Exercise 14.6

Answer 1E.

Consider the figure given in the text book page 956.

The figure is showing the level curves for barometric pressure.
Let p be the pressure function.

Find the directional derivative D, P at K in the direction of S.

The initial point of the line joining the points K and S is lies on the level curve which
representing the 1000 mb of pressure.

Take. x, =1000 mb.

The terminal point of the line joining the points K and S is lies on the level curve which
representing the 976 mb of pressure.

Take. x, =976 mb.

The distance between the points Kand Sis g =300 km.

The directional derivative D, P at K in the direction of S is approximated by finding the average
rate of change of the pressure between the points Kand S.

Dpﬁﬁ

=—0.08

Here, the units of pressure is millibars and the units of the distance is kilometer.
So the units of directional derivative should be millibars per kilometer.

Therefore, the directional derivative D, P at K in the direction of S is approximately
|=0.08 mb/km|




Answer 2E.

Take the temperature at Sydney, 24 degrees C minus the temperature at Dubbo,

30 degrees C. This gives -6 degrees C.

The scale of the map shows that 300 km is 19 mm. The distance on the map from Sydney to
Dubbo is 21 mm. Divide 300 km by 19mm and multiply the result by 21 mm. This gives us a

distance of 331.6 km from Dubbo to Sydney.

Dividing -6 degrees C by 331.6 km gives -0.018 degrees C / km
Answer 3E.

We know
i f(—20+k,3ﬂ)—f[—20, 3(])

 (20,30) = lim -

Using table taking % =5, -5 we have
#(=20,30)= L1330~ 7 (20.30)

5
_ —26+733

5
=14

£(~25.30)— 7 (~20,30)
-5

And  f£(-20,30)=

_ —39+33
-5
=1.2
On averaging these values we find

£ (-20,30)=13

#(~20,30+ &) — £(~20,30)
k

And  £,(-20,30)=lim

Using table taking 2 = 10, -10 we have
7(=20,30)= £(20:40)~ 7 (-20.30)

10
34433

10
=-01




And  £,(~20,30)= L (Z2%20) ;;’ (~20,30)
_ 30433

-10
=-03

On averaging we find 7, (—20,30) =-02

We need to find D, £ (—20,30) where u =(7'+7) /\2

LE.

I S
R
As D f(xy)=f(xy)a+f,(zy)b

Then D,7(-20.30)=f; (-20, 30)(%) + 7, (~20, 30)[%)

=13= i_ UE}CL

V2 V2
=(1.3-02)/42
147
= 0.778
Hence |D,f{-20,30)=0778

Answer 4E.

If f 1s a differentiable function of two variables x and y, then f has a directional derivative
in the direction of any unit vector m = ([:05 a sinﬂ)

andLL}’(x, _}r) = & [x, _}r)[:osﬂ +_j‘;(x,y)sinﬂ_
Find £ifx. ) and f(x. »).
£(x3) = 22+ 27)

= 3y ' +455°

_};(x, ¥) = %(x}y‘+ x‘f)
= 4x%" + 3x%7

Now, find £(1, 1) and £(1, 1.

A1) = 300" () + 401y (1)
=7

£, 1) = 40 (1) + 300" (1)
=7



Substitute the known values 1n D.f(x _}r) = (x, _}r) cos& +_}‘;(x, y)sinﬂ_

2711 = (Yoos( 5]+ (7)sin( ]

- @ [%} +(7) &]

)

Thus, we geq| A7 (L) = Z(1+5)|

Answer 5E.

2w

Given that f (J’, _i-') = ye " and  is the unit vector given by angle § = e

Wewant D_f(0, 4)-

If the unit vector ; makes an angle @ with the positive Xx-axis (a5 in our case), then we can

write p = (msﬁ* sjn,f,l) and the formula becomes

D3 f(x, ») = f (x, y)cos + f ,(x, y)sind

This formula gives

2

D;‘f(,r,_v) =f1[,r, _p]ms ; +f_,.(x, y)sin :;

- (o)

= %I}-‘E_t +\E€_I]

Therefore

DIf{ﬁAJ: %[43*‘ +\f3_e“]= %I}l-&-ﬁ]:g-{-g



Answer 6E.

If f 1s a differentiable function of two variables x and y, then f has a directional deniwvative
in the direction of any unit vector m = ([:05 a sinﬂ)

andELf(x, _}r) = i, [I, _].r)[:osﬂ +_f,(x,y)sin5'.
Find £i(x. ¥) and (x. »).
FAESYIE g(e' c:osy)

= e"cosy

f’(x, ¥y) = %{EI cos _}r)
= —g'siny

Now, find £:(0, 0) and £(0, 0).
£.(0,0) = écos(0)
=1
£,(0.0) = ~esia(0)
=0
Substitute the known values 1n D.f(x _}r) = i, (x, _}r) cosd + f, (x, _}r) siné

0.7{0.0) = (1).:<:.=;“"Er +|:U)sin%r

-of)0f3)
1

Thus, we getl 3,7 (0, 0) = E




Answer 7E.

Given function is f{_r,_, _,,} = gin(2x + 3_p} and P(-6.4)u= %(ﬁ i— j) mereees

()

V/ (x, ¥) = {2cos(2x + 3¥) , 3cos(2x +3y))

and

(b.)
V/(—6,4)= {2cos( — 12 +12), 3cos( —12 + 12)} = (2cos0, 3cos0) = (2, 3}

(c)

The unit vectoris y = %(ﬁ i— j) . 50 the rate of change of I at pin the direction of

the vector ” is

n;‘f(—ﬁ, 4)= "i'f[ 6. 4J-§= (z, 3)(% = )

- (E)f2)- -2




Answer SE.

(a)

We are given that a function

o)

The gardient of f is

vf{_'l‘,}* = (fItf_T}

()

We have 1o find the gradient at the point p(1_ 2)

(—2¥ 22}
v, = (S, 2

¥

(1)
=(—4,4)

= Vf(1,2)=(-4,4)



(<)

Here,
u= %(zfﬂﬁ j)

=y= <% ﬁ) (It is a unit vector)

Then the raie of change of f at the point (1] _ 2)in the direction of uis

D flx.v)= Vf{x. vu

Df(1,2)= Vf.1,2) = (_4?4 (T %)

nf5—3

3

= Dmf{l,2)=

Answer 9E.

(a) If £ 1s a function of two variables x and y, then the gradient of # 1s the vector
function Vf is defined by ?f[x, _}*) = {f,[x,_}r],j;[x, _}*))
F. &

orVf (x y) = Eﬁgl

Find L ¥ ama &
& 3 @ &

& _Ora._

E_ax[fﬁ ']
= 29z — )z’



¥ &
= X¥z-x’
2 i[fﬁ—iﬂ'f
& &
2 2
= xXy-—3p=

Thus, we get|| ¥/ (x, y) = (21_‘)2—_)223,122—123,12_1?—31}722)'_

()  Replace x with 2, y with —1, and z with 1.
w(z-11) = {2000 - 00 } [ 0 -0 @' -3@000 )
= {(4+1),{4-2), (-4 +6))
- {323

Thus, we get V(2 -1 1) = (3.2 2)|

© FindVF(2-11) u
V(2 -11) u= (3232 (n, i_ﬁ)

S i
= (-3)(0) +{2) E) - (2)@
CoxB €
5 5
_ |2
5

Thus, the rate of change of f at P in the direction of the vector u 15 obtained as||—||




© Find¥7(2-11) u.
w(2-11)-u= (322 (u, 4,—3)

5 5
= (-3)(0) +(2) @) - (2)@
—0+38-8
5 5
_ |2
5

Thus, the rate of change of f at F in the direction of the vector u 15 obtained as

Answer 10E.
¥ _ 9
> -]
= 2™ + plze™
af a
%27
E— ;Dr3gw

Thus, we getl[V7(x. ¥) = ()}ze'“' 235%™ + ' ze™, xyse’“'} _

()  Replace x with 0, y with 1, and z with —1.
(0.1 -1) = {1 (D", 2004 (0) (1) ()T, (0)(1) )

={-120)

Thus, we get ¥7(0,1-1) = [(-1, 2, 0]




{© FindVF(0,1-1) u

3 4 12
VA0, L-1)-u = {- 0y-{—, —, —
f[ E )11 {LZ)(131313>
3 4 12
= (-1 =1|+(2)]=|+(0)| =
C1(3)+)(n)+ 0]
13 13
|5
13
Thus, the rate of change of f at P in the direction of the vector u 15 obtained as
L]
13

Answer 11E.
We knowthatLL}’(x, _}r) = ?f{x, y) -m, where m is the unit vector
and Vf (x, y) = {f.[x,y),j;(x, »))-

Find fi(x. ¥) and f(x. 3).
Lz y) = %I{e’ sin_}r)

=& any
j;(x, ¥) = E(E'Siﬂ_}?)
&
= g cosy
Now, compute f,[ﬂ %r) and _;‘;[l‘.] J_r]

3
f,[ﬂ, %r] = e"sin%r



Then, ‘Ff[ﬂ, ’—r] - <£, 1>.

‘We have to find the unit vector u in the direction of ¥ givenby u = 1_

I+l
_ (68
m= Jm
_ 58
Y100

10

(39

Substitute the known walues in [} [x, _}r) = Vf [x, y) -u.

as3)- (25 (39

33 4

=" 4
10 10

10

Thus,wegetﬂu(u,’—’): -3




Answer 12E.

Wf:knﬂwthatEL}’[x, _}r) = "i"f[x, _}r) -u, where u 15 the unit vector
and Vf(x y) = {£.(x.¥). £,(x »)}.

Find fi(x, y) and 5, (x, »).

=3 z35)
2

(2457

d
56 = 3]
__

" @

Now, compute /{1, 2) and £(1, 2)

N 5
£(L2) = (B 2]

Then, Vf(L 2) = (2_35,—%)_

We have to find the unit vector u in the direction of ¥ givenby u = —

Al
{(3.5)
1,‘3“ + 5

3

m =

——

g 8T

)



Substitute the known walues in [} f (x, _}r) = Vf [x, _}*) -u.

a8 (3 3]

920
253 25
11
554
11
Thus,wegetﬁLf{LE)z —ﬁ_

Answer 13E.
Given function is g(p, q) = ,u':l'4 _PE 6"3

We first need to compute the gradient vector at (2,1):

'i'g( ,q)= (4::*“—2.0#3? —3.929‘2)
ve(2. 1)= (42)° —2(2){1}", -32° ()= (32 -4, —12{1})= (23* — Iz

v is not a unit vector, but since I:i = +J 1{} . the unit vector in the direction of :

MNote that

is

i 3 i - -
——, —— ) Therefore , by the equation = .
™ <wjﬁ * o > ¥ q D,f(.r,_y] "l?f(.r, _v) u

- - =l 2\ 2
orepa)= ve(21)u= . —2)(G5 )
=23-I—11-3= —8
o 10



Answer 14E.

The given function is

g(r, 5) = tan~ (rs)

We first find need to compute the gradient vector at {l1l 2}

f+r's I +r75

_ 5 r
1+ 1+ rist

:.-n-?g{r,,s}z{ 5,3, . )

2 2 2
I+r's I+r's

iz} ]
‘Fg{ns}=( B )

Then,

1+ P ' 1+ ey

v, = (2 | )




ws1.0= (3. 2)

Note that y= 5; + 1{}} is not a unit vector. The unit vector in the direction of = §j 4 lﬂj
is

— = ‘— — L* 2 )
N
Therefore, by the equation

D.g(1,2)= Vg(l,2)-u

= 2 4 2
svs o5
— 4
Vs

4
= D"g(l,Z]— —51,’:?

S0, the required solution is Dué’[ 1, g) = —

N



Answer 15E.
Given that f(ll V. Z) - IE’T -i-ye: 'i'zer
We first need to compute the gradient vector at (0,0,0):

"i'f(.r, ¥ z) = (E’r +ze*, xel +e°, ye: 4 EI)

v/(0.0.0)= (e’ +0(e)", 0(e)" +e”, 0(e)" +&°)= (1 +0,0+1, 0+1) = {

Andalsogiventhat = <5 1, —2>"""

—_—

¥

—_—

Note that p 5 not a unit vector, but since I:[ = 1’3{} , the unit vector in the direction of

—

Therefore , by the equation D:f (_1-* v, :) = V¥ f( X, v, z) =y . we have

o) (a1 M. 35 -]




Answer 16E.

We are given that

Sy, 2) = \xyz

We first need to compute the gradient vector at the point (3, 2, 6)

vf[.r,}n :J:(}f: ﬁ w"?)

(2N6) (3)(6) (3IH2) )

= ‘E’f{], 2, 6) = ( W26 * 226 nfize




Note that y, is not a unit vecior but since || = 1,‘] +4+4 =3

The unit vector in the direction of y= —j—2j +2kis

o= iy )= (3 2. )
Therefore, by the equation
D f{x,v.2)= Vf(x,v.2)u
= D.J(3,2,6)= Vf(3,2,6)u
=35 3)

e | i
=5 "ty

= —1
= D,J(3,2,6)= —1
The solutionis D f(3,2,6)= —1

Answer 17E.
We know that I}, f(x, ¥) = Vf(x, ) - u, where u is the unit vector
and Vf(x y) = {#(x.5). £, (= 7).

Find 2,{r, 5, £), A(r, 5, £), and &lr, s, £).
2
B(r,s,1) = E[111[3.1—+«545.~+95)]

3
F+bs+%



B(r.st) = %[]n (3r + 65+ 92) |

6
3rt+6s+%

hir.s ) = %[]n (3r + 65+ %) |

¥

3r + 65 + 9

Now, compute %,(1, 1, 1), %,(1, 1, 1), and (1, 1, 1)

3
ALY = 3(1) + 6(1) + 9(1)

Then, V/(L11) = e% %)

We have to find the unit vector u 1n the direction of ¥ givenby u = 1_

I+l

. {a12,6)

P12+ 6

_ {anze)
J16+14 +36

_ {(412,6)
4

_f{263
N7 7




Substitute the known values in LL}’(I _}r,z) = ?f[x,y, z)-n_
111 2 6 3
EL,{[LLI)=<E,§,E)(?,?,?>

- (G)-G)E-GIE)

1.2 3
21 7 14
2
T a2

Thus, we getl /(L1 1) = %-

Answer 18E.
If @ isthe angle less than ]g(0° between two vectors a and | then
a-b =a||b|cos®

Therefore, the directional derivative of at the point {2,2] in the direction of the unit vecior wm
can be defined

D,f(2,2)=Vf(2.2)-u
=|V/(2.2)||ju|cos®
=|V(2.2)|cos 8

where Vf(2,2) is the gradient vector for fat the point (2,2). Since w is a unit vector, its
magnitude must be 1.



We reconstruct the diagram from the text and include the angle @g-:

‘ }!

22

vf(2.2)

X
+*

0 \
To estimate the directional derivative, we need to approximate both the magnitude of the
gradient vector and the measure of the angle @.

By using the length of the unit vector m as a basis, we estimate that the length of the gradient
vector Vf {2‘2} is roughly 4 units. Now by estimation, we suppose that the angle g

measures approximately ]35°. By these approximations:

|Vf(2.2)|cos @ = 4cos135°

A
2
=22
Therefore, we estimate |D, f(2,2)= -2\2

Answer 19E.

f(zy)=\o

Then f,:%

X
And fFE



Then the gradient of f 15
Vi (my)=<fo) >

LE. ?f(x_}r) < J_EJ_::-
Then ?f(EB) {2\!'1_ 2\!'1_

=l =

The wector in the direction of a(5, 4) isv= <5— 2.4-8>
That isv = < 3.— 4 = and the unit vector in this direction is
~ v 3 -4
== — — ==

|;| 55

Then the directional denvative of  at P(2, 8) 1n the direction of Q{5, 4) 1s
D, f(E,B)z?f (2,3)1.:

1 34
=<]l,—> <—,—>
55

LA | )
|._.|-.|._.-h

ie  |p.s(29)-

L | B

Answer 20E.

We are given that a function

Jflx, v, 2)= xy tyz +zx

We first compute the gradient vector
vf{—‘} _1"-: —-'] = U:* _)r_rﬁ f:}
={v+z,x+z, x+y)

= Vil v2)={v+z, x+z, x+y



We evaluate ¢ (y, y, z) atthe point p(] —1, 3)
Vi, —1,3)={(—1+3,1+3,1—1)
= {2, 4, 0)
= V[, —1,3)=(2,4,0)
The vector in the direction of Q{Z, 4, 5}
v={2—1,4+1,5-3)
={{, 5.2}

=v={L,5,2)



The unit vector in the direction of = i+5j+2k is

y= L = YT A
= — (f-f—i'-i-l{-)
Vo '
_ _

1 5 2
u oy
(wh—u T BT Ao )
The directional derivative is given by
D.Jf(x,v,2)= Vf(x,p 2)u

=DJ, —1,3)= Vj(l, —1,3)u

:(349)(1‘,3—“ = ﬁ:)

2 20 0
= + +
V3o ETIY T
— _‘!3_0
= D,‘f[l, _1,3): ﬁ

The solution is

27

Duf{l, —1,3]= 1.,-':,_0




Answer 21E.

If f 15 a function of two variables x and y, then the gradient of f 15 the vector function Vf

ﬁmm%ﬂmmmﬂmmmmawmwuﬂ=%ngi

@R
I
e

ayx |

Thus, we get |V (% ¥) = (2—£4JE>

Replace x with 4 and y with 1.
Wﬂn=€%Aﬁ)
- (1.9

Thus, we get 77 (4. 1) = [{1. 8)].

Find the mazimum rate of change of .

[¥r(4.1)] = JE+&
= 65

Thus, the maximum rate of change of fat (4, 1) 1s J65|




Answer 22E.

If £ 1s a function of two variables x and y, then the gradient of £ 1s the vector function Vf

is defined by V(% ) = {£u(x.2). 5 (% »)) or T () = gﬂgi.

Find E and i
s of
¥ _29
E - E!s'[mj]
= £'e"

&  Or .
Al

= " + tse®

Then, ?f[s,:] = (r’e’,e’+m”)_

Replace s with 0 and £ with 2.

v7{0.2) = (2’;-[“1‘1, L84 (9) (ﬂ)glﬂlﬂl)
= (4,1+0)
={4.1)

Thus, we get[V7(0, 2) = {4,1)]

Find the mazimum rate of change of /.

W7 (0, 2)| = JP+P
= Ji7

Thus, the maximum rate of change of fat (0, 2) 1s -q"ﬁ

Answer 23E.

f(x.y)=sin{z)

Then f, =ycos (Jgr)
And  f,= xcos{ xy)



The gradient of f1s
Vf(xy) =<tk >
={ycus({}r),xcos[{p) >
Then V7{1,0)=<0,1>

The mazimum rate of change of f1s
[Vr (1o)|=+/0+ 7
=[1

And 1t takes place in the direction ofﬁfthat 1s in the direction of < 0, 1>
Answer 24E.

We are given that a function

(mns)= =2

And the given pointis (1 1, —1)

We have to find the direction in which the maximum rate of change of f

We first compute the gradient vector:

vf{_‘l‘,}‘, :}: {fI! f_].'! f:}
i i —lI—_'r})

—2 vf{_'r’ _'pr :}: (:i’ i’ _{1'1__}-] )

]

Now, we evalute "G’f{_r, ¥, 2) at the point (1.1, —1)

v/, —n= (—;_:* oy — )

-1




={—1, —1, —2}
= v (1, —D={-1, —1, —2)
The function T increases fastest in the direction of the gradient vector
v, 1, — =1, —1, —2}

The maximum rate of change is

vra, 1, —Di=K-1, —1, =2}

=V + (=07 +(=2)°
. ey
-6

=1vra. 1. —Di=+6

The maximum rate of change is \!E

Answer 25E.

Given function is

f(_r" ¥ :) - ‘l-‘l‘z +_112 +z°

We first compute the gradient vector:

v - V. - xSy S 2 T = * =
f[.l’ ¥ ZJ (f f f ) <_“|'I:__‘_:___:- _.JI:-_____:_:

‘Ff{lﬁ, —2J=({i_9, = ;H)z(% L3 —?:)

I increases fastest in the direction of the gradient vector
6 -2

vf(3, 6, —2)= (% e )-Wmis (3,6, =2}

The maximum rate of change is

1 6 -2
FRIELEE

ivf{l 6. —z}[ -

: ® .‘JI:-_}_:-____



Answer 26E.

If 15 a function of two variables x and y, then the gradient of f 1s the wector function Vf

is defined by V7(x ) = (fi(x2). £, (5 ) or T (m ) = Liv L5

O
Findg, i and i
a7 ar
T - olarim(rar)]
- qr
ST

% = %[arctan (par)]

Br

1+ Piqiri

= = [arctan (par) ]

Pg

Taf plq]ri

B qr P b
Then. Vflz.q.7) = (1+p“q’r“’ 1+p’q’r”1+p’q’r’)'

Replace p with 1 g with 2, and r with 1.

wazn=<@m () (ma)

1+ P27 7 1+ P22 7 1+ 172%2
_f21 2
A57575
1 2

Thus, we get[Vf (1 2,1) = (% 5,5) |




Find the mazimum rate of change of

[wr(L21) = J@T+ (%T+ @;

4 1 4
= |j—+—+—
25 25 25
_ 2
~ ¥os
3
5

3
Thus, the mazimum rate of change of fat (1, 2, l)is

Answer 27E.

(A)
Now f 15 a differentiable function then, the directional derivative of fin the

direction of the unit vectorz is given by
D f=Vfu

= |_‘i;f ";I cosd
= I‘E"jlcosﬂ

As |i2|=1

Where 8is the angle between V£ and u

The muinimum value of cos # =—1and this occurs when 8 = 180°
Therefore we say that f decreases most rapidly in the direction of —V f and

minimum value is—ﬁfl

(B)
Fxy)=x'y-=5

Then f, =4xry—2n°
And  f,=x'-3Y



The gradient of f1s
Vi(xy)=<tf.1, >
=<4ry-207.x' - 347 >

Then V7{2,-3)=<4(8){-3)-2(2){(-3).(2)' -3(2)’ (-3} >
=<—9+108,16-108 >
=<12,-92>

By part (A), f decrease most rapidly in the direction uf—ﬁf

Hence f decreases most rapidly in the direction of wvector— <12, -92 >
LE <—12,92>

And the mimmum value 1s

-/
= —f144+8464

=—8608
=—2+42152

Answer 28E.
Consider the function as follows,
flxy)=ye™

To find the directions in which directional derivative of f {:c, y} at the point {{],Zjhas the

value 1.
Suppose that direction vector is,
u=xi+yj

This can be written as,

u= {_r, J‘)

First find the gradient of f(x,y):

Vf (x,y)= (L(IJ} f{I ¥))
(e -me)
=(—_|.:e e r'r{]—.l}‘})
At the point (0,2). then

Vr(0.2)=(-22¢* ¢ (1-0-2))
=(-4.1)



Therefore, by the definition of directional derivative, that is
le{x,_].r) =?f{.r.y}-u

Since At the point {{],2) has the value 1, so

D.£(0.2)= v/ (0.2)-(xi+ i)
1={-4.1)-(x.y)
l=—4x+y

That is,

v=4x+1

Since (x, y)is unit vector. so
Xyt =1
Substituie y =4x+ linto above equation,
2 +(4x+1) =1
¥ +16x° +1+8x=1
17x" +8x=0
I{l'?_r+8) =0
So, either y=00r 17x+8=0
This implies that,

8

Xr=——
17

Substitute y = and I=—% into y=4x+1, to get



Now substitute x=0,y=landx= —%L}r = —]I—S INto u =xi+ yj.

u=(0)i+(1)]
=]
And,

8. 15,
=——i——j
17 17

Hence, two direction vectors are Iﬂ and —%i :j i

Answer 29E.
Consider the function in two variables as follows:
f{_r,.}-'} =x +,1-': -2x-4y
Find all points at which the direction of fastest change of the function fis i+ j.

It P(x,,y,)is a point in the domain of £, then the gradient vector Vf(x,,),) gives the
direction of fastest increase of f.

And the gradient vector Vf(x,,y,)is perpendicular to the level curve f(x,y)=k that passes
through p.

If we move along the curve, the values of f remain constant.

So we get the maximum increase of fi'f we move in the perpendicular direction.

leL

VI (%3]

level curve /”

f(xy)=k




The gradient vector Vf (x,y)=if_ (x,y)+Jf, (x.»)-
Now, f, (x,y)=2x-2 and fr{,r.,y)zz_}'-*#.

The gradient of f or the fastest change of the function fis as follows:

Vf (x.5)=(/.(x7). £, (7))
=(2x-2, 2y-4)
But the fastest change of the function fis given as i+ j or {I,I}_

Therefore,
(2x-2, 2y-4)={1,1)
=>2x-2=1
2y—4=1
Using these two equations, get the following:
2x-2=2y-4
x=l=y=-2
x=y-1
y=x+I

Hence at all the points on line y = x+1, the direction of the fastest change of fis i+ j-

Answer 30E.
z=200+40.02x*-0.001"

Then =z =004z
And  z,=-0.003"

The gradient of z 15
Vz= <EpZ, >
=<0.04x, —0.003y* >
Then ¥z (80,60)= <0.04{80)—0.003(60)" >
=<32, -108>



‘We need to find the rate of change of z in the direction of the vector
v=<0-80,0-60>
=<—80,— 60>

It is not a unit vector. Nc-wl;l:.,' 80)" +60? =100

Then the unit vector in the direction of v is
F=r —<—08 —06>

"

The directional derivative of z in the direction ofiiis
D, z(80,60) = ¥z (80,60) &
=<32-108> <08 -06>

=-256+643

=392
Since the rate of change of z 1n the direction of buoy 15 3.92 that 15 positive and
hence we say that the water under the boat 1s getting deeper

Answer 31E.
According to the given condition
T(x, y,z) o ;
,Jx" +y* +2°
ik

Or T(x, _}r,z) =

NEFper

‘Where k is constant proportionality

Also  T(1,2,2)=120°

k
Then 120=——
A+4+4
pe  1g0=Z
3
ie. k=360

360

1,‘1’ +y2 422

Hence T(x,_}r,z) =



(&)
—360x

(x4
~360y

(22457 +22)%
—360=

(x‘ +3° +z‘]§"‘1

7 =

L

w

The gradient of T 1s
?T[x,y,z) = -::T,T;T; >
—360x —360y

—360z

=<

~360(1) -360(2) -360(2)

e V02T H TR o

__—40 —80 80 .
37373
The gradient of T 1s
W(x,y,z) = -::T;T;T; >
—360x =360y

=<

—360z

(24 +22)2 (R4t +2) 2 (R4yr+2)

—360(1) —360(2) —360(2)
(2 (9% (9%
=40 —80 —-20

5 3 3% = g

Then ¥7(1,22)=<

Then D,7{L2,2)=VT(12,2)z

_ 20 -8 80 1 -1 1
37373 SBBB

_40 80 80

33 33 383

40

ENE]

Hence the rate of change of T in the required direction 1s

>

&k

(P4 +22)2 (R4 +2) 2 (P4yr ) g

>



(B)
Take an arbitrary point (=, ¥, z), then gradient of T at (z, ¥, 2) 15

ET[I ) =% —360x =360y —360= .
T RV (R )R (Rt
‘We know the mazimum rate of change of T 15 given by Fﬁ:”(x,y,z)l and it takes

place 1n the direction ofET[I,_}r,z) that 15 1n the direction of vector

—360x —360y 360z
) A % %
(£+7+22)? (£ +7+2)7 (P +)y+2)
. 360
LE. 7 <—X,—y,—Z >
{12 +57 +z")
That 1s 1n the direction of vector
360 - -x -y -z N
J L] L]
2 4+yi+2t [I: +_1r2 _I_ZJ:IH (xz_i_y: _I_z:)H (x: +y2 _I_ZJ)H
That 15 1n the direction of vector
360 0-x 0—y 0-=z

< ; 4 =
(f+y:+zj) (x2+y2+zj)z (xj+_}r2+zj)}£ (x2+y2+zj)’]£
Which 1s a vector that points towards the origin

Hence at any point in the ball the direction of greatest increase 1n
temperature 1s given by a wvector that point toward the origin

Answer 32E.
The temperature at a point (x, y,z)is given by
T(x,y.z)=200¢™ <, where Tis measured in °C and x,y,z in meters

(a) It is need to find the rate of change of temperature at the point P(l,—L;'}in the direction

toward the point 4 =(3,-3,3).
The rate of change of temperature T at the point F{_r_ y,:-:]iﬂ the direction of unit vector u is
D, T(x,y,z)=VT(x,y,z)-u
Now the partial derivative of T with respect to x is,
eéT
I(xy.2)=—
ox
R T E - 5 ]
=200e™ =" -—(—x‘ -3y —9:‘}
ox

— sz—r‘—i_l:-@:: '[_2_‘_}
— —'4““1—3_‘: -3y -9s*



Now the partial derivative of T with respect to y is,

a{x,.v.z)%

=200 %(-f-sf—af)

=200e™ ¥ . (-6y)

=—1200 ye™ %

Now the partial derivative of T with respect to z is,

T
T:'[IJ#FE

2 32 g2 O
=200 " -E(—f -3y*-92%)
=200 % .(-182)
=-3600ze "
The gradient of T is,
VT (x.y.z)=(T..T,.T.)
=(—4[H]I£"J'3-':"": ,~1200 ye " ,-3ﬁmze-"-3!’4*“)
The gradient of T at (2,-1,2)is.
VT (2,-1,2)=(-400(2)e™,~1200(~1)e™*,~3600(2)e )
=-400¢7(2,-3,18)
We need o find the rate of change of T in the direction of the vecior p .
Suppose pq-—vy
=(3-2, -3+1,3-2)
~-2,1)
It is not a unit vector as |v|= J6

So the unit vector u in the direction of pg — yis.



e
{-3)

So the rate of change of temperature T at the point P(l,— I,_z}in the direction of u is,

D,T(2,-1,2)=VT(2,-1,2)-u

=—400e™ <(2,- 313}(

(G e8]
- 400 (jg]
-10400e ™

J6

(b) To find that in which direction the temperature increase fastest at p, we use the following
result.

Suppose Tis differentiable function of two or three variables. Then the maximum value of the
directional derivative D'{:}is |'FT(:}| and it occurs when u has the same direction as the

gradient vector VT (x).

So the temperature T increase fastest in the direction of V7 (2,—1,2)that is in the direction of
vector (by part (a))

-400¢* (2.-3.18)
Or in the direction of vector {2,-3,18)
Answer 33E.
V(x,y2)=52 -3 +pz

Then ¥V, =10x-3y+)=

P; =—3x+z=

V=%



(&)
The gradient of V 15

W (x.y.2)=<V.V,.V. >
=<10x—-3y+ )=, —3x+x=z, 27 >
AtP(3.4,5)
?W(3,4,5) =<30-12420, -9+15,12 >
=<38.6,12 >

We need to find the rate of change of V at P 1n the direction of vector
=i+ i-k
ie. wv=<l1 -1>
Itisnotaunitvector.ﬂowﬁzwﬁ
Then the unit vector in the direction of v is
v 1 1 -1

The rate of change of V in the direction of u is
D,V (3.4,5)=V(3.4,5x

1 1 -1
=<38,6,12> «c—,——,—>
$BB
_ 38+ 6 12 32
BB BB
B)
By theorem 15, we know the mazimum increase of vat P takes place in the
direction of?v(P)
That 15 1n the direction of vector "Fv(3,4,5)
That 15 1n the direction of vector <38, 6,12 >
(C)

The mazimum increase in the value of VW at P 15

[F7(3.4.5)]=/(38)" +(6)" +(12)’
- 1624

= 2406




Answer 34E.
(a) The directional derivative of f at the point x in the direction of the unit vector m is

D,f(x)=Vf(x)-u

where Vf(x) is the gradient vector for 7 at the point x. The directional derivative represents

the rate of change of the function 7 at the point x. Since the given function z measures height,
the directional derivative tells us the change in height along any trajectory w.

Due south is along the negative y-axis. A unit vector in this direction is u :(ﬂi—l).

The gradient’s components are found from the partial derivatives of z. Firstwe find =z -

2, =—(1000-0.005* ~0.01*)

= ~0.005(2x)
=-0.01x

We evaluate at (&ﬂ,dﬂ) to find the first component of the gradient vector:

z,(60,40) = —0.01(60)
=-0.6

Nowwefind =z :
z, = %(mm-n.ms:‘ -0.015%)

=-0.01(2y)
==-0.02y

We evaluate at (ﬁu,dﬂ) to find the second component of the gradient vector:

z,(60,40) = -0.02(40)
=-0.8
Hence the gradient vecior at (60,40) is Vz(60,40)=(-0.6,—0.8). Therefore, the directional
derivative of zat (60,40) heading in the direction (0,-1) is:
D,z(60.40) =Vz(60.40)-u
=(-0.6.-0.8)-(0.-1)
=-0.6(0)-0.8(-1)
=038
Since the directional derivative is positive, it indicates we would be ascending. The change in

height of the hill when heading due south is |0.8 meters per meter|.




We evaluate at {6[].4{]) to find the second component of the gradient vector:

z, (60,40) = -0.02(40)
=-0.8
Hence the gradient vecior at (60,40) is Vz(60,40)=(-0.6,—0.8). Therefore, the directional
derivative of zat (60,40) heading in the direction (0,-1) is:

D,z(60,40) =Vz(60,40)-u
=(-0.6,-0.8)-(0,-1)
=-0.6(0)-0.8(-1)
=038
Since the directional derivative is positive, it indicates we would be ascending. The change in

height of the hill when heading due south is |0.8 meters per meter|.

N - o R 1 1\
The directional derivative of z at {60,40) heading in the direction (——,—) is:
(60,40) NG

D,z(60.40) =Vz(60,40)-u

= (~0.6,-08) (—%%}
06 03

2 2

02

2
1
52

Since the directional derivative is negative, it indicates we would be descending while heading
northwest. The change in height of the hill when heading on this trajectory is approximately

—0.14 meters per meter|.

(c) The slope is largest in the direction of the gradient vector Vz(60,40)= (—0.6,—0.3} . The

magnitude of the gradient vector, and hence the maximum rate of change of z at [ﬁﬂ,dﬂ} Is:

1V2(60,40)| = |/(~0.6)" +(~0.8)’
=036+0.64

Hence in the direction of the gradient, the rate of ascentis |1 meter per meter|-




We want to determine the angle which the gradient vector makes with the positive x-axis. The
reference angle g for a vecior {x,y) is found by evaluating #=tan"'(y/x)- Hence,

@=tan" (y/x)
=tan"' (-0.8/-0.6)
~53.1°

The reference angle lies in guadrani 1. However, the vector {-ﬂ.ﬁ. -ﬂ.s} lies in quadrant 3.

Hence the direction of the gradient is 180°+53.1°=(233.1°|
Answer 35E.

The given points are
A(1,3),B8(3,3).C(1,7).D(6,15)

Then AB=<20> and [4B8]=2

AC=<04> And [AC|=4

AD=<512> And ﬁ:m

Then the unit vector in the direction of AB is

u=<10:>
In the direction of AC is
u, = <0,1>
. . _— — 5 12
In the direction of ADis: i, =<—,— >
13 13

Therefore V.f(1,3)x, =3
ie. <f.(L3). £,(L3)>. <1,0>=3
ie.  £(13)=3

And  V7(1,3)m,=26
e <£A(13.£(13)> <0,1>=26
ie.  £,(13)=26



Therefore Ef(lj): {_}’;[LE),_}; (1,3) >=<3 26>
Hence the directional derivative of £ at a in the direction of AD is
Vr(13)

Answer 36E.

The curves of steepest descent will descend through the contours most rapidly. The more
rapidly the path goes from one contour to the next, the more rapidly it 15 dropping
elevation, as each contour represents a constant change 1n elevation Therefore, at any
point the direction of steepest descent 1s the direction 1n which the nezt-lowest contour
line 15 closest.

The closest path of approach from a point to a curve 15 a normal line from the point to the
curve, so as we make each “step” downward, we will approach the following contour as
perpendicularly as possible, looking for the closest line of approach. This will give the
steepest path.

The curves of steepest descent on the map from A and B will look something like this:

- Ay b




The curve of steepest descent from A starts out by meeting the closest contour at the
closest possible point and after that meets every subsequent contour perpendicularly. It
trends down towards the lake. The curve of steepest descent from £ also starts out
towards the closest contour, to the left of B It then meets every subsequent contour
perpendicularly as it trends down towards the river.

Answer 37E.
(a)
Use the definition of gradient and compare each component.
V(au+bv)=(au_ +bv, )i+ (mf}, +bv, }]
=aui+bvji+au j+bv j
and
aVu+bVv=alui+uj)+b(vi+v j)
=auji+au j+bvi+bvj

Clearly, each component is the same, and thus the gradient property is confirmed.

(b)
Use the definition of gradient and compare each component.
V(uv)=(wv),i+(wv), ]
=(wv, +uy)i +(u1r_1_ + u_rv)j Use the product rule each time.
uVv+Wu=u(v,i +v,j)+v(ui+u j)
=uv,i +uv, j+vui +vu j Distribute.

-

= (m-'r - ulv]f - {uv_‘_ B n‘}_v) J Collect like terms.

Clearly, each component is the same, and thus the gradient property is confirmed.

(©)

Use the definition of gradient and compare each component.

() ()

_ ( B~ )i +( Vi, —v.u Jj Use the quotient rule each time.

=

VWil — VY _ v(u,i + nrp_j) —~u{v,i + u},j)

>

v ¥

v i+wvu j—uvi—uv j L. .
= S — : Distribute through in the numerator.
7

_ (ve, —uv, )i +(vu, —m:y)j

- Collect like components.

¥

Clearly, each component is the same (break up the fraction in the second set of equations).
Thus, the gradient property is confirmed.



(d)

Use the definition of gradient and regroup the components.
Vu" = (H") i+(u”] J

= (m:""ujr ) i +(rm""u} )j Use the Chain Rule to differentiate each

component.
=nu"™" [uji + u,_j] Factor out the common term.
=nu""'Vu Use the definition of the gradient.

Answer 38E.

Consider the following graph which shows the level curves of the function f:

y
A




To sketch the gradient vector v 1 [4_6} for the function, note that if the initial point of the
gradient vector v i & (4,6} is placed at {4,6]. the vector is perpendicular to that level curve of f
which includes the point (4,6). So, first sketch a portion of the level curve through {4,6). (use

the nearby level curves as a guide line), and then draw a line perpendicular to the curve at
{-‘Lﬁ). The gradient vector is parallel to this line, and will point in the direction of increasing

function values also the length of the vector is equal to the maximum value of the directional
derivative of f at (4,6).

Now, to estimate the length of the vector, find the average rate of change in the direction of the
gradient. Note that the line intersects the contour lines corresponding to -2 and -3 with an
estimated distance of 0.5 units. Thus, the rate of change is approximately:

Df=d
(3)_,
0.5

So, the gradient vector is of length 2.

~——

» X




Answer 39E.

Consider the function:

flxy)= X +5xy+y
Determine the expression for f, (x,y)and f, (x,y):

d 5
j;(.t,y]=a{x3+it'y+y3)
=3x" +10xy
c
L{:,y}z—(xj+ﬂxzy+_}r3]
oy
=5x" +3y°
Substitute the known values in D_f (x, y) = f.(x, y)a + f,(x, y)b:
D,f(x.y) =(3:= + Iﬂ.x}:}a+(5f +3y=]b
=3ax’ +10axy + 5bx” +3by°
Determine the partial derivative of D, f (x, y) with respect to x and y-

8(D.f(x.5))
ox

é(D,f(x.y))
oy

Consider the equation shown below:

D,[D,f(x. )] = (6ax + 10ay + 10bx)a + (10ax + 6by)b

= 6ax +10ay +10bx

= 10ax + 6by

Replace the variable ‘a’ with E b with i x with 2, and y with |:

5 5

D_[ﬂ.f{l'ﬂ‘_( ]{2] 1"( ]{1) m[ ](23][ ]
oFero(Z)o])
ot ={ 0ot 2)- 1223

_ 774
25
=30.96

So, the final value is ﬂ: f{z_]] =30.96!.




Answer 40E.
(a)We know that Dfix, ) =fi(x. ¥)a + 5 (x, ¥)b, where u = {a, b}.
Find D27 (x, »).
Dif(x ¥) = a| fu(z Y)a + £, (x. ¥)b ]+
B fu(x. )a+ £, (x »)b]
= fua'+ 27, (x. y)ab + £, (x. y) ¥

Thus, we get D, f(x, ¥) = foa' + 21, (x, y)ab + £, (x. y)".

(b)We have fix, ) = x¢® Then, f; =%,
fn — U,
f.v = 292’,
5 =2xe?,
Fp=4xe”.

Then, I 7(x, ¥) = (0)a* + 4¢”ab + 4x"0".

Since v:{il, 6),ﬂ1eunitvectorinthﬂdjrﬂctionof?is ( . %)

9

Replace a with i and & with i

J52 J52
e )+ ()

= g7 (E + Ex]
13 13

6 ,,(24 36 )
| =" | —+—x||
52 13 13

Thus, |25 f (

&




Answer 41E.

Givensurface s 2(x —2)° +(y—1)* + (z—3)° = 10
The sphere is the level surface (with § = ] ) of the function
Flx,y,2)= 2(6:—2)° +(—1)’ +(—3)°
Therefore we have
F., 3,2 =4x—2)F,=2y—1)F,=2z—3)
F.(3,3,5)=4F,(3,3,5)=4F.(3,3,5)=4

(a.)Using the equation of a tangent plane
[F (x0, ¥o. zoMx — x0) + F,(x0, ¥o. 2oy —¥0) T F.(x0, %0, zo )z — 20)]

gives the equation of the tangent plane at (3,3, 5)3s
A4x—3)+4y—3)+4z—5)=0

which simplifies (when dividing both sidesby 4)10 x —3 +y—3+z—5=10
=x+y+z= 11

(b.) Using the equation of the symmetric equations of a normal line

*— Xg _ ¥—¥a . £ Ig
F (xq, ¥o, Za} F_r{IIL ¥o. Za) FAxq, ¥o. Za
gives the symmeitric eguations of the normal line are

r=32=p=3=g=3



Answer 42E.
a)
Consider the following equation of a surface.
v= xt -z
The objective is to find the equation of tangent plane to the surface at the point (4, 1,3) ;

Rewrite the equation in the form F (x. j A z) = k where k is a constant:

y=x'-z

X +y+22=0

The equation of the tangent plane to the surface F at (_ru, yu,zn} is:
F;{Inffnr zn)(-t--rn}"'F; (II*.PH‘ z.}(_}'-yn}+F; (‘tﬁ?fn'zﬁ)(z_ 0 }: 0
Find the partial derivatives of F at (4,7,3).

First find F;:

3, 2
F=—|-x"+y+z
(e T
=-2x+0+0
=-2x
Evaluate the partial derivative at (4,7,3):
F.(4.7.3)=-2(4)
=-8

Find F; 1

Ly

F, = %{—f +_1r+z:}

=0+1+0

=1
Hence. F, (4.7,3)=1

Find F__:

a 2 2
F=—|-x"+y+
=L ere?)
=0+0+2=z
=2z
Evaluate the partial derivative at (4,7,3):
F.(47.3)=2(3)
=6



Answer 43E.

{a) The standard equation of the tangent plane to the level surface F(x, y, z) at
F(x0,>0, z0) 15 given by
P, 7. 2)(x = %) + By (%, 2. 20) (7 — ) + Eo (%o, 7. 20)(2 - %) = 0.

WehaveF(x,y,z)=xyz2—ﬁ_

Find F](I:Jr: z):- FJ(I:-J': z):- aﬂd Fz(xry: z)'

F,(x, ¥, z) = i(Jiyz:— 6)

F (x,y.z) = —(o2*-6)

F(x.y.z) = —(0n=z"-6)

Replace x with 3, y with 2, and z with 1 to find Fx(3, 2, 1), (3. 2, 1), and
E(3.2,1).

£ (3.2.1) = @)(1)
2

£ (2.1 = ()
3

£(3.2.1)=203(9)0)

=12

Substitute the known values in the standard equation of the tangent plane.
2A(x-3+B)(»r-2)+(12)(z-1) =0
2x—64+3y—-6+122-12=10
2x+3y+122-24 =10

Thus, The equation of the tangent plane is obtained as|2x + 3y +12z — 24 = 0|




(h} The normal line to the tangent plane 1s given by the
(x-%) __O-—xn) __(-z)
B (%. % 2) F(% % %) E(% % z2)

(x-3)_(-2)_(-1)

2 3 12

equation

On replacing with the known values, we get

x—3 y—-2 =z-1

Thus, the equation of the normal line 15 obtained as > 3 = |

Answer 44E.

{a) The standard equation of the tangent plane to the level surface #{x, », 2) at

P(xo,n, z0) 1s given
by

F (%.%-20)(x — %) + Fy (3. %0. 20) (¥ — %) + Eo(m. Yo, 20)(z - 7)) = 0.
Wehave Fix, v 2)=xyt+yt+zx -5
Find Filx, y, 2), Fy(x. y, 2). and Fiix. y, 2).
F,(x, ». z) = %(xy +yz+zx — 5)

=ytz=
g,
&

=x+=

P.',(x,_}r,z) = (Jgr+_}z+zx—5)

d
F,(x, ¥, z) = E(xy + yz+zx — 5)

=x+Y¥

Replace x with 1, y with 2, and z with 1 to find Fy(1, 2, 1), Fy(1, 2, 1), and

F{1,2,1).

E(L21)=2+1
=3

F(L21) = 1+1
=2

F(L2,1)=1+2



Substitute the known values in the standard equation of the tangent plane.
G-+ -2+B)=-1)=0
3x—-34+2y-4+3-3=10
3x4+2y+3-10=10

Thus, the equation of the tangent plane is obtained as[3x + 2y + 32— 10=0}

Answer 45E.

{a) The standard equation of the tangent plane to the level surface F(x, y, z) at
FP(xo. 0. 20) 15 given
by

F(m. 7. 20)(x = %) + F, (%, %5, Z20) (7 = 30) + Eo (%, 2. 20}z — %) = 0.
Wehave Flz. y.2)=xty+tz—e&".

Find Fix, y,2), Fylx, y, 2), and Filx, . 2).

F(xyz)= %(1 +y+z-2%)

=1- y=e™

F_',(x,y,z) = %(I +y +z—e'“')
=1- x=e™

ﬂ(x,y,z) = %(I+_}r+z—e“)

Replace x with 0, y» with 0, and z with 1 to find 7,{0, 0, 1), 5,(0, 0, 1}, and

F{0,0, 1)

£(0.0.1) = 1-(0)(1)™®
=1

£ (0.0.1) = 1-(0) (1)
=]

£(0.0.1) = 1-(0)(0)e™®
=1



Substitute the known values in the standard equation of the tangent plane.
Wx-0)+MHr-0+()(z-1) =0

x+y+z—-1=10
Thus, the equation of the tangent plane 1s obtained as

(h) The normal line to the tangent plane 1s given by the equation
(x-x%) __-xn) __(z-z)
F (%50 2%) Fx%.5 %) F(xr» z)

(x-0)_(r-0) _(z-1)

1 1 1

On replacing with the known walues, we get

Thus, the equation of the normal line 15 obtamned asjlx =y =2z - 1|




Answer 46E.

{a) The standard equation of the tangent plane to the level surface F{x, y, z) at
FP(x0,0. z0) 15 given by

F (%, %0, 20)(x — %) + Fy (3. 7. 20) (¥ — %) + Fo (%, 0. 20)(z — %) = 0.
We have F(x,_}r,z)=x4 +y4+z4—3xzyzzz_

Find Filx. 3, 2), Fy(x. ¥, 2). and Fil(x. y. 2).
F,(x, ¥, z) = %(I‘ +yt 42— 3xzy222)

= 4x° - 6p7°z°
.F;(x, ¥y.z) = %(1‘4-},4 4zY— 312_)1:2:)
= 4y° — 6x'yz"
2 2 2

fi(x,_}r,z) = %(I4+_}?‘+Z4— 3xy'z )

= 47— 6x° _}rnz

Replace x with 1, y with 1, and z with 1 to find Fy(1, 1, 1), Fy(1, 1, 1), and

E{,1, 1.

E(111) = 400 - 6 (1)’
=-2

£, (L11) = 4(1 - 6(1) (1))’
= -2

E(L11) = 40~ (0 () (1)
=-2

Substitute the known values in the standard equation of the tangent plane.
(AE-N+(Y-N+ (-1 =0
2x+2-2y+2-2z42=10
—-x+1-y+1-z+1=0
x+y+z-3=10

Thus, The equation of the tangent plane 1s obtained as



b} The normal line to the tangent plane 1s given by the
(x-%) __O—x%) __ (z-z)

equation = = )
F (%. % 2%) F(%.% %) Fl(%. Y. 2)

On replacing with the known values, we get

G- _ =D _ (=)

1 1 1

(=-1) _(-1) _(z-1)
—2 = 2

Thus, the equation of the normal line is obtained asjlx — 1=y -1=2z-1|

Answer 47E.
Consider the equation xy+ yz+zx=3
Rewrite the equation in the form z= f(x, y):

xy+yz+zx=3

Use MATLAB to plot the function.
First create a meshgrid for the domain which must include the point [],I,I}.

Choose the domain (.]<x<2and 0.1<y<2.

We are careful not to choose (_r, y}:{ﬂ,ﬂ} where the equation for z is undefined. The

meshgrid is like a wireframe surface where intersection points are places where the function z
will be evaluated.

The command for the meshgrid is
[X.Y]=meshgrid(0.1:0.1:2);
This meshgrid spaces each of the points by 0.1 units.

The next line of code defines the function z at a point (x, y):

Z=(3-X"Y)/(Y+X);
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To find the partial derivatives of Fat (1,1,1). firstfind F:

F, =§(xy+yr+zr)
=(1)y+0+2z(1)
Evaluate the partial derivative of F, at (1,1,1):

F.(LL1)=1+1
=2

Now find F; :

c
F =—(xy+)yz+2x
= )

=x(1)+(1)z+0
=X+Z
We evaluate the partial derivative of F, at (1,1,1):
F,(LL1)=1+1
=2
Finally find F,:

Fo=L(xy+yz+2v)
oz
=0+ y(1)+(1)x
=yV+x
Evaluate the partial derivative of F, at (],I,I]:
F:(l,l,l]: 1+1
=2

Therefore, the equation of the tangent plane to F at (1,1,1) is:
F (LL1)(x=1)+F, (LLI)(y=1)+F.(LL1)(z-1)=0
2(:—1}+2{y-1}+1(z—1}=ﬂ

x=l+y=l+z-1=0
z=3-x-y
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The normal line to the surface defined by F(x,y,z)=k atthe given point (x,,y,,z,) is given
by the symmetric equations:
X=X __ Y=V _ =%
F, (-"iwftvz-} - ‘F;{Ihl'hf-} - F,(%4:75:2,)
Therefore, the symmetric equations of the normal line to the given surface defined by F at the
given point (1,1,1) are:

x-1 _ y-1 _ z-1
F(LL1) - F(LLY) - E(LLY)
x—1_y-1_z-1
2 Z 3
x=l=y-l=z-1

E=y=Z

To plot the line, we first define the vector x- x=[0.1:0.1-2]. Now since x =y we will also use
this vector as y and z in the plot3 command. Plot3 will plot a 3 dimensional graph such as a
line. The line of code to plot the line is:

plot3(x.x.x)

We display the results of plotting all three objects:




Answer 48E.

Consider the equation pz =6
Rewrite the equation is of the form z= f(x, y)

xy

Use MATLAB to plot the function. First we create a meshgrid for the domain which must
the point (1,2,3)

Choose the domain (.1 <x <2 and 1< y<3. We are careful not to choose x =() whe

he meshgrid is like a wireframe surface where intersection points are places where the
[X.Y}=meshgrid(0.1:0.1:2, 1:0.1:3
The next line of code defines the function z at a point (x, y)
7 =h X =
The =T = SEC The =130 Tincnon 1o creagie ."'"'.'-j"___'-"_:" :'-__": ":"_"
gridval=delaunay(X.¥
By = it tThe T ~Tinn 7 asreijire the frnmano arard domaimn wah tThe commanc

0 e plot the ction 7 versus the triangulated doma the co and
trimesh{gridval X.Y.7

-




We hold the plot on the graph with the code: hold on.

Now we want the equation of the tangent plane to the surface at (1,2,3). We have a
diferentiable function F (x, ¥,z)=k where kis a constant. So long as the gradient of F at the
given point (x,, ¥,,2, ) IS non-zero, an equation of the tangent plane to F at (x;,, ¥,,2,) 1S

F, (% Yor 2o J(x =2, )+ F, (%4, ¥, 24 ) (3 = ¥ )+ F. (%, ¥, 2 ) (2 =2, ) =0

To find the partial derivatives of F at (1,2,3}. Firstwe find F,:

é
F =—
2 =5 (92)
=)z
Evaluate the partial derivative at (1,2,3):

F,(1,23)=2-3
=6



To find F;

F, =%(1}’2}
=Xz
Evaluate the partial derivative at (1,2,3):
F,(12.3)=13
=5
Tofind F,:

F, =—(nz)

9 R

Evaluate the partial derivative at (1,2,3):
F.(1,2.3)=1-2
=2
Therefore, the equation of the tangent plane to F at (1,2,3) is:

o (1,2,3](:—1}+ F, [],2,3)(}!—2)+F__ (I,2,3}{z—3] =0
ﬁ{x-l}+3(_}--2)+2{z-3}=ﬂ
6x—6+3y—-6+2:2-6=0
6x+3r+2:=18
Solving the equation for z we get:
2z=18-6x-3y
z=9-3x-15y
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Answer 49E.

Given that f[_r, },} = Xy, find 1;f{31 2)
fe=y.f,=x

V3. 2= {r,x)=(2,3)

find the tangent line of the level curve f(x,y)=6 at the point (3.2)
S x(xg, yo)dx —xg) + £, (xg, Yo )y —yo) =10

2(x-3) + 3(y-2) =0

2X-6+3y-6=0

2% + 3y =12

Sketch the level curve, the tangent line and the gradient vector.

}\‘f

2x+3y=12"




Answer 50E.

g(x. 1J = x" 4y’ —4x, find V (1. 2)
g:=2x—4, g, =2

Ve(l,2)= (2x—4, 2v} = (=2, 4}
Find the tangent line to the level curve g(x.y) = 1 at the point (1,2)
2. (xg. yoXx —x¢) T 2,(x9, YoMy — o) =10
-2(x-1)+4(y-2)=0

-2X+2+4y-8=0

-2x+4y =6

Sketch the level curve, the tangent line and the gradient vector.

y T Va(1.2)

2x+4y=6

Xy =

R



Answer 51E.

The given equation of ellipsoid 1s

The equation of tangent plane at (x;. ¥, 2, )is

Fe (%070 20) (2= %)+ 15 (%.50.2 ) (7= 20) + J (%0 70 2) (2= 20) =0
i 2 2
LE a—?(x—xﬂ)+%(}r—yﬂ)+%(z—zﬂ)=ﬂ

% +y'§“ +Z% —£+i+£;
[

LE. =
a’ b g a4 b
2
But i;+';—i"'3+i—g=l {as (x5, .2, )lies on (1)

a
Then the required equation of tangent plane 1s
o, I
04200 L Ty
a b ¢

Hence proved

Answer 52E.

The given equation of hyperbolic 1s

I T3 T3
a b

(n

Take _,if(:ar,_'jaf,;::):ﬁj+y—2—£J
a b ¢
Then £, (x7.2)=25
2
f,(x,y,z)zb—':
Alxyz)=-%

c



The equation of tangent plane at (x;, .2, )is
Iz (% Yo zu)(x— %)+, (%.20.2 )(¥—20)+ £ (%. 2.2 ) (2 -2,) =0

e x"(x Iu)+ (=) 1“(z—zn)=ﬂ
} 2x%, 2_151]_222"_ ﬁ y_g_é_
- a’ " v? e ‘ a2+bz c? =0
2
Z,
o D23 XA A
c a & ¢

But i; +';L§ —é; =1 {as (xﬂ,_}rn,% )]ies on hyperboloid (1)
a e
Then 22042%0_ o 4
a F €
Which is the required equation of the tangent plane
Answer 53E.
The given equation of elhptic parabolic 1s
z. 2 X
c a &

Z

2
Then F(IjZ)—ij y_ﬂ_

&
Therefore F, (x, _jy,r,;a')z—2

K (xyz)—

& im H|*-4

F(xyz)—

The gradient V7 (z,y,2)= <F,.F, .7, >

Then ?F(;hyuzn) -::21“ %__1}
c



The equation of the tangent plane is
E (%7020 ) (x— % )+ F, (%5020 ) (V20 ) H B (%0, 30.20) (22 )= 0

22 (x-2)+ Z2(-20)-=(2-2) =0

or ., 1, 2%, 2% 5%
a » c a’ ¥ ¢
2 2
o Zeale, fo(%.2)2
b c a c
But z_“=£+y_§

2 2
c a b
2xﬂx 2y z 2z, =z
— 2 ' .2 — e
a b c c
Or 2:21+2yg_}r:z+zu
e b fn

So,




Answer 54E.
Consider the equation of the paraboloid y = x* +2*

Rewrite the equation in the form  F(x, y,z) =k where k is a constant
y=x+z
y-x'-z'=
The equation of the tangent plane of the surface F(x,y,z)at (xy,¥,,2,)is
(2 =2 ) F, (x0: Y020 )+ (3= 20 ) F, (%0, Yus 20 ) +(2 =2 ) F. (59, ¥0:2) =0 - (1)
Take F(x,y,z)=y-x'-zZ

Find the partial derivatives of F at (x,, ¥,,2, )-

¢ 5
Fo=2(y-r-2)
=-2x
F;(Il*yuiznlz_hn
Fez(v-+-2)
=]
F;-{Iul.}’nrzn)zl'
_E - R
Felly-e-2)
=-2z

F, (x5, %0:2) =22,

Therefore an equation of the tangent plane 1o F at (x,, ¥,2, ) 1S:
_hn('r—xn)"' I(y—yn)—lz“{z-z.} =0
The direction for the normal vector to this piane is (-2x,,1,-2z,)-

Since the tangent plane is parallel fo the plane x+2y+3z =1 at the point (x,, y,,z,)- so the

normal lines of the 2 planes are parallel.

The gradients of parallel lines are scalar multiples of each other. The plane x+2y+3z=1
has gradient vector (1,2,3).

So, from this we can write the equation as k (-2x,,1,-2z,) =(1,2,3) where kis a constant.
Therefore,

(—2kxy, 1k, —2kz, ) = (1,2,3)



Solve the above equation, by equating the coefficients on both sides.
—2kx, =1, k=2, —2kz, =3
Plug in k =2 to solve for x, and z,:

—2kx, =1

-2(2)x, =1
1

I,o ———

4
And

~2kz, =3
-2(2)z,=3

zu ===

4
Solve for y, from the equation of the paraboloid:
Yo=X 42,
()
d 4 <4
1 9
=
16 16
_3
8
Therefore, the point on the paraboloid whose tangent plane is paraliel to x+2y+3z=11s
(_l _3 E]
4" 4'8)

Answer 55E.

Consider the following equation of the hyperboloid.
-yt =1.

The objective is to determine the existence of points on the hyperboloid where the tangent
plane is paraliel to the plane z=x+y _

Let a differentiable function F [x, y,z) = k where k is a constant. So long as the gradient of F
at the given point (x,, y,,z,) is non-zero, an equation of the tangent plane fo F at (x,, y,,2,)
IS

F, (X0 Yo 2o J(x =2, ) # F, (%45 40 26 ) (= 20 )+ F. (%55 Y- 2 ) (2= 2, ) =0



Find the partial derivalives of F at (x,, y,,2,)- Firstfind F,:

.

_OGia a2
F'_ar{r y "'}
=2x

Evaluate the partial derivative at (x,, ¥,,2, ):

F (x4, ¥p:% ) = 2%,
Find F;:

ﬁ h p *
F, =g("" -y -7%)
==2y
Evaluate the partial derivative at (x,, ¥,,2, ):
F;— (Iu'ym o ) ==2y,
Find F:

a ¥ . ¥
F=—\x"-y -2
=5 (¥ -»-7)
=-2z

Evaluate the partial derivative at (x,, y,,2, )

F, (x5 )00%) =22,
Thus, an equation of the tangent plane to F at (x,, y,,2, ) is:
2x,(x—x) -2y, (y- %) —22,(2-2,)=0
Or similarly,

In(x_xu)_yu{y_.}'n)-zn(Z_zn]zu
The gradient vector. and hence the direction for the normal line to this plane. is {x,,—¥,,—2z,)-



The tangent plane is parallel to the plane z = x+ y at any point (_rn, yn,zn) where the normal

lines of the 2 planes are parallel. The gradients of parallel lines are scalar multiples of each
other. The plane z =x+ ycan be rewritten as —x—y+z=0.

Hence, we see its gradient must be {—L—Ll)_

Hence, we want to solve: k(xm - _}?u,,—zn} ={—l,—Ll} where k is a constant. The solution

which equates the gradients is (Im Vo Za =(-%,%,-%)_Tn verify if this solution is valid for
some k, we check to see that it is indeed a point on the hyperboloid:
o |
r ] 2 2
_1] (1) - _l] 1
k k k
LLh,
Ll S
— 11 =1
k-
1=k

The equation is not satisfied since a square cannot be negative.

Hence, we conclude there are points on the hyperboloid where the tangent plane is
paraliel to the plane z=x+y.

Answer 56E.

The given equation of ellipsoid 1s
I +2y +2z0 =9

The equation of tangent plane to ellipsoid at(xu, Yo 2 )is
3xxy +2yy, +zz, =9

Then the equation of tangent plane at (1, 1, 2) 1s
3x42y+22=9 (1)

And the equation of sphere 1s
24y 42 -8x=6y-8z424=0



Then the equation of tangent plane at (1, 1, 2) 1s
x+y+22—4(x+1)—3(y+1)—4(z+2)+24=U
x+y+2z—4x—4-3y—-3-4z-8+24=0
—3x-2y—-2z4+9=0

Or 3x+2y+22-9=0

Or 3x+2y+22=9 = ——— (2)

From equation (1) and (2) we see that the tangent planes to given elhipsoid and
sphere are same at (1, 1, 2) then the surfaces are tangent to each other at

point (11,2)

Then the equation of tangent plane at (1, 1, 2) 1s
x+y+22—4(x+1)—3(y+1)—4(z+2)+24=U
x+y+2z—4x—4-3y—3-4z-8+24=0
—3x—-2y—2z4+9=0

Or Sx+2y+22z-9=0

Or 3x4+2y4+22=9 (2)

From equation (1) and (2) we see that the tangent planes to given ellipsoid and
sphere are same at (1, 1, 2) then the surfaces are tangent to cach other at

point(11,2)
Answer 57E.

The equation cone 1s

Ay
Ff(xy.2)= 4y -z
Then £, (x, _}r,z) =2x
_jf, [x,_}r,z) =2y
_f,(x,_}r,z) =—2z

Therefore Ef(x,y,z)z < 2x, 2y, —2z>
Let(xﬂ,yn,zﬂ)be a point on the cone {(other than the origin).

Then  V.f(%.%0.20) = <28, 25— 22 >

The equation of tangent plane at (xu,_}rn,zu)is
e (%0.50.20) (= %)+ 1, (%502 )7 = 20) + . (%0 70,2 ) (2 =2} = 0
2% (x— %) 420 (y—2) 25 (2-2,) =0

Or  mlx—%)tn(y-2)-z(z-%)=0

Otz =%



Bt x+y3-z=0
Then xx; + 7, —zz; = 015 the equation of the tangent plane to the cone
This 15 the equation of the tangent plane which always contains the origin
(0,0, 0)
Hence proved

Answer 58E.

Flxy.2)= x +_‘,|.r2 +z°
Then [x, _}r,z) =2x

S (xy.z)=2y

f,(x,y,z) =2z

Then the equation of the normal line to be sphere at (xn,yu,zn)is
X~ X __F Y £ &
Fe(Z.y0.2) Sy (mo20.20)  Fe(%o.30.7)
IR _ - h_zI75
2x9 2¥ 2z,

LE.

Now the centre of the sphere 1s (U, U,U)
For the normal hne to pass through (U, ﬂ,ﬂ)

0-x, _ 0-», _ 0—=z
2% 2¥, 22y
=t_~1_+i

2 2 2
Or 1=1=1, which 15 true
Hence every normal hine to the sphere (1) passes through the cenire of the sphere

Answer 59E.
Consider the equation of the paraboloid:
F{_T,_}’..E.'] =x +_1-'“' -z
Compute the gradient of F, by using the formula:

VF(x,y,z)= (F, [_t,gr,z},,.F; (x,».2).F. {_r,y.':-:]).

Thus,

?F[x,,_l-*z}:<F'[_t,}.-‘:),,.F;_[_r,y.,z}*F:{L_r,,z])
=(2x,2y,-1)

At (1,1,2),

VF(x,y.2)=(2(1),2(1).-1)

=(2,2,-1)



The equation of the tangent plane at (1,1,2) is
2(x=1)+2(¥-1)-(z-2)=0
2x-2+2y—-2-z+2=0
2x+2y—-z-2=0

The symmetric equations of the normal line are

x—1 _¥- 1 _Z2- 2

2 2 -1
Then,

= I.-

x=2t+Ly=2t+1, andz=—1+2.

Replace the values of x,y,z in z=x" 4+ y* and then solve for r.

—+2=(2+1) +(20 1)
—(+2=4C +4r+1+40° +41+1
8 +9r =0

1(8r+9)=0

1=0,——

Plug the value ;=_§tn x=2t+Ly=2t+1, andz =-1+2.

x= 2(-2]+ Ly= 2(-2]+ I, andz = -[-E)+l
8 8 8

9 9

x=——+], y=——+I and z=2+2
4 4 h

IZ-E, yz—i and z=E
4 4 b

Therefore, the normal intersecis the paraboloid at ‘(-%1 -E E]}

4" 8




Answer 60E.

The symmetric equations for the normal line through the point P{xg. yn, @) 15 given by
(z-%) __O=x) _ (-=)
F(%.%.2) Fix.%.2) F(% . 2)

We have F(x,y,2)=4x° +y# +42 - 12=0.

Find Fi(x, ¥, 2), Fp(x, y.2), and Fi(x, y, 2).
d
F(x.y.z) = a(4;:’+y’+42’— 12)

= 8x

Fx,yz)= %{4xz+y:+4zz—12)

3
Flxr.y.2) = —[(422+ y* +42*- 12
(x.7.2) &( » )
= B
Replace x with 1, y with 2, and z with 1 to find Fy(1, 2, 1), F,(1, 2, 1), and F,(1, 2, 1).

£ (1,2.1) = &)
= 8

£(121) = 2(2)
=4

£ (1.2.1) = 8(1)
=8

: . (x-x) _ =n) _ (=-a)
Substitute the known values in F (Iﬂ, . zﬂ) = F;(xﬂ . zﬂ) = f’f,(xn . zﬂ) .

-0 _ -2 _ -1 _,

3 4 3

Wethus, get x = & +1, y= 4+ 2 and z = B +1.



Replace x with 8 + 1, y with 4f + 2, and z with 8 + 1 in x° + )7 + 2° = 102 and simplify.
(% +1)"+(4+2)"+ (8 +1)" = 102
2(8¢ +1)" + (4z + 2)" = 102
1445 + 48: + 6 = 102
248+ % —16 = 0

%+t-2=0
Solve for £.
X +:-2=10
(t+1)(3:-2)=0
2
t=-1 =
]’3

Substitute —1 for £ and % for £ 1n the parameiric equation for x, y, and z.

x=8(-D+1=-7 IZB(E)H:E
3 3
2 14
= 4(-1)+2 = -2 _ 4l 2] B
y=4(-) y=4(2]+2-3
z=8(-0)+1= -7 z=3(3)+1=E
3 3

Thus, we get the points of intersection as -7, 2, —7) and (E E E] k

Answer 61E.

The equation of the surface 1s

e+ fy+dz=c

Then f(x z)—J_+J_}_r+J;
F(xy.2)=

T
f(x.vz)—T
A(x.2)= 5



Let (%, .2, )be a point on the surface. Then the equation of the tangent plane
at (%, ¥p. 2 )is
75 (x Y. z)(x—xﬂ)+j (x Y. z)(y—yn)+j=(x,y,z)(z—zu)=U

(z==) O-n) (z-2)_,

EJ_ 20 2.0z,
Or &= Xy (—F J’n) £ =0

NN RN ~

iyt NI

Bu  Jm+potym =it
e

Thsi s~ iterceptis JRe (puttingyr=#=10

y — Intercept 15 1!}?“-:': {puttingx =z =10

z— Intercept 1s 1,‘2,,,:: {puttingy =x=0
So the sum of the intercepts 1s

ﬁ+,jﬂ+ﬁ=£(ﬁ+ yy + 2, | =€

Hence sum of the intercepts is constant

Or




Answer 62E.
Consider the function

f(xy)=3xe ~x —¢”

It is required to find the critical points of r and prove that the function has local maxima at these
two critical points.

To find the critical points find the pariial derivatives of f independently with respect fo x and y
and equate them to zero.

First find the partial derivatives.

1 (-‘-}’)=§[3xe’ ~¥-e’]

¢ ¢ ¢
=E[3J’E§]+E[—Jj]+a[—fh]
Use sum rule
¢ é ¢
=3€rE[I]—E[f]—E[E}J]
Use constant multiple rule
=3¢’ (1)-3x" -0

d
u leand — =
se power rule an ax{.{-) 0
=3e" —3x* - (1)
d .
,¥)=—|3xe" —x° —&”
£ (x.¥) 5 3xe ]

=§[3:e!]+%[-x’]+%[-e’-’]

Use sum rule

8 é 8
=3x—| &' |-—| ' |-—]| &*
selfe]-2¢]-2[e]
Use constant murtiple rule
=3xe’ —0—3e”

Use power rule and %{k} =0

=3xe’ —3¢” - (2)



Set the derivatives equal to zero.

f(x.y)=0

3e' -3x" =0

e =x

Plugin o =2 in f (x,y)=0
fi(xy)=0

3xe’ -3¢ =0
3x(x*)-3(x) =0

¥ -3x"=0

f(l—x3)=0

x=0 orx=%l

So, the corresponding y-values are obtained by substitution in gr = ;2.

e =x
y=Inx’
v=In0

The values of y are not defined for x=0,x=-1since In0, In{—l} is not defined.
So,
For x=1

y=Inl
=0

Therefore, the only possible critical point is |(1,0))-

Classify the behaviour of the critical points of f.
Recall ihe second derivative test.
A function f has continuous partial derivatives on disk (a,b)and f,(a,b)=0, f, (a,b)=0.
Let
D=D(ab)=f.(ab)f, (a.b)-[ £, (@b)]
a.lf p>gand f_(a,b)>0then f(a,b) s a local minimum
b.If p>gand f_ {a,b] <0 then f {a,b) is a local maximum

C.If D<Qthen f {a._b) is not a local minimum or local maximum.



Tofind D(x,y).fnd £ (x.y). £, (x.y) andf, (x.y) -
6 >

=—/{3e" -3x°
f“ a.l( )
Differentiate (1) with respect to x
- E{y]+£[_3f) Use sum rule

cx ox

=—6x

o= %(31&*’ —3e*) Differentiate (2) with respect to y

> {3:&*)+%(-3€’-"} Use sum rule

Substitute f_,f_ andf_ inD.

D= f.(x3) £, (x3)-[ £, (x3)]

¥
-

=[-6x][3xe” ~9¢™ ][ 3¢’ ]
=—18x"¢" +56xe”" — 9"
Find D, f_ and behaviour for the three critical points and tabulate them as follows.

Critical point | Value of 7 £ D Conclusion

(10) f(1,0)=1 f”(l’u}=: 29 > | Local maximum
<

Therefore, conclude that the local maxima exist at only one critical point and value of fis

7(1.0)=1].

Thus, the highest point of the graph is |(1,0,1)|-




Sketch the graph of the function by choosing a viewing rectangle that displays the critical points
exactly.

¥

_x3_ ¥

Answer 63E.

The given paraboloid is; z = x* +)*

Take f(x,_}r,z) =z-x —_}rﬂ
I (x, y,z) =—2x
S (xy.z)=-2y
fe(x.y.2)=1

Then Ef(x,y,z)z-::—?x,—Ey,l}
And Vf(-112)=<2,-21>

Andthe givenellipsoidis: 4x°+y* +z°=9
Take g (I, y,z) =47+ _}r: +z°
Then g, (x.y.z)=8x

g,(xy.z)=2y

g, (x, y,z) =2z



Then Eg(x,y,z) =<8x,2y, 22>

And  Vg(-11,2)=<-8,24>
The tangent at the point of intersection of the two curves 1s perpendicular to
both ¥ 7 and Vg at(~1,1,2) and therefore the vector v= ¥ 7 x Vg will be parallel to

the tangent line
PGk
v=VfxVg=[2 -2 1|=-10f-16j-12k
2 4

Then the direction numbers of tangent hines are <—10, —16, —12 >and 1t passes
through (—1, 1, 2)
x+1 y-1 =z-2

-10 -16 -12
Or x=-1-10¢, y=1-16£, z=2-1%

Hence its equation 1s:

Answer 64E.

(A)
Let f(x,y,z)=y+z
And g (x,_}r,z) =x +_j|.*J

Then the gradient tangent line is perpendicular to both ¥/ (1,2 1) and Vg (1.2,1)
and therefore it is parallel to the vector V7 (1.2.1) xVg (L2.1) =4 (say)

Now Vf(xy.z)=<f.f,.f.>

=«<011>
And  Vg(xy.z)= <g,.g,.2 >
=<2x 2y, 0>

Then ¥7(L21)= <0,L1>
And  Vg(1,21)=<240>

i J
Therefore # =VfxVg=p0 1
2 40
=47 4272k

Hence the parametric equations of line passing through (], 2, 1) and parallel to
vector <-4, 2 —2>1s |x=1-4f, y=2+2f z=1-2¢




Answer 65E.

(A)

(®)

The given surfaces are
F(x.y.2)=0,and G(x,y,2)=0

Then their partial denivatives are
F.F.F . ad G,G,,G

Let (x,. ¥,. 2, ) be their point of intersection
Then the equation of tangent line to F(x,_}r,z) =0 at(xn,yn,zﬂ)is
X% Y _ £ 5
F,(%.702) F(%.re%) F(%..2)
The direction numbers of tangent live are

< F, (%, 70.2)- B, (%. 0.2 ). e (%0 %0 %0) >

Also the equation of tangent line to G(x,y,z) =0 at(xn,yu,zﬂ)is
— X ___ Y _ £ 5
G, (%.50.20) G (%.20.%) G (%.7.%)
The direction numbers of tangent hine to G(I,y,z) =01s

{GI(I‘],_]F“,Z“),G"P, G: (Iﬂ-yﬂ’zﬂ) >

If the two surfaces are orthogonal then their normal are perpendicular and thus
tangents at the point of intersection are also perpendicular. Therefore

F:G: +£;:‘IGJ +EG: =0 > at (IIJ’J’[I’ZI])
(It 1s given that V7 # 0 and V(7 # Othat 15 not all the respective partial denvatives
are Zero)

Conversely if £,G, + F,G, +FG, =0 at(xﬂ,_}rn,zu)

That 15 the sum of the product of the direction numbers of the tangent lines 15 zero
That 15 the normals at (xﬂ,_}rn,zu ) are perpendicular

That 15 the two surfaces are orthogonal

Take F(x,y.z)= =+ _}rz N {1
Then £, (x,y,z) =2x
F’ (x,y,z) =2y, E (I,_F,Z) =—2z

And take G(x,y,z) =x +_:r,if2 +z2 -7
Then G, (x, _}r,z) =2x

G, (x,y,z) =2y

G, (x,_}r,z) —=2F



Consider F,G, +F,G, +F,G,
=(2x)(2z) +(2y)(2r) +(-22)(-22)
=4x* +4y* —42°
= 4(2+ )2
=4{0)=0 {Because of (1)

This 15 true for every point. Hence we say that the given surfaces are orthogonal at
every point of intersection

Answer 66E.

(a) A function fis continuous at a point (x,, y,) if

1. f{.rqyn} exists
2. - ﬂ!}qﬂl . f(x,y) exists
3 (= n]—lq“:.r If(x y)= f[-'f.,)’n}

We check these conditions at the origin. First we evaluate the function at the origin:

£(0.0)=30-0
=0

Now we determine the limit at the origin:

f(xy)= lim 3y

HD']] Hl‘l_ﬂl

For the function to be continuous at the origin we need for this limit to exist and to equal 0,
since f{ﬂ,ll]) =0.Weshowthisifforany g>(Qwecanfinda §( suchthatif

0 -::|[x,y}-{t},ﬂ)! < & for any {x_y) in the domain of fwe have (< U{_r,y)_q <E.
Given any g (). we choose §=*2. Then suppose that :

{]ﬁkxﬁy]—(ﬂ.ﬂ]lfﬁ
< J(.\:-I}}2
0<|x¥+)* <&
0< Jm‘:s;'z




Now we note that x < [? 4+ y* andthat y < [i? 4 y? - Then we have
|f (x.) -0 =]

<R+ (Ve y)|

<[

3i£3i

I

=&

Therefore, 0< If{x, y] -0| < £. Hence fis continuous at the origin.

The partial derivative f exists at (xn, yn] if the following limit exists:
f{-"n +}'v.}'n}_f(-rnt.}'n)

h
We evaluate this limit at the origin:

£(0+h,0)- £(0.0)
h

. %"h-l]l—l]
=lm

k-0 h
= in()
=0
Therefore, f, exists at the origin and is equal to 0.

G oA (-‘ov}’o) = 1'_“;

£.(0,0)=lim




Similarty, _f; exists at {_ru, }’n] if the following limit exists:

(o) = g LTt 8= F )

We evaluate this limit at the ornigin:

J0-h-0
h

= lim
b0
=lim(0)
=0
Therefore, _f; exists at the origin and is equal to 0.
The directional derivative of Fat (x,, _}!n) in the direction of the unit vecior u ={a,b} exists if
the following limit exists:

D.f(-r.,,,v.,)=ljﬁf(:“+h”‘yﬂ +:b}—f(1"yn)

We evaluate this imit at the origin:
i L (0+ha.0+hb)~ £ (0.0) . f(ha.hb)-(0.0)

b h sl h

i S —0

k=0 h

ﬁ!!} {ﬂb }l='3

= lim
k=
= ()" lim—-
e Iﬁll.-jl
But this limit does not exist unless g =0 or b =(- Therefore, the directional derivatives in any
direction other than in the directions i:{l,{}) orj= ({}, I} do not exist.
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Answer 67E.

The directional derivatives of f(z, ¥) at a given point in two non — parallel

directions given by unit vector u and v are given, that1s ), fand ), £ are given



By the definition of directional derivatives

D, f=Vfu
:f.f,,_jf, ::-_;
If u= <a.b >

Then 1D, f=<f.f, > <a,b>=A (say) {gven}
Also D f=Vfv

:-::f,,j_', ::-;

It v=<c,d >
Then D, f=<f,.f, > <c,d>=25 (say) {given}
Hence we are given
af,+tbf,=A4
And cf+df, =5
Therefore on solving these linear equations for £, and 7, we can find £, £, and
hence ﬁf

Answer 68E.

By definition, if z= f(x,y). then fis differentiable at (a,b) if Az can be expressed in the
form

Az =L{a,b}ﬁt+_};_{a,b}ﬁ_}:+ £Ax+£,Ay

where g and &, —0 as (Ax,Ay)—(0,0).

For the function z= f(x,y). we notethat f(x)- f(x,)=Az and that

(x.y)=(x,.5)
{.r—.ru.,y—};,) —}{ﬂ,ﬂ]
(Ax,Ay)—(0.0)



Hence by substitution into the left hand side of the given equation:
f{l}-f{‘u)_vf{ln}'(l-ln]

lim
- |x—x,)
_ pim V(X)) v - 3)
(4x.Av)+0.0) l(x—x0. 3= )]
i M‘(ﬂ(‘ﬂ)*ﬂ(’ﬂ]}'(ﬂr‘ﬂf}
= im
(ax.Ar}>(0.0) (Ax,Ay)|
s A f(x)Ax- S (%) Ay
(ax.Ar){0.0) l(Ax,Ay)|

Now we substitute for A- from the definition since z is differentiable:

L AV (x,)-(x-x,)
(ax.ar)+0.0) (ax.ay)|
. {fr[:u)ﬂr+ﬂ_{:n)ﬂy+£,ﬁx+zzﬂy)-ﬁ (xg)Ax= £ (x,) Ay

= Ao I(Ax. Ay)|

. EAx +£,Ay
= lm —-—
{Ax. 4 }+{(0.0) I( Ax. 5_},)'
Now we recognize that any quantity is no greater than its absolute value:
£Ax+£,Ay <|g,Ax + £,A]
=& 2.)-(axv.ap)

We have the absolute value of a dot product. The Cauchy Schwartz Inequality tells us that for
any two vectors a and b, we have

la-b|</aljb]

Therefore,

(eine:)-(Axay)|<[(ei.e. ) axar)



Hence we can continue to evaluate our limit:

sAT+EAY |&,Ax + £,
lim ——2-— lim ‘——
l.l.r..!;]--[l.'!.ﬂ} K,h— gy}l (A, a@Hﬂ-ﬂJ |(ﬁr ﬂy]

- Ok {£| &3 } ] ("'!'xvﬂ.l"){
= 1m
(acasion) | Ax,Ay)|

% Bia (&6 )| (Ax. A7)
(aasion) (A, Ay)|
= Jim |e.e,)

{ae.ax | -+{0.0)

Finally, by the definition. ¢, and &, —0 as (Ax,Ay)—»(0,0). Therefore,

[hﬂﬂmk&" 4= la-,al:!ﬂlu,m &) +(&)
=0 +0°
=0

Therefore, since this limit goes to 0, then:

tim L (3) =S (%) -Vf (x,)-(x-%,) _
- Ix=x,|






