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3.2 Algebra

INTRODUCTION

In mathematics, a sequence is an ordered list of objects (or
events). Like a set,.it contains members (also called elements
or terns), and the number of terms (possibly infinite) is called
the length of the sequence. Unlike a set, order matters, and

exactly the same elements can appear multiple times at different

positions in the sequence. A sequence is a discrete function.

The ‘nth’ term is a formula with ‘n’ in it which enables you
to find any term of a sequence without having to go up from
one term to the next.

‘r’ stands for the term number so to find the 50th term we
would just substitute 50 in the formula in place of ‘n’.

Thus #ith term of A.P. is linear in n. Infact I =a+ bn, where
ne N,

Real Sequence

A sequence whose range is a subset of R is called a real sequence.

Finite and Infinite Sequences

On the basis of the number of terms, there are two types of
sequences.
(i) Finite sequences: A sequence is said to be finite if it has
" finite number of terms.
(ii) Infinite sequences: A sequence is said to be infinite if
it has infinite number of terms i.e. sequence of all even
natural numbers (2, 4, 6, 8, ...).

| Write down the sequence whose n™ term
isa. 2"/nandb. [3 + (-1)"]/3~.

Sol.
a.letz =2nandputn=1,2,3,4,.... We get
1, =2,r1:2,r3:8/3,r4=4
So, the sequence is 2, 2, 8/3, 4, ....

b.Lets =[3+(-1)1/3"andputn=1,2,3,4, ...
So, the sequence is 2/3, 4/9, 2/27, 4/81, ....

Find the sequence of the numbers defined
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l, when n is odd

bya, =
~—, when 7 is even
n
1 1

Sol. Wehavea =1,a=—, a;=—,

3 75

1 1
anda,= ~—,a,= ——,q,= -
Hence the sequence is 1, ——, l, _1 l o

3 4 5 6

RGN  Write the first three terms of the sequence
i 2 43
defined by a, =2,a  , = — .
a,+2

2a +3

n

Sol. Putn=1ina = , we have

vn+ a +2

n

_2a+3 _ 2)+3 7

a =a

T g 42 (42 4
2a,+3
Put n = 2, then we have a,,  =a,= i B
. a,+2
2l L3
4 26

aEE
4

CEXM Consider the sequence defined by a,= an?
+bn +c.Ifa, = 1,a,=5 and a, = 11 then find the value of

Sol. a=1=a+b+c=1 i)
a,=5=4a+2b+c=35 (i1)
a,=11,=9% +3b+c=11 (iit)

Now from (ii) — (i), we have 3a + b =4 @iv)

From (iii) — (ii), we have S5a + b = 6 )

From (v) - (iv), we have 2a =2 ora=1
= b =1 (from (iv)), and ¢ = -1 (from (i))
Hencea =n*+n-1 '

Hence a,, =100+ 10 -1 =109

Series

By adding or subtracting the terms of a sequence, we get an
expression which is called a series. If a, a, a, ..., a is a
sequence, then the expression a, + a, + a, + --- + a_is a series.
For example,

(1)) 1 +2+3+4+-+n

(ii) 2+4 +8 +16 + -

Progression

It is not necessary that the terms of a sequence always follow a
certain pattern or they are described by some explicit formula
for the nth term. Those sequences whose terms follow certain
patterns are called progressions.

ARITHMETIC PROGRESSION (A.P.)

A.P. is a sequence whose terms increase or decrease by a fixed
number. This fixed number is called the common difference.
If a is the first term and 4 is the common difference, then A.P.
can be written as

a,a+d,a+2d,...,a+(n-1)d, ...

n"term: T =a+ (n-1)d=1(last term), where d = T-T, .
n" term fromend: T =/ - (n - 1)d.
The #n* term of A.P. is linear in n.

PEClul kg Show that the sequence 9, 12, 15, 18, ... is
an A.P. Find its 16" term and the general term.



Sol. Since (12 -9) = (15 - 12) = (18 — 15) = 3, therefore the
given sequence is an A.P. with common difference 3. First term
is 9. Therefore, the 16" term is
a,g=a+(16-1)d [va=a+(n-1)d]
=a+15d
= a,,=9+15x3=54
The general term (n* term) is given by
a,=a+(@n-1)d
=9+n-1)x3=3n+6

Show that the sequence log a, log (ab),
... is an A.P. Find its n term.

Sol. We have,
' ab
log(ab)—loga= log(;) =logb

ab®
log(ab?) - log(ab) = log(z J= logh

3

ab
log(ab®) —log(ab?) = log (WJ =logh

It follows from the above results that the difference of a term
and the preceding term is always same. So, the given sequence
is an A.P. with common difference log b. Now,
a, =a+(n-1)d

=loga+@n-1)logh

=log a + log b*!

= log(ab™")

Find the sum to n terms of the sequence
5-6n,neN.

_Example 3.7
I<a,,>» where a,

Sol. We have,

a,=5-6n=a_  =5-6(n+1)=-1-6n
a, . —a=(1-6n)-(5-6n)=-6,forallne N
Since a,,, —a, is constant for all n € N. So, the given sequence
is an A.P. with common difference —6. Putting n = 1 in a,
=5 -6n, we geta, =-1. So, the sum S to n terms is given by

S, = (n/2)(a, +a) = (n/2)(= 1+ 5 6n) = n(2 - 3n)

How many terms are there in the A.P. 3,

Sol. We know that last term a =a+(n-1)d
Where d = common difference = 4
and a = first term =.3
407 =3+(n- 14
= n=102
Hence there are 102 terms in A.P.

Exqmpje39 B Ifa,b,c,d, earein AP, then find the the
valueof a —4b + 6¢c — 4d + e.
Sol. E=(a+e)—4(b+d) +6c.

Nowb,c,dinAP.=>b+d=2¢
Again a, c, e are also in A.P.

Progression and Series 3.3

at+e=2c
E=2c-4(2c)+6¢c=0

_Example 3.10 g In a certain A.P., 5 times the 5" term is
equal to 8 times the 8" term, then prove that its 13" term
is 0.

Sol. 5T, = 8T,

= S(a+4d)=8(a+7d)
= 3a+36d=0

= a+12d=0

= T,=0

term of the series 25,

Find the

22 %, 20%, 18% » +.. Which is nnmerically the smallest.

Sol. The given series is an A.P. « = 25, d =-9/4,

T=a+n-1)d= [25+2J—2n
" v 4) 4

Now T”Willbe—iveif %—2 n<Qorn>12 é
Above shows that T, will be first —ive terms and hence T,

. . | .
will be smallest +ive terms. T,=-2, T, = — is numerically
smallest 4

are identical.

Sol. 2,5,8 11, ..., T,=>T,=2+(60-1)3=179
3,5,7.9,.. Ty => T,;=3+(50-1)2 =101

Hence, last common term < 101.
Now common difference of first A.P. is 3 and common differ-
ence of second A.P. is 2.
Hence common difference of A.P. formed by common terms is
L.C.M. of 3 and 2 which 6. Also common terms are are 5, 11, ...
For last term let 101 =5+ (n—1)6

= n=17
Hence 101 is the actual last common term.

Consider two A.P.s:

Example 3.13 |

§,:2,7,12,17, ... 500 terms
and §,:1,8,15,22,... 300 terms

Find the number of common terms. Also find the last
common term. '

Sol. §,:2,7,12,17,... 500 terms
= T,,=2+(500-1)5=2497
S,:1,8, 15,22, ... 300 terms
= T,,=1+(300-1)7=2094
Common differences of S, and S, are 5 and 7 respectively.
Hence common difference of common term series is 35

A.P. of common terms is 22, 57,92, ...
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Let 1ast term is 2094 = 22 + (n~ 1)35 = 2094 = n = 60.2
But 7z is natural number = »n = 60
Then actual last common term = 22 + (60 — 1)35 = 2062

| If p*, ¢" and r™ terms of an A.P. are
' <, respectively, then show that

a. alg-r)+blr-p)+cp-9)=0

b. (@a-byr+b-c)p+(c—-a)g=0
Sol. LetA be the first term and D be the common difference of
the given A.P. Then,

a=pterm=a=A+(p-1)D o)
b=g"term = b=A+(g- 1)D (iD)
c=rterm=c=A+ (r— 1)D (iii)

a. alg-nN+b(r-p)+cp-9={A+@P-1D} (g-1)
+{A+@-DD}(r—-p+{A+(-1)D} (p-q)
~ [Using (i), (ii) and (iii)]
=Allg -+ -p+ @ -9} +D{p-1
(@q-nN+@g-Dr-p+r-1Dp-9)
=Ax0+D{plg—r+q(r—p)+rip-q)
-g-nN-r-p)-p-9}
=Ax0+Dx0=0
b. On subtracting (ii) from (i}, (iii) from (ii) and (i) from
(iii), we get

a-b=p-q)D @iv)

b-c=(q-rD (v)

c—a=(r-p)D (vi)
Now,

(la—b)r+(b—c)p+(c—a)q

=@ -q9)Dr+(q-nDp+(r-p)Dq
=DI[(p—-q)r+(g—rp+(r-p)qg]
=D.0=0

Some Important Facts about A.P.

1. Ifafixed number is added or subtracted to each term of a
given A.P., then the resulting series is also an A.P:, and
- its common difference remains the same. -

2. If each term of an A.P. is multiplied by a fixed constant
_or divided by a fixed non-zero constant, then the resuit-
ing series in also an AP.

3. Ifx +x,+x+--andy +y,+y;+ - are two AP.’s,
thenx ty,x, £y, x,ty, ... arealso AP.’s.

4. Three terms in an A.P. should preferably be taken as

‘a-d, a,a‘+dandfourterms asa—-3d,a-d,a+d a

+ 3d.
an-k + an+k ‘
5. mAP,a= ,fork<n.
6. Ita,a,a,..a arein AP.Thena, +a =a,+ dll_] =a,
ta, _,=..=a+a, .
[SRNLERE If (b + c -a)a, (c +a-b)b, (a+b-c)lc

are iA, then rove that 1/a, 1/b, 1/c are also in A.P.

Sol. b+c—a7c+a—b’a.+b—c

a b c
{b+c—a+2}’{c+a—b+2},{a+b—c+2} are in
a b e AP.

,[Adding 2 to each term]
a+b+c

a+b+c a+b+c .
s R are in A.P.

a b c

are in A.P.

11 '
B are in A.P. [Dividing each term by a + b + ¢]

1
- =
a

If a, b, c € R+ form an A.P., then prove
+ 1/(ac), ¢ + 1/(ab) are also in A.P.

’

Sol. a, b, c are in A.P.

I 1 1
—,—,— are also in A.P.
bc ca a

1 1 1
= a+—,b+—,c+— will also be in A.P.
be ca ab

[~ Sum of two A.P.’s is also an A.P.]

[Dividing by abc]

Example31 7 If a, b, c are in A.P., then prove that the
following are also in A.P.
a. ab+c),bcta),ca+bh)

1 1 1

Vb +e e +a’ Ja+b

1 1 1 1 1 1
cal—+—-}bl—+—|c|—+-
[b c) (c a] (a b)

Sol.
a. Let a*(b + ¢), b*(c + @), ¢*a + b) are in A.P.

b.

= blc+ra)—-adb+c)=ca+b)-b(c+a)
= cB*—a®) +abb-a)=a(c*-b*)+ bc(c-b)
= (b-a)(ab+ bc+ca)=(c—b)(ab+ bc + ca)
= b-a=c-b
= 2b=a+c¢
= a, b, carein AP.
= a¥b+c), bXc +a), c*(a+ b) are in A.P.
1 I 1
b. Let , 7 , are in A.P.
b+’ Nesda' Ja+b
| ] 1 1
= - = —
Ve+da b+de Na+b Ne+a
. Vb-a _ (Je=\b)
(Ve +Na)Wb+~e)  (a+b)e +a)
_ Jbva_e-b
b+\/2 \/;+\/E
= b-a=c-b
= 2b=a+c
= a,b,carein A.P.
= 1 ! are in A.P.

1
Vb+e” Ne+Ja® \/;+\/E



¢. a b, carein AP.

a b ¢ AP
abc abc’ abc

[On dividing each term by abc]

1
= —1——,—,—areinAP
bc ca a
ab +bc+ca ab+bc+ca ab+bc+ca .
= ) ) are in A.P. _
bc ca ab
[On multiplying each term by ab + bc + cal
ab+bc+ca ab+bc+ca. | ab+bc+ca
= -1, ——1, —1 are
be ca ab

in A.P. [On adding —1.to each term]

- ab+ac ab+bc bc+ca
bc = ca  a

= a l+_1_J’ b(l.}-—l— R C(l—}—lJ are in A.P.
b ¢ c a a b

MRSl ERE The sum of three numbers in A.P. is -3

and their product is 8. Find the numbers.

Sol. Let the numbers be (a —d), a, (a + d). Therefore,
(a-d)+a+(@+d)=-3

= 3a=-3

= g=-1

And
(a-d)@(a+d)=8

= ala’-d*) =8

are in A.P.

= (1)(A-d)=8 [va=-1]
= & =9
= d =*3

If d = 3, the numbers are 4, —1, 2. If d = -3, the numbers are 2,
~1, 4. So, the numbers are -4, -1, 2 or 2, -1, 4.

Example 3.19 BV IR into four parts which are in
A.P. such that the ratio of the product of extremes to the
product of means is 7:15.

Sol. Let the four parts be (a — 3d), (a - d), (a + d) and
(a + 3d). Then,
(a-3d)+(a-d)+(a+d)+(a+3d)=32
= 4a=32
= a=38§
Also,
(a—-3d)(a+3d) _ 7
(a~-d)a+d) 15

. a®-9d? =_’7_
at-d? 15
_ 64-odt 7
64— d? 15
= 12842=512
= d’=4
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= d=%2
Thus, the four parts are 2, 6, 10, 14.

MRCIuICEPIE The digits of a positive integer, having
three digits, are in A.P. and their sum is 15. The number
obtained by reversing the digits is 594 less than the original
number. Find the number.

Sol. Let the digits at ones, tens and hundreds place be (a - d),

a and (a + d), respectively. Then the number is
(a+d)x100+ax10+(a—-d)=111a+99% -

The number obtained by reversing the digits is,
(a-d)x100+ax 10+ (a+d)=111a~-99d

It is given that
(a-dy+a+@+d)y=15 1)

and
111a—-99d = 111a + 99d — 594 (ii)
3a =15 and 198d = 594

= a=5andd=3
So, the numberis 111 x 5 + 99 x 3 = 852.

Sum of n terms of an A.P.

The sum S” of n terms of an A.P. with the first term ‘a’ and the
common difference ‘d’ is

q=gmH@_nﬂmg=gm+n

where [ = last term = a + n-1)d.

PrOOf: S,, =al +a2+a3 +o +an—2 + an—l +an (1)
=a,+a,_,+a, ,+--+a+a,+a (i)

n-1
Adding corresponding terms in (i) and (it), we get
25 =(a,+a)+(a,+ a, ) + (a, + a, _
+(a, ta)+(a +a)
={a,+a)+(a+ a) + (a + a) +
+(a +a)+(a +a)

7) FRE

=n(a, +a)

[a+a=a+a fork=2,3,...,n]

n-k+1

n
E (al + an)

Zla +a +(n-1)d)
2 [ a =a, +(n-1)d]

1. )
%u¢+m—uﬂ

2 cinlEwal If the sum of the series 2, §, 8, 11, ... is
60100, then find the value of n.

Sol. Here first term is @ = 2 and common difference d =3
Hence sum of n terms of A.P. is, (n/2)(4 + 3(n — 1)) = 60100
= 3n¥+n-120200=0
= (m-200)3n+601)=0
= n=200

I2CIWEWPE Inan AP.ifS =T +T,+T,+...+T,
(nodd),S,=T,+T,+ T + ...+ T, _, then find the value of
S/, in terms of .
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1 .
terms with

Sol. S| isan A.P. of n terms, but S, is an A.P. of 1
common difference 2d

S,=5[1+1,] M

i en ] - (5 5]

E  Prove that sum of » number of terms of
.s can be same for only one value of n.

Soi. According to the given condition
—’21[2a +(n-Dd]= 12’-[2A +(n-1)D]

[2a + (n-1d]=[24 + (n-1)D]. from this we get one

integral value of n or no value of n.

_Exemple 3.2 In an A.P. of 99 terms, the sum of all the
odd numbered terms is 2550. Then find the sum of all the 99
terms of the A.P.

Sol. Given 52—0[511 + a99:| = 2550

= a,+a,= 102
Now sum of all the terms is

—[al +a99:|— %9 102 = 5049

I2clydEPLY  Find the degree of the expression (1 + x)
I+x) @ +x" ... (1 +x'".

Sol. The degree of the expression is 1 + 6 + 11 + --- + 101

" which is an A.P.
Now 101 =145(n—1)=n=21

= [1+6+11+...+101

=%[1+101]=21><51:1071

' Find the number of terms in the series 20,

191,182, ...
33

the sum of which is 300. Explain the answer.

Sol. The given sequence is an A.P. with first term ¢ = 20 and
the common difference d = -2/3. Let the sum of » terms be 300.
Then,

=300= 2[2cz+(n—l)d]— 300

U

’21[2 x 20+ (n —1)(=2/3)] = 300

n*—61ln+900=0
(n-25)(n-36)=0

vy

= n=250r36
So, sum of 25 terms is equal to sum of 36 terms, which is equal
to 300.

" Here the common difference is negative, therefore terms go
on diminishing and the 31* term becomes zero. All terms after
the 31% term are negative. These negative terms when added to
positive terms from 26" term to 30" term, they cancel out each
other and the sum remains same. Hence, the sum of 25 terms as
well as that of 36 terms is 300.

_Example 3.27 ]
numbers, which are divisible by 7.

Find the sum of all three-digit natural

Sol. The smallest and the largest numbers of three digits,
which are divisible by 7 are 105 and 994, respectively. So, the
sequence of three digit numbers which are divisible by 7 is
105, 112, 119, ..., 994. Clearly, it is an A.P. with first term a
= 105 and common difference d = 7. Let there be n terms in this
sequence. Then,
a, =994

= a+m-1)d=9%4

= 105+(n~-1)x7=99%4

= n=128

Now, required sum is

E[2a+(n—1)a.’]
2
%[2x105+(128 Dx7]

RGP Prove that a sequence is an A.P. if the
sum of its # terms is of the form An? + Bn, where A, B are
constants.

Sol. Let S be the sum of n terms of an A.P. with first term a
and common difference d. Then,

S

n

§[2a+(n ~Dd]

2

— an+n—d—£d
2 2

(5 ele=2)
—In +la-—in
2 2

=An’ + Bn
where A=d/2 and B=a - d/2.

Thus, the sum of n terms of an A.P. is of the form An’ + Bn.
Conversely, let the sum S of n terms of a sequence A, Ay Gy -y

a, ... beof the form An’ + Bn.
Then, we have to show that the sequence is an A.P. We have,
S, =An*+ Bn
= §_=An- 1)+ B(n-1) [Onreplacing n by (n— 1)]

Now,
=S -S
n n n=1

= a,={An"+Bn} - {A(n -1’ + B(n— 1)}



=2An+(B-A)
= a,, = 2A(n+ 1)+ (B-A) [Onreplacing nby (n+ 1)]
= a,, —a,={2An+1)+B-A} - {2An+(B-A)} =2A
Since a,, —a, =2A for all n € N, so the sequence is an A.P.

with commnon difference 2A.

QRClAl =Pl If the sequencea,, a,,a,, ..., a, ... forms
an A.P., then prove that

n
2 2 2 2, . 2 2 _ 2 2
a ~a;+a;-a;t-+a;,  -a, (a; - a3,)
2n-1
Sol. Let  be the common difference of the A.P. Then,
d=a,-a,=a,-a,=a,-a,==a, —a,

Now,
2 2 2 24 ... 2 2
al - a‘?. + a3 - a4 + + a2n~l aZu
=(a, +a)(a -a)+(a,+a)(a,—a)+-+(a, +a,)
x (alu—l - a"..n)

=—d(al ta,+a,+ - +a,)

=—-d 2—” (ClI + am)
5 2

(al2 - azzu) [Using a, =a,+ (2n -1)d]

) Find the sum of first 24 terms of the A.P.
a,a,a, ..., ifitis known thata +a,+a +a,+a, +a,,
= 225.

Sol. We know that in an A.P. the sum of the terms equidistant

from the beginning and end is always same and is equal to the sum

of firstand last term, ie., a, +a,=a,+a,_ =a,+a_, =

So, if an A.P. consists of 24 terms, then ’

al + a24 = aS + aZO

= alO + alS

a +a,+ag+a.+a,ta,= 225
= (a, +a,)+a;+a,)+(a, +a,)=225
= 3(a, +a,)=225

225 )
= a]+a74=—=75 @)
- 3

24 . n
S, = —2'(01 +ay,) |Using S, = E(aI +a,)

12 (75)

]

=900 [Using (1)]

ISCIU IRy If the arithmetic progression whose
common difference is non-zero, the sum of first 3» terms is
equal to the sum of next » terms. Then, find the ratio of the
sum of the first 2n terms to the sum of next 2n terms.
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Sol.
'i?m ' Sy

II nh, L te || b, B, | Brsl, ., lan ||

S2n SIZn

Fig. 3.1
Given,
S3n =Sn, =S411_S3n
= 2S3M=S4n
4

= 237n(2a+(3n—1)d)=7n(2a+(4n~l)d)
= 12a+(18n—6)d =8a + (16n—4)d
= da=(2n+2)d
= 2a=(1-n)d : ‘ (D

. S
Now we have to find —2-.
2n

h - S2u

’
Szn S4n - S?.n

2;” 2a+2n-1)d)

4—2’1[2a+(4n —1)(1]—2—2’1[2a+ (2n—-1)d]

_ 2[(1;n)d+(2n—l)d]
B 41 -n)d+@n-1d]-2[(1—n)d + 2n-1)d]
2nd 1

10nd 5

‘Arithmetic Means

If between a and b, two given quantities, we have to insert n
quantities A, A, ..., A, such thata, A, A,, ..., A, b forms an
A.P., then we say that A A A are arithmetic means between
aand b.

For example, 15, 11, 7, 3, -1, -5 are in A.P. It follows that
11,7, 3, -1 are four arithmetic means between 15 and -5.

If a, A, b are in A.P., we say that A is the arithmetic mean
between a and b.

Insertion of n Arithmetic Means Between a and b

LetA A, ..., A, be 7 arithmetic means between two quantities

aand b.Then,a,A,A,, ..., A, bis an A.P. Let d be the common

difference of this A.P. Clearly, it contains n + 2 terms.
b=(n+2)"term

= b=a+n+1)d
b-a
n+1

= d=

Now,

b —
A|=a+dﬁAl=(a+ a)
n+1
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n+1
(b-a)
n+1

These are the required arithmetic means between ¢ and b.

2(b—a)
A=a+2d=>A =0t ———

A”=a+nd:>A"=[a+n

An Lmportant Property of A.M.’s

The 'sum of #n arithmetic means between two numbers isn
times. the single' A.M. between them. :

Proéf:

Let 4 A, .., A be ri arithmetic means between a. and b.
Then,a A A A, bisan A.P. with common difference .
b—-a ;
d== .
n+l
Now,
A A+ +A,
B n - '.
=14 +4]
n
= —[a+b .
2 |
[vaA,A,....A bisan AP, .a+b=A +A]

{5

=n % (A.M. between g and b)

Insert three arithmetic means between

Example3.32
3 and 19.

Sol. LetA,, A,, and A, be three AM.’s between 3 and 19. Then
3,A,A, A, 19 are in A.P. whose common difference is

-

d_19 3_4
3+1
A =3+d=17
= A,=3+2d=11.
A, =3+3d=15

Hence, the required A.M.’s are 7, 11, 15.

amf If eleven A.M.’s are inserted between 28
and 10 then find the number of integral A.M.’s,

Sol. AssumeA ,A,,A,, ..., A betheeleven A.M.’s between 28
and 10,5028, A ,A,, ..., A, 10 are in A.P. Let d be the common
difference of the A.P. The number of terms is 13. Now,
10=7,=T+12d =28+ 12d
10 - 28 18 3
12 12 2
Here integral A.M.’s are

o

= d=

28 -8 —3— ,28—-10 2
2 2)
Thus, the number of integral A.M.’s is 5.

Between 1 and 31 are inserted m arith-

_Example 3.34 |
metic means so that the ratio of the 7* and (m — 1)™ means
is 5:9. Find the value of m.

Sol. LetA, A, ..

A be m arithmetic means between 1 and 31.

Then, 1,4, A, .. A 31 is an A.P. with common difference
_31-1_ 30 [Usmg == ]
m+1  m+1 n+l
Now,
A =1+7d

7x30 m+211
m+1 m+1
A =l+(m-1)d

m-1
=1+ —&(m 1)
m+

= A7=1+

_ 31lm-29

m+1
It is given that
A7
A,
m+211
31m—-29
= O9m+ 1899 = 155m — 145
= 146m=2044
= m=14

O |

>
9

pacluld[cXENy For what value of n, (a"' + b";‘l)/(a" +b")

is the arlthmetlc mean of ¢ and b?
Sol. Since AM. of ¢ and b is (a + b)/2, we have
n+l bn+l a+b

"+b" 2

= 2a*'+b*)y=(a"+b") (a+ D)
= 2 e+ + 2bu+l — am-l + Cl"b + bna + bn+l
= n+] bn+l — anb + bn
= aa—b)=b"(a-b)
= a'= bu
- Lo

b”

l

)=



1. Ifthe p"term of an A.P. is ¢ and the ¢" term is p, then find
its 7P term.

2. If x is a positive real number different from 1, then prove that

1 1 1
the mumbers ——, ——, ——~, ... are in A.P. Also find
€ 1+vx 1-x 1-+x n

their common difference.

3. Ina certain A.P., 5 times the 5" term is equal to 8 times the
8" term, then find its 13" term.

nn-1)
2

4, If Sn =nP+ Q, where S denotes the sum of the first

“nterms of an A.P., then find the common difference.

-1
5. Find the first negative term of the sequence 20, 195, 185,
3
17—, ...
4

6. Solve the equation (x+ D+ (x+H+(x+7) + -
+ (x +28)=155.

7. The p"term of an A.P. is a and ¢"" term is b. Then find the sum
of its (p + g) terms.

8. The sum of n, 2n, 3n terms of an A.P. are S, S,, S, respec-
tively. Prove that S, = 3(S, — S)).

9. The ratio of the sums of m and n terms of an A.P. is m%:n%.
Show that the ratio of the m" and n™ terms is 2m — 1):
2n—1).

10. Find the number of common terms to the two sequences 17,
21, 25, ...,417 and 16, 21, 26, ..., 466.

11. If g, b, c, d are distinct integers in an A.P. such that
d=a*+ b*+ A then find the value of a + b+ c + d.

12. Let §, denote the sum of first n terms of an A.P. If S, =35,
then find the ratio S, /S

13. Find four numbers in an A.P. whose sum is 20 and sum of their
squares is 120.

14. Divide 28 into four parts in an A.P. so that the ratio of the

product of first and third with the product of second and fourth
is 8:15.

15, If (b—c), (¢ — @)% (a— b)* are in A.P. then prove that
1 1

R R are also in A.P.
b—c c—a a-

16. If » arithmetic means are inserted between 2 and 38, then the
sum of the resulting series is obtained as 200. Then find the
value of n.

17. Ifa, b, c, d. e, fare AM.’s between 2 and 12, then find the
sum:a+b+c+d+e+f

18. n arithmetic means are inserted between x and 2y and then
between 2x and v. If the " means in each case be equal, then
find the ratio x/y.

———{ Concept Application Exercise 3.1 ’—

GEOMETRIC PROGRESSION (G.P.)

G.P. is a sequence of numbers whose first term is non-zero and
each of the succeeding terms is equal to the proceeding terms
multiplied by a constant. Thus in a G.P., the ratio of successive
terms is constant. This constant factor is called the common
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ratio of the series and is obtained by dividing any term by that
which immediately proceeds it.

If a is the first term and r is the common ratio, then G.P. can
be written as a, ar, ar’, ar’, ar*, ..., ar..

T
n" term: T = ar™' = [ (last term), where r = /.

n—l

!
n" term fromend: T = —.

n-1

Increasing and Decreasing G.P.

For a G.P. to be increasing or decreasing, r > 0. Since if » < 0,
terms of G.P. are alternately positive and negative and so nei-
ther increasing nor decreasing.

If a > 0, then G.P. is increasing if r > 1 and decreasing if 0 <
r<1.Ifa <0, then G.P. is decreasing if r > 1 and increasing if 0
< r< 1. The above discussion can be exhibited as follows:

a a>0 a>0 a<0 a<0
r r>1 O<r<l r>1 O<r<l1
Result | Increasing | Decreasing | Decreasing | Increasing

Which term of the G.P. 2,1, 1/2, 1/4, ...

is 1/128?

Sol. Clearly, the given progression is a G.P. with first term

a = 2 and common ratio r = 1/2. Let the 1™ term be 1/128.
Then,

= n-2=7
= n=9

Thus, 9" term of the given G.P. is 1/128.

B2l EXYMS The first term of a G.P. is 1. The sum
of the third and fifth terms is 90. Find the common ratio of
the G.P.

Sol. Let r be the common ratio of the G.P. It is given that the
first term is a = 1. Now,

a,+a,=90
= ar’*+ar*=90
= r’+rf=90

= r'+ri-90=0
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P+ 10r2-9r2-90=0

Cr?+10) (r2-9)=0
-9=0

7 =13

L

E,Z‘inl [T Fifth term of a G.P. is 2. Find the prod-

uct of i¢s first nine terms.

SO]._ ZS =arr=2
Product of its first 9 terms is
a (ar). (arz) (les) = a9r1+2+...+8
=a° rg(1 9
= a9 ,36
= (@) =2 =512

3 »Exam ple 3. 39“ L The fourth, seventh and the last term of
a G.P. are 10, 80 and 2560, respectively. Find the first term
and the number of terms in the G.P.

Sol." Let a be the first term and » be the common ratio of the

given G.P. Then,
a,=10,a,=80= ar* =10 and ar® = 80
6
= ﬂ—=@:>r3 8=r=2

ar’ 10

Putting » =2 in ar’ = 10, we get a = 10/8.
) Let there be n terms in the given G.P. Then,
a,=2560 = ar™' = 2560
= %(2”" y= 2560

= 2=256=2"+=28
= n-4=8=>n=12

Three numbers are in G.P. If we double

_Example 3. 40 ;
the middle term, we get an A.P. Then find the common ratio
of the G.P.

Sol. Let the three numbers in G.P. be a, ar, and ar? By the
given condition, a, 2ar, and a/? are in A.P. Hence,
dar=a+ ar’
= 4r=1+7r?
= r’-4r+1=0

4tvl6-4 >4 3
2

= r=

B2l EXAE If p, ¢, and 7 are in A.P., show that the
p“‘ qm and 7 terms of any G.P. are in G.P.

Sol. Let A be the first term and R the common ratio of a G.P.
Then, a,= AR, a, = AR+ and a, = AR™'. We have to prove
that a,a, and a_are in G.P. For this, it is sufficient to show that
(aq)2 = aa,. We have,

(@) = (AR

= A2 R
= AR [o.p,q,rarein AP, ..
= (AR (AR™H = aa,

Hence, a,a, and g_are in G.P.

2g=p +r]

j Ifa,b,c, and d are in G.P., show that
(ab+bc+cd)2—(a2+b2+c2) B+ S+ db).
Sol. Let r be the common ratio of the G.P., a, b, ¢, d. Then
b=ar,c=ar*andd=ar.
(ab + bc + cd)?
( aar + arar® + ar’ar’)?
=a'r(1 + r* + r)? »
RHS. =(@+b*+ ) B>+ +d»
= (@ + &P + @) (@°F + a*r* + a*r9)

L.H.S.

=a*(1+ 72+ ML+ P+ )
=a*'r(1 +r*+ )
LHS.=RH.S.

BTN Three non-zero numbers a, b and ¢ are
in A.P. Increasing a by 1 or increasing ¢ by 2, the numbers
are a in G.P. Then find b.

Sol. a, b, and ¢ are in A.P. Hence,
2b=a+c (1)
Again by the given condition, a + 1, b, and ¢ are in G.P. and q,
b, ¢, and + 2 are in G.P. Hence,
bPP=@+1c (2)
and
b>=a(c+2) 3)
By (2) and (3),
(a+ Dec=alc+2)
= ac+c=ac+2a
= c=2a
Equation (2) gives B> = (a + 1) 2a
Also, Eq. (1) gives
2b=a+2a=3a
3a
)

% _a+1)2a
4

U

—=qa+1

a=8
c=2(8)=16
26=8+16=24
b=12

L

U

Three numbers are in G.P. whose sum is

_Example 3.44 ¢
70. If the extremes be each multiplied by 4 and the means by
5, they will be in A.P. Find the numbers.



Sol. Let thhe numbers be g, ar, and ar?. Then,

a(l +r+r)=70 (1)
It is given that 4a, 5ar, and 4ar? are in A.P. Therefore,

2 (5ar)=4a+ dar?

= 5r =2+4+2r?

= 2P —5r+2=0
= @r—1(-2=0
= r=2o0rr=1/2

Putting » =" 2 in (1), we obtain a = 10. Putting » = 1/2 in (i), we
get a = 40. Hence, the numbers.are 10, 20, 40 or 40, 20, 10.

are two G’.P.’s,'thén xly,, :

..-and yl‘, yz,\ya,\;..r

2.1 x, xz,x3,
‘ x,’yz;x;yg‘; Lland A

223 --~areaIsoGP’s

}’1 )’z Y3 i .
3. If x, x . X,, ... is a G.P. of positive terms, then log X,
log X, log Xy .o ds anAP. and vice versa.

4. Three terms of a G.P. can be taken as afr, a,.ar and four;
terms in G.P. as alr? alr; ar, ar® This presentauon is useful .

- if the product of terms is involved in the problem In other :
problems terms. should be taken as a, ar ar2

Example 3.45 -
numbers in a G.P. is 216 and the sum of their products in
pairs is 156, find the numbers.

Sol. Let the three numbers be a/r, a, and ar. Then, product
=216.Hence,a/rxaxar=216 > a*=216 = a=6 Sum of the
products in pairs is 156. Hence,

" If the - continued product of three

a a
—a +aar+ —ar =156
r r

— az(%+r+1]= 156

U

y

2
36[1_““_’1_’j =156

= 3(rP+r+1)=13r
= 3r-10r+3=0
= GBr-LHEr-3)=

1
= r=—-orr=3
3
Hence, putting the values of a and r, the required numbers are

18,6,20r2,6,18.

Sum of n Terms of a G.P.

The sum of n terms of a G.P. with first term ‘@’ and common
ratio ‘r’ is given by
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Proof:
Let §, denote the sum of » terms of the G.P. with first term ‘g
and common ration ‘#’. Then,

S =a+ar+ar+---+ar?+ar-! )
Multiplying both sides by r, we get

rS =ar+ar+---+ar' +ar 2)
On subtracting (2) from (1), we get

S ~rS§ =a—ar

= S(1-nN=a(l-r

The above formulas do not hold for r = 1. For r = 1, the sum of
n terms of the G.P. is §, = na.

) 3 Determine the number of terms in a
GP 1fa —3 a, -96andS =189.

Sol. Let r be the common ratio of the given G.P. Then,
a =96
= a,r~'=9
= 3r~'=96
= r'=32 (1)

S, =189

a
N
~ Yy
L

—_
N——
il
—

o0
O

o5}
/N
~~~
‘s.
~| 1
S’
~ —
|
—
I
—
0
\O

3(32r_11J=189 [Using (1)]

32r—1=63r-63
3lr=62
r=2
Putting r = 2 in (1), we get
2nt=132
= 2¢1=25
= n-1=5
= n=6

Loy 4

REGMIIELIM Find the sum to n terms of the sequence

(e + Vx)%, (2 + 1?2, (3 + 1Ux3)?, ... .

Sol. Let S, denote the sum to n terms of the given sequence.
Then,

2 2 2 2
S = (x+l) +[x2+iz) +[x3+L3] +---+(x"+ij
X X x x"
, 1
= (x'+—2+2)+(x4+i4+2)
X X
6 1 2n 1
X+ —=+2 |+t + et 2
X X
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=P+ +x0+ -+ X
1 1 1 1
+(—2+—4+ + - +—)+(2+2+---)
X X x n times

_ (x) —1) 1 ((1/x2)"—1]+2n
x* -1 1/x*)-1

2n_
=x xz ! + 1 1- " +2n
x =1 2l 1-x

[ Prove that the sum to n terms of the
series 11 + 103 + 1005 + --- is (10/9)(10" - 1) + n%.

Sol. LetS denote the sum to n terms of the given series.

Then,
S =11+103 +1005 + -~

=(10+ )+ (10 +3)+ (1P +5)+ - +

to n terms

(10" + 2n— 1)}

(10 + 10% + +(@2n -1}

100+ {1+3+5+-

10(10" 1)

n
ao-p *dr2 b

-D+n’

10
- 10"
5 (

RN Find the sum of the following series: 5
+ 55 + 555 + -+ to n terms.
Sol. We have,

5+55+555+ - tonterms

=5[1+11+ 111+ .-- to n terms]

= g[9+99+999+ -+ 10 n terms]

= g[(10—1)+(102 ~1)+10° = 1)+ - + (10" = 1)]

= g[(10+102 +10° +-+10")= (1 +1+ 1+ ntimes)]

- 10000
9 10-1

5110
= —{— "—1 -
9|i9(10 ) n:|

_ 2 [10™ —10-9n]
81

Sol. p(x)= (

- Important Result
e ' —b"isdivisible by a— b foranyne N.

GOl

a-b (1_£j
a
(2]
- an—l a
12t
a o
SCECROEEN
=d | 1+=+=| +| =] ++| —
a a a a
=an—l+bau—2+b2an—3 +.“+bn——l .
e g"+ b is divisible by ¢ + b for odd positive natural
numbers.

2 3 n—1
o oo ()
a a a a

_ ban—’_’ + b2a71—3 _ .,.+(_1)n—lbn—l

:an—l

B fp)=(Q+x*+x* + -+ (1 +x +x°

+ee+x"Nisa olynomial in x, then find possible values of

t-x Y 1-x)_
1-x J\1=X%"
As p(x) is a polynomial, x = ~1 must be a zero of 1 + x" =0,

ie., 1 +(=1)"=0. Hence, n is odd.
Sum of an Infinite G.P.

1+x"
1+ x

The sum of an infinite G.P. with first term @ and common ratio
r=l<r<l, /#0 or O<lric<clyisS=al(l-r)

Proof:
Consider an infinite G.P. with first term ¢ and common ratio r,
where 0 < | r] < 1. The sum of »n terms of the G.P. is given by

1—r a ar”
S =a = - . (N
1—r l-r 1-vr
Since 0 < | r | < 1, therefore r" decreases as n increases and r”
tends to zero as n tends to infinity, i.e., ¥ — 0 as n — oo.




n

ar

—>0asn >0
1—r

Hence, from (1), the sum of an infinite G.P. is given by

S= lim § = lim a _a =a
noee Monoe |l —p 1—f 1-r

_Example 3.51

a. (2 +1D+1+{2 1)+ o

1 1 1 1 1
+— 4

. =ttt o+
bz 32 2% 3t 25 a3

Sol. a. The given series is a geometric series with first term

a= \/E +1 and the common ratio

P J2 -1
= = = 2—1
V2+1 (2 +)E2-1) V2

Hence, the sum to infinity is given by

S = 1-r

V2+1
= 1-(2-1)
\/5+1
N )
\/§+1
- 2=

(2 +1)
= 22 -DE2+D

3+2\/§
NG
4+_3«f2_
2

b. We have,
1 1 1 1 1 1

+—+—+—+—+—+~-t0 o

ifO<lri<l
21, théir‘ljthé,ksz.tm_kaf aninfinite GP tends zomﬁnlty : :

Find the sum of the following series:

2 23t 3
(l+_1_ ...)+(L+i+i+...)
2 2 323t 3

(1/2) (1/3%)

=(1 (1/22J (1—(1/32))
2 1

=378
19

24
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DEINIERPI  If each term of an infinite G.P. is twice
the sum of the terms following it, then find the common
ratio of the G.P.

Sol. Let a be the first term and r the common ratio of the G.P.
Then, »

a —2[a”+1 a ., +a ,+- °Lforallne N
[Given]
= ar-'=2[ar"+ar*' + - °]
2ar"
= ar'=
1-r
= 1=£r—
1-r
1
= r=-
3

MECINICEREN Ifx = a +alr +alr® + -0,y = b - bIr
+b/r? — .- and z = ¢ + ¢/ + ¢fr* + ++ o, then prove that
xylz = ablc.

Sol. We have,

a ar
X ==
-1 r—1
’
y =2 __br
1_(_1) 1+r
,
¢ _cr
¢ _1 1 21
r2
( )( br abr’
wy = ——
4 1\ r+1)” 21
abr?
o _|r-1| 4
z cr? c
rf—1

~:__Ex__@_»ﬂn\q_;cg\lg EELR Prove that 62 x 64 x 613 «.. 0 = 6.

Sol. We have,

62 % 6" % 68 ... o

= 6[1/2+ 14+ 1/8 + - 10 9]
- 6[(1/2)/(I -12) = 61 =6

1 1 1 1/2
< t0 oo = =1

2 4 8 1-1/2
REclyJEERERE  Sum of infinite number of terms in G.P.
is 20 and sum of their squares is 100. Then find the common
ratio of G.P.

Sol. a+ar+ar*+ - toeo=20

= =20 (1)

1-r .
A+arr+a@rt+ - tooe =100
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')

= =100 : )
1—r2
Squaring (1), we have
@ - =400 3)
d-r
Dividling (3) by (2), we get
aZ
a-ry _ 400
. a? 100
1-#%
1_ 2
= r2=4
a-r
- 1+)=4
1-r
= 1l+r=4-4r
= 5r=3
3
= r==
5

Geometric Means (G.M.’s)

Let a and b be two given numbers. If n numbers G,, G, , ..., G,
are inserted between a and b such that the sequence a, G, G,

.G, b is a G.P., then the numbers G, G, ...,G” are known as
n G.M.’s between a and b.

If a single G.M. G is inserted between two given numbers a
and b, then G is known as the G.M. between a and b. Thus, G is
the G.M. between a and b.

< a,G,barein G.P.

& G=abe G=ab
For example, the G.M. between 4 and 9 is given by
G=,4x9=6 ‘
The GM between -9 and —4 is given by

G=+-9%X—-4=—6"

Note: If a and b are two numbers of oppo&ite signs, then
geometric mean between them does not exist.

Insertion of n G.M.’s Between Two Given Numbers a and b

Let G, Gz, G, be n G.M. between two given numbers ¢ and
b.Then,a,G,, G, ...,G, bisa G.P. consisting of n + 2 terms.
Let r be the common ratio of this G.P. Then, ’

b=(n+2)"term =ar"*'
b
= rJI+]=—
a

1
- r—_—(b/a)” + 1

. 5\
= G =ar=a [—]
a

2/=+ly
, b
G, =ar=ua|—
- a

nl(n+1)
b
G =ar=a|—
i a

An Important Property of G.M.'s

- If n GM.s are inserted between two quantities, then the

: product of n GM.s is the n® power of the smgle G’VI
~between the two quantities. "~ : ol

Proof: .
Let G, G,, G,...., G, be n G.M.’s between two- quantltles
a and b. Then, q, G G .., G, bisaGP. Letrbethe
common ratio of thls GP Then r= (b/a)’“”*”and G = ar,

G_—ar G—-a} G—ar“ Now,
6,G,G,-G,= (ar), (glr %) (ar?)-=(ar®)
n (n+l)
=a‘r ?

n@tl)

n{2
=q" [_IZ = n2 bn/Z
. \a . ‘
= (ab y

- Gn
where G =+ab is the single G.M. between a and b.

IfG be" the geometric mean of x and y,

then prove that 1/(G? - x?) + 1/(G* - y*) = 1/G%
Sol. Given, G = \[xy

7+ 2 2
G —x G -y
1 ]
= + 5
Xy Xy — 3y
1 I 1
= —_———t—
x—) Xy
R
—xy 3

Insert four G.M.’s between 2 and 486.

Sol. Common ratio of the series is given by
1

p\nsi
~(2)
a



|
(B
T2

(243)»
r= 3
Hence, the four G.M.’s are 6, 18, 54, 162,

1

Find the product of three geometric.

means between 4 and 1/4.

3
Sol. Productof n G.M.’s is (/ab )" = ( f4%] =1

_ . Find two numbers whose arithmetic
mean is 34 an he geometric mean is 16.

Sol. Let the two numbers be a and 4. Then,

A.M.:34:>a+b:34:>a+b:68,
GM.=16

= Jab =16 = ab =256 (L
(a— b)Y =(a+b)?—4ab

= (a— b)?=(68)—4x 256 =3600 ‘

= a—b =60 2)

On solving (1) and (2), we get a = 64 and b = 4. Hence, the
required numbers are 64 and 4.

If the A.M. and G.M. between two num-
bers e ratlo m:n, then prove that the numbers are in

the ratio (m +Vm® ~n®):(m—\m* —n*) .

Sol. Let the two numbers be a and b. Let A and G, be, respec-
tively, the arithmetic and geometric means between g and b.

Then,
A= a;—b and G = x/ﬁ

a+b=2Aand G’=ab (1
The equation having a, and b as its roots is
X*—(a+bx+ab=0

or
¥ —2Ax+ G*=0 [Using (1)]

_2A%4A° - 467 ’
2
= x=ALJA’-G?
So, the two numbers are a =A + VA =G> and b= A —VA> - G2.

It is given that A:G = m:n. Therefore, A = Am and G = An for
some A Substituting the values of A and Gina=A + A2 -~ G2

andb=A-

a Im+NA m® = A%n?
b am=22m? =20
m+Nm' —n’

a
- 2 2
b m—m*-n

-G’ we get

=
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= a:b:(m+Vm2—n2):(m—Vm2—nz)

If a is the A.M. of b and ¢ and the two

_Example 3.61 |
geometric means are G, and G,, then prove that G; +G;
= 2abc.

Sol. Itis given that a is the A.M. of b and c. So,
b+

a=~—_2C:>b+c=2a - (1)
Since G, and G, are two geometric means between & and ¢, so
b, G,, G,, cis aG.P. with common ratio r = (c/b)">.

G} =b’c and G} = b¢?

= G +Gl=bc+bc?
= G3 + G‘ be(b + ¢)
= G3 + G3 2abc  [Using (1)]

—LConcept Appilication Exercise 3.2 }——

1. The first and second terms of a G.P. are x™ and x", respec-
tively. If x** is the 8" term, then find the value of n.

2. A G.P. consists of an even number of terms. If the sum of
all the terms is 5 times the sum of the terms occupying odd
places, then find the common ratio.

n+l

3. If the sum of n terms of a G.P. is 3 — F, then find the

common ratio.
+ (888 8) =4444 .- 4

2n digits

4. Prove that (666 - 6)2

n digits n digits
5. Find the sum (x +y) + (2 +xy + y) + (@ + 2%y + % + )
+ .- nterms.

6. Find the sum of » terms of the series 4/3 + 10/9 + 28/27 + ---.

7. Ina geometric progression consisting of positive terms, each
term equals the sum of the next two terms. Then find the
comimon ratio.

8. Ifa, b, ¢, d are in G.P., then prove that (a* + b°)!, (b* + %Y,

(E+d® " arealsoin G.P.
9. If the sum of the series Zr” rl < 1 is s, then find the sum of

the series Zr . "=
n=0
10. Let T, denote the " term of a G.P. for r =1, 2, 3, ... If
for some postivie integers m and n, we have T = 1/n* and
= 1/m?, then find the value of T o
1 1
11. If ,b. d G.P., th that —=+—5=7
a, b, and ¢ are in en prove tha POl E R

12. Find the value of (32) (32)" (32)'% -+ 0o

13. If a, b, and c are, respectively, the p®, g™ and " teris of a
G.P., show that (g —r) loga+ (r—p)logb+ (p—¢q) logc =
0.

14. If a, b, ¢, d and p are distinct real numbers such that
(a*+ b + Ap* — 2(ab + bc + cdyp + (b + ¢2 + d?) £0, then
prove thata, b, ¢, d are in G.P.

15. The product of three numbers in G.P. is 125 and sum of their

products taken in pairs is 87/2. Find them.

n+l n+l
16. For what value of n, -
aand b? +b

is the geometric mean of
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. 2 1 1 2ac ]
Ifa, &,c, arein HP., then —=—+— orb = —, here b is
b a ¢ a+c

called harmonic mean of a and c.

HARMONIC PROGRESSION (H.P.)
Asequence a, ay, @, ..., d, ... of non-zero numbers is called a
harmonic progressmn or a harmonic sequence, if the sequence
la,, Va,, a, ..., l/a, ... is an arithmetic progression.
If a, &, c are in H.P., then

2 1 1 2ac

—=—+— = b=
b a c¢

a+c
Hence b is called harmonic mean of a and c.

nt* TermofaH.P.

The »™ term of a H.P. is the reciprocal of the ath term of
the corresponding A.P. Thus, if a,, a,, a,, ..., a, is a H.P.
and the common difference of the corresponding A.P. is d,

ie., d=1/a, - 1/a, then the n™ term of the H.P. is given by
. .
an = 1————
—+(n-Dd
q

In other words, the n® term of a H.P. is the reciprocal of the n™
term of the corresponding A.P.

ELNIEX PR The 8" and 14 term of a H.P. are 1/2
and 1/3 respectlvely Find its 20" term. Also, find its gen-
eral term.

" Sol. Let the HP.be L 1 LI 1
"a+(n-1)d

a a+d’ a+2a’

= a+7d=2anda+13d=3
= a=§,d=l.
6 6

Now,

1 1 1

a,, = = = —

2 a+19d §+Q 4

6 6

and
1
"Ta+(n-1d
1
5 1
6+(n—1)x6
6

n+4

Sol. Let the H.P. be —

E)gabr_np‘le_ EXCERE If the 20™ term of a HLP. is 1 and the 30"
term is -1/17, then find its largest term.

Sol. LettheHP be— 1 1 1
a a+d a+2d a+3d

1
ay,= 1 and Oy = —ﬁ

--. We have,

U S
a+19d = a+29d 17 .

= a+19d=1and a+29d=-17

176 - 9
— . d=-—
5 5
Let a™ term be the largest term. We have,
1
a=———
" a+nm-1d

1

T

a 5

T 176-9(n-1)

N 5

~185-9n ‘
Now, g, is the largest term if 185 — 9n is the least positive
integer.

Clearly, 185 — 9n attains the least positive integral value, if

n = 20. Thus, 20® term of the given H.P. is the largest term
which is equal to 1.

= a=

| CINIEXC I 1fa, b, c,and darein H.P., then prove that
b +c+da,lc +d +a)/b (d+a+b)c,and (a + b + c)/d, are

in A.P.

Sol. a, b, ¢, and d are in H.P.

l, l, l, lareinA.P.
a b ¢ d
a+b+c+d a+b+c+d a+b+c+d a+b+c+d
a ' b ’ c ’ d
are in A.P.
b+c+d a+c+d at+b+d at+b+c
= 1+ s +1, +1, +1
a b c d
are in A.P.
b+c+d a+c+d at+b+d a+b+c .
are in A.P.

) L] L}

a b ¢

The m™ term of a H.P. is » and the nt*
term is m. Prove that its r* term is mn/r.

1 1
a a+d a+2d
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Then,
a = nanda =m
1 1
= ————=pand ——=m
a+ (m-1)d a+(m—-1d

1
= a+ (m—l)a’=; anda+n-1)d=—

m -

1 1

= {a+m-1)d}-{a+(n-1)d}=

m—n [On subtracting]

= (m—n)d=

1
—1 d:——
mn

mn

1,
Puttingd:—ma+(m—1)d=l, we get
7

mn
(m-1 1
a+ =—
mn n
1 1 1
= g+ ——-——=—
n mn n
1
= g=—
mn
Now,
_
4= a+(r—-1)d
_ 1
=50 TT
—+ (7’—1)
mn mn
mn
Tl4r-1
_mn
r
ESIEEXI I Ifa>1,b>1,and ¢ > 1arein G.P., then
1 1
show that ’ » and are in H.P.

1+log, a 1+1log, b 1+log, c
Sol. Itis given that a, b, c are in G.P. Hence,
b*=ac
= 2log, b=log,a+log c
= log, a,log, b, and log c are in A.P.
= l+log,a 1+log b,and 1 +log, carein A.P.
1 1

2 2 d
l+log,a 1+1log, b an I+1log, c

are in H.P.

Bl KRy Ifa,b,andcbeinG P.anda+x,b+x,and
¢ + x in H.P. then find the value of x (a. b, and ¢ are distinct
numbers).

Sol. a+ x,b+ x,and ¢ + x are in H.P.
2@+ x)(c+x)
(a+x)+(+x)

= b+x=

= b+x)(@+c+2x)=2(a+x)(c+x)
= (a+c+2b)x+2x*+ab + bc=2ac+2x(a+c)+2x*
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x(¢c +a-2b)=bc+ab-2ac

x(c +a—2b)=bc+ab-2b (-
x(c+a-2b)=b(c+a-2b)

x = b, (as a, b, ¢, are G.P. and distinct hence a, b, ¢,
cannot be in A.P.)

a, b, c are in G.P.)

LR A

| If first three terms of the sequence 1/16,
a, b, 1/6 are in geometrlc series and last three terms are in
harmonic series, then find the values of 4 and 5.

Sol. 1/16, a, b are in G.P. Hence,
b ) l -
a*= — ort6a*=> )
16
1 .
a, b, g are in H.P. Hence,

1
2a 6 2a

1 6a+l

b= @

a+
From (1) and (2),
2a
6a+1

= 2a(8a— ! ]:0
6a+1

8a(6a+1)-1=0
48a*+8a-1=0 (-
T = (da+1)(12a-1)=0
1 1

4712

When a = — 1/4, then from (1),

12
16| ——1| =1
b (4)

When a = 1/12, then from (1),

b=16(15) =3
12 9

Therefore,a=-1/4,b=1ora=1/12, b = 1/9.

1642 =

U

‘az0)

|/

a=-

Harmonic Means

Let a and b be two g‘iven numbers. If n numbers H, H,, ..., H
are inserted between a and b such that the sequence a, H |, H,,
~H,bisaHP., thenH,H, ..., H are called n harmomc

means between a and b. Now, a, Hw H . H, b are in H.P.
Hence,

. .

-, _1_, -1_;..., _1_, l are in A.P.

a H[ H2 Hn b

Let D be the common difference of this A.P. Then,

% =(n+ 2)" term
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= l=l+(n+1)D
b a
D= a—-b

= T miDab

Thus, if » harmonic means are inserted between two given num-
bers 'a and b, then the common diference of the corresponding
AP. isgiven by

a—-b
D=lns1yap
Also.,
L=l +D, 1 = 1 +2D, ..., L 1 +nD
H a H, a H, a

On putting the value of D, we can obtain the values of H, H,,

n

Harmonic Means of Two Given Numbers

If ¢ and b are two non-zero numbers, then the harmonic mean
of a and b is a number H such that the sequence a, H, and b is a
H.P. Now, a, H, and b is a H.P. Hence,

Thus, the harmonic mean H between two numbers a and b is
given by H = (2ab)/(a + b).

13_3
d=2_2_

5
L=§+1=§or H,=z
H 2 2 5
LI DO
H, 2 2 7
L=§+3=2 or H;=Z
H, 2 2 9
R DN P
H, 2 2 11

»

. H H 1 1
D+ =H|—=+—
Sol P+Q (P Q)

_2PQP+Q _,
 P+Q PO

B2l CENANE If nine arithmetic means and 9 har-
monic means are inserted between 2 and 3 alternatively,

then prove that A + 6/H = 5 (where A is any of the A.M.’s
and H the corresponding H.M.).

Sol. LetH,H,, ..., H, be nine harmonic means between 2 and
3. Then 2, HL,HZ,..., Hg, 3 are in H.P. Therefore, 1/2, l/Hl, 1/

H,, ---, 1/H,, 1/3 are in A.P. with common difference
D 2-3 _ 1L ..y __a-b
T (9+)x2x3 60 n+1Dab
L=l+iD;i=1,2,3,...,9.
H 2
1 1 i

= ——-__°
H 2 60

Let A:I, Ay ..., A;be 9 AM. sbetween 2 and 3. Then, 2, 4,, 4,,
..., Ay, 3 are in A.P. with common difference

go372_1 [db}
9+1 10 n+l

A=2+idi=1,2,.,9

i
A=2+— 2
= 4, +10 (2)

From (1) and (2), we have

PRI LS S T
"+H. 0 o= ori=1,2,...,

i

} ‘Concept Application Exercise 3.3 1]

1. If the first two terms of a H.P. are 2/5 and 12/13, respec-
tively. Then find the largest term.

2. Ifa,b,carein G.P. anda - b, ¢ —a and b — ¢ are in H.P.,
then prove that a + 4b + c is equal to 0.

3. Ifx,y,and zare in A.P., ax, by, and czin G.P. and a, b, c in

X Z a 4
H.P., then prove that — + =4
z x ¢ a

-2 -2
a—-d
4. Ifa, b, ¢, and d are in H.P., then find the value of ~b—_2—_2—
-C
a-x _a-y a-z
px qy rz
that x, y, z are in H.P.
6. Ifx= 2 a', y= 2 b,z = 2 ", where
n=0 n=0

n=0

5. If and p, g, and  be in A.P., then prove

a,b,andcarein AP.andlal< 1, Ibl<l,andlcli< 1,
then prove that x, y, and z are in H.P.

7. Ifx, 1, and z are in A.P. and x, 2, and z are in G.P., then
prove that x, and 4, z are in H.P.




8. Ifa, a@,a,a,..,a,,barein AP.anda, g, g, gy, 85, b

are ina1 G.P. and % is the HM. of g and b, then prove that
q + 4y + a4 +a2n—l a, + [ _ 2_”

§i182n 828201

. En8n+1 h

9, Ifthe (m + D* (n+ 1)‘“ and (r + 1) terms of an A.P. are in
G.P. and m, n, r are in H.P., then find the value of the ratio of
the common difference to the first term of the A.P.
10. If the sum of the roots of the quadratic equation ax? + bx +
¢ = O is equal to the sum of the squares of their reciprocals,

a b c
then prove that —, — and — are in H.P.
c a b

Properties of A.M., G.M. and H.M. of Two Positive
Real Numbers

Let A, G and H be arithmetic, geometric and harmonic means of
two positive numbers a and b. Then,

A=

+b
a ,G:\/EandH= 2ab
2 a+ b

These three means possess the following properties.
1. A>G=H
Proof: We have,

+bh 2ab
A=222 G=abandH= 2
2 a+b
2
- A_G=a+b_@=MZO
2 2
= A>G 63
G—H:\/;Z— 2ab
a+ b
a+b—2\/E
=+Jab (=2 2NDD
@ { a+b }
b

= G=2H (i)
From (i) and (i1), we get A2 G > H.

Note: The equality holds in the above result only when a = b.
AM,, G.M. and HM. of n positive quantities,

a,, a, a,, ..., a 1s given by
g Gtdtatota

n

G= (al a, a3.”an)1/"
n
1 1 1 1

— ettt —
a4 a, a; a

and H=

n
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A 2 G 2 H also holds here.

2. A,G,and HformaG.P.,i.e., G*= AH.
Proof: We have,

a+b>< 2ab
2 a+b

AH =

=ab=(Jab) =G
Hence, G* =AH..
3. The equation having a and 4 as its roots is x? — 24x + G*=0.

Proof: The equation having a and b as its roots is

X—(a+byx+ab=0
= X*-24x+G*=0

['.’A:a;bandG=@}

4. If 4 and G be the A.M. and G. M. between two positive num-
bers, then the numbers are 4 + /4* — G°.

Proof: The equation having its roots as the given numbers is

X2 —2Ax+G*=0
24 £ J44* — AG?
= x =
2

=A+ J4 + G

5. If A, G, and H are arithmetic, geometric and harmonic means
between three given numbers a, b and c, then the equation

having a, b, and c as its roots is
3

x*-34Ax* + x-G=0
Proof: We have,
a=8tbre o pom
3
1 1 1
1 — 4+ — =~
2 _a b ¢
H 3

3
£=ab+bc+ca

The equation having a, b, and c as its roots is
X—(a+b+c)x*+(ab+bc+ca) x—abe =0

3
= ©-34¢+ 39 x_G=0
H

G ENPRE The A.M. and H.M. between two num-
bers are 27 and 12, respectively, then find their G.M.

Sol. Let 4, G and H denote, respectively, the A.M., G.M. and
H.M. between the two numbers. Then, 4 =27 and H = 12. Since
A4, G, and H are in G.P. Therefore,

G*=AH
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=27x12
= G =18
[SCLCERER If the AM. between two numbers

exceeds their G.M. by 2 and the G.M. exceeds their H.M. by
8/5, find the numbers.

Sol. A-G=2 49
G -H=8/5 (2)
G*=AH )

= (G + 2)(G - 8/5)
= G =8
= ab=64 ' 3
From (1), ’
A=10
= a+b=20 4)

Solving (3) and (4), we geta =4 and b =16 or a = 16 and
b=4.

————Eonc'ept Application Exercise 3.4. l———

1. If the arithmetic mean of two positive numbers g and b (a > b)

is twice their geometric mean, then find the ratio a:b.

2. The AM. of two given positive numbers is 2. If the larger
number is increased by 1, the G.M. of the numbers becomes
equal to the A.M. of the given numbers. Then find the H.M.

3. The harmonic mean between two numbers is 21/5, their A.M.
4’ and G.M. ‘G’ satisfy the relation 34 + G* = 36. Then find
the sum of square of numbers.

MISCELLANEOUS SERIES

Arithmetico-Geometric Sequence

Let a, (a + d)r, (@ + 2d)P, (a + 3d)r*, ... be an arithmetico-
geometric sequence. Then, a + (@ + d)r + (a + 2dy? + (a +3d)
7 + --- is an arithmetico-geometric series.

Sum of n Terms of an Arithmetico-geometric Sequence

Sum of n terms of an arithmetico-geometric sequence da,

(a +d)r, (a+2d)r, (a+3d)r, ... is given by
_ n 1 n
@ g At et Ddir nan
S = 1—r (1- r) 1-r
E[2a+(n—1)d], when =1

Proof: :
Let S, denote the sum of n terms of the given sequence. Then,
S”—a+(a+a’)r+(a+2d)r2+ +{a+ (- Dd}r!
ey
+{a+@n=-2d}r' -
+{a+m-0d}ir ()

= 1S =ar+(a+d)r+ -

Subtracting (2) from (1), we get
S —rS =a+[dr+ drr+ - +dr'l-{a+(n-1d}

n-1

= S(1-rN=a +dr(1l—r

—-r

)— [a+(n-1)d}"

a -, 1-r"" [a+(n-Dd}"
=—+d -
= S + r(l—r)z = 3)

Note Generally we dont use thzs formula to find sum of n
terms infact we:use the mechamsm by whlch we derzved thzs
- formula.

i Find the sum of the series 1 + 3x + 5x2
ton terms

+7 +

Sol. The given series is an arithmetico-geometric series whose
corresponding A.P. and G.P. are 1,3,5,7,...and 1, x, X%,
respectively. The n™" term of A.P.is [1 + (n - DHx2l=02n-1).
The nt term of G.P. is [1 x x"'] = x*". So, the n™ term of the
given series is (2n — 1)x~'. Let S, denote the sum of n terms of
the given series. Then,
§ =1 +3x 452+ 73+ -+ 2n -2+ 2n - Dx!
1)

xS =x+3x+ 563+ -+ 2n=-3)x'+2n-x*  (2)

Subtracting (2) from (1), we have

S, —xS =1+[2x+ 252+ 23+ o 4+ 22X - 2 -1)x"

—
= S,,(l—x)=1+2x[11x ]—(Zn—l)x”
—x

1 r(1—)("“')_(2;1——1))("
" l—x O (I-x) 1-x

~Exa j Find the sum of n terms of the series
1+4/5+7/5%+10/5 +

Sol. Clearly, the given series is an arithmetico-geometric series
whose corresponding A.P. and G.P. are, respectively, 1, 4, 7,
10, ... and 1, 1/5, 1/52%, 1/5%, ...

The n* term of A.P.is [l + (n—1)x 3] =3n-2.

The n™ term of G.P. is [1 x (1/5)'] = (1/5)"".

So, the nt term of the given series is (3n — 2) x (1/5 1
=(3n-2)/5"" Let,

SO S 0 OO I N e ]
n 5 5 53 5/1—2 5n—] ( )
S 4+l+ L Bn=%) 3n-2 o
5 " 5 5.1 51171 5” )

Subtracting (2) from (1), we get

S = 1+[3+i+—3—+---+i]—(3n—2)




1 n-l1
()
4 =1+3( : J_(sn—z)
5 n 5 (1—1) 7 Sn
5
5
1_ n-1
_ 1_,’_3 5] Bn-2)
(i) 5"
5
3[1_L)_(3n—2)
4 Snl 511
L =§+E(1— 1 ]_(3;1—2)
n 4 16 511‘1

4(5n~l)
Sum of an Infinite Arithmetico-geometric Sequence

If Irl < 1, then ', ' — 0 as n — oo and it can also be shown that
nr' — 0 as n — oo, So we have
a

S - —+
" 1—-r

e
ﬁ,asn—wxv
-t

In other words, when Il < 1, the sum to infinity of an arithmetico-
geometric series is

S = _a . dr
= 1-r (1-r)
BecluEN() Find the sum to infinity of the series

1-3x+ Sx*+7x+ - cowhen Ixl < 1.

Sol. Let S_ denote the sum of the given infinite series. Now,
S =1-3x+52-T8+ 00
=1+ 3(=x) + 5(—x)* + T(~=x)* +
Here, a =1, r = —x and d = 2. Hence,

g = |1 2(-x)
-0 [-(=0P
1 2
T ltx (1+x)

1—x
T (+x)?

Sum to Infinity of the Series Reducible to
Arithmetico-geometric Series

) I EWyM Find the sum to infinity of the series
P2t P+ 830+

Sol. The given series is not an arithmetico-geometric series,
because 1%, 22, 3%, 42, ... are not in A.P. However, their succes-
sive differences (2% — 1?), (32— 22), (4> - 3?), ...,
form an A.P. So, the process of finding the sum to infinity of
an arithmetico-geometric series will be repeated twice as given
below. Let,

ie,3,57,...°
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S =1P+2%+3% +4%° + - o (N
= xS_ =1+ 222+3% + - o0 (2)
Subtracting (2) from (1), we get
(1-x8 =12+2*-1Hx+(3*- 22)x2 + (4 -3 +
= (1-x8_ =1+4+3x+52+7x+- 3)
This is an arithmetico-geometric series in wh1ch a =1,
d=2,r=x.

(1-0S = N 2x2 _ 1+x2
T 1-x (1-x) (1-x)

_ 1+x

" (1-x).

Summation by Sigma (%) Operator

Propertles of Slgma Operator

L. ZT =T +T,+T,+--+7, ,,where T is the general term.

r=t

of the series. :
2. Z(T + T ) = ZT + ZT (51gma operator is dlstnbutlve

r=l. - . r=l. .

’, ~over add]tlon and subtractlon} BRI
3. ZT T ' (ZT J(ZT} (sxgma operator is not dlsmbu-

t1ve over multxphcanon)

"('svi;g:rnago‘l\)éra't(‘i‘riis’ not distributive over
division)

5. i1;1+1+1+

ntimes =n
r=1 .

6. Zan = ‘ZZZ; (Wﬁereais c’onstarit) N

7. ZZTT (ZT)(ZT J (here i and jare mdependent)
J=1 i=1 i=l j=1 .

~ ‘

Sum of the Squatres of the First n Natural Numbers

Let the sum be denoted by S; then S =12+ 22+ 32+ -+ + 2.
We have, n’ — (n — 1)’ = 3n® —
n—1, we get

3n + 1; and by changing » to

mn-1P-rn-2¥=30-1*-3mr-1D+1
n-2Y-n-3P=3m-2"-3(n-2)+1
3 _2"=3x3"-3x3+1
22-12=3x22-3x2+1
12-02=3x1>-3x1+1

Hence, by addition,
=32 +22+3+ - +n) -3 +2+3+ -

In(n+ D n

+n)+n

=35~
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TGRS _ n(n+1)(n+2)(n+3)

= 3S=n-
4

- 3 :
=n(+l) -1+ E) JESIICENER Find the sum of the series 1 x 72+ 2(n— 1)

+3x(Mm-2)+ o+ (m-1)x2+nx1

nn+1) (2n+1)

= S = Sol. Let T be the #" term of the given series. Then,
6 T =rx{n-(r—1)
Sum of the Cubes of the First n Natural Numbers =rn-r+1)
Let the sum be denoted by S; then S= 1>+ 22+ 3+ --- + 1. =r{(n+1)-r}
We have, =(n+Dr-r
n* —(n—1)* = 4n® — 602 + 4n -1 W ST = Z[(ﬂ #yr=r]
(=1 —(n=2)'=d(n—-17-6(n— 1) +4n—-1)-1 ST p
4 4 _ 3 2 n n
Sn 2 —(n-3)'=4(n-2°—6(n-2>%+4n-2)-1 =(n+l)(2rj—[2r2]
r=1 r=l

3 _2=4x3P-6x3P+4x3-1
nn+l)y nE+1)@Cn+l)

21 =dxDP_6xL+dx2-1 = (n+ 1)
10 =4xP-6x12+4x1-1 2 6
Hences by addition, _ n(n+t D +2)
6

n=45-6(1*+2*+-+n)+4(1+2+---+n)—n
4S=n*+n+6(12+22+ - +n) -4 (1+2+ - +n)
=nt+n+nn+1)2rn+D-2n(n+1)
- > ‘ 1P 17422 1P+2°+3
=nm+ D)@ -n+1+4+2n+1-2) 4 + + e 1 terms.
=n(n+1)#+n) 1 1+2 1+2+3

Find the sum of the series:

S = n® (n +1)° NLACER)) ? PB+22 g gy’
= 4 - 5 Sol. T=——F7"""—
r 1+2+ +7
Thus, the sum of the cubes of the first r natural numbers is .
equal to the square of the sum of these numbers. _ rr+D@r+ 1)2
6r(r+1)
Find the sum to » terms of the series 1
Ix2x3+2x3x4+3x4x5+ . =3@r+0)
Sol. 7, =n(n+1)(n+2) ' L vr o2 ir L
LetS, denote the sum to # terms of the given series. Then, i 30T 3
H n n
S, = DT =2 k(k+1)(k+2) = e+
k=1 k=t
n _ n(}’l+2)
= D (K +3k°+2k) T T3
k=1
_ (iy}_{iy}_%i@ [SEUNTELIE Find the sum of the series 31° + 32°
k=1 k=l k=1 + eee + 503,
2
- ["(””)j L3+ D@ntl)  2n(nt1) Sol. S=(13+ 23+ - +50%) — (1 +2° + - + 30°)
2 6 2 2 2
~ (50x51) _(30x31]
:’“%9{”—(’7{2+(2n+1)+2} 2 2
Using Sr° = n(n+1) :
n(n+1) e

== ("’ +n+4n+2+4}

1 .
= (50x51-30x31)(50x51+30x31)
= ——”(”4+ D n* 4 5n+6) 4

= 1409400



Find the sum of first » terms of the series

P+3x22+3+3x4+5+3x6"+ when
a.nis even
b.nis odd

Sol. a. #miseven. Letn=2m.

m

S =8 = 2.Qr=1y+3> @)
r=1 r=l1

n 2m

[87° —3(2r) +3(2r) - D] + 1232

r=1

m
=1

" "

~ 8 P+6) r—> 1
r=1 r=l =1

= 2m? m+1P+3mm+1)-m

= m[2m’ + 4m* + Sm + 2]
Put 2m = nor m = n/2.

Iz

S = g[n3+4n2+10n+8] ()

b. If nis odd, then n + 1 is even. Now,
S, =S T (i)

n nt+

S ., is obtained from (1) by replacingn by n + 1 and T, =

n+l

(n + )™ even term = 3(n + 1)°. Hence from (ii),

S (nodd) =”T+1[(n+1)3 + 41?1007 +1) + 8]~ 3(n +1)°
S = ”;’l[nS +70% —3n—1] (i)

Equations (i) and (iii) give the required results.

_Example 3.83 |
P22+ 324+ 52— 6%+ -,

Find the sum to n terms of the series

Sol. Clearly, #»* term of the given series is negative or positive
accordingly as # is even or odd, respectively.
a.nis even:

12-22+32-42+52-6"+ - +(n-1)7-n?
(12— 2+ (32— d)+ (52— 6 + -+ (= 1) = 1)
=(1-2)0+2)+(C-49)3+4H+(5-6)(5+6)
+o k(= D)= () (n— 1 +n)
=—(1+2+3+4+--+(n-1)+n)
__nn+l)
2
b. n is odd:

(IP=-29+ 3=+ +{(n=-2P-n-1)} +#?
=(1-20+2)+B-4)@B+4)+ -

+{n-2)—(n-1D][(n=2)+ (n—1)] + n?
=—(1+2+3+4+ - +n-D+m-1)+n?

Progression and Series  3.23

__ (n—l)(n—l+1)+n2
- 2

_n(n+1)

==

Getting n"" Term T_from Sum of n Terms

Exg

| If %7, = n(2n® +9n+13), then find the

Sol. S,= >, T, =n(2n*+9n+13)

r=I

= T,A=S,_—Sr_]
=r2P+9r+13) = (r— 1) Q= 17+ 9(r - 1) + 13)
=6r+ 12r+ 6 =6(r + 1)

= \/f =\/_6_(r+1)
= YT = \/gi(r+l)

_ \/-6—(n2+3n]

2

= \/g(nz +3n)

g If i T.=(3" -1), then find the sum of
r=1

Sol. ZT =31

r=1

= T=3-1)-3""-1)=3"'3-1)=203""
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Sum of Series by Method of Difference

Sometimes, the n™ term of a series cannot be determined by the
methods discussed so far. If a series is such that the difference
between successive terms are either in A.P. or in G.P., then we
deterrmine its 1" term by the method of difference and then find the
sum Of the series by using the formulas for Xn, 3r? and Zn’. The
method of difference is illustrated in the following examples.

i Find the sum to » terms of the series

34+15+35+ 63 + -

Sol. The differences between the successive terms are 15 — 3
=12, 35-15=20, 63 — 35 =28; ... Clearly, these differences
are in A.P. Let T be the n™ term and S denote the sum to n
terms of the given series. Then,
§S=3+15+35+63+-
S = 3+15+35+63--

0=3+[12+20+28+-

+ 7—‘n—l + ’Tn (1)
+T,,+7, @)

+(n-1)terms] - T,
[Subtracting (2) from (1)]

un

= T —3+(n21)[2><12+(n 1-1)x8]

=3+(m-1)(12+4n-3)
=3+n-1){dn+4)
=4n’ -1 ‘

k=1

= i(4k2—1)
k=t
Z N
k= k=1

=4{Mﬂ}_
6

%(4n2+6n—1)

BClUJCERYAS Find the sum of the following series to n
terms S+7+13+31+85+ -

Sol. The sequence of differences between successive terms is

2,6, 18,54, .... Clearly, it is a G.P. Let T, be the n™ term of the

given series and S be the sum of its n term@ Then,
§=5+7+13+31+--+T_ +T (b
S = 5+7+13+431++T +T (2)

0=5+[2+6+18+:--+ (n—-1)terms] —

[Subtracting (2) from (1)]

@ -y

= 0 =5+2 .
(B3-1)

= T,=5+3"-1)=4+3"
Su =ZT;‘
k=1
= > (4+37)

= Z4+§:3k‘l

k=1 k=1

=dn+(1+3+3"+---+3"

—dna1x |l
3-1
=4n+[3 _1]
2

i
= —[3" +8n—1
2[ 1

Sum of Some Special Series
Consider the series
1 1 1
+ +
a(a+d) (a+d)a+2d) (a+2d)(a+3d)

1
* (a+(n-2)d)a+(rn-1)d)

In order to find the sum of a finite number of terms of such
series, we write its each term as the difference of two terms as
given below:

_ b yr 1
ala+d) dla a+d

1 _l( 11 j
(a+d)a+2d) d\a+d a+2d

1 1 1 1
(a+2d)a+3d) d(a+2d a+3dj
and so on. Therefore, '

L, | s 1
ala+d) (a+d)(a+2d) (a+(n—2)d)a+(n-1)d)

1[(1 1 J( 1 ] )
==|l—- + - +.
dila a+d a+d a+2d
[ 1 1 ﬂ
+ —
a+(n-2)d a+n-1)d

Lyt v
T dla a+(n-1d

n—1
a(a+(n-1)d)




Find the sum to » terms of the series

1/(1 x2)y+ 1/(2x3)+1/(3 x 4) + -+ 1/n(n +1).
Sol. Let 7', be the " term of the given series. Then,
1
T = , T
" r(r+1)
1 1

r r+l
Hence, the required sum is

=1,2,...,n

B2EIEER P Find the sum to n terms of the series
1/Ax3)+ V3B x35)+1/(BExT)+--.

Sol. Let 7", be the r term of the given series. Then,

T = —1 , F
' 2r-H2r+1)

o)
T2\ 2r-1 2r+1

Hence, the required sum is
Z]: =l l__l_ + l__l_ + l_l
e 2111 3 35 5 7
' 1 1
SR —
(211—1 2n+11|

=1,2,3,...n

H 1
~ (ar+b)ar+a+b)’

Find the sum

_Example 3.90

Sol.i 1 21( 1 1 j

=~ (ar+b)ar+a+b) = poy Z ar+b _ar+a+b
SRR
a‘s\ar+b ar+a+b
1 1 N 11
T bl\a+b 2a+b ) \2a+b 3a+b
1 1
+ —
[na+b (n+1)a+b]:l

Il

Progression and Series  3.25

1 i
" ala+b (n+Da+b

n
" (a+b)(n+Da+b)

Find the sum to r terms of the series 3/
(P2x2)+5/(22x3) + 7/(3* x 4%) + ---.

Sol. Let 7 be the r™ term of the given series. Then,
QQr+1y-

T == o123, ..
YA

S PRI N (T
o (r+1)

Hence, the required sum is

o 1 1
5z - 2wl

(1 IJ (1 1J (1 1 ]
= —— |+ =+ | —— —
2 22 22 3 2 (n+1)>

Find the sum to » terms of the series

Example 3.92

T Sucsosses o

1 2 3

+ + T e,
1+12+1% 1+27+42% 1+3*+3*
Sol. Let T be the #" term of the given series. Then,
¥
T=——+—,r=1,2,3,...,n
Tl

¥

(r2 +r+ 1)(1‘2 —r+l)

i !

- Z{rz—r+1_r2+r+l}

Therefore sum of the series is

X 1| 1 1 .
T == _
,Zz; ' 2[;[;’2—1’+1 r2+r+lﬂ
1 1 1 I 1
- [+| === | =——
[( 3] (3 7) (7 13)

n—-n+l rw+n+l
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- ' 11 11 1 1
:—2——— . = ——— |+ — ==+ + — -
2(n* +n+1) 12! 21 3! ni (n+1D)!
i Find th -
§ Find the sum = (n+ D)
1 1 1
1+——

+ +oe
1+2 1+2+43 1+243++n

IETITERR Find the sum X r(r +1)(r +2) (r +3).

Sol. 7 = 1 2 2[1_ 1 ] Sol. T.=r(r+1) (r+2) (r+3)

TI4243+4r r(rtD) ror+l Here factors are in A.P., we multiply T by difference of factor

after » + 3 and factor before r.

r=1

- 2n
= 7 = 1 i
r=t n+ =T= gr(r+1)(r+2)('l’+3)[r+4—(r—1)]
£ Find the sum = é[r(r+l)(r +2)(r +3)(r +4)-
" 1
A r(r+1)(r+2)(r+3) —(r=Dr(r+D(r+2)(r +3)]
' 1
1 = [V (r)-V(r-1]
Sol.  T.= LG +1)(r+2)(r+3) >
Here factors in determinator are in A.P. In such cases we = y r(r+D(r+2)(r+3)
multiply T, by difference of last factor and first factor rel
o r+3er = S~V (0)]
= T D+ 24 3)] >
1
1 i B | = gn(n+1)(n+2)(n+3)(n+4)
T3+ D+ +3) D) +2)
1 Note: Alsb we have
= ——[V(r)-V(r-1] .
3 S r(r + D(r + 2)(r +3)(r + 4)
I S
= ErF+D+2)(r +3) , L ={gfﬁ(’~ﬁ£*+1)(n +Dm AN+ H@n+5)
= —E[V(n)—V(O)] R+

_1 1
T 3l6 (mED)(n+2)n+3)

= %n(n +D(n+2)(n+ 3) ‘etc.

. ¥
i !
B2ClulCERER Find the sum El Py where n Find the sum
=1.2.3..n.
. 1 24 34 n
Sol. T =—— 1x3 3x5 5x7 T @n-1 @n+1
ol. = D! X X X 2n-1) 2n+1)
r+l-1 -
_ el | Sol, 7 = L 167" =141
(r+D! " 16 (4n’ 1)
1 1
b (r+ ) 16 2u-1)(2n+1)

0 (1 1 1 1 1
- Y- o T = —[4n* +1]+— -
,-=1(r! (r+1)!j Tl ] 32[2?2—1 2n+1}




Now puttingn =1, 2, 3, ..., n and adding, we have

S =L[_42n2+n] +i 1—l + 1.1
" 16/ 32 3 35
1 1
+.-+ —_
( 2n-1 2n+l1

_ 1 n(n+1)(2n+1) 1 i( j
B 20 2n+1

16 6

~ %En(n +)@n+1)+ 22D 2(””)}

= 12[%xn(n+l)(2n+l)+n+

(2n+1)? +3}

1

n(n+1)x4n'2 +4n+4
8 32n+1)

n(n+1)(n* +n+1)
6(2n+1)

2EIIEERCIE Find the sum of the series

360

1
lgﬂ[k k+1 +(k'+1)\/EJ

Sol. T,=
\/_w/k+ [\/E+1/k+ 1]
_ Jk+ ~Jk
NN
=1 _ 1
k JE+1
360
s=y | L__1
k=1 k k+1
R S
361
L _ I8
19 19
Find the sum of the series
1 . 1 +‘ 1 . 1 .
3 +1 4 +2 52+3 6 +4
Sol. T = wheren=3,435...

1 _ 1
n’ +(n—2) B (n+2)(n—1)’

J

Progression and Series. 3.27

S_ll 1 1 116 +4+3 13
3012737473 12 [T

2CInlERIE Find the sum of firs 100 terms of the

series whose general term is given by a=>F+1)k!
Sol. a =(K*+ 1) k!

=ktk+D)-(k-1) k!

=kk+1)-(k-Dk!
SO ktk+D!—~Gk-DEk!

a,=121-0
a,=2.31-12!
a,=3 41231

a,, =100 .101 1-99.100 !

a +a,+-+a,=100.101!

Sum of the Series when i and j are Dependent

Consider sum of the series XX

0<i<j<n

ij . In the given summation,

i and j are not independent. In the sum of series ZZU =

5((2/))

there are three types of terms, those when i <j (upper triangle), i
> j (lower triangle) and i = j (diagonal) as shown in the diagram
below.

i=l j=1

Here i and j are independent. In this summation,

IX1 +NX2 + 1X3 + - + Ixn

2XINF 2X2% 2X3 + -+ 4 2Xn

e 4 3xn

nx1l + nx2 + nx3 +

Fig. 3.2
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Also, the sum of terms when i < is equal to the sum of the
termys when i > as terms in both the triangles are symmetrical.
So, in that case

non

20

i=] j=I

= Sum of térms in upper triangle + sum of terms
in lower triangle + sum of terms in diagonal

=230+ ZZU (- sums of terms in upper and
o<i<j<n- lower triangles are same)

S-Sy
— Zzlj: i=l j=1 2i:j i

" n n
. . 2
IADWEIN
_isl i=1

n(n+1) n(n+1)  n(n+D2n+1)
2 2 6
2

When f{(i) and f{j) are not symmetrical, we find the sum by list-
ing all the terms.

Consider the sum ZZ

0<i<j<n

In this sum, we have to find the sum of the upper triangle and
the diagonal of the above square. Hence,

L S3i-Y Y
ZZU _ i=lj=l i=j +§,zlj

0<i<j<n =
2

noon

Y+ XXy

i=] j=1 i=j

2

Alternative method:

(I+2+3+4+-+n)?=(12+22+32+--+nH)+2 I3ij
0<i<j<n
2
[n(n+l)} _ n(n+1)(2n+1) 42 IS
2 6 0<i<jsn
n(n+)Y n(n+1)(2n+1)
2 6

Find the sum of the products of the ten

Example 3.101
nambers +1, +2, +3, +4, and +5 taking two at a time.

Sol. We have,
(1-1+2-2+- +5 5P=1"+12+22+ 274+ - + 52
' +52+25
where S is the required sum. Hence,
0=2(12+22+32+42+5)+2S

= §=-55

F_—l Concept Application Exercise 3.5J—

Find the sum Z Zl .

0<i<jsn

Example 3.10

n

PHAED DY

Sol. > >1="202 > =

O<i<j<n

1. Find the sum %_E I

6 18 54

12 32 52 72
2. Find the sum E'*E{‘*‘?‘*‘z_‘;"'“"x’ .
3. If the sum to infinity of the series

3+(3+d)%+(3+2d)4i2+...oo is 4_94,thenﬁndd.

4. Find the sum of the series 12 + 3% + 5% + --- to n terms.

5. Find the sum up to 20 terms.
1 1
1+5(1+2)+§(1+2+3) +%(l+2+3+4)+---

. 6. If the sum of the squares of first n natural numbers exceeds
their sum by 330, then find n. '
7. Find the value of 117+ 12+ 132 +---+ 20%
8. Findthesum 12+ (12 +2) + (12 + 22+ 39) + ---
term.
9. Findthesum2+5+ 10+ 17+26+ -
10. Find the sum 1 +4 + 13 +40+ 121 + ---
11. If the set of natural numbers is partitioned into subsets
S, ={1},8,=1{2,3),5,=1{4,5, 6} and so on, then find the
sum of the terms in S

up' to 22

=1
12. I T,=r(”~ 1), then find ) —.
r=2 4,

I ! 1

13. If S = + + o
Ix3%x5 3x5%x7 5x7x9

to infinity, then find

the value of [36S], where [-] represents the greatest integer
function.

m.uzyr=0wnm+bm+ntmmmdz—
r=l &,
15. Find the sum of the series
14+2(1—-x)+30—-x) {1 —-2x)+ ---
+n(l-x)(1-2x)(1=3x) - [1 = (n— 1D x]




| subjective Type 1 »

1.

10.
11.

12.

13.

14.

15.

 Solutions on page 3.43

For a, x > O prove that at the most one term of the G.P.

Ja —x, J;, “Ja+ x can be rational.
If the terms of the AP, Ja—x ,\x »Ja+x» -

gers, where a, x >0, then find the least composite value of a.

are all inte-

Find a three-digit number such that its digits are in increasing
G.P. (from left to right) and the digits of the number obtained
from it by subtracting 100 form an A.P.

Along a road lies an odd number of stones placed at intervals
of 10 m. These stones have to be assembled around the middle

‘stone. A person can carry only one stone at a time. A man

carried the job with one of the end stones by carrying them in
succession. In carrying all the stones, he covered a distance of
3 kimn. Find the number of stones.

If the first and the " terms of a G.P. are a and b, respec-
tively, and if P is the product of the first n terms, prove that
P2 = (ab)".
Let x=1+3a+6a’+ 10a® + -, lal < 1.

y=1+4b+ 100 +200° + -, bl < 1.
Find S =1 + 3(ab) + 5(ab)* + - in terms of x and y.

m+1 _(2n+1Y
+3| ——
-1 \2n-1

2n+1
5 + - is 36, then find the value of n.

2n—1
3 1 4 (1} 5 (1Y
Xod—x| = | +——X%|=| +-~ton
1x2 2 2x3 \2 3x4 2

If the sum of » terms of the series

Find the sum ——
terms.

IfS,, 8 S S, are the sums of nterms of m A.P.’s whose first
terms are 1, 2, 3, ..., m and common differences are 1, 3, 5, ...,
(2m — 1), respectively, show that

S, +8,+-+S, =%(mn+l)

If S,, S, and S, be, respectively, the sum of n, 2n and 3n terms
ofaGP provethatS(S -8)y=(5,-S)

Find four numbers in a G.P. whose sum is 85 and product is
4096.

There are (4n + 1) terms in a certain sequence of which the
first (2n + 1) terms form an A.P. of common difference 2 and
the last (21 + 1) terms are in G.P. of common ratio 1/2. If the
middle term of both A.P. and G.P. be the same, then find the
mid-term of this sequence.

Lettherebea,, a, a,, ..., a, terms in G.P. whose common ratio
is r. Let S, denote the sum of first k terms of this G.P. Prove

1 m
thatS S = —Za,al

r l<j
Find the sum of n terms of the series whose n'" term is

X X
T(n) = tan o Y

Find the value of .
" zo,zo kzo 3 3/3‘

(i#j#k)

EXERCISES
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16. Leta,a, .., a, be real numbers such that

Objective Type &

Ja +a, 1+ -2+-+ o, —(n-1) =

100
)= '1(%2 Compute the value of ¥ q, .

i=|

n

1
—2— (a|l+az+...+a

Solutions on p‘age 3. 46

Each questibn has four choices a, b, ¢ and d, out of which
only one is correct.

1.

If 1og2(5 x 27+ 1), log4(2“-" + 1) and 1 are in AP, then x
equals
a. log,5 b. 1-log,2
c. log 2 d. none of these

If three positive real numbers a, b, ¢ are in A.P. such that
abc = 4, then the minimum value of b is

a. 2”7 b, 2%

c. 2”2 d. 237
. . 1 2 .
The maximum sum of the series 20 + 195 + 18§ +--- is

b. 300
d. none of these

a. 310
c. 320
The largest term common to the sequences 1,11,21,31, ... to
100 terms and 31, 36, 41, 46, ... to 100 terms is

a. 381 b. 471

c. 281 d. none of these

If the sum of m terms of an A.P. is the same as the sum of its n
terms, then the sum of its (m + n) terms is

a. mn b.
d. 0

If the sides of a right angled triangle are in A.P. then the sines
of the acute angles are

—mn

c. 1/mn

34 1 \F

a. —,— =47
5’5 N

c. £ d. none of these

l\)l»—‘

If the ratio of the sum to n terms of two A.P.’s is (5n + 3):
(3n + 4), then the ratio of their 17" terms is

a. 172:99 b. 168:103

c. 175:99 d. 171:103

150 workers were engaged to finish a piece of work in a cer-
tain number of days. Four workers stopped working on the
second day, four more workers stopped their work on the third
day and so on. It took 8 more days to finish the work. Then the
number of days in which the work was completed is

a. 29 days b. 24 days

¢. 25 days d. none of these

In an A.P. of which a is the first term, if the sum of the first p
terms is zero, then the sum of the next g terms is

a(p+q)p
p+1

_alptrq)p
g+1
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10.

11.

12.

13.

14.

Algebra

C. —M d. none of these
p-1
If S denotes the sum of first ‘a’ terms of an A.P. and
w = 31, then the value of » is
S2H - S2n~l
a. 21 b. 15
c. 16 d. 19
If a, b, and c are in A.P. then &® + ¢ - 857 is equal to
“a. 2abc b. 6 abc
c. 4abc d. none of these

The number of terms of an A.P. is even; the sum of the odd
terms is 24, and of the even terms is 30, and the last term

exceeds the first by 1072, then the number of terms in the series-

is
a. 8 b. 4
c. 6 d. 10

1 i . .
Ifa, 3 cand —, g, l form two arithmetic progressions of
p r

the same common difference, then a, g, ¢ are in A.P. if

1
—;l, l are in A.P.

a. p, b, rarein AP. b.
pbr

d. none of these
2F(n)+1

c. p, b, rarein G.P.

Suppose that F(n + 1) = forn=1,2,3,.. and

F(1) = 2. Then, F(101) equals
“a. 50 b. 52
c. 54 d. none of these

15. If the sum of # terms of an A.P. is cn (n —1), where ¢ # 0, then

16.

17.

18. Leta, a, a, ... be terms of an A.P. If

sum of the squares of these terms is

a. ¢n(n+ 1) b. %czn(n—l)@n—l)

2

2
c. % n(n+1)(2n+1) d. none of these

Consider an A.P. a,, a,, a,, ... such that a,+a,+a,=11and
a, +a,=-2, then the value of a, + ag+a,is

b. 5

d. 9

Ifa,a,a, .. arein AP, then a,a,a arein AP.ifp, g, r
are in
a. AP.
c. HP.

a. -8
c. 7

b. G.P.
d. none of these

ata,+--+a,

a+a,+--+a,

2 -
= P_z P # g, then Zo equals
q 1
a. 41/11 b. 7/2
¢ 277 d. 11/41

19. If §, denotes the sum of first n terms of an A.P. whose first

A
term is a and % is independent of x, then § =

x

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

b. p*a
d. &

a. p*
¢. pa?
Three numbers form an increasing G.P. If the middle number

is doubled, then the new numbers are in A.P. The common
ratio of the G.P. is
b 2+ \/5

a 2-3
c. \3-2 d 3+V2

If a;, a,, a, (a, > 0) are three successive terms of a G.P. with
common ratio r, the value of » for which a,>4a,~3a holds is
given by

a. 1<r<3 b, 3<r<-1

c. r>3orr<l d. none of these

Let S < (0, x) denote the set of values of x satisfying the equa-

tion 8l+lcosx1+coszx+lcos3 x4 toee _ 43 B Th@n, S=

a. {3} | b. {#/3,-27/3}
c. {-a3,27/3} d. {#/3, 27/3}
If lal < 1 and |6l < 1, then the sum of the series 1 + (1 + a)b
+(l+a+a)PP+(l+a+a>+ W+ -+ is
1 1
(1-a)1-b) " (1—a)(1-ab)
1 1
« (A-b)(1—ab) (A —-a)1-b)1-ab)
If (p + @)" term of a G.P. is ‘@’ and its (p — g)" term is ‘b’
where g, b € R*, then its p™ term is

- o
a |7 N
c. Jab d.

If the sides of a triangle are in G.P., and its largest angle is twice
the smallest, then the common ratio r satisfies the inequality

none of these

a.0<r<\/§ b.1<r<x/§
c. l<r<2 d. none of these
1.1 1
log’ —F—f— e
The value of 0.2 ‘/5(4 8 16 J is
a. 4 b. log 4
c. log?2 d. none of these

F+x0 0+ 1 +x) (1 +x2%) = %x then n is equal
to ” :

b. 255

d. none of these

a. 256
c. 254
If x, y, zare in G.P. and a* = b" = ¢*, then

b. log b =log,c
d. none of these

a. log, a=logc
c. loga=logh
The geometric mean between —9 and -16 is

a. 12 b. -12

¢ —13 d. none of these

If S denotes the sum to infinity and S, the sum of r terms of the

. . 1
series 1 + l+i+l+-~~,such that $— S < —— then the
2 4 8 " 1000

least value of n is



31.

32.

33.

34.

35s.

36.

37.

38.

39.

40.

b. 9
d. 11

a. 8
c. 10

The First term of an infinite geometric series is 21. The second

term and the sum of the series are both positive integers. Then
which of the following is not the possible value of the second
term

a 12 b. 14

c. 18 d. None of these

The rnumber of terms common between the series 1 +2 +4 +
8+.-.t0100termsand 1 +4 +7 + 10 + --- to 100 terms is

a. 6 b. 4

c. 5 d. none of these

After striking the floor, a certain ball rebounds (4/5)* of height
from which it has fallen. Then the total distance that it travels
before coming to rest, if it is gently dropped from a height of
120 m is
a. 1260 m
¢. 1080 m

b. 600 m
d. none of these

- The sum of an infinite G.P. is 57 and the sum of their cubes is
9747, then common ratio of the G.P. is

a. 1/3
c. 1/6
If a2 + b2, ab + bc and B? + ¢? are in G.P., then g, b, ¢ are in
a. A.P. b. G.P.

c. H.P. d.

Consider the ten numbers ar, ar?, ar’, ..., ar'®. If their sum is 18
and the sum of their reciprocals is 6 then the product of these ten
numbers, is

a. 81 b. 243

¢ 343 d. 324
Leta=111...1(55digits),b=1+ 10+ 10*+ --- + 10%,
c=1+10°+ 10+ 10" + --- + 10%, then

a. a=b+c b. a=bc

d. c=ab

Let a, be the n" term of a G.P. of positive numbers. Let

b. 2/3
d. none of these

none of these

¢c. b=ac

100 . 100
Y a,,=c and Y a,,_,=f, such that o # B, then the
n=I n=1 :

common ratio is

a daf b. fla

c. yai/p d. JBla

The sum of 20 terms of a series of which every even term is 2
times the term before it, and every odd term is 3 times the term
before it, the first term being unity is

2 10 i 10 _
a. [7j(6 -b b. [7j(6 )]

3
c (gj(@o -1 d. none of these

In a G.P. the first, third and fifth terms may be considered as
the first, fourth and sixteenth terms of an A.P. Then the fourth
term of the A.P., knowing that its first term is 5 is

a. 10 b. 12

c. 16 d. 20

41.

42,

43.

44.

45.

46.

47.

48.

49.

50.
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If the p", ¢", and r* terms of an A.P. are in G.P., then common
ratio of the G.P. is

. pr r
a. 3 b. —

q P

+ —
[ a~r a 477

ptaq -pP—q

If the p*, ¢*, r™ and s* terms of an A.P. are in G.P., then
pP—¢q,9-r, r—sarein

a. AP b. G.P.

¢. HP. d. none of these

Ifa, b, ¢, dare in G.P., then (b —c)* + (c — a)* + (d — b)* in equal
to

a. (a-dy b. (ad)*

¢ (a+dy d. (a/dy?

If a, b, c are digits, then the ration4l number represented by

0.cababab ... is
a. cab/990
¢. (99¢ + 10a + b)/99

b. (99¢ + ba)/990
d. (99¢ + 10a + b)/990

The sum of an infinite geometric series is 162 and the sum
of its first n terms is 160. If the inverse of its common ratio
is an integer, then which of the following is not a possible
first term? '

a. 108 b. 144
c. 160 d. none of these
Let f(ix) = 2x + 1. Then the number of real number of real

values of x for which the three unequal numbers f{x), f(2x),
fl4x) are in G.P. is

a, 1 b. 2
c. 0 d. none of these
Concentric circles of radii 1, 2, 3, ..., 100 cm are drawn. The

interior of the smallest circle is coloured red and the angular
regions are coloured alternately green and red, so that no two
adjacent regions are of the same colour. Then, the total area of
the green regions in sq. cm is equal to

a. 1000x b. 50507

c. 49507 d. 5151~
Let (,} be a sequence of integers in G.P. in which 7,7, = 1:4
and 7, + ¢, = 216. Then ¢ is

a. 12
c. 16

b. 14
d. none of these

If x, 2y, 3z are in A.P., where the distinct numbers x, y, z are in
G.P., then the common ratio of the G.P. is

. 1

a. 3 b. 3
1

c. 2 . d. E

If Sp denotes the sum of the series 1 + r? + r? + .-+ to o and 5,
the sum of the series | — r” + r¥ —r¥ + .-+ to oo, Irl < 1, then
S +s interms of S, is

P P 2p

a. 25, b. 0

1 1
C. ESZI, d. _ESZp
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51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

6l.

Algebra

If x, y, z are real and 4x° + 9y” + 167> — 6xy — 12yz — 8zx =0,

then x, y, z are in

a. AP b. G.P.
c. HP. d. none of these
Ifa,a,..., a, are in H.P., then
4 ay a, .
a, +a,+-+a, a+ay+ta, T ay et a, aem
a. AP. b. G.P.
c. HP. d. none of these
IftH, H, .. H,, be 20 harmonic means between 2 and 3, then
Hi+2 Hyt3
H -2 Hy-3
a. 20 b. 21
c. 40 d. 38

Letaa, a,qa, and a, be such thata . a, and a, are in A.P., a,.
a, anda aremGP anda a, anda aremHP Thenlomz
logea and log a, are in

a. G.P. b. AP.
c. HP. d. none of these
Ifa. b, carein AP, then 2, L, 2 will be in
bc ¢ b
a. AP b. G.P.
c. HP. d. none of these
If x, 2x + 2, and 3x + 3 are first three terms of a G.P., then the
fourth term is
a. 27 b. 27
c. 13.5 d. -13.5

Sum of three numbers in G.P. be 14. If one is added to first
and second and 1 is subtracted from the third, the new numbers
are in A.P. The smallest of them is

a. 2 b. 4

c. 6 d. 10

Ifa, b, and ¢ are in A.P., p, g, and r are in H.P. and ap, bg, and

- p. I
crarein G.P, then —+ ; is equal to
;

a I a c
a ——— b, —t+—
¢ a ¢ a
b b
c L. 2. 14
g b qg b

Ifa. b, and c are in AP.and b—a,c—band a are in G.P., then
ab:cis

a. 1:2:3 b. 1:3:5

c. 2:34 d. 1:2:4 .
Let a € (0, 1] satisfies the equation ®*~2a + 1= QandS=1

ra+dt+ ... +a®™. Sum of all possible value(s) of S, is
a. 2010 b. 2009
c. 2008 d. 2

Let o, BeR. If a, B be the roots of quadratic equatlon X —px
+1=0and o, Bbe the roots of quadratic equation x> —gx + 8

=0, then the value of ‘7’ if g be arithmetic mean of p and g,
is

62.

63.

64.

65.

66.

67.

68.

- 69.

71.

72.

s pz_qzzp':_qlz d
70.

“a. —nd

a. 8 b. 83
c.g | . d.g
8 - 4

a, b, c,d € R* such that a, b, and ¢ are in A.P. and b, ¢ and, d
are in H.P., then
a. ab=cd b. ac=bd

c. bc=ad d. none of these

If in a progression a, a,, 4, .., €tC., (a,—a,, ) bears a constant
ratio witha X a_ , then the terms of the progresswn arein

r+l?

a. AP. b. G.P.

c. HP. d. none of these

If a, b, and ¢ are in G.P., then a + b, 2b, and b + ¢ are in
a. AP b. G.P.

¢. HP. d. none of these

If a, x, and b are in A.P., a,y, and b are in G.P. and a, z, b are
in H.P. such that x = 9z and a > 0, b > 0, then

a. lyl=3z b. x=31yl

c. 2y=x+z d. none of these

Letn € N, n>25. Let A, G, H denote the arithmetic mean,
geometric mean and harmonic mean of 25 and n. The least
value of n for which A, G, H € (25,26, ...,n}is

a. 49 b. 81
¢c. 169 d. 225
The 15" term of the series 2— ! +1l+11 20 ahApTEN
2 13 9 23
10 10
a. 39 b. 1
C. & d. none of these
23

If a, b, and ¢ are in G.P. and x, y, respectively, be arithmetic
a ¢

means between a, b and b, ¢, then the value of —+— is
Xy

b. 2
d. none of these

a. 1
c 172
¥f a, b, and ¢ are in A.P. and p, p’ are, respectively, A.M. and
G.M. between @ and b while g, ¢’ are, respectively, the A.M.
and G.M. between b and ¢, then

a pP+g=p’+q’ b. pq=p'q

none of these

If a, a, .., a,are in A.P. with common difference d ;ﬁ 0,
then sum of the series sin d[sec a, sec a, + sec a, sec d, + -
+seca, _, sec a”] is
a. cosec a,— Cosec a b. cota, —cota

€. seca, —secq, d. tana, —tana,

The sum of the series a ~ (a + d) + (@ + 2d) — (a + 3d) + -+ up
to (2n + 1) terms is
b. a+2nd

c. a+nd d. 2nd

, 1 1Y
The sum to 50 terms of the series 1 +2| 1+— |+3| 1+~

.. 50 50
+ --- is given by

b. 2550
d. none of these

a, 2500
c. 2450



73.

74.

78.

76.

77.

78.

79.

80.

81.

82.

The sum to 50 terms of the series %+ > > 5+ 72 5
... is 1“+2 " +2°+43
. 10 b 120
17 17
200 50
c. —— d. —
51 17
L S SR I = 1.1, 1,
If 12 22 32 {0 oo = 6 ° then 12 32 52
equals
a, Y8 b. 7312
c. T3 d. 742
Coefficient of x'¥in (1 +x + 222 +3x7 + - + 18x'%)? is equal to
a, 995 b. 1005
c. 1235 d. none of these
. . ¥ .
lim Y, is equal to
noeo 121 IX3XS3XTX9IX--xX(2r+1)
1 3
a. 3 b. 7
1
C.: —2— d. none of these

30
Greatest integer by which 1+ Y, rxr! is divisible is

r=1

a. composite number b. .odd number

c. divisible by 3 d. none of these

n 4_ N B 4
If ,_2:1" -I(n),then %(27‘ D is equal to

a. I2n)—1(n) b. I(2n) — 16i(n)
c. I(2n) - 8I(n) d. /2n)—4I(n)

1 1 1 1
Valueof [1+= || 1+ = || 1+ |1+ = | is equal to
( 3)( 32j[ 3“1(, 3*‘) i

3 b é
a. -3
3
C. 5 d. none of these
If x,, X, ...y Xy AI€ in HP. and x, 2, x,, are in G.P., then
19
le'x7'+| =
r=I
a. 76 b. 80
c. 84 d. none of these

1
The value of 2 (@+7+ar)(=a) is equal to
r=0

a. 1Y [n+ Da™' —al b. D) (n+ Da™!

n

(nt 2ya"! na

c. (1) 5 d U -

n n n V n
Ifb=1-a,na= Zlai,nb= T b, then X ab, + T (a—-a)i=
i= i=1 i=1 i=1 !

a. ab b. —nab c. (n+ Dab d. nab

83.

84.

85.

86.

87.

88.

89.

90.

91.

92.

93.
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x x? x* )
The sum of the series 5T i 7 T toinfinite
. . -X l—x 1—-x
terms, if Ixl < 1, is
x . 1
a 7_, b. 1—x
1+x
¢ 1y d. 1
Ifa, a, a; ... a,,, are in A.P., then
one1 | Do T o NSO Api2 = Gn is equal to
Aap+l + al a2n + a, ay42 + a,
a n(n+1)Xa2—a1 i n(n+1)
2 an+l 2
c. (n+1)(a,-a) d. none of these
The sum of i — 2 — 3i + 4 -+~ up to 100 terms, where i = -1 s
a. 50(1-1) b. 25i
c. 25(1+1) d. 100(1 =)
4 44 A ,
LetS= 19 192" 19 up to e. Then S is equal to
a. 40/9 b. 38/81
c. 36/171 d. none of these
1+1+ +l i+§+---+%
?fH” = 5 T thenvalueof S =1+ 5 ™" 3 50
is
a. H, +50 b. 100-H,,
c. 49+H d. H,+ 100
If the sum to infinity of the series 1+ 2r + 3P +4° + -+ is 9/4,
then value of ris
a. 172 b. 1/3
c. 1/4 d. none of these
4 7
The sum of series l+—+—;+£+--- oo is
5 5 5
a. 7/16 b. 5/16
d. 105/64 d. 35/16
3 13,43 13,4373
Thesum1—+1 +2 +1 +2 43 +--- to 16 terms is
1 1+3 1+3+5
a. 246 b. 646
¢. 446 d. 746

Thesum 1 +3+7+15+31+ - to 100 terms is
100 99
a2 -102 b. 277 —101

101
c. 27 -102 d. none of these

In a sequence of (4n + 1) terms the first (2 + 1) terms are in
AP whose common difference is 2, and the last (2n + 1) terms
are in GP whose common ratio is 0.5 if the middle terms of the
AP and GP are equal then the middie term of the sequence is

”.211+I }’l'2“+l
a. 2:1 -1 b' 22n -1
c.n.2" d. none of these

The coefficient of x** in the product (x— 1) (x=3) --- (x— 99) is
a. —99° b. 1
c. —2500 d. none of these
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9.

95.

96.

97.

98.

99.

100.

101.

102.

103.

Algebra

“The sum of 20 terms of the series whose r** term is given by

2
Tn)= (_1)" n—+n+_l is
n!
20 _, 21
2 o - b 201
<. 2L d. none of these
20!

Consider the sequence 1,2,2,4,4,4,4,8,8,8,8,8,8,8,8, ...
“Then 1025" term will be
a. 2
c. 2"

b. 2!
d. 27

1
Ift = Z(n+2)(n+3) forn=1,2,3, ..., then

1 1 1 1
— ==t —— =
ot &L 003
4006 4003
- 3006 b 3007
4006 4006
c —— d ——
3008 3009
The sum of 0.2 + 0.004 + 0.00006 + 0.0000008 + - -+ to o= is
200 2000
a- 891 9801
1000 q .
C. 9801 . none of these

n

i J
The value of 2 2, 2.1 =220, then the value of n equals

i=1j=1k=1
a. 11 b. 12

d. 9

+ 2003 = (2003) (4007) (334) and
+ (2003) (1)

c. 10

If 1242243+ -
(1) (2003) + (2) (2002) + (3) (2001) + ---
= (2003) (334) (x), then x equals

a. 2005 b, 2004

c. 2003 - d. 2001

If ¢, denotes the nt term of the series2 +3+6+ 11 + 18 + ---
then 7, is ~

a. 492 -1 b. 492

¢ 50%+1 d. 492 +2

The positive integer n for which 2 X 22 +3x 2 + 4 X 2%+ --- +
nx2"=2m0%]s »

a. 510 b. 511

c. 512 d. 513

Ifl—l+l—l+l——l—+---=£ thenvalueof—]—'
35 7 9 11 4° 1x3

+ L + ! +oo s

S5x7. 9x1l
a. /8 b. /6
e 4 d. 7/36

The coefficient of x'° in the polynomial (x — 1) (x — 2)(x - 2% ..
(x-2Y)1is '
a. 2921
c 2%

b. 1-2%
d. none of these

104.

105.

106.

107.

108.

109.

110.

111

2001

Ifb,, = ITb_ forn21and b =b,, then z,l bI s equal
to " =
a. 2001 " b. -2001
c. 0 - d. none of these

2
)4 @ —r)t oty = 2D then s is
equal to
a. n? b. 2n
c. n*-2n d. none of these
If ax® + bx? + cx + d is divisible by ax® + ¢, then a, b, ¢, d are in
a. AP. b. G.P.
c. HP. d. none of these
IFA+3+5++p+1+3+5++g@=0+3+3

+ - + r) where each set of parentheses contains the sum of
consecutive odd integers as shown, the smallest possible value

of p+ g + r (where p > 6) is

a. 12 b. 21

c. 45 d. 54

In a geometric series, the first term is @ and common ratio is r.
If S denotes the sum of the n ferms and U, = 35, then
S, +(1-r) U, equals n=l

a. 0 b. n

c. na d. nar

The line x + y = 1 meets x-axis at A and y-axis at B, P is the

mid-point of AB;

P, is the foot of the perpendicular
from P to OA; y
M, is that of P, from OP; B
P, is that of M, from OA;

M, is that of P, from OP; P
P, is that of M, from OA; and so M,

on. M,

If P, denotes the n" foot of the

Ol P3Py, Py A

Fig. 3.3
l n
b. |3

d. none of these

perpendicular on OA;
then OP is

5]
(&

EF(-p)(1+3x+9x2+27x + 8lx* +243x) =1 -p, p# 1,

p
then the value of ; is

R = W=

ABC is aright-angled triangle in which £B = 90° and BC = a.
If npoints L, L,, ..., L, on AB is divided in n + 1 equal parts
and LM,,LM,, ...,L M are line segments parallel to BC and
M, M, ..M areonAC, then the sum of the lengths of L M,
LM, ..,LM is ’
a(n+1) a(n-1)

2 b. 2

a.



an
. T d. none of these
¢ > ) ne of thes |
112. Let 7, and S_be the 7" term and sum up to #* term of a series
respectively. If for an odd number n, S =nandT, = n;1 ,
n

then 7  (m being even) is

m

2 ' b 2m?
1+m> " +m?
(m+1)* 2(m+1)?
& S m+1) 4 T

113. ABCD is asquare of lengtha,ae N,a> 1. Let L,L,L,..be

points on BC such that BL =LL,=LL =--=1and M, M,
M,, ... be points on CD such that CM =MM,=MM.=---=1

a-—1
Then X (AL, +L,M}) is equal to

n=I

1
a. %a(a— 1)? b. E(Q_ D2a-1)(da-1)
[ % ala-1)4a-1) d. none of these
114. Ifx, y, and zare in GP. and x + 3, y + 3, and z + 3 are in H.P,,
then
a.y=2 b. y=3
c.y=1 d. y=0

115. If x, y, and z are distinct prime numbers, then
a. x, y, and z may be in A.P. but not in G.P.
b. x, y, and z may be in G.P. but not in A.P.
¢. x, y, and z can neither be in A.P. nor in G.P.
d. none of these

Multiple Correct Answers Type IR page 3.59

Each question has four choices a, b, ¢ and d, out of which one or
more answers are correct.

(1+2)2+;(1+2+3)2

1
1. For the series, S=1+
a+3) A+3+5)

e (1 +24+3+4)% + -
A+3+5+7)
a. 7%termis 16

b. 7% term is 18

) . 505
¢. sum of first 10 terms is T

d. sum of first 10 terms is ﬂ

2. Ifsumof an infinite G.P. p, 1, U/p, 1/p?, ... is 9/2, then value of

pis :
a. 2 b. 3/2
c. 3 d. 9/2

3.1 D rr+D2r+3) =ant + bn + cn + dn + e, then

r=l -

a.a-b=d-c

Progressions and Series  3.35

b. ¢e=0
c. a,b-2/3,¢c—1arein A.P.
d. (b + d)/ais an integer
4. The terms of an infinitely decreasing G.P. in which all the terms
are positive, the first term is 4, and the difference between the
third and fifth term is 32/81, then
a. r=1/3 b. r=2J2/3
c. S =6 d. none of these

- 5. The consecutive digits of a three digit number are in G.P. If the

middle digit be increased by 2, then they form an A.P. If 792
is subtracted from this, then we get the number constituting
of same three digits but in reverse order. Then number is
divisible by

a. 7 b. 49

c. 19 d. none of these
6. IfS =1"-2°4+32-42+52_62+ -, then

a. §,=-820 b. §,>S,

¢ S, =1326 - d. S, >S,

7. Given that x + y + z = 15 when q, x, y, z, b are in A.P. and
l+l+l=§ when a, x, y, z, b are in H.P. Then
x y z 3
a. GM.ofaand bis 3
b. one possible value of a + 2b is 11
¢c. AM.ofaandbis 6

d. greatest value of a—b is 8§

8. Let a, a,, a, ..., a be in G.P. such that 3a, +7a, + 3a, - 4a,
= 0. Then common ratio of G.P. can be

2 | b >
a. -

a L
C.Z .—2

1 1 1
+ + i
9, \/E+\/§ \/§+\/§ \/§+\/ﬁ + nterms,lseql_lalto
1l3n+2-—\/5 "
a — 0 —— b, ———r
3 NEEri)

c. lessthann d. less than

ByEy

10. If a, b, and ¢ are in H.P. then the value of
(ac + ab = be) (ab + be — ac) |

(abc)? 18
(a+c)Ba-c) b i_i
4q%c? Tbe b
i_i d (a-c)Ba+c)
“ b 2 ) 4q%c*

T+ x% + x* 4+ X272

11. If p(x) = ltxt 2 tog is a polynomial in x, then n
can be
a. 5 b. 10

c. 20 d. 17
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Algebra

For an increasing A.P. a, ay ..., a if a, +a,+a;=-12 and
a,a.a; = 80, then which of the following is/are true?

b. a,=-1

d. a,=+2

a. a =-10
¢ a=-4
If n > 1, the values of the positive integer m for which n”+ 1
dividesa=1+n+n>+--- + n® is/are

a. 8 b. .16

c. 32 d. 64

If p, g, and r are in A.P. then which of the following is/are
true?

a. p" ¢" and r'" terms of A.P, are in A.P.

b. p", g" and " terms of G.P. are in G.P.

c. p" g™ and r* terms of H.P, are in H.P.

d. none of these

If1+2x+3x%+4x + --- 024, then

a. least value of x is 1/2

b. greatest value of x is 4/3

c. least value of is x 2/3

d. greatest value of x does not exists

Let E=1i2+2%+§12—+~--. Then,

a. £<3 b. E>3/2 c. E>2 d. E<2

If the sum of n terms of an A.P. is given by 'S, = a + bn +cn?,
where a, b, ¢ are independent of n, then

a. a=0

b. common difference of A.P. must be 2b

¢. common difference of A.P. must be 2¢

d. firstterm of AP.isb+ ¢

15 5 3
If 2+ 9 + 2577 = xyz ?+—+— , then
y oz

<

11

a. x,y, and z are in H.P. b. * ; 7 are in A.P.
11

¢. x,y,zarein G.P. d. T ;, 7 are in G.P.

If a, b, ¢, and d are four unequal positive numbers which are in
AP, then -

Ll Ll
a+d “a d7 b ¢

b ¢
The next term of the G.P. x, x2+ 2, and x> + 10 is

= b. 6
16 '

c. 0 d. 54
In the 20" row of the triangle

22.

23.

24.

25.

26.

217.

28.

1 Reasoning Type

a. last term = 210 b. first term = 191

c. sum =4010 d. sum = 4200

IfA.A,; G,G,; and H , H, are two arithmetic, geometric and
harmonic means respectively, between two quantities g and b,
then ab is equal to

a. AH, b. AH
¢. GG, d. none of these
LetS,, S,, .... be squares such that for each n > 1, the length of

aside of S equals the length of a diagonal of §_|. If the length
of a side of S, is 10 cm, then for which of the following values
of n is the area of S, less than 1 sq. cm?

a. 7 b. 8

c. 9 d. 10
1 N 1 _l_‘_l

If b—a b-c a c,then,

a. a, b, and ¢ are in H.P.
b. a, b, and c are in A.P.
¢ b=a+c

d. 3a=b+c

If a, b, and c are in G.P. and x and y, respectively, be arithmetic
means between a, b and b, ¢, then

a C

a —+—=2 b 24525
x 0y X y a
1 1 2 2
—t—== d —+—=—
x y b X 'y ac

2
Inol forall n

Consider a sequence {a,} witha =2 and g, =
a
n-2

n

2 3, terms of the sequence being distinct. Given that a, and a,
are positive integers and a, < 162 then the possible value(s) of

a, can be
a. 162 b. 64
c. 32 d. 2

Which of the following can be terms (not necessarily

consecutive) of any A.P.

a. 1,6,19 b. 2,+/50,/98

c. log2, logl6, logl28 d. V2,437

The numbers 1, 4, 16 can be three terms (not necessarily con-
secutive) of
a. no AP
c¢. infinite number of APs d.

b. only one GP
infinite number of GPs

. Solutions on page 3.63

Each question has four choices a, b, ¢ and d, out of which only
one is correct. Each question contains STATEMENT 1 and
STATEMENT 2.

a.

Both the statements are TRUE and STATEMENT 2 is the cor-
rect explanation of STATEMENT 1.

Both the statements are TRUE but STATEMENT 2 is NOT
the correct explanation of STATEMENT 1.

STATEMENT 1 is TRUE and STATEMENT 2 is FALSE.

d. STATEMENT 1 is FALSE and STATEMENT 2 is TRUE.



10.

11.

12.

Statement 1: The numbers /7 , NER ﬁ cannot be the
terrms of a single A.P. with non-zero common difference.
Statement 2: If p, g, r (p # ¢g) are terms (not necessarily
consecutive) of an A.P., then there exists a rational number k
such that (r— g}/ (g — p) = k.

Statement 1: In a G.P. if the (m + #)™ term be p and (m — n)*

term be ¢, then its m® term is \JPq.
Statement 2: T .T,T  are in G.P.

Statement 1: There are infinite geometric progressions for
which 27, 8 and 12 are three of its terms (not necessarily
consecutive).

Statement 2: Given terms are integers.

15 5 3

Statement 1: If x* + 9y? + 257° = xyz (— -+ —] ,then x, y,
. x y z

z are in H.P.

Statement 2: If al+ar+--+a’?=0,thena =a,=a,= -

=a =0.

Statement 1: Coefficient of x* in (1 + 2x + 3x? + -+ + 16x15)?
is 560.

" 2
-1
Statement 2: z.lr(n—r) - M

. Statement 1: x=1111--.91 times is composite number.

Statement 2: 91 is composite number.

. Leta,re R-{0,1,- 1} and n be an even number.

Statement 1: a x ar x ar® --- ar™" = (a® r*-')"2.

Statement 2: Product of i*" term from the beginning and from
the end in a G.P. is independent of i.

. Statement 1: Sum of the series 1> — 2* +3* — 43+ ... + 113

=378.

Statement 2: For any odd integer n > 1, n’ — (n - 1> + -

Ny . %(2}1 - +1)%,

. Statement 1: If an infinite G.P. has 2™ term x and its sum is 4,

then x belongs to (-8, 1).

Statement 2: Sum of an infinite G.P. is finite if for its common
ratior, O <lri< 1.

Statement 1: Let p, p,, ..., p, and x be distinct real number

n=l n=1 n
such  that (pr)xz +2(Z p,-p,-HjH p; <0, then p,

r=1 r=l r=2

. 2
P, ---» p, are in G.P. and when alz+a§+a32+---+af=0,
a=a,=a;=---=a,=0
P _ P

P then
== s s Py o P are
», Do PoD, P,

Statement 2: If
in G.P. i
Statement 1: 1% + 2% + ... + 100” is divisible by 10100.
Statement 2: a” + b" is divisible by a + b if n is odd.

Statement 1: If the arithmetic mean of two numbers is 5/2,
geometric mean of the numbers is 2, then the harmonic mean
will be 8/5.

Statement 2: For a group of positive numbers (G.M.)? = (A.M.)
x (HM.).
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Linked Comprehension Type BN tEw page 3.64

Based upon each paragraph, three multiple choice questions have
to be answered. Each question has four choices a, b, ¢ and d, out of
which only one is correct.

For Problems 1-3
Sum of certain consecutive odd positive integers is 572 — 132

1. Number of integers are

a. 40 " b. 37
c. 4 d. 51
2. The least value of an integer is
a. 22 b. 27
c. 31 d. 43
3. The greatest integer is
a. divisible by 7 b. divisible by 11
c. divisible by 9 d. none of these
For Problems 4-6

Consider three distinct real numbers a, b, ¢ in a G.P. with & + b?
+c?=¢and a + b + ¢ = az. Sum of the common ratio and its recipro-
cal is denoted by S.

4. Complete set of o? is

a. (%3)
c. (%3) - {1}

5. Complete set of S is

a. (-2,2)
c. (=1,

b. (= oo, =2) U (2, o)
d. (oo, =1) U (1, c0)

6. If a, b, and c also represent the sides of a triangle, then the
complete set of & ? is

1)
[t

For Problems 7-9
In a G.P., the sum of the first and last term is 66, the product of the
second and the last but one is 128 and the sum of the terms is 126.

b. (2,3)

N [\/5;3,3]

7. If an increasing G.P. is considered, then the number of terms in

G.P.is
a. 9 b. 8
c 12 d. 6
8. If the decreasing G.P. is considered, then the sum of infinite
terms is
a. 64 b. 128
¢ 256 d. 729
9. In any case, the difference of the least and greatest term is
a. 78 b. 126
c. 126 d. none of these

For Problems 10-12
Four different integers form an increasing A.P. One of these numbers
is equal to the sum of the squares of the other three numbers. Then
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10. The product of all numbers is

a, -2 b. 1
c. 0 d. 2
11. The sum of all the four numbers is
a3 b. 0
c 4 d 2
12. The common difference of the four numbers is -
a. 1 b. 3
c. 2 d. -2

For Problems 13-15

Consider the sequence in the form of groups (1), (2, 2), (3, 3, 3),
(4,4, 4,4),(5,5,5,5,5), ...

13. The 2000" term of the sequence is not divisible by

a. 3 : b. 9

¢ 7 d. none of these
14. The sum of first 2000 terms is

a. 84336 b. 96324

c. 78466 d. none of these

15. The sum of the remaining terms in the group after 2000" term in
which 2000™ term lies is '

a. 1088 b. 1008
c. 1040 d. none of these

For Problems 16-18

There are two sets A and B each of which consists of three numbers in
A.P. whose sum is 15 and where D and d are the common differences

7
such that D —d = 1. If §=§ where p and g are the product of the

numbers, respectively, and d > 0 in the two sets.

16. Sum of the product of the numbers in set A taken two at a time is

a. 51 b. 71
c. 74 d. 86

17. Sum of the product of the numbers in set B taken two at a time is
a. 74 b. 64 ‘
c. 73 d. 81

18. Valueofg-pis
a. 20 b. 30
c. 15 d. 25

For Problems 19-21

Let A, A, A,, ..., A be the arithmetic means between -2 and 1027
and G, G,, G,, ..., G be the geometric means between 1 and 1024.
The product of geometric means is 2*° and sum of arithmetic means
is 1025 x 171.

19. The value of ;Gr' is

a. 512 b. 2046

c. 1022 d. none of these
20. The number of arithmetic means is

a, 442 b. 342

c. 378 d. none of these

72 are in

21. The numbers 24, G*,+ 1,24

a. A.P. b. G.P.
¢. HP. d. none of these
For Problems 22-24
Two consecutive numbers from 1, 2, 3, ..., n are removed. The arit

metic mean of the remaining numbers is 105/4.

22. The value of n lies in
a. [45, 55]
c. [41,49]

b. [52, 60]
d. none of these

23. The removed numbers

a. lie between 10 and 20  b. are greater than 10
c. are less than 15 d. none of these
24. Sum of all numbers '

a. exceeds 1600 b. is less than 1500

c¢. lies between 1300 and 1500 d. none of these

For Problems 25-27 .
Two arithmetic progressions have the same numbers. The ratio of the
last term of the first progression to first term of the second progression
is equal to the ratio of the last term of the second progression to the
first term of the first progression and is equal to 4, the ratio of the sum
of the n terms of the first progression to the sum of the n terms of the
second progression is equal to 2. '

25. The ratio of their common difference is

a. 12 b. 24

c. 26 . d. 9
26. The ratio of their nth term is

a. 6/5 b. 72

c. 9/5 d. none of these
27. Ratio of their first term is

a. 2/7 ' b. 3/5

c. 4/7 d. 2/5

For Problems 28-30
The numbers a, b, and ¢ are between 2 and 18, such that
(1) their sum is 25
(ii) the numbers 2, a, and b are consecutive terms of an A.P.
(iii) the numbers b, c, 18 are consecutive terms of a G.P.

28. The value of abc is
a. 500
c. 720

29. Roots of the equation ax? + bx + ¢ = 0 are

b. 450
d. none of these

a. real and positive

b. real and negative

¢. imaginary

d. real and of opposite sign

30. If a, b, and ¢ are roots of the equation x* + gx? + rx + 5 = 0, then
the value of r is

a. 184
c. 224

b. 196
d. none of these
For Problems 31-33

LetT,, T, T, ..., T, be the terms of a sequence and let T,-T)=T
T,-T)=T, ...(T,-T, )=T_

’
il



Casel:

If7,T,,. , T/  arein AP., then T is quadratic in ‘v’ If T7 - T, T
-T;,...,are in A P., then T is cublc in n.

Case II:

IfT,T),.... T, arenotin A.P.,butin G.P., then T, =ar"+ b, where

ris the connmon ratio of the G.P. T/, T, T;, ... and a, b € R.

Again, if 777, T,, ..., T/_ are not in G.P. but r,-T,T,-T, ..,
T’ ,arein G.P., thenT isof the form ar' + bn + c and ris the common
ratio of the G.P. T, T, T;-T,, T, - T, ..anda,b,ce R

31. The sum of 20 terms of the series 3+ 7 + 14 +24 + 37 + --- ~

is
a. 4010 b. 3860
c. 4240 d. none of these

32. The 100" term of the series 3 + 8 + 22 + 72 + 266 + 1036 + - --
is divisible by 2", then maximum value of n is

a. 4 b. 2
c. 3 d. 5

33. For the series 2 + 12 + 36 + 80 + 150 + 252 + --- , the value of

31_?; 3 is (where T, is n® term)
a. 2 b. 12
c 1 d. none of these

' Solutions on page 3.67

Matrix-Match Type }

Each question contains statements given in two columns which
have to be matched. Statements a, b, ¢, d in column I have to be
matched with statements p, q, r, s in cohumn IL If the correct
matches are a—p, a—s, a—q, b—r, c—p, c—>q and d—s, then
the correctly bubbled 4 x 4 matrix should be as follows:

®OOE
®OOO

®OOO
OOOE

o

=2

(¢}

1.
Column I Column IT
a. If a, b, ¢ are in G.P, then log, 10, |p.A.P.
log, 10, log_10 are in :
x x x q. H.P.
b. If a+be ___b+ce - c+de . then
a—-be* b-ce® c-de*
a, b, c,darein
c. Ifa,b,careinAP.;a,x,bareinGP.and |r.GP.
b, y, c are in G.P,, then x%, b, y? are in
d. If x, y, zare in G.P., a* = & = ¢*, then |s. none of these
log a, log b, log ¢ are in

2.
Column 1 Column IT
a. If Zn = 210, then Zn? is divisible by the |p. 16

greatest prime number which is greater
than
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~b. Between--4- and 2916 is inserted - odd
_ number (2n +1) GM’s Then the (n +1) |
JthGM.is d1v131b1e by greatest oddi mteger 1
which is less than

q.10 -

¢.. In a certain progression, four consecutive
 terrns are 40, 30, 24, 20. Theii the integral
part of the next term of the progressmn is
"_morethan . - N
: s.
d. 1+vi+\—zz—;,+1—(3)+ < 1O oo =£,’wheref 30
505 5 b

- H.CF.(a,b)=1, then a— b is less than

Integer Type ’

1. If the roots of 10x*— nx*- 54x — 27 = 0 are in harmonic progres-
sion, then ‘n’ equals.

r.34.

Solutions on pagé 3.68

2. The difference between the sum of the first & terms of the series
P+23+334+ ..., + n* and the sum of the first k terms of 1 + 2
+ 3 +.....+nis 1980. The value of k is.

oo

3. The value of the 2n+3
n=0

is equal to.

201

,=25and Y4, =625

i=]

4. Let a; ay, a,, ... are in G.P. with a,

I()I
201
Then the value of Z— equals.

i=1 4

9999. 1
5. LetS= Y,

=l (ﬁ+ﬁ)({‘/§+4n+l

6. The 5" and 8" terms of a geometric sequence of real numbers
are 7! and 8! respectively. If the sum to first n terms of the G.P.
is 2205, then » equals.

) , then § equals.

7. Leta, b, ¢, d be four distinct real numbers in A.P. Then half of
the smallest positive value of k satisfying2(a — b) + k(b — ¢)* +

(c—ay=2a-dy+{B-d?+(c—dyis.

8. Number of positive integral ordered pairs of («, b) such that 6, «,
b are in harmonic progression is.

9. Fora,b>0,let5a—b,2a+b,a+2bbein AP.and (b+ 1), ab
+ I, (a—1)* are in G.P., then the value of (™' + 6™") is.

10. The coefficient of the quadratic equation ax? + (¢ + d)x + (a
+ 2d) = 0 are consecutive terms of a positively valued, increas-

ing arithmetic sequence. Then the least integral value of 4
such that the equation has real solutions is. a

11. Leta+m+ar +..+eanda+ar, +a1- .. + oo be two
infinite series of positive numbers with the same flrsl term. The
sum of the first series is », and the sum of the second series is r,
Then the value of (r, +r,)is.

12. If the equation x* + ax® + bx + 216 = 0 has three real roots in
G.P., then b/a has the value equal to.

13. Leta, =16, 4, 1, ...be a geometric sequence. Define P as the

% 2 " Pn iS.

n=1

product of the first n terms. Then the value of
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14.

15.

16.

17.

18.

Algebra

The terms a,, a,, a, form an arithmetic sequence whose sum is
18. The terms a, + 1, a, a, + 2, in that order, form a geometric
sequence. Then the absolute value of the sum of all possible
common difference of the A.P. is.

Givena, b, care in AP, b,c,darein GP. andc, d, ¢ arein
HPIfa=2 and e = 18, then the sum of all possible value of
‘¢’ is.

Let sum of first three terms of G.P. with real terms is % and

their product is —1. If the absolute value of the sum of their
infinite terms is S, then the value of 75 is. ’
5 6

Let S denote sum of the series -3?+4_+T+ >
20 2%3 2°3- 2°.5

400

Then the value of S is.

The first term of an arithmetic progression is 1 and the sum of
the first nine terms equal to 369. The first and the ninth term of a
geometric progression coincide with the first and the ninth term
of the arithmetic progression. If the seventh term of the geomet-
ric progression is T, then the value of 7,/9 is.

Solutions on pdge 3.70

Subjective Type

1.

The harmonic mean of two numbers is 4. Their arithmetic mean .
A and the geometric mean G satisfy the relation 24 + G* = 27.°
Find the two numbers. (IIT-JEE, 1997) .

The interior angles of a polygon are in arithmetic progression.
The smallest angle is 120°, and the common difference is 5°.
Find the number of sides of the polygon. (IIT-JEE, 1980)
Ifa, aé, -+, a are in arithmetic progression, where a, > 0 for all
i. Show that

n—1

! 1 1

(IIT-JEE, 1982)
Does there exist a geometric progression containing 27, 8 and
12 as three of its terms? If it exists, how many such progressions
are possible? (IIT-JEE, 1982)
Find three numbers «, b, and ¢, between 2 and 8, such that

(i) their sum is 25
(i) the numbers 2, a, b, are consecutive terms of an A.P. and
(ifi) the numbers b, ¢, and 18 are consecutive terms of a G.P.
(IIT-JEE, 1983)

The sum of the squares of three distinct real numbers, which are

1
in G.P.. is S%. If their sum is aS, show that @’ € (5’ 1]u(1,3).
(IIT-JEE, 1986)

. If log, 2, log, (2' = 5), and log, [2"‘ —%j are in arithmetic

(IIT-JEE, 1990)

Let p be the first of the n arithmetic means between two numbers
and g the first of n harmonic means between the same numbers.

progression, determine the value of x.

2
n+1
Show that g does not lie between p and [n — Ij p.

(IIT-JEE, 1991)

10.

11.

12.

13.

14.

16.

IfS,S, S, ..., S, are the sums of an infinite geometric series
whose first terms are 1, 2, 3, ..., n and whose common ratios
111 1

3 , respectively, then find the value of

>

n+l

SEHSI+S -+ SE (IIT-JEE, 1991)

The real number x,, x,, x, satisfying the equation x* — x* + Bx
+y =0 are in A.P. Find the intervals in which B and v lie.

(IIT-JEE, 1996)

Let a, b, ¢, and d be real numbers in a G.P. u, v, w, satisfy the
system of equations

u+2v+3w=6

du+5v+6w=12

6u+9v=4

1

Show that the roots 6f the equation (l + l + —] X +[(b=c)

u Vv w
+e—af+d-bY1x+u+v+w=0and 20x" + 10(a-d)’ x -9
= () are reciprocals of each other. (IIT-JEE, 1999)

The fourth power of the common difference of an arithmetic
progression with integer entries is added to the product of any
four consecutive of it. Prove that the resulting sum is the squares
of an integer. (IT-JEE, 2000)

Let a,, a,, ... be positive real numbers in a geometric progres-
sion. For each n, let A, G, H, be, respectively, the arithmetic
mean, geometric mean and harmonic mean ofa,a,....a, Find
an expression for the geometric mean of G, G, ..., G, in terms
of A A, ...,AH.H, .., H. (IT-JEE, 2005)
Let a, b be positive real numbers. If a A, A,, b be are in
arithmetic progression, a, G, G,, b are in geometric progres-
sion and a, H,, H,,' b are in harmonic progression, show that

GG, A+A, (a+b)(a+2b)
HH, H+H, 9ab

"

(IIT-JEE, 2002)

If a, b, c are in A.P. and &, b?, ¢* are in H.P., then prove that

c
eithera=b=cora, b, — 5 form a G.P. (IT-JEE, 2003)

3 3 2 3 3 - 3 n
ra=7-17] "3 +oet (D) 2) adb, =1-a,

then find the least natural number n, such that b>a, Vnzn,
(IIT-JEE, 2006)

Objective Type

Fill in the blanks

1.

w

bl

The sum of integers from 1 to 100 that are divisible by 2 or 5
is . (IIT-JEE, 1984)

The sum of the first n terms of the series 12 + 2 X 22 + 32 + 2
X424+ 524+ 2x62+---isn (n+ 1)/ 2, when n is even. When n
is odd, the sum is (IIT-JEE, 1988)

Let the harmonic mean and geometric mean of two positive
numbers be in the ratio 4 : 5. Then the two numbers are in the
ratio (IIT-JEE, 1992)

For any odd integer n 2 1, n* — (n =1 + --- + (=1 ' I*

S = . (IIT-JEE, 1996)



5.

Let x be the arithmetic mean and y, z be the two geomet-
. Y+

ric means between any two positive numbers. Then 7

- : (IIT-JEE, 1997)
Let p and g be roots of the equation x* — 2x + A = 0 and let r and
s be the roots of the equation x> — 18x + B=0.If p<g<r<sare
in arithmetic progression, then

A=___ (IIT-JEE, 1997)

Multiple choice questions with one correct answer

1.

If x, v and z are p", g" and r*" terms respectively of an A.P. and
also of a G.P., then x*~% y** z*7 is equal to
b. 0

d. none of these

a. xyz
c. 1
The third term of a geometric progression is 4. The product of
the first five terms is
a. 4°

c 44

b. 4
d. none of these
(IIT-JEE, 1982)

The rational number which equals the number 2.357 with recur-
ring decimal is
2355 2379
2 7001 B “997
2355
& 599 d. none of these

(IIT-JEE, 1983)

If a, b, and c are in G.P., then the equations ax? + 2bx + ¢ =0 and
dx? + 2ex + f =0 have a common root if i, %, ! are in.
. ¢
a. AP b. G.P.
c. H. P d. none of these

(IIT-JEE, 1985)

Sum of the first n terms of the series % + z + 1 + 15 +

is equal to 4 8 16
a 2"-n-1

c. n+2"=1

b. 12

d 2"+1 (IIT-JEE, 1988)

Find the sum (x +2)"" + (x + 2) 2 (x+ D+ (x +2)"7 (x + 1)
+o (x4 D

a (x+2y7-(x+ 1y
e (x+2)—(x+1)

b. (x+2)7 —(x+ )
d. none of these
(IIT-JEE, 1990)

If 1n(a + ¢), In(a — ¢), and In(a — 2b + ¢) are in A.P., then
b. @ b ¢*arein AP.
d. a, b, carein H.P.
(IIT-JEE, 1994)

a. a,b,carein AP.
c. a,b,carein G.P.

Leta, 4, ..., a,, be in AP. and A, Ay, ..., by be in H.P. If
a = h = 2anda, =h, = 3, then ah, is

a. 2 b. 3

c. 5 d. 6 (IIT-JEE, 1999)

The harmonic mean of the roots of the equation (5 + \/5 ) x°

—4+)x+8+2/5=0is

10.

11.

12.

13.

14.

15.

16.
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a, 2 b. 4
c. 6 d. 8 (IT-JEE, 1999)

Let the positive numbers a, b, ¢, and d be in A.P. Then abc,
abd, acd, and bcd are :

a. notin A.P/G.P/H.P.
c. inG.P.

b. in AP.

d. in H.P. (IIT-JEE, 2001)

Consider an infinite geometric series with first term a and
common ratio r. If its sum is 4 and the second term is 3/4, then

(IIT-JEE, 2001)

Let ¢, and J be the roots of x> —x + p=0 and yand 6 be the
root of ¥ —4x + g = 0. If e, B, and y. dare in G.P.. then the
integral values of p and ¢, respectively, are

a. -2,-32 b. -2,3

c. 6,3 d. -6,-32

If the sum of the first 2» terms of the AP. 2,5, 8, ..., is equal to
the sum of the first n terms of A.P. 57, 59, 61, ..., then n equals
a. 10 b. 12

c. 11 d. 13

Suppose a, b, and ¢ are in A.P. and @?, 1%, and ¢* are in G.P., if

3
a<b<cand a+b+0=5,thenthevalueofais

1 1
a. 2\/5 b. ﬁ
1 1 1 1
“ 3" d. o= NA
An infinite G.P. has first term as @ and sum 5, then
a. a<-10 b. -10<a< 10
c.0<a<10anda¢5 d. a>10

(IIT-JEE, 2002)

(IIT-JEE, 2004)

In the quadraiic equation ax? + bx + ¢ = 0, A = b’ — 4ac and
o+ B, o+ B o+ B are in G.P. where ¢, f are the roots of
ax? + bx + ¢ =0, then
a. A#0

c. cA=0

b. bA=0

d. A=0 (IIT-JEE, 2005)

Multiple choice questions with one or more than one correct answer

1.

If the first and the (21 — 1)* terms of an A.P., a G.P. and a H.P.
are equal and their n* terms are a, b and ¢ respectively, then

b.az2b>2c¢
ac-b*=0

a.a=b=c
c.a+b=>b d.
(IIT-JEE, 1988)
For0< ¢ < 7/2,if
x= %cosz" ¢, y= %sinz” ¢,and z= %cosz” d)éinz" ¢ then
a. xyz=Xxz+y b. xyz=xy+z
d. xyz=yz+x
(IIT-JEE, 1993)

C. xyz=x+y+z
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3. Letnbe an odd integer. If sin n@ = 2. b, sin" 0, for every value

of 8, then r=0

a. b=1,b =3

b. by=0,b =n

c. by=-1,b=n

d. b,=0,b =n~3n+3 ~ (IT-JEE, 1998)

4. LetT be the r"term of an AP., for r=1, 2,3, .... If for some

1
positive integers m, n, we have T = " and T, = then T,

equals ‘
1 1 1
a — b, —+—
mn m n
c ! d. 0 (IIT-JEE, 1998)
‘ 1
5. Ifx>1,y>1,and z>lareinG.P.,then ——» »and
1 l+lnx l+Iny
are in
1+Inz
a. AP b. H.P.
c. GP. d. none of these
’ (IIT-JEE, 1998)
s 1 1 1 1
6. For a positive integer n, let a(n)=1+—+—-+—-+— .
Then, 2 3 4 29 -1
a. a(100) <100 b. a(100) > 100
c. a(200) < 100 d. a(200) > 100
(IIT-JEE, 1999)
Comprehension

For Problems 1-3

Let V denote the sum of first » terms of an arithmetic progression
(A.P.) whose first term is r and the common difference’is 2r— 1. Let T,
=V —-V-2andQ =T, -Tforr=12,..

. (IIT-JEE, 2007)

1. Thesum V, +V,+ -+ V is

a. %n(n+1)(3n2—n+l)
1 2

b. En(n+l)(3n +n+2)
In(2n2 +1)

. = -n

)

d. % @2n*=2n+3)

2. T, isalways
a. an odd number b. an even number
¢. a prime number d. a composite number

3. Which one of the following is a correct statement?
a. 0,0, Q,, ... arein A. P. with common difference 5
b. 0, 0,. Q.. ... are in A. P. with common difference 6

. Leta,aq,

¢ 0,0, 0, ... arein A. P. with common difference 11

d 0,=0,=0,="

For Problems 4-6

LetA , G,, and H, denote the arithmetic geometric and harmonic means,
respectively, of two distinct positive numbers. For n 2 2, let A | and
H_ have arithmetic and harmonic means as A , G, H,, respectively.

(IIT-JEE, 2007)

4. Which one of the following statements is correct?

a. G >G,>G,> -
b. G, <G, <G, <
e G=G,=G, =
d. G, <G, <G, < and G,>G,>G > -+

. Which one of the following statements is correct?

a A >A>A >
b. A <A, <A, <
¢ A>A>A > - andA, <A <A >

d. A <A, <A <--andA,>A, >A >

. Which one of the following statements is correct?

a. H]>H2>H3>---
b. H <H,<H,<:-
¢ H>H >H>--andH,<H,<H <
d. H1<H3<H6<-~~andH2>H4>H6>--~

Integer type

1. LetS,k=1,2,.., 100, denote the sum of the infinite geometric

. . . k-
series whose first term is

! and the common ratio is -1— R
k

2100

0 5 .
+Y (k2 =3k +1)S, is.
00! ,(Zzl( S

then the value of

(IIT-JEE, 2010)

,» @y ...y @, be real numbers satisfying a, = 15,27 - 2a,

2 2 2
al +ai+ -+a

>0anda,=2a, ,—a, ,fork=34,.  11.1f =90,
then the value of a—‘w is equal to.

~ (IIT-JEE, 2010)

. Leta, a, a, ..., a,,, be an arithmetic progression with a, =3

i=1

P
and S = ¥ ;1 <p <100. For any integer n with 1 <n <20,

S
let m = 5n. If ~2- does not depend on n, then a,is.

n

(IT-JEE, 2011)



Subjective Type o 0x

1.

=

=

=

\/a——_’;,\/;,\/a+x are in G. P.
X = \Jaz—xz

xz =a2_x2

-+ ax>0)

I

X

B

Let \/; be rational. Then,

p
\/; =§,p,qe Z,q#0

\/Ex—x
= JW2-1yx
z-12

g which is irrational.

P
Similarly, Na+x = VW2 +17

2.

=

=

«,/a—x,\/;,\/a+x are in A.P.
2\/-; =+a—-x +Ja+zx

4x=a-x+a+x+2+ya*~x? (squaring both sides)

2_ 2
2x —a=~Na ' —x

4x> -dax+a®>=a’> - x*

5x% = 4ax

a= (as a, x>0)

e
4

Now, x must be a perfect square as \/;C- is an integer. Hence,
x=1,4,9, 16, ..., etc. Forx = 1, a = 5/4 (rational number). Forx =4, a
=5 (prime number). For x =9, a = 45/4 (rational number).For x = 16, a

=20

3.

=

=

(composite number). Hence, the least composite value of a is 20.

Let the three digits be a, ar and ar®. Each of the three quantities
must lie between 1 and 9, and r must be rational. The three-
digit number so formed can be written as 100a + 10ar + ar’.
Now, from the given condition, the digits of the number
100a + 10ar + ar*— 100 = 100(a — 1) + 10ar + ar?,i.e.,a— 1, ar,
ar? are in A.P. Therefore,

2ar=a—1+ar?
a(r*+1-2rn=1

a(r-12=1

ANSWERS AND SOLUTIONS

= r-l=xt—
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1
Ja

Since (r — 1) is rational, +1/Ja must also be rational. Further-
more, 1 <a—-1<9sothat2<a<10.Sincea<9,weget2<a<
9.

. The only integer a between 2 and 9 such that 1A/a is rational
is4or9.

Thus, r = 3/2 (rejecting r = 1/2, 2/3, 4/3). Hence, the required
digits are 4, 6 and 9 forming the number 469.

. Let there be 2n + 1 stones. Clearly, one stone lies in the middle

and # stones on each side of it in a row. Let P be the mid-stone
and let A and B be the end stones on the left and right of P, respec-
tively. Clearly, there are n intervals, each of length 10 m on both
the sides of P. Now, suppose the man starts from A. He picks up
the end stone on the left of mid-stone and goes to the mid-stone,
drops it and goes to (n — 1)* stone on left, picks it up, goes to the
mid-stone and drops it- This process is repeated till he collects
all stones on the left of the mid-stone at the mid-stone. So, the
distance covered in collecting stones on the left of the mid-stones
is
10xn+2[10x(n-1D+10xn-2)+---+10x2+10x 1]

After collecting all the stones on left of the mid-stone, the man
goes to the stone B on the right side of the mid-stone, picks it up,
goes to the mid-stone and drops it.

Then, he goes to n'™ stone on the right and the process is repeated
till he collects all stones at the mid-stone. ’

Distance covered in collecting the stones on the right side of the
mid-stone is

2{10xn+10x(n=-D+10xm-2)+ -+ 10x 2+ 10x 1]

Therefore, total distance covered is

10Xn+2[10x(n-1D)+10x(n-2)+---+10x2+10x 1]
+2[10xn+10x(n-1)+---+10x2+10x 1]

=4[10xn+10x(n—-1)+---+10x2+10x1]-10x~n
=40[1+2+3+:-+nj-10n

_ 40{%(1+n)}—10n

=20n(n+1)-10n
=20n*+ 10n

But the total distance covered is 3 km, i.e., 3000 m.

20n? + 10n = 3000

= 2n*+n-300=0

= (r-12)2n+25)=0

= n=12 o

Hence, the number of stones is 2n + 1 = 25.
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5. X_et r be the common ratio of the given G.P. Then,
£
b=nhterm=ar' = r"' = b =r= (—é)”_l
a a
Now, product of the first n terms is

P =axarxar® - ar! .

=a’ rl+2+3+ w4 (n=-1)

n(n-1) (l’l

=a"r

1
n [bjm
a -
a
., b nl2
a'l —
a

— an/Z bu/Z

= (ab)™”?
? = [(ab)") = (aby"

2

n(n-1)
2

6. x =1+3a+6a+10a%+---
= ax=a+3a*+6a*+
Subtracting (2) from (1), we have
x(l-ay=1+2a+32%+4a +

1)}

2 [ 142434 +(n-1)=2—

Equation (3) is an arithmetico-geometric series. Therefore,

s—i+ dR

=" 1-R (1-R)?
= x(l-a)= e 1
T l-a (-a? (-a)t

= Ty
= (1-aP=x"
= a=1-x"
Similarly,
b=1-y
Now,
S=1+3(ab) + 5(ab)* + --- infinity
1 2ab
I—-ab (1-ab)
_ 1+ab
(1—ab)?

el
-]

7. Let 22*1
2

= r. Then, the given series is
n—

S=r+3r2+5r +7r+ - + 20— D)r"

rS=r’+3r3+5rt+ .-

Subtracting (2) from

+@n=3)r"+ @n— 1)r

(1), we get

A=-rS=r+2r2+2r+--- +2r" - 2n-r™
2 n-1
= 36(1-N=r+ E’_M —@2n-1)r
—r
= 36(1-r¥=r-r*+ 272 Qi Qn-1r*' + 2n -1)r"?
=r+r’=Q2un+Dr! + 2n-1)r+
=r+#2-(2n _1){2'1"'1 n+l rn+2i|
2n-1
=r+ri— (2n—1)|:rr "+2}
=r(l+r
46 |12t T_2ne1f 204l
= m=1|  2n-1]  2n-1

-2 2_
= 36 -1l =

2n+1| 4n
2n—1| 2n—1

= 36=n2r+1)
= n=4
(0 8. ;o nt2 n+2 (l)
(2) " oon(n+1) 2
_2n+Dh-n ( )
) n(n+1)
1 (1) 1 1Y
= — - — X | —
no\2 n+l1 2
= X1,
LY 11y 11]‘_112
“11lz) T2\2)( f2l2) sl2
—1- l u—I_ 1
Tt n\2 n+1
_ 1
T (m+p2”
9. We have the following:
First term _C.ommon Sums of # terms
v difference
1 1 Sl=5[2><1+(n—1)><1]
2 3 S2»=E[2x2+(n—l)x3_
n
3 5 Sg=-2-[2‘><3.+(n—1)><5]
m dm-1 |S = %[2m +(n=1)Q2m=1D)]
O
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Hence, S| +S,+ - +S, Let r + 1/r = t. Hence, (1) becomes
= Z x4+ (=) X 1]+ 22X 24 (n—1) X 3]+ - 8r' - 16r-85=0 @
2 2 Putting 2¢ =y, we have
+§[2m+(n—'1)(2m—1)] ¥ - 8y-85=0
” = (-50*+5y+17)=0
=—2—[2><(1+2+3+~--+m)+(n—1)(l+3'+5+---+(2m—1)] - y=2=5 :
7 m m 1
= —[2x—-t+m)+n-D—1+2m-1 +—[=5
2[ 5 dHm =+ )5 1+ @2m=1)] = 2(r r) (3)
= [m(m+1)+m?(n- i)] The other factor gives imaginary values. From (3),
2 27 5r+2=0
mn
= —2—(mn+1) : : = r-2@2r-1)=0
10. Let a be the first term and r the common ratio of the G.P. Then, = r=1 _1_ anda=8
r'—1 _ -1 _ ! 2
S, =a o1 ) S,=a 1 and §,= a 1 Hence, the four numbers are 1, 4, 16, 64 or 64, 16, 4, 1.
12. d=2,r=112
Now, . )
n In 2n There are 4n + 1 terms. Then the mid-term is 2n + 1) term. 7, and
r' -1 rt -1 r -1 . nl
S(S,-S)= - t,,, are mid-terms of A.P. and G.P.
1 -1 r-1 r—1
‘ T, =a+nd=a+2n
2 n n
_ a no_ 3n 1y (20 . 1 1
- DO D ) %=“=QMX&J=@+“{J
2 " By given condition,
— a 2 (rn _1)(r3n _ r2n) ye
(r - 1) Tn+l = tn+|
1
2 = 2n= 4n) —
__a e —Dr2 e —1) a+2n=(a+4n) >
(r-1n = (-1a=4n-2nx2"
2
W -1 ' 4n —nx 2"
_|ar"| —— = 7z
= r—1 = 271
N Hence, the mid-term of the sequence is
r2n -1 rn -1 - 4 n+l
2 _ n—nx2
(SZ—SI) _|ia[ r—1 a r—1 a+4n=T+4n

—nx 2" 4 op x 2mH

(¥ =D - ("~ D) | -

r-17° T 2"-1
2 n+l
A Ik _ nx2"
(r—1° 2" —1
1 2 13. We have,
_|ar" N 2, 2 2
= 1 (@, +a,+-+a)=a +a;+-+a, +2Aaa, +aa; + )
S, (8-S =(5,-5) o
2
a (1 _ rm) aZ(l _ r2m) m
11. Let the four numbers in G.P. be %, ﬁ, ar, and ar’. The product |: ] = 7t 23 aa;
is rr I-r 1-r i<j
2 my2 2 2m
4= =8¢ n a; (L=r") a (1-r-")
a*=4096=28 - 220,'“,': 1 ( . 1 g
= a=8 i<j (1-r) 1-r
The sum is )
2a
1 1 - 1 [I" _ rm _ rm+l + er-I
8&5+7+’+ﬁ]285 a—ria+n ’
1 1 2r aA-r""Y|a@-r"
= 8[r3+—;)+8(r+;)—85=0 T 1+r @ I—r 1-r

rela

3
= — 2. a4;4; =S xS
= 8[[r+—1-j —3(r+lﬂ+8(r+—l—)—85=0 ) r EJ’ 4 met 5
r r r
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14. Tr=tan§sec ad

15.

16.

Algebra

2r—l
. X
SIHF

X X
COS vy COS ey
2

. ( 11
sin P X
_ 2 2

X X
COSF X COSF

. X X X X
SIN——CO8S— — Slﬂ? X COS——

2r—| 2r 2r—|
- X
COS—rCOS?_—1
X
= tan 2)__] — tan?

2 X X X
> T, = fan— —tan—- = tan x — tan—
n n
=l 2 2

coa 1
Yy _
Ef)j:O/Zb 3f3i3%

(i j2k)

= sum when i, j, k are independent
— 3 X (sum when any two of i, j, k are equal)
+2 X (sum when i =j=k)
1 S |

EEDIDY 2x

. — 7 + —_—
PN e T S e S+ L s

(] A5 E

_8r
208
Let \/a =b;
a,—1 =b,;
a;—2 =b,;
a,~(n-1) =
b +b,+ .. +b =
Ir.» 2 2 2 n(n-3)
E[bl B D)+ (B2 +2) 4+ + (B +(n—1))]—T

1
b, :E[(b12+b22 +by 4+ b2+

(1+2+3+...+(n_1)]_n(n4—3)
PLb=2b T 2
Zzbi = Zb,-z +n

S47-254 +31 =0
= Sb-1=0
i=l

b-1=0 = b’=a=1

b,-1=0 = b’=a,-1=1 = aq,=2

b3-1=0 = b’=a3-2=1 = a,=3andsoon
Hence a =n ‘

100
Sa =1+2+3+... + 100 = 5050

i=]

Objective Type . , .

1. d. The given numbers are in A.P. Therefore,
2log, @™+ D =log, 5x27+ 1) +1

2 !
= 210g22 2—x+1 = log,(5x2* +1) +log, 2

2 '
= Elog2 (2—2)(+1) = log,(5x2* +1)2

2
= Ing(z_"HJ =1og,(10 x 2+ 2)
2
= 41 =10x2"+2
2X

2+1 =10y + 2, where 2=y
y

10y?+y-2=0

By-2)2y+1)=0

y=2/50ry=-1/2

22=2/50r2*=-1/2

x=1og,(2/5) [ 27 cannot be negative]

U

x=log,2-log, 5

S A A A A

x=1-log,5

2. b. Since a, b, ¢ are in A.P., therefore, b—a=dandc-b=4d

where d is the common difference of the A.P.
a=b-dandc=b+d

Now,
abc=4
= b-dbb+d)=4
= bh*-d¥H=4
But,
b(b*—dH) < bx b
= b -dH)<b?
= 4<b
= b>4
= b>2¥
Hence, the minimum value of b is 227

3. a.n"term of the series is 20 + (n — 1) (<2/3).

For the sum to be maximum,
n" term > 0

2



2
= 20+(n—1)[—5)20
= n< 31

Thus, the sum of 31 terms is maximum and is

2[40+3Ox(—£ﬂ=310
2 3

4. d. 100" termof 1, 11,21, 31, ... is 1 + (100 — 1)10 = 991.
100" term of 31, 36, 41, 46, ... is'31 + (100 — 1)5 = 526.
Let the largest common term be 526. Then, ‘
526 =31+ ®-1)I0
= n=505

But » is an integer; hence » = 50. Hence, the largest common term is
31 +(50-1)10=>521.

5. d. Let a be the first term and d be the common difference of the
given A.P. Then,

S, =8,= %m +(m—1)d] = §[2a +(n=1d]

2a(m —n) + {mim—1)—n(i- D} d=0
2a(m —n)+ {((M*—n®)—(m-n)}d=0
m—mn)2a+m+n-1d]=0

G Ul

2a+ (m+n-1)d=0 [ m-n=z0] 0]

Now,
m+n m+n

S = S [2a+(m+n-1d]=

6. a. Let £ZC =90° being greatest and B = 90° — A.
The sidesarea—d,aanda+d
We have (¢ + d)’ = (a — d)? + &? A
(using Pythagoras Theorem)
v dad-a’=0=a=4d
Hence the sides are 3d, 4d, 54 a a+d
Clearly, sin A = BC =2 —d :ﬁ :3
AB a+d 5d 5
AC a 4d
AB a+d 5d

x0=0 [Using(1)]

4 c a-d B
3 Fig. 3.4

n
5@a+(n—1)d) 5n+3
3n+4

%(Za’ +(n—1d"

QRa+Q2n-2d) 52n-1)+3
QRa’ +(2n—-2)d"y 3(2n-1)+4

(replace n by 2n —1)

@+(n=-d)y 10n-2
@ +(n-1d"y  6n+l

(@+(17-Dd) _168
@ +(17-Dd’y 103
8. c. Suppose the work is completed in 7 days when the workers

stopped working. Since four workers stopped working every day
except the first day. Therefore, the total number of workers who
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worked all the n days is the sum of n terms of an A.P. with first term
150 and common difference 4, i.e.,

g[z X150+ (n —1) X —41 = n(152 — 2n)

Had the workers not stopped working, then the work would have
finished in (n - 8) days with 150 workers working on each day.
Therefore, the total number of workers who would have worked
all the n days is 150 (n - 8).
n(152 —2n) = 150(n - 8)
= n-n-600=0
= n-25)n+24)=0
= n=25
Thus, the work is completed in 25 days.
9. c. Given, S, = 0. Therefore,
—2a
p-1
Sum of next ¢ terms is sum of an A.P. whose first term will be
T =a+pd

p+l

S= §[2<a+pd)+(q—1>d]

§[2a+(p—1)d]:o =d= M

= §[2a+(p—1>d+<p+q>d]
_ 4 2a
= 2{0 (p+q)p_1]

=g PHDD ygng (1)
p—1

10. b. S, = 37”[2[1 +(3n-1)d]
S, = "T_l[za +(n—2)d]
1 d
= 5, -5, = E[Za(?)n —n+ )]+ 131G~ D= (= Din - 2)]

= %[2a(2n +D)+d@En’ -2)]

a(n+ 1) +d(dn* - 1) 5
=2n+ 1) [a+ @2n-1)d]

S, =S, =T, =a+@2n-1)d

2n 2n-t 2n
SBn _Sn—l - (27[ + 1)
SZH - SZM—l
Given,
Son =St =¥ =n=15
SZH - SZn—I

11. d. 2b=a+c
= 8 =(a+c)V=a’+c+3ac(a+c)
= 8b=a*+ ¢ + 3ac(2b)
= a4+ - 8b=—6abc
12. b. Let the series have 2n terms and the seriesis a, a +d, a + 24, ...,
a+(2n-1yd.
According to the given conditions, we have
[a+(@+2d)+ (a+4d)+ -+ + (a+ (2n 2)d)] =24
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= g[Za +(n-1)2d]=24

=> nla+(n-1)d}=24
Also,

Ha+d)+(@+3d)+ -+ (a+2n-1)d)] =30
= g[Z(a +d)+(n—1)2d]=30

= nf(a+d)+(n-1)d] =30

A1so, the last term exceeds the first by 21/2. Therefore,
a+@2n-1)d-a=21/2

= (2n-1)d=2172

Now, subtracting (1) from (2),

nd=6
Dividing (3) by (4), we get
2n—-1 21
n 12
= n=4
13. b. Since a, g and ¢ are in A.P., so
2g=a+c
L, L,12
p r b
111 .
= ;’;’7 are in A.P.

14. b. Given,

Fon+ 1= 2Em+ 1

= Fr+1)-~F@n)=12

1)

)]

3)

@

Hence, the given series is an A.P. with common difference 1/2
and first term being 2. F(101) is 101% term of A.P. given by

2 + (101-1)(1/2) = 52.
15. b. If ¢ be the 7" term of the A.P., then
L= Sr_ Sr—l
=cr(r-1)-c(r-1)(r-2)
=c(r—-D)(r-r+2)=2c(r-1)
We have,

A+ +t2 =42 (0P + 12+ 224 -+ (n~1)?)

4 (n—Dn@2n-1)
6
2
=§czn(n—1)(2n—l)
16. c. Given that
a3+a5+a8=11
= a+2d+a+d4d+a+Td=11
= 3a+13d=11
Given,
a4+az=—2
= a+3d+a+d=-2
= a=-1-2d
Putting value of a from (2) in (1), we get

3-1-2d)Y+13d=11=>7d=14>d=2anda=-5

= a,+a,+a,=7

)

@

17. a, Ifp,q,rareinA.P.,theninan A.P.orG.P.oran H.P. a0y Qg eny
etc., the terms a,a,a, are in A.P., G.P. or HP,, respectively. _

18. d. Given,a,, a,, a,, ... are terms of A.P.
atay+-+a, p?
atayt-ta, ¢

g[za1 +@-Ddl

= L, ==
%[2a,+(q—1)d] q
20, +(p-d _p
Z 2 +@-1d g
= [2a,+(@-1dlg=[2a,+(g-1)Md]lp
= 2a,(g-p)=dlig-Dp-(p-1)q]
= 2a,(g-p)=dlg-p)
= 2a,=d

ag _ aq+5d _a+10q _ 11

ay, @, +20d a +40a, 41

s %[261 +(nx—Dd]

°
&
s
I

x %[241 +(x=Dd]

n[(2a - d) + nxd]
(a—d)+ xd

For S to be independent of x,

x

2a-d=0 =2a=d
Now,
Sp= Li2a+(p-Da)=p7a

20. b. Let the three numbers be a/r, a, ar. As the numbers form an
increasing G.P., so, r > 1. It is given that a/r, 2a, ar are in A.P.
Hence,

a
da= —+ar
;

= rP—4r+1=0
= r=2i\/§
2443 (s

21. c. Leta,, a,, and a, be first three consecutive terms of G.P. with
common ratio r. Then,

1l

a,=a, randa,=a, r’

Now,

a,>4a,-3a,

a,;r’>4a,;r-3a,

r*>4r-3

rP—4r+3>0

r-1Er-3>0

r<lorr>3

22, d. We know that
-1<cosx<1

= Jeosxl<1

| A



But,

xe S=xe (0, n)=lcosxl< 1

Now,

=

=

Ly

23. ¢

24,

U | A

81+lcos.tl+cos2 x+lcos3 X+ 1000 _ 43

8]/(l~—|c05x|)= 82
1
1I— lcosxl|

1
lcosAd = =
2
cos x = il
x= 7/3,27n/3
S = {n/3, 2r/3}
We have, . .
I+ Q+ap+(I+a+adP’+ (1 +a+a’+a)b3+ - oo

= S +a+a’++a"Ho"!

n=l1

~ i(l—a ]b"_l
T o=l l-a

oo bn—l . anbn—l

- llz=ll_'a n=l l_a )
1 oo oo
— an—l _ a z (ab)n—l
1'_an=l 1_an=l
1 2 a 2
= [1+b+b" + . 0] = ——[1+ab +(ab)” + - o]
‘1—a 1-a
v a
T 1-a 1-b (-a)l-ab)
B 1
T (1 -ab)1-b)
¢. Let ‘A’ be first term and ‘# be the common ratio.
We have,

a=Arrtel b= Appal

ab = A2 x r¥?

Vab = arm =p" term

b. Letthesidesofthe triangle be a/r, aand ar, with a>0and
r> 1. Let a be the smallest angle, so that the largest
angle is 2a. Then a is opposite to the side a/r, and 2a
is positive to the side ar. Applying sine rule, we get
alr ar

sine sin2a
sin2a o,
sinag
2coso=r?
rr<?

r< V2

Hence, 1 <r< \/5

26.

a. We have,

I 1 1
—+ -+t
4 8 16

_ 141
1-1/2 2

Hence,
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1

log L
1Y V52

1o
log —+—+—+
02°\/§(4 RT3

1
_ (5)—210g55

— (5)log54
=4
27. b. Degree of x on L.H.S. is
1+2+4+--+128
=1+2+2%24 ... 427
_ 22
2-1

=255
28. c. x,y,and z are in G.P. Hence,

Y=xz
We have,

a*=b’=c* = (say)
= xloga=ylogb=zlogc=logh
log A logd logA
loga V= logh L= loge

= x=

Putting the values of x, y and z in (1), we get

log A : _ logA loga
logb - loga loge

= (logb)*=logalogc
= log,a=log b

29. b. Required GM.is —\/-9 x —16 =-12.

30. d. We have,

§S= ——=2
-1
2

S = Mzz(pi]:z_%
m(1-1/2) 2" 2"

i 1 1
[ —<—
$=5,< %000 = 27 ~1000

= 21> 1000
= n-1210
= n21l

Hence, the least value of nis 11.
31. d. Let the series be 21, 21r, 21/, ...
21 . e
Sum = - is a positive integer
-r

also 21r is a positive integer

3.49

6]
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_ @nen
T o21-21r
also 21r< 21
hence 21 — 21r may be equalto 1,3, 7 or 9
i.e.must be a divisor of (21)(21)
hence 21 -2ir=1o0r 3 or 7 or 9

21r=120, 18, 14 or 12

32. c. ForGP.,¢ =2"",for AP,T =1+(m-1)3=3m-2.
They are common if 2! = 3m — 2. For G.P. 100* term is 2%. For
AP 100" term is 1 + (100 —1)3 = 298. Now we must choose
value of m such that 3m - 2 is of type 2"-'. Hence, 3m -2 =1, 2,
4, 8,16,32, 64,128, 256 for which m = 1, 4/3, 2, 10/3, 6, 34/2, 22,
130/3, 86. Hence, possible values of m are 1, 2, 6, 22, 86. Hence,
there are five common terms.

as 21r € N hence 21 — 217 must be an integer

33. c. Initially the ball falls from a height of 120 m. After striking the

floor, it rebounds and goes to a height of — % (120) m. Now, it falls

from a height of —x (120) m and after reboundmg goes to a height

4(4
of 5 g(120) m. This process is continued till the ball comes to

rest.

Hence, the total distance travelled is

4 2
120+2[ (120)+( J(120)+ }

i(120)

-4
5
34. b. Let a be the first term and r the common ratio of the G.P.

Then, the sum is given by

=120+2 =1080 m

a

=57 (1)
1-r
Sum of the cubes is 9747. Hence,
A+ r+airi+ ... =9747
&
L= - = 9747 2
1-r

Dividing the cube of (1) by (2), we get
a a-ry (577

i-rn" & = 9747
1-4° 19

= oA
1+ r+r2 -19

= oa-t

= 18739+ 18=0

= (@Br-2)(6r-9 =

= r=2R3orr=372

=2/3 [ r#3/2, because 0 < Irl < 1 for an infinite G.P.]

35. b. a*+b* ab + bc, b* + ¢t are in G.P.
= (ab+bc) =(a*+b*) (b*+ c?)

=  a’b? + b’ + 2ab’c = a®b? + a’c? + b2 + bt

= b +a*?-2abic=0
= b*-ac)=0
= b=ac
= a, b, and c are in G.P.
10
36. b. Given "L(’TQ =18 o)
r—
1 1
(-7
Also _1—=6
1__
,
1 ¢'-1
= u'(r ) =6
ar r—1
1 _ar(rlo—l) 6 5
= pERE 1 : (2)

= ar''=3

Now P = a'%» = (a?r'y’ = 35 = 243
37, b.a=1+10+10%+ - + 10%
10% -1 10 -1 10°-1
= = X =bc
10-1  10°-1 10-1

38. a. Leta be the first term and 7 be the common ratio of the given
G.P. Then,
100
a=2a, Sa=a,+a,+ - +a

n=1

200

+ ar'®
+ rl‘)S)

=ar+art+ -

=ar(l+ri+ri+..
100

B=3ay. =P=a+a+ - +ay,

n=1

=a+ar+---
=a(l+7+
Clearly, a/f=r.

+ ar'®®
+ r198)

39. c. The series is
1+2+2X3+22x34+22x324+23x 32+

=(1+2x3+22x32

-+ t0 20 terms

+--- to 10 terms)
+(2+22x3+23x32+

~ 1(210310 -1 2(210310 -n

T 6-1 61

33 0
= - _1
(5)(6 )

40. d. a=5,a”=a+3d,ar*=a + 15d
5rP=5+3d,5¢*=5+15d
r*=1+3d
25r*=25+175d
(5+3d)?=25+75d
25+30a’+9d2 25 +75d

d* —45d =0
d=5,0

-+ to 10 terms)

Lt s o dl



= T,= a+3d=5+15=20
41. d. p*, g™ r* terms of A.P. are

a+(p-Hd=x (H
a+(g-1)d=xR o))
a+ (r-1)d=xR 3)

where R is common ratio of G.P.

Subtracting (2) from (3) and (1) from (2) and then dividing .the
former by the later, we have
xR? - xR

= ——— =R
XR—-x

q-r
p—4q
42. b. Given that
a+(p-1d=A
a+(qg-1)d=AR
a+ (r—1)d=AR?
a+(s-1Dd=AR?
where R is common ratio of G.P. Now,
A—AR R(A—AR)
p-g=", ,q-r= d )

oo [AAR
d

Clearly, p — g, q-— r,r—sarein G.P.
43. a. Let r be the common ratio of the G.P., g, b, ¢, d. Then,
b=ar,c=ar’*andd=ar’
b-c)V+(c-aP+(d-by
—a) + (ar —ar)?

=(ar —ar’)’ + (ar’

=a22 (1 -1+ a%P — 1Y + @r(r — 1)
=a¥(r¢-2r+1)
=a*(1- r*)?
=(a—ary
=(a-dy
44, d. Let P =0.cababab ...
= 1OP = c.ababab... (1)
and
1000P = cab.ababab... 2)
Subtracting Eq. (1) from Eq. (2), we have
990P =cab - ¢
or
100c +10a+b-c  99c+10a+b
o 990 © 990
45. ¢. §_= =162
-r
5,= 202 140
! 1-r
Dividing, )
160 80
1-r=
162 81
1- 30 =r"
81
= = L or [l) =81 1)
81 r
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Now, it is given that 1/r is an integer and n is also an integer.
Hence, the relation (1) implies that 1/r=3,9 or 81 sothatn =4, 2 or 1.

1 1 1
=162} 1—-— 162} 1—— 162]1——
a [ 3] or ( 9] or ( 81)

=108 or 144 or 160

46. d. f(x)=2x+1
= fi2x)=22x)+1=4x+1landf(4x)=2(4x)+1=8x+1
Now, f(x), f(2x), f(4x) are in G.P. Hence, '
T (@x+1P=2x+1D(8x+ 1)
= 2x=0
Hence, f(x), f(2x), and f(4x) is equal to 1 which contradicts the given
condition. Hence no such x exists.

47. b.

I
I
i
P
Pl
1
Yo
[
v

Fig. 3.5

2 2 2 2 2 2
7 0F = r2) 4 GF =yt g =15

=7t[rl+r2+r3+r4+---+rmo] (- r,—r=r,—r

47
= STl = 1)
=n{l+243+ - +r,]
=5050n sq. cm
3
4. a Ll o 1 p gy, e
e 4 ar’® 4
Also,
L+1t,=216

= ar+ ar4 216
= a+8a=108
= a=12 (whenr=2)
49. b. x,y, and z are in G.P. Hence,
y=xr, z=xr
Also, x, 2y, and 3z are in A.P. Hence,

4y=x+3z
=  4dxr=x+3xr?
= 372-4r+1=0
= @r-)(r-1)=0
= r=1/3 (r#1isnot possible as x, y, z are distinct)
1 1 _ ‘1
50. a. §,= 1-r?’ = R T
Clearly,
S +5 = 2 =28
4 P 1—-r2p 2p

51. e. Multiplying the given expression by 2 and rewriting it, we
have
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(2x =3y + By —47)* + 4z -2x)* =0

=> 2x=3y=4z
1 1
—,l,— are in A.P.
Xy z

=> X,y,zarein H.P.

52. ¢ a,a,..,a arein HP.
1 1 1 .
= —,—, -, —arein AP.
al a, a,

a +ta,+as+-+a,

a +a,+ta;+-+a,

=> 3 7.'-7
9 a4
a+a,+a,++
1T Ta T T arein AP
a, .
_ 1+a2+a3+'"+“",1+a1+a3+"'+an,...,
4 a
1+MareinA.P.
. a"
- a2+a3+~-~+.a,,’al+a3+-~-+a"’m’
4 a;
+ Qg+t
ﬂ—az——h—areinA.P.
a"
= 4 , )
ay+ay+--+a, aq+tat+-+a,
. i |
—— 2 —— arein H.P.
a +a,+a,
53. c.
ot 1, r
Hl+2+H20+3=2 H, 3 Hy
H -2 Hy-3 11 1 1
2 H£ 3 Hy
%+l+d —+—-d
= +
1 1 1
RNy P —4+d-—
2 2 3
2
g+d —-d
=2 +3
-d d
:2-_1
== -2
d
1 1
=2x21-2 [asalso, —=—+21d]
32
=40
54. b. We have,
a,, a,a,arein AP.=>2a,=a, +a, ()
a,, a,, a,are in G.P. = al=aa, )
2
a,a,a,arein HP. = a, = i i 3)
: . a; +as
2a;a;

) a,+a
Putting @, = ——— and a, =
° 2

a; +

in (2), we get
as

a,+a 2a;a
P B BV

? 2 ay +as

2
= a, =ada

Hence, a,, a,, and a, are in G.P. So, log a,, log a, and log a, are in

AP

55. d. a, b, and c are in A.P. Hence,
2b=a+c
a E_ a+2c _2_
bc b be c

= ilz are not in A.P.

bc ¢ b
bc b 2bc+ab
4= #c
a 2 2a

)

Hence, the given numbers are not in H.P. Again,

a2 2a 1

bch b

Therefore, the given numbers are not in G.P.

56. d. x,2x + 2, 3x + 3 are in G.P. Hence,
2x+2)»=x(3x+3)
= 4x+8x+4=3x2+3x
= xX+5x+4=0
= x=-1,-4

So, the G.P. is -4, —6, -9, ... (considering x = -4, as forx = -1, 2x +

2 =0). Hence, the fourth term is -9 x 1.5 =~
57. a. Let the numbers be a, ar, ar®. Then,
a+ ar +ar®* = 14 (given)
Now,
a+1l,ar+1,ar?—1arein AP.
= 2ar+D=a+1l+ar’-1
= 2ar+2=a+ar
From (1) and (2),
2ar+2=14—-ar
= 3ar=12

= ar=4
From (1),
a+4+4r=14

= a+4r=10
From (3) and (4),

16
a+ — =10=a=2,8
a .

Hence, the smallest number is 2.

ss. b, Dol o Drr_(prny=2pr

rop pr pr
4pir?
pzr —2pr
- _4
pr
2
L, W,
ac

ey

@

3)

C))

' p, g, rare in H.P.

2pr
q=—_
ptr

[+ ap, bg, cr are in AP. = b’q* = acpr]
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(a+c) 65. b. xisAM.ofaand b, yis GM. of a and b, z is HM. of a and b,
=T_2 [a,b,carein AP. = 2b=a+c] Y =xz
Also given,
a ¢
_2,.¢ x=9z
¢ a = x=9%Yx=>9%r=x*=>x=3hl
59. a. We have, 5 50
+ .
b=a+c 66. d. A=2" G=sin, H =
2 25+n

(c- bY=(0b-a)a

(b— a)=(b-aa Rb=a+c=b—a=c-b] As A, G, H are natural numbers, n must be odd perfect square. Now, H

= will be a natural number, if we take n = 225,
= b=2a :
= c¢=3a [Using2b=a+c] 67. a. Reciprocals of the terms of the series are 2/5, 13/20, 9/10,
= abic =123 23/20, ... or 8/20, 13/20, 18/20, 23/20, .... Its ™ term is
60. a. Let a =1, then §, =2008 8+(n—15 5n+3
2008 =
Ifa1thenS= & 20 20
a-1 .20 10
Therefore, the 15" term is — = —.
but @®® = 2a—1, therefore, §,= 2a-1) =2 . 78 39 _
S=S,+5,=2010 a1 68. b. Given, b>=acand x = a;—b ,y= %.Therefore,
61. b. For the equation x>~ px+1=0, a ¢ 2a 2c
the product of roots, o = 1 Xy T a+b " b+c
and for the equation x> —gx + 8§ =0, 2a(b+¢)+2c(a+h)
the product of roots 028 = 8 = (a+b)b+c)
Hence, (o) (0?) =8
= a3ﬁ3=8=>aﬁ=2 | =9 2ac+ab+bc
~. From o =1, we have B= — and from ¢? . =8, we have & ab+ac+b* +bc
=4 ‘ b 2 . _ 2ac+ab +bc
Hence, from sum of roots = —— , we have T Tac+ab+be
1 17 ¢ 1 33 =2

p=a+F=4+—=—andg=02+B=16+ — = —
4 4 2 2 69. ¢. 2b=a+c

a,p, b, q, carein A_.P. Hence,

a+b b+c

L is arithmetic mean of pandg
8 p= — and g =

ptq Again, a, p’,b, ¢, and ¢ are in G.P. Hence,

P = \/E and ¢" = \/b_C

r
8 2
r=4(p+q)=4 (141+§) =17+66=283

=
(a—c)a+c+2b)
2bd = Poq= 4
62. ¢. 2b=a+c,c= =
+
= 2bd=cb+d b+d =(a-c)b
= (@+od=clb+d) [as2b=a+c] =ab - be
= ad+cd=bc+cd =p —9q9°
= bc=ad 70. d. Asa,a,a, ..,a, ,a arein AP, hence
63. ¢. "%+l =k (constant) d=a,-a,=a,-a,="=a,-a,,
a, Gr sin dfsec a, sec a, +sec a, sec a, + --- +seca, , sec a]
- 11 —x _
a,, a, _ sin(a, — a;) N sin{a; — a,) +...+w'-_')
COs@, COSa,  COSA, COSay cosa,_, cosq,
I 1 1 .
= —,—,..,— arein A.P.
a, a a, = (tan a, —tan @) + (tan a, — tan a)+ -+ (tan g —tana _ )
= a,,a,da, .., e in H.P. _ =tanag —tana,
64. ¢. Leta=1,b=2,c=4 Then, 71. ¢ S:[a—(a+d)]+[(a_+2d)—(a+3d)]+~--

+[(@a+@2r-2)d)]-a+ (2n—-1)d] + (a+ 2nd)

a+b=3,2b=4,b+c=6
=[(-d) + (=d) + --- + n times] + a + 2nd

! l——Landl t__1

4 3 12 6 4 12 =-nd +a+2nd

Hence, a + b, 2b, b + ¢ are in H.P.

=a+nd
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72. a. Let1+1/50=x.LetSbethe sum of 50 terms of the given series. 17 17
Then, =36+18> r— > s
- r=1 r=1
S=1+2x+3x" + 4> + - + 49x% + 50x¥ _ (H = 1005
xS=. x+23*+35+ - + 49x% + 50x%° 2)
-
_ _ 20434 ... 9 _ 50 76. c. T(r) =
A-x)S=1+x+x2+x+ - +x*°-50x c. 17(r) IX3x5xx(2r +1)
0 [Subtracting (2) from (1)]
15 2r+1-1
= S -x= — 50x%° : =
1-x C2(IX3X%5---2r+1)
= §(=1/50) = ~50(t ~ x) - 50x" ' 1 1 _ 1
T2 IX3x5-.2r-1) 1x3x5---2r+1)
1
= —5=50
50 = vy —ver-
= 2[V(r) V({r-Dl
= §=2500 ' " 1
. T(r)y = - = Vi -V
73. a.LetT be the " term of the given series. Then, = E] ” 2( ()= V0D
T = 2r+1 1 1
TP a2t 4t s? ' T 200 I1X3x5xx(2n+1)
6(2r +1) ' o r
= el S = lim
(N(r+DH2r+1) neer=l 1X3X 5X TX9 XX (2r+1)
_el 1oL _timi|1- ! -1
r o r+l : n—e I1X3x5X--X2n+1) 2
So, sum is given by 77. d. rxri=(r+1-1)xr!
50 001 1 =(r+1)1= 7!
X7 = 65[7“—”1] = V() - V(r—1)
30
1 (1 1) (1 1 11 = Xr(r) =V(31)- V)
I S T O A ]
=(31)!-1
1 30
_6l1—-— = 1+ Zr(r')=31'
- 51 r=l
100 which is divisible by 31 consecutive integers which is a prime
= 17 number. )
78. b. ICn)=1*+2*+3*+ -+ 2n-1)*+ 2n)*
AP I S S S[(14 3% 454+ Qn— D+ 2414+ 24+ 3 + 44+ - %)
vt 2 2 2 2 n X
3 s 7 = Y @2r-1* +16 x I(n)
1272 324 5t g 7 2 46 = Sr-1y =120~ 16In)
(1 1 1 |
6 4\1° 2° 3 79. c. Consider the first product,

1 I 1 1 1Y 1
= — | — p= |1t |tz |1+ || 1+t || 1+—
6 4{ 6 _ 3 3 3 3 32
2
T
) - e e 2 e L) e L
30303 3 3 32
75. b. Coefficient of x'®in (1 +x + 2x2+3x* 4+ --- + 18x'8)2 - ( 1)
= Coefficient of x"® in (1 + x + 2x* + 3 + -+ + 18x"%)

X(1+x+2x2+383+ - +18x'%)

=1x18+1x17+2%x16+--"+17x1+18x1 1—L 1+L 1+L 1+i 1+L
32 32 34 38 3211

=36+ 3 r(18-1) B (1_1)

r=1



il
—

—
—

—

|
N
W | =
N—

1 1 1 1 -
= (1-{— 5](1"‘3—2)(14'?)[1"‘3—8) 1nf1n1ty

80. a. Clearly, i,i,...,i will be in A.P. Hence,

A X X20

1 1 1 1 1 1

e = L~ = —— == (say)

X X XX A P
- X = Xrw) _ A

XXyl

_ 1

= xrxr+1 - E (xr+1 —xr)

19 19
= Zxrxm = _Ez('xrﬂ -x.)
r=| r=1

= ——(xyy—x
/'L( 20~ %))

Now,
I Ty
X0 A

= J7%0 .93
X1%20

19
= zxrxrﬂ = 19x|x20= 19x4=76
r=l

(v x,, 2, x,arein G.P., then XX, =4)

81. b. T =r(-a)y +(r+ 1) a(-ay
=r(-a)y -(r+1)(a)
=v, =V, (say)

So,
2T, = X0 v
r=0 r=0
=V Vut
=—(n+1) ay*
82.d. Zap, =Za(l-a)
=na - Xa’

=na—2X(a,—-a+ a)
=na-X[(a,—ay +a + 2a(a, — a)]

=
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=na - X(a,— a)’ - Xa’ - 2a £(a, - a)
Zab, + X(a,— a)* = na - na® — 2a(na - na)

b, =Xl ~ Za,

snb=n—na
=na(l — a) = nab

ora+b=1

83. a. The general term of the given series is

2n—l 2:1—1

X _ 1+x -1
tn= 1_x2n (1+x2:1—1) (l_xzn—l)
1 1
= t"= n—1 = n
1- 7 1-x?
Now,
S=31,

1-x 1_x2"

Therefore, the sum to infinite terms is

li 1
ng;l;l“ n= —1
1—x

S [+ lim x*=0,aslx| <1]
1-x nee

84. a. The general term can be given by

a -a
po= 2ol Pl e Q) 1,2,...,n-1

r+l

a2n+l—r+ a..
_aq+Q@n-ryd-{a +rd)
T +Qn-ryd+{a +rd)
_(n—-nrd

a, +nd

Therefore, the required sum is

n—1
S,, = 2 tr+1
r=0

"il (n—r)d

r=0  a +nd

nt(n-D+n-2)+--+1 d
- a; +nd

nn+1d
2a

n+l

nn+l) a,—a
=——2 —Za L[ d=a,-a]

n+l

85. a. Let,

L4

S=i-2-3i+4+5{+---+ 100"
=i+22+30+ 48 +5° + -+ + 10041

IS=24 28 + 38 +--- 4+ 9990 4 100;'™

S—iS=[+2+2+*+ - + % - 100"

i(i'™ - 1)

S(1-i="1 —— - 100i"
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=-100:'®

— S= "110(_)’ = =50i(1+i) = —50(i — 1) = 50(1 - i)

—1

86.b_S=i+ﬁ+.i4i
- 19 19* 19
LS:i.,._ﬁ.{_...
19 19> 19°
Subtracting (2) from (1), we get
ES 4 40 400

=t —t—t
197 19 19* 19°

03]

=> @

35 99
=
" 2 3 50

- (2—1)+[2—1J+(2—l]+...+[2-i)
2 3 50

=100~ H,
88. b. S=1+2r+3r2+4r3+---
rS=r+2r7+3ri+4rt+ ...
= (1=-S=1+r+r2+ri+--
1
T l-r
1

= §S= —(l—r)2

Given, $=9/4 = =9/4

a-ry
= 1l-r= iz
3

= r=1/30r5/3
Hence, =13 as0<|Ad < 1.

89. d. Let,

P+22+F+4n® o’
90. C. T = =
" 1+3+5+--nterms

%[2><1+(n—1)2]

nn+1)? 1

p; =Z(n2+2n+1) : e8]

1
= =X
4

S = %(En2 +2'Zn+n)

~ l[n(n +h@n+h o n(n+1) +-n}
4 6 2

= 2 2n? +3n+1+6n+6+6]
24 .

= —[2n% +9n +13]
24
Putting n = 16, we get

16
Si6= 54 12(256)+144 +13]

- %(669) — 446

91. c. Here the successive differences are 2, 4, 8, 16, ... which are in
G.P.
S=1+43+T7+15+31+ - +T,
S=Q2'-D+@*-D+2-D+ - +2%-1)
Q@+22+2%+ - +2'% - 100

100 _
2 2 - 100

2-1

=210 102 : :

92, a. Seriesisa,a+2,a+4,... +a+4n,(a+4n)0.5, (a +4n)(0.57,
«.os (@ + 4n)(0.5)>!
The middle term of A.P. and G.P. are equal
a+2n =(a+4n)(0.5)"
a2'+2%*'n=a+4n

4n—n2™"
a= —————

2" ~1

= The middle term of entire sequence

4n — n+l ’
n—n2" 4n]1

]

LU

I’l.2” +1
2" 1 2

=(a+4n)0.5 = =
ains = L a2

93, c¢. Here, number of factors is 50. Therefore, the coefficient of x* is

-1 —3—5—---——99=—%(1+99) =-2500
,r2+r+1
r!

. r 1 1
=D {(r—l)!+(r—1)!+r!:|
:(—1)’[ ! + ! + ! +l}

r=2 (-1 (r-bHt !
:[(—l)"+ -1y }{ b, }

r! (r—=nt -t -2

S G I G o Vi
rt (=1 (r=-D!' (r-2)!

=V(r)-V(r—1)

94. b. T =(-1)

n B ~ B (_1)/1_(_1)11—1 ~
ST, =V(n) V(O)_[—n! —(n_l)!} 1

r=1

Therefore the sum of 20 terms is

R P2 S
200 19! 20!



95. ¢. Let the 1025" term fall is in the n* group. Then
142 44+ 427 <1025 <1 +2+4+ - +2"
2m1 = 1026 <2
n=10
1025 term is 2'°
1
—————— . Then
4n+2)(n+3)

1 1 1 1
S — =t —

L LB 12003

(T

96. d. Let 7, =

% DR O S B
3x4 4x5 5x6 2005x2006

11
=4 —-—
[3 2006]

2003 _ 4006
3(2006) 3009
2 4 6

97. d. §= —+—3+—5‘+-—7+--~
10 10° 10 10

i ZX(‘I_z)
10 10

- [l_L)z
10 10°
29+ 200
99 9801
2180

9801

nn+D(n+2)

98. c. The sum equals =220

which is true for n = 10
99, a, S = (1) (2003) + (2) (2002) + (3) (2001) + --- + (2003) (1)

2003

> r(2003—(r 1))

r=1

2003
Y, r(2004 —r)

r=1

2003 2003
Y 2004r - Y, r?
r=| r=1

2004 x 2003 x 2004
2

= 2003 x 334 x (6012 - 4007)
= 2003 x 334 x 2005
Hence, x = 2005.

100.d. 2 +3+6+11+18+--=(+2)+(1*+2) + (22 +2) + (3
+2)+
Hence, t., = 497 + 2.

> 750

—2003x 4007 x 334

101. d. We have,
20 =2 %2243 x B +4x2V+ - +nx2"
= 22" =2x2+3x2+ - +(n—1) x2"+nx2™
Subtracting, we get
om0 =D x 224 P4 g 2 x 2
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82" -1
2-1

= 8 + _ n_2n+l

— 8 + 2n+| — 8 —nx 2n+| - 2u+l _ (Yl) 2n+|

= 2! =2p-2=>n=>513

102. a. We have,

£ bt

2 2 2

T Ix3 5x7 9x1

o r o r L E
= Ix3 5x7 9xll 8
103. b. The coefficient of x' in the polynomial (x — 1) (x — 2)(x ~2%) -+
(x=29)is
2% -1
— 244219 =21
(1+2+22+-+29) 51
=1-2%
104. b b R | |
BRI R
1 I 1-b, b -1
b3= = 1 = =
1-b, - -b b,
1-5
b,=b,= bl —b +1=0
= b=-0 o w'mb=—=-0 o o
14w

2001 2001

2001 2001
X = Yo
r=1 r=1

2001

= —21
r=1
= —2001
105. d. (12-1)+(2*-t)+ '--‘+(n2—t”)= %n(nz—l)
= P+22+3 4+ +n

—{r +t+ o+ )= %n(nz— 1)

an+1) 2n+1)

1 2
-8 == -1
6 . 3n(n )

n(+1)

[2n+1-2@®-1)

+1
- "("6 ) (20 +1-2n +2]

nn+1)
2

n(n-1)
n-1 2
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=] T" = S” - S”_] =n

106. d. Since ax® + bx? + cx + d is divisible by ax* + ¢, therefore, when
ax’ + bx* + cx + d is divided by ax? + ¢ the remainder should be
zero. Now when ax®+ bx? + cx + d is divided by ax? + c, then the
remainder is (bc/a) - d.

- Elaog
a

= bc =ad

b d

= - ==

a c

Hence, from this, a, b, ¢, d are not necessarily in G.P.

107. b. We know that 1 +3 + 5 + -+ + (2k — 1) = k. Thus, the given
equation can be written as

. 2
p+1 : g+1 2= r_‘“j
[T) +(_2_] ( 2

= @E+1P+@+1)P=(r+1)

Asp>6,p+1>7 wemaytakep+1=8,g+1=6,r+1=10.
Hence,

p+g+r=21
108. ¢. s = 2" =D
! r-1
- =z:a(r 1)i a 3 (¢ -1)
" n=1 r-1 r_1n=l
= U”=L[r+rz+~--+r"—n}
r—1
a jr(r"=1)
= ————————n
r—1 r—1
= ("—l)Un=M—an
r—1

= (r-1) Un=rS"—an
= r§+(-nU =an

109. b. We have,

(OM,_ ) =(OP Y +(PM, )
=2(0P )
=2a? (say)
Also,
(Of’nfl)2 = (OMH—I)Z + (Pn—]Mn—l)2
= au—lz = 2a”2 + l'an—lz
2
= an - _a",1
11 L_(1Y
= OPn = a" = Ean—l = '2—2(1,1_] == 2" - 2

110. b. (1-p) (1 +3x+9x? +27x* + 81x* + 243x%) =1 - p®

6
= 1+3x+9x2+27x3+81x4+243x5=11‘_1’
-p

= 14+3x+9x2+273 + 81 +243° = 1+ p+ p*+ p* + p* + p°

Comparing, we get p = 3x or p/x = 3.

111. c.
: A
LM
Lz 2
Ly
L, M,
: H— C
Fig. 3.6
AL _ LM,
AB BC
1
- _LM,
n+1 a
= LM, =—>
n+1
AL, _ LM,
AB BC
M 2
- 2 _L 2 = LM, = 2 et
n+l a ‘ n+1
Hence, the required sum is
a 2a 3a na
+ + e
n+1 n+1 n+1 n+1
_a nn+1) - an
n+l 2 2
112.d. § -5 _,=2
= T +T _ =2
Also,
L+1
T,+T, =2 "Y1, =2
- 2o
ol 1 1+n2
|
nZ
So,
_ 2m+1)
" 1+ (m+1)?
113. c.
A a B
‘Ll
_L2
TLa-t
D Ma—l MZ Ml c
Fig. 3.7

(ALY + (LM, = (@ + 1) + {(a— 1) + 13}
(ALY + (LM, = (& + 2) + {(a - 2)* + 2}

&ALH_I)2 +(L, M, _Y=a+@-1)+{1*+@- 1)}

Therefore, the required sum is



(@ —D@+{1*+22+ - + (@~ 12} +2{1*+ 22+ - +(a

-1y}
(a-Daa-1)
6

2a~1
-1
ala )(a+ 5 J

%(a -D@a-1)

=(a-1)a*+3

114. b. x, y, zare in G.P. Hence,
V¥ =xz ,
Now, x + 3,y + 3, z+ 3 are in H.P. Hence,
y4+ 3= 2(x+3)z+3)
(x+3)+(z+3)
_ 2Axz+3(x+2)+9]
[(x+2)+6]

2y +3(x+2)+9]
B [x+z+6]
Obviously, y = 3 satisfies-it.
115. a. x, y,zarein G.P.
& Vi=xz
< x is a factor of y (not possible)

Taking x = 3,y =5, z=7, we have x, y, z are in A.P. Thus x, y, z may

be in A.P. but not in G.P.
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= Zir(r +1) (r+2)—ir(r+1)

r=1 r=1

%n(n+1) (n+2)(n+3) —%n(n+l) (n+2)

%(3;14 +16n°+27n% +14n)

4, a,b,c.
Given thata =4, T, - T, = 32/81. Hence,
a(r* — )y =32/81

or
*-r+881=0
or '
81+ -81r7+8=0
or

©Or-8O9r-nN=0
=809, 1/9
Therefore, the value of r is to be +ve since all the terms are +ve.
For r=1/3,

S =—=—"_="""_¢
= 1-r l—l 2
3
Similarly, we can find S_ when r= 24/2 /3.
5. a,b,c.

Let the three-digit number be xyz. According to given condition, we
have

y=xz oy
. . 20+2)=x+z : )
Multiple Correct Answers Type § 100x + 10y + z — 792 = 100z + 10y + x
1. ac :>.x—z=8 . 3)
1 R ) , Squaring (2) and (3), and subtracting, we have
S=1+ ——(1+2)" + ———(1+2+3 = -
a+3 P T s ) 4z =40y +2)° - 64 , @
= y=(y+2)-16 [Using (1)]
+—1—(1+2+3+4)1+--~ = y=3 _
(1+3+5+7) = x+z=10 [Using (2)]
The #" term is given by = x=9z=1
1 Hence, the number is 931 = 7°x 19,
T, =~ (42 +otr) 6. a,b,c,d.

Clearly, n term of the given series is negative or positive accord-
ingly as n is even or odd, respectively.

_ 1 [rr+D]?
r? 2

Case I: When n is even: In this case, the given series is
S" =12_02432_424... +(n_ l)z_nz

r+2r +1
= =(12-2)+ (B =4+ + (1= 1) = 1)
10 =1-2U0+2D+CB-HB+dH+ - +((n-1)—-(n)(n-1 +n)
T,=16and S = ,._]T,. =—(1+2+3+4+ - +(n-1)+n)
nn+1)
- %{ﬁ(lo) (10 21)(2044) +(10) (10 +1)+1o} = 5705 B 0
Case II: When 7 is odd: In this case, the given series is
2. b,c. S, =(12=2) 4+ (=4 4 -+ [((n=2PF—(n— 1)}} + 1
We have, S(1-2(+)+B-H B+ ++((n-2)-(n-1)
14 9 X{(n-2)+(n-1)) +n?
1-1/p =3 = (1+2+3+4+ - +(n-2)+(n-1))+n
= 2p-9p+9=0 =_(n—1)(n-—l+l)+n2:n(n+l) )
= p=3/2,73 2 2
3. a,b, ¢, d. = S5,=-820 [Us%ng(l)]
S, = 1326 {Using (2)]

an*+bn’ +cri’ +dn+e
Also,
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8,.>58, ., [From (1)] 11. a,d.
S2”+I>S2“_| [From (2)] . _ l_x2n l—x _1+X”
7. & bd. ' P = 1-x* \1-x" ) l+x
a+b .
x+y+z= 3[7) As p(x) is a polynomial, x = -1 must be a zero of 1 + x". Hence, 1
+ (=1)"=0. So, n must be odd.
a+b
= 15=3( ), 12. a, ¢, d.
= a+b=10 ) a+a,+a;=-12
at+a+2d+a+4d=-12 (d>0)
3(1+1) a+2d=—4 - )
l_,_l_,_lz____a b aaa, =80
¥z 2 ala +2d) (a +4d) = 80
5 _3atbh) _ 3x10 or
3 2ab 2ab (-4 -2d) (-4 +2d)=20=>d =3
— ab=9 ) 2) Since A.P. is increasing, so d = +3; a = —10. Hence,
From (1) and (2),a =9, b=10ora=1 and b = 9. Hence. G.M. "1;‘10;02=_7
=Jab =3,a+2b=11or19. ay=a+2d=—10+6=—4
8. b,d. aS:a+4d:—10+l2=2J
Given,
3a,+7a,+3a,-4a,=0 13.a, b, c. )
= a,+a,+a)=4a, +a,+a) gl
= Td+r+A)=41+r+r : n—1
= T=4(P-r+1) =n+DE+DE+ DEE+ D EC+ D) 0P+ 1)
= 4r-4r+1=4 14. a.b.c
21y =4 P _
z (2rr_ 1 i +2 If p, g, rare in A.P., then p*, g™ and 7 terms are equal distant terms which
= =3/, __1 2 are always in the same series of which they are terms.
15. a, d. .
9. a,b,c. ' S=1+2x+32+4x + -
= xS=x+273+30+4x+ -
| 1 1 .
+ + + --- nterms o o 1
2445 \/'5‘+\/8_ \/§+\/ﬁ = (l-x)S=1+x+x*+ - =1
1
= =
_JE—JE+J§—J§+ +ﬁ+(n—1)3--\/2+(n—1)3 (1= x)?
3 3 3 Now,
. I
_ n+2 -2 S24:>(1—x)2 >4
3
= (=1yY< 1
3n+2-2 4
3B +2 +42) - -%sms%
S I, .3
VIn+2+42 = E_A_E.AISOO<IXI<I
="y ) = 1 <x< |1
V2+3n+2 2
10. a,b. 16. a,b,d.
.t l+l_l]_ b2 1ot E<le——y L 4.
b ¢ allc a b) " \b ¢ b chec b ¢ H@) @203
= 1+ 1—l + 1.1 +--=2
_ [Lljl_i_L ' ' 2) (2 3
- b)b be b v
¢ . be E l 1

Sld——F—— 4

3 2)3» 34
Also by eliminating b, we get the given expression M. || 1 1 3
4a2C2 — 14| —=——= ==



17. a,c, d.

S, =%[2a’+(n—l)d]=a+bn+cn2

-1
= na'+%d=a+bn+cn2

2
nd 2
a’ —— |n+——=a+bn+cn
ﬂ[ 2) 2

On comparing,
a=0’b:a’—£’c;£ =d=2c
2 2 .

18. a,b.
x2 +9y? + 2572 = 15yz + 5zx + 3xy

= X+’ + (52 = () By) - By) (52— (1) (52) =0

= % [ = 330 + By — 52) + (x = 5277 = 0

= x—3y=0,3y-5z=0,x-5z=0
x=34=5

{rm &

=4 Z L1
x:y:z=TiTio
) 35

—

Therefore,1/x, 1/y, and 1/z are in A.P. and x, y, and z are in H.P.

19. a,c.

Let b =a+p,c=a+ 2p,d=a+ 3p (where p is common

difference). Then,
1 1, 1

a a+3p

1 1
+

a+p a+2p

+

1.1
a_d
1 1
__+_
b ¢
(a+p)a+2p)
ala+3p)
2 2
a’ +3ap+2p N

1
a® +3ap

7/
S| -
+
o | -
N
)
.+_
&
1]

a+p a+2p

_ (Qa+3p)

- a* +3ap+2p°
2

=4+ P

>4
a” +3ap+2p°

20. a, d.
x, x>+ 2,x + 10 are in G.P. Hence,
x(FP+10)=(2+2)P=x'+4x>+4
= 4-10x+4=0
= 22-5x+2=0
= x=2, l
2
The 4% term of G.P. is

2
(x3+10)r=(x3+10)[x +2]
X

)
+ (a+a+3p)
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54 when x =2

=19729 1
—— when x = —
16 2

21. a,b,c.
Last term in 7 row is

1+2+3+-~-+n=%n(n+‘1) H

As terms in the 7' row forms an A.P. with common difference 1, so
First term = Last term — (n—1) (1)

1
—n(n+1)-n+1
2( }-n

I

%(nz—n+2) | ' @

1 (1, 1,
ft = =n|-(n"-n+D)+-(n"+
Sum of terms 5 n |:2 (n"—=n+2) 5 (n n):|

%n(nz +1) 3

Now, put n-= 20 in (1}, (2), (3) to get required answers.

22. a,b,c.
Since A, A, are two arithmetic means between a and b, therefore, a,
A, A, b are in A.P. with common difference d given by

d= bma_b-a usingdzb_a
2+1 3 : n+1

Now,

b-a 2a+b

A =a+d=a+
3

and

Az=a+2d=a+2[b;a):a+2b

3
It is given that G,G, are two geometric means between a and b.

Therefore, a, G,, G,, b are in G.P. with common ratio r given by
1 !
( AN A b\
y= — =|— cr=| =
a a a

p
G =ar=ai{= =a b
a

b 2/3

_ 2 _ — A3 P23

Gz—ar‘—a[—j =a'” b
a

It is also given that H,, H, are two harmonic means between a and
b, therefore, a, H , H,, b are in H.P. Hence, l/a, I/H , 1/H,, 1/b, are
in A.P. with common difference D given by

B a-b a-b on_ a—b
T Q@+Dab  3ab ' (n+yab
Now,
l a—b a+2b

+ =
a 3ab 3ab

+D =

Q|-

L
Hl
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3ab
H =
= ' a+2b
1 1
—=—+2D
H, a
1 2(a-
_L, (a ~b)
a 3ab
_ 2a+b
"~ 3ab
3ab
H =
= 2 2a+b
W e have,
2a+b _ 3ab
AH= a x 2 =ab,
: 3 2a+b
+2b  3ab
A"HI = a X a =ab,
- 3 a+2b
G|G3 - (([2/3 bl/}) (al/3 bl/]) = ab
AH=AH =GG,=ab
23. b,c,d.
We have, length of a side of S is equal to the length of a diagonal of
S . Hence,

Length of a side of §, = \/5 (Length of a side of S )
Lengthof asideof S, L, foralln > 1
Length of side of S, N
Hence, sides of S, S,, ..., §, form a G.P. with common ratio 1/\/5
and first term 10.

Sideof S = 10 [ 10
1d€ O = — = 0
n _\/5 n-l
22
2
o 10 100
= Areaof§ =(side)y’=|— | = F
22
Now, areaof § <1=n=b,c d

24. a,c.

1 1 1 1
+ +
b—-a b-c a c¢
1 1 1 1

= _— ==
b-a ¢ a b-c

c~b+ta b-c-a
clb-a) - a(b—-c¢)

1 B 1
cb—a) - a(c—b)

= b=a+c¢ or bc-ac=ac—ab

= c-b+a=0or

= b=a+c or b= 2ac
a+c
25. a,c.
a, b, ¢ are in G.P. Hence,
b =ac (1
xis A.M. of g and b. Hence,
2x=a+b (2)
yis A.M. of b and ¢. Hence,
2y=b+c 3)
a ¢ 2 2 :
—+—=aXx +cX [Using (2) and (3)]

Xy a+b b+c

=9 ab +ac+ac+be
ab+ac+b*+bc
=2 [Using (1)]
Again,
L,1_2 2
Xy a+b b+c
_ 2a+c+2b)
ab+ac+b* +bc
2a+c+2b
= (a;z) (- b*=ac)
ab+2b° +bc
B 2(a+c+2b)
" bla+c+2b)
_2
b
26. a,c. Givena, =2; ETILIEY
au—l an—2
= a,.a,a,4a,4a,..inGP.
Let a, = x then for n = 3 we have
G _ & X
a, q 2
= al=aga,
2
= a,=
) 2
2 3 4
ie. 2,x, x_’ _x_’ X , ... with common ratio r = x
2 4 8 2

4
given % <162

= x'<1296< x<6
o
Also x ry and are integers

4
x . .
= x must be even then only ry will be an integer.

hence possible values of x is 4 and 6. (x # 2 as terms are
distinct) 4 4 4
. .46
hence possible value of @, = — is —, —
_ ; 8 8 8
27. a, b, c. Leta, b, ¢ are pth, gth and rth terms of A.P.

thena=A+(p-1)D,b=A+(qg-1)D,c=A+(r-1)D

- — —b
=g _« 1s rational number.
g-p b-a
Now for 1, 6, 19 79 _ 19- is rational number.
g—p 6-1

g VBT _13-50
I

1. .
= E is rational number.

For log2, logl6, log128,
r~q _logl28—logl6 7log2—4log2

= = =l isrational number.
g—p logl6—log2 4log2 —log2




But for \/5, \/5, \/— L4 is not rational number.
q-pr

28. c,d. A=1+(n-1d, 16=1+(m-1)d= %: m-1

or
n—1
rn-1_ m-1

1 5

= p = positive integer.

. n=p -+ L m=5p+1. So, nmhave infinite pairs of values.
Also, 4=1.r16=1.r"=>m"=4=r.So,m—n=n

m_n =g = positive integer. So, m, m have infinite pairs of
2 1
values.

Reasoning Type

1. a. Let p, g, r be the [, m" and n" terms of an A.P. Then
p=(a+(-Dd.g=a+m-Ddandr=a+ (n-Dd
Hence, r —g=(n—m)d and g — p = (m — )d, so that

r—q (n-md n-m

p—q (m=-Dd m-I (- d#0) M

Since [, m, n are positive integers and m # [, (n — m)/(m — 1) is a ratio-

nal number. From (1), using p = \/3, g= \/5, r= \/—5-, we have-
53 n-m
N N

Hence, \/5 R \/g, \/g cannot be the terms of an A.P.

2. a. Statement 2 is true as it is a property of sequence in G.P.
NowT7 T andT  areinGP.(.T fromT,  andT

m-n® " m m m=n m4n

are at same distance)

2

(which is not possible.)

from T

" m-n " ptn

f—1 Tm :\[p_q

3. b. Let, if possible, 8 be the first term and 12 and 27 be m™ and n™
terms, respectively. Then,

12 = arm—l - 8rmfl, 27 = 8r114|

3 B
3 (3 - -
N fad rm l, Il - rn 1 — r3(/n I

2 2
= n—1=3m-3or3m=n+2
= _nli:n+2:k (say)
m=k,n=3k-2

By giving k different values, we get the integral values of 1 and .

Hence there can be infinite number of G.P.’s whose any three
terms will be §, 12, 27 (not consecutive). Obviously, statement 2
is not a correct explanation of statement 1.

4. a. x*+ 92+ 2572 =xyz [E + 2 + i]

X vy z
X409+ 2527 - 15yz - Sxz = 3xy =0
2x7 + 18y* + 502" — 30vz — 10xz — 6xy =0
(x=3yr+By-52+5z-x*=0
x—3y=0,3y-52=0,5z-x =0
x=3y=05z=k (say)
x=k,y=kI3,z=k/5
Hence, x, y, z are in H.P. Hence option (a) is correct.

LI A

U

5. a. Coefficient of x™in (1 + 2x + 3x> + --- + 16x'5)?
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= Coefficient of x™ in (1 + 2x + 3x? + -+ + 16xP) (1 + 2x
+3x2+ - + 16x"%)

=1x15+2x14+---+15x1
15
= > r(l6-r)
r=1
Also,

n—1 n-1 n—1

Srn-r) = X nr— Zrz

r=| r=I1 r=|

" n(n—1) _ nn—-1)(12n-1)

=560

2 6
=MD 50 n-)
6
_ n(nt =1
6
= ir(l6—r) = ——15(15_ )

r=l
Hence option (a) is correct.
6. b. x=1111---91 times
=1+10+10°+ 10F +--- + 10%

_110°' -1
10-1

107 1)
10-1

_ o™y~ @0 -1
10° -1 10-1
(1+107+10%+ - + [0 x (1 + 10+ 10+ --- + 10")
= composite numbers
But statement 2 is not a correct explanation of statement 1 as 111
has 1 digit 3 times, and 3 is a prime number but 111 =3 x 37 isa

composite number. Hence (b) is the correct option.
7. a. We have,

n{n-1)
AXaArX. .. Xqr-l =g X ey — gy 2 o (azr"—l)“/z

Hence, statement 1 is true.
Also, (a x r*™) (a X r"7*y = @* x r', which is independent of
k. Hence, statement 2 is a correct explanation for statement 1,
as in the product of a, ar, ar’, ... ar™, there are n/2 groups of
numbers, whose product is @', Hence (a) is the correct option.
8. d. For odd integer n, we have
S=m'—(n—1P+-+(=1y"' I

=Py Ay .
S[E+243 4+ (=D ] = 2020+ 44+ 6+ -+ (-1

2 2 — 3
- (n+1) —2 x93 {13+23+~--+[H2 1) }

4
2 2
n=1Y){n-1 -
+1
(2](2 )

_ n(n+1)° o

4 4
B i (n+1)* (=1 (n+1)?
T4 4

- (”Z‘)Z (7%~ (2 -1?]
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= %(271 —D(n+1)?

Now, putting n = 11 in above formula, S|, = 756. Hence statement 1 is
false and statement 2 is correct.
x/r . .
9. d. Sum= =— =4 (where r is common ratio)
—r

x=4r(l-nN=4(r-r)
For re (-1, 1) - {0}

, 1
r-re [—z,zj—{m

= xe (-8, 1)-({0}
10. b. The given inequality is
(p2 +p2+ 4P )R UP P+ PPyt P, P (P
pH =0
= (px+pl+(px+p)++(p, x+p)=<0 M
But each one of the terms on the L.H.S. is a perfect square and hence

is positive or zero.
Therefore (1) holds only if

px+p,=0=p,x+p,=px+p,==p, XD,
= _xzﬁ - =...=_‘DL
pl pZ pn—l

Hence, p,, p,, .-, p, are in G.P.

11. a. Statement 2 is true as

an +bn a" —(—‘b)” ) \ .
= — =g = an—lb + an—}bZ s __1 n—1 bn—]
a+b a-(-b) =D
Now,
199 4 2% + -+ 100% = (1” + 100%) + (2 + 99%) + -

+ (50" +51%)
Each bracket is divisible by 101; hence the sum is divisible by
101. Also, i
19429+ L --- 100% = (1% + 99%) + (2% + 98%)
+ -+ (49% + 51%) + 50% + 100%
Here, each bracket and 50%° and 100 are divisible by 100. Hence
sum is divisible by 100. Hence sum is divisible by 101 x 100 =
10100.
12. a. For two positive numbers (GM)? = (AM) x (HM).

Linked Comprehénsiori Type

For Problems 1-3

l.c, 2.b, 3.d.
Sol. Let the odd integers be 2m + 1, 2m + 3,2m + 5, ... and let their
number be 1. Then,
572132 = (/) [2Qm + 1)+ (n— 1) x 2]
=n2m+n)
=2mn + i’
= 57— 13=(n+m) -’
= m=13andn+m=57
= n=57-13=44
Hence, the required odd integers are 27,29, 31, ..., 113.

For Problems 4-6
4,¢, 5.¢, 6.d.

Sol. 4. a, b, ¢ are in G.P. Hence, a, ar, ar? are in G.P. So,

a2+a2r2+a2r4_ 12 1

(a+ar+ ar)? ot of

, riEr+l
o= 55—
r-—r+l
Let a?=y.

_ r2+r+l

rr—r+l
G-Dr-r+H+-1=0
For real r,
G+1P-4@-1Y20

= %SyS3
2
Buty=#1/3,1,3 Cor£1,-1,0)

é<y<3 and y=#1

2o (L)
ae(3,3j {1}

5. S=r+l

-
Se (—=, -2} u (2, )
6. Leth=ar,c=ar’and r>0.
As sum of two sides is more than the third side, we have,

J5-1 5+1
T —{13}

2

o s+t o1ea V5o
.

P ar+l 2
As ¢*= — =1+
rm—r+l 1
r+—-1
r
e \/§+3,3
2

For Problems 7-9
7.d, 8.b, 9.d.
Sol. Let a be the first term and r the common ratio of the given G.P.
Further, let there be n terms in the given G.P. Then,
a, +a”=66:>a+ar”‘1=66 (1)
=128
= arxar™ =128
= a*r'=128

a2><a

n-1

128
= ax{(arY=128=ar"'=—
a
Putting this value of ar™ in (i), we get
128
a+—=66
a

= a’-66a+128=0
= (a-2)a-64)=0
= a=2,64

Putting a = 2 in (1), we get



2+ 2Xrt=66=r' =32
Putting «z = 64 in (1), we get

I
4 -+ 64 n-1 - 66 = n-| = —
6 r r 3

For an increasing G.P., r> 1. Now,

S"_: 126
”’—1
= 2(r ]:126
r—1
- =g
r—1
n—I1 =
- r_’_xr_1=63
r—1
- 32r—1___63
r—1
= r=2
pl=32=22""=32=on-1=5=n=6

For decreasing G.P., a = 64 and r = 1/2. Hence, the sum of infinite
terms is 64/{1—(1/2)} = 128.

Fora=2,r=2terms are 2,4, 8, 16,32, 64. Fora =64, r = 1/2
terms are 64, 32, 16, 8, 4, 2 Hence difference is 62.

For Problems 10-12
10.¢, 11. d, 12.a.
Sol. Let the four integers be a — d, a, a + d and a + 2d, where a and d

are integers and d > 0. Now,
a+2d=(@—-dy¥+ad+ (a+d)}
= 2d*—-2d+3a*-a=0 )

=%lili./l+2a—6a2] @

Since d is a positive integer, so
1+ 2a-6a>>0
= 6a’>—-2a-1<0

1=7 1447
5 <a< p

= a=0
Hence from (2), .

d=1or0
But since d> 0,

d=1
Hence, the four numbers are —1, 0. 1, 2.

(* ais an integer)
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We have,
nn+1)24000=n +n~-4000=20 =n>63
That means 2000™ term falls in 63 group. That also means that the

2000™ term is 63. Now, total number of terms up to 62 group is (62
x 63)/2 = 1953. Hence, sum of first 2000 terms is

124+ 274+ -+ + 62 + 63(2000 — 1953) = 5263125

= 84336
Sum of the remaining terms is 63 x 16 = 1008.

+63x47

For Problems 16-18
16. b, 17.a, 18. c.

Sol. LetnumbersinsetAbea—D,a,a+DandtheseinsetBbeb—d, b,
b +d. Now,

3a=3b=15

= a=b=5
SetA=(5-D,5,5+ D]}
SetB={5-d,5,5+d}

where D=d+ 1

Also,
p_5025-D%) 7.
g 5025-d*) 8

= 25@-7=8(d+1)*-74?
= d=-17,lbutd>0=d=1
So, the numbers in set A are 3, 5, 7 and the numbers in set B
are 4, 5, 6. »

Now, sum of product of numbers in set A taken two at a time
is3x5+3x7+5x7=71. The sum of product of numbers in set
Brakentwoatatimeis4 x5+ 5% 6+ 6 x4 =74. Also,

p=3x5xT7=105and¢g=4%x5x6=120
= g-p=15

For Problems 19-21
19. ¢, 20. b, 21. a.

Sol. 19. G, G, G, = (Ix1024)" = 2%

Given,
2n=2¥ = pn=9
Hence,
1

: B
r=(1024) =2

For Problems 13-15 = G =2,r=2

9 :
13.d, 14. a, 15.b. - G|+Gj+"'+G\)=M =1024 -2 = 1022
Sol. 1,2,2,3,3,3,4,4,4,4, .. _ : 21
Let us write the terms in the groups as follows: 1, (2, 2), (3, 3, 3), 20. b. A+ A A4+ A+ A =1025XTT1
(4,4,4,4), ... consisting of 1, 2, 3,4, ... terms. Let 2000 term —2 41027
fall in n*" group. Then, =ml— = 1025 x 171
(n-Dn n(n+1) =342

—— <2000 ——=
2 2 21. a. We have,

A, + A, =-2+1027 = 1025
243, + 245,

= nn-1)<4000<n(n+1)
Let us consider,

n(n—1) <4000
= n?-n-4000<0

n< 14+/16001
2

= 1025

Also,

G,=1x27=32

= = n<64
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= GI=1024

= Gi+1=1025

= 24,.G+1,24,are in A.P.
For Px-oblems 22-24

22.a, 23.c, 24.b. _
Sol. L_et m and (m + 1) be the removed numbers from 1, 2, ..., n.

Then, sum of the remaining numbers is n(n + 1)/2 — 2m + 1).
From given condition,

1
E_—"(’” ) _om+ 1)

4 (-2
= 2n2-103n-8m+206=0
Since n and m are integers, so n must be even. Let n = 2k. Then,

4k* +103 (1 —k)

4
Since m is an integer, then 1 — k must be divisible by 4. Letk=1+
4¢. Then we get n= 87+ 2 and i = 16> - 95 t + 1. Now,

n =

1<m<n

= 1<164795¢+1<8t+2
Solving, we get ¢ = 6. Hence,
n=50 and m=7
Hence, the removed numbers are 7 and 8. Also, sum of all numbers
is 50(50 + 1)/2 = 1275.

For Problems 25-27
15. ¢, 26.b, 27.a.

jol. Let the first term a and common difference d of the first A.P. and
the first term » and common difference e of the second A.P. and
let the number of terms be n. Then,

a+n-Dd b+n-De

b a =4 . M
Za+ (n-1d
= ®)
§[2b+(n-1) e]
From (1) and (2), we get
a-4b+(n-1)d=0 (3)
b-da+(n—1e=0 @)
2a—4b+(n-1)d-2(n-1)e=0 (5)
4 x (3) + (4) gives
~15b+4(n-1)d+(n-1)e=0 ©) -

(4) + 2 X (5) gives

~Tb+2(m-1)d-3(n-1)e=0 @)
Further, 15 X (7) — 7 %X (6) gives

2n-1Nd-52(n-1)e=0
or

d=26¢

dle =26

Putting d = 26¢ in (3) and solving it with (4), we get
a=2n-1e,b=T7n-1)e

Then, the ratio of their o™ terms is

(n>1)

2n—De+(n-126e 7
Tn—De+(n—De 2

For Problems 28-30
28.d, 29.¢c, 30.b.
Sol. We have,
a+b+c=25 . H
2a=b+2 @)
.2 =18b (3)
Eliminating a from (1) and (2), we have

b=16——2£
3

Then from (3),

2¢
cl= 18 [16-—3-]

= ?+12c-18%x16=0

= (c-12)(c+24)=0

Now, ¢ = —24 is not possible since it does not lie between 2 and 18.

Hence, ¢ = 12. Then from (3), b = 8 and finally from (2), a =5.
Thus, @ = 5, b =8 and ¢ = 12. Hence, abc =5x8x12=480.

Also, equation ax? + bx + c =0 is 5x% + 8x + 12 = 0, which has
imaginary roots.

If @, b, c are toots of the equation x°> + gx* + rx + s = 0, then sum
of product of roots taken two at a time is r = 5x8+5%x12+8x12
= 196.

For Problems 31-33

31.¢,32.¢,33. c.

Sol. 31. Clearly, here the differences between the successive terms are
7-3,14-7,24-14,...,ie,4,7,10, ... which are in A.P.
T =a*+bn+c

"

Thus, we have

3=a+b+c
T=4da+2b+c
14=9a+3b+c

Solving, we geta = 3/2, b=-1/2, ¢ = 2. Hence,

T = %(3;12 —n+4)

1 2
S, = 5[3211' —Xn +4/1J
+1 +1 +1

=l 311(11 Y(@2n )_n(n )+4n
2 6 2
n

=— WP+n+4
3 (n*+n+4)

= S =4240

20

32. The first differences are 5, 14, 50 194, 770, ....
The second differences are 9, 36, 144, 576, ....
They are in G.P. whose n term is ar"™' = a4"™".
Therefore, T, of the given series will be of the form

T =ad"'+bn+c

T, =a+b+c=3



T, =4a+2b+c=8

T, =16a+3b+c=22
Solving., we havea=1,b=2,¢=0.

T;’ =44 2n
= T|00=499+200 -
=29 4 23 25

= 8(2'% + 25) (which is divisible by 8)
33. Given seriesis2+ 12 +36+ 80 + 150 + 252 + ---
The first differences are 10, 24, 44, 70, 102, ....

The second differences are 14, 20, 26, 32, ... which are in A.P.
Hence, general term of the series is ’
T =ar’*+br*+cn+d
= 2 =a+b+c+d
12 =8a+4b+2c+d
36 =27a+9% +3c+d
80 =64a+16b+4c+d
Solving fora, we geta=1.
lim 22 _ lim (1+3+i2+i3] _1

N0 n3 n—oo n n n

Matrix-Match Type §

l.a>qg; bor;cop;d—r.
a. a, b, ¢ are in G.P. Hence,
b =ac
= 2log,b=log a+log c
2 1 1
= +
log, 10 log,10 log 10
2 1 1
+

y x 2z
Hence, x, y, z are in H.P.

a+be’  b+ce’  c+de

b. = =—
a—be* b-ce® . c-de*

N 2a 1= 2b 1= 2c _1
a—be* b —ce c—de*
a—be* b —ce ¢ —de*

= = =

= 1- Ee"' =1-Ser =1 —ie“'
a b e
b
= =
a

b
Hence, a, b, ¢, d are in G.P.

_¢c_4d
C

c. Given,2b=a+c, x> =ab, y* = bc. Now,
X2+ ¥y =bla+c)=b2b=2
= ¥ +y=20 .
Hence, x2, b?, y* are in A.P.
d. xloga=ylogb=zlogc=k(say)
Also,
V2 =xz
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k? K
(logh)®> logalogc

Hence, log a, lbg b, log c are in G.P.

2. a—p,q,r,s; bor,s; c—>p,q;d—or,s.
a. Zn=210

= nhr+1)=420

= r-200r+21)=0

= n=20

Hence,

Tt = % (@ +1)@n +1)

20
== aHan

=(10) (7) (41)
Hence, the greatest prime number by which Zn?is divisible is 41.

b. 4,G6,G,....G ..., G, G, 2916
G,,, will be the middle mean of (2n + 1) odd means and it will be

equidistant from the first and last terms. Hence,

4,G,,,, 2916 will also be in G.P. So,
= G2, =4x2916
=4x9x324
=4x9x4x81

= G, =2x3x2%x9=108

n+l
Hence, the greatest odd number by which G| is divisible is 27.
¢. Terms are 40, 30, 24, 20. Now,
1 1 1

30 40 120

I 1 6 1
= —_—— = = —_—

24 30 24x30 120
and

1 1 4 1

20 24 20x24 120

Hence, 1/30, 1/24, 1/20 are in A.P. with common difference d =
1/120. Hence, the next term is 1/20 + 1/120 = 7/120. Therefore, the

0
next term of given series is % = 17% . Hence, the integral part of
17i is 17.
7
d S=1+ i+l+£ +
5 5 5

2

5 1-1/5
= S:E
16
= a=35andb=16
= a-b=19
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integer Type §

1.(0) 10x*— nx?— 54x — 27 = 0 has roots in H.P.
putx= 1/t
278 + 54 + nt—10=0

This equation has roots in A.P., let the roots are a —d, aand a + d
54 2
=

S 3a=

"7 3

10
Al - +d)y=—
so(a-dya(a+d -

3 i_dZ :-.&_—_; i_dz 2_2
349 27 9 9
dI=1=d=%1
Ford:1,r00tsare——2—+1,—£,_£_1=>l
3 373 3
ford:——,—l—z,__zH:)_2’_3,
3 3 3 .33

=n=9

k(k+1)}2 kD) e
2

2.(9) { 3

- i’;ﬂ{@_l}wso

s k(k+1) (¢ +k—2)=1980 x 4

o (k=D ktk+ 1) (k+2)=8.9.10. 11
k—1=8=k=9

3.(6) WehaveS=3+3 23 3,5 1 520

n -1
n=1 3 n=1 3" n=l1 3"
N S2

21 11

Now § = =
1 e 311—1 3 32

S: =
-3 2

o2 2 4 6 8
:;7 = Dyl )
2 ,,zz"l 3!1 3 32 33 34

3
2 2

2T 1S W3)

Hence, S=3 + 3+3 =6.
2 2

4.(1) Let a be the first term r be the common ratio of G.P.

a(l-r*"") : :
—~ =625 I
1-r D
201
Now P11, L
i=1 4 a a4 Q01
—l+__l_+...+
a ar ar®®
201
1((1] _ _1]
al\r
)
r
A=)
Tal 1-r 200
1 625
= — X — X —— [from (1
; o Lfrom (1)
625 625 625
T Rd T T g T e o
(ar'™) (a5)) 625
9§9 1
5.(9)Given S= £
#=l (J;—z+ n+1)(3f;+\4/n+1)
I W £
- n=l(\/;+ n+1)(%+4n+l) %—Q‘/n+1

9999

Y ((n + 1)1/4 - nl/4)

n=1

1 1 f 1 1 1 1
= [[21 - }{3Z -25]{4Z —3?]+---+((9999+1)Z —(9999)?]]

1
(10%4 -1 =9

—_—

6.(3) Let a, ar, ar*, ar, ... are in G.P.
Now ar*=7!and ar’ = 8!
. On dividing, we get P =8 = r=2
Hence, a . 2* = 5040
Soa= é(l);ﬂ =315

S0 315, 630, 1260, ... are in G.P.
" §,=2205 = n=3

7.(8) Since a, b, ¢, d are in A P.

. b—a=c-b=d-c=D (let common difference)

= d=a+3D
= a-d=-3Dandd=b+2D
= b-d=-2D

Alsoc=a+2D = c¢-a=2D

.. Given equation 2(a¢ — b) + k(b — ¢ + (c —a)’ = 2(a - d)
+ (b -dy+(c-dy
becomes — 2D + kD* + (2D)* = — 6D + 4D* - D?



= 9D?+*k-4)D+4=0

Since D isreal = (k—4)2-4(4) (9 >0

= 2 —8k-12820 = (*k-16)(k+8)20
o ke (oo, — 8] U[16, =)

Hence, the smallest positive value of k = 16.

8.(7) 6,4, in HP.

= —I—,il are in A.P.
6 ab
2 1
= — =—+—
a 6 b
1 2 1
= —=———
b a 6
1 12—a
: —_— =
b 6a
6
b= —2
12—a

ae {3,4,6,8,9,10, 11}

9.(6) 10 For the given A.P., we have 2(2a + b) = (5a — b) + (a + 2b)
=b=2a 1)

Also for the given G.P., we have (@b + 1> =(a—1)> (b + 1)? (ii)
. Putting b = 24 from (i) in (ii), we geta =0, -2 or %

Buta>0,s0a= l and b=2a= l
4 2

Hence, (a'+b)=2+4=6.
10.7) ax + (a+d)x+(a +2d) =0
a,a+ d, a+2d are in increasing A.P. (d > 0)
for real roots D 2 0
= (a+d;l-4ala+2d)=20
= d?—3a"-6ad >0
= (d-3a)-124*>0
= (d-3a- V12 a)d-3a+ 12 @) 20

= E—(ﬂ%@)} [‘i (3—'2\/5)} >0

—-
=3+23

Min

= least integral value =7

d

a

»

11.(1) |

= =r, and - =r,
Hence, r, and r, are the roots of lilr =r
= r-r+a=0
= r +h= 1
12.(6) Let %, o, ar be the roots.
o of=-216 1)

aZ
Again — + ’r+ o2 =b
r

Progression and Series
[1ere7)
&ll+r+—| =b
r
1
and a[l+r+—) =-a
r
On dividing (2) by (3), we get
b
= o=-—
a
3
= d=- b—3
a
pY?
From (1) and (4), (—) =216
a
= 2 =6
a
13.(8) Forthe G.P. q, ar, ar, ...
P =a(ar)(ar) ... (ar?) = a".r- "
S= <, P - iar(nTI)IZ
,,gl"/—n n=l1

S -1y72
Now, Zar‘" ) =a[1+\,/; +T7+ NP + oo =

n=1 1_
Givena=16and r=1/4
= L =132
1-(1/2)

14.(1) Leta,=a—-d; a,=a,a,=a+d

~3a=18=a=6

Hence, the number in A.P. .

6-d,d,6+d

a+1,a, a, + 2in G.P.

ie.7-d,68+dinG.P.

S 36=(7T-d)(8+d)

36=56-d-4&

P+d-20=0

Hence, the sum of all possible common different is ~1.

a+c

15.00) a,b,carein AP. = b=

b,c,darein G.P. = ¢ =bd

. 2ce
andc¢,d,earein HP. = d =
c+e
a+c

Now ?=bd = =
2
. ¢+ ce=ae+ce

= ?=ae
Now givena=2and ¢ = 18

“clz=ge = 2=2x18=36 = c=6 or -6

16.(4) Let 4 , a, ar be three terms in G.P.
r

-, Product of terms = ¢* = —1 (Given)
= a=-1

Now, sum of terms = a +a+ar= 5— (Given)
) r

a

3.69

2

3)

“

By

ey
2
(3)

] (ﬁj (using (1) and (3)]
c+e
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-1 13
= — —-l-r=—

F 12
= 12°P+25r+12=0
s @r+d)ydr+3)=0

43

= r=—,
3 4

But r# j
3

i r+2
17.(2) LetS= ) —m——
@ Z} 27+ 1)

_§ 2r+b-r

D2 (D)
=1 (2 1
_,Z=12"”(r—r+1)

= 1 i
_E[Z’-r 2'“(r+1)}

- Lim [L_;}(L
e\ 20 2%2) \2%2

1
= Lim ——Tl-——
n=el 2 2" n+1)
L

2
St=2.

S =
Hence,
18.(3) 369 = % [2+0©-1)d]

= 82=2+8d
= d=10

Nowarf=a+8d=1+8x80=281
= =28l

= r=.3

= ar™=1x (3) =27

Subjective Type

1. Let a and b be the two numbers and let H be the harmonic mean
between them. Then, H = 4 (given). Since A, G, H are in G.P.,

therefore,
G*=AH
= G*=4A

But

1 1
=4+ ——_——
[2"-;1 2" (n+1)

)

1

23

JH

1 1

253 2%4

)

2A + G* =27 (given)
6A =27 [ G* =4A]

= A=2
2
a+tb 9
22
= a+b=9

Now, G?=44 and A = 9/2 = G*= 18 = ab = 18. The quadratic
equation having g, b as its roots is .

X=(a+byx+ab=0
= x*-9%+18=0 [ a+b=9andab=18]

= x=3,6
Hence, the two numbers are 3 and 6.

2. Let there be # sides in the polygon. Then by geometry, sum of all
n interior angles of polygon is (n — 2) X 180°. Also the angles are
in A.P. with the smallest angle 120° and common ditference 5°.
Therefore, sum of all interior angles of polygon is

% [2 %120 + (11— 1) x 5]
Thus, we must have

g 2x120+(n—1)5]=(n—2) x 180

% [5n +235] = (n — 2) % 180

5n*+235n=360n-720
5n?—125n+720=0

n?-25n+144=0

(n-16)(n-9)=0

n=16,9

But if n = 16, then 16" angle = 120 + 15 x5 =
not possible. Hence n = 9.

tee e U

195 > 180° which is

3. Given,a,a,...,a,arein AP,V a >0.

a-a,=a,—a,=--=a,  —a =d(aconstant)

n

Now,

' 1

Jo

Ja - e
@

a -

1

1
+ + -+
Jar ey +ay " Ja +a,
+\/"Z— a; +“.+\Jan—l—\/zn—”

a, ay a —-a,

n—1

= [Var e
_ a, —- (l“

C —d(ay +a,)
__(n-hd
d(\/a+\/2)

n—1

"o a,
4. See problem 3 in Reasoning Type section.
5. See problems 28-30 in the Linked Comprehension Type section.
6. Let the three distinct real numbers be a/r, o, ar. As sum of squares
of three numbers is $?,

2
(04
—2+(x2+a2r2=52
r



T A+
a_,(_zmzsﬁ (1)

-
Sum of nuimbers is aS. Hence,

(07
—+ a+oar=aS
P

ol +r+r?)

hea BN Y 2)

- :

Dividing Eq. (1) by the square of Eq. (2), we get
M(1+#+#)x r s

r? o’ (1+r+r2)2 a’ §?

a+2r7+rH-r 1

1 +r-|'-r2)2 —az

(t+r+r)d-r+r) 1

(A +r+r2)y? a’

= dEr—adr+d=1+r+r

= (@-Dr-@+r+@-1)=0

1+ 4*
= rl+ -2 r+1=0 3)

For real values of r,
D=0 _ \

532
1+ a 450
= I >
= 1+2a8%+a*-4+8a2-4a*>0

= 3a*-10a>+3<0
= (Ba2-1)(@*-3)<0

=

2_1 2.
= |a 3 (a-—3)§0

Clearly, the above inequality holds for 1/3 < a? < 3.
But from Eq. (3),a # 1.

ate (l, lj v (l,3)
3 - ’ .
7. Given that log, 2, log, (2¢-5), log, (2*—7/2) are in A.P.

Hence,

.7
2log, (2°-5) =log, (2“ _E] +log, 2

-7
= (2*-5)7= 2(2" - Ej

= (29 -10X2°+25-2x2°+7=0
= (29 -12x27+32=0

Let 2* = y. Then we get
¥Y¥-12y+32=0

(-4 (-8)=0

y=4or§

2*=2%0r2%

L

x=2or3
But for log,(2' ~5) and log, (2° — 7/2) to be defined,

7
2-5>0and 2"~ 5 >0
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= 2*>5and 2*> %
= 2'>5
= x#2
and therefore, x = 3.
8. Let a and b be two numbers and A AL A, .. A ben AM’s

between a and b. Then, a, ALA,..., A”, ‘b are in A.P. There are
n + 2 terms in the series. Now,

b—-a
n+1

a+n+1)d=b=d=

b-—a an+b

n+1 n+1

ey

= Al=p=a+

The first HM. between a and b, when » H.M.’s are inserted
between a and b can be obtained by replacing a by 1/ a and b by
1/b in Eq. (1) and then taking its reciprocal. Therefore,

1 (n+1)ab
= = 2
1 lj 1 bn+a &
a b
n+1

Substitﬁting b=p(n+1)-an [from (1)] in Eq. (2), we get
ag+ng[pn+1)—anl=(n+Dalpn+1)-an]
an(n+1)+alg(l -n)—p (n+ 1)1 + npgn+1)=0
na’ —[(n + Dp+n-1)gla+npg=0

D=0 (. aisreal)
[(n+Dp+n-1)gPP-4n’pg=0

(=1 ¢+ {2(n*~ 1) ~4n} pg+ (n+ 1)* p* 20

, n? +1 n+1Y )
g -2 —_(n—l)z pq+ p— P20

l1+12
= 1771 [la-pl20

[On factorizing by discriminent method]

Loy e

U

Hence, g cannot lie between p and p [n ki ;) .
n—

9. According to the question, we have

1—+5+2 +2+~-o<>_ _l—

S =n+nx

n

1 1Y
+nx + oo
n+1 n+1

S+ S +ST -+ 82,

=243+ 424+t (m+ 12+ (200
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)

_2n(2n+1) (4n+ 1) 1

6

_nQ@n+h)(@n+1)-3
= S _

10, Since x, x,, x, are in AP, letx =a-d, x,=a and x, =a+d.
And x,, x,, X, are the roots of x* —x* + fx +y = 0. Now, the sum
of roots is

Sa=a-d+a+a+d=1 )
Sum of product of roots taken two at a time is

Sofi=(a-dya+a(a+d)+(a—-d)(a+d)

=p @)
Product of roots is af y = (a — d) a (a + d)

=-y (3)
From (1), we get

3a=1=a=1/3
From (2), we get

3a*-d*=p
= 3(URBP-&L=p=213-p=4

1
= §-B20(-d*20)

1
= f< 5
= fe (—o, 1/3]

~From (3),
af(a®>—d%) =y

= y2- —

1
R
Hence, & (—o0, 1/3]and y € [— 1/27, o).

11. Solving the system of equations, u + 2v + 3w = 6, 4u + 5v + 6w
=12 and 6u + 9v =4, we get
u=-1/3,v=2/3,w=5/3
~u+v+w=2and l+l+i=—i
u v ow 10

Let 7 be the common ratio of the G.P. a, b, ¢, d. Then, b = ar,
¢ =ar?, d = ar’. Then the first equation

1 1 1
(; +;+;) R+[B-cP+(c—a+@-bFlx+u+v+w)

=0 becomes
- %xz +[(ar—a)+ (@ -a) + (@ -ary]x+2=0

= 92-10a2 (1 -r(r*+2r +3°F +2r+ )x-20=0

= 9-102(1-r*(1+r+rx-20=0

= 9x?-10a*(1-r**x-20=0 €))]

The second equation is _

2002+ 10 (@ —ar*)?*x-9=0

= 20224+ 102 (1-°Px-9=0 2)
Since (2) can be obtained by changing x to 1/, so Egs. (1) and (2) have
reciprocal roots. :

12. Leta-3d,a—d, a+ dand a + 3d be any consecutive terms of an
A.P. with common difference 2d. Hence,

P =Q2d)*+(a-3d)(a—d) (a+d) (a+3d)
=16d* + (a* - 9d?) (a* — d*)
=(a*-5d%»

which is an integer.

13. G,=(aa, a)*

—a (rl+2+---+(k—l))llk
]
k-1
=a,, 2 (1)
A = a +ayte+a
k k
_aq+rt- +r5h
- k
. ‘
a(r’ -1
T r=Dxk @)
H = k
£ 1 1
A a
_ ak
- 1 1
1+ - +ot =)
ak (r=1) !
- 3)
From (1), (2) and (3), we get
G, =4, H)"”

= H G, = H (Aka)m
k=1

k=1

I/n
= LHIGL-) =(AA, A XHH, H )\
14. Clearly, A +A,=a+ b. Now,
1 P11
—_t — = — —
H H, a b
H +H, a+b A+A

= =
H H, a GG,




and
1=1+qijjﬁ%=
H, a 3\b a 2a+b

H, +H, 3ab L + !
2b+a 2a+b

_(2b+a)(2a+b)
B 9ab
15. Given thata, b, and ¢ are in A.P. Hence,
2b =a+c¢
a®, b?, ¢* are in H.P. Hence,
R N S
b_2 a B :
(@a—-b)la+b) (b-c)b+c)
b*a? - b*?
ac2 +bt=a*b+akc [ a-b=b-c]
ac (c-a)+blc—a)(c+a)=0
(c—a)(ab+bc+ca)=0
c—a=0o0rab+bc+ca=0

U

(A

For ¢ = a, from (1), a = b = c. For (a + ¢)b + ca = 0, from (1),
262 +ca=0

—c
= b=a (7)

Hence, a, b, —¢/2 are in G.P.

3 [—3_ 3+(-3— 3 . E n
16 a=2-(3 7) e (g

|
| w
TN

—

|

|
Afw
Sl
N——

Now, b =1-a, and b >a fornzn,

l-a >a =2a <1
= G f

- sl

- (___ 3)u+1 < 22n—l
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For # to be even, inequality always holds. For n to be odd, it holds
for n > 7. Therefore,the least natural number for which it holds is
6.

Objective Type

Fill in the blanks
1. The sum of integers from 1 to 100 that are divisible by 2 or 5 is

§ = sum of integers from 1 to 100 divisible by 2
+ sum of integers from 1 to 100 divisible by 5
— sum of integers from 1 to 100 divisible by 10

=2+4+6+--+100)+ 5+ 10+ 15+ -+ + 100)
—(10+20+--- + 100)

= 5_20 [2x2+49%2] + 2—20 [2X5+19%5] —% [2x10+95 10}

= 2550 + 1050 — 550 = 3050
M

2. When n is odd, last term is #°. Hence, the required sum is

S={12+2Xx2+3+2x P+ +2x (n—17]+r

_ 2
= (n_%n_ +n? [Using sum for (n — 1) to be even]
_ n(n+1)
2
3. Let a and b be two positive numbers. Then, HM. = Zabb
a+
and GM. = \/E. According to question, HM.:.G.M. = 4.5
2ab __4_
(a+b)yJab 5
2Jab 4
= =—
a+b 5
_ a+b+2ab 5+4
a+b-2ab 5-4
2
Ja b
L Wasdb) o g
NN
~ 24 3+1 =3+1
2Jp 3-1-3-1
= £:2,l =8 _4 1
Jbo T2 p Ty
= ab=4lori4d
4. Since nis an odd integer, (- 1y"'=land n—-1,n-3,n-5, ... are

even integers. The given series is
W (=12 +m-2P0—(n=-3P+ -+ (1) 13
=[P+ n-1P+0n=2P+ -+ ] -2[(n—- 1P +@n-3+ - +29

e[ (5 (5]
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n=1Drm+1)7

= 1 nn+1)-16
4 16 x4

= 2 @+ 17 [~ -1

== (m+1)@2n-1)

5. Given that x is the A.M. between a and b and y, and z are the
(.M.’s between a and b where a and b are positive. Then a, x, b
arein A.P. So,

a+b

x=

2
a,y,z, bare in G.P. So,

b
y=ar, and z = ar?, where r = i/;. Also, yz = ab. Now,

3
Y+ &P +a it

xyzZ = ab a+b
2

b2

7
a

ab (a + bJ
2
2a® b+ ab®)
a’b + ab®

b
@xZ+a %
a

=2
6. Let p and g be roots of the equation x> — 2x + A = 0. Then,
p+q=2,pg=A
Let r and s be the roots of the equation x? — 18x + B = 0. Then,
r+s=18,rs=18
And it is given that p, g, r,and s are in A.P. Letp=a-3b,g=a—-d,r
=a+dands=a+3d. As p<qg <r<s,wehave d>0. Now,
2=p+qg=a-3d+a-d=2a-4d

= a-2d=1 N

and
18=r+s=a+d+a+3d

= a+2d=9 (2)
Solving (1) and (2),a=5,d=2
p=-1,g=3,r=7,5s=11

Therefore, A =pg=-3and B=rs=77.

Multiple choice guestions with one correct answer

1. c. Given thatx, y, z are the p", ¢" and " terms of an A.P.
x=A+(@-1)D
y=A+(g-1)D
1=A +(r=1)D
= x-y=p-9D

y—z=(q-nD
7z—x=(r-p)D

where A is the first term and D is the common difference. Also x, y, z

are the p", g™ and " terms of a G.P.
x=aR, y=aR+', z=aR"!
Xy Y = (@R (@RI (@R

= ety R-1) (-0 + (g-) ) + (=1 ()
= A° RP-D§-nD+@-Nr-pD+r-p-g) D
=A°R° =
2. b. Given
arr=4
= axarxarxarxart=a = (ar)y =4
3. ¢ 2357 =2+0.357 +0.000357 + -+ 00

357 357
=24 T T oo
10°  10°
357
3
sy 0P
L
10°
357 _ 2355
999 999
Alternative solution:
Let, L
x=2357 e
= 1000x =2357.357
On subtracting, we get
2355
999x =2355=x= 2355
999
4.a. For first equation D = 4b*> ~ 4ac = 0 (as given q, b, c are in

G.P.)
. b
= equation has equal roots which are equal to —— each.
a

Thus it should also be the root of the second equation.

2
Thus, d(_—b] + Ze(:l—)-) +f=0

a a

b? be
= d5-274f=0
a a

= d% 2% o0 s =ao)
a a
:>£+i:2£=2_€_
a C ac
5.c. Let,
1 3 7 15
S=—+—+—+ — +---nterms
2 4 8 16

bS]

1 1 1 1 1
=(1+1+1+---ntimes)—(5+57+§+2—4+"'+2,,j

1}
TN
—
|
N | —

6.c. We have,

x+2)" —(x+ D"

- 2714 21!—2 1
12— tD) X+ 2y "'+ (x+2y*(x+1)

2P E D+ o 1



Hence, the required sum is
4+ 2 -+ [ x+2)-(x+1)=1]

7. d. In(a + ), In(c — a), In(a — 2b + ¢) are in A.P. Hence, a + c,
¢—a, a—2b+ carein G.P. Therefore,
(c—ay=(@+c)(a-2b+c)

= (c—aP=@+c)’-2b(a+c)
= 2b(a+c)=(@+cy—(c-a)
= 2b(a+c)=4ac
2ac
= =
: a+c

Hence, a, b, and ¢ are in H.P.

8. doa, =h=2,a0,=h;=3
3=a,=2+9%d=d=1/9
a,=2+3d=1/3

Also,
3=+h :>1—L——1+9D
T3y 2
1
D=-——
54
o L _ligpt 1_T
h, 2 2 9 8
7 18
04h7=§><7=6

9. b. Harmonic mean H of roots a and 8 is

8+2J§
2
208 5+ 42
H= ==
a+B  4+45

5442
10. d. a, .b, and ¢, d are in A.P. Therefore, d, ¢, b and g are also in
A.P. Hence,
d c b a
abed’ abed,” abed’ abcd
LT Ll AP,
abc abd acd bcd
= abc, abd, acd, bed are in H.P.

4

are also in A.P.

11. d. Sum is 4 and second term is 3/4. It i$ given that first term is a
and common ratio is r. Hence,

=4andar=3/4=>r=i

l-r 4a
Therefore,
2
a4 Sy
_ i 4a -3
da

= a*-4a+3=0
= (a-1)@-3)=0
= a=1lor3
Whena=1,r=3/4 and whena =3, r= 1/4.

12. a. a, f are the roots of x> — x + p = 0. Hence,
a+f=1 , (1)
af=p (2)
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y, d are the roots of x> — 4x + g = 0. Hence,

y+5=4 3)

yd=gq C))
a,pB,y,darein G.P. Leta = a, B =ar, y = ar’, d = ar’. Substituting these
values in Egs. (1), (2), (3) and (4), we get

a+ar=1 (5)
@r=p ©)
arr+arr=4 ) (N
a’r'=gq ®)

Dividing (7) by (5), we get

ar’ A+7) _ 4o podor=2-2
a(ll+r) 1 -
I 1 1
= or =— 0or— 1
I+r 1+2 1-2 3
As p is an integer (given), r is also an integer (2 or —2). Therefore, from
(6), a# 1/3. Hence,a=-1 and r =-2.

G)y=a=

p=(1Px(=2)=-2
g=(-1¥x(2y=-32

13. c. Given, ,
24+5+8+---2nterms =57+ 59 + 61 + --- n terms

= %[4+(2n—1)3]=§[114+(n—1)2]
= 6n+l=n+56

= 5n=155

= n=11

14. d. Given that a, b, and ¢ are in A.P. Hence,

2b=a+c
But given,
a+b+c=32
= 3b=3/2
= b=172
Hence,
a+c=1

Again, @2, b, ¢* are in G.P. Hence,
bt = g2
= bl=*ac

= ac=—1—or—landa+c=l n
4 4

Now,
1
a+c=1andac=—
4

= (a-cP=(a+cY-4ac=1-1=0
= a=c
But a # ¢ as given that a < b < ¢. We consider a + ¢ = | and
ac = -1/4. Hence,
(a-c)P=1+1=2
= a—czi'\/—i
But
a<c:>a—c=—\/§ 2)
Solving (1) and (2), we get
1 1

2 2

15. ¢. §_= IL =5 (given)

—r
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oo

But .
0<lrl <1 z = 2, cos™ ¢sin® ¢
n=0 .
= 0<_5_Tﬂ<1 =1 +cos? ¢ sin® ¢+ cos* §sin* P+ -+ ©
N X
=5 (3)
— _ 2 .2
o -1<2=%landa#5 1 -cos”¢sin” ¢
Substituting the values of cos? ¢ and sin’ ¢ in (3), from (1) and (2),
= S5<5-a<S5anda#5 we get
= -10<-a<Oanda#5 ' 1
= 10>a>0anda#5 2= —7T
= O<a<l0anda=#35 1———
. Xy
16. <. a +p, a*+ 2 a’+ f3arein G.P. Hence, Xy
2 232 — 3 3 = =
(@2 + 3 =(a+p) @ +87) xy—1
Sat+pi+2aB’=a*+f+af+ fa’ = xyz-z=Xy
- aﬂ(a2+,82—2a/3)=0 = xyz=xy+2z
) Also, .
= af (@a—pr=0 1 1 1
= oa=0ora-4=0 x+ytz=— -t -5+ U
Ja=0 5 cos” ¢ sin“¢ 1—cos ¢sinT¢
= cla=0ora=
—  c=0orA=0 (equal roots) B sin® ¢ (1- cos ¢ sin® §) +cos’ (1 — cos’ ¢ sin’ ) +cos” ¢ sin’ ¢
cA=0 ) - cos? ¢ sin® ¢ (1 — cos® ¢ sin” ¢)
. . . . __(sin2 + cos? (1—cos2 sin? )+cos2 sin?
Multiple choice questions with one or more than one correct = 0 2¢). 3 ? 2 ¢. 3 0 ¢
answer i cos” ¢ sin” ¢ (1 — cos” ¢ sin” ¢)
|

1. b, d. Let x be the first term and y be the (2n — 1)" term of A.P.,

‘ =xyz
7, 2 FPUPC I
G.P. and H.P. whose n" terms are a, b, c, respectively. Now cos” ¢ sin” ¢ (1 — cos” ¢ sin” ¢

according to the property of A.P., G.P. and H.P., x, a, y are in Thus, (b) and (c) both are correct.
P.x, b, in G.P. and x, c, in H.P. , i
AP:x,b yme1§GP and x, ¢, yarein H He.nce 3. b. Putting 0=0, we get b, = 0.
_ x+y _ n
a==y= AM. ;. sinnd=73, bsin 6
) r=1
b= =G.M. 5 "
® = S5 p (sin )
2xy . sin@  r=1
c= =H.M. . ., .
x+y =b, +b,sinf+b, sin’ &+ +b, sin"' 0

Now, A.M, G.M. and H.M. are in G.P. Hence, Taking limit as 6 — 0, we obtain

b’ =ac lim

90 sin @
Also, AM. > G.M. > H.M. Hence, s

sin n 0

:b]:}bl:n

4 ¢. T,=a+(m-1d =1

azbzc
T =a+(n-1)d=1/m
2. b,c. Wehave,forO<¢< /2 v = (m-n)d = lUn—-1/m=(m-n)mn
x =3 cos™ = d =Umn
n=0 1
=1+cos> ¢+ cos*P+ 0 - =E
= —17— ' o T =a+(mn-1)d
l—cos” ¢ 1 1
1 =——+(mn-1)—
— (l) mn mn
-2
sin® ¢ 1 | 1
y= ZsinZH ¢ . mn mn
n=0 =1
=1 +sin* ¢ +sin® ¢+ - o0 5. b. Ifx, y,and zare in G.P. (x, y, z> 1), then log x, log y, log z are
_ 1 in A.P. Hence,
1—-sin’¢ 1+logx, 1+logy, 1+logzwill also be in A.P.
1 @ : ! ! will be in HP.

" cos? ¢ l+logx 1+logy 1+ logz
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6. a,d. Wehave _ For each r, T, has two different factors other than 1 and itself.
1 1 1 1 1 * Therefore, T_is always a composite number.
a()=l+—+-+—+—-+t— r
: 2 3 4 5 2"-1 .
- 3. b. Since @ - Q =6(r+1) +5-6r~5=6(constant), therefore,
1 1 1 1 1 1 1 1 1 r+l T, . .
=1+ |=+=|t|-Ft=+—+= |+ -ttt — i+t — QI,Q,,Q3,...aremA.P.w1thcommond1fference6.
2 3 4 56 7 8 15 2"—1 .
4. c. Given,
1 1 1 1 1 1 ’
=1+[—+——]+[.—+—+—+ ] a+b Jab 2ab
2 2 3 A = ,G, =Y H = —
2. 2°-1 2 5 6 2°-1 1 3 1 AR
+ 1 + Also,
2 2'-1 -
‘A = An—l +Hn—l
<1l+1+:4+1=n " 2
ThUS, Gn = All—l Hn—-l
a(100) < 100 b= 2A L XH,
Also’ ) ' An—l + Hn—l
)—1+1+ l+l +l+l+l+l +--~+—I— = G)=AH =AH=A_H
a(n - E 3 4 5 6 7 8 2/1 _1 o n n e nn n-1 n—t
Similarly, we can prove
— 1+ 1 1 + 1 + ! 1 1 AH =A_H_=A,LH, = =AH,
2 \2'+1 27 22+1 2 2"+ 1 = AH =ab
1 2 4 o = G =G;=Gi=-=G=ab
>1+ o+ttt —— - . )
8 2" 2 = G, =G,=G,==+ab
1 2 4 2"
>1+E+Z+§+“'+7‘? 5. a. Wehave,
=1+ l+l+l+---+l 1 A=A"-'+H"-‘
2 2 2 2) 2 . 2
‘ A, +H _
=1+£_i= 1_L + _ A”—A'H:—'—Z—I—A”_l
2 211 2" 2
H,_, -A
Thus, = ——‘2——‘ <0(A_>H_)
1
a > (1 - Wj & > 100 = An <An—| or An—l >An
2 Hence, we can conclude that A, > A, > A, > -
ie.,
a(200) > 100 6. b. We have,
Comprehension AH =ab=H = iﬁ
L b V+V,+- 4V ' ‘ 1 <_1 ;,r.]
=ivr A, A’:>HIH< "
r=1 . )
. H <H,<H,<:
=y (’E(Zr +(r=D2r- 1))]
w=t Integer type
n -2
= [rj —'—2-+’E] k-1
r=l 1
L@3) s, :k_!lz '
Tl n®  Zn 1 k-D
=2n - —— 4+ — k
2 2
_n2 (n+1)2 an+1)2rn+1) nn+1) - -%) (k2—3k+1) 1
s 12 T i (k=D
2
=I’l(n+1)|:n(n+1)_2n+l+li| =100 (k-1%—k
4 . 3 k=2| k=1
_n(+)@nt +n+2) k-1 k
12 B (k—2)!—(k—1)!‘
2d. T, =r+(—1Q2r-1 1 2ll2 3].|3 4 '
=(r+D@r-1) =ia—EHE—EHE—§+“'
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-2 1,2 3,3 4, /9 10 = araetotay g, 60920
oot 12t 2t 3 98! 99! B 2
100
= 3—5—9—! 3.6) a,, a, a, ..., a,,is an A.P.
14
a,=3,8 =Y a,1< p<100-
_ L P i=1
2.0) a,=2a,,-a,_,= a,a,,..,a, arein AP.
Sn
af+-a§+---+a,2,_11a_2+35><11d2+10ad_90 s, S, o 6tGn-bd)
i1 11 =T
S S L6 dtna)
= 225+35&+150d =90 2

3542 +150d+135=0 = -3,-9/7

27 S—”' isindependentof nof 6-d=0 = d=6.
Given a, < > we getd =-3 and d = -9/7 '

n



