Exercise 2.3
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Let f(x)=2"
Here 2* is constant, we know that dic =10
e
i 24'] — [:I
adx
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Let f [x) =

. el
Here 7 is constant , we know that d—.:? =0
x

if:m

ox
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The function is _,r(,r} = 1_%; :

The objective is to differentiate the function.

d . d 2
E_f(f}—a[z—gf]

el d{2 . dr . d .
= [ )= —] — Since — X|l—lx)|l=— :
cﬁ{ ) Lff[:;f] dx[j{f] 5(1} ﬂfr'f
2d . d d .. d .

=(0-—=— Since —e=0,—kf(x)=k—
sl e )=k i)
- —E Since i_r" e fu“r I
3 ey

Therefore. the derivative of the function is dij'(;} =
t
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Differentiate:

-
F[x)— e

We can use the power rule here which says if n is a positive integer;

i( ny n—1
e ]\x nx

S0 using the power rule we simply bring the 8 exponent down and multiply it with 3/4 and then
subtract 1 from the exponent, ie;

3 g
8*:_1"

g =6 andg—1=7,

So our derivative is;
£ 7
! rrlj = 6x
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Consider the function.

fix)= X —4x+6.

Differentiate the function, f(x] =" —4x+6 with respectto x, to get the following:

f(x)= %{x‘ ~4x+6) Differntiate both sides with respect to x
= %(\‘] +%(4-4.':} +%[(s} Use sum rule of differentiation
=3y i(.r)— 41( x)+0 Use power rule of differentiation
dx dx
=3x"-1-4:1 Since ;—’(x)=|
i
=3x" -4

Hence the result is _
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f(z):%zﬁ—af“ﬂ
o A 8
)= ——(£)-3—(")+—(¢
i Sl
:%x&5—3x4£3+1

=37 128 +1
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Let g [xj =x [1— 2x)

b dg df
Formula: — = +
ax I:fg) U ax s dx

Tzing the abowe formula

& d 4
Eg[x)—ax 1:1—23:)

5 d e
= E[l—Ex)+[1—2x:lEx2
= x'[-2]+[1-2x]{ 2x)
=2z +2x—4x*
= —6x* +2x

d

i =—6x% +2
dxg[x:l x X
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Consider the function

h(x)=(x-2)(2c+3)

First, to expand h(x) j

h(x)=(x -—2](2.1‘+ 3)
=x(2x+3)-2(2x+3)

=2x" +3x-4x-6
=2x —x-6

To find differentiate the function A(x)thatis #'(x):

Differentiate ;;(;,,—] = 2x* — x -6 with respect to x, to get

dyoay d e . _
=2 —|x |——[x)——{(6) By using the constant multiple rule
ffx{r ] .ci\'()'} { ) Y 4 P
=zi( 3}__{ ]Smce i }=t},cis constant
e c.l’r

=2(2x)-1 By using the power rule: %[1} ="' . nelR

=4x—] Simplify.

Therefore, differentiate the function h{x}is

h’[x}=4x—1 |
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=
Let g(e)=2et
d
dx
Tsing the above formula

d dl. =2
—glt)=—| 2¢*
220 dz[ }

Formula: i [cf) =c—F
dx
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B[_J:j =cy "

Differentiating with respect to y by using power rule

i . - _ s
B (v] = c-{—ﬁjy = —bey
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Consider the function,

A{.\'] = —:—3

Rewrite the function as,
. 1
A[.\'}Z"Iz.i' Since —“=_1' i}
x
Need to find differentiate the given function.

Differentiate A(s)with respectto .

]

A'(s)=(-1257)

=-12(-55*)
= 6ls
| : 1
= GU[T] Since —=x "
5 x
_60
.‘p'ﬁ
60

Therefare, A’(.v): —|
&5
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2

5
]

Let y=x
o d d
E(f 8)— Ef Eg
Tsing the abowe formula

5 2 5 2
i[xi_xiJzixi_ixi

Formula;

dx dx dx
5 2
_Exz—l_2 =
3 3
2 -1
sdes _Ze5
33
;55 2
=—x'—=x
Y733
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Consider the function,

S(p)=yJp-p

Rewrite the function as,

S[p}: p' T p. Since \‘-"; =gl*

MNeed to find differentiate the given function.
Differentiate S{;;)with respectto p.

S'(p) =(p' z —p]

:(.”Lz]' —(P]J Use difference rule: ( f'—;{)' = flagh

| (121 . od n =1 d

=—p —1 Use power rule: —(x" J=nx"",—(x)=1.
2Jr d.\'{ ) rir( )

= ]E pVi-1

=%—1 Since 2 =
2p's "

1
=2J,!_}—E since .fg =4'2,

: I
Therefore. §'(p)=|—=-1|
24p
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Let yz\[;(x—‘l)

Formula: di[fg) =fe'+ fk
x
Tsing the above formula

22 fr(x-1)]

dx  dx

o \.E%[x—l)+[di\f;][x—l)

X

:.\E(]_)+2il,;(x_]) [ _xxznxm—l]

=1
24x

dy
et e
ax ﬁ

=z +

x—1
2%
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Consider the following function:
R(a)=(3a+1)’
The objective is to find the derivative of the function.

Expand the expression as,
(3a+1)" =(9a° +6a+1)

The Sum Rule states that, if f{x],g{x]are two differentiable functions, then
d; . dy. d
—(/(x)+2(x))=—=(/(x))+—(2(x))

The Constant Multiple Rule states that,

- d .
et (1) =e5-1 (3)
And the Power Rule States that,

%(IN}= n.r"-l-

By using the Sum Rule and the Constant Multiple Rule, we obtain:

d

(RN = (Gas1y’)

et

_d g
= a{@a +~'.3£'-‘+1)

d 5 o d
=2 las? )l 2.0
da{ a ]+da[6a)+da( )

=59 () +6 (a)+0

er da
MNow D‘," using power rule, we obtain:

<L (R(a)) =9(24") +6(1a")

=18a+6

Therefore, the derivative of the given function is R'{a} =18a+6|
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Let S(R)=4nk’
Formula icf =c£
adx dx
TTzing the abowe formula

2 g(R)= L anp?
dR dr

= 4;=ri 7
dR

=472 R
= BiTR

- S'(R)=8nR
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Consider the function:

X +dx+3
W

Use quatient rule of differentiation to find the derivative of the given function.
Quatient rule:

41
g £
So that,

& VX

i3

“ )

ﬁ{2x+4+ U)—(f +4x+ 3][2—\]’,;]
n(2v@][ﬂ)(2x+4)—(x3 +4x+3)
B 2xx

_ 2x(2x+4)-x" —4x-3
Zx\f.;

Simplify further,

(e e3)= (14w 3) (V)

AS

B s

=4:c2 +8x—x"—4x-3

ExJ_
3r +4x=3
T amlx
(o ar)
(35 5r)
Therefore,
%:[H_:F 2xfj
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Consider the function.

_Nxx

2
X

Although it is possible to differentiate the function using the Quotient Rule, it is much easier to
perform the division first.



Differentiate both sides with respectto x.

e i[,ﬁ +x"]

dx e
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Let & [x:] = (x+ x'1)3

=X 4+ 387 3

=2 +x7 +3x+327"

Formulas: ix“ =anx®" and
adx
d df dg
S AT T e
dx Iif g:l dx  dx

Tsing the above formulas, we get

%H[x)=%[x3+x_3+3x+3x_1]

= ixg +i x +£3x+i3x_l
ax &% ax %

=3x =37 34 3(- 127

=3y -3yt +3-3x7

CH(x) =30 -3t 33
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Consider the following function:

g[u]zﬁu+@

The objective is to find the derivative of the function.

The Constant Multiple Rule states that,

d. . d .

—Ilcflx))=c— flx)-

i\ (3) =5 S (x)
The Sum Rule states that. if f(x),g(x)are two differentiable functions, then

L0051 20

And the Power Rule States that,

;—i(x"} =nx""'.



By using the Sum Rule, we obtain:

ﬁ;—f:i(ﬁu)ﬁ(m]
d df 1
='JEE{H} 33 '\'@E[H“J

Mow by using power rule, we obtain:

dg d df 3
i N L o
du J_du[")-hrdu[“]

=\E{1)+~;’§[%u;"]

3
=2+ —=
2Ju
Therefore, the derivative of the given function is dg =24 V3
du Z-Jri:
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Consider the function, ,,_ 5 4+ 4f° -

Find the derivative of o .

Use the following formula:

Suppose f and g are two differentiable functions, then [f+g]' =fl+g'

Differentiate u with respect to ¢ . and then apply the sum rule as shown below:
L0264
:t*=%(2§]+4%(\h—5)
= %[ 3I]+4%[r%] Since fm =a:
Continue further,
u'= %(r% / +4%[!

I 5
1 21
o l_,s +4 5;2 Since ix" Ak
5 dx

vati i s Bal L sig2
Therefore, the derivative of the function ,, _ 8y + 4./ Is ==t

5¢5




Chapter 2 Derivatives Exercise 2.3 22E

2
Civen function v= [ﬁ—i—iJ

T

Differentiate v with respect to x, we have

4fred)

" dx

=2[J}+L Hi[ﬁ+i
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Consider the following function:

f{'r] = (l + 2_1'2)(_1' - :rz)

The objective is to find the derivative of the function in two ways:
1. Using product rule:

The product rule states that,

IT w and v are both differentiable, then

i[n‘{.‘t‘] !’(I}] = V{I}%[H[I}]ﬂ' H(I]%[P[I}]

The Sum Rule states that, if f{x],g{_r]are two differentiable functions, then

d 4 dyi /
() re()=(f (2)+ (2 (x))-
And the Power Rule States that,

d
e

(x"} ="

By using the product rule and power rule,
' o d )
Z("f (x)) =E((! +2x']{x—x1})

= (I +2x° }%[r—x:)+ (.\'—-f)%{l+ 2x:}
= (14207 )[1-2x]+(x—x7) (0+4x)
e {l + Ef}(l -2x) +(,'r— X’ ](4,1-)
=1=-2x+2x" —4x +4x" —4x°

=—8x’ +6x" —2x +1

Therefore, the derivative of the given function is | /*(x)=-8x" +6x" —2x+1|.




2_Second Method:

By performing multiplication:
flx)= [I +2.r:){.r—.1"’:]
=x+2x —-xt-2x
==2x' 2 ="+ x
Now using sum rule and power rule,

%("‘(1‘}} = %(—2.‘.‘4 +2¢° —xt s .l'}

d { 3 1.y d
= E[—?.x*hj{lt' ]_:’_r(\ )+ I(r)

-2(40)+2(35)-(20)+

=—8x" +6x° —2x+1

Therefore, the derivative of the given function is [_;“(,\-] =—8x' +6x7 - 2x+1].

From (1) and (2) both answers are same.

Chapter 2 Derivatives Exercise 2.3
- A e
iy oo Ben

X

Given function & [xj
First method:

Quotient Rule: (i] = gf'- /g

H
=4 =4

d d{x4—5x3+ﬁ}
el

B E l: )_dx =
_ xza%(x*—5x3+\f;)—|:x4—5x3+\!;1%x2

[}
X

x* |:4x3 —15x2+ﬁ:|—|:x4—5f +\E:|2x

[

X
3 3
4x5—15/+%x2—2x5+wﬁ“'—2x2
= T
X
3
2:Jr5—§;'::*—5:1r'1 3 =
SV S T
x 2

second method: F I:x:l =xt—5x+x?
=3
E"[:Jr)zixg—5;':—‘:-:1.'T
ax
s

=2x-5- E ¥ Both answers are same

| Second method 15 simple
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Vix)= [2;(3 +3:l [x* - 2x)

av d d
Then = = |[2x3+3:la[x4 —2x)+[x" —2x)g[2x3 +3)

dx

= [2x3+3j(4x3— 2)+[x‘* —2xj(6x2)

=8z —dxrf 12t -6+ 62" - 1247

=14z -4x*-¢
-

Hence d— =14x" -4z -8
ax
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Let L(x)= [l-‘r x+x2) [2 - x":l
=242z+2x" —xt—x -2

=—x -l dix" =z
x

|- 2'(x) = 62" - 52* — 4z’ +4x+2|
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These type of problems first we can simplify algebraically then differentiating.

{33

Differentiating we get

Fy)= ;;y(ﬁy—laly-l—zyﬂ

=(5-14(-1y* -3(=3)»™) [ By The Power Rule)

14 9
d il

, 4 9

ALTERNATIVE METHOD:

(3o

Differentiating we get

(By The Product Rule)

[-+50567)]
(By Difference Rule and Sum Rule)
550

(By The Constant Multiple Rule)
o) S5 G S50
= [y+5y3)[(—2);;2'1—3><(—4)y*‘-1]+[i2—%}[1-y1'1+5><3-y3'1]

F
I: By The Power Rule:l

=(y+57)[-27 +12y'5j|+(i2—)%][1-y0 +15 * |

Y

2 12 1 3
R e

MNow simplify algebraically

Fyi= [yx——+5y x—— J {yx—+5y XEJ
1
Tz

¥y
o [ Shosyra{3-2)
.)’ P
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Let J(v)= Iiv3 - Zv:l [v"‘ +v'2)

=y ooy =2yt

J'[v) = i[v'l — vy 2v'1)

dv

= i[—v'l -7 +v) e 2, =]
v dx

= (=1 = 2(=3) +1

=y i+t 41

| J'(v) =v2 46t +1‘
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1+2x
Let xl=
elx)=3,
Formula: [i] = & —gfg
=4 =4

Tsing the abowve formula
d d 1+2x

2 (=2

dx dr3-4x

[3—4x)£;ﬂ+2x)—ﬁ+2x)j(3—4ﬂ

= X

(3-4x)"
_ (3-4x)(2)-(1+2x)(-4)
(3-4x)

_6-8x+4+8x 10
(3-4x)  (3-4x)°
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Let f[x): ;‘:;

f
[
Formula: [i] = U
2
Tsing the above formula

bl d x=3
RS e

_(x+3)§%(x—3)—(x—3)§%(x+3

(x+3)"
|:x+3)—|:x—3:|
(x+3)"

<h
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Consider the function,

3
X

f(x)

¥ l=x%
Meed to find differentiate the function.

Differentiate  f {x}with respectto x.

f"(x}=[1f;z] -

Let w=x*,v=1-x%

Using the quotient rule, to get

f(x)=

2

=

il 1y T 3
=(1 . )(Et ) 2;2 (0-222) sinced—(r")=n_\-"".;—f{c]
l-x X i
3x* —3x' + 2

(I—.r:z]2

3x" —-x"

11(3—11).

(-¢)

Therefore, f'(x)=

Chapter 2 Derivatives Exercise 2.3 32E

Quotient rule: I u(_r] and v(x} are differentiable, then

i|:u[x}:|= 1-’(-1’]i[!f(x}]—-u(ﬂx}i[u{xﬂ
S [T

Consider the function:

x+1

J=

L +x=32

(T A Y



Apply the guotient rule to differentiate the function.

ﬂ_i[ x+1 }
dy  de| X +x-2
(x"+x—2)i[x+l}—(x+|]i[r“+x—2]
|:x3‘+x—2]2
(2 +x=2)(140)~(x+1)(3x* +1-0)
- |:x3+x-2]:
{x"+x—2}~{3r‘+3x’+x+l)
|:x'1+x-2:|2
W el e T )
[Jr3+:r—2:|:r
5 -2x" -3x% -3
[.1n'3+.1c—2]2

Hence,

dy _-2x'-3x"-3
dx [xj +x= 2]2
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v3—2vJ1_J
p——

= -2
dy  d o, 1
= [V =2 = P2 ——
dv a?v( ‘r) 2
v v
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Consider the following function:

y= {
(1)

The objective is to find the derivative of the function.
The quotient rule:

If u and v are both differentiable, then
i|:u{x]:| _ v(x) i I:H[Jr}] ~u(x) i[v[r}]
dx | v(x) [v[x}:r

And the Power Rule States that,

%(x”]: nx".

p(x)=0



By using the quotient rule, we obtain:

nt rule

Wer

2 d d
(-1 4 ()= (1-1) |
= { 1}4 Use the quotie
I—
{r—l}z{l]—:f-[rz—zwl}
= [ gl’,r}d Expand the po
ll'_
—1f —1(2¢=2
:[r ) f[4|’ ) Use the Power rule
(¢-1)
~1) =27 +2
=[‘ gr 1): Fidd Simplify
2 2
o 2.*{—;—[ 1)1:1 + 2t Simplify
_ =+
(r=1)°
(1) (1=1)
(e-1)(e-1)
_=(1+1)
(-1

Therefore, the derivative of the given function is |y'() =

—(1+1)

(-1 |
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Consider the following function:
P42
Y A+
The objective is to find the derivative of the function.
According to the quotient rule,

If fand g are differentiable, then

d [ f{x]]: () L] 7 () L Le()]
dx| g(x) [g{x}]z

And the Power Rule States that,

dx




By using the quotient rule,

yin== e
dil =3 +1

d . d Quotient rule
(-3 +I)E{r2 +2)-(r +2)E(!4 -3 +1)
(¢ -3¢ +l]2
! (¢ =36 +1)(20) = (¢ +2)(4r" - 6r) d

{r,, T I)z Since d—[(:l = () and di(x'} = nx""!

X X

267 =61’ +2t—4r' +61° -8 +124
(-3 +I)2

=21 -8 +14¢

(ra -3+ 1)3 Simplify

2(-1*—4r +7)
(¢t -3 -'—l)1

Therefore, the derivative of the given function is |3'(¢)
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Consider the function,
1=t
£ (’T) =
33

Rewrite the function as,

1
t 1
glx)=—~=
FEE
it L
=f 3_!2 3
2 |
=43 g

The object is to differentiate the above function.

Differentiate on both sides with respectio x.

g'(x) =%[.‘§ —r%J

2 £ | 1 o =1
== ——% Use —(x")=m"
: —(x")
2] "
e ly
3 6
2
EOp
3 et
1
42 -1
5
Gt
a1 -1
= 5
616

Therefore, the derivative of the function is,

41 -1

g'(x)= ]
o1°
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y=ax +bx+c
Differentiating using power rule, we get

d_y = 2ax+b
ax
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Given that y= A+§+£2

r
Differentiate the above function with respectto x, Then

i( ) d(A+B+C"]
ax dx x X

d d 1 d(1
= —[A)+B—(—]+C—(—2]
dx dx\x dxl\ x

= A+ Bxt+Cx7
using power rule, we get

N R
dx
dy B 2oC
S FE

H
adx % x
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Consider the following function:

The objective is to find the derivative of the function.

According to the quotient rule,

If fand g are differentiable, then

d [f{.r}] ) L] 7 ()% [g(x)]

dx| g(x) [g ]
And the Power Rule States that,

ﬁ’ _ =l

d\ }- L

By using the quotient rule,

.y df 2t
f {*}=E[m]
=(2+Jf)$(2r}—(2f)£-{2+ﬁ] Quotient rule
(2+J;)2

_{24-'»1{;)(2)_( ][ 2\;—] Since (T{ ¢)=0and i(\'ﬁ]_]_

X

{2+J;) ax dx 2\.

44247 - 2;[ ,Ij_]
(v

_4+2JF—J;

 (2+)

_ 4

(2440)

Simplify

44+t
p+ﬁf

T

(1)

Therefore, the derivative of the given function is
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oX

Cltex
Using quotient rule, we have
& (14ex)x :?[cx) —(ex)x %(l +ex)

dx (14+ex)’

dy c(l+ecx)—cxxe
dr  (14ex)

c+czx—czx o

[1+cx)z - 1:1 -i-::'x)2
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Consider the following function:

y=t(F+t+r)
The objective is to find the derivative of the function.

Expand the expression as,

1 1 1
Ye(F4e+)=0 ()48 ()46 ()
0 0

The Sum Rule states that, it f(x),g(x)are two differentiable functions. then

4 o) e gl =)+ Lo
() +e(x) =2 () +(2(x)
And the Power Rule States that,

d # 7=

E(x )=m‘ L

By using the Sum Rule, we obtain:

ﬁ=i[x‘.‘r.:{:'3+r+.' ')J

drdr

T 4 2
uld Pt
dt
7 4 2
A - I 1 W
clt clf dt

MNow by using power rule, we obtain:

: 7 i 2
d_}zi lrﬁ +i f:‘ +i i 3
dr i dt di

730 454 2 -2

== =1 —-=¢
3 3 3
4 | i
=zlr.‘ +ir3_gr 3
3 3 3

I 4 1 5
g[?f" o e | -‘]

4 1 5
Therefore, the derivative of the given function is | 3'(¢) = %[?H +4¢% =2t 3] ;
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W =2t 45

y=72=u4—2u+5u'2
th,
By power rule, we have
d 10

ey -2 107 = e’ —2-
i s
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2
X x
fl:x)_x_i_i_ x2+c
x

Ev quotient rule, we hawe

2 d o3 2 f o2
fr[x):(x +c:)><E|[x )—xzxa[x +r::l
szg—i-c)

2x|[x2+-:':]—x2><2x

Iix2 +c‘:)2

Chapter 2 Derivatives Exercise 2.3
ax+b
(x)=

Fla
cx+d
Tzing quotient rule, we get

(cx—l—a’)Xj;x(ax+b)—(ax+b)xj;x(cx+d)

P [x)— [cx+a?)2
_a[cx+d)—c[ax+b)
- [:.s;r+a!')2
_ad —ke
B [cx+d)2

Chapter 2 Derivatives Exercise 2.3

P(x) = axxx +czx_1xx_1 +e, g +iz, % +oyx+ag
TTsing power rule we get
d = =
) E[a”f ta, 2 e, 2 bty +a1x+aﬂ)
= namxx_l +|:n - 1) am_lxx_g +——+2ax+oy

Thiz is apelynomial of degree n—1

Chapter 2 Derivatives Exercise 2.3

f(x)= 2x
=1
Ev the Quotient rule we have i|:i:|= gf’_zfgf
dx| g g
d d
Sowe e 7(5) = -1 (5) = o |
d
_ szz—])—x[x)—x.alzxz—l)
(1)
d
We have —x[x)zl and E[xg—l:l:h'
= o 2 2
Thus £(x) = [x 1.1 2):.2?::;; _1_2:;
Iixz—lj Iixg—l:]
2
- 1
= (5=




Here in figure 1 the graph of f[x) and in figure 2 the graph of f'[x) iz shown
we see that f[x) 1z not defined at k=1 and -1, s0 f'[x) 15 also not defined. we

see that where the graph of 7 [x) hawing negative slope so f'lixj iz alzo negative

and where f{x) has positive slope 2o £7(x) i3 also positive Both the graphs are
shown in figure (Dand (2)
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Chapter 2 Derivatives Exercise 2.3
Flx)=3"-52"+3
Then f'(x)= [ 3x" - 52" +3]
x
) ) ) . ) ) )
= — | 3x7 |- 54° [+=[3 sice —| f+g|l=—fF+—
dx[ :I dx[ dx[ ] dx[f g] a’xf a’xg
= 3i.x15 —Six3+ 0 Becausze i(c): 0 where ¢ is any constant
ax adx adx
ook o e o We have {ix” = nx”_1:|
ax

S(x) =455 15+

In figure 1 the graph of f[ix) and in figure 2, the graph of f'[x) are shown
Here we see that at =0 the graph of f [x) has horizontal tangent so § [D) =0
Where [x) has positive slope, f'[x) 1z alzo positive and Where f[ix) has
negative slope,f'[x) 1z also negative.

Thus thiz verify our result of f’(xj
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Chapter 2 Derivatives Exercise 2.3
We have f[xj = :Jr+l
X

1

Then frlz;{) = di[x+—]
X

X

e d o
Wehave —[f+gl=—/Ff+—
ax (j g) dxf dxg

Thus 7 (x) = ;;x(xj+i[lJ

dx\ x
= 1+;;x(x'1) [%(;;): 1}
= 1+(—1)l2 [ix" = nxx_1i|

X

In the figure 1 the graph of f(x) and in the figure 2, graph of f'(x) 15 shown,
Here we see that [x) 12 not defined at k=0 30 f’(x) 15 also not defined at x=10
Where f{x) has positive slope, the value of f'[x) 1z alzo positive and where the
slope off(x:l 15 negative, the value of f’(x:l 15 also negative. This verifies that
oUr answer 15 reasonable.
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(A)

(B)

(<)

WWe have f(x) =x -3 -6 +7x+30

Y

50

s

10

44

Fig.1

From the graph of f (x) =x' -3 -6 +7x+30 in patt (&4, we see that the
graph has horizontal tangents at x=-1.25,0.5 and 3, so here the derivative will be
zere. Since the function f(x) 1z decreasing on (—e0,—1.23) and (0.3, 350 here

derivative will be negative and since I:x) 18 increasing on (—1.25,0.3) and

(3, o0) so here the derivative will be positive.

Y

Fix)

sl )

B

Fig.2

MNow we have f(xj =x' -3 6 +7x+30

Then f'(x)zdi(x"—af—sx‘* +7x+30)

X

I RN Y R
_dx[x) de[x:l 6dx(x)+?dx(x)+dx(2o)
=dx —3x 3t —6x2x+T4+0

Or |7'(x)= 42" - 92" - 12247

Now we sketch the graph of '(x) and see that our answer in part (b) 1z correct
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a)
Consider the function y =
x +1
Sketch the graph of y = f_ in viewing [-4,4],[-1,1.5] is as follows:
x +1

Use Computer Algebra System Maple, to plot the graph:
The input command is
Plotix"2/x"2+1 x=-4. 4 y=-1_5);

The output is

2
> plot| ———,x=-4.4,y=-1.15 ;
41
159y
]__
s
g
05 x°+1
X
4 3 2 -1 0 1 2 3 4
-0.5 4
S




b)

For find graph of y':

For instance, for y =] then its tangent slope is 0.5
For yx=2 then its tangent slope is 0.16

For y=3 then its tangent slope is 0.06

Rough sketch of the graph of )" is as follows:
A
15+Y

c)
dv

dx

Find

Use Computer Algebra System Maple, to find dﬂ
X

The input command is
Simplify (diff(x*2/(x"2+1).x));

The output is

> .w'mp!{{i#[ d;‘f?'[ ﬁ : .r] ]:

2x
(2 +1)°
dy 2x
Therefore, ~ |7 2 .12
de|(x41)
dy 2x

Sketch the graph of — - =7, .7 is as follows:
W dlx (x' +1}

s plot 3 JX=-4 4 y=-1_15|;

(xz-i-]]
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e have y= 2_x
x+1

Tsing quotient rule we get
i I:x+1jxj;x[2x)—2xx%[x+l)
dx (z+1)

2|:x+1)— 2x
(x+1Y
2
(x+1)"

The slope of the tangent at (1, 1) 1s given by
we®| o2 1
Y (1+1) 2
The equation of the tangent at (1, 1) is
Y=n =m[x—x1:l

1
:>y—1:§|:x—1) (xlzl, ylzl)
=2y—x=1

1 1
Or =y=—x+—
% 2 2

Chapter 2 Derivatives Exercise 2.3
The slope of the tangent at (1, 1) is given by
we?| 2 1
dxla (1+1) 2
The equation of the tangent at (1, 1) iz

y=y =m(x-x)

1
:\y—l:EI:x—l:l ErHT e R
=2dy—z=1

1 1
Or = yv=—x+—
x 2 2
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(A
1
Curve y= ———
(1+x")
dy  d 1
Then = | —
T dx[1+x2]
We use the Quotient rule i|:ij| = M
dr|l g z
P (1+x2)i(1)—1i(1+x9)
We have 2 = dx gdx
i (1+27)
We have di[:C"): 0 where C iz a constant
x
0—(2
g, Do)
ax (144
dy  —2x
& (L]
. 1% .
Then slope of tangent at the point —1,5 15
dy _ -2(-1) _. 2 2

dx (1+(—1)2)2_(1+1)2 3

1
slape = —
3 2

3 : d
Then equation of tangent 15 y— = d—y[x— xl)
x

=(r-3)-30-C)

=y l =l[x+l)

22
=2y-1=x+1
=|ey=x+2

®)

w= G

5 X

Chapter 2 Derivatives Exercise 2.3

(&) Wehave y=

14z
After differentiating with respect to x, we get

7 (1+x2)—x(2x)
BRI

2

e P S
TRy

[Cuotient rule]



The zlope of the tangent line at (3, 0.2) 12
sy 1_—322 =008
(1+3%)
Therefore equation of the tangent at (3,0.3],
(¥-0.3)=—0.08(x—3

=[y=-0.08x+054

B HNow we graph the curve and the tangent line on the satne screen

i ﬁ‘!: ¥=-0.06x-0.54
¥
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Tangent Line at (1,2)

¥ =X+ X

Differentiate with respect to x

E— i
Y 5 [+

=8 [ ol Mow evaluate at x=1 to find the slope of the tangent at (1.2)
a4
Y1) =1+ Le15=m
’ s ]/ 3
Equation of the tangent line is l\y —2) = ?[x — 1J
A
3 i
O p= = 2o
r ¥ X + :

Since the normal line is perpendicular to the tangent so its slope  m ,, will be the
-2

3

negative reciprocal of m,

Then equation of the normal line is

(=2)= =3{=1)

Chapter 2 Derivatives Exercise 2.3 56E
We are given that the equation of the curve

=1 +2x)° and the given pointis (1, 9)



We first find -

dx

2=l 1)

dx

= 4(1+2x)

=>d—:=4[1+2xj

i

So the slope of the tangent line at (] _9) is

[j—“] = 4[1 +2(1)J= 12
wsih

We use the point -slope form to write an equation of the tangent line at (1, 9)
y—=9=12(x—1)
=yp—9=12xr—12

=y=12x—3

The slope of the normal line at (1, 9) is the negative reciprocal of 12, namely _|_2I ., S0 an

equation is
-1
y—9 i F[x— lj
| i
e e x+

i2 I2

s T aguhe
& |2+|1+E':l

e ing
=B g 12

So, the equation of the tangentlineis y = |2y —3 and the equation of the normal

lineis y= %1—% at the point (| 9)
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Consider the curve,
Ix+1
= 2
x +1
And the point (1,2)

Need to find the equations of the tangent line and normal line to the curve y at [1,2]_

Compute ﬁ
dx

Accurding to the E]UDtiEFIt rule,
ﬂizi[hﬂ}
dv  de| X +1
i (x* +|]i(3x+|}—(3f+l}i(f+1]
(12 + I}'
(x* +1)3-(3x+1)(2x)
(13 +I}2
3x% +3-6x" -2x
T (e

-3 -2x+43

{12 +l}2

Since the slope of the tangent line is the slope of the curve which is the derivative of the
function.

Thus, the slope of the tangent line is
dy _—3x"-2x+43
dx (.rz + I]3

The slope of the tangent line at (1,2)is

dy| _3(1) -2(1)+3

dx|,_, (12 +1)
-3=2+3

Thus, the slope of the tangent line at (1,2)is |-—




The equation of the tangent line arises from the point-slope equation for a line.
Point-Slope form of the equation of a line:

An equation of line passing through the point (Jrl,_vl) and having the slope m is
y=y=m(x-x)

Let [x"_j.:1 ] = [l.l’.]

The equation of the tangent line at (1,2)is,

(v-2)=-5(x-1)

y—2= _%pr% Use distributive property

y= —l_nr+E Add 2 to both sides
22

3x+1
2

Therefore, the equation of the tangent line to the curve y = :
x* -+

at the point (1,2)is

Recall that, the normal line to a curve ( at point P is the line through Pthat is perpendicular to
the tangent line at P,

Two lines are perpendicular; their slopes are negative reciprocals.

So, the slope of the normal line at [!,2] is the negative reciprocal of _%. namely 2

The equation of the normal line at (1,2})is,
(r-2)=2(x-1)

y—2=2x-2 Use distributive property
y=2x Add 2 fo both sides

Therefore, the equation of the normal line to the curve y = i at the point {Lz}is

o +1
The curve and its tangent and normal lines are graphed in the below figure:

F 3

5t¥
N Narmal|l
ormal line
Tangent line 7\; 1.2)
_3x+1 Kia:
241 Y .

- = -3 -2 -1 Al 1 2 3 4 5;

-2t

-3 1

44

=51
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Consider the curve,

fe= —
¥ x+1

And the point (4,0.4)

MNeed to find the equations of the tangent line and normal line fo the curve y at [4,0.4}_

Compute “5

dr
According fo the quotient rule,
‘fjj i[ J; }

x+1

dx  dx

_(IH)J( )~ (Vx )- (x+1)
(x+1)
(T+I)T— x(1)
(x+1)

B (x+])—lx
C2Jx(x+1)
l-x

T 2fx (x+1)

Since the slope of the tangent line is the slope of the curve which is the derivative of the
function.

Thus, the slope of the tangent line is
dy l—x

de 2 Jx(x+1)
The slope of the tangent line at [4,0.4}i5

@ __ 1-4
dil, 2-J4(4+1)
3
T 2.2(4+1)’

L =
T4.25
3
100

Thus, the slope of the tangent line at [4,0.4]is

100




The equation of the tangent line arises from the point-slope equation for a line.

Point-Slope form of the equation of a line:

An eguation of line passing through the point [Jcl,_}—'l] and having the slope m is
P ¥y =m{‘x_‘rl]

Let (xl?yl] = {4"{]‘4]

The equation of the tangent line at [4,{].4}i5

(y-0.4)=——(x-4)

100
—04= _ix+£ Use distributive property
100 100
,_ﬂ ix+£ Rewrite
100 100 100
y=—ix+ 52 Add ﬂ to both sides
100 100 100
3 13
p=—— y+— Simplify
YT 00" " 25
Therefore, the equation of the tangent line to the curve y= “‘E at the point {4,(].4] is
x+1
o 3 .18
i 100 25

Recall that, the normal line to a curve ¢ at point P is the line through P that is perpendicular to
the tangent line at P.

Two lines are perpendicular; their slopes are negative reciprocals.

So, the slope of the normal line at 4 0. 4} is the negative reciprocal of _% namely — Ho

The equation of the normal line at (4,0.4)is,

—{M}_@ (x—4)

4}_4:%_ _$ Use distributive property

_}!—z =@I—? Rewrite

5 3
y= @ _% Add 2 to both sides
3 15 S

Therefore, the equation of the normal line to the curve y= J_ at the point {4 (0. 4}
x+1

100 1994

< 37 15




The curve and its tangent and normal lines are graphed in the below figure:

0.6*}’

s Normal line

0‘5..
(4.0.4)

0.41
Tangent line

0.3

0.2

0.1

B ¥ 2 3 4 5 B 7T 2% 9§ 10
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Consider the function
f(x) =x' -3 +18x
First, to find the first derivative of the function f{x}:

Differentiate f [x) =x* -3’ +16x with respect to x, to get

F()=2Lr()]

=di(x‘ ~3x' +16x)

X
doy diay, d | |

=— -— 3 e -} By using the difference and sum rule
dx(x )-—(3x )+dr{|m} y using

=i(,\:’)—3i[:x")+lﬁdi{-‘f} By using the constant multiple rule
X x

=4x -3(3x2)+16[|] By using the power rule: di(x”)m;,r*' 'neR
X

=4x’ —9x* +16 SImplity.

Therefore, the first derivative of the function f{x] is

S'(x)=4x"-9x" +16|.




First, to find the second derivative of the function f {x]:

Differentiate f'(x)=4x" —9x” +16 with respect to x, to get

1) =57 ()]

=%(413 —9x° +|Er)
=%(4x3)—£(9x3)+%[16} By using the difference and sum rule
¥ I . .
=4E(x }_gg(x )+_r[|5} By using the constant multiple rule
F O _
=4— —9—(x*]) Since —[¢)= 1
4dx(x ] de(,\* ) dr[c) 0, ¢is constant

=4{3f}—9[2;} By using the power rule: i(-‘-‘”)=ﬂx""’,ne R

=12x" —18x SImplify.

Therefore, the second derivative of the function f{x] is

S(x)=12x" —18x|-
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Consider the function

G(r):\f{;+’ﬁ;-

First, to find the first derivative of the function G[r}:

Differentiate ¥ (r) = Jr + %+ with respect to 1, to get

G'(n=2[6(r)]

2 (F4F)
=%(,ﬂ]+%({:’;) By using the sum rule

=i(rv=]+i(r'-’3] By using the radical rule: gy = o'~

dr dr
= lr"“ +lr'3"-‘ By using the power rule: i(f } =m™ neR
2 3 dx

Therefore, the first derivative of the function G[r} is




Mext, to find the second derivative of the function G[r}:

Differentiate G'(r] = % e +§r""3 with respect to r, to get

G'(r)=<G'(")]

- d [1 -2 + lr-z_.-s]
2 3

[% —I-'ZJ [ ‘”’J By using the sum rule
1 d | d
d [ 3d (

- %[ '3”} —[—%r'ﬂ ] By using the power rule: i[x") =m"".neR

dx

) By using the constant multiple rule

2 2
2 <3 Simplify.
r
4 Ty

Therefore, the second derivative of the function G(r)is

G'(r)=-

1 2
wr ol
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Consider the function,

2

F(x)=7>

1+2x

Use the Quotient Rule,

“If g and h are differentiable, then

i{g{x}]_ h(r)i[g(r}]*g{x]i[h{x]] "
dx| h(x) B [h[x}]z

The first derivative of the given function f(x)=

will be,

1+2x

(]+2I)a’[x3:|_x2d(1+2x}

! i elx dx
)= (1+2x)

(1+2x)x[ 26" |- x[ 0+ 2x1xx""]
) (1+2x)’
_(1+2x)x2x-x"x2
B (1+2x)°
_ 2x +4x" =2y
o (1+2«)

Simplify further.

A

Fila)= (1+2x)’




IZ
1+2x

will be,

Use the Quotient Rule, the second derivative of the given function f(ﬂ:

dl1'(x)]

dx

Ma2m)

1=

2d[2x+2x] d(1+2x)’

z
[2.r+ 2x } =

[(l +2x]2]2

(1426 x[2x1xx 0 22 ]-(2r 20 AL A2

cx

(1+2x)°
(1 2x) x[2+ 4x] - (20 + 20 )x[ 0+ 452" +4x2x 27"
- (1+2x)'

Simplify further,

(1+2x) x[2+4x]—(2x+2x* ) x[4+8x]

e (1+2x)’
_[z+4x]x[(1+2x]‘_2[2x+zx:}]
) (1+2x)"
214 2x]x[ 1+ 4w+ 4x7 - dx - 447
) (142x)"
__ 2
(1+2x)""
Simplification gives,
ity B
Fo(x)= (1 +2,1:]I
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Consider the function,

f(x] 3 -x

Meed to find the first and second derivatives of the above function.
Quotient rule:

If fand g are differentiable, then

|:f(x] g(x) [f{x] f(x) [3 )]
X [e(x)]

Compute the first derivative, f'(x):

f'[ﬂ:%[ﬁ]

(3= (0)-(1) 5 (3-%)

Quotient rule

G
= [3_1)2 Si I( ¢)=0and E{.r}—l
— Simplify

“6- I)

Therefore, the first derivative of £ (x) =3Li5 f(x)= G-1)
-1 =%




Compute the first derivative, j'"[x]:
= dr
£1(x)=2-L1(x)]

-4 I ince: f(x)= : 3
_JII:{3—1]2] since: f'(x) Gr)

(32 L (1)-(1) & (32
[6-97T
_ (-9 (9-126-x)(-1]

Quotient rule

Since: i[c} = and i_{.r")= nx"

(G- dr i
_-1[2(3-x)(-1)] ekl
(3-x)°

0—2x o
[3 7 Use distributive property
-1

= 2(3-x)

(3-2)

Factor out 2 in the numerator

Cancel out the common term, 3_ y

2
)

Therefore, the second derivative of f(x)= % is [f"(x) =W
-1 —
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Consider the equation of motion of a particle is

s=r =3

Where s is in meters and t is in seconds.

(a)
Velocity is the first derivative of the position function :-:[r}:r3 -3t

Therefore,
i s
r i _3
s'(r) = [r .r)

22 ()= () e ()

AR
50250 (Flotl-5s0)
=3r-3 (%(-‘"]:”IN_I]

Hence, the velocity as function of fis

v(t) =37 -3|.




Acceleration is the first derivative of the velocity function 1,-(_:):3;2 -3.

Therefore,

d
dy i d d g oio i
=238)-23) [Lr(x)te(x)]==r(x) (.
)4 ® [m[”t) (9] /() dx&(r]J
dioay. d d d
=32(A)-2(3) L[t (x)]=cZ=1(
@ g [c.fx[‘f(‘)] {:."xf(r]]
d " - d
~3(21)-0 (& (x)=m" ()=o)
=061
Hence, the acceleration as function of fis
a(t)=61.
(0)
Evaluate the acceleration after 2 s by substitute 2 into the acceleration function:
a(t)=o6t
a(2)=6(2)
=12

Since the units of position are meters with respect to time in seconds, the acceleration after 2 5
is .
c)
To find the time when velocity is 0 be setting the velocity function equal to O
v(1)=3r -3
0=3r-3
3=3°
1=#
tl=t

Since we will only consider positive times, we recognize only that the velocity is 0 at 1 s.

Evaluate the acceleration after 1 s by substitute 1 into the acceleration function:
a(r)=6r
a(l)=6(1)

=6

Therefore, the acceleration after 1 s, which corresponds to the velocity being 0, is

ol
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The equation of motion of aparticle is s=¢* -2 +¢* —¢  where s i3 in meters and ¢
12 1n seconds.

E dS d 4 3 2
ay Welocity v=—=—|& = 287 48" =&
(iFeles 7=3=5 ]

=4 gt 21
| v=4f -6 +2:— 1

Acceleration a= ﬁ = £(4£3 — et - 1)
dt dt
=122 12 +2

(k) Acceleration after lsis
av

[EL =12(1*)-12(1) +2

=2 mfs?



(c)

The graph of S{green curve), v({velocity 15 red curve) and afacceleration) are given below

Chapter 2 Derivatives Exercise 2.3

Boyle's law states that when a sample of gas iz compressed at a constant pressure, the
pressure p oof'the gas iz inversely proportional to the volume v of the gas.

i

v — = p=—
£ £

{a) Suppose that the pressure of a sample of air that cccupies 0.106m° at 25 iz 50
v=(0.106x50)/ p

=53/p
dv =53

l:b) =z 3
dp p

[f] =— 5'32 =-000212
4 Sy (50)

Derivative 15 the instantaneous rate of change of the wolume with respect to the pressure
at 25% .

|units are w { Rpa‘

Chapter 2 Derivatives Exercise 2.3

iven
P 26 25 31 35 38 42 45
L 50 ) T8 81 74 70 59

ia) Mormal equations to find quadratic ezpression of the pressure are
na+bE P+c TP =T L
aRP+bE P 4cy P=Y FL
oy Phay Plaey Pl=5 PIF
From the given data the equations be comes
Ta+2455 48879 =473
245a +BRTIL + 332279 = 16808
BET9a 4+ 3322795 +12793235: = 609538
Bu solving these we get a polynomial of second degree as L =—0.282* +1975-273.55



Graph of the quadratic expression given in above 15 shown in the below graph

'H'\:Ill-.lrI
144+
120
net

CERER ' ' ' ' ' ' ' o
BLI=TURE T oy P = R B = B = M =B i -}

Lirmab=s wabh A Pl Arrnn o Aecinin STApERt FHR e AlrFHm samsaaparbees . ’

(b)

9L o _056P+19.75

dP

When P=30,%2 = 2.95
dP

When F :-’-H:I,ﬁ =-265
dF

The meaning of the derivative 12 the rate of change in tire life with respect to the pressure,
The units are thousand of rnilesl.f‘l}::-‘.f'in2

Ifthe value of P increases the % decreases.
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Suppose that f(5)=1, f*(5)=6, g(5)=-3, and g’(5)=2.
The product rule:

f fand g are both differentiable, then

(/) (x)=f(x)g'(x)+g(x)f(x)
The gu otient rule:

If fand g are both differentiable, then

11e) (x)= EWL () -/ (x)e'(x)
(f/g) (x) ()T

.&(x)=0
.;ja_]
By using the product rule, to find the value of (fe }' {5}:
(/2) (5)=r(5)&'(5)+&(5)./'(5)
= 1-2+{—3]-6

=2-18
=-16

Therefore l:,%’)‘ (5)=



(b)
By using the quotient rule, to find the value of ( f'fg]'{5}3

(1) (5) =80 B) =/ ()2'(3)

[¢(5)]
_(-3)-6-1-2 [,f'(:i}:l,j"(ﬁ):t’u ]
(-3 g(5)=-3, ¢'(5)=2
1B
9
-
9
Therefore U'ng]' (5)= _?

(c)

By using the quotient rule. to find the value of (g/ £} (5):

_1(5)&'(5)-2(5)7(5)

(g/1) (5)

[re)]
_1.2-(-3)-6 (_f{S)z].j"{S]:ﬁ ]
) “}: 3(5]=—3.g'(5)=2
2-(-18)

=20

Therefore (g;rf} (5} e
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Given f(2)=-3g(2),/(2)=-2,g"(2)=7

(@) h(x)=57{x)-4g(x)

= Kx)=57"(x)-4g'(x)

= #(2)=57"(2)-4¢'(2)
=5(-2)-4(7)
=-10-28
=

b klx)=7(x)elx)

=-21-8
-
_Jf(x)
(c) ﬁ:z[:x)_ g[x)
= k I:sz[f(x)J




@ h(x)=EL

(1+7(2))e'(2)-2(2)./(-2)
(1+7(2))

B (2)=
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IT 1(x) = «(x) " g(x), where g(4) =8 and g'(4) = 7, find T(4).

f(x) = V(x) *gix)

(%)= ()" g'(x) + g(x) * (1/2)x-1/2 By product rule
TU4)=~(4)" g'(4) + q(d) = [/ (2v{4)]]

=2*7+8"*(14)
=16
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Consider, h(2)=4 and h'(2)=-3

hlx
MNeed to find the value of i M
del x

Quotient rule:

If fand g are differentiable. then

i[_f(_r)} g{'t);i[f[-r}]_f{-'f]ci[g(x”
g(x) [e(x)]

dx



According to the quotient rule,

d [:;(.v}}: x4 [h(x)] —j*(r}jx (]
& o)

_ x[ A (x)]-h(x)[1]

X

x
Thus,
d J’r(_\'} B th(\}—h(\)
del x| x*
Now.
d(h(x))]  x-H(x)-h(x)
del x| P e
LN e T
= M Substitute 2 for x
2_-
245904 sinee h(2)=4 and #'(2)=-3
4
—-6—-4 :
=—— Multiply
4
=¥ Simplify the numerator
- | Divide
Therefore,
d h(x) R
del  x - 2
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(4)
We have u(x)=7(x).g(x)
The product law «'(x)= /'(x).g(x)+g'(x) f (x)
Thenz=1 (=7 Nel)+g (1) (1)
Then by the graph we can estimate
Fl =2 =]

fr(1)=510pﬁ of fl:x:] atlezﬂ o

2~

g' (1) = Slope of g(x) atx=1=—%=—1
Hence
w (1) =+1x2+{-1)x2

=2-2
u'(1)1="0
(B

We have V[x)z J.;E:g




1 2
By the graph f(5)=3g(5)=2 f'[ﬁ)ss—g,g’(S)ssg
{3 2
Then ¥F'(5) = = wr
EH I:) (2)2 4 )
] 2
VS =—-—=|F"(3)=-2
(5)=- 2 ={r(5)=-2
Y
4
3l f
2
] g
ol 1 2 3 4 5 "8
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(&)
We have P(x) = F(x).G[x)
Thus by the product rule we have
P(x)=F'(x)G(x)+C (x).F(z)
Forz=2
P(2)= F'(2).G(2)+ T (2).F (2)
By graph we can estimate

A(2=3G(2)=2
F (2) =3lope of ¥ (x] at (x=2) = 0 there tangent 15 horizontal)

&'(2) =S5lope of G(x)at (x=2) 9:5%

Then P/(2)= 0><2+%><3=§

P'2) =§
B We have Q(x) = ggg
- oy SR F(x) - F (x)C (x)
Then by the Quotient rule we have [:x)— (G(x))g
_ oy SONE ) -FNE0)
Forx=7 Cd s 3
SN CTOY
By the graph we can estimate 7 [?) = G[?) =]

And F'(T)=5lope of Flx)at 7 m%
&'(7)=S5lope of G(x)at Te —%

1 21 1 10
Tosa[ Bl |  2opne
4 U[ 3]=4+3=£

(1)2 1 12




o1 23 4 5 &6 7
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(A)

»=xg(x)

%Z (=) g(x)+12' (x) = g (x)+ x2'()
(B)

X

g(x)

(C)
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(&)
y=xF(x)
d_y: 2xf[xj+x2f'|:x)
%
(B)
y:fg)
x
dy _ Fx) x -2 (x)
dx P
(<
yo
F{x)




(L)

e 1+f;—3x)
i _ [+ (x)] N.E—[]+J§,‘f'l:x):|(\'f;:|r
dx x

) [/ (x)+ 2 ()] -[1+ 27 ()] 2%

x

2:!:[]’ [x)+xf'|:x):|—[1+xf[x):|
_ 2x

~ 2x[f|:x)+xf'[x):|—[l+xf [x:l]
- 2;:«];

_ 2xf(x) 122 ()~ 1- ()

- EX\E
_x+2x’fx)-1

- 2xd7
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Consider the equation of the curve,

y=2 430 - 12x+1 .. (1)

The derivative of y at a point x = a gives the slope of the tangent line to the graph of y at the
point (a,b).

Compute the derivative of given curve as follows:

2) 1) a0 a0

y = o = s
= 2*[3>< .\’3":|+3x[2xx2":|—l2x[lxx"‘J+0
=6x" +6x—12
= 6(.:(2 +x—2]

For the points, where the tangent to the given curve is horizontal, the slope will be equal to
zero. Assume that at point (x,,_yl) the tangent to the curve is horizontal. Thus,

('vl}[x;._r,l =0
6(,1',3 +x —2} =0
X' +x=2=0

X +2x —x-2=0
Simplify further,
x(x+2)-1(x+2)=0
(% +2)(x,-1)=0
y+2=0=x=-12
x=-1=0=x =1

Substitute x, = -2 in the equation of the curve,

5
2

» =2(-2) +3(-2)" -12(-2)+1
=—16+12+24+1
=11
Substitute x, =1 in the equation of the curve,
¥ =2(1)" +3(1)" =12(1) +1
=2+3-12+1
=—6

Therefore, at points |{:—2,2]] and [],—6)|the tangent to the curve is horizontal.
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The derivative of a function f(x} at any point on the curve gives the slope the tangent at that

point and a horizontal tangent has the slope zero.

This follows that the tangents of the function .f(x] are horizontal at the points where the

derivative of the function f(x) is zero.

So make the derivative of the function f(x)=x"+3x" + x +3 equal to zero and solve it for x

in order to find the points at which the function has horizontal tangents.

Firstly find the derivative of the function.
d d 3 2
—f{x)=—x" +3x" +x+3
a’xf( ) dx[ ]

() L) L (x) e L3

=3 +6x+1+0
=3x" +6x+1

Hence. the derivative of the function f(x)is 3x+6x+1.

IMake the derivative equal to zero and solve it for x.
f'(x)=0
3x'+0x+1=0
3(x+1)’-2=0

3(x+1)

2
: 2

I
(x 1 -

x+l=z=

x==%|=-1

e 2R
3°N3

=—1.8165,-0.1835

ﬁiﬂwlm

Hence, the required points are approximately [-1.8165] and [-0.1835].

Therefore, the function will have the horizontal tangents at the points

|-1.8165| and |—0.1835].

The following diagram shows the graph of the function f(:r} = x’ +3x* + x +3 and horizontal

tangents y=-1.8165, y =-0.1835 of the function at the
points x=-1.8165 and x=-0.1835.

204y
16
12
8

f(E)="43x" +x43

horizontal tangents

y=-18165
'=—0.1835.

ot

¥~

S 4 83 2 aa% 1 2 3 4 5

-8
-12
-16
-20
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Curve y=6x" +5x—3

The slope of the tangent= d_y
ax
Let slope of the tangent 15 4 then we have
D
dx
§3(&€+5x—3}=4
dx
d 3 ) d e
=6—x"+0—x——3=4 — [ Fftg+hi=F+e"+&
dx dr dx dx(f = ) Sre :|
=18 +5-0=4
=187 +5=4
=182 =4-35
=18 = -1
::nﬂr:{:j
18
2]
= X=ril=
18

The value of x 15 not real, so there 15 no point on the curve where the tangent has
slope 4.
Hence, curve y=6x° +5x— 3 has no tangent line with slope 4.
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Consider the curve

y=xx
Then rewrite the curve y = N’I is

y=xx

1

=

=X

Use the formula i(m} L
dx

dv  d [ :]
BE ] o3
dv  dx

3 |
=—x?

2

=§J}

The tangent line is parallel to y=1+3x
The slope of the tangent line is same as the slope of this line that is 3.

&
dv

%ﬁzs
Jr=2

x=4

3



Substitute 4 for X in the equation y = x [

y=xx
=44
=4.2
=8

Therefore, (x,y)=(4,8)
Slope-point form: the equation of the line with slope m and point [xl,yl)is

y=y=m(x-x)

Equation of the tangent line to the curve y=xJJ_r that is parallel to y=3x+1 is

yY=¥ =m'l:).’—x|}

y—8=3(x-4)
y=8=3x-12
Jx—=p=-4=0

Thus, the equation of the tangent line to the curve =x\f; thatis parallelto y=3x+1 is

ESEE

Chapter 2 Derivatives Exercise 2.3 79E
Consider the function y=1+x".

Differentiate the given function with respect to x.
dy d
L —(1+ x") -
dv  dx
The Sum Rule states that, it f and g are both differentiable, then

d i d

= () + g (x)) = (£ (x))+—-(g(x))-
By using the Sum Rule, we obtain,

dy_d . ds

dx _dx(1)+ dx(x ]
The Power Rule states that. If » is real number, then
i(xﬂl] = nxu-l .

ox

By using the Power Rule, we obtain

Y 043
dx

=3x%.

The tangentlineto y= f{x] at any point has slope Q

dx
Hence the slope of the tangent to the curve y=1+ X is given by
d.
m=2
=3x".

The slope of the line 12x—y =1 is given by differentiation with respect x as follows.

¥4 higy
E_dx(ux I]
aliah A | s W de
_dr{ux) a’x{l] [-dx(f g) dx dx]

doyv-9d oy [ Liery=cL
=12§{.r]—3(1) [ E(cf}—ca}

=12(1)-0
=12



If the tangent line to
lines must be equal.

Therefore,
m=3x"=12
x=4
x=%2
Now if x =2 then
y=l+x
=1+2°
=9
If x=-—2 then
y=l+x°
=1+(-2)’
=7

y= 1+ x°is parallel to the line 12x — y =1.then the slopes of these two

Therefore, the tangent line touches the curve y =1+ x"atthe points (2,9)and (-2,-7).

Use the point-slope form of the equation of a line passing through [a,b] with slope mr

givenas y-b=m(x-a).

Therefore the equation of tangent line at {2,9] with the slope =12 is

y-9=12(x-2)
y-9=12x-24
y=12x-15|.

And the equation of tangent line at [—2,—?} with the slope =12 Is

y+7=12(x+2)
y+7=12x+24

=121
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The slope of the given line x=2y =2 is %

For the tangent to be parallel to this line, its slope must be %

lL.e. ﬁ:l
de 2
Mow
x—1
=x+|
d_v {x-{—l) {x—l}
d (x+1)
2




|
(x+1) 4
=x+1=42

=x=12-1

=x==3or x=I

If x=Ly=0

If x=—3‘y=j=2

We use the point-slope form to write an equation of the tangent line at [l,ﬂ]

Here the required equations is
y—yf:m{x—n]
:;»y—ﬂ:%{.r—l}::r
And

We use the point-siope form to write an equation of the tangent line at (-3,2)

Here the required equations is

y=y=m(x-x)
o y-2-Lae) o Ty
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Consider the parabola y = x* —5x +4that is parallel to the line x-3y =35

The normal line needs to have the same slope as the line x -3y =5 because they are meant

to be parallel to each other. Find the slope of the given line by rewriting the equation in slope-
intercept form y =mx+b:

x=3y=5
=3y==x+35
RS
-3
1 5§
y==x——
3 3

The slope of the line x-=3y=>5is 1 and nence the slope of the normal line must be 3
3 3



The normal line to a curve is the line that is perpendicular to the tangent line when both share
a point with the curve. The slopes of perpendicular lines are negative reciprocals of each other.

Therefore, since the slope of the normal line is % the slope of the tangent line must be —3

By finding the tangent line with slope —3. also find the point shared by the curve, the tangent,
and the normal lines.

Therefore, find the derivative of the function y = x¥ —5x+4 and then set it equal to -3 solve
for the x values where the tangent line has slope —3:

_(y):%( sy +d)

P (2)-Lis)r L) (D7) s(x)2 ()]

d
dr
:%(f —5%(4’)-"%[4} [%[Cf(x)]=c%_;"(,r]]

%{x" ] = px"! ,%[c} =0
where ¢ is a constant

=2x-35

Set the derivative equal to -3 solve for the x values where the tangent line has slope —3.

['(x)=0
2x-5=-3  (Add 5 to both sides)
2x=2

x=1 (Divide both sides by 2)
Solving for the y value on the curve,
y=x'-5x+4
=(1)'-5(1)+4  (Replace x with 1)
=1-5+4
=0

Thus, the point [LEI] on the curve ymf —5x+4 has atangent line with a slope of —3

Hence the normal line to (1,0) have a slope of %

The equation of a line with slope m and which goes through the point (x,,y,} in

Point-slope form is y— y, =m(x-x,)
Therefore, the equation of the normal line with slope ;_ and through the point {l,[]] is

Yy=n zm{x_xl:]

y—ﬂ:%(.‘c—l]
}’Z%(-“‘I]
b 1
¥=3*73

Hence, the equation of normal line to the curve = x’ =5y +4 thatis parallel to the line

x-3y=35is y= %x—% .
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The Given equation of the parabola y = x—2*

First we get the equation with respect to x

Do
dx  dx
d d
== {x)+ -4
dx(x) dx( )
d_y: 1-2x = slope of the tangent
dx

=5 =1 4
dvide 1-2x 2x-1

Then the slope of the normal line 15 =

At (1, 0, the slope of the notmal line 15 = % =i
Then equation of the normal is
(y—O) =1(x-1)

=lr=x-1

Put this walue of v in the equation of parabola

y=x-x =x—l=x-x°

=-l=—x
= x= = [EE]
Forz=-1

¥ =-1-1=-2 Hence another point where normal intersect the parabola1s (-1, -2)

A
[
3 y=x-1
2
! €103
ful x
4 3 2 1 1 2 a [
-1
-1-2)
-2 y=>c-><z
=
-1
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wn
o

=R
54

From the diagram it is clear that the twe tangents are passing through [O,—4)
And the point if intersection become l:i‘24)
=ince the parabola and the tangents intersect at [2,4) ,(—2,4)
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{a) Let us suppose that a line is tangent to the parabola y= x+x° , touches at the point
(a, b} so this point will satisfy the equation of parabola y= x+x°
=b=g+a’
Thus we hawe the point (cx,a +a:2)

MNow slope of the tangent at a

D= i(;*:+x2)

ax

- (r=a)

Thus the equation of tangent line is
(y—(a:+a2);|: [1+2a)[x—a)

But the tangent goes though (2, -3) then
—3—(cz+az) =({1+2a)(2-a)
=-3-g-a*=2+da—a-2a°
=2a’-a*-3a-a-3-2=0

=a —4a-5=0
=a’—Sa4+a-5=0
=>a[a—5)+l[a—5):0
=>[a—5)[a+1]=0

Thus we have m

Thus we have two points where the tangent touch the parabola

These points are [5,5+ 25)(1?3.:1’ [—1,—1+1)
iy [5,30)4?2.:1’[—1,[]:]

So equation of tangent at {5, 307 1z
(y—30) =y (x=5)
=(y=30)=(142x5)(x=5)
=>y—30:11|:x—5)
= Tt i e el

= =117

And equation of tangent at (-1, ) 1z
y=0=y'{x=(-1))
y=[1+2(-1)){x+1)
S-S [1— 2:1 [x+1:l
= y= —1[x+1)
=y=-x—1

= pei=y)



{s3] From part (a) , the slope of the tangent line to the curve y = x+x° at the point
[cz,cx+a2) 13 ¥ =1+Z2a
Then the equation of the tangent line iz (_y— I[a +a )) = [] +2cz) (x— a)

suppose, the tangent line passes through the point (2, 7), then
(?—[a +a’ )) :|:1+2a:l [Z—Q)

= (?—a—a2)=[2+4a—a—2a2)
= Zat—at -3a-a+7-2=0
= a*—da+5=10

:> G
¢ 2(1)
4+ 16— 20
= Q= >
+
< a:4_;f—_4

Thus for the point (2, 7)), "a” does not have any real value
=0 no tangent line passes through the point (2, 7)

Mow we graph the function and see that in the first quadrant, all tangents must be on right
side of the curve (parabola) and the point (2, 7) lies inside the curvature, so no tangent
can pass through the point (2, 7

W T
10 - Y=X +X
g
2, 7
................. .
ﬁ_
4
2_
[ T £ T T T I}{
3 2 1 i 1 2 3 4
]
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a)

We have: }f' ‘g‘f? and the fact that 7, g and h are differentiable
We can rewrite as:

(freh)=(fg)h

Using the Product Rule we have:

(fgh)' = gh" Th(g'

Using the Product Rule:

(g} =Afg) il Hhp (gt g f )
Then:

(f=g-h)' = T1gh+nfg +hgt’

We can rewrite as:

(f=g-h)' = T'agh+fgh+igh



b) Taking f =g=h and substituting In (f -g-h)' = T'gh+ g h+fgh"

(o fF =T of o ML ot of FELE 2f of L)
Factorize 7'

(L=l P ECE Y 20T PR LT

() = BS oS
(o= [37r

()=

and therefore:

S =30y (x)

o)

Let [ = [;:4 +3x° +17x +szj3
Fx)=x* 435 + 170 482

f*'[xj = 4x" +9x° +17

Substituting in dix[f[x)]'* =3[ +f '[x)-

dix[f(x)]" = B(x“ +30 + 1?x+82j' -[4;(" +9x° +1?J

y'= 3[x“ +3x° +17x +8:z)2 -{4x" +9x° +1?]
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The notation for the nth derivative of a function 7 with respect to the variable x is mathematically
represented as follows:

d’f
dx”

Find the first several derivatives of the function and then make an educated guess as to the nth
derivative by recognizing a pattern in the derivatives.

(a)

Each successive derivative is the first derivative of the previous result.

The first several derivatives of f(x) = x" are as Tollows:

& .z

E(*‘ )=

T

o (3) =)
=n%{x”"] By using the power rule: %(f’):nx"",ne R
=n(n-1)x""*

j—;(,:"}:%{n(n—l)x"'z]

{ o } By again using the power rule

n(n-
n(n- }){n ) P

H



Follow this same pattern until the nth derivative, to guess the following:
dJr

F(x"): n{n—l}[n—2]——-(n—(n—?]](ﬁ—(n—I]}J:”"'
=n(n-1)(n-2)-(2)(1)x
=n(n=1)(n=2)--(2)(1)
=1-2-3-..-n

The resulting expression is called the n factorial and is expressed with the notation pl.

Therefore, it is concluded as follows:

4 ()=l

d_t”
(b)
The first several derivatives of f(x)=1/x are as follows:

j—x(l,’x]=%{x")

: d
s By using the power rule: —(x" )= n.r"",n eR
==X d‘c[ }

=—1fx1

d’ d| d
L (7= L )]
d _3 3 o o
_E(—x ] By again using the power rule
=-1(-2)x"
= 2/x3

jr—iwx)%[jr—lwx)}

=i{2.‘: "} By again using the power rule
dy

=2(-3)x"
=-6/x"
The pattern that is recognized involves a few characteristics: the signs alternate, the coefficient

is the product n factorial, and the exponent is 1 less than negative n. By following this same
pattern until the nth derivative, this implies the following:

(/)= (1) (=) (1=2) =+ (n=(1=2)) (= (n-1)) "
={—l)" n{n—l}(n—Z)...(2](1)x--u-l

=(-1)" nlx"

-]

The alternating coefficient factor (_]]" ensures that when n is odd, the coeficient will be

negative; hence every odd derivative is negative and every even derivative is positive.
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To find a second degree polynomial psuch that P[Z} = S.P’{E) =3, and P'(E) =2
Suppose that the second degree polynomial is,
P[Jr:)=4:;|'n+|ﬂr|_‘r+a'zx2
Since P(2}=5,then
P(2)=a,+a,(2)+a, [2]2
This implies that,
S=a,+2a +4a,
This implies that,

ay+2a,+4a, =5



Differentiate P(x)with respect to x, to get
P'(x)=a,+2a,x
Since P'(2)=3, then

P'(2)=a,+2a,(2)
This implies that,

3=a,+4a,
This implies that,

a +da, =3

Differentiate P’(x)with respect to x, to get
P'(x)=2a,

Since P*(2)=2. then

P’(2)=2a,

This implies that,

2=12a,

This implies that,

a, =1

Substitute @, =1 into g, +4a, =3, to get

a +4a, =3
a,+4(1)=3
a,=3-4

This implies that,

a,=—1

Substitute ¢, =—land a, =1 Into g, +2¢, +4a, =5. 1o get
g, +2(-1)+4(1)=5
ay~2+4=5
a,+2=35
a,=5=-2
This implies that,

a,=3
Substitute a, =3, ¢,=-1,and a,=linto P(x),toget

P(x)=3+(-1)x+(1)’ 5
=3-x+x’

=x"=x+3

Hence, a second degree polynomial P(x)is .
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Given differential equation »"+y —2y=sanx ... (1)
Given function y= Asinx+ Bcosx
Differentiating y with respectto x
ot
dx

= i[Ixisin x+Bcosx)
%

= Aisinx+3icos %
dx ax
= Acos x+B|:— sin x)

¥=Acosx—Hsinx



Again differentiating " with respect to x gives
o
odx

= i(ficos x—Bsin x)
x

=Ad—rcos x—Bisinx
ax dx
=—dsinx—Bcosx
Y=—Aanx—Bcosx
Since —cosx=-sinx and —sinx=cosx
dx dx
Substituting p', " ¥ values in (1) gives
(—Asinx—Bcos x)+[Acosx—Bsinx)—2[Asin x+Bcosx)=sinx
—Asinzx—Bcosx+dcosx—Banx—-2Asin x—2Fcosx=smnx
sinx[—A—2A—B)+cosx[—3+}1—23)=sinx
sinx(-34-B)+cosx(A-3B) =sinx

Since by taking sinx and cosx as common factors

MNow comparing sinx |, cosx coefficients both sides gives
=3A=B=1  wae (2)
A=BB= mnnass (3)

From (3} A=38
Substituting A walue in (2)

—3[33)—3:1
—98-EF=1
-108=1
il
10
Substituting 5 wvalues in A gives
A:Sx_—l
10
_ 3
10
= A:—i a_nd B:—l
10 10
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The zlope ofthe given curve 12 given by its denvative so
E)
M= _y
dx
d
= —[axz +bx* +cx+d)
dx

= cz£:1r3+b£x2 +c£x+—[d)
ax ax ax ax

=a 3% +b 2x+c. 140
=3gx’ + Zhxtc
since by denivative rules and derivative principle

The curve has horizontal tangents at (—2, 6) and [2, 0)
So at these points the slope of the curve 15 " 0"
3a(-2)" +25(-2)+c =10
= l2ga—4b+c=0
“When at 1:2, 0) it becomes
3a(2)" +2b(2)+c=0
=  12a+db+e=10 (2)

Subtracting (1) and (2) gives

—8h=0 = h=0

Substitute 5 =0 1in (1) and (2) gives
l2a4+ec=0

= c=-12a



The curve passing through (—2,6) since it has horizontal tangent at that point
So 6=af-2) +6(=2) +c(-2)+d

Substituting & =10 gives

b=—8a—2c+d [4)

Substitute (2,0) and & =0 with curve gives
0=a(2) +c(2)+d

= Ba+2c+d=0 ... (5)
Ldding (4) and (5) gives

2d=6

4=3

Now substitute o =3 and ¢ =-12a in (3) gives
Ba+2(-12a)+3=0

Ba—-24a+3=10
—l6a+3=10
16a=3
2
a4 =—
16
Now c=-12a
:—12)(i
16
ol
4
. Equation of the cubic function
3 5 9
=—x-—zx+3
TR G
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The slope ofthe given parabola iz given by its derivative so
e
dx

= ix (axz +E:'x+c)

= aixz +4& ix-ﬁ-i[c)
dx adx adx
=g 2x+b-14+0

m=Zax+h Since by derivative rules

Given that the slope 134 whenx=1

2a-1+4b=4
= Za¥h=4 e (1)
Apgainslope iz —8 at x=-1
2ax—1+b=-8
—2a+b=-8 .. (2)

Adding (1) and {2 gives
2a+bh-Z2a+th=4-38
2h=-4
b=-2
Substituting & value in (1) gives
2a-2=4
2a=4+2
2a=56
a=3

Given that the curve is passing through 1:2,15) 50

15=a.2+b 24c

15=4a+2b+c

substituting @=3 , & =-2 inthe above gives
15=4x34+2x-"24¢

15=12—4+4¢

15=8+¢

c=15-8

=it

.. The equation of parabolais y=3x" - 2x+7
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Let

Total personal income =TPI=x
Average annual income = ALl =y
Total population attime t ==z

Then x=y=z
dx_ di &
ot ot ot

= x"E =2+ 2 (Rate of change in total personal income)

Here =z'(#) = Rate of increase in population at time t
() = Rate of increase in total personal income at time t
And i =Eate of increase in average annual income at time t
We have been given that
z(1959 =961.400  and  =z'(1599)=5200
»(1999)=8§30,593  and  »71959)=31400
Putting walues, we have, the rate at which total personal income was rising in
1999, iz
1999 = p(199R02 (199 + 219903 (1559
= (3059322007 + (9614001400
= [$1,627,415,600 Per year|

Chapter 2 Derivatives Exercise 2.3

(4)
I [20): 10000 means that 10000 yards fabric sold with the price of $20 per
vards.
And §' [20) = —350 means rate of change in quantity of fabric, in other words
‘We can say that the rate 15 decreased by 320

(B)

e hawe R[p): poxd (p)
Then differentiate with respectto p

Rf(p>=%f’)=j;(pftpn

=[2"(2)-f(2) 1]
Rip)=pf'(r)-72)
Then put p= 20
R'(20)= 20,77 (201~ 7 (20)
= 20.(~350) 10000
|7 (20) =-17000|

This means the graph of R[pj 15 having negative slope atp = 20. It means the
rate of total revenue earned with selling price $20 15 decreasing

Chapter 2 Derivatives Exercise 2.3

2414 x<l

Let xl=
f[ ) {x+1 if z=1
Th f’()— Zxaf x =l
"l U by e s

S(z) 15 not differentiable at x=1, because j’l[l") =2(l)j=2= f’[]":l =1

‘ f[x) 1z not diffeentiable at x =1 and it 15 differentiable remaining all points|




The graph f and 7' is

R0
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2x 1t x=0

Let g[x)z 2x—x if 0<x<2
S Hf x=2

2 it x=0
Then g'(x)=72-2x if O=<x=<2
-1 i xzZ

g is not differentiable at x=2 |, because g’[E':l =2-2(2)=-2 and g’[?) =-1

‘ g'[2':l # g'l[2+),g 1z not differentiable at x = 2|

|Hence g 15 differentiable at every pomnt except x = 2|

The graph of g and g’ iz

-
=

P R I

IR \\:\5*u5x53'u’

Flx]

R I )

E2)
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-9 if x<-3
(4 Wehave f(x)=|7-9|=19-2", if xe[-37]
-9 if x»3

For a modulus function, it is always not differentiable at the breaking point.
Therefore f{z) 12 not differentiable at x=3 and x=-3

2x, ifx <=3
f’(x)z -2z, ifxe(—3,3) ={
2x, ifx=3

2x if |x|>3
—2x 1f |x| ]



B) Graph of f[x):

)

g 1 2 3 4

1

Fig.1

Graph of f'(x):

¥

) Pix)
'3: 3

A
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)= x—1|+k+2= —2x—1(x £ -2)

=13 { —2 <x<<1)

=2x+1 (x=1) , 80

Graph of h{x): ¥

T y=2x+1




Graph of h'(x):

sl
-t ;—-—

Therefore, h(x) is differentiable at x = (-=, -2) U (-2, 1) U (1, =).
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"We have the parabola v = ax® and tangent line y+2x=5
We know that at the given point the slope of the tangent 15 equal to the slope of the curve

Hewifz=2

Then y=a|:2:l2=4a and j—y=2.2a=4a
X

We uze the point-zlope form to write an equation of the tangent line at (2,4::)
Here the required equation of tangent 1s

y=n=m(x-n)
= y—da =4a[x—2)

~[raa=0

Compare this equation with given equation y+2x=258

Thus we have —da=2 and &=-4z

2

== ——
4
1

=la=——| B0 b=—dx—=
2

= h=2
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The product rule:

If fand g are both differentiable, then
g} =gl
The sum rule:

If fand g are both differentiable, then

(f+g) =f'+g



(a)
Consider the function
F(x)=f(x)g(x)
where fand g have derivatives of all orders
Toshowthat F"= fe+2 &'+ fg":

The first derivative is

F={Jr) By using the product rule
=g +g
Therefore F'= fg'+ gf"

Now, find the second derivative of F by finding the derivative of F' and using the product rule
again:

F'=(F7Y
=(fe'+gf’) By usingthe sum rule
=(&) (/")
= f(g") +gf'+g(f') +s& By using the product rule
=R"+2fE'+f&
Therefore. [F"= fg+2/&'+ f2'|

(b)

To find formula for F=:

Similarly, find the third derivative of F by finding the derivative of F" and using the product
rule again:

F*=(F")
=(fE+2/8+f&") By using the sum rule
=(r2) +(2/%) +(&")
_ f‘ﬁg’+g(f'}r +2f-n{gf}' +2g'{f'}: +_f‘(g’)’ + g"f*By using the product rule
=S8 +gf"+2f"+ 2"+ 2"+ gS"
Therefore, [F"= fg+3f% +3/8"+ f"|

To find formula for Ff"']'.

Mow, find the fourth derivative of F by finding the derivative of g™ and using the product rule
again

A =(r*y
=(fg+3/% +3fE"+f2") By using the sum rule
=(f%) +(3r%) +(3s2") +(£")
=/ +g(f7) +31°(2) +3¢' (/") +31' (") +3¢"(/') + F (") +&7"
By using the product rule
=1+ 3R 3318+ 38+ R + g

Therefore, [P = /g +4 £ +6/%" +4 5"+ 5]




(c)
To find formula for gie):

From the previous formulas, we see that the first term has the nth derivative of 7 with no
derivative of g. Each successive term has the one lower derivative of f and one derivative
higher of g.

The coeflicients follow a pattern displayed in the Binomial Theorem. The Binomial Theorem is
used to find the nth power of a binomial. The formula is

n i _I -3 7 s i
(x+¥) =x"+nmx" 'Jr+¥x" 2y +...+(:]x" L S T o T

where [”]= n(n=1)..(n—k+1)

1-2.3-.-k

The coefficients for the nth derivative of a product are the same as in the Binomial Theorem.
Therefore, the formula for the nth derivative of a product is

—I ]
Fi — f:n1g+nfm.ngl+”(”2 ]f‘"""g"+.,.+[:}f‘["'ﬂgm+7.v+nf§{"'”+fg["]
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The line y = %x +6 is tangent to the curve y = C\E when

Zx+6 = \fx

Comparing y = %x + 6 with y = mx + b we see that the slope of the tangent line is m =

3

2
Using the Power Rule

}’=C\E

— ¢
= nyr
The slope of the tangent line at x =a is given by f'(a)
3o e
2 ok

3 .
Wecanuse —x+6 =C'\E with C=31J'; to find ¢

Zx+6 =3-xx

%x+6= "iH

;—x+2= H

For x>0

;—x+2=x
|

_?I+2=
r—4

e : — 0

x—4=10

x=4

i 3@

Forx<0 y= c\f; is not defined



Therefore the only real solutionis 0= §

0k
=

10
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Consider the funcfion,

{xl ifxs2
X|=

mx+h if x>2
The function f{x] is differentiable everywhere.
Need to find the values of m, b.
The derivative of a function at a :

The derivative of a function f at a number a, denoted by f'[a). is

oy Slath)-f(a)
Film)= hmf

fr—il

It can be written as,
fla=h)-1(a) . fla+h)-1(a)
] h b =0 h

The function f{t] is differentiable everywhere.
Assume the function f{x]is differentiable at 2.

The left derivative of f(2)is equal to right derisive of f(2}.

That is,
Iim.f[z_h)_f{zl=“mf[2+h]-f(2} ______ (1)
fi—+0 il Il

=D —f
b 2

W SRM-1() (22 =(2)
fi—+0 -k fi—s —h

. 4—dh+h -4
=lim—

k=0 =k

. -4k
=lim

h=0
W —fa(f-i—h)

=0 —h
:lklr'lg(-ﬂ-—h)

Thus
Ih“f[Z-h}-f{2}=4 ...... (2)
fi—+lh ~h



f(2+h)-7(2).

Find lim:
Ji— h

thin S(2+h)-f(2)
h

i (m(2+h)+b)~(m-2+b)

A h—0) h

. 2mimh+b=-2m-b
=lim
=0 _I,

= (3)

From equation (1)

imZ 2=0)=S() _ . F(2+h)-1(2)
h

fi—d —h h—0

From equations (2) and (3)
4=m
Recollect,
If a function 7 is differentiable at a, then 7 is continuous at a.

A function fis continuous at a number a if

im £ (x) = £ (a)
i (3)= lim /()
- /(a)
The function £ (x)is differentiable at 2so, the function f(x) continuous at 2.
That is,
i /)= la s (x)
=r0)

Need to find the left and right hand limits:
The left hand side limit is,

lim f(x)=lm2* f(x)=x  ifxs2
SR

=4
The right hand limit is,

r“,l?- f(x)= LI!H' mx+bh

=Li_|::3m{2+h)+b

=2m+b

Since,

lim f ()= lim f (x)
4=2m+b

4= 2(4} + b Substitute =4

4 =8+ p Simplity
b = —4 Add & on both sides

Hence, the values are
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Wewrite f = Fg where, it 15 assumed that F'[x) exists
Ey the product rule

L' Fe)
= Fg'+Fg
= Fg= f'-Fg'
:F'gzj'—i.g' = where in
g g
:>Frg=gf_fg
=4
:;F’:gf _gfg
g

This the resulting equation for F°

Thizs result 15 same as would have been obtained by differentiating ¥ = i using

Chotient rule
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(4 The given equation of the hyperbolaizs xp=¢
Then y':-%:l [asE:y]
x x x
Let the co-ordinates of the point P be (x,,c/ x, ).

Then the slope of the tangent line at P is »'(x,)=— iﬂ

Ee)

0
The equation of the tangent line at P is
c
(y—cfxu)=—x—g(x—xo)

0
2
Or y=- ig x+
A &
Then we find y —intercept by putting x = 0 in the equation of the tangent line.
_ 2
i
We find x-intercepts by putting y = 0 in the equation of the tangent line.
2
- ig s+ -0
2 i
2
Or ig P
X Xy
Or x=2x,

Then mid-point of the line joining the points (0, 25;’){0) and (22{0, O)is
042 2elx, +0
( 2-7(0F %] =|:x0, C.'ng):P

Therefore mid-point of the line segment cut from this tangent line by the
coordinate axes 1s P.

B since from part (A) the tangent line intersects x-axis at (ZXU, D) and y-axis at

[:O, 2cf xD:l .

Then the base of triangle formed by the tangent line and the coordinate axes is
base = 2x;

And the height of the triangle 15 = 2/ x;

Then the area of the triangle is

Area= —xbasexheight

%[22 )% (20 xy) = 2c = constant

o R e

Therefore, the area of the triangle formed by the tangent line and the coordinate
axes does not depend on the position of the point P.
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Let f [x) =z
Then by the definition of derivative ata is

: - fla
Fa) =11m7f( )= /la)
¥=a r—n
a0 o0
= lim
= r—u
am _1
Here we have to get lim
=1 x_]_
oo _ 41000
Or we can write as lim
=1 X—l

Then by comparing, we have = a=1

MNow we differentiate the function f [Cx:l =" by the formula i(x”) = nx™t
X

()= g (1) = (x™)

= 1000 (=)
£ {x)=1000(x*)
Forx=1  f'(1)=1000{1*)
= f"(1)=1000

10m 41000
R eay

=1 x—1

1000 _
fim 1 = 1000
=l x—1
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Let the points of tangency be [—S:, kgjl atd [.ic, }:2)

Equation of the curve is y=x°

Then d_y: 2x
dx
Zlope of the tangent line at [—k, kg) is
= [di] i o (D
axt_ .

So the equation of the tangent line at (—k, ﬂczj 15
(y—k*)=—2k(x+k)

Or y=—2lx-k* szl 2
=lope of the tangent line at IC.SC, 3:2) is
m2=[dl] =2k (3
dx EES

2o the equation of the tangent line at (k, kg) 1

(y—k2) = 2klx—k)
Or y=2=-k ey
Since y —intercepts of these two tangent lines are (—ﬂ:zjl

So these tangent line intersect each other at [0, & .icz)
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Consider the following parabola:

y=x
A normal line at a point (x, y) is perpendicular to the tangent line at (x, y). Perpendicular
lines have slopes, which are negative reciprocals of each other.

The slope of any tangent line to y = x? is found by the derivative:

y=x

oo o

4 "dx{x )
=2x

Choose x =a, then since y;xz,tne point (a,at} is where the tangent line has slope 2.

Then the slope of a normal line at x=a is —zi when g=10.
)

Also, find the slopes of the normal lines by using the formula for slope between two points.
The slope, m. between two points (x,,y,) and (x,,y,) is
. —
- Yo~ W
X=X
Therefore, the slope of the normal line between points [{],c) and [a,at} is:

2

av =g
m=
a=1
_a-c
a
As the slope of the normal line at the point (a,a:} is equal to 9 =€ and —ZL, 50 equate
o ey

these guantities:

g~ .1
i 2a
az—c=—l
2
g
2
a=+% r_v—l

As the square root of non-negative values are defined, a exists only if ¢ :3%.

It c}%__ and it has the two solutions 5=+ C‘—l from the previous formula. Whereas if
h‘ 2

.;-e_:% the formula 4=+ ’c_l_ has no solutions.
2

Consider the case where g=1).

For this case, the slope _EL is not defined_ Instead, if g = (). then slope of the tangent line at
i

(0,0) is:
2a=2(0)
=0
The line perpendicular to the tangent line through (0,0) with siope 0 is the y-axis. The y-axis

is perpendicular to the parabola and always goes through the point [U.c].



. ; : s 1 "
Consider the y-axis as always being a normal line to the parabola, when ¢ > —a total of

through the point (0,¢).
However, when Ci%' a total of through the point [{]*c}since it become very

nearer to the origin, so only one normal can be drawn.
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The two curves are intersecting at [1,1) so they have a common tangent at that point

The slope of the curve 1z given by their derivatives at that point so

dy_d 2
dr  dx
=2x

At [1,1:1 slope of the tangent s = 2x1

=2
Equation of the Tangent at [1,]) 15
y—ylzm[x—xl)

y—1= 2[1{—1)

y—1=2x-2
y=z2x—2+1
y=zx-1

Hence the equation of the line that 15 tangent to both the given curves 15 y = 2x -1



