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Chapter - Integrals

Topic-1: Standard Integrals, Integration by Substitution, Itegration by Parts

ré%;' I MCQs with One Correct Answer

&
S€C x

The integral J —5 dx equals (for some

(secx+tanx)2

arbitrary constant K) [2012]
1 1.1 2 |
a) ——— < ———(secx+tanx) r+ K
) THETRIAAY ()
(secx+tanx)2
1 [15==] 2 X
) e ot o S e
(secx +tanx)2 "
1 B o ol v [
c) —— ——l_lxﬁ—:_{:m.x tan x) K
(secx+tanx)2 =
_ 1 1=:3 S e
v—mir —1+-T(sec_r+1an x) |>+A
(secx+tanx)2 ;
s —X
. e
Let = | ————dx, J = ————dx . Then,
.[ e-i_t g (:’21- +1 J-e—él_\ +e 2% 41
for an arbitrary constant C, the value of | - I equals
[2008]

1 (4 _ 2% 41) 2
(a) Eogt Ax G i

(e +
G Slog S vc
2 "\e¥—e"+1
(QE.r_e 31
() =log +C
) Lelr_'_el 1)
(462 41)

h

3 5
COS” X+ C0S° X 7o riansc
$O8 XWCOS X gxis[1995S]

The value of the integral j
sin” x +sin” x

(a) sinx—6tan!(sinx)+c

(b) sinx—2(sinx)! +¢

(¢) sinx—2(sinx)'—6tan!(sinx) + ¢

(d) sin x—2(sinx)! + Stan~!(sinx) + ¢

t Fill in the Blanks

L —— dx=4dx+ Blog (9e>* —4) + C, then
A=....B=...andC=... [1990 - 2 Marks]
MCQs with One or More than One Correct Answer

et b be a nonzero real number. Suppose f:R > R isa

differentiable function such that {0) = 1. Ifthe derivative
f" of fsatisfies the equation
¥ f(x)
JHEE ==
b +x°

for all x e R, then which of the following statements is,
are TRUE? [Adv. 2020]
(@) Ifb>0, then fis an increasing function

(b) Ifb <0, then fis a decreasing function

©) f(x)f(-x)=1forall xcR

(d) f(x)—f(-x)=0 forall x e B

Let f:R >R andg:R — R be functions satisfying

Fx+y)=F(x)+ f()+ f(x) () and f(x)=xg(x)
for all v,y eR. If MO =L (hen which of the
following statements is/are TRUE? [Ady. 2020)
(a) fisdifferentiable atevery x ¢ R

(b) Ifg(0)= 1, then gisdifferentiable at every y < &
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(c) Thederivative f' (1)is equal to 1

e o s (x+1)
(d) Thederivativef'(0)isequaltol 10. Evaluate ) Wy [1996 - 2 Marks]
9 Sha szl Type Questions cosB+sinf
Let F(x) be an indefinite integral of sin’x. il. Find the indefinite integral Ims ZBh(mj do
STATEMENT-1 : The function F{(x) satisfies Flx ~ ®)= (1994 - 5 Marks]
Fl(x) for all real x. because inl o
STATEMENT-2 : sin®(x + 7) =sin’x forall real x. N 2 L SRUTNS
[2007 -3 marks] 12. Findthe mdeﬁmtemtegralj Trd Fx+idx
(a) Statement-1 is True, statement-2 is True; Statement-2 [1992 - 4 Marks]
is a correct explanation for Statement-1. 4
e T ., 13 Evaluate [(Jranx + oot x)dx [1989 - 3 Marks|
is NOT a correct explanation for Statement-1 (cos2x)'?
(c) Statement-1is True, Statement-2 is False 14. Evaluate I Sin % dx [1987 - 6 Marks]

(d) State'ment-l is False, Statement-2 is True.

@ 10 ‘ e : _T. le _'f;;;:.' AL == . __r:'_

8. Foranynatural number m, evaluate

15. Exaluaterhefollowmg_[,, dx [1985 - 2% Marks]

J'(I-"m + 17 4 Y2 £ 30" +6) Mk x>0, 16. Evaluate the following J- 2 4 R [1984 - 2 Marks]

(2002-SMarks] 17, Evaluate [ (¢8* +sinx)cosxdx.  [1981-2Marks]|

( Y542 \ 2
9. Evaluate [sin™'| —=X7=___|dx. [2001 -5 Marks] x“dx
| |\ mj 18. Evaluate J.(a+—bx)2“ [1979]
10, Byaluate I&.dx [1978]
SINX—COSX
Topic-2: Integration of the Forms: [eX(f(x) + f (x))dx, fe*(df(x) + f(x))dx, Integration
%’ by Partial Fractions, Integration of Different Expression of e*
X’ -1 2 et (X2 1999 - 5 Marks
L o= [2006-3M,-1] 2 Integrate: j———-z——dx | - 5 Marks]
J‘Jc3'\.1'2jr‘°‘—2x2+1 (x2+1) (x+l)
V2xt -2 41 v2x' -25% +1 3 Hauater [EDE 2 [1983 - 2 Marks|
@——— St - i -
X X
Ppdiio Py V2xt —2x% +1
© T, @ —5—+c¢
X 2x
ﬁ Topic-3: Evaluation of Definite Integral by Substitution, Properties
tJ of Definite Integrals

1. Letf:(0,1)— R be the function defined as f(x)=v"ﬁ if

X

function such that I,,lz—tdt<g(x)<2\/; for all
2
X

L1 X € (0,1). Then lim f(x)g(x) [Adv. 2023]
X&l—,—|wheren eN. Let g : (0,1) >Rbe a x—0

n+l'n (@) doesNOT exist (b) is equal to 1

(¢) isequalto2 (d) isequalto3



fn)=n

For positive integer n. define
16+5n-3n" 32+n-3n" 48-3n-3n
+ 5 -

4n+3n° 8n+3n°

-

12n+3n°
25n—Tn* -
-l
Vi

Then, the value of M F(7) isequalto  [Adv.2022]

AP

(d) 3+%Ioge i

(a) 3 +%loge 7
4 7
(c) 3 og 3

x’cosx

1+e*

The value of dx is equal to [Adyv. 2016]

l-'l_-!.._h"‘la

2 v

@) ET_Z (b) nT+2 © w-e @ 7 rel

The following integral | (2cosec x]” dx is equal to

A —|a

[Adv. 2014]
log'[l-{-v'rE_J
(a) _[0 2(8" +e7¥ )16 du
log{iw‘E]
(b) Iﬂ (e“ $e )” du
log[1+v5) : 2 7
(c) IO (e —e ) du
Icg(l-hﬁ)
@ 2(3” —e )”’ du
Let f: [0, 2] — R be a function which is continuous on
[0, 2] and is differentiable on (0, 2) with £ (0) = 1. Let
2
x
Fo= | f({:)ds for x €[0,2]. If F(x) = f'(x) for all
0

x €(0,2) , then F(2) equals
(@) e*-1
(c) e-1

[Adv. 2014]
b) e*-1
d) e*

Letf: B-, l]—:» R (the set of all real number) be a positive,

non-constant and differentiable function such that

f'(x) < 2f(x) and f[%}:l, Then the value of

1
_[ f(x)dx liesin the interval [Adv. 2013]

1/2

(a) (2e—1,2¢) (b) (e—1,2e-1)

10.

11.

12.

13:

B45

g; e-1 \'
@ |%>)

x/2
The value of the integral J Lr2+lnz_r }cosxdxis
. X—X)
"L [2012]
. 2 2 2
a ——4 —+4 d) —
(a) ®) 2 (© > @ -
Vi3 xsin x*
The value of = —dx is [2011]
2 sin x° +sin(fnb—x")
15 =33 3 1.3
—tn= (b) —ln= n= L
@ 32 ® 33 O &5 @ g

Let f be a real-valued function defined on the interval
X

=1, 1)mchmase—xf(x}:z+sz4 +1 dt, forallxe(-1,1),
0

and let /! be the inverse function of £. Then (') (2) is
equal to [2010]

1 1 1
(@ 1 ® 3 © 3 @ -

Let fbe a non-negative function defined on the interval

[0, 1]. If j,h_(f'(:))zdx=ff(r)dr, 0<x<l,
0 0

and f(0) =0, then [2009]

0
_[ {x3+3x2+3x+3+(x+1)cos(x+l)} dx is equal to

=4 [20058]

@ 4 (®) 0 (d) 6

1
If [ 2f(e)de=1-sinx, then f[%) is  [2005S]

(c) 4

Sll'l;: 1
@3 ®OfF ©3 @ 43

1
|
The value of the integral _Hl—xdx is [20048]
o V1+x

® Zit @ 25 @ 1
2 2



846
14.

15.

16.

17.

18.

19.

I
<

)
(%]

Iff(x) is differentiable and
e 2 4
_[xf (x)dx:;rs , then f [E) equals [2004S]
0
@25 (-52 @©1 @ 52
x2+l 2
If f(x)= [ e dt,thenf(x)increasesin  [2003S]

2

(@) (-2,2) (b) no value of x

(¢) (0, 0) (@) (~o0.,0)
s l1+x

The integral I [[x]+€n[l—_;]]dx equalto [2002S]
-1/2

@) _% (®) 0 © 1 d m[%)

Let T> 0 be a fixed real number. Suppose fis a continuous

funetion such that forall x €R | fix+ ) =fx).
T 3437
If I = [ f(x)dx thenthevalueof [ f(2x)dxis [2002S]
0 3
@ 321 () A (c) 3 (d) &
X
Let f(x)= _[\'2-— ¢ dt . Then the real roots of the equation
1

x*— f'(x) =0are [2002S]

(a) +1 (d) Oand 1

M| -

1
(03 Bay - (T

X
Let/: (0,) - Rand F(x) = [ f(t)dt .1f Fi?)=x¥(1+x),

0
then f{4) equals 120015]
(a) 54 (b) 7 (c) 4 (d) 2
o
COS X
The value of | - dv.a>0,is 20018}
ol+a
(@) n (b) an (c) 2 (d) 2r
The value of the integral | loge®| v is:  [20008]
-1
@ 32 () 52 © 3 @ 5
i COSX - 3
1 fq <2
f f(x}:%‘ sinx, for |XJ Hien _[f(I)dX=
{2, otherwise, )
[2000S]
() 0 (€ 2 d 3

(b) 1

Let g(x)= f f(t)dt , where fis such that
1]

%g ()<L for £ €[0.1] and 0< f(£) < %,fort e[1,2].

Then g{2) satisfies the inequality [20008]

24.

26.

27.

28.

29.

30.

31.

32.

@ “%ig(2}<% ®) 0<g(2)<2

3 5
© 5<e@s3 @ 2<g@)<4
If for a real number y, [y] is the greatest integer less than or

3n/2
equal to y, then the value of the integral [2sin x] dx is
n/2
[1999 - 2 Marks]
(@) —m ®) 0 () —m/2 (d) =/2
3n/4
i 1t 1999 - 2 Mark
: 14+ cos x e l e
(@) 2 (b) -2 (c) 12 (d) 172

X
If g(x)= jo cos” tdt, then g(x-+m) equals [1997 -2 Marks]

@ 20+ gm) (b) 20— 2(m)
© 20 g @ &
g(m)

n
The wvalue of I[Z Sinx] dx where [.] represents the

1

greatest integer function is [1995S]
-5 5m

@ =" O-r @5 @2

If flx) = Asin[%] + B, f'[%)=u‘5 and

1

j Flx)dx = 24 e constants A andl Biare [19958]
T

0

n s 2 5
=2 = Zand =
(@) > and > (b) = an =
(c) Oand = d i and 0
T T
w/2 o
The value of j‘ — = iy [1993 - 1 Marks]
0 l+tan3x
(a 0 (b) 1 (e} nl2 (d) n/4

Letf:R - Rand g: R — R be continous functions.
Then the value of the integral

w2

[ @+ 701 le -g(-x)dx s

= [1990 - 2 Marks]
(@ = (b) 1 e ~1 @ 0

For any integer # the integral —
T

2
Jem * cos® (2n+1)xdx has the value

0 [1985 - 2 Marks]
(@ =« (b) 1 () 0 (d) none of these
w2
ycot x
The value of the integral J —y i3
5 Jeot x ++/tan x

[1983 - 1 Mark]
(a) w4
(c) =

(b) 2

(d) none of these




33.

34.

p—

Let a, b, ¢ be non-zero real numbers such that 41.

1 2
I{l +cos® x)(ax? +bx+c) d\:‘:[(l+0068 x)(ax?‘ +bx+c)dx
0 0
Then the quadratic equation ax® + bx +c = 0 has
[1981 - 2 Marks]
(a) norootin (0,2)
(b) atleastonerootin (0, 2)
(c) adoublerootin (0, 2)
(d) two imaginary roots

1
The value of the definite integral J- 1+ e"‘z) dx is
[1981 -2 Marks]

(a) =1
© 147!

(b) 2

(d) none of these

3s.

36.

38.

30,

40.

The greatest integer less than or equal to 44

i
2 log, 9 -
[ togy (x* +1) e+ %7 (27 ~ 1) e 45,
is [Adv. 2022]
For any real number x, let [x] denote the largest integer

less than or equal tox. If / = I‘;/ lt}xl }ix then the value
+

of 9/ is [Adv. 2021]
Let f:R— R be a differentiable function such that its

derivative f" is continuous and f(x) = —6. s

IfF:[0, 7] > R is defined by F(x) = [ (1), and if

n
[ (£ ')+ Fx))cos xax = 2,
0
then the value of {0) is
2 n/4 &

KI== .
T _t 1+ )(2—-cos2x)

[Adv. 2020]

,then27 Pequals |
[Adv. 2019]

1
2
The value of the integral 1+V3 dx

2 6t
0 (x+D)°(1-x)")*
is [Adv. 2018]

Let f: R — R bea differentiable function such that §0)=0,
b1
f{g) =3and f'(0)=1.

T

Ifg(x)= j [f'(t)cosec t — cot tcosect f(t)]dt for

49,

X € (0, %] then lim g(x) = [Adv.2018]

42.

43.

47. Let

48.

B47

The total number of distinct x € [0, 1] for which

X o2

t
—dt =2x—1lis

Adv. 201
01+t el

(12+9x
1+x

dx where tan'x takes

o= I(89x+3um )

only principal values, then thevalueof[l‘)ge 1+l —;]
is [Adv. 2015]

Let/: R — R be a function defined by f(x) = {fx]’ £s2

where [x] is the greatest integer less than or equal to x, if
2

= 2 (%) _

4 2+ D) then the value of (47— 1) is

[Ady. 2015]

dx* (
For any real number x, let [x] denote the largest integer

less than or equal to x. Let f be a real valued function
defined on the interval [-10, 10] by

The value of I4x { xz) }dx is  [Adv.2014]

_[x-[x]  iffx]isodd,
f(x)_{H[x]-x if [x]iseven
2 10
Then the value of— [ fO)cosmudx is [2010]
-—l(}

Let f R — R be a continuous function which satisfies
X
fx) = fat.
0

Then the value of f(In 5) is [2009]

T 3n
g [E —8—]—)R i=

L andf[’”g"} R be
functions such that g (x) = 1, &(x)=|4x—mn|and f(x)=
m 3n
, for al
sin’x, for l-m{8 8]

3

g
Define S, = j F().gi(x)dx, i=1,2

8

The value of 1951 j [Ady. 2021]
TI:
The value of is : [Adv. 2021]
The value of the mtcgral
w2
Neos® e equals [Ady. 2019]

o( cosf + sinB)



sinx 4

0. LeaLp=— x>0.1f| dr=F(k)-F(1)
dx X 1 x

then one of the possible values of k is .......
[1997 - 2 Marks]

) esin x2

th

Sy
51. The value ofje nsin(rlnx) oo
1

X

[1997 - 2 Marks]

- 2n
xsmo x
drx=

an

[ I

5
53. Iffor nonzerox, afix)+ bf [;] - 5 wherea # b, then

[[ roae= (1996 - 2 Marks]
i x
54. Thevalueof | ————dx is
'£ V5—x++/x
[1994 - 2 Marks|
3rn/4 o
55. The value of —d¢ is
1+sin¢

n/4
[1993 - 2 Marks|
2

$6. The value of [fI-x7 |dxis [1989 - 2 Marks|
—2
15

57. The integral J'[.rz]dx, where [ ] denotes the greatest
0

integer function, equals [1988 - 2 Marks]
SECX  COSX  sec” X+COtX cosecx
58.  f(x)=|cos’x cos’x cosec? x
l cos’x cos? x
w2
Then J' F(x) dx = [1987 - 2 Marks]

2a
59. The value of the integral j- [

f(x)

¢ @+ fQa—x)
[1988 - 1 Mark]

ldx is

equal to a.

- ¥

60. Consider the equation

[Ady. 2022]

j’ (1og, x) 2

! x{a —(log, x ']3'1)

sdx=1, a (oo, O)U(l, 0::).

61.

62.

63.

64.

65.

i e =

Which of the following statements is/are TRUE?
(@) No a satisfies the above equation
(b) An integer a satisfies the above equation
(¢) Anirrational number a satisfies the above equation
(d) More than one a satisfy the above equation
Let f :[—g,g]—ﬂl be a continuous function such that
T
f©=1and [3 f(@)dr=0
Then which of the following statements is (are) TRUE?
[Adv. 2021]

(@) The equation f (x) — 3 cos 3x = 0 has at least one

solution in [0,%)

(b) The equation / (x) — 3 sin 3x = =2 has at least one
T

solution in [0;)

) x[ fwr =
(C) e l_exz o

X=>0 X
Which of the following inequalities is/are TRUE?
[Ady. 2020]

1
(b) jﬁxsinx dle—%

1 3
dxz—
(a) L}xcosx -

1 1 1 ; 2
(c) L)xzcosx a’xZE (d) onzsmxdxza
Letf: R — Rbegiven by f(x)= (x—1) (x—2) (x— 5). Define

E(x) =Tf(r)d:,.t >0.

Then whlich of the following options is/are correct?
[Adv. 2019]

(@) Fhasalocal maximumat x=2

(b) Fhasalocal minimumatx=1

(c) F hastwo local maxima and one local minimum in (0, o0)

(d) F(x) <0forallx e (0,5)

=g L —:‘i—ll)dx,then [Adv. 2017]
XX
(@) 1>1log 99 (b) I<log.99
49 49
© 1< @ 1> 55
in(2 e
1 g(x)= [ sin”(t)dt, then [Adv.2017)
T b1
| — =—2 W et =2
@ 8[2J G g[ 2} n

© s’@ﬂn @ g'[—g}-zu




66.

67.

68.

69.

70.

Let f: R — (0,1) be a continuous function. Then, which of
the following function(s) has(have) the value zero at some
point in the interval (0, 1)? [Adv. 2017]
(@ x°-fix)

(b) x—LE_xf(t}costdI

© & _j'D f(t)sintdt (d) f(x)+jo? f(t)sintdt

3
192x
Let f'(x)=——5—

1
for all x e R with f[—) =0.
2+sin’ X 2

1
Ifm< I f(x)dx < M , then the possible values of m and
1/2

M are [Adv. 2015]
1 1

(a) m=13,M=24 (b) m= g M= 2

(c) m=-11,M=0 (d) m= 1,M=12

Let f(x) = 7Ttan®x + 7tan®x — 3tan*x — 3tan®x for all

T T
x E[ 2 2) Then the correct expression(s) is(are)
[Adv. 2015]

/4 n/4

Wi | xf(x)dx:% ® | =0
1:?4 n?4

© j xf (x)dx = — d j f(x)dx=1
The opuon(s) with the values of a and L that satisfy the

following equation is(are) [Adv. 2015]
4x
_[ e' (sin6 at +cos* at)dr
0 o
n =17
_[et (sin"3 at+cos” at]dt
0
ot edn_ (b by e4n: +1
a) a= = a=2,L=
@ a=2L=—— @) ==
4,L e d) a=4,L 2l
@ a=4L=—=— @ o4k
X _[t_'_ljﬂ
Letf: (0,0) - Rbegivenby f(x)= I 't  Then
1
= [Adv. 2014]

(a) f(x)is monotonically increasing on [1,00)

(b) f(x) is monotonicallydecreasing on (0, 1)

© 7(x) +fe] — g, forall x €(0,)

(d) f(2¥)isan odd function of x on R

Let f : [a, b] — [1,%0) be a continuous function and let
g: R — Rbedefined as [Adv. 2014]

72,

73.

74.

B49

0. if x<a,
I x
g{xizaj_fmd:. i

|a

)
If(r)d:

(a) g(x) is continuous but not differentiable at a
(b) g(x)is differentiable on R
(c) g(x) is continuous but not differentiable at b

(d) g(x) is continuous and differentiable at either (a) or
(b) but not both
Let f be a real-valued function defined on the interval

a<x<h then

, iEx>b.

X
(0, )by f(x)=Inx+[+1+sint dt. Then which of the
following statement(s) is'}(are) true?
(@) [ (x)exists for all x (0,00)
(b) f'(x) exists for all x €(0,) and /" is continuous on
(0,90), but not differentiable on (0,0)
(c) there exists o > 1 such that | f'(x) |<| f(x)| for all
x €{(a,)
(d) there exists B > 0 such that | f(x)|+| f'(x)|<B for
all x e(0, oo)

[2010]

The value(s) of jfﬁ_—}
+I

dx is (are) 12010]

9

105
71 3n

15 2

2
@ % (b)
(¢) 0 (d)

J’ sin nx

—dv n=0,1.2..
- (1+7%)sinx

(@ I,=1h:

Lthen  [2009]

10
(b) z Ly =107
m=1

10
® 2 bn

m=l1

0 =1

e,
2_eX—1

xX—e,

0<x=l

l<x<2 and
2<x<3

Let f(x)=

g(x)= j F(t)dt, x€[0,3] then g(x) has  [2006 - 5M, —1]

(a) local maxima atx=1+ In2and local minima atx=e
(b) local maxima at x= 1 and local minima atx=2

(c) nolocal maxima

(d) nolocal minima



76. The finction f(x) = [ £(¢' =1) (¢=1) (t-2)° (¢-3)° dt
=1
has alocal minimum atx= [1999- 3 Marks]
(@ 0 (b) 1 (© 2 (d 3
77. Let f(x) be a non-constant twice differentiable function
definied on (—oo, ) such that f (x) = f (1 —x) and

e —

1/2

© |
-1/2
1/2

" - 1 -
@ | SsO ™ a= [ fa-1 ™ ar
0 1/2
Let f{x) = x — [x], for every real number x, where [x] is the
1
integral part of x. Then I = f(x)dxis [1998-2 Marks]

f[x-p%] sinxdx =0

78.

1] (a) 1 (b) 2
N1=|=0.Th 200
i [4 o e © 0 @ 12
(@) f.-(x)lvamshesat]easttwlceon [0,1] 79. IfL: f(r)dr=x+_[; 1 f(t) dt, then the value of f{1) is
(b) f'(-—) =0 [1998 - 2 Marks]|
2 (@ 12 (®) 0 (© 1 (d) 172
51 -
80. List-1 List-1I
P. The number of polynomials /(x) with non-negative integer coefficients 1. 8
of degree <2, satisfying /(0) =0 and I;f(x)dx =1,is
Q. The number of points in the interval [ 13, v13 ] 2. 2
at which f(x) = sin(x?) + cos(x?) attains its maximum value, is
2 .7
R 2 dx equals 3. 4
5 (1+e")
L
2
{I oos2xlog(1—+—£]dx
1 =X
B == 4. 0 [Adv. 2014]
2
Icoﬁ 2xlog (M]dx
0 =1
PQRS P QRS
@3 2 41 2 3 4 1
©3 2 14 @2 314
' 2
PASSAGE-1 82. The value of g'[ f(0)g(x)dr is
n 0
] 0,—{—T0,1 i
Let f [ 2] [0.1] be the function defined by [Adv.2024]

T
f(x) = sin’x and let & :[O’E:’ —[0,%0) be the function
defined by g(x)= J%—xz :
ks n

2 3
81. The value of 2[ F(x)g(x)dx - j g(x)dx is :
0 0

[Adv.2024]

PASSAGE-2
Let y;:[0,00) 5> R, w5 :[0,0) > R, f:[0,00) =R, and
g:[0,¢) =R, be functions such that £(0)=1(0) =0,
yi(x)=e" +x, x20,

lyz(x)=x2 -2x-2e*+2, x20,

f@ = (el dr, x>0

2
and g(x)= j’: Jretdt, x>0 [Adv. 2021]




83.  Which of the following statements is TRUE ?
@ f(\fE}-t-g(wfl_rﬁ):—;
(b) For every x > 1, there exists an a.= (1, x) such that
yi(x)=1+ax
(c) For every x > 0, there exists a B = (0, x) such that
Wa(x) =2x(y,(B) -1)

(d) fis an increasing function on the interval [0%}

84.  Which of the following statements is TRUE ?
(@ w)<l,forallx>0
(b) v,(x)<0,forallx>0

(c) f(x)zl—e-xz —3x3+5x5, for all xe(ﬂ,i]
3 5 2
1
@ 022001 fora "E(O’E)

PASSAGE-3
LetF: R — R beathrice differentiable function. Suppose that

F(1)=0,F3)=-4and F'(x)<0forallx e (%,3) - Let flx)=xF(x)

forallxeR.
85. The correct statement(s) is(are)

@ f'(1) <0
(b) f2)<0
(¢) f'(x) #0foranyx e (1,3)

@ f'x)
3 3
86. If ["x’F'(x)dx =12 and [ x’F"(x)dx =40, then the
correct expression(s) is (are)

@ 9B+ ()-32=00) [ f(x)de=12

=() for somex € (1, 3)

© 9G-S )+32=0() [ fO)de=-
PASSAGE -4

Let f (x) = (1 — x)? sin? x+ x2 for all x € IR and let
X
g(x):j[z—?fli)~h1t] f(t)dt forallx € (1, o). [2012]

87. Consider the statements:
P : There exists some x € R such that, f(x)+2x= 2(1+x?)
Q' There exists some x € R such that, 2f(x) + 1 =2x(1 +x)
Then
(a) both Pand Q are true
(b) Pistrue and Q is false
(c) Pisfalse and Q is true
(d) both P and Q are false

[Adv. 2015]

SEN—— |4 |

88. Which of the following is true?
(a) gisincreasingon(1, )
(b) gisdecreasingon (1, )
(c) gisincreasingon(1,2)and decreasingon (2, =)
(d) gisdecreasing on (1, 2) and increasing on (2, w)

PASSAGE -5
Consider the function f: (—o0, ¢) — (—¢, =) defined by
—ax+1
flx)= ,0<a<2.
2 tax+l [2008]

89. Which of the following is true?
@ 2+a)’ ") +2-a)f'(-1)=0
®) 2-a)? ' (1)~ (2+a)?f(-1)=0
© fMfEH=2-a)?

@ £ Of(D=~2+a)
90. Which of the following is true?

(@) f(x)isdecreasing on (-1, 1) and has a local minimum
atx=1

(b) f(x)isincreasing on (—1, 1) and has a local minimum at
x=1

(c) f(x) is increasing on (=1, 1) but has neither a local
maximum nor a local minimumat x = |

(d) f(x) is decreasing on (—1, 1) but has neither a local
maximumnor a local minimumat x=1

et il
91. Let g(x)= [ {—(%- dt . Which of the following is true?
+t
0

[2008]
(a) g'(x)is positive on (-0, 0) and negative on (0, =)
(b) g'(x) is negative on (—o0, 0) and positive on (0, )
(c) g'(x) changes sign on both (—o0, 0) and (0, =)
(d) g'(x) does not change sign on (-, %)
PASSAGE-6
Let the definite integral be defined by the formula

_ff(x)dx = b— (f(a)+f(b)} For more accurate result for

¢ & (a,b), we can use j (@) = Jf(x}dH j f@)dx=F(c)so

tha{forc=a+b. wie get jf(x)dx— (f(ﬂ)+f(b)+2f(c))
n/2

92. | sinxdx = [2006 - SM, -2
0

@ 0442
T T

© 372




f ﬂx}dx_( x_;g] (F)+ @) 1f f_j >0 for all x, prove that [ g(x) dx+ [ g(x)dx
93. If lim & - =0, thenf{x) s increases as (b — a) increases. [1997 - 5 Marks|
-l (x-a) - n 2x(1+sin x)
of maximum degree 103. Determine the value of I*“:»cos—zxdx.
(@ 4 (b) 3 () 2 (d 1 [1997 - 5 Marks|
94. Iff"(x)<0Vxe(a b)andcisapointsuchthata<c<b, 104. Evaluatethe definite integral :
and (¢, flc)) is the point lying on the curve for which F(e¢) is 13 ( ) 2 :
maximum, then f/'(c) is equal to J- L 4Jcos 'l( Z)dx [1995 - 5 Marks|
f6) - F(@) 2(f®)- 1 (@) 3 Lk
O = S TR 32° +x* — 203 + 222 41
21 ()~ f(a) 105. Evalute J‘2 - - dx. [1993 - 5 Marks|
O = el B R e e
N 10 e 106. Determine a positive integer n < 5,such that

1
= e eyl [e*(x-1"dx =16-6e [1992 - 4 Marks]
95. Find the value of .{ ““__ﬂdr 9 7:
-n/3 2—cos(ix|+§] x Xsin2x sin(—cosx]
(2004 4Marks) 107 Evaluatc{ s dx [1991- 4 Marks]
2 . 5
COS x COS x
96. If y(x) = _[ md& then ﬁnda atx=m 108. If *f” is a continuous function with jf(r) dt > o as | x|
72 /16 : 0
[2004 - 2 Marks] — 0, then show that every line y = mx
97. Iffis an even function then prove that x
oy i intersects the curve y* + [ £(£)dt =2![1991 - 4 Marks|
[ f(cos 2x) cos xdx =2 | fisin 2x)cos x dx 0
0 0 109. Prove that for any positive integer &,
sin2ky
(2003 - 2 Marks]| ey | =2[cosx +C083x+ ... vvvenn +cos(2k-1)x]
98. Letf(x), x 2 0, be a non—negative continuous function, n/2 %
2 Hence prove that J- sin2kx cotx dx = E'
and let F(x)= jf(r)a’r, x 2 0. Iffor somec >0, f(x) < cF(x) 9 [1990 - 4 Marks]
0
for all x > 0, then show that f{x) =0 for all x> 0. Rif .
[2001-5Marks] 110 Showthat [ f(sin2x)sinxdx =
0
% ]_nt ! 2 /4
99, For x>0, let f(x) = j‘iﬁdt . Find the function Ji I f(cost)cos xdx [1990 -4 Mﬂl‘ks]
1 0
1 . : Ll
f(x)+ f[l] and show that f(e)+f(—] % 31!_ ; 111. Iffand g are con;muous function o; [0, a] satisfying
X e =f(a—x)an +gla-x)=2,
Here, Int = log . [2000 - 5 Marks| T A ) &)+ gla "‘)a
dnas . T Nt ol i then show that [ £ (x)g(x)dx = [ f(x)dx
OB | gronx | gmooux L O [1989-4 Marks]
1
1 S 1 1 5 112. Evaluate | log[v1—x ++/1+x]dx [1988 - 5 Marks]
101. Prove that |, tan [m} fe=2[ tan” xdx. ‘([
Hence or otherwise, evaluate the integral 113. Investigate for maxima and minima the function
1 1988 - 5 Marks
Io tan ' (1-x+x?) dx. [1998 - 8 Marks] I !

X
3 2 2
102. Leta+ b =4, where a <2, and let g(r) be a differentiable A= .]( [2-D(e-2)" +3¢ -1 -2)"Jdr
function.




F x dx
114. Evaluate: I———-l - —.,0<a<x
ol +cos asinx

[1986 - 2’2 Marks]

Sin X cos
115. Evaluate the following : J‘de

cos® x+sin® x
[1985 - 2Y; Marks]
116. Given a function f{x) such that [1984 - 4 Marks]
(i) itisintegrable over every interval on the real line and
(i) f(t+x)=f(x),for everyxanda real ¢, then show that
a+t

the integral I f (x) dx isindependent of a.

a

B53

X

xsin 7 X

dx [1984-2 Marks|

117. E\aluatedxefollmmgj
o Vl-x

-

* 4sin.t+cusx
118. Evaluate: .|- 9+16sin2x
0

3/2
119. Find the value of J' |xsinm x| dx
-1

n T
120. Show that [ x/ (sin x) dx = g j f(sinx) dx .
0

[1983 - 3 Marks]

[1982 - 3 Marks]

[1982 - 2 Marks]

Topic-4: Summation of Series by Integration

: tin(l+1)
lim — dr ;
1.  Thevalueof T, 3{ 4 a is [2010]
1
(@ 0 (b) E (C) T @ =

1
2. Ifi(m,n)= Ifm (1+1)"dt, then the expression for 1(m, )
0

interms of [(m+ 1,n—1)1is [20035]

2!!
m+1

(@)

n=1)

(b)

2 _im+1,n-1)
m+1

n
PR e
m+l m+l

(c)

m
—1 lLn—1
(d) T (m+1ln—-1)

3.  Letthe function f: [1,0) — R be defined by

n*2 ift=2n-1,neN,
2n+1-1)
fO=-175 T@=D+ o0, icrcams,
(r_(z;_l))f(2n+l}, nelN.

X
Define g(x) = If(f)df,-’f € (1,0). Let o denote the number
1

of solutions of the equation g(x) = 0 in the interval (1, 8]

lim £&)
x—1t X =

and B= . Then the value of o + B is equal to

[Adv. 2024]

4. For x eR, lettan! (x) e( 3 2] Then the minimum

value of the function f:R-—> R defined by
xtan~'x (t—cost)
fx) = LA E [Adv. 2023]
1+ t2m3
220 3 Numeric/New Stem Based Questions
Question Stem
Letf : (0, » ) > Randf,: (0, ) — R bedefined by
x 21 ,
A =[Te=j dr. x>0
0j=1

and £, (x)=98 (x—1)* — 600 (x— 1)* + 2450, x>0,
where for any positive integer # and real numbrsa,, a,, ..., a,

IT7_,% denotes the product of a,a,..,a.Letmandn,

respectively, denote the number of points of local minima and
the number of points of local maxima of functionf}, i=1, 2, in
the interval (0, = )

5.  Thevalueof2m +3n +mpn, is

6.  The value of 6m, +4n,+ 8m n, is

7.  For each positive integer n, let

[Adv. 2021
[Adv. 2021]

1
Yn = %(n +1)(n+2)...(n+n)"

For x € R, let [x] be the greatest integer less than or equal
tox. If lim y, = L, then the value of [L] is

n—ao

[Ady. 2018]



8. Letf: R—R be a continuous odd function, which
1
vanishes exactly at one point and /(1) = 3¢ Suppose that

F(x) = [ f@odt for all xe [-1, 2] and G(x) =

h 3 Efx) 1}
jlr!f (f@)]drfor all xe[-1, 2]. If lim = 5=,

1
the value of j{z] is

9. ' For, a ER,[af>1,let

then

[Adv. 2015]

; 1432 4. +n
lim

=54

*¥0 an 1 1 1
5 R z
(an+1)" (an+2) (an+n)

[Adv. 2019]
(d) 8

Then the possible value(s) of a is/are
@ -2  ®7 (c) -6

10. Let f(x)=lim

n—sx

forall x> 0. Then e 216)
1 1 5
o 30 o (53
03] f£'(2
(© (2)<0 @ S

e E——

1-h
I 7 (1-1)%" dt exists.
h

Given that for each a € (0, 1), lim

h—0"

Let this limit be g(a). In addition, itis given that the function g(a)

is differentiable on (0, 1). [Adv.2014]
11.  The value of g(%] is
T m
@@ = () 2n (© = (d) 7
12. The value of g'[g is
b1 T
= Bz @~ @

10

T
13. Letl,=]
0

provethat [, =mzn,m=0,1,2,......

1-cosmx

dx . Use mathematical induction to
l-cosx

[1995- 5 Marks]

nm+v
14. Show that j |sinx|dx=2n+1—cosvwhere n is a

0
positive integerand 0 <v<n. [1994 - 4 Marks]

1
+...+*~] =log6
n+2 6n

[1981 - 2 Marks|

: 1
15. Showthat: lim [—+
n—mi+1
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? Answer Key

Topic-1 : Standard Integrals, Integration by Substitution, Integration by Parts

=335

. © 2 @© 3. (0 4 S50k 5 (a,c) 6. (ab,d) 7. (d)

Topic-2 : Integration of the Forms: [eX(f(x) + #(x))dx, Je!*(df(x) + f(x))dx, Integration by Partial

Fractions, Integration of Different Expressions of e*

1. (d)
Topic-3 : Evaluation of Definite Integral by Substitution, Properties of Definite Integrals

o) e o2 1B) 1= 4.2 fa) L @D=5 b 6@ LE® o E@ 8GN
. (© 12 13 () 4@ 15 () 16 @ 7. 18 @ 19 () 20
2. () 22 () 23. () 24 (0 25 (@ 26 (@ 21. (@) 28 () 29 (& 30.(d)
L0 3% (@ BB M@ 386D R 3 D)D)
4. (1) 42. ) 43. (00 44 () 45 () 46. (0) 47. ) 48. (15 49. (05) 50. (16)

1 7b
5. @ %52 (@ s3 Z—bz[a(logz-sp,ﬂ 54
a —

1
3 55 m(2-1) S6. @ 57.2-\2

15n+32
58. '( 1;:)— } 59. (True) 60. (c,d) 61. (ab,c)62. (abd)63. (a.b,d)64. (b.d) 65. (Bonus)

66. (a,b) 67. (d) 68. (a,b) 69. (a,c) 70. (a,c, d) 71. (a,c) 72. (b,c) 73. (@ T4. (a,b,c)
75. (a,b) 76. (b,d) 77. (a,b,c,d)78.(a) 79. (@ 80. (d 81. (0) 82. (025) 83. (¢) 84. (d)
85. (a,b,c)86. (c,d) 87. (¢ 88. b) 89. (@ 90. (a) 91. (b) 92. (a) 93. (d) 94. (b

Topic-4 : Reduction Formulae for Definite Integration, Gamma & Beta Function, Walli's Formula,

Summation of Series by Integration

i ib)i e 26 3. (5 400 8 6D 6 B 8O 9. (a,d) 10. (b,c)
1. (@ 12. (d)




—=") Topic-1: Standard Integrals, Integration by

Hints & Solutions

=1 Substitution, Integration by Parts
1. (e) f:]'. = _g.,:ir
“(secx+tanx)
1
Let secx+tanx=¢f = secx—tanx:;
- \‘L\_-—lr;+ ‘(md secx(secx + tan x) dx = dt
1
== secxd.t:i
{ [H- dt :
\ ) ~9/2 . .-132
fzf.[ 92, :EJ[’ 1712 )di
_=lan _ 1 K
7 11
1 1 1 1 £2)
:——?3——--’--]-].—1—+K=— RS By
7 ) ] 7 o i ==
- 1 1 .
= : 1 J—+—(sec.t+tanx)21(+&
(secx+tanx) = U1 7 J
3
2 (c) Given [ = Iﬁd\
el i = [
S g
] = %d\
et re ™ +1
Let e =t = e“dx=dt
-1 = 1
I-1=| ——dr = R
s ST
%
2
B
Let I+-—=u = [l——,—idJ’:dH
)
1 -1
J-1= f" ==togl" =N+ ¢
u 2 e+l
r2+1_1;
L —lalog o i Je _—e' +1I+c
2 lpeep EET e 4l
t

2 4 :
cos® x +cos> x _ [(cos™ x+cos” x)cosx
{c) I= T TR L

.3 5%
sin® x+sin? x sin” x(1+sin” x)

dx

_J‘ [I—sin3 \:+(I—5jn3 x) ]cos1
sin® x(1+sin? x)

(2- 3sin’ x + sin _r}cos x
= dx

. ) A3
sin® x(1+ sin” x)
Put sinx=1 = cosxdx = dt

[+t 2 ;2
- |
=t—-——6tan” (+c¢
t
=sinx-2(sinx) ™ —6tan ! (sinx) + ¢
4e* + 6% 1
< 7% _dx= Ax+BIn(9e> —4)+C
) 9¢% —4e7F
‘f = 4 X 6 T
=5 —[Mx+ B @2 —4) £ C]=——2 -
dx 96’“ _48—.\‘
2x
=A+B. 1 Eé
9e™* -4
18Be” 4e* +6e
Ask— =— _
9¢* =4¢™* 9gF —4¢7*
(94+18B)e* —44e* 4" +6e
=3 : = =— —
9e* —4e7* (P
=3

= 94+18B=4,-44=6 = A:?;

27 |1
3=£4+—J—= E and C can have any real value.

2 JI18 36
7
(a, ¢) Given that f'(x)= -{ t)a
b* +x*
f(x) x* + b2

= In|f(x)|= %tan_' (i) +c
: \

Now f{0) =1
He=0
o ,
lian_l.l : i lan_l[x]
L ADEe. WP syt M

1 =1ix)
- tan l(—'

f(0) =1 o f(x)=ed ¥/
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B174

) e .7
-— tan il 1
wfix)y=ed = bx
b* +x
. f{x) is increasing function for all values of b.
So, option (a) is true.

Fixy e

s fof=x)=e'=1
So, option (c) is true,

6. (a b, @) lim f(x) = limx-lim g (x) =0

5 0 for all value of &.

f(I hm_(i"'}?l—_f(f_)
=~ Fie)- i OO
= 1m0 ()
[ LimLh) = 1imh_g_@l
=0 h 0 h
= f=1+fx
S
i ]f}x I () dx = [dx

= In(l+f@)=x+c

= 14+f=e"° C2f0=0=¢c=0)
= f(=€e-1 = flx)=¢€

So, fix) is differentiable at every xeR

So, option (a) is true.

f(0)=¢"=

So, option (d) is true.

K
-1
F : x=0
glx) = “—i )= x
1 1 ax=0
g(x) is differentiable at every xeR
So, option (b) is true.

cfan e L 3
7. (d) F(x)—J-sm xdx 2I(l cos 2x)dx
:%{2x—sin21)+c

1
Now, F(x+m)= z(2x+2n —sin(2x+2m))+ C

Zi:[i!;'c+21’t-si1:|2x]+C;atF(x)

Statement —lis false.
Also sin? (x + m) = sin’x, Vx e R
Statement —2 is true.

R j(ﬁ”’ M Y2 4 3x™ 4 6)1M g

1/m
Im 2Zm m
=I(x3”+x2m+xm){2'x +3x"" +6x :l dx

m
X

:

(Sm 2m m\\
LT Y e )(2x3"'+3x2m+61m)“mdx

_ka
Put 22"+ 32" +6x" =y

3m-1 2m-1 'l)d'x dy

= 6m(x

(x'_’;m—l 4 x2m

: _1'( 2x+2
I= J-Sll'l —',;——_——
W/dxT +8x+13

[ x+1 3

= ISiﬂ—] .—‘— dx

Ix? +2x+ 3
4

N

:Isin"] S ]d.a.
2 2

| Jx+1%)+(3/2)

Putx+ 1=32 Lane.dr=-i—sec: B840

3=°) |;
1=_|'sin“ A2/ | 2sec?0de
9 - G 12

—tan” 0+
- -

) S
&

=%Jsin'l(sin 0).sec> 0d 0
=§feseczede =§[9tane-jmede}
> 2

= %[Btan@—log |secB|]+c

3|2 -1 2
—2[3(x+l)tan [3(x+l)}

—log‘/l+%(x+l)2]:]+c

-k 2] —%log(9+4x2 +8x+4)

=(x+I)tan”! [

3
+—log9+
4 Rore
2x+2
3

= (x+1)tan—i( J—%log(4x2+8x+13)+c
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Integrals

z
0. /= I (21 =Ifu—llz‘i‘
x(1+ xe)° xe (1+xe)

Put l+xf =t > (xf+Hdx=dr

-l i

1
I—k)g 1_;'--]og_; ——r*'l'{.‘

e | 1 1+xe” 1
=log|—|—-+c =log = +c
-t] ¢ —xe* | 1+xe*
1+ xe® 1
=log = +c
xe* 1+ xe*
11. La;:fcuszem{w]de
cosB—sin®
Now we observe that
& m(cos&+sin9)
de cosB-sinB
d y :
= E[ln (cos 0 +sin B) — In(cos 6 —sin 6)]
_cosB-sin®  cosO+sinb
cosB+sin® cosO-sinb
cos? B+ sin? 0 — 2sin B cosO+ cos” 0
= +sin® 0+ 2sinHcos O .
cos? 0 —sin® 0 cos26
On integrating I with respect to 0, by parts we gct
I_sinze (cosﬁ+sm6) sin 20
= cos8—sinB 2 cosZB
=sm29 (cosﬁ+sm9] Jtan?.Ba‘G
2 cosB—sinB
:'stG (co59+sm9]_llnsec29+c
2 cosB—sin®
. I_I =1  na+8))
Yarlx J?+J_
_[ i J'ln(1+sf_)
e
1= .’1 +L..(3)
1 In(1+¥x)
whee 1 =_[——dx s Fy e BT
L et o e

Let x = y'? so that dx = 12 y!! dy
11=I ‘3d}wt2j—dy
yrey

1
=lzj(y -y%+y —y4+y3-y2+y“1+——]dy
y+1

y2
+7—y+log|y+l1 +q

213 *%xmz 425172 _%xsuz 43,3

—4x"4 46216 —12x112 +1210g | 1% +1] +¢,

L
2

...(ii)

In(1+(x)"' %)
Now, I, =I(x)113+(x)1r2

Let x = z° so that dx = 62° dz
1
L= J'ln{1+z) 2 B Iﬁz ln(z+)

z +z
Putz+ 1=t¢
= dz=dt

ol
I, =IM dr:ﬁj(tz —3z+3—%)lnr dt

[ 1
=6| | (** =3t +3)Intdt— | -Int d
_[( t+3)Intdt I: t :]

=6 {%-S—I;Hr]lnt —j {%—%«Hr} %dr

: _(nt)?
2

= 6-{§—§g—z+3r\ Int "I {%—%H—B} dt —{ln;)zjl

Now,t=1+z=1+x'6

1/643
= IE =6[{%_%(1+x”6)2+3(1+x116)}

lf6)3

1,,(1+x”6)_{(1L_ 3 1162

9 _'Z(l"'x

+6) ...(iii)

1/642
+3(1+x”6)}—[]n(1+; )]

From (i), (ii) and (iii), we get 1= I, + 1,

S =%x2f3 -%xm 4242 -%xi’” +35Y13 _ 4,4

+6xY6 _125V12 +1210g|_1r1”r]2 +1|

3
+6 {%—%(Hxﬂﬁ)z+3(1+xl"r6)}]n[1+xl"r’)
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13.

14.

15.

1=-log

Mathematics

_{(mvﬁf

—-?—(l—i-xl’%)z +3(1+x1/6)}>
9 4

_[ln[l +xV6 )2]

+c
2
Jsin x qusx
=]t +Jeotx)dx =
—f( ot %) I-Jcosx smx

sln X+C0sSXx Slnx-l-cos.t
=j ool A J_J'

+/sin x cos x Jsin2x

Putsinx —cosx = => (cosx + sin x) dx = dt
also(sinx—cosx)?=£ = l—sin2x=r

dt
e
==
=2sin" t+c =J55in_1(sinx+903x)+c

=Imdx

sinx

(e =t
=I cos xzsm X ab:=I co!zx—ldx
sin” x

Letcotx=sec® = — cosec’x dxr=secOtan O d 0

5] = j'Jsecel

_J' sec.tan’ O J

= sin2x= -7

secOtan®
—{i+sec B)
8 =—I—5-’ﬂ3—de
cosf +cos” 6
(1+cos® 0)—2 cos’ @
cos0(l +cos> 0)

1+sec’ 0
1-cos* 0

=FI _—vos N de
cos 0(1 + cos® 6)

do =-

Isecﬂd@ - ZI fn ——do

1+cos 0

0
=—log|secO+tanB| +2I%—Ed9
sin

|v/_+sm9‘
|\E smﬂ‘

=—log|sec9+tan9|+2

Now cotx =secB= tan x=cos0 = sinf= l—tanzx

cotx+v'cot2x—l :/f_z_t\[%x

1
+

1-vx
I=I dx
i+\/;
Putx=cos2® => dx=—2cos0sin0db

cosB

1=—I & .2sinBcos0d06
1+ cosO

16.

17.

18.

=_I sin@/2

2.2sin(B/2)cos(B/2)cosBd6
cosB/

= —2](1 —c0s0)cos0d = —ZJ (e::osﬁ‘—c(:rs.2 0)do

——-ZJ( l+c0529]d9

=-2 sine—l(eﬁ‘"zeJH

2 2
:—2\}1—~x+[cos“1~/;+\}';vl—x}+c
=- 2J1—x+cos_l\/;+\/; l-x+c¢

dx dx
"zjl T 3r4=I 374
x (x +]) x5(1+~1—]
4
X
1
Put 1+—=f = —_—4-d‘r=dt 28 %:—ﬂ
X xs X 4

|
— +c
I i e e
4t 2

T
=—:”4+c=~[]+—4) +c

A

j(e-IOEJE + sin x)cosx dx

=I(x+sinx)cosxit =chosx+%jsin 2xdx

—cos 2xj
2

: - 1
=xsmx—jsmxdx+5[

5 1
= xsmx+casx—zcos2x+c

e
(a+bx)
Leta+bx=1t = x=[f.:£] elal e Lt
b b
2
(r—a} t"—2at+a
__I 53-{—3 dt
7
2:1 a 1 a
1~— =—1|t—2alog|t|—— |+¢c
b3j' 53{ gl r]

1
=b—3[a+bx—2alog|a+bx|—

a2
+c
a+bx
sin x
I+ == I.—dx
sinx —cosx

1 j Sin x +cos x + Sin x — oS x

dx

sin x —cos x
j‘cosx+smx Ismx cosx

SIm X —COs x

S x —Ccos t

—Eloglsmx cosr{+ +c

;.
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Topic-2: Integration of the Forms: [e"(fix) « f{x)kix. (s ])e (x+1-2)€*
Je“{(dfix) + f{x))dx. Integration by Partial Fractions, 3. [= I e

3
=) Integration of Different Expressions ofe” (x+1)° (x+1)

2 x

2

x- -1 x- -1 [ 1 2 ¥ e

1. d) 1= dx = dx =1 = e dx= +r
= Ixs\hx"-hj-ﬂ-l !xs 2—i+ I IL{‘r+1)2 “"‘if} (X"'l)l

AT

[ [ U@+ dr=e" ()

4 4

B P l,__l__T" Topic-3: Evaluation of Definite Integral

= *”I =) by Substitution. Properties of Definite Integrals
2" 4 h—t
X x 1. (e) Given that j:; Tldl < g(x} < 2\{;
2 1 4
2——+——1 i -

o t 5t B [ 3 de % :irz Itldt n<f(x)g(x)<2vx vn

Since,

2
""Idr 2\/_ __2+ :>I:24,1%‘dt=sin"]&+\[;\ﬂ*x—sin'lx—)w'l—xz

- lim (sin_] )|:+~f>?\.l'i—x—siﬂ“lx-xv'l--xz)S
\|'2x4—2x2+l " x>0 \/;

= —"-'-“—2'27+C J-
! flx)g(x)<s—
X +3x42 35
= I=I_5_—2— : =2<lim f(x)g(x)<2.
(x“+1)"(x+1) =3l
lim f =0
Bl x5 +Bx+C Dx+ E ijD (x)glx)

= e :

16+5n—3n% 324n-3n% +25n—7n2

On comparing the coefficient of 4, B, C, D and E from both f(m)=n+ bk =t .
sides and solving them, we get 4n+3n 8n+3n Tn
1 1 1 16+ 5n—3n" 32+ n-3n* 25n-n>
A=—— B=—C=—,D=0and E=2. - +1 |+ 5 +1 | ———+]
2 2 2 4n +3n° 8n+3n Tn
--> _J‘ x+l +2J & ey 9n+16  9n+32  25n
x+1 X% +1 (x% +1)° ) dn+3nc Sm+3n® Tn?
1 1 7 Fo =y r
=—Elogix+l|+zlog{x +l)+§tan x+20 +¢ i on+l6r 18 9+16(;)
dx 4m+3n nr 14( }+3
where I} =I——-—‘ n
(x* +1)? ; )
Now put x=tan 6 Let ;=dxand ;=Iwhenr=landn—)mthenx->0

when »=n,then x— 1

g 1,=_fse° O 4= I(cos 9) dG--j(l+cos29)d9

9+16x
sec lim dx
| ) n—wof() I4x+3
= —(B+—sm29) —tan e Xz
2 4 14+ x I(lﬁx+l2} 3
1 1 3 4x+3
I =—Elog|x+i] +Ziog(x2 +1)+ Etan‘] x :
=[4x-3m|4x+3|) adetml
4 0 13

+ 3 +c where ¢ is constant of integration.

1+x
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W -
I_Im x% cos X 2 (d) We have f(x) -2 f(x) <0 :
*oW Sl i oy e ()26 f(1)<0 = 5 (€SN <0
2 e*x? COs X = |
I= "“'rz_—_l+e“ X .---(i1) = E-hf(x) is strictly decreasing function on [5,1}
dx=| f(a+b-x) dx} * s
[ Lot e f(x)<e ]f{—) o f(x)<e™
On adding (i) and (ii), we get 2
Also given that 1 itive functi >0
3 z‘[mz_szcosxdx:Zj: ng S given that f (x) is positive function so f (x)
L 0< f(x)<e™
= 2
alui Jeoy et oS Solb o 1 b 9x
| [x sinx + 2Xcos X Zsmx}n 7 2 = OCL;'zf(x)dx(juze dx
hY
Py er-—l
4. (a) Let/= ]‘(Zcosecx]”dx = 0< h,zf(r)dr<
T /2
4 e—1
b e
> 3 = 1ﬁf(x)d.nn:e(() 5 ]
S J(cosecx+cotx+c05ecx—cotx) 2cosec x dx n/2 >
n ® | [xzﬂn[“—fﬂcosxdx
4 ~r/2 L
L]
16 /2 n/2
= Zf[msecx+cmx+—~—-——] .cosec x dx e f x2 cosx dx + J' ].n(n-"chosxdx
cosec x+cotx = =X
% -n/2 -n/2
Let cosec x + cot x = &* s n/2
= (— cosec x cot x — cosec™ x) dx = € du =2I xzcosxdx+0 [-- 22 cos x is an even
=> — cosec x dx = du 0
n
Alsoat x=—, u=In J2+1
4 { ] function and ln[n-HCJ cos x is an odd function]
and at I=£.u=b:1=0 o
. n/2  m?
0 - {241 = = 2[x2sinx +2xcosx-2sinx)y =—-4
u - = 2
L I==2 j {e +e ) du =2 I(e"+e ) du
0 = -2
in{~2+) . _I 2xsinx %
2 M2 sin x> +sin(fn6—x2)
5. ® F(x)= [ f(Vr)de for x<[0,2] Letx? =1 => 2 dx=dt
0 Also, when x = +/¢n2 , then, t = fn2
= F'(x]:f(x].Zx when x= +/¢n3 , then, r= fn3
Now F'(x)=f"(x)¥x€(0,2) lj'm sint dt
f'(x) ! “=5d b sint +sin(£n6—1) e
x).2x=f"(x) = =2
= f(x).2x=f'(x) f(x) Al lf 3 sin(fn6—1) x
On integrating W.r.t. X, e get = 772 ) 2 sint +sin(tn6-1) (i)
nf@=x+e= @)= & =eF . ¢ b ;
3 { I f(x)dx:J. f(a+b—x)dx]
Since f(0)=1=1=¢", f(x):gx i a
2 On adding equations (i) and (ii), we get
1 pfn3 1 1.3 =3
Hence F(x e'dx = & -1, - F(2)=€*-1 =— ld=— (B3t ==t == —In—
ence I ( ) e 24 2LN2 2(2?1 n2) 5 n— =1 n

2 4 2
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11.

12.

B179
(b) ‘ffu"‘r" *d 11 L [
e f(x)=2+] yl+t" dtVxel-] T o X
bt 13. (b) rzj' 2l ER ‘j e
On differentiating. we get 1+ x o V1-x
: % 0
e flx)+e " fix)=0+l+x i
1
= _f(0)+f O =1= O)=1+ 7{0)=1+2=3 ~sin! o _[_ll[idx
v 0 2 s .f]_xz
Now f [ f(x))=x
I ;1" 7 1
= |[/7) /@) f'==1 =Eelialicdl | .7
= = 3 | a2 0 2
= () (r@)r(0)=1 = (/)@= :
(e) Given that f is a non negative function defined on 4, (a) I" X (x)dx== (Here, 1 > 0)
0 'S

[0_1]andj‘ —(f'(1)* d:=_[f(f)d!‘, 0<x<l
0
Diﬁ’eremiating both sides with respect to x, we get
V- GF = £(x)

= 1-[f P =/ ®OF = [f'@F =1-[fx)]

=2 i =2fi-F = i%:d
g VI-[f(x)]

Integrating both sides with respect to x. we get
& I d f(x)

- @P

- Giventhat f(0)=0 => C=0

Hence f(x) = +sin x

But as f( x ) is a non negative function on [0, 1]
. f(x)=sinx.

Now sinx<x, Vx>0

1 | Tarnl
—|<—and f|=|<-.
f[z}{za“ f[3J<3
0
© I= _[ [x3 +3x2 +3x+ 3+ (x+ 1) cos(x +1)]dx
—
4 3,2
:[XT+;3+ 2 +3x+(x+1)sin(x+ 1) +cos(x+1)
] 2
=(sinl+cosl)—(4-8+6—-6+sinl+cosl) =4

1
© j 2 f(t)dt =1-sinx
sinx

T d . _
= E?Lin P F(O)dt=5-(=sinx)

— -sinz:cftsin X).cOos X = — COS X

= f1/\3)=

17.

1
= f(sinx)=
sin? x

(UJ")

=J-d-r = +sin”! f(x)=x+C 15.

16.

Differentiating both sides w.r.t. t [Using Leibnitz theorem |

= tzf(rz)xm-0=§x5£4 = f(t*)=t

d
Uy oo | £ = @Iy~ 614)]

X2+
(d) We have f(x)= I e

2

—t2dt

2.2 4
Then f'(x)=e & ) 2x—e 2x

d w(x)

Ladh e I ft)dt = fly(x)w'(x) - fId(x)] $'(x) ]
d(x)
R T ) oS ) S'(x)>0,Vx<0
-, f{x) increases when x <0
1/2

@) Let = _[ [[x]+1n[tﬂ]d_x

—1/2
1/2 1/2 1
= J' [x}dx + j m(ﬁ}a
1-x

=1/2 -1/2

0
= [ (-)ax+o=-1/2
-1/2

[ log( : )15 an odd ﬁ.lnctlon}
x

(¢) Given that T > 0 is a fixed real number. f is continuous

Wx e R such that f(x+T)= f(x)
=> fis a periodic function of period T'
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o
Also given / =I{] Sf(x)dx

3437
Then let 11 :_[3 f(2x)dx

Put Zx =z = ‘i{::féi
5

alsoas x—> 3.2 96; as x> 3+3T.z2 > 6+6T

| p 6+6T
f:=5j6 f(2)d=

T LI 67+6
:% _[6 f{:)d:+nzljﬂ_ f':-“t*far f(:)d_-i!
(n+)T T
Now, Inl" f{z}dz-——jo S(nT +u)du,
where z =nT +u
N
=I0 f(u)du =1
Similarly, we can show that

J':::-éf(s)d: =I:_f{:)d:

[ f(nT +u)= f(u)]

=

T 6
:% jf(:)d:+51+_[f{:m
6 0

= |

1 T 1 21.
=3 J'f(:)dz+51 =360 -3
0
X
18. (a) Here f(x)=Jv'2—r2dt = _f'(x):!i'Z—xz
1
LY pydr= Tyl - f[¢(x)1¢'(x)]
dx y(x)
Hence, the given equation K2 — f'(x)=0 becomes
xz _\fz_xz =0 = .‘."2 = \12_.172 = x=zkl
X
19. (¢) Given: F(x)= I}'(s)d: and F(x2) = 22 (1 +x)
0
F'(x)=f(x)and F'(2).2c=2x+ 3% 32
= F,(xz}:[z?x] = )= 2+23x

[v F)=f)]

2+3x2 8
4 = = —=
J#) 5 5
i ana?
20. (o) fzjcos fdx (i)
_nl+a

Putx=—-y=dx=-dy

-

2}
Fas cos 1@ Ia ' cos” 1d$
I+aJ
!—ﬂTMldx‘ "Ibf('.']dv=_|.bf(¥}dx i
== =y ) SEA S L (1)

On adding (i) and (ii), we get

= o
2= I (1+a")cos” Idt:Jl cos? xdx
(1+a*) -

t 8

2 = 2-[0 cos® xdx [Even function]

nl2
I= 21.0 cos” xdx (i)

/2

=2 I sin? xdx (V)
0
On adding (iil) and (iv), we get

£ (x)dx = ZIf(x}driff(Za—fo(x)}
0

/2

2]:2‘[ (cos® x+sin’ x)dx =2a/2=n . 1=m/2

0
loge )d.\

We know that for £} <x<l,log, x < 0and hence
2

(b) Let [ = _[

log, x <0
x

log, x X

Also for l<x<ez. log, x > 0 and hence

&1
oot

1 x

log,

I ¥
SN

3 —% [(loge x)z]]]fe +%[(]0ge I)Zlez - % +2= %

2 otherwise

(¢) [ff(ﬂ:{ﬂ’wusinx forlxlsz}

e sinx for-2<x<2
otherwise

= f(x) :{ -

j'f(x)atx j f(x)dx+jf(x)dx

-2 =
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-

iz/4

: dx
= J e sin xdx + J =0+ 2{.\:}'« 5. @ J = j R ol
£ 2 =4
[~ ¢ *sn x5 m odd function ] 3z/4 i’ b b
=2[3-2]=2 = dx = +b—x)dx
x *I I-I-COS{"—I) t {fl(x} ;[(f(a I)
23. (bh) gf.r}=‘|-fu)dr §
3ni4 Fe
2 i 2 = _[ = .. (i)
=j;{:;d: i J f(t)de + _[ F(t)dr =4
0 0 ' On adding (i) and (i), we get
1 3n/4
Now, — < _}‘(IJ(]&IT!E[OI] = [ 1 S 1 ]dx
- | 1 l+cosx l—cosx
== J.édrgjf{r)d: sfldr 3n/4
0 = j 2cosecix dx = —2[cotx]f::i4
1 /4
= Eﬁff(’)""gl - () = —2[cot3n/4—cotn/4] = ~2(~1-1)= 4
0 I1=2

- ) 1 x
Again, 0< f(f)<— for t€[1,2
f® 2 (12} 26. (a) g{x)=Icos4rdr

2 2 2 | 0
= jodrg j' f(t)drgjidr S e
1 soglx+m)= J cos tdt-—Jcos tdt+ I cos” tdt
2 1 0 0 b4
= 0< j' fdt <~ oo (i) i
i - g(x+m)=g(n)+ 1, where I = I cos* tdt
From (i) and (ii), we get 3
1 Putt=n+y=di=dy
1 3 1 3
Esj_f(r)dm‘[f(r)drsE :Esg(Z}SE Alsoas t > m,y—0
0 Ast > X+, y—x
Hence, 0< g(2)< 2 is the most appropriate solution. - x
. Sn ]=J.COS4{‘IE+”\.'}d)‘ =JC°54 ydy
I, if—<x<— 0
6 0
o DT : =
0, lf?ﬁx'(ﬂ =J-c054rd!=g(x)
24. (9) [2sinx]=;

-1 1f:r:<7c<E ;
! = 6 Hence, g(x+m)=g(n)+g(x)
W In 2n
-2 i<k 27. (a) Let I:In [2sin x]dx
/6 3n/2 Now, n<x<7n/6=-1<2sinx<0
1:[5“ L+ j 0.dx+ _[ (~Ddx+ J (=2)dx = [2sinx]=—
nf2
5n/6 T Tn/6 and Tn/6<x<lln/6= -2<2sinx <-1
Sm @ I Sk T = [2sinx]=-2
=| === [+0-1]| =—x|-2| =-=
6 2 6 2 6 1z

—<x<2n
211' b 4rr —Jne % 6

~1<2 sinx <0
6 6 6 6 2 Peins] =<1
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/6 1in/6 2n . = cos:.: 3 i
i j (~1)dx+ J' (-2)dx + f (~1)dx "‘Jo (=" " cos” 2n+1)x)dx )
b3 Tni6 11=/6 On adding (i) and (i), we get
_( ?_n_'-n] 2(_&4-35] (_2 +11:t1 2/=0 = [=0
i 6 6 g i) w2 Jeotx :
2. (@ (=j R ) L Q)
_m 8 n_ 10m_-5m Jeotx +vtanx
6 6 6 6 3 _I'Tz Jeot(m/2 - x) &
28. (d) f{x):Asm(Trfo]+B 0 Jcot(r:/2-—x]+\/tan(n/2—x)
R o
i = — e o N — | = —_= 2 ]
M dia o N T i LR ®
) 24 0 ytanx++/cotx
= A=4/n and jﬂf(r)d“? On adding (i) and (ii), we get
1 ot £ an s
= I [Asin[m}s}dx—gi o = J'm e J'ml.atx
2 2 L 0 J_ot_x+~./__
1
= _Ecm(%}.& =2_A ['t']mrz—rcﬂ
i o T I=n/4
T T ;
B+?_? =B=0 33. (b) I0(1+cossx)(ax2+bx+c}dx
> cos® x 2
29. (d) Let =]|2 . (i = 8 .
(d) I= I Tt L} sinsx+coijdx (i) ‘[0 (1+cos® x)(ax” +bx+c)dx
1
n cos® [g— ] =‘|-0(l+cos8 x)(ax2+bx+c)dx
I=Iz dx
0 .3(® i 2
2o [E_ )+cos [E-] +L (1+cossx)(ax2+bx+c)dx
z sin x 2 8
:IZ____dx .. (i) = j (1+cos x)(ax2+bx+c)dx=0
0 cos® x+sin’ x .
Onadding (i) and (ii), we get B
T We know that ifJ. f(x)dx=0, then f(x) is + ve on some
2] = I cos x+sm xdx:j£ld[x=£- ! I—E a
0 sin3 x+cos° % 0 ] part of (a, B) and — ve on other part of (a, B).
5 But here 1 + cos® x is always + ve,
30. (@ 1=j_mz{f{x)+f(—x]}{g(x)—g{—x)}dx . ax®+bx+ cis+ ve on some part of [1, 2] and — ve on other
part [1. 2]
Let F(x)=(f(x)+ f(-x))(g{x)—g(=x))
then F(-x)=(f(-x)+ f(x))(g(=x)—g(x)) ax® +bx+c=0 has at least one root in (1, 2).
= —[f(x)+f{—x)][g(x)-g(—x)1 =—F(x) Hence, ax® + bx + ¢ = 0 has at least one root in (0, 2).
Hence, F(x) is an odd function, .. I=10 34. @ 2 : 3 \
T costx 3 : —X o L e f._._'x_
31. (o) 1=Ine cos"(2n+1xdx.neZ D j (I1+e }d-’C—J' Li"l'l TRECTIEY -OOJdI

= J: ecosz(’t_‘” cos [(2n +1)(x — x)ldx

J.; f)dx= j; fla—x)dx

0 cos® x 3 o
I= 5 e cos[(2n + I)m — (2n +1)x]dx
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<
100
35. ij log, (X’ +1) dx+ j p‘-n & = 1EI0.—]-]—}
og29 ! : 10
Let Iq—f T2 - ye 0'_Jﬁ = [JT] =10,1,2,3}.
Put 2*— 1 = £ = 2%In 2dx = 34ds [0x
32 Casel: 0<—-—l-c1
= dx=—-—f3-—dt £t
In2(F +1) 1 10x | _,
when x=1,1=1 when x=log,9, =2 A5 0*;)111% PO
2 3¢ 10x
2 1 Casell: 1<—< 4
' (7 +1) In2 s x+1
xe[l 2) [ 10,«}_I
So, I=|"log, (x> +1)dx + . L =
e I ln?.(r o 9’3 ]
2 32 Case III : 4<l{21<9
= I=_[ logz(r3+1)+r.3—— 1 x+1
1 (* +1)In2
2 10x
x€| =9 thmt|—= =2
[--jb+f(x)dx~j"+ f(r)dt} 3 25
“la “a CaseIV : x € [9, 10)
2
= [ d(t.logy(F* +1) 10x |_,
1 = Syl
= t.log, {r3+1}1|2
el / 9
! = I“gt}dx race[] 2dce 3.0
=2log, 9 - 1 log,2 1/9 2/3 9
=2log, 91
2 2
N 7 =(—_—]+2(9~—]+3(10—9)
8<9<2 2=>3<1og29<5 39 3
= 5<2log,9-1<6 5 50 3_1_83
So,[M=5 9 TS 9
10x 97 = 182.
36. (182)Let Y=——rp, 0<x<10
x+1 x
= syty=tor 3. @00 F)=[ @)
y 0
Ry = F ) =fx)
T n
= Y <10 I=Jf'(x).msxdx+fp(x)cosxdx=2 )
10—y . 4
b4 d <10 X x
E an I=_[f'(x).cosxdx+IF(x)cosxdx=2
-~ 0
M? Using by parts
y—-10
T T
e L W = 1= (cosx.f(x)) + J' sinx.f(x)dx + _[ F(x)cos xdx =2
0 10 100 10 0 0

100
y € [0, 10) and J’E{_ w,FJU(lo,m)

m b1
= 1=6-f(0)+ _[ sin x.F'(x)dx +IF(x)cos.rdx =2
0
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e 6—f(0)+IF'(x)sinxdx+IF(x)cosx¢ix= 2

0 0

=1 =6~ f(0)+[sin xF(x)]" - j' F(x)cos xdx

0

n
+I F(x)cosxdx =2

0

=I1=6-f(0)+0=2
= f(0)=4

38 _J?I:M
3 m;“(l+e.’s’"”‘)(.'/! cos 2x)

=£Im'4 dx
_134(1 +e—sinx)(2__co52);}

{usingf flx)dx = I: fla+b- x)dx]

2 ns Shinx

_;L"M (esm"r + 1)(2—0052;:)
Adding (i) and (ii):
2 (n/4 1450 =
n "“M'(esmx +l)(2—0052x)

J-?EM
n/42 —cos 2x

2 enid dx

70 142sinx

/4 sec ¥, Ir:r seczx
—f ——e =

sec” x+2tan“ x

Puttan x =t = sec? x dx = dt

i
Atx=0,t=0;Atx= I,r=l

J[L,ﬁ}i
x5 3] 33
S 271%2=4

(1++/3)dx
(1+x)? (1—:()5]}'M

%
39. (2) LetI= I
o [

1+3tan® x

40.

41.

42,

1
s J% (1++/3)dx
6 1/4
05 [(1 x) }
(1+x)°
N pi l1-x 1 —2dx
(1+x)?
j (1+J_)d:_ -1+43) | -2
614 2 ‘/El

- (1+8)(451) -2
f[g] =3, £'(0)=1

g(x) = IE[f'(t]cosect —cott cosec t f(t)]dt

(2) Given f(0)=

g(x) = :; (£(t) cosec t)dt

= f(E] cosec~ — f(x) cosec x
2 2

=3-f( = (x)
=3-—f(X)cosecx=3—- —
sinx
f
hm g(x) = lim (3-f_(x)] =3- lim (x]
%20 sin X x=0 ginx
lim f'( )
= =% ]=
3 S 3-f'(0) )

(1) Letfix)= _[:——th dt—2x+1

12
-2<0,¥x€[0,1]
X4

=f'x)=

= fis decreasing on [0, 1]
Also f(0) =1

LE

2
1
For0<t<l=0< <=
1t 2
2
1 £
I dt<l
Upee? = 2
=f(1)<0

- (x) crosses x-axis exactly once in [0, 1]
- f (x) = 0 has exactly one root in [0, 1]

9) a= j (9x+3tan”! x)rlz +9x2\

S

Let Ox + 3tanlx = t =

Mathematics




Integrals

43.

45.

iz In

94— 9+
GZID 451({1:3 4..1

‘ 9+ in
bRibie S=1 -

=9

2 y.
3 X

o 1= I??,‘f{[\-:l)dt

FE S ~
-1<x<2=0<x<4
Ao 0<2<| = =[K]=0
122 <2= fid)=[F=1
2<@2 <3z D)=
3I<P<4=fA)=0
Aol <?<2=1<x< .3
= 2<x+1< f +1
= fix+1)=0

V2 { 2 TV2

(using definition of f)
(using definition of f)

e fﬂdx_ X Men
!2+0

1
4 4
= 4/=lordl-1=0

1 42 5
@) ‘([4.\'3 {aﬁ?(] —xz) dx

= 4x3[%(1—x2)1 :}-ﬂi‘-(l—xz)s] 12x%dx
__12_@(1 2)5; i( )5.24:“1:

=-n{“‘:ﬂ;=z

(4) Given function is f(x) = {I—[x] if [x]is odd

1+[x]—xif [x]is even
The graph of this function is as below

Ao
ETZ
-3 2 -1 1 2 3 g

Clearly flx) is periodic with period 2
Also cos mx is periodic with period 2
*. f(x)cosmx is periodic with period 2
2

TO f(x}oosrtrdx
=)
= l—dxl{) nf(x)cnsma‘x

46.

47.

48.

= n? UI(I — x)cos Ttx dx+_"2(x— 1)cos x d.r]
0 I

el (l_x)sm:rr.x] I s;imrl:der >
|{) 2k

B185

{(r l)s.in:'r.:c]2 J‘ sinwcdxH

1
2 1
=n {[*—2 cos m:)
T

= [(~cosn+cosD] (—cos2n+cos ) ]=4

. -————COSﬂI }

0

(0) Given that f(x)= I[] f(ndt

Clearly /(0)=0.Also f'(x)=f(x) = L&) _,
J(x)

Integrating both sides with respect to x, we get
S'(x)
= —de=lligx
7 o=l
= Inf(x)=x+InC = f(x)=Ce*
Now f(0)=0 = cl=0 = C=0
S(x)=0V x= f(In5)=0

In/8 3n/8
@00) S;= [ f(x)dv= [ sin’xdx
n/8 n/8

In/8 v A In/8
= J' sinz[—+———x]dx= I cos? xdx
; 8 8
n/8
Adding (i) and (ii) we get

n/8

In/B
25 = I {sinzx+t:c|s‘?,vc]lci7c=3—ﬂ—£=E
; 8 8 4
n/8
[ISSI=2
T
(1.50)
T —4x dx-m
/2
£ ox 3w
8 4 8

Sp= [ F(0ga (e

In/8 . 2
= sin“ x| 4x —m| dx

Jus
/8 | 3
=:j;:3 Slnz(;; -éz-x
f
Jos

/
_ [3=/8

=1 (coszx]| rc—4.r|dx

. .(0)

. . (ii)

.G
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49.

50.

51.

In/8
=] 1 coszx|4x—-1t|dx

Adding equations (i) and (ii) we get

.. (i)

3n/8
2Sg—f |4x 1':|(sm x+costx)dx = I;s | 4x - |dx

p—t
(5]

T K
=X —X—=X—=—

2 18216
485,

ﬁ —
nz

/2

=1.

Lh

B3| w2

3+/cosB
¢ (Voo o)
I 3Jsin8

Adding two values of 1, we get:
w2 1

3 £ (Veos® +Vsin8)’
M2 sec?®
g

de

(0.50) 1= )

/2
de

..-(11)

{38 ]

de

db

mlm

(put tan 8 = # = sec’ 0 dO =2t di)

}ﬂ

oo
t+1—1d:

1=3
o@+D*

1
=3 -
'!;[(Hlf {r+l)4

o
: 1
=3x—
3 5 6
J.4zesu1x

1
[ 2t +1) 3(r+1)
1
2

= I=—=030

2 ix=F(k)-FO)=[FI

Put x* =1
= 2xdx=dt; Atx=1,7r=1andatx=4,1=16

16 oSint
I= I 1 = FIOR® . k=16

:n:sm(rtlnx)

E
Let I=jl ———dx andwtlnx=1

= Eir=dt Ao xo Lt D0 x—> € t=>3Tx
X

Clisihe 37n
I=I0 sintdt =[—cost]y’'" =—cos3Tn+1

=—(D+1=2

2x
52. Let ;=J'
0

53.

Mathematics

5

xsin>" x
sin®” x+cos>" x
{"r:—x}sm (2n x)
"(2r-x)

[ _[: FeSde = _[ : fla -x)dx]

in {Z:r x)sin®" x "
I= —_ix -<(ii
IU sin2" x + cos*" x @

On adding (i) and (ii), we get

e IU sin”

= I= I
0 sin®*(2n—x)+cos

Znsm x* 2 sin?" x ”
2n o 2n 2

fr e f:ﬂj
x+cos~" x

" x+cos 0 sin

< 2n
T sin” X
dx
2n 2n

= 1=21:I
X+CO8 X

0 sin

[ | * 2 * (it f2a-x)= (I)}
0 0

/2 in2n
=== 4;-;I —zw~1—x—2-dx .. (iii)
0 sin“" x+cos”" x
[Using above property again]
/2 COSZH X -
= J= 41-;.[ 3 = dx Ll L |
0 cos™ x+sin”" x

[ j’: PO = I;(a - x)dx}

On adding (iii) and (iv), we get

ni2 ™ 2
21=4n_[0 Ldv=dn( 2-0)=2r" = 1-#

af(x)+bf(9=—l;—5 25(1)

Integrating both sides within the limits 1 to 2, we get

2 20
ajli f(x)dx+bjl f[;}dx=[logx-5x]12=log2—5_”(;i}

1
On replacing x by %m (i), we get af[;]+bf(x)=x—5

Integrating both sides within the limits 1 to 2, we get
2
2 1] - x? 7
~Jax+b[” f@dx=| 55| ==
aIl f[x 1 S { 2 l 2

2 (1
Eliminate L i [—) between (ii) and (iii) by multiplying (ii)
X
by a and (iii) by & and subtracting
T 7
(@ -b )j f(x)dx = a(log2 =5)+b.>

.. (iif)

j fde = —— )[a(logz 5)+—”]
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55.

56.

57.
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3 ¥
= ———dx .
J.Z Vi-x+4x 9

3 5-x
I=[ =" i
-[2 Jx+5-x )

b b
{Usingf FO)dx =_[ fla+b- x)dx:|

On adding (i) and {ii) we get

21 =
-[ \}'\—r+\f_
= ngj’ Id_x=:(3—2)=%

1=r“ * % ()

z/4 1+sin¢

:!:I3x4_n_¢——d¢

n/4 l+sin(m—d)

{ I: o= Lb fla+b —x)dx}

= 1=J‘3’”4_“id ... (ii)
n/4 1+sind

n/4 T
n/4 1+sin¢

¢'=7‘~'Ln /41~ sm¢- 0

/4 cos? (0]

On adding (i) and (ii), we get 2] =
In/4 1—gi
=nj vl g sm;b ]

n/4 1—sin“ ¢

In/4

I (sec? d—sechptand)dd
= x[tan ¢ — sec¢]3“ :
=r:[tan3:rf4—sec3nf4—tann!4+secrci4]
=21(V2-1) = J=n(H2-1)

A e Gl
I:I_2|l-—x uxﬁz‘[ouq | dx
[ I 5 f(x)dx = 2_[: S(x)dx,if fis an even ﬁmctionj’

= 2J; (1= x%)dx + 2J']2 2 =1)dx

% 1 3 PR
=afx—— | 2" | 4.8 L,
b= 13l EFragaty

1.5 2
1=,
Wehave 0<x<15= 0<x2<225

0, 0<x*<1
L [F1=41,
2, 254 <15/

1<x%<2

58.

59.

0, O<x<l
or [x2]=41, 1<x<+2
2, V2sx<15

I= I; [Pl = J'I 0dx+Lﬁldx +ﬁ.s 2dx

=0+D? +2408 -7 _143-2F =2-43
secx  ©cosx sec> x+cotx cosec x
1= cos’x cos®x cosec2x
1 cos2 X c032 &
0 0 sec2x+cotxcosecx—cosx
=|cos®x cosx cosec’x
1 cos? x cos? x

[R, = R —secx.R;]
On expanding along R,, we get

2

f(x)= (sec” x + cot xcosecx—cos x) (c:t)s4 x —cos® x)

_[ 1 = cos X
cos’x sin?x
2 x— cos® x

—Cos x) cos? x(cus2 x=1)
= — sin
/2 /2 2 5

Jﬂ f(x)dx:—fn (sin” x+cos” x)dx

(n=1)(n-3)...20r1
(n)(n-2)...2

n/2
J'O sin” xdx = I cos" xdx =

Multiply the above by n/2 when # is even
n/2

|, A T el
R P e ke
15m+32
'_( 60 ]
(True) Let ] = J 28 - ) . )
0 f(x)+ f(2a-x)

=.[2"1 fQa-1x)
0 fRa—x)+ f[2a—(2a—x)]

[ I: f(dx = _[: fla-x)dx)

- e (i)
0 f(2a-x)+f(x)
On adding (i) and (ii), we get
Izﬂf(x)+f(20 x) _J‘zﬂm
0 f(x)+ f(2a-x) 0
=[x]0 =2a = I=a
Hence, the given statement is true.



B188

(log, x)"

x(a - (log, x)

e
60. (c, d) We have, J' 2y

e ([nx)b’?.
Felefr——

! xa—(nx*?)
Puta—(lnx)*2=¢

3 it
2 x

latx=1t=a
2 andatx=e,t=a

.

= 2=3a2-3a=3a>-3a-2=0

3k J9-4(3)(-2)
s 6
_3+433 3-33
6 ' 6
61. (a,b,c)
n/3 n/3
@ Let 8= [ (x)dx-3 [ cos3xdr=0
0 0
g(x) is continuous and differentiable function and g(0) =
T
i ey
0, & 3

By Rolle’s theorem
g'{f = ij] — 3 cos 3x = 0 has least one solution

'3
; 6
(b) LetA(x)=f{x)— 3 sin 3x + E

/3 /3 m’3
Let A(x)= I f(x)dx - BJ 51n3xdx+_[ —dx

=0-2+2= 0
h (x) is continuous and differentiable function and

h (0) = 0 and h(%) =0
By Rolle's theorem

h'(x) = fix) — 3 sin 3x +

(°5)

— =0 has least one solution in
n

63.

Mathematics

x X
x| f(0)de : [rwar
(©) lim -2 =lim[ xﬁ] g
x=0 1 _ X =0l |_, X
By L'Hospital's Rule
——imIB_ [+ f=n
x—0
X
F X
(smx)[ f(0)dt J- Faydr
(d) lim R = : sinx | g
x—0 x2 = lim| —
x—=0\ X x
By L'Hospital's Rule
S(x)
=1lim—"=1 . =
lim = [+ fi0)=0]
(a,b,d) (a) We know that,
¥ gt 2 X
cosx=1l-—+——_. and,sinx= x——+——
21 4l AL ]
2
weosx=l ELE
2
1 1 ( 2 ]
Ixcos J-x i—x— =~]-—l ::aJ-JcccasxzE
° 0 2 2 8 8

3

; X

b) “ssinxz2x——
(b) 6

1
sin x .

J,‘ Q*L_* e

: 1 3

=> Ixsinxz-——ﬁjxsinxdx z—
0 3 30 10

(c) CDSX(IZDIZCDSX‘CX?‘

- [x% cosxdx < _[x dx= _[x cosxdx <§

0 0

e B,

1 1 3
_[xzsinxdxzsz x-i- dx
0 FERE ¢ 6

1 1
3 = k 2
= Ixz smxdxéz——G:bJ-xzsmxdeE

(a,b,d) F(x) = (x - 1) (x - 2) (x - 5)
X

F(x)=[£(t) dt.x >0

0
= FX)=fx)=x-D)x-2)(x-93)
Put F(x)=0=x=1.2.5
F'(X)=(x=2)(x=5)+(x=1)}(x=5) +(x-1)(x-2)
F'(1) = + ve, F'(2) = —ve, F"'(5) = +ve

F(x) has local minima at x = 1 and x = 5 and local maxima
atx = 2.

X
Also F(x)=_[(t-l){t—2)(t—5)dt
0
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65.

66.
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4 3 2
f(r ~82 s 1Te=10p =2 8K NIXT o

:%(39- 32x? +102x —120)

F(1), F(2), F(5) <0
Hence, approximate graph of F(x) for x (0, 5) is
_‘"

F(x) < 0, for all x €(0,5)
Thus, options (a), (b) and (d) are correct but (c) is incorrect.

98 k+1 98 k+1
®,d) = Zj' (il (=3,
k=l % x(-"+l) k=l j x(x+1)
| k+1 k+1 k+1 1
——dx < < —dx
fe wmash X(x+1) 3
8
= —1—
k=lk+2
1 1 08 49
SI>—+. . +—>—=T>—
3 100 100 50
i igliﬁl 98
R0, B de=) [log (k+1)-log, k
Hixml) 2. loge (k+D~log, k]
I<log, 99

sin2x

(Bonus) g(x)= Li“

=> g/(x) = sin”'(sin 2x) - 2 cos 2x — sin"'(sin x) - cos x

sin”! (1) dt

g'(E) = sin"!(sin 1) - 2 cos 1 — sin”! (Sinﬁj cosi =90
2 2 2

1
g {“E] = sin"'(sin(~n)) - 2cos(—n) —

() -

(a, b) Let us check the given options one by one.
(2) Letgx) =x"-fix)
= g0)=-f0)<0 [
Andg()=1-f(1)>0

x” — fix) = 0 for some x e (0, 1)

fix) e (0, 1)]

67.

(b) Let hix) =x—_[03"f(t} cos tdt

X
h(0)=—[2f(t)costdt<0
2
and h(1)=1 —Ioz f(t)cost dt >0
- h(0)<0andh (1)> 0
= h (x) = 0 at some x =(0,1)

I x
h(x) = x —jﬁz f(t)cost dt =0
at some x € (0, 1)

© & —jﬂ" £(t) sint dt

xe(0,1) = e e(l, e
and 0 <fit)<land0<sint<1,¥ xe (0, 1)

< jox £(t) sint dt <1
e’ —j:f(t) sintdt 0 foranyx € (0, 1)
=
(@ fx) + J'Oi f(t) sint dt isalways positive V x & (0, 1)

192x°

@) f'==——z—
I& 2+sin? nx

1 92x

23
<f()< = 64x° < f'(x) < 9623

* 96x dx

X 3 X .
S dxsfmf(x)dxs 172

64x* 64
4

96x (196
ax16

j,sz ) <
e 3
= lﬁr"—lsfmf(x)gux"-i

= 16x* -1 <flx)<24x* - %

f(x)dx < sz(ztlx“ s i] dx

= jm(lﬁx ~1)dx <[ .

rl(_‘ur 1 1 24x° 3 ;
—_—— < —_——
= 3 le_Jluzf(x)de[ S szI
2 2
= 26< sz(x)dx <39

Only (d) is the correct option.
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68. (a,b)fi)=7 tansx + 7tan®x — 3tan*x — 3tanx
= (Ttan®x — 3) (tan®x + tanZx)
= (7tan®x — 3tan®x) sec?x
/4

[ s = [1an” - tan3x]n 2¢ lr=u

L}ﬂ xf(x)dx = [Jr(tal::1r x —tan’ xU:M

/4
—L: (tan-’r x—tan> x}dx

/4
& jun tan3 x(l—tanzx) seczx dx

nl4
[tan4x tan6 x] 1

4 60 12

69. (a, ¢) Let fit) = &(sin® at + cos* ar)
o fikm+ 1) = ™ (sin® a(kn +1) + cos® a(kn+ 1) = " £ ()
4n
I e (sin6 at +cos” at)dt
0

je’ (sinﬁ at +cos™ at)dt
0

n
A+e" +e> + 33“}_[8‘ (sin® at + cos* af)dt

% 0
n
J‘er {_sin& at +cos” at )dt
0

4
5 e -1
=14+e"+e "+ =

e"—1

x Ll
0. ed) f(x)= | e_[t ‘]ﬁ

t
Iix

:1'+I ( = 1
- Fl)= e{x "] x _Liu] L % ;[ +x)

+— e
2

Forx € [1, o), f'(x) > 0

., [ is monotonically increasing on [1, =) (a) is correct.
Forx € (0, 1), f'(x)> 0

Hence, f is monotonically increasing on (0. 1).

.. (b) is not correct

f(x}+f[lJ= e e +”f el
", (¢) is correct. - L

Replacing x by 2 in f(x) + f[ ]=

We get f(2)+f(27%)=0 or f2)=-f27)

Hence, f(2%) is an odd function.

2 (d) is correct.

71. (a, ¢) Clearly g(x) may or may not be continuous at x = a
or x=b.
But it is continuous at all value of x except x = a, b.
Let us check the continuity of g(x) at x=agand x = b
lim g(x)=

X—ra

72.

lim _g(x)= llm j'f t)dt = jf(z

I‘-Pﬂ'

and g(a)=Tf(r)df =0

o e
£(x) is continuous at x = a

x b
Alo lim g(x)= lim [f(e)de=7(c)ar
x—3b~ x—>b_a G

and i = t)dt = lim g(x) = g(b)
x—-)ni;l+g(x) '[f() x—=b~ 5

2(x) is continuous at x = b
Therefore, g(x) is continuous Vx e R

0, x<a

Now g'x) = 1./ (x), asx<b
0, x>b

g'(a"]=0 and g’(a+)=f(a)
g'(b')=f(b) and g'(b+)=0
Since, f(a), f(b) €[L,0) - fla), fib) #0

. g'(a‘)ig'(:ﬁ) and g’{b-}?g’(E)

= g is not differentiable at a and b.
(b, ¢) We have

f(z)= !nx+I J1+sint dt

= [f'(x)= —+ J1+sin xwhich exists Vx & (0,0)

and f'(x) has finite value ¥x € (0,%¢), so f'(x) is continuous

1 €os X
Also f'(x)=——+————
4 x* 2f1+sinx

‘Which does not exist at the points where
3n Tn

sin x =-1like x =—,—,...
e

2 f'(x) is not differentiable.
. (a) is false but (b) is true

x
Now1+sint 20=>J V1+sintdt =0, Vx € (0,2)
0

And/nx >0,Vx e (L,ec) = f(x)>0,vxe(1,0)

Forx>é’

f(x)= !nx+jx\f1+sint dt>3
1]
R e o P S
X X

Mathematics
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73.

74.
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Now for x 2 &°

= 0<f'(x}sl+ﬁ<—l3—+ 2 <3Vxe(e o)
x €

.. (c) is true.

= | )] <|f )
Also lim f(x)=o

|f(x)1+lf '(x)[ is not bounded.
- (d) is wrong.

()j‘x[l x}

1+x2
7 6 3 :
= x—_z—x-—+x5—4i+4x—4tan'lx = 2—2_7:
7 3 3 o 7
(a, b, c) We have

n :
I,= I o ()
_E(l +7)sinx

1 4
J[x —dx® +5x° —4x" +4- 2}dx
B s

n

]‘ sin#n(—x) _ sinn(x)

_n (1+ 7 *)sin(—x)

b b
'.'If(x)dx - If(a +b—x)dx

18 Fie
= 7= J TR ...(ii)
_E(1+‘.'rx)sir1x
Adding equations (i) and (ii), we get
% n in
5. = J 51.nnxdx=2"‘51' nxd.x
sin x 5 sinx

-
[since integrand is an even function]

w .
sinnx
= =_[ &
n -
sinx

B = -
sin(n + 2)x —sinnx

Now Ipuy I = | - dx
0
f: in(n+Dx T
=2‘[cos(n+1)xdx=2[w] )
- n+l 0

Ly =1y

n
Also Iy =Ildx=ﬂ and [, =0
0

10

Hence Z‘{Zmﬂ = ]3-1'154'1? +...+.{21
m=1

=101¢- Iz =1y)

=10 =
10
and Z!zm =Iz+f4+f6 +...+]20
m=|
=20 %1y (= Ipy=1Iy)
=20x0=0

(a, b) Given g (x) = j:f(t}dt .x€[0,3]

i 0<x<l

= g'(N=f(x)=42-¢", 1<x<2
x—e, 2<x%53

g'(x)=0=>e"'=20r x—e=0
= x-1)=lh2or x=e=> x=1+lh2ore
er, 0<x<l
g"(x)={-"1, 1<x<2
L 2<x<3

g"(1+In2)=-2 and g"(e) =1
= g(x) has local max. at x = 1 + In 2 and local min. at x = e.
VA
3_—

e S

(1+1n2)

Graph of g'(x)
Also from graph of g'(x). it is clear that g (x) has local max. at
x=1 and local min. atx=2

®d) f)= | (e 1)~ -2) (-3
-1

% = f'(x)=x(e* —l)(x—l)(x—Z)s{x—B)S =0
Critical points are 0, 1, 2, 3.

Consider change of sign of —@— atx=3.
dx
d
When x < 3, then i A = — ve and when x > 3, Ey— = +ve
dx dx
. dy . =
Change of sign of — is from —ve to +ve, hence minimum at x

= 3. Again minimum and maximum occur alternately.
Hence, 2nd minimum occur at x = |

(a, b, ¢, d)
. f(x) is a non constant twice differentiable function such that
S =f(=x =f)=-f"(1-x) we(2)
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78.

For x=%,“’e get f'(%] :'f{l_'li)
- Al

e f‘(%):t)

= (b) is correct

[ =r01-x)]

Fors= %,we o f'(i) 38 f‘(%] [+ f(x) = f1-2)]

but given that f ‘(%) =0

)Y

Hence, f '(x) satisfies all conditions of Rolle's theorem for

x E[l,l and 1:—1-,2] . So there exists at least one point
42 2 4

1 1] ; (1 3]
= - d at least one point €| —,—| . Such that
4 5(4’2 s ouepokit By €213 5

"a;)=0and f"(by)=0

5. f"(x) varishes at least twice on [0, 1] = (a) is correct.

Also using f (x) =f (1 - x)
|3 1 1
= f(“;] ‘f[""'aj *f[—’”g)
1
= f[JHE] is an even function.
= sin x. f(ﬁl) is an odd function.
2
1/2

= I )"[Jr+-1—)sinx|:ix=I}1 =+ (c) is correct.
-1/2 2

1 1
(a) jf{x)dx:jx—[x]dx =-][xdx—j'[x]dx
-1 -1

=] -1

=D—j.[x}dt
-1

[ x is an odd function]

-1, if—1<x<0
Now [x]=4 0, if0<x<l
1, ifx=1

j.[x}dt = T (—1}dx+j'0dx = [-x]% +0=-1
+1 0

w1

1
Hence from (i) j S(x)dx=1
-1

(i)

79.

80.

(2) jf(r)dt = x+jtf(t}df
0 ;'

Differentiating both sides w.r.t. X,

F(x).1- £(0).0 =1+1.£(1).0-xf (x).1
= EEfE=] = fG)——

1
f=>

x+1

(d) PQ)Letf(x)=ax® +bx+c

where a, b, ¢ =0 and a, b, c are integers.

2 f(0)=0=¢=0
5 f)=ax® + bx

Also j.f(x)dle
0

1
@’ b’
ol HE R

0

=1 =>va—+2=1 = 2a+3b=6
3 2

. a and b are integers

a=0andb=2
ora=3andb=0

.. There are only 2 solutions.

0(3) fix) = sinx® + cosx®

[f(x) is max. \E at x* = % Of: ===

3Jr
2

= x=t— o *T——
2

Vr

On
4

[~

. There are four points.

2 2 2 2
R(1)1='[3x a = | Sx_xdx
_21+e" Sl+e
b h
{Using]f(x)dx:jf(a +b —x)dx
a a
2 4.2 x 2 3x% (1+¢€* 2
3 ]-3xe e 21:_[ I( 2 )dx= I3x2dx
_gl'l'ex ; 2 1+e* e,

2I=(x3)2 =8—(-8)=16 = r=8

1/2

j cos2xlog

-1/2

(lj_x}ix
1-x

S4) 372
I cos2xlog
0

[

=

H_x]dx
1-x

-+ Numerator = 0, function being odd.
Hence option (d) is correct sequence.
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> 2 E
81. (0) f(x)=sin"xg(x)= .—r X sliv™ .
V2 = 2N{EJ —idt
LY r’ \ 0 4
H ——x = —-ﬂx (x)
erefh_ rji cos® rgk, J g r
2 4
5 & =2 c [E] ~2 +Z gin™! (—41) :i
2 2\ 4 32 T 12
Letl, = If(r)g(r = ZT sin’ x.g(x)dx (1) 0
0 0
i
b b 16 T 8 1
== =_—nT = —==025
as | /() = [ fla+b-x)x g e e
a a
2
T 83. (¢ f(x}=fx(|r|—-t2)e" dt, x>0
2
=1 =2_[0052 xg(x)dx (i) f(x)=2j§(:—r2)e“2d:
} f@=2a-3) ™ 0
Euations (i) + (ii) : i -
. : 0 i
H ion (d) i :
=gl = Tg{x)dx =1 = jg(x)dx ence opuon: ) 1s wrong
0 g x= xe* 2x - s (i)
Add () and (i),
ﬂ n fx)+gk)= 2{9‘2“
2 ft+tgx)=—€* "'f-‘
=2 f(x)g(x)~ jg(x)dx 0 o et
0 0
3 )
82. (0.25) According to question 16 S {n3)+g(in3) =1_'§= 3
So, option (a) is wrong.
z : Hi)= w0 - 1—ax=e *+-1-ax,
21& 1,
Tf(x}g(x)dr = [g@dr=1; (et o sh <
0 0 H(x)=—e *+1-a<0 = H (x)is decreasing
So option (b) is wrong.
n x (c) wy(x) =20y, (B)-1)
2 3 - : Applying LM.V.T to y,(x) in [0, x]
Now, I; = {g(x)dx: 0 /Ex—nx dx %(m:wz(x) v (0)
X
P 2B-2+ 208 =£2_(M
2 x
i - __I = Yy (x) = 2x (y(B — 1)) has one solution
So, optlon (c) is correct.
g 84. (d)
(a) y=e*+x,x20

Put %—x=r =dx=-dt
|

-
_[ 1‘ —Pdt =
—T(
4

rzdr

#|H"—-—sh|ﬁ

(b)

q;; (x)=1-e*>0 = y,(x) is increasing
W1 (%) 2 gy (0)Vx 2 0= yy(x) 21

Option (a) is incorrect.
\pz(x)=.x2—2x+2—2e“ xz0

Wa(x)=2x—-2+2¢7F =2y (x)-220, Vx20
= y,(x) is increasing

= Y@ 2y0) = w020
So, optton (b) is incorrect.
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85.

86.

(123t 1
(c) f(x}—Zjo(:-r)e dr&xE(O,ZJ
- r2re"'2dr—.[x2r2e"2dr
0 0

2 |x
—X
=~

3
5 ijIZe" dt
0

Let Hx) = f(x)—1+e”

5 2

H(©0)=0

H' (0)= 2, (x xz)e"xz e + 22 - 2t
e +212 24

—sz(l — e

: —Izl—x Vx20

= H'(x)<0 = Hix)is decreasing

= 1-1@)< OVIE(O,%J

2 w2l Ly 1
LelP(x)=g{x} —Ex +§x —?x XG(O,E]

P(x) =222 e - 202+ 2x* - x0

2 4 6

=2x? l_x_+x__x_+m —2x% +2x* %8
1 3
_ 2.2
P T

= PH=68 = P(x) is decreasing
= Pxy=0

So, option (d) is correct.
(a, b, ¢) f(x) = xF(x) = f'(x) = F(x) + xF'(x)
L LM=Rip F'y=F'(1)<0

[ F'(x)<0,xe [%,3)] 5%

1
fl2)=2F(2)<0, (s F'(x) <0 = F is decreasing on [513
and F'(1) =0, F(3)=-4)
[ =Fx) +x F'(x)

For the same reason given above and F '(x) < 0 given.
Fix)<0 v x (1, 3)
L) % 0, xe(l, 3)
(c, d) J'3 X2 F'(x)dx = -
5 [ 2F(x)] j 2x F(x) dx =
= 9 F3)-F() _21'1 xF(x)dx =12
3 3
= L xF(x)dx = =12 = [ f(x)dx =-12 ()
1

3
Also L CF"(x)dx = 40

= [.\-3F'(x}]? A 3I]3x2F'(x)dx —40

2 87.
* +%x3 —Exs, xe(O,l)

90.

Mathematics

3
— [Jrz(f’(x)—F(x))]l ~3x(-12) =40
Using xF' (x)= f'(x)— F(x)
and j'f’ 2F(x)dx =12

= WI'B)-FR)-("()-F1) =4

= 9'(3)-9x(4)-f'(1)+0=4 =9 (3)-f'(1)+32=0
(c) Forthe statement P, f(x)+2x=2 (1 +x%)

= (]‘x} sin®x + 2 + 2x = 2(1+ )

= (I—xPsinx=x>-2x+1+1

= (1—,@Z sin®x = (1 —xf + 1

= (1-x)* cos’x =—1, which is not possible for any real value
of x.

Hence P is not true.

Let H(x) = 2/(x) + 1 - 2x (1 +x)

H0)=2f(0)+1-0=1

and HO)=2£ () +1-4=-3

Hence, H(x) has a solution in (0, 1)

Therefore, Q is true.

(b) £0x) = j(z(’+ 2

- (2
x+1

Here f(x)> 0,V x e (1, ®)
2(x-1)
x+#1
4 1
h'(x)= o e
(x+1)° =X
=> h(x) is decreasing function.
Hence, forx> 1, A(x) < (1) = h(x) <0 ¥ x> 1
= gx)<0V¥xe(l,x)
Therefore, g(x) is decreasing on (1, o).

I) f(Ddt, x e(l,0)

x} f(x)

Let hi{x) = 0

~(x-1)?
(x+1)%x

<0,x e(l,00)

2
—ax+1
(a) We have f(x)=x2—ax-l-;{]‘:a<2
B ot 2 s g
2a(x? -1
o )= =)
(x“+ax+1)

= (x? +ax+1)% £'(x) = 2a(x* -1)

= (F +ax+1)2 100 +2(x% +ax+1)

(2x+a)f (x) =4ax ..(i)
Putting x = -1 in equation (i), we get
2-a)’ f"(-1)=—4a - (ii)

Putting x = 1 in equation (1), we get

2+a) £"(1)=4a
Adding equations (ii) and (iii), we get

@+a)’ ") +@2-a) f"(-)=0

2a(x* -1)
(Jc2 +ax+ 1)2

...(iii)

(a) We have ['(x)=

f(x) =0 = x= -1, 1 are the critical points.
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- f(x) is decreasing on (-1, 1)

—a
Also using equation (1), f"[-1i=( ? <0
—a
4,
and f"(1)=———>0
(2+a)”
.. x=-1 is a point of local maximum

and x = | is a pomt of local mmimum.

e(x 1 (T <
91. (b) g(x)= _[ f“,)d: = g'(x)=&27)~ex
o 1+1° l+e

5 2a(e** -1)e* 2ae”® e _f

{ez“' +ae + l)2 (1+ &5y }

2 {ez'I +ae’ +1)2

1+e
Now g'(x)>0 for ¢2* 150 = x>0

and g'(x)<O0for e —1<0=x<0
. g'(x) is negative on (—o, 0) and positive on

(01 :{}]
T
__0)
[2

92. (a) J‘nmsinxd_‘c— (sin()+sin£+25in£]
0 2 4
= g( 1++2)
[ rwa~(222) e sy
93. (d) lim =0
x—a (x—g)
a+h h
[ a2 sy + f(a)
im =4 =10
h—0 "
fla+h=3 L@+ fa+ M= 2(f @ +h)
= lim 3 =0
h—0 3h

[Using L'Hopital rule]
| 1 his
Sf@rh = f@-2 f(a+h)

= lim =M
h—0 352
i 0 1 h
~fa+h)——f(a+h)—— f"(a+h)
= lim 2 2 2 =0
h—0 6h

[Using L'Hopital rule]

L LD
k=0 12

= [ (x) must be of max. degree 1.

94. (b) f"(x)<0,Vxe(a,b), for c e(a,b)

=0 = f"(x)=0,VaecR

Fo) =%ma}+f(c))f%“{f{bﬂf(c))

95.

96.

= F(c)*—f'( Y — f{a)——f(b)

:5[(b—ﬂ)fl(a)_f(b)]

F'"(e) =%(b—a) = f"(e)<0

[ f"(x)< 0,V x(a,b) and b > a]

~. F(e) is max. at the point (¢, /" (c)) where
F'(c)=

b
Sl [f(; f(a)J
a
Let = 24 m+ 4
_M32—005(|x|+—J
JE“ T n/3 4y
= —_—x

L
—n/3 i
4 2—005[”]"'%] ”32—cos[|x|+§)

The second integral becomes zero integrand being an odd
function of x.

n/3 dx

e 2~cos[x+?]

{using the prop. of even function and also [x] =x for
0<x<m/3}

=

Let x+m/3=y = de=dy

also as x>0, y—>n/3 as x>n/3, y—>2n/3
-, The given integral becomes

2n/3 27/3
=2 dy =2nf e )
7/3 2—cosy /3 : 1-tan? y/2
1+tan’ y/2

2n/3 -
=2“J- se(; yi2
n/3 3tan” y/2+1

28 poara sec? y/2
3973 tan?y/24(1/43)?

=i‘lt§-\§[tan-'(x/§tany!2)} = _47[ '3-n/4]

We have,

¥(x) = ‘[ COSJ?COS\/_

2
/16 1+sin® JO

Since, cos x is independent of O

sl B

2 -
x*N61+sin* O

e =t
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97.

98.

g 12thematics ]

x? B
=>d—y=—sian2 ﬂ\z_/___ de
dx #2/16| 1 +sin% /B
d|rx cos/8 )
+C0SX— J- > 2 8
dx| 2" /161 +5sin” VO J
2
=—smxfil—¢d9
El+sm \/5
+cosx[ g .?_x—(}] ( By Leibnitz theorem)
1+sin? x
dy 5 cos/0 (cos? n)-2r
= — = nxj‘2 = do+ =2
dxl, s /1614 sin \/g l+sin“m
=2n
w2 -
LetI= jo f(cos 2x)cosx dx )

=TI~ I;Qf[coﬂ(g——x]]-cos[%-x}ix
[UsingJ; f(x)dx = J': fla= x)dx]

/2
= I= _[; f(cos2x)sin xdx LD

On adding Egs. (i) and (ii), we get
n/2
2= -[D f(cos2x)(sin x + cos x)dx
12
=J5J'0“ f(cos 2x)[cos(x—n/4)] dx
Put—x+%=: = —dx=dt
2=z [ ™ % _2¢||costd
=~ —— t
LM i _cos[z :] cos
ni4
di=2 in 2t tdt
= 2 x/_-L:Mf(sm )cos
a a
o [0 r@an=2f r(x)ax
=g 0
/4
1=J5L] f(sin2¢)cost dt

Given : F(x)= I: Ft)dt

F' (@) =/()1-£(0)0 _
[using Leibnitz theorem]

= F'@=f® .0 Yx20
0
Also F(0) = jo f()dt=0

Now f(x)ScF(x), Vx=0 (Given)

F0)<cF(0)=0, ~ f(=<0 ...(ii)
Now given that /(x) is non- negative continuous function on [0, )
flx)=0, - f(0)=0 ...(1i1)
From (ii) and (i) £(0) =0
Also given that f(x)<cF(x)Vx=0
= f(x)-cF(x)Z0
= F'(x)-¢cF(x)20,vx=0 [using ()]
e FF'(x)—ce “F(x)<0
[By multiplying both sides by ¢™* (LF.) and keeping in mind

that € © >0,V x]

d o

=5 E[e F(x)]<0

= g(x) = e “* F(x) is a decreasing function on [0, =) ie.,
g(x)<£g(0) forall x>0

But g(0)=F0)=0, .. g(x)=0,Vx=0

= e “F(x)<0,vx=20 = F(x)<0,Vx20
fx)<cF(x)<0,vVxz0

= f(x)=0,¥x=0

But given that f(x)20 = f(x)=0, Vx20.

99, f(x):jlxil%dr for x > 0 (given)
1 1x Int
Now f[“]=l —dt :Putf=i, so that
X 1 1+¢ u
1
dt =——du
uZ
Therefore f [l] = jx 2 T),L(_Tl)dg
X 1 1+_ i
u
=Jv‘~' Inu 'u=Ix Int 3
1 u(u+l) 1 t(r+1)
1 x Int ¥ Int
Now, —|= d
s f(x)+f[x] .[1 1+¢ H‘-[1 H1+1)
*(1+t)nt 1 2 1 2
i e =—(lnx
-[1 H1+1) 2( i 2( )
Putx=e, h +f(‘l‘)—lln o
ut x = ¢, hence f(e) o --2( ey = >
Hence Proved.
n £5O8¥
100. /= 5 em5x+e—cosxdx ()

< [) =] fa-s

T e'-COSI

T ecos(rt—x)
s .|'0 ecus(ﬂt—x] +e—oos(1t—x) =1 =J0 W -(11)

k13
Adding (i) and (ii), 21=Iodx=1t = Fex/2
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1 1 1 z 2 i
w1, 1= yde=[ tan_}xd.):~j tan~! (x - )dx 103, J' e il ST (say)
0 0 (] - 1+c052.r
1 1 ;
=I :an"_rd:-_[ tan ™' {(1-x) =1} i j' NLpEEmY
0 0 71+cos> x --'fl+coszx
- a a x_ -
Smce-jﬂftx)dw_fof{a—x}dr I=0+2 2xsm2'tdx [ : isanoddﬁ:mtion}
0 1+cos” x 1+cos® x
1 1 1
= =1 = Ty = = T i
_jotm xdx Io( tan” x)dx Zjatan xdx (Proved) or Te# xsm; dx i)
: 0 1+cos” x
w—x)sin(7r—x
=.,[.rtan_] xdx-llog(lﬂz}] o I=4 (—L
9 o 0 1+{cos(m— x)}
T T
=I—lug2 @ —4! L s x)smx
2 1+ cos? x
1
Now, [ tan™ (1- x4 o F=dn| LAy [from (i)
g 0 1+cos” x
] .
Imt ——dx = f[———tan —2]4; o skl Y
1-x+x° I-x+x 0 1+cos? x
1 = s Putting cos x = ¢, — sin x dx = dt
= [%x] =7 =E_(E_1032]=l°g2 by (i) When x — 0,/ > 1 and when x > 7, — —1
0
102. Letb—a=t,wherea+b=4 :>I=21|:I =2 I
1 l+r 1144

t+4

o
= ki
pie

Sincea<2andb>2 = >0

a b
Now .[o g(x)dx+In g(x)dx
4t st
-7 g@dr+ [ 7 emdr=60)  psay

= vo=¢(%3)(-3)+<(5))

dx

249 -s(%52)]

Since g (x) is an increasing function (given)
for x, > x, = glx)>g )

Here we have [ﬂ] > [EJ
2 2

PN

= e [(4+r) (4-1)

TR A ]>0=>¢(t)>0

Hence ¢ (#) increase as ¢ increases.

a b . .
— -[0 g(.r)dr+IU 2(x)dx increases as (b — a) increases.

d x
{ e s = f[V(x)]-v'(x)mf[u(x)]m'()c)} 104,

-[-a f(x)dx=2 j‘o £ (x)ax

J e 41:[1 &
0] +¢

2

:I—41r(tan_lr]1 =4 “l(1)—tan™!
= . m{tan  (1)—tan™ (0)}

— 3 =4n{£—0}= 7’
4

Al
Let [= j s‘l( & ]dx
Nﬁ I x 14+x2
We know that sin_][ = ]=2tan'l X
1+ x2

Also sin~! y+cos™! y==

T vt
We get ——cos I[iz) =2tan  x
2 1+x

2x
l+x

= cos”} [

N3 [ 4 ) A
“Lvaliz 52

2
U3 4 U3 x%tan~! x
—2_[ 2B
-‘llw"l 2 -1/43
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; > A x4 To find the :?aluc of n.
= _2“_"0 {3t Let [, :J.Uex(x—l)ﬂdx
* fode=2{" foodxif £i L !
I_af(x) = -'-0 S (x)dxif fiseven =[{x_])nex]0_-|.0”(x_l)n-— St
=0 iff is odd :
13 x4 =—(-1)" -_[ n(x—1""e* dx
=T 0
o e % 0
0 1-x n+l 3
= : L=(-1)""-nl,, ..(0)
U3 (1-x*-1
=— ~— —dx ! x
I “.[0 T Also. =L}e (x—1dx
143 1 1143 ][ 1 1 ] 1
O i et S o, S L =[e* (x-D]h - | efdx=—(-1)= (")
L s TtJ.O [ G2 [e"(x-D]o Joe (=D=(e" )
=—(e-l)=2-¢
[ 1[1 14x ]]HJE Usingeq. (i), h=(-1P-2/=-1-2(2-¢)=2e-5
=-n| x—=| =log|——{+tan" x 2
202 T|1+x b Similarly, I3 = (—1)* =3I, =1-3(2e-5) =16-6e
s _1(11 141/3 1L!_01 =3
V3 2L2 1-V ‘/_ V3 »‘l J xsm{lt}sin[goosx]
n
= A 107. Let I=I .
=1—[n+310g[2+\f§)~—4\f3] 0 -7
; d Tty
Consider, 2x—-T=y = de=22. Akso, x= [ ]

106.

(.r +l}(.r -1)

dx

_r 253z -1+ (=% +1)°
2 P+ (-]

3 3 3

=I 22): . +J‘ .,1 dx
2(x*+1)° “2x -1

_I3 X2 2x +[l]° .t—lT
2(12+1)2 2 gX“‘l ]

Put x? +1=1, 2xdx=dr

when x 2 2f{—>5, x—>3:—10

1071 l[ 2 1)
= ——dt+—| log——log—
e IS 2 2 0g4 og3J

=ﬁﬂ[%—t—2)dt+ log% (log‘.rla-%jjlua-%logi
=log10—logs+%—é-+%log%
-—E[Zlog2+log } To

1
=—10g6—ﬁ'—

It is given that I ex(x—l)"dx =16-6e
L]

where neN and n<5

When X >0, y—> -1 when x > T,y O T
. We get

- [n;yJSIH(H'Fy)Sm]:ECOS[; ;]] dy
1=j
¥ 2

m. Yy
4‘[ [ +1]( bmy)sm[Tsmz)dy

bl smysm(:t!Zsmin)
4 y

dy

+% :sinysin[gsingjafy
a
< [* £(x)dv=0if fis odd function
-a
a
=2IU S (x)dx if £ s an even function]
-;—0+3rsin sin(/2sin y/2)dy
= 470 4 o

m
I =%j’0 2sin y/2cos y/ 2sin(n/2sin y/2)dy
Let sinyf2=u=>-é-cosyr‘2dy=du

= cos y/2dy =2du
Alsoas y— 0,u — 0 and as y—omu—1
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109.
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U
=24 2 I 2.—c05(—)du
/2 T
|
sm[E)
T mw/2 nz
0

We are given that £ is a continuous function and
X
If(:)dr - 45| x |-
0
To show that every line » =mX intersects the curve

2 =
v+ [ fwdr=2 -0
0

Let y = mx intersects the given curve, then put y = mx in the
equation (i) of the curve

220 ) ...(ii)
m-x +-[o F(t)dt

Let F(x)=m>x> +L:f(f)dt—2

Then F (x) is a continuous function as f (x) is given to be
continuous.

Also F(x)— woas|x|— o

But F (0) = -2

Thus F (0) = —ve and F(b) = +ve where b is some value of x,
and F (x) is continuous.

Therefore F (x) = 0 for some value of x €(0,5) or eq. (i) is

solvable for x.
Hence y = mx intersects the given curve.
"+ 2 sin x [cos x + cos 3x + cos 5x ... + cos (2k— 1)x]
= 2 sin x cos x + 2 sin x cos 3x + 2sin x cos 5x
+..+2sinxcos (2k- 1)
= sin 2x + (sin 4x — sin 2x) + (sin 6x — sin 4x)
+ ...+ {sin 2kx —sin (2k - 2)x}

= sin 2kx
. 2 [cos x + cos 3x + cos 5x + ... + cos (2k — 1)x]
sin 2kx ;
Sy il
sin x @
sin 2kx
Now, sin 2kx.cot x = .COS X

=2 cos x [cos x + cos 3x + cos 5x + ... + cos (2k — 1)x]
[from eqn (i)]
=[2 cos? x + 2 cos x cos 3x + 2 cos x ¢os 5x +
.+ 2 cos x cos (2k — 1)x]
= (1 + cos2x) + (cos 4x + cos 2x)
+ (cos 6x + ¢os 4x) + ... + {cos 2kx + cos (2k — 2)x}
=1+ 2 [cos 2x + cos 4x + cos 6x + ...+ cos (2k — 2)x] + cos 2kx

/2
-L} (sin2kx).cot x d

x/2 n/2
- -[0 1xix+2jﬂ (cos2x +cos4x...c0s(2k - 2) x)dx

n/2
+L} cos(2k)x dx

T sin2x sindx
=—4+2 -
[ 2 4

sin(2k-2)x "
(2k-2) |,
. m/2
] sin(2k)x _F 0T
- 2

ni2

We have, 7= j f(sin 2x)sin xdx

(i) 0

n/2
I= I f(sin 2x) cos xdx

]
.. (1)

110.

F _‘ff(x)dr = j.‘f(aﬂ}dr
0 li]

Adding (i) and (ii), we get
ni2
9= J' £(sin2x)(cos x +sin x)dx
0

2a a
o | f@dx=2f fedvwhen f2a-2)= f(x)
0 0

n/4
=2 J’ f(sin 2x)(sin x + cos x)dx
0
/4
= I= _[ (sin 2x)(sin x + cos x)dx
0

n/4

=2 _[ f(sin 2x)sin(r/ 4 + x)dx
0

J‘ £(x)dx =f f(a-x)dx
0 0

n/4

=42 j f[:sin(Z[-E—xD:'sin(nl4+ 7/ 4—x)dx
0

n/4
=J§I f(cos 2x)cos xdx
0

Hence Proved.




5200

F")=1(=2)=-2<0, .. fismax. atx=1

a a Il
s fr@)=0
1. Let Izjf(x)g(x)dx =If(a'1)g(ﬂ_x)dx .. fis neither maximum nor minimum at x = 2.

STV (3 1o Foa P 18

e g I(EJ_S(E_IJ(E“J g
_[f {x)dx=jf (a—x)dx : f(x) is minimum at x = 7/5.
0 0 o
114, Let ,'=J—L ()

1 = [ f2- g
0

01+cosasinx

It is given that f(a—x)= f(x) and g(a—x)+g(x)=2 ]_T (m—x)dx
- Dl+cos o(sin(m—x))

1=2[ f(x)dx- [ F(Dgxds ; :
‘ : sing [ f(ds= [ f(a=x)ds)
0 0

a a
= I=2J‘f{x}dt—! = [=I_f(x)dr n (k= xids g
0 0 =) ———M— ..(it)
01+cosusmx
Hence the result. Adding (i) and (ii), we get
_— m
12, Let /= [Llogivi—x+Vi+x]as o I X+m—x _I e
1+cosasinx 01+cosasinx
Intergrating by parts, we get o
7t
» e == dx
I=[xlog(vl-x+~1+x)] 2£1+cosasmx
1
1 -1 1 n/2
—] X . =+ X
-[[ Ji-x+V1+x [Z\fl—x 2Jl+x]d =T[I thanfo
] 0 l+cf:>sr::,.72
(N+z~1-%) 1+tan” x/2
=log\5-—fx =/2 :
5 (Jl+x+\ﬁ~—x)(\fl+x—«./l—x) i ek D o
2
(\/IT;—JH-_x)dx 0 1+tan“ x/2+2cosatanx/ 2
; 2
2V1-x Pt s =4, osopt X dhm il 8602 3000 =20
I 5 2 2
=l]0g2+lj‘1+x+l—x—2 s B Also when x = 0,¢ — 0 as x > 7/2,t -1
2 = 241- 22 1
0 i 2d

[ 2 +Qcosa) +1
1]’@: 9

.[\/__2 _20 =2“_1[ dt :

(ir+u<:0sc1}u2 +1-cos“a

0
1 dt

- ZﬂI =
0

log2+

|
2[iog2+(sm x) —(x)o] =E[lcg2+n;;'2-l]

2 .
(t+cosa)” +sin” a

13, f(x)= j]”[z(r —1)(e-2) +3t -2t -2)"1dt

d Fewi®) _ : . g 1| _](Hcosa.J
Ex{ () g(r)df]wg[w(x}]w (x) = g[¢(x)1$'(x) "'-—Sim[ B’ sinac ) |
Ff@=2@-1)Ex-2P+3a-17 x-2Y 2
=(x-1)(x-2PQx-4+3x-3) _ 2= m_l[ncosa)_wn_l[comJ
=@-1)(x-27(x-7) sin o sin o sino
For extreme values, plzlt ffx)=0=>x=1,2,7/5
Now, f" ()= (=22 Gx-N+2(x-1)(x-2)Gx-17) 21 .
- il i +5(x-1)@x-27 =sma[tan (cota/2)-tan l(cota)]
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=2 I'an (! (x/2~a/2))~tan " @an(x/ 2 ~a)) | ' xsin! x
sinat 5 & i~ I . Lal= j—.-'_,‘i'
= 0 '\“——I-
2z [r: a = na )
o e T |==—+ Put x=sinB® = dx=cos8d@
smal2 2 2 | sina Alsowhenx=0,0=0
and when x=1/2,8=7/6
xsinxcosx
115, Let I= J' dx wev (D)
- cos* x +sin* L I  sin@sin™ (smﬁ) cos0d
xi2 y1-sin 9
Fa j (n/2—x)sin(n/2—-x)cos(n/2 - x}
= /6 n/6
cos (1:!2 x)+sm (m/2-x) . ind
0 JEY i = - j 0sin0d0
a a cosf
0
Siﬂcejlf (x)dx Ejf (a—x)dx Intergrating the above by parts, we get
0 0 nl6
o I =[6(-cosO)J5/6 + j' 1.cos 040
Then, [ = & 4x)sm.r4cosxdx (i) 0
p sin”x+cos”x T BT m8
TR ? =[-BcosO+sinb]j'° =—.—+—=
Adding (i) and (ii), we get 61+ 20l 2 2
/2 w4 |
21_2“1‘ sin xcos x 3 118. = I smx+f:osx
2 2 sin® x +cos? x 0 9+16sin2x
Let sinx—coxx=t = asx—>0,t—>—l asx > /4,1 >0
: _
= =.’_‘nj' o L nnj‘zseczxtanxdx = (cosx+sinx)dx = dt
. | =— e ¢
42 cosa] 3R % o 4 0 tan® x +1 Also, rzzl—sin2x:>sin2x=1 £
COs X 0 {
. el ‘25
e it 2tan xsec? xdx 9+16(I_’) [_)
2x4 9 1+(tan® x)?
| 1| 2log3 1
Puttan’ y=¢ = 2 tanx sec® x dr=dt =‘4_0 !ogl—log§ = 40 =E’°33
Alsoas x 50, > 0; as x »n/2,t > 3/2
T o, [ lxsinmx|de
== =Zftan 17 = Z[n/2-0]= 22 /16 -1
801+f 8 8 For —-1<x<0 = -n<ntx<0 = sinmx<0
= xsinmx>0
6. Let [ f(dx=F(x)+c For gl it
Then F'(x)= f(x) . (D) = n<nx<3n/2 = sinnx<0 = xsinax<0
5 3/2 3/2
N = =F t)—
it .[ Fepeniliasi) Fia) lesmnﬂdx stmr:xdx+ I(-xsmr:x)ax

a

j_" =F'(a+t)-F(a)= f(a+1)- f(a)
a
[Using eq. (i)]

=fla)-f(a) =0
[Using given condition]
This shows that I is independent of a.

-1 =7 1
3/2

I xsinmxdx

1

1
2!xsmnxa’x—

52

0
. 1 " 3/2
—XCOSTXx Sinmx —XCOSTX SInmx
o i o
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n
120. Let / =Ixf{sin x)dx
0

n
= I= j (n— x) f (sin x)dx
Adding (if and (ii), we get,

= J' f (sin x)dx
]

¥l 7 :
I =E£f(smx)dx

Hence Proved.

(i)

ﬁ Topic-4: Summation of Series by Integration

.1 r*tin(l+y) 0
— | ——adt —fi
1. () Jlfl_‘fc‘;f e [0 orm:l

Using L’ Hospital’s rule, we get

xln(1+x)
lim _.-’E“Lq_=1§m In (1+x) 1 X
e 3k Oy — At 12

1
2. (a) Wehave I, =I:”’(l+:)"d:
0

rm'+] I B 1
Ipg =| =0 | - [ aeey
: m+1 "

m+1

[Using intergrating by parts]

20 n

“wmal mit

3. (5 f(z):(@ﬁin;‘}_l)mz _'_(r—(z;_])]

m,n m+1ln-1

~1)y*22,te 2n-1,2n+1)

=f({H)=2-1)y"12n-0H,te@2n-1,2n+1)

X
We have, g(x) = [ f(t)dt,x € (1,8]
1

1

12

Mathematics

r

X
j'z(z—r)d:,1<xs3,n=1
1

3 X
[22-tyde+ [(2t-8)dt,3 <x<5,n=2
1 3

3 5 x
=4[220t + [ 2t -8)de + [2(6 -,
1 3 5
S<x<7,n=3

3 5 q
jz(z—:)dz+[(2:—8)dr+jz(6-:)d:+
1 3 5

X
j(zr—lﬁ)dx,xe(v,S],n =4

{ 7

r—ch+4Jvc—3,l<.’c£3,
¥ —8x+15,3<x<5
—x* +12x-35,5<x<7

x> —16x+63,7<x<8

(—(x=1)(x-3),1<x<3
(x-3)(x-5),3<x<5
—(x-5)(x-T7),5<x<7
[(x=THx-9),7T<x<8

=gx)=0=>x=3, 57T=a=3
B= lim (ﬂﬂ]= i EE=Y 5
x—1t

etvx—1 x—1
=a+p =5
xtan_lx el—COSt
0) Given, f(x)= ———dt
( (x) J{, 1412023
xtan”! x—cns(x tan™! x) 5
1 _e _1
£ (x)= T, \20%3 '[l+x2+m "]
1+(xtan x)
T
Forx<0,tan!x e ‘"’2_,0
T
Forx>0,tan"' x O,E
=xtan!'x>0,¥VxeR
>0 Forx>0
X <
And 5 +tan 'x=4<0 Forx<0
1+x

0 Foxx=0
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/""'-\f'

ie = t
point of minima

So, f{x) 1s mmimum at x = 0.

0
Here minimum value is f{0) = jn =0,

¥

21
5. 5700 fi(x)=[[[e-jVdt
0=l

21 )
M@= =G-1)x-22 -3} ..(x-212
j=l

Checking the sign scheme of f; (x) atx=1,2, 3. .21
We get

fy (x) has local minima at x = 1, 5, 9, 13, 17, 21 and local
maxima at 3, 7, 11, 15, 19,

= m=6,n=5
50,2m|+3nl+m|nl
=2x6+3%5+6x5=57

6. (6.00)f; (x)=98 (x— 1)’ - 600(x — 1)** + 2450

= f>(X) =2 %49 x 500c— 1)*9— 50 x 12 x 49(x - 1)
=50 x49 x2x—1D*¥ x-1-6)
=50x49x2(x-1)8(x-7)

/5 (x) has local mimimum at

x =7 and no local maxima

= my=1n=0

6m2+4n2 +8m:n2

=6x1+4x0+8x1=6

n+l n+2 n+3 n+n)'"
Tommss

1 © r
= logyn=;Z Iog[l+;)

r=0

n n & n

‘ m 13 [ f]
lim 1 = Ty =Y i r
= (nl_ﬁogyn] lim “Eg og| 1+
_ B = Lol %
= logL = jﬂiog(l+x)dx-[xlog(l+x)]9—j0:;dx

= log2—[x—logl]+x|]£

= log2-1+log2=21log2-1
4

= logd4-loge=log E

- g

(]

10.

—~1G(x) 14 x—»lj_"lflf(f(r))ldr

? F(x}_l
o) m =

ﬂlf(r)dr =0 and j_l] tA(f(@e)|de=0

S (1) being odd function
Using L Hospital’s rule, we get

B 1
x| f(f(x)] 14
f 1 o S |

5 Jf(f(l))[‘ili:’] f( Srﬁ

NCENOR

(a, d)

N+ +.+¥n

[* rwar
lim -1

lim =54
n—es
HTB 4 2-"" —2+...+ . T
(an+l} (an+2) (an+n)
L 1/3
=% |L
nl—l;[:oné(nj
=54
o 1
lim — ) — 5
H—os 1
r—l[a+_-’_'_)
n
3
J’*Imdx =
0 =54 = =54
PN
Io(a+x]2 a a+l

=d+a-72=0=(a+9)(a-8)=0
= options (a) and (d) are correct,
(b, ¢)

= a=8or-9

x/n
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11.

n—»oc Nl

- Jim = th[l+ )‘ln{“ ,n,;-ﬂ

1 1
len(] +xy)dy - xjin(l + xzyz)d}'
0 0

n -5 e
= o) hmx[z:ln(z-+lj_zml%-+lﬂ

Letxy=t=>xdy=dt

In f(x) = I [l+t)dt—j;ln(1+tz]dt

1+t f'(x) [1+x)
d =In
In f(x _[ 1n[l+‘2] £l ) e

= f13 5

= f'(2)<0 .. (c)is cormect
£'(3) [2} £'(2)
Mo S| c=—"L

md 73) = \8) " 1(2)

.. (d) is not correct

e £ () =£(x) In[1 x)>0,,’v‘xe(0.l)
1+x

= f'(x)>0¥x e(0,1)

f is an increasing function.

%‘l =~ f[2)<f(l)

. (a) is not correct

I 2 1 2
and 3 < 3 — 3 3
*. (b) is correct

1-h
@ gla)=lim [(-1)""at
h—0" 3

h—0 h
1-h 1-h 1
= lim J' : di= lim+ J' > = dt
h-0* 3 Jt(1=1) A0 [1] _(I—lJ
2 2
I-h
r_l 1-h
= lim |sin”'| =2 = lim sin‘l(Zr—l)]
h—0* 1 h—0* B
2 g

12.

13.

Mathematics

lim [sin”!(1-2k)-sin” (24-1)]

h—o

S

1-h
(d) g(a)= lim Ir‘“(l—r}“_ld:
h—0" 3

g(a)= lim I]h(l—t)-ara_ld!
h—0" b
b b )
Lusingjf(x)dx=_|.f(a+b—x)d_rJ
= a a
Ao g(l-a)= lim | r*" ](l I) dt
h— 0+

Thus g(a)=g(1-a)
a)= g'(a)+g
1 1 A
Putting ﬁ=‘2- we get 3(5]4‘3 (E)ZO
1
or g(“z‘]=0

= T]— mx
Given [ :j 1-copms
0 l-cosx

= g'(a)=-¢'(1- (1-a)=0

Toprove: [ =mn, m=0,1,2,......
Form =0
n]—-cos0 T 1-1
Iy= ax=| de =0
0 1-cosx 0 1-cosx
Result is true form = 0
Form =1,
ml—-cosx n
1=J‘ ab:=j ldI
0 1-cosx (]
(x)g =n-0=nx
.. Result is true for m = 1
Let the result be true for m<k ie. I =kn PRI £ 8

n]— k+1
Consider Iy =I “de

0 l-cosx

Now, 1—cos(k+1)x

= 1 — cos kx cosx + sin kx sin x

=1 + cos kx cos x + sin kx sin x — 2 cos kx cos x

=1+cos(k—-1)x-2cos kxcosx

=2—(1—-cos(k-1)x)-2 cos kx cos x

=2-2cos kx+2 cos kx— 2 cos kx cos x
—[1l-cos(k=1)x]

=2(1l-coskx)+2coshx(1-cosx)—(1-cos(k-1)x)
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Integrals

et T‘2(!-ooskx)+2cush(l-msx}-{l-ms(k—llﬂdx
k3 l1-cosx

— x )= -
-2 ®] COShdx+2I cosktdx-[ 1—cos(k I'}Idx
0 l-cosx 0 0 l-cosx
. T
=21* +2[51ﬂh] ‘.irk_i
0
=2(kn)+2(0)—(k-Dm [Using (i)]
={k+)n 15.

Thus result is true for m=k + 1 as well. Therefore by the
principle of mathematical induction, given statement is true for
_RiEw =N o2

na+v
14. To prove that Ia |sinx|drx=2n+1-cosv
nT+v .
Let !=ju | sin x| dx

v : An+v x
=Jﬂjsmx|dx+‘[ | sin x | dx
v

Now we know that | sin x |is a periodic function of period 7,
So using the property.

a+nT T
=[7" fedx=n S (s

a

where n e/ and f(x)is a periodic function of period T

v b 4
We get, =ID sinxir-f-njo sin xdx
[« |sinx|=snxfor 0<Sx<v]
=(-cosx)g +n(-cosx)j =—cosv+1+n(l+1)

=2n+1-cosv=RHS.
We know that in integration as a limit sum

I :
|3
I S(de=lim =3 f(r/n)
0 h—x n =t
Similarly the given series can be written as
=4 L &
m| —+——+..+—|= lim » —

n—oc\H+1 142 6n/ pow _1n+r

lin | =] 1 .
=l = _— = _.._dx= 1 1+' _
ngl;lc-nz r -!1+x [log[1+x[]5 =log 6

r=l 14—
n
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