to lie in the interval [-1/2,

/2]
Some Standard Integrals

dx

- b
e -1
(i) _[\Jag_x sin™ = +¢
dx 1 X
i e -1 2
(i) Iag+x2 = tan = +C
dx
PR ... W | 1 X
(III)IX\leg_ag = sec” 2 e

) [

=1In Ryl
Vx2 22 [X+Vx=+a°]

uA .
—_— |
(v) J‘u'xz—a:? = In x+yx2-a?]

i J- dx 1 I a+x
(wi) 222 " 2aMfa—x| *C

B I- 1 i X—-a
{vii) 12 22 =55 In|xsa +¢

I
vil) [Va®—x* dx = 3

|

(ix)J'ﬂ.fxzﬁl2 dx =
(x) [Vx*-a® dx =

Solved Examples

(2. .2 32|
WXT+a +?n

2
X a
= Jx2_g2 - — In
21'3{ a 3

2
2 52 + 2 sint Xic
va —X 2 a

)(‘I-‘\'Ixz -i-az +c

]
X+v.'x2—32 +C
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|
! 1
1
' 1
| - adx g
e =n 2 s 1
" Ex.1 Evaluate " vx*-a°~ " wherea >0 1
|
1 Sol. |
|
! 1
We letx = asecB, where 0 <8 <m/2orm<6<3mn/2. Thendx =asec6tan 0 do 1
! and lI
1 1
1
X -2 1
! 6 II
I a I
1
! 2 .2 = |a2¢cpnn2 1
VX< —ac = qa“(sec“6-1) I
) I
1
1 = Ja2tan®s = a [tand| = a tane |l
1 ll
asecatane
1 Therefora _[ e _é"t_éh'g'_ ll
! |
|
] = Jseceda =In |sece + tans| + ¢ |I
I [
II
1 ) . . 2_
The triangle in figure gives tan 6 = xiaz 1
| a i
II
1 ;
dx X, Vx2 -a? i
1 s0 we have v'ﬂ =1In 5 a +cC II
! |
i
1 =In|x+ \y2_32|-Ina+C .I
I 1
=In |% + 4x2 2[+Csece—x II
| = R | r =
Ex.2 Integrate 1/(2x* + x - 1). [
! 1
1
I Sol. ]
1
I I
ety - & [ -
i We have (2xZ +x-1) ~ ((2,%x_1 1
2 2 1
' I
1
! 1
|
' I
|
' I
1
I 1



i dx 1 dx
o el et
1 1
(”4) 2716 [“4] “16
1 3
X+ —
114 4 4
—2.23logx+1+3+c
4" 4

2% -1 | il 2x-1

1 |
=§-I0g 2()(+1}|+C=§-IQQ‘)(+1 —Elog.'2+c

I
W=

og (2x - 1)/(x - 1)] + C,

Ex.3 Integrate (3x + 1) / (2x2 - 2x + 3).

Sol. Here (d/dx) (2xZ-2x+ 3) = 4x - 2.

3 3
E= J.i dy= | *——=dx
22 —2% +3 (2x%2 - 2x + 3)
] 4x -2 5 1
[2x —oc+3 X3 J-:z:<‘3-2><-'-3 e
3 5 dx
= — 2 _ —_—
a log {(2x2 - 2% + 3) + 25 _‘}{2_)”(3;2}
3 5 dx
== log(2x*-2%+ 3) +=
7 log ( ) 4Ix_1]2+3_1
2) "l2)7 14
dx

=—|0g{2x -2x+3}+—J =
( -;] +(5722

= 3Iog(2x2-2x+33+ 3 ;
4 4 ({5/2)
e . = =

Ex.4 Integrate 1/ (4 +3x—2x7) -

L Page 30 of 79



1
| |
|
| |
i Sol. '.
| 'I
dx 1
We h B i
1 = have ju'(4+3x—2x2) ll
| II
1 1 _[ dx 1
= = 1
,~|2 9 .4 _ )
| {2+16 (:»:2 2)(1'16}} lI
i lI
] _i I' | dx Il
I T N2 T {(41/16)-(x—3/4Y} l|
1 II
1 - |
1 - L S % ) Il
= \u'é' sin {1.;41/4) +C: I
1 |
lI
|
A a3 1
' = \JE sin 1\ 41 + € II
1 II
1 I(x-1)(2-x) 1
! Ex.5 Evaluate 'h dx. 1 I
|
i Sol. |
1 II
1 We have J Jx-1)(2-x) dx = j"'-(-—){2+3x—2}.dx :l
1 i
I j|_2_[x_i)2+gl j||l_( _3)2 ll
: = \| 2) 3 dx e 2] [dx, |I
|
| ll
1 (.. 3} (la_f,_3Y 11 3 I
; - 3 (+-3) \4'{4 & 2)} + g st {(’{ 2.]””2}}” 1
| |
1
X i 1 ) 3 '172 l in1(2 3 Il
I —4(x— ) y(Bx—x —2J+Bsm (2x-3)+c I
|
! s (x3 +3)dx |I
| y D i
: Ex.6 Integrate  V(*" +1) ll
1
| |
|
| |



1
1
1
i
1
|
Sol. 1
1
1
3  ; 1
W i j(}f 42-3):[:-{ _ ]'x(x2+1} X+3 - 1
VO +1) Joi +1) I
|
_ j-_x(x2+1} _J‘ xdx 5 _dx ll
g'(xz-l-l) \‘I(X2+l) = (}:2+1) ||
1
1 o r 1 [ 2xdx dx 1
= = | (@) Ddx- = |7 i
> _[{ WO +1) dx 27 o2 +1) +3 '[\;'(x2+1) |I
1
2 e II
-2 [30‘2“)3’2] - 2 20+ 1+ 340 (x+ 02 +1) ) + |
o - 1
= - (2+1)¥- J62+1) +36n(x+ 1‘l'(,.(24,j_))-!-¢: Il
1
|
Ex.7 Integrate x2/(x* + x2 + 1) l|
1
Sol. !
2 II
e [ % . 1
Let I_'[x4+={2+1 : _[x2+1+1 dx, I|
2
* dividing the numerator and the denominator I|
both by x2. 1
1
Now the denominator x2? + 1 + 1/x2 can be written either ||
2 2 I
[x—;) +1oras[x+§J = i
as The diff. coeff. of x-1/xis 1 + 1/x% and that of x + 1/x .l
is 1-1/x2. So we write i
|
1 pas1/x)+0-1/x%) |I
I=3 ¥2 414+ (1/x%2) e |I
1
1 (1+1/33)dx 1 ,[ {1-1/x2)dx .l
T2 -1/ x2 43 T2 A (xe1/0? -1 I
]
1
; |
[1+ 12J dx = dt, !
In the first integral put x - 1/x = t so that ® and in the second integral II
put I
1
]
1
]



1 ' 1
X+ = =25°mat[1_x_z]dx=

b kB 4
2 T2+ (3 T 2

1{@-1;@} 1
\-"5 + 4 0g

1 .[szz

dz.

-1

z-1

log —= +c

Z+1

(x+1/x)-1

(x+1/x)+1 * €

: xZ-x+1
7% @i

+ C

(1 +x7)dx

Sol.

(1 +x%)dx
(1 - x@W1 432 + x*

Let,1=j

)‘2(1+ ngx

=J’ e 9 >'€1 -
X []Jf
(1+1/x%)dx

=—I{x—1/xm

J‘ dt 1
-1 (putx-;=t)

Again put 2 + 3 = s2

sds
s(s? - 3)

= 2tdt=25d5=_J'

Ex.8 Evaluate (1- x2 W1+ x% +x*
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1
| |
|
| |
1 J s ES Jx-1/%)2%+3 - 5‘ l|
i - s? ‘(\'IE)E =T 2\"5 log \;'I[){ -1)"5'5]24-3 +-\'(3‘ *c .l
1
| |
I 1 ,x2+ 12+1-J§ II
==l log X +C ~-1\d 1
. S v - .
; X Ex.9 Evaluate ™ (X +1)Vx” +x” +x 'l
1
i Sol. i
1
| |
. J‘ (x - 1)dx ]- (%2 - 1)dx 1 I
Lot = Tk a3 ox (o1 1253 202 4 x lI
1
|
1 I ®2(1 -1/ x2)dx I|
1 (x% +2x + IWx? + %% + x |I
1 ll
; [ x? ]dx _ dt |I
1 [ )J“*“l Tl t+2ht+1 I
X |
] 1
|
1 1 1
(putx+ — =1t, (1 - 1/x2) dx = dt) |
1 X 1
|
1 3 II
2z dz z _
i I(zz+1]i=2Iz2+1=2tan1(z}+c |I
1 II
1 (putt+ 1 =22 = dt= 2zdz) |
|
8 w5 .I
I =2tan? (yt+1) + c = 2 tan™ ,‘I%X"'1 +c "
|
|
! l* dx 1
] |
g Ex.10 Evaluate * Vi~ @)(B-x)} 1
1
: 1
§ Sol. |
1
1
' Put x = acos26 +  sin20 so that dx = 2 (3- «) sinB cos 6 d6 [
] |
I Also(x - a) = (B - a) sin26,and (B -x) = (B - a) cos28 :|
| |
1
] |
|
| |



Making these substitutions,in the given
2(p - «)sinécos 6de =IE(B—a)sinecosB

w'l{(ﬁ—u)cusz 6.8 —w)sin?g) ° (B—«)cosesine

integral =
=2 jdﬁ = 26 = cos™ (cos 26) (1)

But x = aacos20 + Bsin2 0; 2x = a (1 + cos 26) + B(1 - cos 20)
ie,(B-a)cos20=(a+B-2x)orcos20=(a+p-2x)/(B-a)

u+[5—2}¢]

from (1), we get the given integral = cos! [ -

dx

Ex.11 Evaluate] =" (3+dx* Wb —ax*

Sol.

dx = u'l-g cos 8 de
Substituting axz = b sinz 0 =

JEcose-de
a

{a-r h: sin? e]\.‘b -bsin?e

I=

cosede de

= \EI 22 + b2 sin? = \E _[ - i
it glcon Gk dividing Nr and Dr by cos26. we get

sec? 8de
a’sec? 8 +b*tan’ e

=~EI

puttane =t

dt '\.'E dt
=a J32(1+t2)+b2t2 = (a2 +b?) j 5 )
il

1 . [t\"a2+b2]
= ———— fan~ +C
‘,"a(az +b%) @



1
1
1
1
1 xya® + b? '
= ——— .ftant | —F/———| + ¢ i
ya(a® +b?) ;b - ax? . 1
1
1
(since, t = taneé = ) 1
vyb-—a? I
1
1
Ex.12 Integrate 1/(1 + 3 sin?x). lI
1
Sol. Dividing Nr. and Dr. by cos? x, we have II
|
g [ [ EEEE !
~J1+3sin’x Jsec? x+3tanx ll
1
~ J- sec? xdx _ j sec” xdx I|
Tl a+tan?x)+3tan®x  J1itan?y |l
1
Now putting 2 tan x = 5 so that 2 sec?x dx = dt, we have ||
I |
I= %—[]jttz =—;7 tan‘1t=%— tan~! (2 tanx) I|
i
1
Integration by Parts II
1
Definition I .
d 1 lI
Iuvdx=u fvdx—‘[[d—u.‘[vdxl i
: % -dx where u & v are differentiable functions. | |
|
Note : While using integration by parts, choose u & v such that II
1
(a) [ dx vis simple & Il
rd i
l d—UJ.V d)(} l.
(b) " LOX dx is simple to integrate. ll
1
This is generally obtained, by keeping the order of u & v as per the order of the letter b
in ILATE, where .I
1
I - Inverse function l|
L - Logarithmic function i
A - Algebraic function 1 :
1
]
1
]



1
1
1
1
T - Trigonometric function ! i
E - Exponential function 1 I
1
Remember This: 1
e 1
(i)lj-eax.sinbxdx= —— (asinbx-bcosbx) + ¢ II
AT
1
ax e lI
(ii) [e .cosbxdx = —=———= (acosbx + bsinbx) + c 1
E: a +b~ I
1
Evaluate I = jea” sinbxdx I|
]
Proof: '|
1
Integrating by parts taking sin bx as the second function, II
1
e®* cosbx ax|_ cosbx) e cosbx | @ [ _ax I
- S [F- i = o= oy o le™ cosbxdx 1
We get 1 5 r [ b ] dx 5 ¥ g _f 'I
L . . . 1
Again integrating by parts taking cos bx as the second function, we get |
r _ _ 1
[=_ €%cosbx  a |eTsinbx _(, axsinbx g, [
b b L b - b I
1
2 ll
e®* cosbx B a "
or I=- — + ) e sin bx - o je“smhxdx I|
i
ax a2 II
or I1=-—5 (asinbx-bcosbx)- —= L. I
b b I
II
Transposing the term -a2/b2 I to the left hand side, we 1
1
22 ax
{1+b2)l=1—2(asinbx—bcosbx} II
get 1
i
1
1 2 2 1 ax i I
or -b-z-(a +b)I=—b§-e (a sin bx — b cos bx) [
1
1
ax ]
:.I=m{asinbx—bcustm) II
1
]
1
i
1
]
1
]
- = - - - = - Pagea70f79 [ B BN | - - - . - - -I



2% - e?x -
Thus, je *ginxdx = = (2sinx-cosx)+C

Remark : (i) J e¥[F(x) +F(x)]dx = e*f(x) +C

(ii) I[f(x) +xf() Jdx = xf(x) + ¢

Solved Examples
Ex.1 Integrate xnlog x
Sol.

We have jx“logx dx = j(logx).x“d}{

xn+1 1 Xn+1
= (log x) . - ;
(log x) n+1 jx n+1
xn+1 N
= (log %) . - dx
(log x) n+1 jn+1
e+l ¥+l

- |0 Xy . -3 +C
(log x) n+1 (n+1)?

- log(sec! x)dx

J |
Ex.2 Evaluate *V(x"-1) dx

Sol.

1
sothat [ 2 ., dx=dt
Put sec-1 x =t so that Xy -1)

Ilog tdt = I(Iogt).ldt
Then the given integral =

1
=(logt).t- [Etdt=tlogt—t+c

Page 38 of 79



-1
sec X
= sec! x ['09 [C—-D +cC

=t(logt-loge)+c =sectx(log(seclx)-1)+c

-1 I”'l-x‘

[tan WTox) g

Ex.3 Evaluate
Sol.

Put x = cos 0 so that dx = - sin 0 d0. the given integral

tand | 1-cosé .
— I n Y1+ cose (- sing)de
= I(tan“{tan g)sinede)

8 . ! i
=-.[E s"}ade:_i jasmedﬁ

i
=- 5 [6.(-cose) - I{-Cﬂﬁejde]

6C0O56 5ing
2 2

1 >
= 5 Dreosttx - (1-x3)]

[xz tan™ x dx 1
Ex.4 Evaluate -

Sol.
3 3
sztan‘ixdx - B pnevg. [ L ]
We have 3 3 1402
»3 1 (x0E +1)-x
Z_tantx- = A dx

[x3=x(x2+1)-X]
integrating by parts taking x2 as the second function

3 2%
= X -1y _ L wdx ll
3 tatxe g xdes fog [T g
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|
] ]
1
| |
| _ X s x* l[ (1 2) ll
=G antx- = + plog(1+x7) +c I
1 1
|
1 P4 2 ) '
i | sin™t ‘J :x —= ] II
; Ex.5 Evaluate (V4x" +8x+13 Jgy Il
|
] |
. Sol. "
1
i i
2x+2 .1 2x+2 |
' k jsm {\'4:42 +Bx+13] dx '[ [-.*'(2}: +2)2 +33] L |I
1 1
|
I . _4(3tane}3 3 . |I
! = JS'" [359_::3]5 sec’ede = 5 Jasec 6de I
(put,2x+2=3tanb= 2 dx =3 sec20d0O) I
1 1
3 3 1
1 =5 (6 tane — Jtanedﬂ) =5 {6 tane - log (sec8)} + ¢ |I
I o II
2
’ 3 2"+2tan'1[2"‘“2J—lo ||1+(2x+2] . I
=5| 3 3 \ 3 i i
1 1
ll
1 : =
’ - %[%{x+1}tan'11§(x+l)]—|ug%} +c ll
|
1 2 1 !
. = I=(x+1)tan? [5(3‘”1)]—;Iug(4x2+8x+13)+c Il
|
1 ( 5 ll
I logf 151287 " ( c0s26 )| 4o I
cosé > sind > 0, then evaluate : j ogl\l_sin 28 og&1+ sin26 ] 1
I Ex.6 If ) i
i i
Sol. 1
i |
1
i " cos2 8 ] 1
1+s1n28 cos 26 1
i Here, 1= .[I'log{l—sinza] +!Dg[l+sin29}jde 1
1
[ |
- - I
8 _ 2 ocse+sme]_ [cosa+sma] 1
= j{zcns Blog(_mse—sine o e | ll
|
|
i 1
|
i ]
1
1 ]



- Ecosza—llo[ -
I( ) g Cos6—sine

CcOS6 +Sing
o

Icane.lng[cose'l' sma}dﬂ‘ applying integration by parts

cos58-8iné
I

COS8+S5iN8Y sin28 2 il
~ina i : - _[ . de
COS8—5in6 n o 2
sin2& | cos 8 +sing ;
=5 100 [se_sing) * 3 09 lcos2e | +c

¢ xe®

————dx
Ex.7 Evaluate * (X +1)°
Sol.
We have -[(x+ dx = Ixe )2 dx

]d){,

xe® 1 % i 1
jmn2 e = oett) [_WJ - J(e"+xe ){_m

{Notematthemtegralof( :1}2 Is — :-(+1]
(xxf:)z + [0 _Zodx

= x+1 “dx_-:ix1+e’+c

=e"[1-'£i:|+c=e*% +ec= :-:E:1 +c

Alternative solution

x

xe
d
(x+1)?

_ [e" de

We have _[ x+1)
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< 1 1
= Ie [m—{x+i)2]dx

= _[e"[f(x)Jr O dy, where f(x) = =

Ex.8 Evaluate -

Sol.

2 +5in2x

x
We have IE e

_J-e,[ 2 +25inxmsx]dx
B 2c082%  2cos®x

= Je"‘[secz X + tanx]dx

- j’ eX[F(x) + F{x)1dx,

dx
Ex9 Evaluate ° (¢ +&)

Sol.

1

1

=g
+1 x+1

- 2+sin2x
' e —— " dx
14 cos2x

1 1
I(xz a2)2 n = 02 +2PR X

aar g
{){2+32]2 +4 [ (x% +a

X

2y3 dx

(i)

...(ii)

J —2(2x) wdx

(% +a2)°

1 dx
- o 4 g -
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X
= I, = (x2 + a2)2 + 41, - 4a? . I (using (i) and (ii))
using, previous example

X

=43 = (}(2 +az)2 + 11 ..{ill)

3
g
J- dx J- X 1 N (i)

L= 02 +a%) T 22202 +a2)P2 T o3 tan™ 3] +¢

Integration of Irrational Functions
Definition

Certain types of integrals of algebraic irrational expressions can be reduced to
integrals of rational functions by a appropriate change of the variable. Such
transformation of an integral is called its rationalization.

1. If the integrand is a rational function of fractional powers of an independent
P1 Pi |
X, x%, ..., x%

r

variable x, i.e. the function R * 7/ then the integral can be
rationalized by the substitution x = tm, where m is the least common multiple
of the numbers qi, qz, ..., qk.

2. If the integrand is a rational function of x and fractional powers of a linear

ax+b
fractional function of the form ©X+d " then rationalization of the integral is
ax+b _
effected by the substitution cx +d where m has the same sense as above.

Solved Examples

) dx
Ex.1 Evaluate ' JOx+a) +4(x +b) -

Sol.

]' dx J' \.‘r{:( +b) - \JI(" +a)

JOe+a) + J(x+b) 1 (x+3)-(x+2a) dx

Rationalizing the denominator, we have



| |
|

| lI

1 _plx+bY2 —(x +a)t/2 1
_J' b-a dx 1

| |
1

1 : \ I|

1 |= 3/2 _ = 3/2

| =b__a[3(x+bj S(x+a) } I

| |

I w2 L s B Gl i
3 (b-3) 1

i |
1

! J- X+3 x2 & - 8fx i I

I Ex.2 Evaluate[ = * Xx(1+ J_ x) ; I

1 1

E Sol. The least common multiple of the numbers 3 and 6 is 6, therefore we make the II
substitution 1

1 II

" X = t6, dx = 6t5 dt. I
|

1 6 4 |
5 41y i ]

1 whenceI = 6 Ba+) dt=686 [ = dt |I

] |

II

| dt

=6Jt 5 zit‘+6arctant+c. |

1 “+1 2 I
|

1 |

i (2x — 3)/2dx II

. Ex.3 Evaluate [ =" (2x-3)*3 +1° 1 I
|

1 lI

I Sol. The integrand is a rational function of Y2x-3 therefore we put 2x -3 =t5, .'

" whence I
|

| l|

3t 4 42

' -3 dt-g]‘(tﬁ 4t 1}dt+3_[ l|

| |

£ e t3 '|
I =35 -3+ +35 -3t+3arctant+C I

| |
|

|
! Returnmg to x, we get 1

! e 31 = Lax—3y7/6_ ;('Jx 3prel 5 (2%~ 3Y/2 _ (2% — 3175 s-arc tan(2x - 3)1"6 +C |I

| |
1

| |
|

| |



Ex.4 Evaluate

Sol.

H’E ?\,1 +%@ dx.

-

Let x = t3 = dx = 3t? then

1= [+t 3t de =3[+t 7de

Llet1 + t* = X7 o> 4t dt = 7X5 dX

=3 j'7>c7'd><=E
4 32

Xf+ C.

21
Therefore I = v (1 + x4 C

Ex5 Evaluate [ =" (2-%)* V2+x

2

3

|

2-X

dx.

Sol. The integrand is a rational function of x and the expression
let us introduce the substitution

2+X

o=

Hencel = - J‘Z{

=t;

2283
1+

2+

2—-x=

483

-X
- = t%, Whence
X

3
=5 +C.Wegetl=
4t2 g

1+ t.1. 242 e
16t +2)

-12¢2

2
2

O dt.
142 T @ eP

dt
I's
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2+X " therefore



;

J

Integrals of the type ¥

a

Ex.1 Integrate /[(2x + 1) 4x+3) 1.

Sol.

Put 4x + 3 = t2, so that 4dx = 2tdt and (2x + 1) 4

[[(23( i 1)1. (ax+371 =1 (tz l)t

=j dt _ E[ {t—l} _ EI 1..(4:.(+3)
-0 29 t+1] T 2% faxi3)s1 T

- xZdx
Ex.2 Evaluate *~ (x-1)y(x+2)~
Sol.

Put (x + 2) = t2, so that dx = 2t dt, Also x = t2- 2.

_[ x2dx ~ j_(i—_g)z.Zt dt  _ rt*-at?+4 %
(x-1(x+2) (-3t I -3

=2 [[P-1+{ /(&

=2 [%t’-t+{n‘(2¢§)}!ug{(t— ¥3)/(t+ 3)}]

(x+2)*2 1 . (x+2)-43
=3[ 3 ‘(“2“2«.'5 Ogv(x«\z)w re
Ex.3 Integrate /4% J(x+1) }.

Sol.

Put (x + 1) = t2, so that dx = 2t dt. Alsox = t2 - 1.

where x & y are linear or quadratic expressions

- dividing the numerator by the denominator

Page460of79 Egmgmom o e m o =



I'"" dx j- 2t dt j dt
¥ Jx+1) ~le@o2e T2 e 212

1 t . 4 . 1 4
=I§ (t+1)? (t+1) (-1 (-1 9t

1 1 1
J(t+1)2 3] (t+1) j(t 1)?

i dt
T2 I(t—l}
1 L L
-5 {/t+ 1))+ S log (t+ 1) - 5 {1/(t- 1)} -

= - 3 (U + DY+ Y- DI+ 3 log {(t+ 1)/(t- 1)} +c

1‘Il(x+1) i | {‘{(K+l)+l}
— }{ +2 og v'(’("'l)_l +C

Ex.4 Integrate 1/[(1 +X) {1 -x*) ]
Sol.
Put (1 + x) = 1/t, sothatdx = - (1/t2) dx.

Alsox = (1/t) - 1.

-[ dx

(1 +xW1 - %2)

-1 /t%)dt
/oy -{@/0)-13%]

N (R S
\Ill[tz ~(1- t)Z] .\|'(2t i 1)

1 -1/2 o+ _ 1y
-—3 j'(zt—l} . (2dt = - J(2t-1))

' dx
T - +1)

Ex.5 Evaluate

Page 47 of 79
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Sol.

Putx = 1/t, so thatdx = - (1/t%) dt.

1= | dx - ~1/t%)dt tdt
(%2 —1)(x2 +1) /@)@ /8)+13 T @A-BHRa+B)

Now put 1 + t2 = z2 so that t dt = z dz. Then

ddz d d
S j.[1—(::2-1)}2 - J‘z—zz2 - J.zzfz'

| 2 [
1 ; z-2 1 | y(A+t%) -2
_ — — = i —
229 242 T 22 "9 Ju+eD)+y2 T
L Jaeaen -
22 9 fasartpea TS

1 J1+(1/x3) -x42
" -

T 22 J1+(1/x%) +x:2

]+ =1/

dx
2Xy/1 - x\f(z G e

Ex.6 Evaluate | =

Sol.

dx
Hexe, L= jEx-q'l —x.,](z—)c)-f\ll— X

[ 2t dt dt
= -yl et = -2l +t21

—J- dt & I[ 11 ] dt
T ente w2 at+r T2 -1 1) (2t

1 1 ( 11 ]
t-Dt+1) ~ 2 lt-1 t+1
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1
1 1
1
1 1
1
1 1 1 1.dt
[ | o dt- = |- S [ |
. 2 '[(t—l)w't2+t+1 2J‘(t+1)\|'t3+t+1 ll
1
1 . 1 1
- T = 1
I Let, I=3L-3L "
1
1 1
_[ dt 1
' whanl = d e P4 W9 i
i i
1
" L= a2 s t4q PUEE-1) = Forl, I
1
1 II
-1/ 2%d d
[ - i --[~ z I
: 1+12+ PR P i 3y 1."'_3“2 1
1 z z z ]‘!['Z-FE] +[2] ll
1 |
II
1 —_—
3 |
=—log [Z'i' -—-]+\Izz+32+3‘ (i) |
I % I
1
1 II
1 Forll,put(t+1)=l,ll=—'|-|d# I
S (e« 1V.3 1
1 V{S i z] T4 '
1
1 I
. 1
i = - log {5_1]4,.,"52 ~5+1 (D) h
-
1 i
II
I 3 N
1 i 2 l | R | 2_
I I=_-§ {[O{Zz+\2 +32+3}} + Elog #‘S 2]‘?‘\8 S"‘i +C ll
1
1
1 i 1 I
i where, z = HAow-1 andS = A vl I
1
1 1
. . . . - 1
I Integration Of A Binomial Differential i
1
! fx'“(a-:-bx")p dx .l
i The integral + " where m, n, p are rational numbers, is expressed i
through elementary functions only in the following three cases : II
]
1
1 1
I Case I : pis an integer. Then, if p > 0, the integrand is expanded by the formula of :I
] ]
1
] ]



the binomial; but if p < 0, then we put x = tk, where k is the common denominator of

the fractions and n.

m+1

Casell: N
fraction p.

m«1

Case Il :
the fraction p.

Ex.1 Evaluate = -

Sol.

1 1
I= [x3(2+x2)2dx.

Here p = 2, i.e. an integer, hence we have case I.

1 1 4
I+~ j'x3(x+4x2+4) dx =

7 11 4
24
34— x5 4 3x3 +C.

=2 5
7 11

"’\.14-%"_
J 34_:

Ex.2 Evaluate ] = vX

2 11
x 3(1+x3)2dx,

Sol. = j

Herem = -

win

dx.

[#x(2 +Vx) dx.

3 1
{(x3 +4x5 +4x3)dx
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is an integer. We put a + bx" = t¢, where a is the denominator of the

N+ pisaninteger we put a + bx» = tex», where a is the denominator of



r—24-1]

m+#1 | 3
1
3

i.e. an integer.we have case Il. Let us make the substitution. Hence
13

I=6 [t2dt=2t> +C=2(1+x3)2 +C-

1

-11q 4'Ed_
Ex.3EvaluateI=J‘x o RS

Sol.

Here p=-1/2isa fraction, m+1/2 = -5/2 also a fraction, but m+1/n + p/2 = -5/2
-1/2 = -3 is an integer, i.e. we have case III, we put 1 + x* = x4/2,

1 tdt

Hetiie W= (tz _1)1f4 H dx = - 20:2 _1]5;’4

Substituting these expression into the integral, we obtain

1

1 11 (2 Y2 tdt
O
: 2(t2 -1)4

S N PP S N S
__zj'(t l)dt_ﬁ+§—2+c.

1 Y i — 1 —
Returning to x, we get [ =  10x*° VA +x4P + g JL+xP - 57 Viax* +C
! s

Euler's Substitutions

Definition



JR(X, yax? +bx +c)
Integrals of the form

Euler substitutions.

1. yaxZ+bx+c =t Jaisa>0;
2. JaxZ sbx+c =t£ Jc ifa>0;
3. vax® +bx +c = (x—a)

- xdx

Ex.1 Evaluate] = = (V7x-10-x7)"

dx are calculated with the aid of the three

tifax®>+bx+c=a(x-o)(x-8)
i.e. if a is real, I root of the trinomial ax2 4+ bx + c.

Sol. In this case a < 0 and c < 0 therefore neither the first, nor the second, Euler

substitution is applicable.

But the quadratic trinomial 7x - 10 - x2 has real roots a = 2, § = 5, therefore we use

the third Euler substituion :
V7x-10-%2 = Jx-2)5-%) = (x-2)t
Whence 5 - x = (x - 2) t3;

L .
T T T ey

(5 4+2¢2 3t
- = _2 = .
E {1+t2 ]t it
6 [5+2t7 2 (5
Hencel=—§.[ = d=_§-[(t2 2]dt
=—§ [T+2tJ +C. Where t = Y/X-10-x7
X=2
T 5
J(x+\f1+x‘)”dx.
Ex.2 Evaluate
Sol.
- - - - - - - - -
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LetI= I{J\Hr V1+x2)dx Putx+ 1452 =t

(1)

2

1 v'1+x +X
[l+ ‘—2-2"]@=dt = T |dx=dt
291+ % v1+¥ (2)

We know
‘ % -1+ x2
t=x+ 2 =X+ J 2 x .=
Y1+ ¥ y1l+ X )(—\11-1-){2
t=_71 :>t=)(+\,"1+x2
X—v1+x°

1 — :
and - T =% -1+ x2 substracting we get,

1 1 2t
t o V12 T 241

-...(iii)

2y1+x2 =t+

R e |
from (1), (11) and (1) we getdx = E.‘t—z dt
t2+1 1 b 1 tn+1 tl"l—l
l=ftn'm =§j{tn+t )dt=E[ﬂ+1+ﬂ—l ol
1 f 2y N+l 1 I 2y yn-1
= I=m[x+\l(1+3()] +m(x+v'(1+x)) + C

Can We Integrate All Continuous Function?
The question arises: Will our strategy for integration enables us to find the integral
2
e}(
of every continuous function? For example, can we use it to evaluate ? The
answer is no, at least not in terms of the functions that we are familiar with.

The functions that we have been dealing with in this book are called elementary
functions. These are the polynomials, rational functions, power functions (x3),
exponential function (ax), logarithmic functions trigonometric and inverse
trigonometric functions, hyperbolic and inverse hyperbolic functions, and all
functions that can be obtained from these by the five operations of addition,



subtraction multiplication, division, and composition for instance, the function f(x)

-
[ x—1

—— 4+ £n (cosh %) - xesn2x
—VC+2x-1 ( )

is an elementary function

-

If f is an elementary function, then f' is an elementary function but J f(x) dx need not

2
be an elementary function. Consider f(x) = € - Since fis continuous, its integral
X

2
F(x) = fet dt
exists, and if we define the function F by 0

2 2
the fundamental theorem of calculus that F'(x) = € Thus, f(x) = € hasan
antiderivative F, but it has been proved that F is not an elementary function.

then we know from part 1 of

?This means that no matter how hard we try, we will never succeed in evaluating J.

2
e* dx in term of the function we know. The same can be said of the following
integrals.

- eX il x
il d d

! ~ dx Ism(x )dx Jcos(e )dx
|3 g i sinX

I\.x +1 dx .l_fnxdx -[_x dx

Derivative of Antiderivative (Leibniz Rule)

Rule:
If h(x) & g(x) are differentiable function of x
hix)
d
ax If(t} at= f[h (x)]. h'(x) - f[g (x)]. g'(x)
then,  9(x}

- i T—
V1+12 at.
Solved ExamplesEx.1 Find the derivative of the function g(x) = -" 0

2

Sol. Since f(t) = V1=t s continuous, therefore g'(x) = V1+x°

t 1
Ex.2 IfF(t) = Jo x*+1dx, find F'(1), F'(2), and F'(%).

Sol. The integrand in this example is the continuous function f defined by f(x)

e E w w m w = Pagebdof 79 mEmomoE o m o m e L e e e



1
F'(£) = f(t) = ﬁ . In particular,
1y 1 _ 1 oy 1
Fll=g4=3 F@A=%53=5
x.’s
sec fdt,

Ex.3 Find % M1

Sol. Let u = x%. Then

4

d a X d u
o J1 sec tdt = ﬁﬁ sec t dt

d(pu jdu du
= —|{ sectidt|— = i 4 3
= du‘.L Idx =secu o = sec (x*') . 43,

3

(" costat
Ex.4 FInd the derivative of F(x) = fo 2

Sol.

Fl) = 5o = 'Q'UQ m‘“‘]g"l
T du dx  dulls d
du dx iz " = (cos u) (3x2) = (cos x3) (3x2)

2 ) 3
F(x) = [ _costdt =sintf,,
Jnf2
= sin ¥ - sin % = (sin ¥*) -1

J'{{a-1;(t2 +t+1P —(a+ 1)+ 2+ 1)}
F'(x) = (cos x3) (3x2).Ex.5 Letf(x) = 0 . Find
the value of 'a’ for which f'(x) = 0 has two distinct real roots.

Sol. Differentiating the given equation, we getf'(x) = (a-1) xX2+x+1)2-(a+ 1)
x2+x+1)(x-x+1).

Now, f(x)=0=(a-1)(x2+x+1)-(a+1)(x2-x+1)=0=>x2-ax+1=0.
For distinctreal roots D > 0ie.a2-4>0= a?>4 = a€ (-x,-2) U (2, x)

- - - - - = - - - Pagessof?'g --- - - - - - - - ] -



Ex.6 Show that for a differentiable function f(x),

n - - n n
' l 15 _l‘\, = | _1 l —T
E[T (X} 1[:l{] X 2| dx gf(x)dx > f(0)+ > f(n) ‘_j_._f{l'),

r=0

(where [ *] denotes the greaetest integer function and n € N)

Sol.

n

v

0 1

[ —

n
r-1{ 1

n
= . 1.
(x)x] dx - [ xF(x) dx + : Jf (x) dx

r n ]
Jf'{x}[x] dx —{(xf(x)lg - Jf(x]dx + %iﬂx)}a
2 0

n r i 1 1 n
= 3 (=1 [Fx)dx—nfn)+ _f(n)—_f(0) ,{f{x]dx

r=1 rei

e 1

r=1

=-f(1) - f(2) - ceoo.. - f(n = 1) - f(n)

4 1 1 ?
= Z!{rH Ef(njl + Ef{ﬁ) + _!f{x)dx

el

20
| xe® dx .
Ex.7 Evaluate * =

Sol.

T 1
- :r—1}{f(r)—f{r—1}}—nf(n}+§f(n}+£i{x)dx—§f{0}

d

L f(n) + 2

*3
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f(0) + If{x)dx
0



0
xe* dx
t

We integrate by parts with u = x, dv = ex dx so that du = dx, v = ex;

0 0
It xe* dx = xe* i

0
—L e“dx = —tet -1 + et

We know that et — 0 as t - —=, and by I'Hopital's Rule we have

) t ' i t -
lim te' = lim —= Iim — = im _an _
e trmgt Esapt 1y (-€) =0
0 b ; t t
ThereforeJ‘ " dx= lim (-te'-1+e')=-0-1+0=-1
—io {—=—=
P ‘!

'—c:: )(2 dx.
Ex.8 Evaluate * ™ 1+
Sol.
o 1 0 1 o
dx = d d
J.-m«-xz : J.-m1.—x2 “-[D toxZ

We must now evaluate the integrals on the right side separately :

w 1 P t 1 3 -1t
——dx=Im| ——=limtan™"x
LJ 1+%% 1+%2 b

t—pe D t—=m

= lim(tan"t—tan™'0) = lim tan "t =2
t—sm tem 2

D 1
Wl e )

F d T -
= lim({tan™'0-tan™'t) = 0 - ——) = —
t—m( ) l 2 2
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Since both of these integrals are convergent, the given integral is convergent
m T R
— = —+-=x
and J'“’" 1+x° 2 2 Since 1/(1 + x2) > 0, the given improper integral can be
interpreated as the area of the infinite region that lies under the curvey =1/(1 +
X2) and above the x-axis (see Figure).
l 1

.5 ”
Ex.9 Find -2 ¥x-2

Sol.
We note first that the given integral is improper because f(x) = 1/V(x-2) has the
vertical asymptote x = 2. Since the infinite discontinuity occurs at the left end point

of [2, 5]

y

= M 23 - fr=3)=243

Thus, the given improper integrat is convergent and, since the integrand is positive,
we can interpret the value of the integral as the area of the shaded region in Figure.

-

In x dx.
D

".._)

Ex.10 Evaluate

Sol. We know that the function f(x) = In x has a vertical asymptote at 0
lim

since x>0 N X =-

** Thus, the given integral is improper and we

1 1
J.Inxdx: "m+_|‘ln>cdx
have ¢0 x=0" Jt

Now we integrate by parts with u = In x, dv = dx, du = dx/x, and v=x



1
1
1
1
1
i
/ 1
) " X Il
1
1
area =1 y.=1x I
1
Figure 0
1
1 1 !
[t|HXdX=xIn xj?—jdx ll
: ' =1ln-tlnt-(1-t) =-tlnt-1+t 1
|
To find the limit of the first term we use I'Hopital's Rule : II
lI
lim _ dlim, it _ gim Y im
x—0" tint= =0 q/i t—0 _1“2 t—0" ( t) 0 II
1
’ . 1
}‘Inxdxztl_')n‘;'-_. (-tint-1+1) Il
Therefore =-0-1+0=-1 1
|
Figure shows the geometric interpretation of this result. The area of the shaded ll
region above y = In x and below the x-axis is 1. II
1
II
[ “12e™1dx, _ . I
Ex.11 Evaluate -0 (where [ * ]| denotes the greatest integer function) [
i
Sol. II
II
Letl= [ [267*Idx, Lety = 2e~ 1
|
lI
dy _ e
d—x—-2e <0 v xel0,x) II
1
2e= |5 decreaisng function ¥ x € [0, =) II
i
= 0<2e*£2v¥xel0,x) ll
1
forx>In2 = e>22ex<1/2=2ex<1 ~0<2e*< 1 [2e] =0 A
1
in2 .
_ —x o i [ |
1= [, o1 + [ 7 pe*lax :
]
1
i
1
]
1
]



mn2 =
=j’ 1.dx+_[ 0.dx =(fn2-0)+0=4n2
0 in2

Definite Integral As Limit Of A Sum And Estimate Of Definite Integrals

Definite Integral As Limit Of A Sum

b - -
Jtxax = "M h[f(a) + f(a + h) + f(a + 2h) +.ceseent f(@ + N-Th)]
a
= Yk hnTA'f{aHh] hereb - a = nh
=10 B, whereb-a=n
r=0
limit | o T
Ifa=0 & b=1then, _ h> f(rh) = J.f{X)dx ; where nh=1
r=40 0
timit (1) 23 (1) |
Bl =4 Zf}ii=jf(x)dx
r=1 0

Remark:

The symbol -[ was introduced by Leibnitz and is called integral sign. It is an
elongated S and was chosen because an integral is a limit of sums. In the
[bf{x}dx. f(x)
notation 2 is called the integrand and a and b are called the limits of
integration; a is the lower limit and b is the upper limit. The symbol dx has no

- . , |bf(x)dx
official meaning by itself; -2

integral is called integration.

is all one symbol. The procedure of calculating an

Estimate Of Definite Integration & General Inequality

STATEMENT : If f is continuous on the interval [a, b], there is atleast one number c

-b
f(x) dx = il
between a and b such that J, (0= f(c) (b-a)

Proof : Suppose M and m are the largest and smallest values of f, respectively, on [a,
b]. Thismeans m < f(x) < Mwhen a<x<b



b
= fmdxs be(x}ldx < IbMdK Dominance rule
a a a
b
- m(b—a)ﬁLf(X)dx < M(b-a)

1 hf dx <M
= miﬁ_l-a (%) dx <

Because f is continuous on the closed interval [a, b] and because the number |

1 b
e fix)d
= b-a .Ls il lies between m and M, the intermediate value theorem syas there
exists a number ¢ between a and b for which f(c) =I; that
1 b b
., ba [ fxax =f(o) J‘a f(x)dx = f(c} (b - a)

The mean value theorem for integrals does not specify how to determine c. It simply
guarantees the existence of atleast one number c in the interval.
Since f(x) = 1 + x2 is continuous on the interval [-1, 2], the Mean Value Theorem for

|2 (1=x?)dx = f(c) [2 - (-1)]
Integrals says there is a number c in [-1, 2] such that*-1

In this particular case we can find c explicitly. From previous Example we know that
fave = 2, so the value of c satisfies f(c) = fe =2

Therefore 14+¢2=2 50 2=1

Thus, in this case there happen to be two numbers ¢ = + 1 in the interval [-1, 2] that
work in the mean value theorem for Integrals.

y
y=1+f (27 5)

Figure

Walli's Formula & Reduction Formula



nf2

[s,n x cos™x dx = [n=1)(n-3)(n-5)...10r 3J[(m-1)(m-3)...10r 2]
0 (m+n)(m+n-2)(m+n-4)..10r2
Where K =X if both mand nareeven (m, n e N);

2
1 otherwise

Solved Examples

> (13 — Bx)dx

Ex.1 Evaluate I 0

Sol.

J‘ (x3 —6x)dx

= i Zf(x je . AL ei;’f[%]%

[ |

L HE

Figure

- T i L 54
lim i ——i lim i
- "‘”";{ * on ]= 'H"L“Z o

1[nmn+N)T 54 nn+1)]
4 2 J o 2

a1 {1
= lim [1+ -27L1+
n—e n(
SN S Y
4 4

using limit of sum.
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This integral can't be interpreated as an area because f takes on both positive and
negative values. But is can be interpreated as the difference of areas A1 - Az, where
A1 and A;are shown in Figure

_ 2cos(n-1N& ¢

|sm né secHde —
n-1

Ex.2 Prove that, Hence or

w2
‘- cosbisindt
o

. cos6
otherwise evaluate

Sol.

Consider sinnB +sin(n-2)0=2sin (n-1) 0 cos 8 = sinnb sec® = 2 sin (n-1) 6 -
sin(n-2)06secH

[mfnn sec Hde
Hence -
= - (n—-1) cos(n-1)6- Isin (n-2) sec 6da
2 xi2
Now “j- 2sin3acos5e | _ 1 [ shee-snze sin86— sin26 1
2 cos & Rl o cosé I=EI’—1
ni2
2 =2 sin 68
l,=—= cos 78 -
&7 0 ! cos6

ni2
=£—{—Ems 53!""2 ( sin 49 de}
5 % COS &

_ 30-42+70-210 152
105 T 7106



_ 152 _ TE+105 _ E /4 i 3
== o 1=~ i _[ (cos 26/2cosBds - ——=
Ex.3 Prove that “? 1642
Sol.
14 14
[“ (cos 26)*'?cos B de = fr (1-2sin 8)*’?cos e de
LHS =® 70

o . cost
(Put 42 sine=sint= cosgda = & dt)

whene—>0thent—+0;86—>n/4 thent = =/2

%12 cost t 1
L.H.S. = [ 0t = 7=

31z 3n
o \_}2 ‘2'4'2'2 = 5 = R.H.S.

1642

(From Walli's formula)

o=y
..m sin“ nx

> X,
Ex4Ifu,= ° sin® x then show that ui, uz, us,..... constitute an arithmetic

progression. Hence or otherwise find the value of un.
Sol.

Un+1-2Un+ Un-1= (Un+1-Un) - (Un —Un-1)

_ J %12 (sin? (n + 1)x —sin? nx) - (sin? nx - sin{n - Tx dx
0 sin? x

_ [::12 (sin(2n + 1)xsinx —sin{2n — 1)xsinx) ™~
= 2

-a sin“x

_ j-ﬁmisin{znﬂjx—sin(Zn—ﬂx) ) [nm;gmsgnxsjm

0 sinx S0 sinx

xi2 — sin 2nx/™*
=2‘[u cos2nxdx =2. n

[

[ .
=§(5|nnx—s1n0)=0-0=0

& Un-1+ Un+1= 2Uni.e., Un-1, Un, Un+1 form an A.P.



= U1, U2, Ujeerrenens constitute an A.P.

1
Ex.5 Evaluate -[ 0

Sol.

|

Letl = J.n‘ﬂ_‘(l—x+x2) dx

1 4
= | eot™ (1 - x(1 - x))dx
(e Vaw - [ tan
~ g™ - o e

LI -1
- [ﬂ(tan x +tan~"{1-x)) dx

1 4 1. 4
=[ tan xdx+j tan™"(1— x)dx
Ja 0

Cx+{1+x)
1—-x(1—-x)

-
col " (1 - x + x2) dx.

]dx

W SRR T R g
= _fﬂtan xdxfjatan (1-(1-x))dx _2.{‘:‘3" X dx

Integrating by parts taking unity as the second function, we have

- = P L L _r£_1|1421]
l—2[[xhn x}n J'D1+x2dx}—2.;_4 2[ni +x° Iy

=2 I—[—1|r12 Hence | = = — In 2.
4 2 2

T

J‘" dx -
0 (a—cosx)

Ex.6 Show that
Sol.
T dx
s [ ol
j'ﬁ dx
| 1 2—Cos(x—¥) (By Prop.)
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T

dx
I'{a2-1)' e jﬂ(g-cosx)e* '
v Hence or otherwise evaluate "~ v



BB L BB B I ey T
1
1
1
i
J‘“h._‘i’f__. "
0 (a+cosx) UTUTY (e 1
1
1
adding (1) and (2) then II
]
IK 2a dx wi2 dx II
2= 1y (@ —cos®x) 2a.2]g (a” - cos? x) 1
]
w2 dx ll
= | =2a jﬂ (% —cosZy) lI
1
12 2 ]
= J“ sec” dx 1
0 a?(1+tan?x)-1 II
1
_ [*"2 sec? x dx |I
Yo (a? —f)+(atanx)? 1
i
Putatanx=t=asec2xdx=dtwhenx=0=2t=0; x=p/2=2t=« I|
1
T [
= dt 2 4 Ot
then |=2 : =— fan |
'f" (al-1?+t? @ -1 } | J@?-1) ]L 1
) 1
| II
== {tan" = - tan" 0} = 7= {g-ﬂ} 1
vi@®-1) =g 2 i
1
i
H<=.-n<:n=3!=—Ilr = or r & —— !
(@2 —1) ofa—cosx) (22 _q " i
§
1
j'li ax __ ~ra .l
, : : . i “Jo(a-cosxy (a®-1)*'2 I
Differentiating both side w.r.t. 'a’, we get : Y : 1
i
|-x dx n(2a% +1) '.
J — 3 2 _ 532
again differentiating both sides w.r.t. 'a' we get Ha-ves) @ -1 '.
1
Put a = V5 on both sides, we get i
]
2J~r: dx _ m(11) In dx _ 1=z Il
0(J5-cosx)® (2 °" lo(/5 _cosx)¥2 16 I
Ex.7 Let f be an injective functions such that f(x) f(y) + 2 = f(x) + f(y) + f(xy) for all 1 !
1
1
]
1
]



non negative real x and y with f(0) = 1 and f'(1) = 2 find f(x) and show that *[ f(x)
dx - x (f(x) + 2) is a constant.

Sol. We have f(x) f(y) + 2 = f(x) + f(y) + f(xy) sistE)
Putting x =1 and y = 1 then f(1) f(1) + 2 = 3f(1)

wegetf(1)=1,2&f(1) = 1 ( ~ f(0) =1 & function is injective) then f(1) = 2

Replacing y by 1/x in (1) then f(x) f(1/x) + 2 =f(x) + f(1/x) + f(1) = f(x) f(1/x) =
f(x) + £(1/x) [ £(1) = 2)

Hence f(x) isof the type f(x) =1+ xn = (1) =1+ 1 = 2 (given)

~fx)=14+xr andf'(X) =nxr-1=f'(1)=n=2~{x)=1+x2
3 [ £ dx - x(F0) + 2) = 3[ (1 +3)dx - x (1 + ¢ + 2)

{ xa'
=3Lx+?] -x(3+x)+c

Ex.8 Evaluate E Bt~

Sol.
=
I || sinx | — | cosx || dx ,
Let I1="7o Make |sin x| - [cosx| =0~ |tanx| =1
T I
stanx=+1 4" 4 andboth these values lie in the interval [0, t].

We find for 0 < x < /4, |sin x| - |[cos x| < 0

n 3x
—<x<—,
4 4" |sinx| - |cosx| >0

/2

sin % dx- J cos ¥ dx
nfd

nid Tid x4
=-.f sin xd:(+.|. cos x dx+
0 0 w4

2n/2 . S =
+J cos x dx — sm:-cdx—[ cosx dx
w2 * 3mf4



[ = = = = = = = = = m = = = m o= = = = = = = = = = o= = = ]
| 1

1 1
1 1
II II

f A (1. .7 (1. %Y (.1 (1 4 1] (g ]

i _ s - e % . — —1 -1 _|0-—]| =445 - i
.l N {15 1_;! ¥ [m’E D] - [ V2 15] N : \E)} " I‘~.“-"2 J ¥ i ' \5.-] [ v2, Tare .I
| 1

1 1
I s i

i | 1<% —x+ 1] dx : : : '
II Ex.9 Evaluate ‘0 , (where [ * ] is the greatest integer function) II
1 : 1

] it ]

- Nd
'l Sol.I..etI=-[G gl ll
1 1
II Letf(x)=x2+x+1 = f'(x)=2x-1forx>1/2,f'(x)>0andx< 12,f'(x),0 II

i ]
ll Values of f(x) at x = 1/2 and 2 are 3/4 and 3 integers between them an 1, 2 then x2 - II
1 X+1=1,2 |

1 1
" g 1245 "
1 wegetx=1, 2 andvalues of f(x) atx = 0 and 1/2 are 1 and 3/4 no integer |l
|' between them 1
|l II

1545
I| | = _[:z[xz—xﬂ]cb( + J‘:FZ[X:-)H-‘I]dK + _"1 e -x+Tdx + J',zrz‘.s x? - x + 7 dx II

1 1
1 1

| 1445 2 1
l. =o+o+1j1‘ 1.dx+2jﬁf1dx II
| 1
|l II

1445 (,_1+48) (5-45

1 NI _ N v |
' -3 ‘]”f* ]2 l

y _ . : I
1 1
" Alternative Method : Itis clear from the figure I :

1 1

1
I| :': II
1
|I ] §' X—x+1 ll
= —x+

. » _ y=*-x .'
. :

1
Il il '|

I ; >X
II Ol % uﬁh‘%ﬂ% .l
1 1

] 1
1 1

1 1
1 1

1 1
1 1

] ]
1 1

] ]
= - __ I BN | - - B S | - Page 68 Uf 79 - = = - - - . - - - 1




1
1 1
1
1 1
2 2 : 1
i _[D [#<=%+1] dx = Area of bounded region 1
1
. 135 ) (5 1448 |
I =0+|732 X1+ L 5 | %2 i
' 1
1 I1-J§] (1—5] '
1 - ] 1
1
] ]
| lI
n x ¥ x 2%° cos?(x/2) 1
! Ia ‘ s l dx = i then show that |, _ F dx=%+ 2r-xh II
y Ex.10 ]f LT+5InX {1+sinx) I
1
! Sol. |I
I II
= 2x°cos?(x/2 = x%(1+cosx)
"0 (1+sinx) 0 (1+sinx) 1
1 ' 1
I|
1
=2+ j; x> ﬁ“—lzdx 1
] 0 (1+sinx] |I
I . . . 1
; Integrating by parts taking x2 as 1 st function, we we |I
ot xz[ 1, 1 +2J“F s de (1) i
1 [ (1+sinx) | ol 1+sinx 1
get = - I
1 I
e ,
l E
| =p-®"*+2 -
0 1+sinx 1
I [By Prop.] i
1 w(m—x)dx !
' :}"””'zjn 1+sinx ~4(2) lI
1
1 ‘ 1
Adding (1) and (2) we get 1
i i
1
T X
i 2] =2%-2n + 2x jlﬂ (1+SEHX) ll
I 1
(1-sinx) I
®={1—-8INX
! orl=?~—n’+nJ.°' —dx 1
1=-sin“x
[ ]
1
I 5 ; |
=A—m+T J— (_sec’x—secxtanx_)dx 1
I ’ .
1
i 1
1
i ]
1
1 ]



= L=+ x {tanx _sec x};

=a-m+ m {(0+ 1)-(0-1)}

=iL-wm*+2nHence |=a-2n+ 1

|~If2 X SinXCosX T

N = "T=ar I.
Y0 (32 cos? x+ b2 sin? x| 4ab“(a+b)
Ex.11 Prove that I- ]

Sol.

w2 XsinXcosx
Let | = [ dx

o (326052X+02$in2)()

have

w2
-1

{1#2 1

| 2[Il:‘2—az](a2 coszx+bzsin2x) -

. - Iﬂ sec? xdx
B 4('1;)2 —az']hz * 2[b2 _32] 0 a? +(btan x)z

" o 2f-a) o o)

= g L _[tan“ lriﬂ
4b?-a?)p?  2ab(p® -a?) ad

! 1 ;’E_o‘i

B 4(ib2 i )b2 ’ 2ab(b2 —32)1\.2

1 n{b-a)
- 4_('132—32_-)13_2 " 4ab{bz—az] B 4ab2(b2—32}

Ex.12 Evaluate

Sol.
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.[23{2 f(x) dx, where f(x) is given by f(x) =

max
-3/2412

‘0 2(h? —a?)(a? cos? x +b?sin? x|

X

Intergrating by parts taking x as a first function, we

(it 1| - [¥] +£ 1)



1
1
1
1
t<—1 !
t _;' 1‘:‘;_{] 3/2,  -3I2<x <102 b
To TS Hence | 2+x  -1/2<x<0 1
2-t  D<t<t 1 5 g i
t>1 -
Letg(t) =|t-1|-t|+[t+1="" © g
]
2 =2 o 2 1
[l 0= [0 32dx+ [, e[ 2dx I
]
lI
-3(-z3){-vg) 2 0= "
B |
]
Ex.13 For all positive integer k, prove 1
L + cos 3x + + cos(2k - 1 O
that snx [cosx + cos 3x + ...... cos(2k — 1 )x] II
1
J' sin 2kx cot x dx = n/2 II
Hence prove that /¢ I
i
II
Sol. We have 2 sinx [cos X + cos 3x + ..+ cos (2k-1)x | 1
= 2 sinx cosx + 2 sinx cos 3x + ...+ 2 sinx cos(2k - 1)x II
= sin 2xX + sin 4x - sin 2x + sin 6x - sin 4x + ....... + sin 2kx - sin (2k - 2) x 1
= sin 2kx II
= 2[cos X + c0S 3X + ... + cos (2k - 1) x | = sin2kx/sinx 1
|
i 1
xf B
=0 J:z sin 2kx cot x dx = .[u : [s;.f;xjcosx dx Il
i
1
: w2 ll
[2 cos2x + 2 cos 3x coS X + ... + 2 c0s (2k - 1) x cosx | dx .l
1
/2 1
= i
[cosx +ico8 3%+ + cos (2k - 1) x Jcosx dx 1
i
z r L y ¥ T2 l
L +51n2x sindx  sin2x +sun2kx sin(2k — 2)x o 1
_ 2 4 2 T 2K k-2) | T2 ll
1
II
Ex.14 Let f(x) is periodic function such |
. ) 1(px '.'3._. - o II
jutr{tn dt=— je (f(tyat)| wx R - {0} )
that X Find the function f(x) if (1) =1. i
1
]
1
]



Sol.

a X 3
Let |El (1L)Pdt = F(x)
= f(x) = F(x)
X .3 K . ond
L[ (ren®at = [ {F() ot
3 (F(x))

10 p¥ 1
2 Lo - =g

and
X

from (2)and (3) o4l
rom an

Differentiating bot sides w.r.t.x, we get

FOgys = XFOOFE-(FOP 2x _ 3FEXFF () - Fx)P

X X

or (% F'(x))? = 2x(F(x))?F'(s) - 2(F(x))?
[xF(x)]” {xF'(x:’.-
1R ] “Fm | 2
= P-3a+2=0
= (3-132(04+2)=0
for a=1
xF(x)
where i = ?("-’T
L =1,-2,
xF(x)
Fx) 1
Flx)_1
= F(x) T x
= F(x) = cx
flx)=c
fll)=1=c
f(x)=1

Page 72 of 79



|
]
1
|
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InF(x)=Inx+Inc ]
1
InF(x)=c |
|
X (x) '
fora=-2: F{K) ==-2 Il
1
xF(x) 2 ]
= Fix) x ll
1
Cq
= F(x) = = II
i
InF(x)=-2Inx+ Inc, Il
lI
InF(x) = - 53 }
1
II
2
= fx)=- X—i I
|
1
>  fl1)=1 =-2c |'
II
then f(x) = 1/x3 But given f(X) is a periodic function Hence f(x) = 1 |
|
1
1
J.z In singds = - aln 2 |I
Ex.15 Assume- 0 ~ "7 then prove that I
% 3% (T |
_|.0 P Insingde = > .[0 #1In (2 sing) ds. I|
|
II
Sol. I
1
o T .I
leti= |, &Insineds ... (1) i
i
s |
= .[0 {(z—87In sind dé. [By Prop.] i 1
]
x 1
= .[0 (M =370 + 3n8* — 6% In sing do Il
|
x ) x ) n , . n . ] |
=:rsjo 6 In sing ds - 3n° jo 8lnsingde + 3n L] 8’ Insinedse - Iﬂ & In siné ds lI
|
|
1
|
]
1
]



I - - - - - - - - - - - - - - - - - - - - - - - -] - - - - I
| |

] ]
| 1

| |
1 . - |

- . =
I 1 = r‘!u 8% In sing d6 - 3x? .[D 6 In sine da 4 Bk JD 82In sine de - | [From (1)] I 0

§ |
1 |

I 5 I
1 2= - 3+ 3x jn 6°In sine de 1

| ]
1 1
ll ® » x . o . " - [: . . o ll

: L= .[u éIn singde = .[u -6 Insinm-6)dé = | (z-8)In siné de i
1 1

i i
[ T [

] 2l,== L} Insingde = -n*In 2 ]
1 |

i ]
1 L=—-—In2 1

1 1
1 Il

1 s b
1 then 2l =-#*ln 2 g In2+31r_[ & In singds 1

[ e ? [
1 1

) 3n* [T .

1 = |
I =1 5 In2 5 IB & In sinede I

1 . 8 o II
1 T — 4. _ 3K .

1 5 -[u 8 ln 2 de = =3 -[n gt In sing ds I
1 1
ll N II

s s o

I = = jn & In (/2 sin 6)de I
] H 1

1 " . 1
1 cos"? xsinnxdx - vnz2, neN 1
I' Ex.16 Use induction to prove that, ° I I

1 i
1 Sol. 1

] |
1 |

1 xi2 . 1 I
1 P(k) : i-oos"’ xsmkxdx=ﬁ II

I J -
| ’ |

I i I
! g 1 1

1 P(k + 1) ; [cos :(sm(k+1)d:(=-l-{ ]
1 0 1

] ]
1 2z 1

i = Icus“lxsin(k +1)xcosx dx 1
1 . I

A |
| 1
lI Now sinkx = sin[(k+ 1) x-x | =sin(k+ 1) x cos - cos(k + 1)x sin X II

] |
1 Hence sin (k + 1) x cosx = sinkx + cos(k + 1) x sin x ll

|
1 |

] |
1 1

] ]
1 1

i ]
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=2
[CGSH [sin kx + cos(k + 1) x sin x ] dx

Subistuting P(k + 1) = °®
xi2

P(k) + _[CQ&H sinx . cos(k + 1) x dx
o

Now L. B. P. to get the result
Fundamental Theorem of Calculus
Fundamental Theorem of Calculus

The fundamental theorem of calculus is a theorem that links the concept of
integrating a function with that of differentiating a function. The fundamental
theorem of calculus justifies the procedure by computing the difference between the
antiderivative at the upper and lower limits of the integration process. In this
article, let us discuss the first, and the second fundamental theorem of calculus, and
evaluating the definite integral using the theorems in detail.

Area Function
Let’s consider a function f in x that is defined in the interval [a, b]. The integral of

b
Jo f(=)d(=).
f(x) between the pointsaandbie ¥ & = is the area that is

bounded by the curve y = f(x) and the linesx =a,x =band x -

<
[ Ha)de.
axis v @ depicts the area of the region shaded in brown where x is
a point lying in the interval [a, b]. Assuming that the values taken by this function



are non- negative, the following graph depicts fin x.

A(x) is known as the area function which is given as;

A() = | fx)dx

Depending upon this, the fundamental theorem of Calculus can be defined as two
theorems as stated below:

First Fundamental Theorem of Integral Calculus (Part 1)

The first part of the calculus theorem is sometimes called the first fundamental
theorem of calculus. It affirms that one of the antiderivatives (may also be called
indefinite integral) say F, of some function f, may be obtained as integral of f with a
variable bound of integration. From this, we can say that there can be
antiderivatives for a continuous function.

Statement: Let f be a continuous function on the closed interval [a, b] and let A(x) be
the area function. Then A’(x) = f(x), for all x € [a, b].
Or

Let f be a continuous real-valued function defined on a closed interval [a, b]. Let F be
the function defined, for all x in [a, b], by:

F(x) = f f(t)dt
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Then F is uniformly continuous on [a, b] and differentiable on the open interval (a,
b), and F'(x) = f(x) Vx €(a, b)
Here, the F'(x) is a derivative function of F(x).

Second Fundamental Theorem of Integral Calculus (Part 2)

The second fundamental theorem of calculus states that, if the function “f” is
continuous on the closed interval [a, b], and F is an indefinite integral of a function
“f’ on [a, b], then the second fundamental theorem of calculus is defined as:
F(b)- F(a) = [a® f(x) dx

Here R.H.S. of the equation indicates the integral of f(x) with respect to x.

f(x) is the integrand.

dx is the integrating agent.

‘a’ indicates the upper limit of the integral and ‘b’ indicates a lower limit of the
integral.

The function of a definite integral has a unique value. The definite integral of a
function can be described as a limit of a sum. If there is an antiderivative F of the
function in the interval [a, b], then the definite integral of the function is the
difference between the values of F, i.e., F(b) - F(a).

Remarks on the Second Fundamental Theorem of Calculus

« The second part of the fundamental theorem of calculus tells us that [.b f(x)
dx = (value of the antiderivative F of “f” at the upper limit b) - (the same
antiderivative value at the lower limit a).

« This theorem is very beneficial because it provides us with a method of
estimating the definite integral more quickly, without determining the sum'’s
limit.

« In estimating a definite integral, the essential operation is finding a function
whose derivative is equal to the integrand. However, this process will
reinforce the relationship between differentiation and integration.

« Inthe expression [ . f(x) dx, the function f(x) or say “f’ should be well
defined and continuous in the interval [a, b].

How to Calculate Definite Integral?
Here are the steps for calculating [, f(x)dx

« Determine the indefinite integral of f(x) as F(x). [t must be noticed that
arbitrary constant is not considered while calculating definite integrals since



it cancels out itself, i.e.,

b
f F()dx = [F(x) + CI2 = [F(b) + C — [F(a) + €] = F(b) — F(a)

« Calculate F(b) - F(a) which gives us the value of the definite integral of f in x
lying between the closed interval [a, b].

Examples

Q.1: Evaluate the integral: [23y2dy

Solution: Let I = [23y2dy

As we know,

Jy2dy = y3/3 = F(y)

Therefore, by second fundamental calculus theorem, we know;
[=F(3)-F2)=27/3-8/3=19/3

Q.2: Evaluate the integral: [12[ydy/(y+1)(y+2)]

Solution: By partial fraction we can factorise the term under integral.
y/[(y+D)(y+2)] = [-1/(y+1)]+[2/(y+2)] So,

Jy/[(y+1)(y+2)] = -logly+1|+2log|x+2| = F(y)

Hence, by fundamental theorem of calculus part 2, we get;
[=F(2)-F(1)=|-log3+2log4]-[-log2+2log3|1=-3log3+log2+2log4
[=1log(32/27)

Practice Problems

Get more questions here for practice to understand the concept quickly.
Evaluate using the fundamental theorem of calculus:

1. fo.‘z sin32t cos2t dt

4
2 | L1da
2 gx—f—.?»
% fo m2_4d$

Frequently Asked Questions

What is the first fundamental theorem of calculus?



First fundamental theorem of integral calculus states that “Let f be a continuous
function on the closed interval [a, b] and let A (x) be the area function. Then A'(x) =
f(x), forallx € [a, b]".

How many fundamental theorems of calculus are there?

Two basic fundamental theorems have been given in calculus for calculating the
area using definite integrals:

First fundamental theorem of integral calculus
Second fundamental theorem of integral calculus
What are the 4 concepts of calculus?

The 4 concepts of calculus are:

Limits and functions

Derivatives

Integrals

Infinite series

What is the second fundamental theorem of calculus?

Second fundamental theorem of integral calculus states that “Let f be a continuous
function defined on the closed interval [a, b] and F be an antiderivative of f. Then

J_{a}*{b} f(x) dx = [F(x)]_{a}"{b} = F(b) - F(a).

Who first proved the fundamental theorem of calculus?

The first published statement and proof of a basic form of the fundamental theorem,
strongly geometric, was given by James Gregory. Isaac Barrow proved a more
generalized version of the theorem, while his student Isaac Newton finished the
development of the enclosing mathematical theory.



