VECTORS |[JEE ADVANCED PREVIOUS YEAR SOLVED PAPER]

JEE ADVANCED
Single Correct Answer Type 2. For non-zero vectors a, band c,|(ax b)-c|=
1. The scalar 4-(B + C)x (A + B + C) equals |la || b|| c| holds if and only if
e I —p =) —b o A - =) - — — —
a. 0 b. [ABC]+[BC A] a. a-b=0,b-c =0 b. b.c =0,c-a =0
¢. [ABC] d. none of these & od =0 g-b %0 @ g b=bo® eodg =0

(IIT-JEE 1981)
(IIT-JEE 1982)




3. The volume of the parallelepiped whose sides are given

ey B, — A

by OA4 = 2!—2_},03-1-4—_; kandOC 3:—#15
a. 4/13 b. 4

c. 2/7 d. 2 (IIT-JEE 1983)

A A A A
. The points with position vectors 60i +3;,40i — 8,

-~ 52 are collinear if |
a. a=-40 b.a=40
c.a=20 d. none of these

(ITT-JEE 1983)

- = —

. Let a, band ¢ be three non-coplanar vectors and
- — —

P, q and r be the vectors defined by the relations

= b¥Xe c Xa =t axb
P = — = — q = e and r = i b
[a b c] [a b c] [a b c]

—5 - -
Then the value of the expression (a+b): p
e = I
+(b+c)-gq +(c+a)ris

a. 0 b. |
c. 2 d. 3 (IIT-JEE 1988)
. Leta, band c be distinct nan-negative numbers. If vectors

ai+aj+ck,i+kandci +c;+bk are coplanar, then
C1is

a. the arithmetic mean of a and b

b. the geometric mean of @ and b

¢. the harmonic mean of g and b

d. equal to zero (ITT-JEE 1993)
. Let a, B and y be distinct and real numbers. The

points with position vectors ai +ﬁj+}'£,

Bi+yj+akandyi+aj+ Pk

a. are collinear b. form an equilateral triangle

c. form a scalene triangle d. formaright-angled triangle
(IIT-JEE 19949)

— A A - A - A A —
. Let a=i—-j,b=j- kandc-k—r‘ If d 1s a unit

- — - — —

vector such that a-d =0=[b ¢ d], then d equals

ii+j-2k h ﬂ:if+j---ﬁc
a. .
V6 V3
W ar L d. £k (IT-JEE 1995)
g .
NE]
. If a, band c are non-coplanar unit vectors such that
- -
— -  — b+c — -
ax(bxc)= \/E , then the angle between a and b 1s
a. 3n/4 b. /4
c. w2 d. n (ITT-JEE 1995)

10.

11.

12.

13.

14.

15.

16.

- = — = e
Let u, vand w be vectors such that u + v+ w=0._ If

— - — I T S
|u|=3,|v|=4and |w|=5,then u- v+ v -w+w-u
1S
a. 47 b. - 25 c. 0 d. 25
(IIT-JEE 1995)
- — —

If a, b and ¢ are three nun-cﬂplanar vectors, then
—+ =5 = - —

(a+b+c) [(a-t-b)x(a + c)] equals

a. 0 b. [a b c]
— — — - — —
c. 2[ab c] - [a b c]
(IIT-JEE 1995)
p, gand r are three mutually perpendicular vectors

—

of the same magnitude [f vector x satisfies

- =) — - - = —
the equation px((x q):-::p)+qx((x-r)xq)+
— - = —

rx((x-p)x r) 0 then x lsgwenby

l —r — - —_ —
—(p+q 2r) —(p+q+r)
] =2 = =2 l e
—(p+q+r) d. 5(2p+q-r)
(IIT-JEE 1997)
— A A A = A A A — A A A
fa=i+j+k,b=4i+3j+4kandc=i+aj+ Pk

_'

are linearly dependent vectors and | ¢ | = \3, then
a. a=1, f=-1 b. =1, f=+I
c. a=-1, f=+] d.a==+1,8=1
(ITT-JEE 1998)

—» A ol A M sl

Let a=2i+j-2kandb=i+j, Ifcis a vector such

that a-c =|c|,|c—al| = 2\2 2 and the angle between
axb and ¢ i1s30° then|(a X b) X c | 1s equal to

a. 2/3 b. 3/2

c. 2 d. 3 (IIT-JEE 1999)
Let a=i kb=.r:‘+j+(l—x)k and c¢=
y:+x)+(l+x—v)k Then a,band ¢ are non-
coplanar for

a. some values of x
¢. no values of x and y

b. some values of y
d. for all values of x and y

(IIT-JEE 2000)
Leta=2i+j+k, b=i+2j- k and a unit vector ¢

be coplanar. If ¢ is perpendicularto a ,then ¢ is

A M

| A A I 2 & om
E(-ﬁk) Jj( i~ j=K)

l A A A
el i f i
\/S(l J—K)

(II'T-JEE 2000)

I M M
e i
Jg(' J)



17.

18.

19.

20.

21.

22,

23.

24.

_.r.

If the vectors a, b and ¢ form the sides BC, CA and AB,
respectively, of triangle ABC, then

e e e T B

a, a-b+b-c+c-a=0

e e T T
b. axb=bXc=cXa
— )  p = —p =)
¢. a-b=b-c=c-a
- = =) o = =) =3
d. axb+bxc+cxa=0 (IIT-JEE 2000)
- = S s
Let vectors a,b,candd be such that

— —
(axb)x(cxd) 0 Let P, and P, be planes

S - =

determined by the pairs of vectors a, b and c, d,
respectively. Then the angle between P, and P, is
a. 0 b. w4

c. w3 d. 72 (ITT-JEE 2000)

- — -

If a, b and ¢ are unit coplanar vectors, then the scalar

e A A e D | —
triple product [2 a—-b 2b - ¢ 2c--a] IS
a. 0 b.

:—~J_ d\/_

Ifa bandcareumtve:ctnrs lhenla bl +|b cl2

{llT-JEE 2000)

lc—al does not exceed
a. 4 _ b. 9
c. 8 d. 6 (II'T-JEE 2001)
If aand b are two unit vectors such that a +2 b and
5 a —4b are perpendicular to each other, then the angle
between a and b is
a. 45° b. 60°
c. cos ' (1/3) d. cos™' (2/7)

(IIT-JEE 2002)

A A M - M

— A —
LetV=2i+j—kand W =i+ 3k.If U isaunit vector,
then the maximum value of the scalar triple product

— — —

UV W] is

a. — | b. J10+6

c. /59 d. V60 (IIT-JEE 2002)
The value of a so that the volume of parallelepiped formed
by ?+a; +Z ;+a;anda:+k IS minimum 1is

8. -3 b. 3

(IIT-JEE 2003)

c. 1/3 d. V3

Ifa—(:+;+k)ab—]andaxb _; k thenb
1S

b. 2/ -k

e i d. 2i  (IIT-JEE 2004)

25. The unit vector which is orthogonal to the vector
M M A A A N

5j+2j+ 6k and is coplanar with vectors 2i + j + k

at A

and i — j+k is

2i—-6j+k b 2i-37
Va1 o3
3Ji-k 4i+3j-3k

Ll di
T | V34
(IIT-JEE 2004)

- = —

26. If a, band c are three non-zero, non-coplanar vectors

- - - -
- bk N
af af

— — - = — — —
S-i-sag,kef 2l sag beg

laf  |cP PILETY:

- = —}—1- - - - -
E;=:~C a ct‘;!—‘ - r:.'::.-;_“'__bi

o |cF cP |bP

then the set of orthogonal vectors is

- = - — = =
a. (a,h,q) b. (a,b,q)
- = = = =
¢. (a,b,c) d. (a,b,q)
(ITT-JEE 2005)
7. LEY amit2jik b=i—jttad o=1—j—k .

- —

A vector in the plane of @ and b whose projection on

cisl/+f3 is

a. 4i— j+4k b. 3i+j-3k%
d. 4i+ -4k

(ITT-JEE 2006)
28. The number of distinct real values of A, for

c. 2i+j—2k

M AN M

which the vectors —2.2 i+ j+k,i —Z.“j+k and

f+j-lzk are coplanar is

a. zero b. one

c. two d. three (IIT-JEE 2007)
- = — e e e

29. Let a, b, ¢ be units vectors such that a+ b+ c¢c =0.
Which one of the following is correct?
e e T e T T

a. axXb=bxc=cxa=0

- =) = =) = =

b. axb=bXc=cxXxa#0



e s
¢, ¢ X a are mutually perpendicular

(ITT-JEE 2007)

A

30. Lettwo non-collinear unit vectors a and b form an acute

31.

32.

33.

angle. A point P moves so that at any time ¢, the position

—

vector OP (where O is the origin) is given by a cot ¢ +

b sin t. When P is farthest from origin O, let M be the

length of OP and u be the unit vector along OP . then

A, U = f:‘i"f: andM:(].*-a.b)UZ
la+b|
b. u= I: '!:andM {l+a .!:i)”2
la—b|
C. U= f+f and M =(1+2a-b)"?
la+b|
d. 3=”ﬁ“’1 and M =(1+2a-b)> (IIT-JEE 2008)
la=b|

The edges of a parallelepiped are of unit lenglh and
are parallﬂl to non-coplanar unit vectors a, b, ¢ such
that a-b=b-¢=¢-a=1/2. Then the volume of the
parallelepiped 1s
V3 1
c. —
2

1 !
d. —=
V3

a. — b.
2 22

(IIT-JEE 2008)
- = — —
If a,b,c and 4 arc unit vectors such that
— - — - — ]
(axb) (exd)=1land a-c =-£,then

— =) -

a. a, band ¢ are non-coplanar

b. b, cand d are non-coplanar

c. b dd are non-parallel

J.

— —

d. aand d are parallel and b and ¢ are parallel
(IIT-JEE 2009)
Two ad}acent sides of a parallelngram ABCD are gwcn

by AB =2i +10;+11k and AD=—1i +2j+2k The
side AD is rotated by an acute angle & in the plane of the
parallelogram so that AD becomes AD’. If AD" makes a
right angle with the side 4B, then the cosine of the angle
a is given by

34.

35.

36.

37.

8 b Y7
a. 9 . 9
1 45
¢ 3 d. T\/_ (IIT-JEE 2010)

Let P, O, R and S be the points on the plane with position

vectors —2i — J, 4i, 3i + 3j and -3/ + 2, respectively.

The quadrilateral PORS must be a

a. parallelogram, which is neither a rhombus nor a
rectangle

b. square

¢. rectangle, but not a square

d. rhombus, but not a square (IIT-JEE 2010)

—% A A o A A A o A A M
Let a=i+j+k,b=i—-j+kandc=i-j—k be
— —
three vectors. A vector v inthe plane of @ and b, whose
.. * e I . .
projectionon ¢ is —, Is given by
V3

a. i—3j+3k b.
c. 3i—j+3k d.

—3i-3j+k
i+3]-3k
(IT'T-JEE 2011)

— o —

If aand b are vectors such that |g + b1=+/29 and
._‘ " - il -~ - - - »
a x(2i +3j+4k)=(2i +3j+4k)x b, then a possible

- =

value of (a + b)- (=71 +2;+3k] 1S

a. 0 b. 3 c. 4 d.8
(JEE Advanced 2012)

Let PR=3i + - 2k and :S_'é =fi-3j- 4k determine
diagonals of a parallelogram PQRS, and PT=i+2j+ 3k
be another vector. Then the volume of the parallelepiped
determined by the vectors PT, PQ and PS is

a. 5 b. 20 c. 10 d. 30
(JEE Advanced 2013)

Multlple Correct Answers Type

. Let a = H|I+a2_j+ﬂ3k b= b,:+sz+bj.iand
-— A A

c=qi+aq j+.::3kbethree non-zero vectors such that
—> —

5
¢ is a unit vector perpendicular to both vectors a and b .
2

" _: 9 ¢ 4

If the angle between a and b is /6, then | b, b
1s equal to
a. 0 b. |

|
. E(aﬁ+a§+a§)(1f+b§ + b7 )

3/, >
d. E(a,* +a§+a§)(b,z+b5 +h§)(cf+c§+c§)

(ITT-JEE 1986)



. The number of vectors of unit length perpendicular to

vectors a =(1,1,0)and b =(0,1, 1) 1s

a. one b. two
¢. three d. infinite (IIT-JEE 1987)
. Leta=2i-j+k,b=i+2j—kandc=i+j-2k

— —
be three vectors. A vector in the plane of b and ¢, whose

-
projection on a is of magnitude /2/3, is

M A Fal A M M
a. 2i+35-3k b. 2i+3/+3k

c. —2i—j+5k d. 2i+ j+5k
(IIT-JEE 1993)

- — —
. For three vectors u, vand w which of the following

expressions is not equal to any of the remaining three?

e e I —

a. u-(vxw)

e e

b. (vXw) u

—- = - e
C. v-(uXxXw) d. (uxv)w
(IIT-JEE 1998)

. Which of the following expressions are meaningful?

- =5 = — - -
a. u-(vxw) b. (u-v) w
— = = — - =

c. (u-v)w d. ux(v-w)

(IIT-JEE 1998)

-4 —3
. Let a and b be two non-collinear unit vectors.

—> —» -3 — — — — -5 —p
If u =a-(a-b)b and v=ax b ,then|v]| is
R - - —

a. |u| b. |u|+|u-al
—4 — — — - —

e |u|+|u-bl . [ul+u-latb)

(IIT-JEE 1999)

i

. Vector %(21* —-2j+k) is

a. a unit vector
A A

b. makes an angle 7/3 with vector (2/ -4 + 3;)

A A ] ~
c. parallel to vector | —i 4 j — > k

A A lal

d. perpendicular to vector 3i +2 j - 2k
(IIT-JEE 1994)

—}
. Let A be a vector parallel to the line of intersection of
M

planes P, and P,. Plane P, is parallel to vectors 2 j + 3k

F M A A A sl
and 4 j -3k and P, is parallelto j -k and 3/ +3.
—
Then the angle between vector 4 and a given vector

2i+ j-2k 1s

a. w2 b. /4 c. W6 d. 37/4

(IIT-JEE 2006)

10.

11.

The vector(s) which is/are coplanar with vectors

i+ ]+ 2k and i + 2 j+ k, and perpendicular to vector

i + j+k,1s/are

- ™ iy i, iy

& j-k B-i+i &i-] m—Jek
(IIT-JEE 2011)

— =) —»

Let x, y and z be three vectors each of magnitude V2

_’

and the angle between each pair of them is %{ f a isa

o - = B

non-zero vector perpendicularto x and yX zand b s

-3 e

a non-zero vector perpendicular to Y and z X x| then

- =3 -3 =5 S . T B

a. b (b-z)z—-x) b. a=(a-y)y-2z)

—+—t,~a—1—-+—r - = = -

c. a-b=-(a-y)b-2z) d. a—(a yNz-=1y)
(JEE Advanced 2014)

-3 - —_— —p —
Let APORbeatriangle. Let a =QR, b = RPand ¢ = PQ,

If lal=12,1b1=4+/3 and b - ¢ =24, then which of the
fnlluwing 1s (are) true?

2 =
!c! = P

a. —-lal=12 b. —+1al=30
2 2

e e

c. laxb+cxal=48/3 . ;-E;:—?Z
(JEE Advanced 2015)

Matching Column Type

1.

Match the statements given in Column I with the values
of given in Column II.

Columnl . Column II
(a) Ruut(s) of the equation 2 sin’ @ ’
+sin® 26=2 (P) -
_(B-)"ants of discontinuity of the l'(q)h

function flx) = [Ef]ms[éf] |
T 3
where [y] denotes the largest

integer less than or equal to y

——mrr —I—-—|_'--'I'I"I-I- - e — e L a e o o

(c) Volume of the pa.ralleleplped with p
ltsedgesrepresentedbythevectors - (r) 3
l+_;,l+2_jand1+;+}'rk |

— e e —— & — —————— e - e

b |
(d) Angle between vectors a and b ] (s) %
—p =) - -

where a, b and ¢ are unit vectors |

- - - -
satisfying a + b +v/3 ¢ = 0

——

o |

(IIT-JEE 2009)




2. Match the statements given in Column I with the values

of given in Column II.

Column I ~ Column IT

S

(a) A line from the origin meets the (p) -4
x=2 y-1_ z+1

lines = and
] -2 ]
_8
3 = y+3 =Z_'—1 HtPﬂnerES-
2 -1 1

pectively. If length PQ = d, then & is
(b) The value of x satisfying tan~’ (q) 0

(x+3)—tan™' (x—3)=sin"’ @.] 1

——

T TS SR S = -

-3 - - . (I') 4 )
(c) Non-zero vectors a, b and ¢ satisfy |

- - - —

a-b=0,(b-a)- {b+c) {]and|

e e T e T

21b+ cl=lb—-al.lfa= pb +4c,
then the pusmble values of u are

(d) Letfbethc function on [—JI, 7] givenby | (5} 5
b——

T
for x # 0. The value of % f f(x)dx 1s

I: o6

(IIT-JEE 2010)

3. Match the statements given in Column I with the values

of given in Column II.

Column 1 Column I1

(a) Volume of parallelepiped (p) 100
determined by vectors

a,band¢ is 2. Then the
volume of the parallelepiped
determined by  vectors

2(axb),3(b x7)and (¢ X @) is

(b) Volume of parallelepiped (q) 30
determined by  vectors

dg,band¢ is 5. Then the
volume of the parallelepiped
determined by vectors

3(G@+b), (b +¢)and 2(¢ +a) is

(c) Area of a triangle with adjacent (r) 24
sides determined by vectors
gandb is 20. Then the area

of the triangle with adjacent
sides determined by vectors

(2@ +3b)and (G- b) is

(d) Area of a parallelogram with (s) 60
adjacent sides determined by

vectors @and b is 30. Then the
area of the parallelogram with
adjacent sides determined by

vectors (a + E) and a 1s

(JEE Advanced 2013)

4. Match the statements given in Column I with the values

of given in Column II.

- Column I Column II |
- - " = - - T
@) If a=j+V3k,b=—j+3k and () =
N ) 6
¢ =23k foma triangle, then the
internal angle of the triangle between
— —
| aand b 1s |
2 " 2r
(b) If [(f(x)=3x)dx =a*—b? thenthe = (9) 3
value of /(EJ 1S I
6
2 506
(c) The value of | sec (mx)dxis (r) =
log, 3 76
] (s) m
(d) the maximum value of Arg[] e
fnr zZl=1,z# 1 is gwen by
T
t) —
( 2
(JEE Advanced 2013)

S. Match the statements given in Column I with the values

of given in Column II.

‘ Columnl | Column Il .
(p) Let y(x) = cos(3 cus_l.r), xe [-], (1) l

I, x#+ ﬁ ;
2
2
Then —'—{(x’*-l)d }'(:)udy(")}
y(x) dx dx

equals |

(Q) Let A, Ay, ..., A, (n >2) be the  (2) 2
vertices of a regular polygon of »
sides with its centre at the origin.

-
Let a, be the position vector

' of the point 4,, k=1, 2, ... n. If
n-l - »

2 (a,xa.,,)
k=1

n-l - =

z(ﬂk'ﬂkﬂ) ;
k=]

then the minimum value of n 1s



(r) If the normal from the point P(h, (3) 8

2
1) on the ellipse = g
6 3

perpendicular to the line x + y = §,

il

=1 iS

then the value of h 1S

(s) Number of pns:twe sulutmns 4) ©

l,-
N ‘ -]
satisfying the equation tan [2 ot l] ‘

4( 1 ]_ 4[2].
+ tan =10 - | =] 18
4x+1 x°

Codes:
(p) (9 () (s)

a. (4) (3) (2) (1)
b. 2) (4) (3) (1)
c. 4 (3 () ()
d. 2) (@) (1) @3
(JEE Advanced 2014)
[ Culumn I Column ll

— e e e

(a) In n‘i’I if the magmtude nf the (p) |
projection vector of the vector

o + ﬁ}un\ﬁf+} is+/3 and if
o=2+ \Eﬁ then possible value(s)
ﬂf |l‘.’I| 1S (are)

(b) Let a and b be real numbers | (q) 2
such that the function '

r—?nﬂ.t:z-—Z. x<]
fx) =3 - 1S

| lox+a”, xel

differentiable for all x € R. Then
possible value(s) of a is (are)

(c) Let w# 1 be a complex cube root (r) 3

of unity |
If (3 -3+ 20" "3 +
- 3% + (-3 + 20 + 3a°)*""?
= 0, then possible value(s) of n
1s (are)

— S .

(d) Let the harmnmc mean of two {5) 4
positive real numbers a and b be
4. If g i1s a positive real number

+2+ 3w |

such that g, 3, g, b is an arithmetic |
progression, then the value(s) of |
g — al s (are)

(JEE Advanced 2015)

Column 1 Cnlumn 11

(a) In a triangle AXYZ, let a, bandr::be ] (p) 1
the lengths of the sides opposite to |
the angles X, Y and Z respectively. If i

2a* - b)) =c?and A= SNX 1)
sin Z

then possible values of n for which |

cos(nntd) = 0 is (are)

(b) In a triangle AXYZ, leta, band c be | (q) 2
the lengths of the sides opposite to |
the angles X, Y and Z, respectively.
If 1 +cos2X-2cos2Y=2sinX

sin Y, then possible value(s) of = i
Is (are) b |

(c) In R?, let JE;+‘M +J_; and | (r) 3

Bi +(| —B)j be the position
vectors of X, Y and Z with respect |
of the origin O, respectively. If the
distance of Z from the bisector of the

——— — 3
acute angle of OX and QY i1s —,
g \{5 |
then possible value(s) of | ] i is (are) |

(d) Suppose that F(@) denotes the area | (s) 5
of the rt:zgmn bounded by x = 0,
x=2,y =4x and y = |ox - 1|
+ |oox — 2| + ox, where a € {0, 1}.

Then the value(s) of F(a) + E\E :

| whenﬂ: =0and a=1, ts(are) |
‘ _ (1) 6 \

(JEE Advanced 2015)

Integer Answer Type

I. If a and b are vectors in space given by

:‘_2': B - r 3.‘;
E=, J and b= Sk s , then the value of
J5 J14

(2a +b)-[(@xb)x (a-2b)] is (IIT-JEE 2010)
2. Let ﬁ=—f—£,5=—f+} and E:f+2}+3£ be three

i T

given vectors. If 7 isa vectorsuchthat »r x b=c¢c x b

-  —

and 7 - a =0, then the value of r - b is
(ITT-JEE 2011)

3. Ifa,bandé areunitvectors satisfying |a — bP+|b - ¢ 2
+|¢ —al =9, then |2a + 5b + 5¢| is.

(ITT-JEE 2012)

4. Consider the set of eight vectors ¥V = {ai + bj + ck ;

a,b,ce{-=1,1}}. Three non-coplanar vectors can be

chosen from V in 2” ways. Then p is
(JEE Advanced 2013)



- > -
5. Let a,b, and ¢ be three non-coplanar unit vectors

such that the angle between every pair of them is LY
- 25 3 -5 e - — 3

[faxb+bxc=pa+qb+rc,wherep.qandrarc

scalars, then the value of ol 2“; * 1S

q
(JEE Advanced 2014)

- = -
6. Supposethat P, 4 and r are three non-coplanar vectors

—p -3 =

in R’. Let the components of a vector s along p. g

—
and r be 4, 3 and 5, respectively. If the components of

s —- = = - = =

this vector s along (-p+qg+r), (p—q+ r) and

- = -

(=p—gq+ r) arex, yand z, respectively, then the value
of 2x+y+zis (JEE Advanced 2015)

Assertion-Reasoning Type

e e

1. Let the vectors PQ OR, RS, ST,TU and UP represent
the sides of a regular hexagon.

- - - —
Statement 1: PQ x (RS +ST)# 0

— —s —

- —
Statement 2: POX RS =0and PO x ST # (

a. Statement | is true, statement 2 is true; statement 2
is a correct explanation for statement 1.
b. Statement | is true, statement 2 is true; statement 2
1s NOT a correct explanation for statement 1.
c. Statement | is true, statement 2 is false.
d. Statement 1 is false, statement 2 is true.
(II'T-JEE 2007)

Fill in the Blanks Type

- ) ¥
1. Let A Band C bevectorsoflength,3,4and 5, rcspecﬁvely
e

Let A be perpendicular to B+ C, B mC+A and

Cto A + B . Then the length of vector A + B + C'

is (IIT-JEE 1981)

2. The unit vector perpendmular to the plane determined by
P(l,-1,2),0(2,0,-1)and R(0,2, 1) is
(IIT-JEE 1983)

3. The area of the triangle whose vertices are 4 (1, - 1, 2),
B2,1,-1),C@3,-1,2)is

(IIT-JEE 1983)
4. A,B,Cand D are four points in a plane with positiﬂn vectors

a, b c andd respectively, such that (a d) (b = c)
—

= (b d) (¢ — a) =0.Then point D is the

of triangle ABC. (IIT-JEE 1984)

10.

11.

12.

13.

14.

a a¢ l+a°

. If |b 5> 1+b’| =0 and the vectors A4 = (1, a, a°),
c ¢ 1+¢°
B =(1, b, bz), C =(l,c, Cz) are non-coplanar, then the
product abc = i (ITT-JEE 1985)
-3 —) —
If A, Band C are three non-coplanar vectors, then
A BxC B AxC
TR e . (IIT-JEE 1985)
CxAB C-AxB
— -3
If 4 =(1,1,1)and C = (0, 1, - 1) are given
_ - — —
vectors, then vector B satisfying the equations 4 X B
-3 — — -
=Cand 4 B =3 is . (ITT-JEE 1985)

M A AA A A A Fal

. Ifthe vectors ai + j + &, f+b_;+kand:+_;+ci.(a b,

l l l
¢ # I) are coplanar, then the value of —— + %

l-a 1-b6 l-=c
- _ (IIT-JEE 1987)

M fat -

. Let b =4i+3; and ¢ be two vectors perpendicular

to each other in the xy-plane. All vectors in the same plane

— o
having projections | and 2 along b and c , respectively,
are given by ; (IT-JEE 1987)

_...".
The components of a vector a along and perpendicular
to a non-zero vector b are and
respectively. (IIT-JEE ]983)

A unit vector coplanar with i+ j+2kandi+2/+ k

and perpendicularto i + j+k is

(I1T-JEE 1992)

A non-zero vector a is parallel to the line of intersection
A A A
of the plane determined by vectors iand i + j and the
A g M A
plane determined by vectors i — jand i + k . The angle

-3 A A

between a and vector i =2/ + 2k is

(IIT-JEE 1996)
- —

If b and ¢ are mutually perpendicular unit vectors
— - = — — — —
and a 1is any vector, then (a-b)b+(a-c¢)c +

e

a-(bxc) (;x )= .(IIT-JEE 1996)

—

|b:=<r:|

Let a, b and c be three vectors having magmtudes ks
| and 2, respectively. If ax(axc)+ b = 0, then the

acute angle between a and ¢ is

(IIT-JEE 1997)



_ =5 — — —

15. Let O4A =a, OB -10a+2b and OC = b where O,

A and C are non-collinear points. Let p denote the area of
the quadnlateral OABC, and let ¢ denote the area of the
parallelogram with O4 and OC as adjacent sides. If p =
kg, then k = (ITT-JEE 1997)

True/False Type

1.

Let A Band C be unit vectors such that A B A C 0

and the angle between BandC be n/3. Then

A=+2(BxC). (IIT-JEE 1981)

-, — - - e
. IfX-4=0, X-B =0and X -C =0 for some non-zero

e

vector X then [A BC] =0. (IIT-JEE 1983)

e e T

. Thepoints withpositionvectors a + b, a— b and a + k b

are collinear for all real values of «. (ITT-JEE 1984)

- — - - = - =
For any three vectors a,b and ¢, (a - b)-(b - c) X

- = —- =3 =

(c—-a)=2a-bxc. (IIT-JEE 1989)

Subjective Type

From a point O inside a triangle ABC, perpendiculars
OD, OF and OF are drawn to the sides BC, C4 and 4B,
respectively. Prove that the perpendiculars from 4, B and
C to the sides EF, FD and DE are concurrent.

(IIT-JEE 1978)

. Avector has components 4, 4, and 4; in a right-handed

rectangular Cartesian coordinate system OXYZ. The
coordinate system is rotated about the z-axis through an
angle 7/2. Find the components of 4 in the new coordinate
system in terms of 4,, 4, and A4,. (IIT-JEE 1983)

- —

. If ¢ is a given non-zero scalar, and 4 and B are given

- —

non-zero vectors such that 4 1L B, then find vector X
which satisfies the equations 4 - X = ¢ and A XX = B
(IIT-JEE 1983)

The pnsnmn vectors of the point 4, B, C and D

'

are 3:‘—2j-k12f+3j—4k,-i+j+2k and

4i+5 )+ Ak, respectively. If the points 4, B, C and D
lie on a plane, find the value of A. (ITT-JEE 1986)
If 4, B, C, D are any four points in space, prove that

—_— — — 0 —

| AB X CD + BC x AD + CA x BD | = 4 (area of
triangle ABC). (II'T-JEE 1986)
Let OACB be a parallelogram with O at the origin and OC
a diagonal. Let D be the midpoint of OA. Using vector
methods prove that BD and CO intersect in the same ratio.
Determine this ratio. (IIT-JEE 1988)

7.

10.

11.

12.

13.

14.

1S.

16.

In a triangle OAB, E is the midpoint of BO and D is a point
on AB suchthat AD : DB=2:1.1f OD and AE intersect at
P, determine the ratio OP : PD using the vector method.

(ITT-JEE 1989)

- =) -

f vectors a,band ¢ are coplanar, show that

— . -

a b c
a-a ab acl=0 (IIT-JEE 1989)
-3 = = = = =3
b-a b-b b-c

—_ M A =D N M A -3 M A Y

« LEt A=2i+k, B=f+j+kand€ 4i-3j+7k .

e e

Determme a vector R satisfying Rx B = Cx B and

R- A = (). (IIT-JEE 1990)
Determine the value of ¢ so that for all real x, vectors

A M, A A A

cxi—6j—3k and xi+2j+2cxk make an obtuse
angle with each other. (IIT-JEE 1991)
In a triangle ABC, D and E are points on BC and AC,
respectively, such that BD = 2DC and AE = 3EC. Let P
be the point of intersection of AD and BE. Find BP/PE
using the vector method. (ITT-JEE 1993)

- — o

[f vectors b,candd are not coplanar, then
- - - = - =
pruve that vector (axb) X (exd) + (axc:)

- -

X (dx b) + (axd) x (bxe) lsparailelm a.
(ITT-JEE 1994)
The position vectors ﬂf the vertices 4, B and C of a

I A A

tetrahedron ABCD are i + Jj+k,iand 3: respectively.
The altitude from vertex D to the opposite face ABC meets
the median line through 4 of triangle ABC at a point E.
If the length of the side AD is 4 and the volume of the

tetrahedron is 2+/2 /3 , find the position vectors of the
point E for all its possible positions.  (ITT-JEE 1996)

— = —

Let a,band ¢ be non-coplanar unit vectors,
equally inclined to one another at an angle 6. If

= T . N T

axb+bxc=pa+qgb+rec, find scalars p, ¢ and
r in terms of 6. (IT-JEE 1997)

—p - | — —a
It 4, B and C are vectorssuch that | B|=| C|. Prove that

(A+B)x(A+C)] x(BxC)-(B+C)=0.

(IIT-JEE 1997)
Find all values of A such that x, y, z # (0, 0, 0)

and (i+j+3k)x+@Bi-3j+k)y+(-4i+5))z

N A MM

= AMxi+yj+ zk) where, i, j and k are unit vectors
along the coordinate axes. (IIT-JEE 1998)



17.

18.

19.

20.

21.

22,

23.

Prove, by vector method or otherwise, that the point of
intersection of the diagonals of a trapezium lies on the line
passing through the midpoint of the parallel sides (you
may assume that the trapezium is not a parallelogram.)
(ITT-JEE 1998)
A, Ay, ..., A, are the vertices of a regular plane
polygon with » sides and O as its centre. Show that

-1 — —_

Z (O4; x Odi+1) =((1-n) (OA2 x OAY).
(IIT-JEE 1998)

- .
For any two vectors « and v , prove that

— — o

a. (u. v)2+|u:=<v|2-|uf2|v|zand

b. (1 +[u|z)(l +|vF)

=(l—u.viP+|lu+v+uxv)f
(IIT-JEE 1998)

— — —
Let v and v be unit vectors. If w 1s a vector such
= = =

then prove that |(u X v)-w|

— - —
that w+(wXu)=v,

< 1/2 and that the equality holds if and only if u 1is

perpendicularto v. (ITT-JEE 1999)
Show, by vector method, that the angular bisectors of
a triangle are concurrent and find an expression for the
position vector of the point of concurrency in terms of the

position vectors of the vertices. (IIT-JEE 2001)

Let A(t)= £;(t)i + f3(1)j and B(1) = g,(1)i + g2(1)

t €[0,1], where £}, f5, g, g, are continuous functions.
— —
If A(t)and B(¢) are non-zero vectors for all and

A(0)=27+3), A(l) =6i +2/, B(0)=3i+2j and
B(1)=2 + 6 , then show that A(f)and B(r) are parallel
for some 1. (ITT-JEE 2001)

- - -
Find three-dimensional vectors v;, vz and v; satisfying

— —
V'Y
- —

V3' VJ . 29

- — - — - = - —

:4!1:]-1;2 :_.21 vl.p3 =6, pz.vz =2‘ "’2"”3 =35,

(IIT-JEE 2001)

24,

25.

26.

217.

28.

Let V be the volume of the parallele':piped formed by the
- A
vectors a = aiz+azj+a3k b .!U+b2;+b3k and

—) )

c-c,1+cz_;+c3k If a,, b, and c,, wherer=] 2,3,

are non-negative real numbers and Z(H,. 8. F f-',) =
r=|

3L, show that ¥ < L. (IIT-JEE 2002)

— = -

u, vand w are three non-coplanar unit vectors and ¢, fand

— - — — — o

yare the angles between # and v, v and waand wand u ,

— - —»

respectively, and x, yand z are unit vectors
along the bisectors of the angles a, B and

_ =) = =) = =)

y, respectively. Prove that [x Xy yXz zXx]

L[.',4r v wl sec® — sec’ ﬁ
16

- — —
If a, b, ¢ and d are distinct vectors such that
e = A e

axXxc=bxdand a X b=c xd, prove that

I e T T e e e T
(a-d)(b-c)#0,ie,a-b+d-c#d-b+a-c.
(LIT-JEE 2004)
P, and P, are planes passing through origin. L, and L, are two
lines on P, and P,, respectively, such that their intersection
is the origin. Show that there exist points 4, B and C, whose
permutation A, B’ and C, respectively, can be chosen such
that (i) 4 ison L, Bon P, butnoton L, and C noton P;
(ii) A" is on L,, B’ on P, but not on L, and C’ not on P,.
(IIT-JEE 2004)

e

If the incident ray on a surface is along the unit vector v,

A

the reflected ray is along the unit vector w and the normal

(IIT-JEE 2003)

) M

is along the unit vector a outwards, express w 1n terms
of aand v. (ITT-JEE 2005)




JEE Advanced

Single Correct Answer Type

1. a. 2. d. 3. d. 4. a. 5. d.

6. b. 7. b. 8. a. 9, a. 10. b.
11. d. 12. b. 13. d. 14. b. 15. d.
16. a. 17. b. 18. a. 19. a. 20. b.
21. b. 22; ¢ 23, & 24. c. 25. c.
26. c. 27. a. 28. c. 29. b. 30. a.
31. a. 32: C. 33. b. 34. a. 35 &
36. c. 37. c.
Multiple Correct Answers Type

1. c. 2. b. 3. a,c. 4. c.

5. 8.0 6. a.,c. 7. a.,c.,d. 8. b.,d.

9. a,d. 10. a..b.,c. 11. a,c.,d.
Matching Column Type

1. (¢)—(t);(d)—(r) 2. (c)—(q), (s)

3. (@) —(r); (b)—(s); () —(p): (d)—(q)

4. (a)—(q) 8. A

6. (a)—(p). (q) 7. (¢©)-(p,q)
Integer Answer Type

1. (5) 2. (9) 3. (3) 4. (5)

5. 4) 6. (9)

Assertion—Reasoning Type
1. C.

Answer Key

Fill in the Blanks Type
2i + j+k
1. 5J2 2.
J6
3. V13 4. orthocenter 5. -1
6. 0 7.EI+3}+E£ 8. 1
3 3 3
Faidi  wib) (= )
0. 27-j 10. |22 |Panda-| L 2|5
g' b |2 y, '\I b Iz y,
jok -jtk
11. or 12. 7/4 or 37/4
V2 2
13. a 14. /6 15. 6
True/False Type
1. False 2. True 3. True 4. False
Subjective Type
2. Ai-—Aj+ Ak 3. X=Bx_:4 :c’d
(A-A)
4 —% 6. 2:1 9. —i—8j+2k
10. 4/3<c<0 11. 8:3.
13. —i+3j+3kor3i—-j—k
1 —-2co0s6 1

14

28. w=v-2(a-v)a

PP J1+2cos6 47 J1+2cos6 T J1+2cos8



Hints and Solutions
JEE Advanced

Smgle Correct Answer Type
1. a. A (B+C)>r:{A+B+C)

- = = = = = = = = = 5 5 =
[BXA+BxB+B xC+CxA+CxB+CxC(]
i e e e e R e T T e
ABXA+A-BXC+ACXA+A-CXB
(Using a x a =0)
—p = =P e e
=0+[ABC] +0+ [AC B]
=[ABC] -[ABC(C]
=0
—F -—p —» e —
2.d. I(ﬂxb) c|l=|allbl|lc|
or I|a||b|sm9n c|—|a||b||c|

or Iﬂiibllfllﬂinﬂcﬂsﬂl=1ﬂ|lbll¢I
or |sin @ cos a|=1
= O=n2anda=0

— — - A —s — s
i.e., adJl bandc]||norcisperpendicular toboth a and b.
- = - — — =

= a-b=5b-¢c=c-a=0

3.d. Volume of parallelepiped = [OA4 OB JC ]

2 =2 0
=11 1 -=l|=2(-1)+2(-1+3)=2
3 0 -l

4.a. Three points A(a), B(b),C(c) are collinear if AB| AC

—l- A —

AB =-20i —11; AC =(a—60)i —55]

— —3 a-60 -55
AB || AC
- I4C == 5 "

S.d. Given lhat a, b, ¢ are non-coplanar. Therefore,

e

(abc]#0



Also, p= S35 ¢ = S50
[a b c] [a b c]
-+ =
= axb ;
V== it (I)
[a@a b c]
- —% — - - - =

an (a+b) pt(b+c)-g+(c+a)r

- = - =

=(a+b)- Eji +(b+c)- Eii
[a b c] [a b c]
—b -p
+(c+a)*iii
[a b c]
s e T T T T e
_abxc bcxa c-axb
l[abc] [abc] [abc]
p =h: =P - = - - = =
[b-bXe =c-cxXa =a-axbh =0]
— — — e e
=[abc]+[abc]+[abc]
— — — — = =3 - = —
[abc] [abc] [abc]
=1+1+1
=3

6.b. a, b and c are ‘distinct negative numbers and vectors

1. b.

M ] M M A A M

ai+aj+ck, i+kandci+cj+bk are coplanar
a a c -
1 0 1|=0

c ¢ b
2

or ac+c —ab-ac=10
or c* = ab

Hence, a, ¢, b are in G.P.
So, c 15 the G.M. of @ and b.

Let the given position vectors be of points 4, B and C,
respectively. Then

AB| = J{ﬁ—a)z+(y—ﬂ)1+(a-y)z

BC| = (v - B + (@ -7)* +(a - B)?
cA| = J@-7) +(B-a) +(y - B

| AB|=| BC|=| CA |

Hence, AABC 1s an equilateral triangle.

Lct;=x?+y}+z£.
where x> + y* + 22 = | (i)
(:;bcingaunit vector)
a.d =0
= x—-y=0orx=y : (11)
(bcd]=0

9. a.

10. b.

11.d.

or 2x+z=0 [using (i1)]
or z=-2x (111)
From (i), (ii) and (iii), we have
et +axd=1
x=% -l-
6

e
- = = b"'l.’.'

Since ax(bXc)= N

(@-0)b-(a-B)o=—Tsb+Tzc
a-c)b-(a-b)c=—=b+—F=
V2 2

— —

Since b and ¢ are non-coplanar,

ro=-L and a-B =—
J2 2
= cos@=- -l—- (because a and b are unit vectors)
J2
3n
or = —
4

_ - = =
Since u + v + w=0, we have

- = —II
lu+v+wl =0

-rz -+ . -+ = = = = =
or lul"+|v|°+|w|/"+2(u-v+v-w+wu)=0

- =) = = = =

or 9+16+25+2 (u-v+v-w+w-u)=0

e e e B I

or Uu-v+v-w+wu=-25

e - =

(a+b+c) [(a+ b)x(a+c)]

e T T T e e S T
=(a+b+c)[axa+axc+bxa+bxc]

e T T T T T T S

(a+b+c)[axc+bXxa+bXxc]

O e e G . T T
a-bxc+b-axXc+c-bxa

-(ab c]=[ab c]=[ab e
-=ta b el



12. b.

13. d.

14. b.

— —

As p, g and r are three mutually perpendicular vectors of same
magnitude, so let us consider

— A =b A —h
p=ai,q =aj, r-nk
Also,let x =x, i +y j+zk

—

Given that x satisfies the equation

— - - - — — = - = —

p:-:[(,::- g)x pl+gx[(x—r)xgl+rx[(x—p)xr]=0
(1)
Now, px[(x—=g)xXp]= px[xXp-gqXp]
= pXxX(xXp)=-px(gX%Xp)
=(p-p)x—(p-x)p-(p-p)g+(p-q)p
‘H:azx _az.t] f—ﬂ3j+0
Similarly,
q)t:'(.r-—r)xq]=a2x—-a2y1j—a3k
and rx(x-p}xr] a2:t a’ zlk a1
Substituting these values in the equation, we get
3az.t-—a2{x1f+y1j+z|k)—a2(ai+aj+ak)=ﬂ
or 3a2.r a’ x a (p+q+r)—0
or ._1::(4!5’*+q+r*)4::12
or .1'='-%(p+q+r)
Given that a=i+j+k, b=4i+3j+4k and
c=;+{x}+ Pk are linearly dependent,
1 1 1
4 3 4=0
1 a B
or 1-B=0
or pf=1
i
Also, given that |c|=J§ =:»l+a2+ﬁ2=3
Substituting the value of 8, we get
=1 or a=t]
-+ = — e
[(axb)xc|=|axb]||lc| sin30°
] — - = )
=—|la x bl||lc I
21 lc| (1)
Wehave, a = 2i+j—-2k and b = i+

-+ —

= axb

=2i-2j+k

|axb|=~f§=3

- —
Also given | ¢ —a| = 242

15. d.

16. a.

17. b.

-5 =

or 1c-ai =8
—rz -&1 —
or le|"+|al"—2a-c =8

— -3 = —
Given|a|=3and a-c¢ =|c |, using these we get

- —

leP=2]c|+1=0
or (lc|-1*=

or le| =1

b — —

Substituting values of | @ X b |and | ¢ | in (i), we get

(a x b)Xx 1:::|=-;~;'v.:.“ﬂ-=:l=3

-3 A A
a=i-

e

M M

b=xi+j+(1-x)k

i

M

Cc= }i+xj+[l+.r-y)£
1 0 -1
x 1 l-x
y x 1+x-—Y

=l+x-y-x"+y-x+x

= ]
—3 — -
As ¢ iscoplanar with @ and b, we take

- ~+ -

c=aa+pb, (i)
where « and [ are scalars.

i —-

As ¢ is perpendicular to a, using (1), we get

- — - =

O=axa-a+P b-a
or O0=a@@)+BR2+2-1)=3RQa+p
or = -2

— — — A M A A
Thus, c=a(a -2b)=a (-3j +3k)=3a(-j + k)

2
e *=18c’
or 1=18¢c

—# - — =
ax( c)=ax 0
- — - = =% —
axa+axb+axc=0

Similarly, by taking cross product with b, weget ax b=5bx c

- =

axb

S —-

- =
= hbXxec =cXa



18. a.

19. a.

20. b.

21. b.

— = =

a, b, c
(cxd)=0 (i)

- —

Given that and d are vectors such that (a x b) X

P, is the plane determined by vectors a and b . Therefore,

normal vector n, to P, will be given by

- = =
n=axb
Similarly, P, is the plane determined by vectors ¢ and d .
—»
Therefore, normal vector n, to P, will be given by
- = =
n,=cxd

Substituting the values of n, and n, in (1), we get
— — - :
mxn =0
-
Hence, n, || n,

Hence, the planes will also be parallel to each other.
Thus, angle between the planes is 0.

‘ - = —» _ - = = —
Given a, b and c are unit coplanar vectorsso,2a - b,2b- 2¢
and 2 c — aare also coplanar vectors, being a linear combination

- — —
of a,band c .

Thus, [2a—b 2b—c 2¢—a] =0
;,Sand; are unit vectors.
Now,x=|a=bl +|b—cP +|c—al
= Ya-a+b-brec)-2ab-2be-2ca
=6—2(a-b+b-c+c-a) (1)
Also, |a+b+¢| 2 0

AA MOA P MnOA MNoOA MM

aa+bb+cc+2(ab+bc+ca)20

or 3+2(ab+b c+c a)

AT A

or 2(ab+bc+c a)a -3

A A A A A A

or -2(a-b+bc+ca)s3
or 6- z(ab+bc+ca)59 (ii)

From (1) and (1), x <9

Therefore, x does not exceed 9.

— -
Given that a and b are two unit vectors.

la|=1and|b|=1

—

- — -
Also giventhat (@ +2b)-(5a—-4b) =0

- —

or Slaf-8|b-4a-b+ 105-a =0

—

or 5-—8+6a-b=0

22.c.

23.c.

24. c.

25. c.

or 6|lal|b|cos@=3

(Where 6 is the angle between a and b )
or cos 8=1/2
or @ = 60°

™ ™ ™ — M

— A —
Given that V=2i+ j—kandW=i+3kand U is a unit
vector.

Now,

= U-(2i + j—k)x (i +3k)

= U-(3i-7j-k)

= \(32+‘J'2+I2 cos 6

This is maximum when cos 8= 1

— - —

Therefore, maximum value of [U V W]

= 59

Volume of parallelepiped formed by u = l + r.-_; +k, v= +ak ;

— M Ea

w=ai+kis

1l a 1
0 1 a
a 0 1

— =) =)

V=[uvw]=

~0)-a(0-a?)+1(0-a)

3

=1(1

=]l+a —-a
For V to be minimum, Z—V =0
a
= 3a@-1=0

1
or =+
0
Buta>0ora= :;-5-

(axb)xa =(a-a)b-(a-b)a
L G-Ryx(i+j+k)= (B)b - (i+j+k)

i A - A
or 3b=3iorb=i

— —

Any vector coplanar to a and b can be written as
— — —
r =ga +Ab

or :=(p+21) ?+(—p+l) }+(p+l)£

—p A )

Since r is orthogonal to 5 j +2j + 6k,
SU+20)+2(pu+A)+6(ut+A)=0

or 9u+184=0

1
or =——=U



—
r

o

Since r 1s a unit vector, r =

26. c. We observe that

=3 j-k)

A~ 3i-k

(= =)
- = - — h-g |- = - — — —
ﬂ'blzﬂ'b— . a-a=a-b-ab=»0
2
al”)
( - — “y =k
- — — — c-a > C - —
ac, =a- c—__za——_'—bzlb,
. |a] b e )
- — — —
—f - a:c --il C'bI - —
=ac - Z-laf -5 a )
|a by |
- = = — —
=a-c-a-c-0 (-a-b =0)
( — - = )
- = - | — C_ﬂ—l- E‘bl“'
And bl*f:z:b' C"""_bzﬂ"'_‘ll
\ |a| 1h| J

Il

>

I

e e e

T caba) chpp
laf’ L5

b-c —0-b-c (Using b-a =0)

=0

o —

27. a. A vector in the plane of a and b 1s

ady

u =,u; +lg =(u+A) ?+(2p-l)}+(p+l)£

- - }

Projectionof won ¢ = :E

— —
u-c |
=} = . - —
NE)
| c|
- =
or u.c =

or |u+A+2u-A-pu-A4=1
or [2u-A=1

or A=2ut

)

1

M N s M

=5 u =2i+j+2k or d4i— j+4k

28. c. We know that three vectors are coplanar if their scalar triple

product is zero.

R, - R,

2-A°

or 1

Thus,

1 1

AL 1| =0

Y

+ R, + Ry

2=A* 2=)°

=47 1 [=0
1 ~

29. b.

30. a.

31.a.

or (2-AH)1 -A* 1| =0

or (2-A)0 -(1+4%
0 0

0 =0
—(1+ 4%

or (2-A)(1+2)P’=0=31=%2
Hence, two real solutions.

— = = - = = -
Since a, b, ¢ are unit vectorsand a +b+c =0

Taking cross product with a, we get

T T T S S
aXxa+axb+axc=»0

e e

= axb=cXa

Taking cross product with b, we get

e e T I T

bxa+bxb+bxc=0

— = = =)
= axXb=bX%Xc

T e e T

Thus, axb=bXc=cXa
Since, vectors form an equilateral triangle.

i e

axXo=bpdXecxXa#£l

| OP |=|acost+bsint|

2t+2costsint a-b)

. l/
= (cos” £ + sin 2

= (l+2costsint a-b)uz

= (1+sin 2t a-b)"?

15’-"'”““IJL ={l+4::’:'-:,'“:ij"irI whentr=n/4

M ]

a ., b o
~ N2 2 _ ath
la+b| la+b

2

Volume of the parallelepiped is, V' = [a b ¢]

. — — — - ==

Now labc]® =[abcllabc)

a, a, aj|la, a, a,
by|\b, b, by
€, € Gfle, € €

I
o
¥

aa ab ad
~lba bb b
Ca b a
k. Yrd 1iZ2
=1/2 1 1/2
1/72 1/2 1

=1/2



. Volume of parallelepiped, V = (a b ] = _J%

32.c. axb=lallblsinan=sinan, ae0.r]

¢ xd=sin Bn,, Be|0, x]
Now (axb)-(cxd)=1
= sina-sinf(n-n,) =1,

=  sinasin fcos =1
— —

where @ is the angle between njand n:
= a=m2,p=n2and 8=0

Now, a-c =~

= cosy=12=y=n3

As a xbllc xd,a,b,¢,d are coplanar.

There are two possibilities as shown in figure.
AD

b

7 4

\mﬂ )
»a

— —
Thus b and ¢ are non-parallel

33.b. 00

L/

- —»
Angle between vectors ABand AD s given by

IB-A-E) 2420+ 22 5
oS O S 00+ 121 1+ 454 9
| AB|| AD| +100+121 1+ 4+
17
= custz=m5(90"—6')=sin9=—{*
34. a. .
S(-3i + 2)) R (3i+3)
M
P(-2i-7) O (41)

Evaluating midpoint of PR and QS which gives M = |:'— + ] '
same for both. :

PO=SR=6i + j

PS=QR=—-i+3]

So, PQO-PS#0

PQ||SR, PS||QR and | PQ|=|SR|,| PS|=|QR|

Hence, PORS is a parallelogram but not rhombus or rectangle.
35.c. v=Ad+ ub

= A0+ j+k)+u(i—j+k)

Projection of v on ¢

Vo1
cl V3
o A Wi+QA-pi+ A+ k)G -j-k) _ |
' V3 V3
or A+tu-A+u-A-pu=1|
or u-4A=1
or A=u-1

=  v=(u-0)+j+k)+u@i-j+k)
=(2u-1)i - j+Qu-1)k
Atpu=2, 7=3F - j+3k
36.c. ax(2+3j+4k)=(25 +3]+4E)x b

—

(a+b)x(2i +3j+4k)=0

—

=  a+b=1(2 +3j+4k) [asla +b1=+29]

- -

= (a+b) (=7i +2j+3k)
=+ (—14+6+12)
=4
3. ¢
R Q
T
S D P
Area of base (PQRS)
| lf j ok
1 -3 4
1 n n "
=E|-101+IOJ-—10H
=5)i - j+k|=5V3
Height = Projection of PTon i — j +k
_[1=-2+3] 2
V3| V3

Volume = {5-\5)(:}%) = 10 cu. unit



Multiple Correct Answers Type

— i i M

1. c.Wearegiventhat a = q,i +a, j+ayk

M

b =bi+b,j+bk

—+ M M M
¢ =cji+cy, j+cyk
2
5 5 9 — = —
Then |b b, b =[abc]
G € G

= (axb-c)

—
= (| a x b |-1cos 0°)*

—  —» - — — =

(sincec Laand b,c||axb)

—i—l

x b |)?

[ﬂllbl sm—]z

[ a, +ﬂ1+ﬂ3 \/bt +.!;»2 +b3]

H

4(::.-, + a; +a3)(b, +.!;-2 +b3)

2. b. We know that if :1 1s perpendicular tn a as well as b , then

- - - -

A axb bxa
”-—b—lﬂr—i—i
laxb| |bxa]

- - - —

As a x b and b X a represent two vectors in opposite directions,
we have two possible values of .

3. a.,c. We have

- M Y M A M =P A M

a=2i-j+k, b=i+2j-k,c =i+ -2k

Any vector in the plane of b and ¢ is

—

=,u§ +.3.:
= w(i+2j-k)+ A (i + - 2k)
=(u+A) ?+(2p+l]}—(p+21]£

Given that the magnitude of projection of u on a is v2/3.

Thus,
3 —
|a|
_(2(u+A)-(2p+A) - (u+24)
J6
or | —A=ul=

= A+tu=2ordAt+tu=-2

ol

Therefore, the required vector is either
2i4+3j-3kor=2i—-j+5k.

e e e B | —) - —
c. [u vwl=[vwul=[wu v]

-t =) = — = —

but [vuw] =-[uvw
a., ¢. Dot product of two vectors gives a scalar quantity.
a., ¢. We have

-1 — — -+ —p _ A : A
v=axb=|allb|smn@n=sn6n

- —
where a and b are unit vectors. Therefore,

-—

|v|=sin @
o - — = —
Now, u = a —-(a-b)b
s - —

a— b cos 8 (where a-b = cos 6)

-3 . - - .
lu|" =|a-bcosb|
=1+cos” 8—-2cos B-cos @
. .
=1 —cos’ @=sin” 8=’
— —

= |uj=|v|

—p =

o e —p ) - —
Also, u-b = a-b — (a-b)(b-b)

|u-b|=0

|v|=|u|+|u-b]| is also correct.
a., c., d.

a=-;-(2i-2;+k)

la|® = -3 4+4+1)=1lor|a|=1

Let b = 2i-4,+3k. Then, angle between a and b is
given by,
cos 8 = _fi =_J;_9 aﬂ#%
lal|b]|
A A I A ___3.-. e

let c =-i+j—-—— k=—a= cl||a
2 2
i A A A - - —» —»
letd =3i+2/-2k. Then g.d=0= a1l d
b., d. Normal to plane P, is

—h

m=(2j+3k)x(4,j-3k)=-18i
Normal to plane P, is

-5

= (j-k)x(3i+3j) = 3i-3j-3k

A is parallel tot (n X n,) =1 (=54 j + 54k)



10.

— A A A
Now, the angle between 4 and 2i +j-2k is given by
(-54_;+54k) (2: +_j' 2.{')

542 .3

cos 8=

1

V2

0= m/4 or 3n/4
—F M Fat Fat

a., d. Any vector in the plane of ga=i+ j+2kand

b=i+2j+k is
r=A>i+j+2k)+u(i+2j+k)
= (A+p)i+(A+2u)j+ QA+ p)k

Also, 7 is perpendicular to the vector i + | + k.

= —

= r-c=0
= A+tu=0

Possible vectors are j — k or —-j+ k
a., b., ¢. According to the question

i s B

-Z=X- y—v z—\r V2. cns—=l

—» — - =)
Given a 1s perpendicularto x and y X 2
— - .= =

a=]|.1[x X(yXxz))

=3 a=ﬂq({x-z]?~(1*;}z)
= a=A(y-2) (1)
Now a

(2)

Similarly, b {; z)(?.*-:)
Now, 4.b=(a-y)b- z)lt:-—z) (z-x}]
=(a- y}(b z}ll—|—2+1]

=—(a-y}Xb-2)
- = =
a.,c,d. a+b+c=0

- = —

= b+c-~a
- =

= Iblz+lc[2+2b L*lﬂi‘
= 48+IcP+48=144

)
= |cP=48

_._i.
= lcl=43

In:'l1 r

——lal=24-12=12
2

2 —
I—EI-+IaI-36
2

Further,

e —

a+b=-c

e

= laR +1bP +2a b _mz

144 + 48 + ZH*b =48

!

- 2yalb*~(a - b)?
=2(144) (48) - (72)* =483

Matching Column Type
1. (e)-(t); (d)-(r)

1 1 0

c. Volume=1|l 2 0Ol=nrn
1 1 =

d a+b+\/§c=ﬂ

2+2cosaa=
= a:-E
3

Note: Solutions of the remaining parts are given in their
respective chapters.

. () - (IIL (!)

Since a - b 0

Let b=ﬂ.lf.ﬂ=3n}

— - = —» —

Now, 2lb+cl-lb-—ﬂlanda ,ub +4c

- 2a,f+zif;‘!“"¥=u,€-21}t

= IA@-pi+ A =214 +A,]
Squaring both sides, we get

AL(4 - p) 4 A3 =440 +44]
= 3g=(12+ 1 -8A (1)

- =

Also, (b-a)- {b+c) 0
G-y 2+ BRI

Ma-m-4 _,
4

=]



L

= A=A@d-u (2)
From (1) and (2)

= u-5u=0

= u=0,5

Note: Solutions of the remaining parts are given in their
respective chapters.

. (@) = (r): (b) - (s); (¢) - (p): (d) - (q)

a. [ab ) =2
= [2axh 3bx¢ c¢xal=6abcy
~6x4=24
b. ([abi]=5
= [d+h)bh+¢ 2 +a))
=6{(d+b) b+ (C+a)]=12[a b ¢]=60

c. Given % laxhj=20

Now —|{u+3bl>c(a b)
I . o - —
=—|=2(a@xh)-3(axbh)|
) 40=100
==X -
2

d. Given |Gxh| =30= [(a+b)xa|=|bxal=30

. (a)-(q)

B > . i ;
a-b=(j+J3k)-(-j+V3k)=-1+3=2
lal=2.161=2

2 |
o cur-'.ﬂ--—-—-=—

2x2 2

4 , e AT oy , + :
Hence. 6 = 3 but its value is 3 as 1Its opposite to side of

maximum length.
Note: Solutions of the remaining parts are given in their
respective chapters.

—8 —8 L “H
q. (@, Xa,.,)=1r sin —
n
—p — 3 1;’1‘
{;-‘i : H'II . | T CO0s —

n-1 o

Griven ZH;‘KH;qI:! ag-ag
k= I liﬂ |
’ ) Eﬂ' ) 2”
= rr(n—=1)sin — =r(n-1)cos —
n n
n
— lan—=1|
n
I
- ———lﬂ"l- —.kelZ
n 4
n S
— —
4k +1

= n=8(whenk=10)
Note: Solutions of the remamning parts are given n their
respective chapters.

6. (a)-(p)(q)
Projection of .af + Bj on J3i +}: is v/3.

{ﬂ;+ﬁ})(ﬁ12+'f) :Ji
=  a+p=%23

- ﬁa+[“'2]=ﬂ\f§
J3

= 3a+a-2=16

= 4a=8, -4

= a=2,-1

Note: Solutions of the remaining parts are given in their

respective chapters.

1. (E)‘(P)a'[‘q_)* el ”
We have GX:J_‘EF+} and O}’=i+~/§j

Y(1,43)

So,

X3, 1)

-

(0]

Hence, equation of acute angle bisector of OX and OY is

y=x
or x-y=0
Now., distance of Bi + (1= )i =Z or (B.1-B) fromx—y =0, is
_,  |B-0-B)_3
| f V2
= [2B-1]=3
= 2B-1=43
= 28=4,-2
= f=2-1
= |B=21

Note: Solutions of the remaining parts arc given in their
respective chapters.

Integer Answer Type

1.(5) E= (2a+b)-[laf b—(a-bya—-2(a-b)b+2|b[*a

- 22

a- b= ={)
J70
and |a|=land|b|=

E=Qa+bh)[2|ba+|al’ b]
=4|al’|bP+21al (@ -b)+2|b " (b-a)+\dl |b|

!
tJ

Z‘I'l

= 5|al’|b|" =5
2.9) Fxbh =cxh
Taking cross product with a, we get
ax(Fxby=ax(¢xbh)
or {ri-E}F—[&-F]f;:.&ix{Exf;)

or =—3r+6;+3k [u h-l a-r=0)

= Feb=3+6=9



3.3) As |a-bP+|b-cP+|c -af

4. (5)

=3(|af +|bF +|éP)—|a+b +cf
= 3x3-|a+b+¢|=9
or |a+b+¢|=0
c=0

or )

= o
<+

a
or b+é=-a
= |2a+5(b +¢)|=|-3d|=3|al=3.

Let (1, 1, 1), (-1, 1, 1), (1, =1, 1), (=1, -1, 1) be vectors
a,b,é.d, rest of the vectors are —a, — b, —&,—d and let us
find the number of ways of selecting co—planar vectors.
Observe that out of any three coplanar vectors two will be
collinear (ant1 parallel).

Number of ways of selecting the anti-parallel pair = 4
Number of ways of selecting the third vector = 6

Total = 24

Number of non-coplanar selections
=5C,-24=32=2°

= — =

lal=lbl=lcl=1

- ) o B - —

a-b=b-c=c-a=12

— —4 —h =jy — — —p
Also, axb+bXxXc=pa+qgb+rc

— — —5  —

= a-(bxe)=p+qgla-b)+r(a-c)
r —— —
p+g~+;=[ﬂb{‘] (1

o

Similarly, taking dot product with vector b , we get

p r
S +q+5=0 (2)

—

And, taking dot product with vector ¢, we get

§+§+r=[a3?1 (3)

Solving, (1), (2) and (3), we get
p=r=-q

2 2 2
+29° +
P *—'i: E A

o

q

— - —

6. (9) According to question § =4p+3qg +5r

—+ e e e | = e
and s=x(-p+q+r)+y(p—q+r)+z(—-p-qg+r)
x+y-z=4 (1)
¥—-y-z=3 (2)
X+y+z=235 (3)
Adding (1) and (2), we get
7
T2
Adding (2) and (3), we get
x=4
Adding (1) and (3), we get
y=9/2

x+y+z=2(4)+1=9

Assertion-Reasoning Type

1. c. A 3

P Q
Pbx(g‘j‘+5}}=ﬂ
F_bxﬁ}tﬂ
PE:-:ES’#H
P_&)xs}=a

e — — —p —p
PO #TR -~ TR 1s resultant of SR and ST

Fill in the Blanks Type

I. Giventhat 4| =3; |B| =4:|C|=5
41(B+C)= A-(B+C) =0
=5 ;-§+;E=0

BlL(C+A4) = B (C+A4) =0

—F

=5 E-E‘+B-A-0

—

CLlL(A+B)= C-(A+B) =0

- = =

=3 C- A+C~E=O

Adding (1), (11) and (ii1), we get
2(A-B+B-C+C-4) =0

Now, i;l»+a_ﬂ'n+(?|2

- {;+E+C}-{;+E+E}

-4-1 = —-i_' -t = — -3 . —=
=|A"+|B"+|C|"+2(A-B+B-C+C-A)

=0+16+25+0
=50

|A+B+C| =52

2. Required unit vector

~ PO x PR
a= ¢

| PO x PR |

M A fy — M

) M

PO =i+ j-3k; PR =-i+3j-k

(" PQ is not paraliel to TR)

(** PQ s not parallel 1o KS)

(+ PQ is parallel toST)

(1)

(1)

(111)

(1v)



ExPR =

=8i+4

A M

j+4k

| PO x PR | = J64+16+16 = /96 = 4/6

3. Area of AABC =

4. Giventhat a, b, ¢ and d are position vectors of points 4, B, C

:;:8:'+4j+4k _2i+j+k
a6 N3
L | BA x BC |
2
BA =-i-2j+3k
BC = i-2,+3k
: i J k
AIE&'—_E‘I -2 3
1 =2 3
l .-.: A .n. A
=E|6;+4k|=|3;+2k|
:.,,fg.q. =Jﬁ
- = = -5

and D, respectively, such that

=

—

5. Given that |b

(a=d)(b = ¢) = (b—) e —a}=0

DA-CB = DB-AC =0

B

A

h

DA L CB and DB L AC
Clearly, D is the orthocentre of AABC .

a

c

ﬂﬂz

b b?

CCZ

2

3

a l+a
b* 1+
¢t 1+¢°
| l
I| + abc|l
I I

Operating C;, < C; and then C, & G, in first determinant

. Given that the vectors w=ai + j +k,

1 a a° 1l a d*
1 b b*+abell b b* =0
1l ¢ ¢ 1 ¢ ¢
| a a°
(1+abc)|l b b =0
1 ¢ ¢?

o
either 1 +abc=0o0r|l & b* =0

—+ — —
Also given that vectors A4, B and C are non-coplanar.
l a a°
1 b b 20

1 ¢ ¢

e e = e e | — —h =3 —
A-BxC B-AxC [ABC
— —}—I+—}—l -+= —}—r—r+ - — — =0
CxA-B C-AxB [ABC] [ABC(C]
. Given A=i+j+kand C=j—-k
Let B =xi+yj+zk
e e ‘ J k
Giventhat AXB=C = |l 1| 1| = j—-k
X y z

or (z=y)i+(x=2)j+(y-x)k = j—k

= z-y=0,x-z=landy-x=-1 (1)
Also, A-B =3
= x+_v+z=3 (11)

From (1) and (11), we get
y=2/3,x=5/3,z=2/3

B wliis ikl
3373

- M i M - N M M
v=i+bj+k and
e M, i M

w=1i+ j+ck, wherea, b, c # | are coplanar. Therefore,

g 1 1
1 b 1| =0
1 1 ¢
Operating C, = C, - G, (,—C, - G
a-1 0 1
1-b6 b-1 1| =0
0 Il-¢ ¢



10.

Expanding

cla-1}b-1D+(1-b)(1-¢c)-(1l —cla-1)=0

- = = ()
l—-¢c l—-a 1-b
g I + ] =]
l-¢ l—-a 1-b
I - ] + I =]
l—-¢ l—-a 1-b

—¥ M ]

Let c = i+fj

—

Giventhat b 1L ¢

b-¢ =0.
= 4i+3) (xi+Bj) =0
or 4a+3f=0

or —=-—=4
3 -4
or a=3AB=-44

fat M

i
Now let a = xi+ yJ be the required vectors.

—

Projection of a along b gives

4x+3y

- —
a-b -

i31 1’4:1'32

or 4x +3v=35
— —

Also projection of a along ¢ gives

or 3Ax—-4Ay=104
or 3x—4y=10
Solving (i1) and (11i), we getx =2,y = — |

i M

Therefore, the required vectoris 2/ — j.

'y

(i1)

(111)

11.

12.

e

Component of a along b

—

&j =0Amﬂﬂ-—i—
| b
= =) = [ )
_ ﬂ_.:'} i _ ﬂ_-b E
&1 ) 161 \IbF,

Component of a perpendicularto b

DA = a- 0D
— ! -3
= a- a_.— b
Ly
M M M, A s Fal
Let xi + yj+ zk be a unit vector coplanar with i + j + 2k
and i + 2 j + k and also perpendicular to f+j+k.Thcn
X y z
1 1 2/=0
1 2 1
or -3x+y+z=0 (1)
and x+y+z=0 (1)

Solving (i) and (ii) by cross-product method, we get

= x=0,y=Az=-4
Y e Fa

As xi + yj+ zk 1saunit vector, we have

0+A2+A%=1

e

| |
or A=—ortA=1 —F
2 J2

, j—k —-j+k
Required vector= ———or ————
- N ARl

M, i) M

A vector normal to the plane containing vectors 7 and /i + j is

_— 0 e, >
==
Il
>

L
p=|l
1

M MA M

A vector normal to the plane containing vectors i — j, i +k 1S

A, M

J
-1 = —i-j+k.

—_— O >

Y
i
—
g = |l
1 0

— — —

Vector a is parallel to vector p X ¢q.
M N
i
pXq = 0 0

k
i
-1 =1 1




13.

14.

1S.

—p o M

Therefore, a vector in directionof a 1s i —j .

Now if Ois the angle between aandi -2+ 2k , then
114 (=1)-(=2) 3
9=1 e
o Q41 Ji+4+4 —42-3
= cusfa':j:—l_ =:n&:E m_‘;_n

42 4 4
e
Let @, B, ¥ be any three mutually perpendicular non-coplanar

—
unit vectors and a be any vector, then

a=(a-aya+(a-B)B+(a-7)7

Here b, ¢ are two mutually perpendicular vectors, therefore

—

bxc
—  —
| b x|

coplanar unit vectors, Hence

- —
b, ¢ and arc three mutually perpendicular non-

e

— — —\ — -3 =\ =) - b}(l’:‘ be
a=|la.b|b+|la.c|c+]|a.

o — — =)

L |OXxXcecl)|bxe]

- =) — T ﬂ.(b)(c‘]_b_‘
=(a.b)b+[a.r:)r+ s [bxr:]

— - - —

ax(axc)+b =10

or (a-c)a-(a-a)c+b=10
or 2c059~a~c‘+b=a
(Using |a|=1,|b|=1,|c|=2)

or (2cosé6 a—c]z=(—3)z

or 4cus:8-|afz+!c}3 -22cos@- a-c =|b|
or 4cos"@+4-8cos@-cosb=1
or 4cos°@-8cos’@+4=

or 4cos’6=3
or cos 0=+ \/31’2

For 81to be acute, cos 8= —\? = 0= %

g = Area of parallelogram with O4 and OC as adjacent sides

=| 04 x OC |

- -
=|laxb|

p = Area of quadrilateral OABC

_ — |

'I » *
=E|OA>COB |+-5| OB x OC |

] - —

Jllax(10a+25)[+1(10a+25)x b )

- — —

= %1(]2axb)|=6|axb|
= k=6

True/False Type

- — — :
1. A, B and C are three unit vectors such that

A-B = AC =0 (i)
and the angle between B and C is /3.

Now Eq. (1) shows that A is perpendicular to both B and E' ;
Thus,

BxC =AA,where Ais any scalar.
or |1BxC| =|AA]
or sinm3=%A

(as 7/3 1s the angle between B and C)

ey

/2

V3

-
* — A
2

or A=1

=> BxC
or ;=ii(gx5)
J3
Therefore, the given statcment is false.
X-A=0=cither 4 =00or X 1 A4
- = — — —
X-B =0=ecither B =0or X LB

- = — —
X-C=0=either C=0X1C
In any of the three cases,

e

A B,C=0,[ABC] =0

—

Otherwise if X L A4, X L Band}.l_athen ;,Eandz' are
coplanar. Then

—4 b

[ABC)=0

Therefore, the statement is true.

e

. Let position vectors of points A, B and C be ; +b,a- ;:: and

- o
a + kb, respectively.

—_— — —

Then AB =(a-;)—[a+§)=-2;

-

Similarly, E=(:+k3}—(a - ;]*:(k S I)E

Clearly AB || BC Yke R

Hence, A, B and C are collinear Vk € R
Therefore, the statement is true.

e T e I

. Clearly vectors a — b, b — ¢, ¢ — a are coplanar

— l[a-bb-cc—-a] =0

Therefore, the given statement is false.



Subjective Type

Let the position vectors of points 4, B, C, D, E and F be

- = = = =

a, b, ¢, d, e and f w.r.t. O. Let perpendiculars from 4 to
EF and from B to DF meet each other at H. Let position vectors

—

of Hbe r . We join CH. In order to prove the statement given
in the question, it is sufficient to prove that CH is perpendicular
to DE.

=

Now,asOD1BC=d-(b-c) =0

=3 d-b=d-c (1)
asOF LAC= e-(¢c—a)=0> e-c=e¢e-a (11)
asOFJ.AB:&f(a-b) 0= f-a=/f- (iii)

— —

Also AH 1 EF = (r—a)+(e-f) =0

= re-r-f-ae+af=0 (v)

and BHLFD= (r-5b)(f-d) =0
e e e e e e I

= r-f—-rd-b-f+b-d =0 (V)
Adding (1v) and (v), we get

3 = = = = -4 =

r-e—a-e+a-f - d—b-f+b~§=0

or r {;— E) ; :+§ : =0 [Using (1), (i) and (1i1))]

- =

or (r-{')*(e—d}=0

= CH ED =0=sCHLED

—

. Since vector A has components 4, 4, and 4,, in the coordinate

system OXYZ,

A=i A + jA, + k A,
When given system is rotated through /2, the new x-axis is
along the old y-axis and the new y-axis is along the old negative
x-axis; z remains same as before.
Hence, the components of A4 in the new system are A,, —A4, and
As.

F

Therefore, A becomes A4,i — A4, j + A, k.

AxX =B
or (A % ) = B X
or (A- AD)X-(X- }A Bx A

— = = — e
or (A-A) X - = Bx A
& Y - B:-r::! :r:A

(4-A)

Given that P.V.’s of points 4, B, C and D are

3i=2j-k,2i+3j -4k, =i+ j+2k and 4i +5,+ Ak,
respectively.

Given that 4, B, C and D lie in a plane if AB. AC and AD
are coplanar. Therefore,

-1 5§ -3
-4 3 3 | =0
1 7144

or —-13+3A-21)-5(-4-41-3)-3(-28-3)=0
or —-3A+18+20A+35+093=0
or 17A=- 146

146

or A= ——

17

. Letthe positiun vectors of points A, B, C, D be

- = —

a, b, ¢ and d respectively, with respect to some origin.

iABxCD+BC:xA£j+ CA x BD'i

= (b - a)x(d - c)+(c - b)

- = —

X(d—-a)+(a- c]x(d b)l

e e T

—2|bxa+cxb+ﬂ}(c| (1)

— =

= 4x—|{b a)x(b—c)i
=4 x (area of AABC)

. OACB is a parallelogram with O as origin. Let with respect to

O, position vectors of 4 and B be a and b, respectively. Then
PV.of Cis ; + E:

Also D is the midpoint of OA; therefore, the position vector of
Dis :! 2.

= 5> >
B(b) Cc(a+ b)
u
P
|
—lp
0 D (a/2) A(a)

CO and BD intersect each other at P.

Let Pdivide COintheratioA: 1 and BD intheratio i : 1. Then
by section theorem, position vector of point P dividing CO in
ratio A: 1 is

—

AX0+1x(a+b) _a+b
A+ A+

and position vector of point Pdividing BD intheratiott: 1 1s

{ —
u kok +1(b)

2 — —

\ v, _ﬂﬂ'+2b
g+ 2(u +1)

(1)

(i1)



As (1) and (11) represent the position vector of the same point;

hence, Taking dot product of a and (i), we get

a+bh pa+2b xa-a+ya-b+za-c=0 (11)

A+l 2u+1) .

N Again taking dot product of b and (i), we get
Equating the coefficients of a and b, we get
] u (iii) xb-a+yb-b+zb-c=0 (111)
= 111
A+l 2(u+1) Now Egs. (i), (ii) and (iii) form a homogeneous system of

1 _ equations, where x, y and z are not all zero,
T a4+ (1v) Therefore the system must have a non-trivial solution, and for
this, the determinant of coefficient matrix should be zero, i.e.,

From (iv) we get A = 4, i.e., P divides CO and BD in the same

ratio. - y -

+ * a b ¢
Putting A = u in Eq. (i1i), we get =2 s = e oo g
Thus, the required ratio is 2 : 1. a-a ab a-cl =0

7. With O asoriginlet aand b be the position vectors of 4 and ba b:b bc
B, respectively.

- A A = A A A —
9. Giventhat A=2i+k,B=i+j+kand C=4i-3;+7k
and to determine a vector R suchthat RxB=CxBand R- 4

M M M

=0.Let R=xi+yj+zk

Then RxB = Cx B

i j k i J k
= x y zl=14 =3 7
Then the position vector of £, the midpoint of OB, is b/2. 11 1 I @
Again since AD : DB = 2 : 1, the position vector of D is A A A & A
o & .8 or (-2)i-(x-2)j+(x=y)k =-10i +3j+7k
l*a+2b=a+2b & g0 (i)
I +2 3 x—z=-3, (ii)
OP | x—=y=17 (111)
et —=— -
PD A I Also R-A=0 |
5 PN ofp=-2TED =  x+z=0 _ (1v)
3(A+1) Substituting y = x — 7 and z = — 2x from (ii1) and (1v), respectively
Let AP | in (1), we get
et —=— =
PE U . x=7+2x=-10
= b = 3x=-3
Pﬂ""i = x=-l,y=-8andz=2
=% PV.of P= I Nk ik
p+1 10. We have, a=cxi—6j—-3k
Comparing P.V. of P, we get m I A
| - 2 b=.ri+2j+2c.ri_! L
J(A+]1) u+l JA+1) 2(u+1) Now we know that a-b=|a|| b |cos 6
Solving we get u = % — 1= % As the angle between a and b 1s obtuse, cos 8<0
OP 3 = a-b<0
= Pp 2 = - 12-6cx<0
- — — = c<0and D<0
8. Giventhat a, b and ¢ are three coplanar vectors. Therefore, = c¢<0and36c+48c<0
there exist scalars x, y and z, not all zero, such that = ¢<0and(3c+4)>0
xa +tyb +zc =0 (1) :: c<Oandc>-4/3 -

4/3<c<0



I1. Let the vertices of the triangle be A (0), B(b) and C(c).
Given that D divides BC in the ratio 2 : 1.

—a

b+2c

Therefore, position vector of D is

A(0)

E divides AC in the ratio 3 : 1.

0+3c _3c
4 4

Let point of intersection P of AD and BE divide BE in the ratio
| : kand AD in the ratio |1 : m. Then positinn vectors of P in

kb+1(3c/4)

Therefore, position vector of E is

m0+m((b +2c)"3)

these two cases are and
k+1 m+1
respectively.
Equating the position vectors of P in these two cases, we get
kb + 3¢ _ mb P 2mc
k+1 4k+1) 3(m+1) 3(m+1)
= and =
k+1 3m+1)  4k+1) 3(m+1)
4
Dividing, we hav % = = ork= 3
3 2 8

Required ratio is 8 : 3.
12. (axb)xX(exd)+(axc)x(dxb) + (;xd)x(zx c)
Here, (a x b)x (¢ x d)

=lie X b)a+(c>r:d }b

-+ = = = — =) =4 —)

=[lacdlb-[bcd]a (1)

— — = — —+ — —

(axf)x(dxb) -—{dxb c}a+{d‘xb a)c
-[adblc-[cdb]a (ii)
(;xg)x(;x;)

= (axd- c)b-(axd ]

e e - — = =

=—[acd]lb-[adb]c (i11)

(Note: Here we have tried to write the given expression in such

.-.-'.
a way that we can get terms involving a and other similar terms

which can get cancelled)

13.

14.

Addirg (i), (11) and (ii1), we get

-2[bcd] a -ka

Hence, given vector is parallel to a .

Given vector =

D

(B C(37)

A(i+] +k)

We are given AD =4

22

Volume of tetrahedron = T

1 N’

=3 3 (Area of AABC) p =

—_—

2| BA x BC | p= 22
% |(;‘+k)><2:'|p=2ﬁ

or | j-k|p=2+2

or ﬁp=2\ﬁnrp=2

We have to find the P.V. of point E. Let it divide median AF in
the ratio A : 1.

PV of £ = A-2f+{i+j+k)_ (i)
A+

AE =PV.orE -PV.ofAd =

AGi-j-k)
A+1

e A 2
|AE}3:3(1+1] (ii)

In AAED,

2
Nuw,4+3( A ] =16

A+l

-i- =42
A+1)

=-2o0r-2/3
Putting the value of 4 in (i), we get the P.V. of possible positions

of Eas —i+3j+3k or3i—-j—-k.
Giventhat a, b and ¢ are three unit vectors inclined at an angle
6 with each other.

— — —

Also a, b and ¢ are non-coplanar. Therefore,

— =) =}

[a bc] 0.

-+ = = = — - —

Alsogiventhat ax b+ bXxXc = pa +gb +rc.



Taking dot product on both sides with a, we get

- — —»

p+qgcos B+ rcosf= [a b c] (1)

-

Similarly, taking dot product on both sides with b and ¢, we
get, respectively,

pcosB+qg+rcos @=0 (11)
and pcosO@+gcosO+r=[abc] (111)
Adding (i), (11) and (111), we get
. _dabec) .
2T 2cos 0 +1 (

Multiplying (iv) by cos 6 and subtracting (i) from 1t, we get

2[;3.;]::059 H==)
cos@-1)= ~[a b ¢
P ] 2cos 0 +1 | ]
_[a b c]
sf-1)=
or  iples ) 2cos @ +1
" _ [a b c]
£ (1-cos 6)(1+ 2 cos 6)
Similarly, (iv) x cos 8 —(ii) gives
—3 =) =
~ —2[abc]cosb
77 (1+2cos 8)(1-cos 6)
and (iv) x cos @ — (iii) gives
. Z[EZEJCDSB =
S Ty = —[ab c
r(cos 8-1) TR [a b c]
=] e |
or r=

(2cos@+1)(cosB -1)

But we have to find p. g and » in terms of & only.

— —+ —
So, let us find the value of [a b ¢].
We know that
- = = = - —3
a-a ab a-c
— == — =3 = = = —
[abc] =|b-a b-b b-c
-3 = = = = =
c-a c¢c'b c-c

| cos® cosb@

cos 6 ] cos 0

cos@ cos# |

On operating C, —» C, + C, + C;, we get

|+2cos@ cosf@ coséb
|+ 2cos B l cos 6
l+2cos@ coséb |

] cos@ cos
=(1+2cos ) |l I cos @
| cos@ ]

15.

16.

Operating R, = R, =R, and R, = R, — R;, we get
0 cosf -1 0
=(1+2cos@) |0 l-cos8® cosb—1I
l cos @ 1
Expanding along C,, we get

=(1+2cos 0 (1 —cos 6}3

—r — —

[a b c]=(1 —cos 6) J1+2cosb
Thus, we get

l ~ —2cos8

s ,/1+2cu53'q“ Jl+2¢nsﬂ '

| |
- Jl+2cnsﬂ

We have, (:4.+_B’)x (;+E}

= AXA+BXA+AXC+BxC

o
x
m 8 |
Il
ol

=§x;+;x5+5xg {'= i
[{;+E}x{:+g}]x(ENE)

= [Ex:{++§xg+§xg‘]x(§x6]

= (Ex:}x{gxgh(:xg}x@xa

- = —

~ (Bx A)-C) B-{(Bx A)- B} C

-5

+ {AXC)-C)B-{(AXC) B\ C

=[BAC]B-[AC B]C
- [AC B]{B-C}

Thus, L.H.S. of the given expressinn becomes

— = = =

(A C B](B-C)-(B+C)

=[AC B] {(B-C)*{B+C}}

= [AC B]{|BI -|C['}=0 ¢ 1B =1C))
(i+]+3k)x+ Bi-3j+k)y+(-4i+5))z
= A(xi+yj+zk)
Comparing coefficient of i, x + 3y —4z -
=  (1=A)x+3y—4z=0 (i)
Comparing coefficientof j, x—3y+ 5z=4y
= x-3+Ay+sz= (11)

Comparing coefficient of E 3x+y+0z=Az
x+y—-Az=0 (111)

All the above three equations are satisfied for x, y and z not all
zero if

-4 3 -4
l -3+A) 5| =0
3 l = |




17.

or (1=-A)BA+A =5]-3[-A-15]-4[1+9+34]=0
or A+22°+1=0

or AA+1)’=0

or A=0,-1

Let the P.V.s of the points 4, B, C and D be A(O),
B(b),D(d) and C(d +1b).

For any point r on AC and BD, r =A(d+tbh) and r =
(1-u) b +pud,respectively.

For the point of intersection, say 7, compare the coefficients.
A= tA=1-u=1-Aor(t+ 1A =1

- -
C(d+tbh)
B(5)
5 . —b -
Therefore, r ( position vector of T) = d+itbh (1)
t+1
Let R and § be the midpoints of the parallel sides AB and DC;

then R is % and S is d+r%-

Let T divide SR in the ratio m:1.

— .
b = B
m—+d+1t—
Position vector of T is , which 1s equivalent to
L m+ 1
d+1tbh
1+ 1

—

Comparing coefficients of :; and d.

| | m+1 {
= and = .
m+1 r+]1 2im+1) r+1

From the first relation, m = ¢, which satisfies the second relation.
Hence proved.
A,

—_—— — —_—

OA, OA,,...,OA, . All vectors
are of same magnitude, say
a, and angle between any two
consecutive vectors is the same,

]

that is, 27/n. Let p be the unit A,
vector parallel to the plane of

the polygon. A

— =2 . 2z :
Let O4,x OA> =alsm——p (1)
n
n-| » » n—| ~ Zﬂﬁ
Now, ZOA;:-:OA,H = Ya sin—p
i=| =] n
2 M
=(n—-1)a’sin —Hp
n

—(n-1) [~ OA2x 04 ]
[Using (i)}
={1.=n) [Fﬁxa:]

= R.H.5.

— — - —

19. a.Wehave u-v=|ul||v|cosé@

— =3 -3 - A

and uxv =|ullv|sinfn

—» —# A

(Where @is the angle between » and v and » is a unit vector

perpendicular to both « and v)

- - e A

= (m-w)lz+|m|r‘:a-~':1r1'|2

—5 — — —

=lul*|vP (cos’@+sin’@) =|ul’|v]

- =P o A - =

b. l=u-v) +|u+v+uxv)

— —h —f - — -k e — —h

=1=2u-v+(u vy +|ul+|vP+luxvP+2u-v

- —5 - - = =

(cu(uxv)y=v(uxv)=0)

- - — — - =

3 ;]
it |+|u|2+] ri:+(u-v)'+|u:-c v |

— 4 — —r

L+ |ulP+|vF+lul|v]

N

= A+ uP)Q +|vP)
20: [ v W] = (u XV {rewew)

R — — -

= (u X v) (uxw)

— — —s —

- W

— = = =

V- U 1I-"'W'|

- —
Now, w-u =1

S O - — — — — S Sk
Uu.w = u.{v—w!u): H’F—[H H’H] = -V

-5 = -4 ) — —a — = — o —
v-w=v-(v—wxu)=l-[vwu]l=1-=[uvw
B | cos 0
[uvw]= aim
cos@ |—-[uvw]
— —

(O is the angle between u and v )

=P

| = [u v w] —cos’ 8

|



21.

22.

— = =) |
[ vw]= %sinzﬂﬂ—

.

Equality holds when sin® 8= 1, i.e., 8= m2,ie., u L v.

Let a, band ¢ be the position vectors of A, B and C,
respectively.

Let AD, BE and CF be the bisectors of £A4, ZB and ZC,
respectively.

a, b and c are the lengths of sides BC, CA and AB, respectively.
Now AD divides BC in the ratio

BD:DC=AB: AC=c:b.

- —
; s . Y ph4ee
Hence, the position vectorof D is d = ; :
+c

Let / be the point of intersection of BE and AD.
Then in AABC, Bl is bisector of ZB. Therefore,
DI : 1A= BD : BA

BD ¢ BD c

But =— or =
DC b BD+DC c+b
_}
Ala)
E
F
— —
B(b) 5 Clc)
BD c
or =
BC ¢+b
or BD = =
b+c
DI IA= -2 .c=a:(b+c)
b+c
PV of ] = aa+d(b+c)
a+b+c
[ o =)
- bb+cc(b+ﬁ)
b+c
- \ /
a+b+c
=aa+bb+cc
a+b+c

— — —

As P.V. of / is symmetrical in a, b, ¢ anda, b, ¢, it must lie on
CF as well.

A(?) is parallel to B(r) for some ¢ € [0, 1] if and only if

(1) _ f>(1)
g (1) g()

or  f,(1)g,(f) =f5(0)g,(s) for some r e [0, 1]
Let  h(t) = f,(£)- g5(1) = fo(1)- g,(1)
h(0) = £,(0)- g2(0) — /2(0)- g,(0)
=2%x2=-3x%x3=-5<0

forsome t € [0, 1]

23.

24,

h(1)=£1(1)-g2(1) = f (1)-g,(1)
=6x6-2x2=32>0
Since h is a continuous function, and A(0)- (1) < 0,

there are some 1 € [0, 1] for which A(r) =0, i.e., A(¢)and B(r)
are parallel vectors for this r.

Given data are insufficient to uniquely determine the three
vectors as there are only six equations involving nine variables
(coefficients of vectors (v;, v,, v;).

Therefore, we can obtain infinite number of sets of three vectors,
_‘ -+ -+ # * &

v, v, and v, , satisfying these conditions.

From the given data, we get

—5 - s

v.y =4= |y |=2

=2

) b —
Vi vy =23 |V

— — -

virvy =29 = || = V29
AISD ‘I-"l-‘l.-'z =-2
= |v||vy|cos 8=-2

— —

(where 6 is the angle between v, and v, )

-1
or cos 0= E

or 0=135°
Since any two vectors are always coplanar, let us suppose that
S —» B

.viand v, are in the x—y plane. Let v; be along the positive

direction of the x-axis. Then
=21 (| vi| =2)
As v> makes an angle 135° with v, and lies in the x-y plane,

—

also | va|= \E,WEgE‘I
 J A A
va=—1Iixt/f

Againlet vi=ai+f j+7k

)  —p
VitVi=6=2a=6ora=3

=

and vivi=-S5=-atf=-Sorff==%2
Also |vi|=+29 = &+ +9¥=29

=D y=14
" A M M
Hence vi=3it2t4k
-5 M A A

Giventhat a=a, i +a, j+a;k

b=bi+b,j+bk

C =E1f+ﬂzj+fzk

(where a,, b,, ¢, (r =1, 2, 3) are all non-negative real numbers)

3
Also, Y (a, +b, +c,) =3L

r=|



25.

26.

To prove ¥V < L’, where V is the volume of the parallelepiped
— — —
formed by the vectors a, b and ¢ , we have

S a a, a
V="[abecl=b b b
¢ G G

=9 V=(a, bycyt+ta,byc, tayb, c,)
—(ﬂl bj C2+ﬂ1 bl fj+ﬂ3 b! I‘.':|) (I}

Now we know that A.M. 2 G.M., therefore
(g +b +¢)+(ay +b, +¢5)+(ay + by +¢3)

3
>[(a, + by +c,)(ay+ by +¢5) (a3 + by + ¢3)]"°

= L’ 2(a,+b +c)(ay+b,+c,) (a3 + by +cy)
= a,b,cy + a,byc) + a;b,c, + 24 more such terms
2 a\bycy + aybyc) + ay byc,
(ra,b,c,20,r=1,23)
2 (ay bycy +ay byey +ay by c3)

—(a\bsc, + aybic, + aybscy) (same reason)

=V [from (i)]
Thus, L’ 2 V

e I I T s
Weknowthat [x X y y Xz z X x] =[xy z]"

— —
Also a vector along the bisector of given two unit vectors u, v
B
IS u+ v,

- —
u+v
- =
-+ v

A unit vector along the bisector is

- = — —

lu+vP=14+142u-v = 2+2cosa= 4cos

rJ

(44
z
- =
uH+Vv

o
2C08 —

_.
= A =

e
H+W

2cos ¥ /2

- =
— v+“| —

Similarly, y = and z =
e ¥ 2cos B/ 2 i

— [xyz]=E[u+vv+wu+w]><sec55ec;sec-

2

l2[1.r Vv 114.-*]5@:ESAE.'::ES,«::-\C1
8 7 2 2
| —F—b—D

= Z{” V W]SECESECEEECZ

e e e e D - - -

=5 [xXyyxzzxx]=[x y z]°

= —l~[u v.a'm--];"senr:?'Es.m:zEm":o::z}i

16 2 2 2
Giventhat ax ¢ = bxd (1)
and axb = ecxd (11)

Subtracting (11) from (1), we get

- — — -+ - -
ax(c-b)=(b-c)xd

27.

—» —

or ax(c—-b) =dx(c-5)

—* -

or ;x[c—g)—gx{c—;)=0

or (;-E)x(:-;)ﬂ]

or (a-d)||(c=b) (-a-d#0,c-b#0)
Hence, the angle between a — d and ¢ — b iseither 0 or 180°.

- e e e

= (a—-d)-(c=b)=|a-d||lc-b|cosO #0

— — — -

as a, b, c and d all are different.

Figure shows the possible situation for planes P, and P, and the
lines L, and L,:
P P,
L A
A
® B

Now if we choose points A, Band Cas A on L,, B on the line
of intersection of P, and P, but other than the origin and C on
L, again other than the ongin, then we can consider

A corresponds toone of 4°, B', C".

B corresponds to one of the remaining of A°, B” and C”.

C corresponds to third of 4", B’and C’, e.g.,
A'=C.B'=B:C'=4

Hence. one permutation of [4 B C] is [CBA]. Hence proved.

A

28. Given that the incident ray is along v, the reflected ray is along

A i

w and the normal is along @ , outwards. The given figure can
be redrawn as shown in figure.

¢

We know that the incident ray, the reflected ray, and the normal
lie in a plane, and the angle of incidence is equal to the angle of
reflection.



A A A - Substituting this value in (1), we get

Therefore, a will be along the angle bisectorof wand — v , i.e., s
o (TUE
Mgl ) a —
A wt(=v) : 2cos 8
a = (1)
o o
wWw—V A A A
A | | or w=v+(2m59)a
But a4 is a unit vector
A A i M i Fa ~NM G)
or w=v=-2(av)a S a-v =—Cos
where |w—Vv| =0C=20P (a-v) (

M

=2 | wlcos @= 2cosf



