Sequence and Series

e

Progression literally means advance, onward move-
ment in successive stages. In mathematics, Pfog"es:
sion implies an ordered sequence of numbers. It :‘;m
sists of a set of numbers arranged in a definite 0 e'}
The numbers in the sequence are termed as terms 0
the sequence or series. The terms follow a well defined
rule. %

For example, 3, 7, 11, 15, 19, .......

Each terrl:x of this series exceeds its preceeding
term by 4. The dots (....) indicate that the series goes
on. On the basis of the above rule we can find other
terms in the series. Thus, the term after 19 will be (19
+4) = 23 and so on.

The generalised form of representing a series is

Xyo Xy Xgy wereens X

Where x s denote different terms of the series.

x, : first term, x; : second term

X, : nth term, n: positive integer, and so on.

nth term in the above series is represented by the
following general expression:

X.=4n-1wheren=1,2,3, ...

For n=1,x=@4x1)-1=3

n=2,x%=4x2)-1=7

n=3,x=(4x3)-1=11 and so on.

Similarly, in the series of positive odd numbers 1,
0 3T - N— the nth terms is given by

x=2n-1wheren=1,23, .....

The above series of odd numbers can be alterna-
tively also given by

X, =2n+1

Where n=0,1,2,3......

Butmth!scascnthtennufthcseﬂeslsgivenby
putting the value of (n - 1).

Using x,=2n-1,x%=2(3-1)+1=5

We illustrate below another example.

13, 16, 19, 22, .....

Here, Xn =3n+ 10

Where n =1,2,3, .....

Ex. 1. Find the nth term of the series 11, 18, 25

13

.
Sol. 18-11=7
25-18=7
32-25=7
The diff;

- erence between consecutive terms is al-
Therefore.wecanwnteth
Xn="7n+ zwhere z |
We are given,
forn = 1x =11

e nth term as
8 an unknown number,
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11=(7x1)+2

or.z=11—‘7=4 e

Xy = 7n+ 4 Ans.

To check :

i e

=(7x3)+4=

;:asat{izﬁes other terms too of the series.

Ex. 2. Find the nth term of the series 9, 27, 81,
243'&;1... .We can see that the difference between con-
secutive terms are not equal. Next we try the ratio
between consecutive terms.

27 81 243
i (i — =53
g =3 3=3 7
.. We can write the series as
n=1:x1=9=9x1=9x3°=9x3“'”=93“3["
- 1)
nu2:x=27=9%3=9x%x31=9x 3@ =9 x3h
_”
3:xa=al=9x3x3=9x32=9><3{3"”
x 3ln=1)
4:x,=243=9x3x3x3
9x33=9x36-1=9x3n-1
. We can write the nth term of the series as
xn=9x3("'”
In this case we can further simplify it as
x, =32x3ln-1
Orixn-_-alnh”m-
Alternatively : Starting from the fact that the

common ratio between consecutive terms is equal to
3, we can write nth term as

e =9 x 3ln-2

But for n =1, x =9

" 9=9x3ll-2

or,1 =3(1-2 or, 3° =3(1-2
or,l-z =0 or, z=1

" %= 9 x 3011 = 32 5 gln- 1) _ gine 1) gpg
The series can be an infinite series or a finite se-

nm=mn3
o

one which contains finite numbe
serles the last term is always identified.

A serles of positive odd inte, f
gers is an example 0
infinite series which is represented below : °
1,8,5,7,9, 11, 18 s

But the series given below is a finite series,
8 T v 13.

\
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Here 3 is the first term and 13 ¢
can be further shown that this
six terms, 3. 5, 7, 9, 11, 13.

Now we will discuss specific types of progression

namely, Arithmetic Progression, Geometri gress
and Harmonic Progression. e .

Arithmetic Progression (A.P.)

A sequence of numbers is said to be in Arj
Progression if the difference between any two cou:snef:?:
tive numbers is always the same. In other words, each
term in the sequence is obtained by adding (or sub-

tracting) a fixed number to the preceding term. Th,

. The
difference between two consecutive terms of the series
is termed as its common difference (d).

Ex. 3. Show that the given series is in A.P. and

find the common difference : 4, 12, 20, 28, 38,
Sol. 12-4=8; 20-12=8
28-20=8; 36-28=8

Since the difference between any two consecutive

terms of the series is the same i.e., 8, the series is in
AP

The common difference for the series is 8, Ans.

Ex. 4. Show that the given series is in A.P.

252, 243, 234, 225, 216, ....

Sol. 252-243=9; 243-234=9

234-2256=9; 225-216=9

Since the difference between any two consecutive
terms is the same i.e., 9, the series is in A.P.

Ex. B. Show that the given series are in A.P. and
find their common difference.

(0-4,-7,-10,-13,- 16, .....eoun.

(i)-115,-111,-107,-103, - 99, ............

Sol. ()-7-(-4)=-7+4=-3

-10-(-7N=-10+7=-3

-13-(-10)=-13+10=-3

-16-(-13) = -16+13=-3

Since the difference between consecutive terms is
the same, the series is in A.P. The common difference
is - 3. :

() -111-(115)= -111+115=4

-107-(-111)= - 107+ 111=4

-103-(-107)= -103+107=4

-99-(-103)= -99+103=4

Since the difference between consecutive terms is
the same, the series is in A.P. The common difference
is 4,

Ex. 8. Show that the following series are in A.P.
and find their common difference.

() a, 3a, 5a, 7a, 94, ......

() (a + 2b), (a + 5b), (a + 8b), (a + 11b), (a +
14b),.......

(g (a + 2D), (2a + 4b), (3a + 6b), (4a + 8b).

(5a+ 10b), .oees

() (4a + 2b), (Ba + b), (8a), ((10a - b). (12a~ 2b),

s the last term. 1t
series contains total
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Sol. A series is in A.P. if the difference between
consecutive terms of the series is the same.

() 3a-a=2a 5a-3a=2a

~ 7a-5Ba=2a 9a-7a=2a

The common difference is 2a.

(i)(a + 5b) - (a + 2b) = 3b

(a+8b)-(a+5b=3b

([@a+11b) - (a +8b) = 3b

(@a+ 14b) - (a+ 11b) = 3b

The common difference is 3b.

(ii) (2a + 4b) - (a+ 2b) = a+2b

(3a +6b) - (2a+4b)=a+2b

(4a + 8b) - (3a+6b) =a+2b

(5a+ 10b) - (4a + 8b) = a+2b

The common difference is (a + 2b).

(iv) (Ba+ b) - (4a + 2h=2a-b

(8a) - Ba+b)=2a-b

(10a- b) - (8a) =2a-b

(12a-2b) - (10a-b) =2a-b

The common difference is (2a - b).

In general, an arithmetic progression can be rep-
resentedas: a, (a+ d), (a+ 2d). (a+ 3d) .......

Where a : first term

d : common difference

The nth term can be given by

x,=a+(n-1)d

Arithmetic Mean : Arithmetic mean of two quan-
tities is half their sum.

When three quantities are in A.P., the middle quan-
tity is the arithmetic mean of the other two quanti-
ties.

For example,

In (6, 9, 12), 9 is the arithmetic mean of 6 and 12.

6+12
=
In (x, x+ d, x+ 2d), x+ d is the arithmetic mean of
xand x + 2d.
x+(x+2d) 2x+2d
2 2
Let (x, y, 2) be in A.P.
Theny-x=2z-y

9

=x+d.

x+z
or,y= 2

Thus, the middle quantity i.e., y is the arithmetic
mean of the other two quantities, xand z.

We will apply the concept of this Arithmetic mean
to Arithmetic progression.

aa+d a+2d a+3d a+4d a+5d ...

Leaving the first term which has only one
neighbour, all other terms have two neighbours and
are the arithmetic means of their two immediate

neighbours.

or, 2y=x+2




a+d : arlat2d) 242 _;va

2 2
_(a+d)+(a+3d)=2a+4dga+2d
: 2 2
. (a+2d)+(a+4d)=2a+6d=a+3d
’ 2 2
(a+3d)+(a+5d)
) 2

a+2d

+3d

a+4d

_2a+8d

R

Any three consecutive terms in an A.P. can be writ-
ten as : x-d), x (x+d

(x=d)+(x+d) =£§_=x

_ 2 3

The middle term is the arithmetic mean of the other
two quantities.

We can extend the concept of Arithmetic mean to
more than two quantities.

The Arithmetic mean (also termed as Average) of it
quantities is equal to the sum of the n quantities di-
vided by n.

= _XNtxn+xt.tx,
Arithmetic Mean =X = =

Ex. 7. Find the arithmetic mean of 12 and 20 and
write them in A.P.

=a+4d and so on.

12420 32

=e—=]

2 2
The three numbers can be written in AP as 12,
186, 20.

Ex. 8. For each of the following pairs of numbers
find the arithmetic mean, write them in A.P. and cal-
culate the common difference.

(0 17,29
(i) 33,19
(i) x+5,3x+25
(i) 7x-12, x-32
Sol.

Sol. Arithmetic Mean=

17+29 46

H.E-.:.

(0 Arithmetic Mean =

AP. =(17, 23, 29)
23-17=86

29-23 =8

. Common difference = g

(60 Arithmetic Mean 22119 _ 52
2

A.P. = (33, 26, 19) :

. Common difference ==7

(4f) Arithmetic Mean
(x+5)+@x+29) _4x+30 5, 415

- 2 2

AP. = ((x+ B, (2x+ 15), (3x + 15)}

(2x + 15) - (x + 5)=x+ 10

(3x + 25) - (2x + 15} =x+ 10

. Common difference= x + 10 s

(iv) Arithmetic Mean —
(7x-12)+(x=32) _ 8x-44 —4x-22

- - 32)}

AP.={(7x- 12), (4x-22), (x- 3

(4x-22) - (7x- 12)= (4x~-79-22 + 12 =~ 3x~10

= - {3x+ 10]

(x-32) - (4x~- 22)= (x~ 42 - 32 + 22 =- 3x- 10

== (3x+ 10)

., Common difference= - (3x + 10)

Ex. 9. Find the arithmetic mean (average) for the

following :

(0 3,9, 10, 12, 15, 17
(i) 6,4, 3, 14, 12, 11, 20
(i) a, 3a, 9a, 20a, 2a
() (x+3d), (2x~ 2d), (5x + 4d), (4x + 3d)
(v) (20a + 154), (12a + 10d), (7a + 5d)
Sol. () There are 6 terms in this case.

S n=6
Arithmetic Mean
3+9+10+12+15+17
6 6
(i) There are 7 terms in this case
“n =7
TR 6+4+3+14+12+u+20
7
70
(it) There are 5 terms in this case.
Sn=5
Arithmetic Mean
- 1+3a+9a+20q +2a 35q
5 "5 ~74 Ans.
(tv) There are 4 terms here,
S N=4
Arithmetic Mean

o (x4 3d}+(2.t-2d}+(5x+4d)+(4x+3d)

286-33=-7
19-28=a.7 4
i =(.r+2x+5.t+¢x)+(3d-2d+4d+3d}
—_—— ‘ _

EME-136



_12x+8d
4

() It contains 3 terms,

Sn=3

Arithmetic Mean _

o (20a+15d) + (12 +10d) + (7a + 54)
3

_(20a+12a+7a)+(15d+10d+54)
3

=13a+10d Ans.

=39a+30d
3

The tcnnsbctweenanytwo ven terms of a pro-
gression mca]ledthcmeansbehfleen thesetwoterl:'m.

For example,

5.8, 11, 14, 17, 20, 23, 26.

In the above A.P. there are 6 arithmetic means
between 5 and 26 namely 8, 11, 14, 17, 20 and 23.
Similarly, there are 4 arithmetic means between 8 and
23 namely, 11, 14, 17 and 20 and 3 arithmetic means

between 11 and 23 namely,
14, 17 and 20.

Ex. 10. Insert 5 arithmetic means between 8 and
32.

Sol. Since 8 is the first term and there has to be
five more terms between 8 and 32, 32 must be the 7th
term.

nth term, x,=a +(n-1)d

where a: first term

d : common difference

n: corresponds to the nth term

S forn=7

x=8+(7-1)d

or, 32 =8 +6d

or, 6d =24

or,d =4

So, the five terms to be inserted between 8 and 32
givenby8+d,8+2d,8 +3d,8+4dand 8 +5dare 12,

SEQUENCE AND SERIES

P el g “2(y—x). <+ =% x4 Y= X)
n+l n+l n+l n+l

An A.P. is completely specified if any of the follow-
ing are known : *

(0 one term with its place and common difference

(t) any two terms with their places in the A.P.

Ex.12.IntheAP. (6, 11, 16, 21, 26, ....... }find the
common difference and the 12th term.

8o0l.11-6=5, 16-11=5

21-16=5, 28-21=5

.. The common difference is 5.

X, =a+(n-1)d

For the 12th term, n= 12

X19=6+(12-1) x5 =6 + 55 = 61 Ans.

Ex. 13. The first term of an A.P. is 9 and the com-
mon difference 1s 6. Write the A.P.

Sol.AP=a.,a+d a+2d a+3d, .......

a=9andd=6

S AP=9, 15, 21, 26, ..... Ans.

Ex. 14. The first term and 6th term in an A.P. are
9 and 54 respectively. Write the A.P.

Sol. nth term in an A.P. is given by
X, =a+(n-1)d

a=9,

Xg =54, n=6

Xg=54=9+(6-1)d

or, 45 = 5d

or, d=19
AP=a,a+d, a+2d, a+3d, ......

. AP=9, 18, 27, 36, 45, 54,..... Ans.

Ex. 18. The 4th and 7th terms in an A.P are 25
and 37 respectively. Write the A.P.

Sol. nth term in an A.P. is given by
x,=a+ [n-— l}d

a: first term

d : common difference.

Forn =4,x,=a+3d

Bovany

18, 20, 24, and 28 respectively. or, 25=a+3d ..(0

Ex. 11. Insert n arithmetic means between x and For n=7,x,=a+6d
Y. or, 37 =a+6d o)

S8ol. With n arithmetic means and the two given Subtracting equation () from equation (i)
quantities x and y, the total no. of terms will be (n + a+6d w87
2). Further, all the terms will be in A.P. weRd =a8

So, x1is the first term ~ =

y is the (n + 2)th term

Let d be the common difference. 3d =12

Then, y =x+(n+2-1)d 4 ik

or, y =x+(n+1)d Putting d =4 in (0 :

y-x a+3d =25

" d.m or, a=25-3d

. The required arithmetic means to be inserted or, a=25-(3x4)
are,

—( EME-137)
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or, a=13
~ AP =13,17,21, 25, 29, 33, 37.....Ans.

f8t
Ex. 16. A finite series in A.P. consists 0
If its first and last terms are 7 and 84 respectively,

the series.

Sol. First term, a=7

Since the series has 8 terms, the
term.

-~ xg =84

The series is in A.P. There
term as

x, =a+(n- 1)d

For n=8: 84=7+(8-1)d

or, 77=7d

or, d=11

. The series is {7, 18, 29, 40, 51, 62, 73, 84) Ans.

Note : In an arithmetic progression of finite num-
ber of terms the sum of any two terms equidistant
from the beginning and the end is equal to the sum of
the first and the last terms :

Let an A.P. consisting of n terms has

First term =a

Common difference =d

Lastterm =l=a+ (n- 1)d

AP=a a+d a+2d, ....1-2d, 1-d, 1

rth term from the beginning
=a+(r-1)d

rth term from the end= [~ (r- 1)d

Sum=a+(r-1)d+1-(r- 1)d

= a + [ = first term + last term

It is also evident from the following :

la+d+(l-d =a+l

(a+2d) +(-2d) =a+l

Ex. 17. Find the sum of the series in A.P. contain-

ing nterms. Its first term is q, the last term [ and the
common difference d.

Sol. Let the sum of the series be S.
S=a+(a+d+(a+2d+... + (I-2d) +(l-d)+!
...(

find
last term is 8th

fore, we can write its nth

We can write it in reverse order as
S=l+(l-d+(1-2d) + ....... +(a+2d) + (a+d) +a

(i
Adding () and (i) we get

2S=(a+0+(@+ D4 (a4 D+ .. + (@t D + @+

+(a+)(nte
or, 25::[]{“.'.& lTl.’ls}

[Since there are n terms and equals (a + [)

1
or, =
S 2irllu-l-l,}

Also, l=a+ (n- I)d

erms.

1
g =—ni2a+(n-1d
s=';l§nla+a+(ﬂ" 1dl =3 %

= Jn2a+ (D1}

1
=— (a-H’)
S 2"

f first 15 terms of an AP,
g St othe common difference is

. 16 is 10 and

whose first term

12. ,[;;“
sol. n=10, a= io, d=12 {

1
- 15-
5=-21-n[2a+(n—1]d]=2x15!(2x10]+( 1)

x 12]

8
’ -l;[zonﬁsl " _1.5_1‘2-1-8-= 1410. Ans.
rms starting with 14 and

3 AP.has 1l te
Ex. 10. An AR t term and the

the common difference is 6. Find the las

sum of A.P.
Sol. n=11, a=14, d=6
Last term, l=a+(n-1)d= 14+(11-1)x6
=14+60=74

1
Sum of the A.P., S= 5 na+)

1
x11(14 + 74) = '2-xll x 88 = 484, Ans,

B | =

Ex. 20. The first and the last terms of an A.P. with
20 terms are 8 and 198 respectively. What is sum of
AP?

Sol. n =20, l=198

a=38,

1 1
Sum of the A.P., S= En(a+ﬂ= -2-x20(8+ 198)

= 2060 . Ans.

Ex. 21. The first and the last terms of an A.P. are
12 and 180 and the sum of the A.P. is 2400. Find the
no. of terms and the common difference.

Sol. a=12, =180, S =2400

i
2ﬂ{a+[]
or.n:-—z% L 2x2400
5 12+180
or n Y800
T or, n=25
l= a+(n-1)d
or.d_—.i:.‘l - 180-12
n . 25_—__-1
16
o.d=-§;_ O'I'. d:?.




Geometric Progression (G.P.)

A sequence of numbers (or terms) is said to be in
geometric progression if the ratio of its two consecu-
tive numbers (or terms) is constant, This constant ra-
tio is called the common ratio. In other words, each
number (or term) in the sequence is obtained by mul-
tiplying (or dividing) its preceding number (or term) by
the common ratio.

Ex. 1. Show that {4, 12, 36, 108, 324, ..... }is in
G.P. Find the common ratio and write the next term.

SoL12_3 36_, 108 . 34
4 712 7 36 108

We can see that the ratio between any two con-
secutive terms of the sequence is always the same.
Hence, the given sequence is in G.P.

The common ratio is 3.

Next term = 324 x 3 = 972

Ex. 2. Show that the following series is in G.P.
and find its common ratio and the next term.

12288, 3072, 768, 192, 48, .....

Sol. A series is in G.P. if the ratio of its any two
consecutive terms is always the same.

3072 _1 768
12288 4 ' 3072

1

4
1

The common ratio is I . ‘The common ratio is

5.

1
Next term = 48)(-; =12
Ex. 8. Write the 6th term of the G.P. (3, 18, 108,

648, .......... ). Find the place in the G.P. where 839808
occurs.
Sol.a=3
_E—ﬁ—.&.ﬁ=.§i8-
r=3 7 18 108

6thterm: n=6

Let the 6th term be denoted by Xg.

x, = arrl-—l

- xg = ar® =3 x(6)° =23328

Now,

839808 = 3 x (6)" !

279936 = 6"~ !

(3)7 =6n- 1

n-1=7

s n=8

Geometric Mean : The square root of the product
of two quantities is equal to their geometric mean.

When three quantities are in G.P., the middle quan-
tity is the geometric mean of the other two quantities.

For example,
In (2, 14, 98}, 14 is the geometric mean of 2 and 98.

J2x9 =196 =14

B T T TR
—( EME-139 —
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In {a, ar, ar?) and {a, - ar, ar?}, + aris the geomet-
ric mean of a and ar2.

\’; xar® =Jn:1'.2r2 = J(ar)'z = tar.
Let {x, y, 2} be in G.P.

or, y= iz

Thus, the middle quantity i.e., y is the geometric
mean to the other two quantities x and z.

We will apply the concept of this geometric mean
to geometric progression.

a, ar, ar?, ar3, a4, ard, .........

Leaving the first term which has only one
neighbour, all other terms have two neighbours and are
the geometirc means of their two immediate neighbours.

\Jaxarz =va*r? =+ar=arand —ar
Jarxar’ =va*r* =+ar’ =ar’ and —ar?

wllz:u'2 xar® =1.".::2r‘S =+ar =ar and —ar’

-Jar3 Xars = Jazra =j;ar4 — ar'4 and —ar"' and so
on. The - ve terms form complementary part as shown
earlier.

Any three consecutive terms in a G.P. can be writ-
ten as

a a
-, a,arp, y—, —4a,ar
r r

a
—xar =\’az =zta
r

Thus, the middle term is the geometric mean of
the other two quantities.

We can extend the concept of Geometric Mean to
more than two quantities.

The geometric mean of n quantities is equal to the
nth root of the product of n quantities

G. M.,

X =1x; X X X XgXooeo XXy = (XX X X X3Xe. X X

Ex. 4. For the following pairs find the geometric
mean, the common ratio and write G.P.
9,144

Sol. G.M.= +,/9x144 = +36
G.P. ={9, 36, 144}

9 ~ ™ 36
and, {9,-36, 144}

9 e
Common ratio = 4, and - 4 respectively.




e
SEQUENCE AND SERIES ﬁa,ﬁ.
Ex. 5. Find the geometric mean of the following : :11'3‘(2},5.- 3.— BT o
2, 20, 25, 40, 80 G.P. =3, 9.22:&2;;* the 4th terms in a G.P. are 19
Sol. ::e;e are 5 terms. and g'gl.f.,;ﬂfmny. Write thelzgz -
G.M. = 3/2x20x25x40x 80 g; ; _1122 '7:5,_' (4) 3,12, 48, .....

= (3200000)"" = [fzms]"s =20

Ex. 8. Instert 3 geometric means between 5 and 1280.

(1) 20,80, 320 (2) 20, 60, 240

(3) 15, 60,240 (4) 25,50, 100

Sol. (1) Since 5 is the first term and there has to
be 3 terms between 5 and 1280, 1280 must be the 5th
term.

nth term x, = ar'*!

n=5.a=5.x5= 1280

- 1280 = 5/5-1
or, 256 = 14
or, (4)%= 4
. r=4

The 3 terms to be inserted between 5 and 1280
given by 5r, 5r2 and 5r3 are 20, 80 and 320 respec-
tively.

Ex. 7. Insert n geometric means between xand y.

Sol. Since x1s the first term and there has tobe n
terms between x and y, y must be (n+ 2)th term.

General formula for nth term is

x, = ar+!

For (n + 2)th term, y= xy1+2-1

_{ = rn-rl

X

|
(J’)RT:
£ 55 -
X

<+ ngeometric means to be inserted between xand
yare

=1 b 8 o i
x(i)ﬂ*f, x(z]"'. x(zjﬂ“. ................ x[z)ﬁ
X x x X
Ex. 8. In the G.P. {2, 10, 50, 250, +....} find the
common ratio and the 8th term respectivel

(1) 5, 156250 (2) 8, 156250
(3) 5, 155062 (4) 6. 155062

.

——_=5

10
Sol. (1) - =5, %:s, 2520

The common ratio is 5,

X, =ar~1

For the 8th term, n =g

X =2(5)8-1 - 9157 _ 156250,

Sol. (3) nth term in & G.P. is given by

= a,a-l _
gnecond term: n=2, xz:igz
Fourth term: n=4, X4 =
o o
o i 0
= ar®
g“,a =432 . o)
Dividing equation (i) by (9 :

ar 12

2 =36

r=+6and-6

Substitute r = + 6 in equation (1

6a=12

a=2

Substitute r=- 6 in equation (i)

-6a =12

a=-2

For r=+6, G.P.=2, 12,72, 432, 2592, ...
For r=-6, G.P.=-2, 12,-72, 432, -25972, ...
Ex. 11. A finite G.P, consists of 6 terms. If its

first and last terms are 5 and 84035, respectively, find

(1) 5, 15, 45, ....

(3) 5,35, 245, ...

Sol. (3) First term, q = 5
The last term is the 6th term
n=g, Xg = 84035

nth term of a G.p, is given by
X =ar

or, 84035 = 5,5

or, 16807 = /5

or, (7)° = P=r= 7

< G.P. =5, 35, 245, 1715, 12005, 84035)

Ex. 12. Find the sum of finite n t
Sol. Let g . first term B o

r: common ratio
Sp:Sumof n lerms of the G.p.

n=a+ar+al4ql, o n.g o
Multiplying both sides by r, R sl

n=ctr+ar3+ar3+ + +ﬂl“'1+ar“...{ﬁ)

(2) 5, 10, 20, ‘
(4) None of these

Subtracting uation (ig f :
Sn-rSnna?—qarn (1 from (9 :
Sn“""“)"ﬂ[l-r")




e
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== SEQUENCE AND SERIES
When r=1.S =a+a+a+a+......._. nterms |
. Sn=m ’ ] 327
or, =-_"=5461
We use, S, = et i "
' “_ﬂl—v if-1<r<1 Putting M =4096 r

S,=a - ifr>lorr<-]

S, =naifr=1

Ex. 13. Find the sum of first 7 terms of a G.P

whose first term is 13 and the common ratio is 2,

(1) 851 (2) 651
(3) 1651 (4) 1681
Sol. 3)n=7, a=13, r=2
-
S, =a . (-« r=23s1)
2t
S =13x 21 =13 x 127 = 1651

Ex. 14. Find the sum of first 8 terms of a G.P.

1
whose first term is 13122 and the common ratio is —

3
(1) 19680 (2) 19860
(3) 19806 (4) 19880
Sol. (1)n=8, a=13122, "=5
l.— n
S =a (- r<l)

—-r

g =13122x ] i 2
3 3
3 6560
=13122X—X—— = =
131 x2x6561 3 x 6560 = 19680

Ex. 15. The first and the last terms of a finite G.P.
are 6 and 24576 and its sum is 32766. Find the com-
mon ratio of the G.P.

(1) 3 (2) 4

(3) 5 (4) 6

Sol. (2) Let there be n terms in the G.P.

First term, a=6

Last term, [ = 24576

Sum, S = 32766

ol =5461

or, 4096 r- 1=5461 r- 5461

or, 5461 r- 4096 r= 5461 - 1

or, 1365 r = 5460

O B Y

Ezx. 16. If each term of an A.P. is multiplied by any
number, show that the new sequence is also in A.P.

Sol. Let {a, a+d, a+2d. a+3d, ....... } be the A.P.

On multiplying each term by any number (say x).
we get the new sequence as

lax, (ax + xd), (ax + 2xd), (ax + 3xd), .......}

We can see that this sequence too is in A.P. with
first term as ax and the commeon difference as xd.

Ex. 17. Find the next two terms of the A.P. {15,
17,19, 21, ...}

(1) 23,25 (2) 24,26
(3) 25,27 (4) 24,27
Sol. (1)a=15
d=17-15=2

Next two terms are 23 and 25.

Ex. 18. How many even numbers are there be-
tween 15 and 225?

(1) 102 (2) 103

(3) 104 (4) 105

Sol. (4) Between 15 and 225 the first even number
is 16, second is 18 and the last one is 224. The se-
quence of even numbers form an A.P. with common
difference 2.

a=16,d=2,l=a+(n-1)d=224

a+(n-1)d =224

16+ (n-1)x2 =224

2(n-1) =208

n-1=104

n =105

Ex. 19. How many multiples of 9 are there be-
tween 34 and 235 ?

(1) 23 (2) 24

(3) 25 4) 26

Sol. (1) The A.P. of multiples of 9 can be written as

Ox1,9%2,9%x3,9x4,......} =19, 18, 27, 36, .........}

l=arn-1 Here.d=9
24576 Between 34 and 235, the first multiple of 9 is 36
a-1 =i-.-__.._ and the last is 234.
' a 6 a=36,1=234,d=9
r-1=4098 or, r=4096r l=a+(n-1)d
-1 234=36+(n-1)x9
Sp =a=—— 9(n-1) =198
n-1=22
or, 32766 =6x ! W
r-1
S crae 241 )
1 EME-141 )

i
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I

- (2) 60v2

Ex. 20. Find the missing terms in the A.P. (1) 80 41 60
llao =1 =l -t 5?| 0.-.-! [3} Bon- ( ]
(1) 24,35,46 (2) 25, 36, 47 L@ a=5
(3) 26,37,48 (4) 23, 34, 45 Sol. |
Sol. (1) a=13 1
5th term, x5 = 57 r=———5;r2-=ﬁ=(2)2
xs=a+4d
57=13+4d 1

_57-13 =1 X0 =5x[(2]2

===
X, =13+11=24 . : '
g S =5x(g)z=5x(2)‘*i=5x(2)‘x(2)2

X, =35+11= 46

Ex. 21. Find the sum of all multiples of 5 between
12 and 186.

(1) 3400 (2) 3500

(3) 3550 (4) 3600

Sol. (2) The sequence of multiples of 5 is an A.P.
which has common difference 5.

Between 12 and 186,

the first term, a= 15

the last term, | = 185

Common difference, d=5

l=a+(n-1)d

[-a (185-15)
= +1=
n=— 1 3

+1 =35

n 35
S= 2 (a+ D= 2 (15 + 185) = 3500

Ex. 22. How many terms of the A.P. {9, 14, 19
...... } will give the sum 5817 I

(1) 11 (2) 12
(3) 13 4) 14
Sol.(4)a =9,d=14-9=5, S = 58]

s =§[2d+(u_—l)a‘]

581 =';'[(2 X9)+(u—1)x5}

2 x 581 =n|[18 + 5n- 5]
5n® +13n- 1162 =0
5n%-70n+83n-1162=0
Sn(n-14) + 83(n- 14) = o
(n- 14) (5n + 83}=O

, 83
P -lq.‘or-—-—_
5

Since the num .
fraction, n= 14 ber of terms (n) cant be a negative

of the following
8, 5¥2,10,1043, 20 WP,

=80 JE
Ex. 24. Find the missing terms in the following G.P.

96, —, —, —, 486, ........
(1) 144,216, 324 (2) 142,214, 322
(3) 140,212, 320 (4) 120, 128, 136
Sol. (2) 486 is the 5th term in the G.P.
a =96, x5= 486
x5 = art
486 =96
486 81

— 4 .
o9 =r =6 =r

b 3
= (5) ===y

Seioni tan =96x%=l44
Third term = l44x% =216

Fourth term = 216x-:- =324

The three missing terms are 144, 216 and 324
+ 25. The sum of three numbers in G.P. is 26

and their product is 216, Find the numbers

(1) 2,6, 12

) 2.6 18 (2) 2,8, 15

(4) 3.6, 12

Sol. (3) Let the three numbers in G.P. be 2 a ar
P

a 3
Sum=—+ag4+gqr_tar+ar- l+rers
r Tt ¢

’ r

a
Product =—xaxgr= g3
r

o 14r4p?
i =

—(EMEva2)—




I+r+72 26 26 13

, = oe——

¥ a 6 3
or, 3% +3r+3 =13r
or,3-10r+3=0
or,3% -9r-r+3 =0
or,3M(r-3)~-(r-3)=0
(r-3)(3r-1) =0

r=30r-5

G.P. ={2, 6, 18} or {18, 6, 2}
* The three numbers are 2,6and 18
Ex. 26. The product of three numbers in G.P, ig

1728 and the sum of their products taken in pairs
756. Find the numbers. s

(1) 3,12,48
(3) 1.4, 16

(2) 2,8, 32
(4) None of these

Sol. (1) Let the three numbers in G.P. be 2. a.ar
r

a
Product=;' xaxar=ad=1728

or, a =12
Sum of their products taken in pairs,

i 2

a a
[-—Xa]+(axar)+(m><ar) =L s friat
r r r

1+r7 +
=az(—l+ r+ l] =a2[ £ rJ
r r

According to the question

rrer+ 1
(__] ~756

r

2
S A4r2 +4r+4 =21r
or, 4r2-17r+4=0
or, 4r - 16r-r+4=0
or, 4r(r-4)-(r-4)=0
or, r-4)(4r-1) =0

or,r=40rz

G.P. ={3, 12, 48} or (48, 12, 3}

So, the three numbers are 3, 12 and 48

Ex. 27. The sum of first five terms of a G.P. is 31
and the sum of its first ten terms is 1023. Find the

G.P.

—— SEQUENCE AND SERIES

Soa=1

G.P.is(1,2,4,8, ......... }

Harmonic Progression (H.P.)

A sequecnce of numbers is said to be in H.P. if
reciprocals of its terms form an arithmetic progres-
sion (A.P)). Conversely, if terms of a sequence are in
A.P., their reciprocals form a H.P.

IfHP.= {xy. X1 X3y Xgs wussnennns}y

- 1 1 1 1
en —_-ﬁ'—-*z '_x3 "—x‘ = are in A.P,
e 1-1°1 L}
. 28. Show that A T is an H.P.

Sol. Reciprocals of the terms of the given sequence
form the new sequence given by{3. 7. 11, 18, .......}

7-3 =4

11-7=4

15-11=4

Since the difference between any two consecutive
terms of the new sequence is always same, they form
an A.P. Hence, the given sequence is an H.P.

. 2 L 2 1 2 1

Ex. 29. Show that {“. 7' 10D 13 } is
an H.P.

8Sol. The new sequence formed by reciprocals of the
terms of the given sequence is

Hi 7! El 10» '%'3'.\ 13. ..... }
2 2 2

U W
2 2'2 2' 2 2

g}_lu:-s-. 13_E=2

2 2 2 2

Since the difference between any two consecutive

(1) 1,3,6, 12, ..... (2 1.2, 4,8 s terms of the new sequence is always same, they form
(3) 2: 4: 3: (4) 2,4,6,8, .... an A.P. Hence the given sequence is an H.P.
Sol. (2) S, =a1:-_-_"—ll~ Ex. 30. Write the H.P. for {4_.'3—4.139,6, 339
20
Rl o
o CEME133)=




Since the difference between any two consecuﬂ::
terms of the given sequence is same, it is
A.P. Therefore, the reciprocals of the terms of the given
sequence will be an H.P.

{l 3 313
HP. =103 %" a0

4| 14. 16' 61 20.---“"..}
Ex. 31. Three quantities a, b, ¢, are in H.P. if and
only if
a
b-c

o

c
n == @ 34
@ = @ -
Sol. (4) a, b, c, are in H.P.

—— T

-c s
S“oare =(a-b):(b-9
Hlmonic!!m:'[hci—la:monlchdeanﬂ-ﬂoftwo

given quantities a and b is given by H= 2ab

a+b
When H is the Harmonic mean of a and b, {a, H, b}
form an H.P.

3

—

18th terms of an H.P. are
1
and o Tespectively. Find its 6th term.

10
1 —= 9
9 (2) 10

8
(3) )

@ 3
8ol. (2) The first ang

16th terms of the correspond-
respectively

g AP. will be % and 2
nth term of A.p,

[

n-1

For n = 16. d_lﬁ—l =3x15 45
6th term of the A.P. n= 6, xg=a+5d

2 4 2+4_6+4 =_Ig
=5t*5 73799 9

9

». 6th term of the H.P. is T4
If xand y are two unequal positive distinct quan-

. M are their arithmetic mean, geometrie

rt::::t; :;;dGhaxmomc mean respectively, then

() AH = G2

(iA>G>H

But when x =y,

A=G=H

. In general, A> G2 H.

Ex. 33. Find the Harmonic mean of 4 and 12 and
show that the three numbers are in H.P.

Sol. a=4,b=12

_2ab _2x4x12 96
a+b  4+12 16

. H=6

(4,6, 12}

11
New sequence formed by reciprocals = {I 8 %}
1 1 w2 1 k 1-2 1
3. 12 12 6 12 12
Ce the difference between any two consecutive

terms is the same, the new sequence is A.P.

Hence, (4.6, 12}is an H.P,

Ex. 34, ‘L‘l:le %r;thmeti(l: mean and the geometric

mDErs are 10 and 6 res: .

the harmonic mean and write the APP(;CI?‘:-?& i?gd

Sol. Let the two numbers be a and b,

H =—(--ji..-—=(—6)_2_=§,|6__.lB
10 10 5

+b
A=22_}

A
2
Yo a+ b =920

G =Ja—b=6
o
a-b? =(q+ p2_

Ia‘- b]a =400 - 144
(a- b)2 = 256
Aiding oas @

i

B .ngﬁequatlons (@ and (i) we get
b=20-q or, a=18
A.P.-“B' 10, 2) o. b=2
G.P. "“3. 6, 2)

]

(0




|

18
=418 —
H.P. {3-5.2}

Finite Series
Ex. 35. Find the sum of first n terms of the fol-
- X T 1 1
lOW'l.ﬂgseﬂeB 3'4' 4-51 Slﬁp '67?‘, ?"8— ..........
n
(1) — o .
n+3 @ 3
n

e n
®) Fn+3 4 4075

wn t:d?ll;g(rm The terms of the given series can be repre-
- " 1 = 1 1
" (m+2)m+3) m+2 m+3
where m=1, 2, 3,

1 3 1
%734 T3
1 1
Similarly, A
-
%5575
_ L )
%677
= i 1
n T a+2 n+3
Adding the above terms we get

" 3 n+3
n+3-3
n 3(n+3)
_n
S, " 3(n+3)

Ex. 38. Find the sum to n terms of the series
{5, 55, 555,

510 4110000 - ]
...[_é_(]o"-l}—n] (2) 9[9(!0" I)-n

(i <

@) %[199 (10" -1)- n] (4) None of thiese

SEQUENCE AND SERIES

EME. 142 )
{_EME-145 —

Sol. (1)S,=5+ 55+ 55545555 +........to n terms
=5(1+11+111+1111+ to n terms)

-------

5
=~6 (9 + 99 + 999 + 9999 + ..... to n terms)

La

=35 [(10-1) +(102- 1) + (103~ 1) + (10%- 1) ....

terms])
5
=3 [(10+10% + 108 + 10% 4+ ..... + 107 - (n x 1)]

The first part (10 + 102 + 10% + 10% + .... + 107
forms a G.P. whose first term, a = 10 and comimon
ratio, r= 10

s |
r=1

SumofntermsofaG.P. =a

5 10" -1
510/,
s,,=3[-9—(10 4)-::]

Ex. 37, Find the sum of squares of first n odd
natural numbers.

n(4n2 +1) n(4n? -1) :
W S AN ;

n(4n - 1) ;
(3) i e (4) None of these

Sol. (2) The series of square odd natural numbers
is (12, 32, 52, 72 . .. ) '
The terms of this series is given by (2m - 1)2
wherem= 1, 2, 3, 4, ......
2m-12=4m?-4m+ 1

s, = z(gm._l)z = 4im3 —4in:+il

m=1 m=1 m=1
. nn+ 1;(2» +1) - n(n2+l) _—
) 2n(2n2+3n+l)
3
_n(4n2+6n+2—6n—6+3) a(4n* -1)

=4

=2n(n+1)+n

3 3
Ex. 38. Find the sum of squares of first n even
natural numbers.

(1) %n(n-—llmn-t-l) (2) gn(n+ll{2n+ll

(3) (4) None of the. ¢

Sol. (2) The series of square even natural numbers
is l22‘ 42' 62. B'.'ll
The terms of the series is given by (2m)2 = 4m?
where m= 1, 2, 3, 4,

%{n -1)(2n+1)




=4x-"£'3-tllﬁ(-3“—*-'l—)=u§-m(n+l)(2n+1)
n&. 88. Find the sum of first nterms of the series
12-224+32-424+52-62 +.......

(1) %{— 1)"™n(n+1) (2) %n{n +1)

3) %"(" -1 (4) None of these

Sol. (1) The given series can be written in two parts

as

v (124324524 ....)-(22+42+6%2+.......)
o LetS;=(12+432+52+ ... )

! andSg=(22+42+62+....)

LA, =5,-5

' Casel:niseven.

n
Both S, and S, will have 5 terms.

ﬁm Refer Ex. (74) : Sum of squares of first n odd num-

¥

n(4n? -1)
. '-.- 3 ¢
.. Refer Ex.(75) : Sum of first n even numbers

_2n(n+1)(2n+1)
3

Puttlngg' in place of n we get
€)1

= 2

52820 | An-1) s tn-y)
3 6 3
S8 n

Sz=i3I2+l)(2x2+l]

3

n+2
2
3

n+l) _nn+1)(n+2)
6 v

s,,=f'iﬁ":5)(ﬂ—l)_n(h+1)(n+g}
5, =+ (-1~ (n+2)] 6
5, = MA+1)3)

(=

(0

cmﬂ:nlst)dd-

%—1 tems and S, contains -'-’:_!_

S, contains 3

terms.

n+l
Putting n=—7 1S

2
ntl 4(i+—lJ =
2 2 _
1= 3
; s .
-1
s, =(n+1*n+l) J
6
(n+l n2+2n)
. & &

_n(n+1)(n+2)
B 6

we get

T

1
S,

n-1
Putting A== in S, we get

& 2(%11(5‘2_—1)** 1][(?: ~1)+1]

3

) (,,_,)(f;_l)(,,,

3
_n(n+1)n-1)

6
o n(n+1fn+2) n(n+ )(n-1)
"Sn 6 - 6
e n(n+1)(n +6 2)-(n-1)]

_n(n+1)(3)
» 6
_n(n+1)
2

Combining equations (9 and (i) we can write

S, = ‘;'(‘-l)nﬂn(n +1)

Ex. 40. Fin
perfect squares
(1) 65886]

Sy

S

SR

1

d the sum of the int ich &
and lie between 10 Enﬁg'f?}a;o!?“

(3) 56886 (2) 658816

Btll “]'ml (4) None of these
and 15630 15 43( o ForIeCt square lying betweer.
15625). = 16) and the last one s 125 '

......... + 1252 )
g:gﬂ+?2+33+42+52+.....+ ]2552*}4!2'2;'?

of the squares o g™

-2t 1an +1) ey iy i

6



Putting n= 126 and n= 3 we get
s=125(125+l)(2xl25+l) 3E+1)(2x3+1)
6 - 6

o= (125X126x251) - (3x 4x7)

6
S=39531|56
S=658861
n.dl.ﬂndtheaumofﬂmtntennsoftheaeﬂ
1,2x 3.2, 453,........ *
1-x" 1-x" "
ol T T e
1+x" "

3) 1+ 22 “T:; (4) None of these

Sol (2) Sp=1+2x+3x2+4x34 ... 4 pen-1

We can see that 1,2,3.4, ... n are in A.P. with
common difference and first term both as 1, and x, »2,

I x'~1 are in G.P. with common ratio and first

term both as x, Hence, the given series is an
Arithmetico-Geometric series,

Sp=1+2x+3:2+4:3+ ... + -1

Multiplying both sides by xwe can write,

X =x+2x24+3x2 4 .,...... +(n-1)xr-1 4 pan

S-S =l e x+ 2+ B 4., + 1= 1] - nxn

The terms within the bracket form a G.P. whose
first term is 1, the common ratio is x and number of
terms is n.

, l-—x" n
(1-x)s, =[ 1-x J-m

SEQUENCE AND SERIES

Sol. (3) Expression =4+44+444 +.....to nterms
=4 (14114111 +.... to n terms)

4
- (9+99 + 999+ ....to n terms)

2 :
=79 [(10-1)+(100 -1) + (1000 - 1) +.......
terms]

~ton

4
[(10 +10% + 103 + ....... to n terms) - n

9
4
="9'l10{1+10+10°+ ..... to n terms) - nj
40 (100-1) 4
" 5"
10" -1
[+ 1+10+10%+..... tnnterms=-—g_]
40 4
=—§f(10n—1)—;n

Ex. 43. The sum of three consecutive numbers in
G.P. is 21 and the sum of their squares is 189, The
product of the numbers is

(1) 72 (2) 216

(3) 108 (4) 144

(RRB Kolkata Apprentice Supervisors’ Exam,
14.10.2001)

Sol. (2) Let the three numbers in G.P. be a. ar, ar?,

Givena+ar+ar?=21=>a(l +r+ =21 .0

Also,a®+a?rP +a24=189=a2 (1 + 2+ ) = 189

v (i)
- l"‘x" "x" a2(l+r2+r4} 139 189 3
n — ¥} _1___ — ) 52 e 2
(1-x) x So, [a(Hr”-.T (1) 441 7
SOLVED QUESTIONS OF PREVIOUS ) i
YEARS' EXAMS, 142724412 3 (14722 4
' or, 2\? 7 or, N2 7
10" -1 .("”” ) (14r+77)
Ex. 42.11+10 +10%+......... uptonterms = = 2
then the sum of the series (l‘” "‘")(1""2")=§_ “”2""_3
4 +44 + 444 + .... upto nterm s or, (1+,-+,-2) T B el g
4 4n N7l +P-0=3(1+r+r?
W E(W—D—? or, 4~ 10r+4=0
4 4 or.2::—5r+2=0
s o 2r°-4r-r+2=0
@ _ﬁ(m" D 9 or, 2r (r- 2]_-[r]— 2)=0
or,(r-2)(2r-1)=0
40 4n
it s Y s 1
(3) Bl(ID" ) 5 —
i
(4’ ;492(10”-1)“%’1 From c;:uatlon ()
(SSC CPO Sub-Inspector Exam, 16.12.3007) | =
TV T=8F T, |
= { EME-147 )}




L]

a-2b, a-3b, ... is 20 and the 20th term is
xth term of the series is

1
and for r =24 =12

1
~Forr=2, 4=
142 +4
12,6, 3

Hence, the three numbers are 3, 6, 12 or,
Their product =3 x 6 x 12 =216

Ex. 44. If the 10th term of the sequence 2, @~ b,
10, then the

(1) 10-x (2) 20 - x

(3) 29 -x (4) 30 - x
(SSC CPO Sub-Inspector Exam, 03.09.2006)
Sol. (4) a, a- b, a-2b ..... is an AP with first term =

-----

a and common difference =- b

Now,
tip=a+ (10-1) x (-b)
= 20=a-9b.... (i)
tyo = @ + (20 -1) (-b)
= 10=a-19 b... (ii)
From equation (i) - (i),
20-10=a-9b-a+18b
= 10b=10=b=1
From equation (i),
20=a-9=a=29
tx=29+[x-1] x -1
=29-x+1=30-x
Ex. 45. Given that 12 +22+32+ ... + 202 = 2870,
the value of (22 + 42 +62 + ... + 40%) is :
(1) 11480 (2) 5740
(3) 28700 (4) 2870
(SSC Graduate Level Prelim Exam.,
13.11.2005)
Sol. (1) 22 4+ 42 + 62 + ... + 402
=922(12+ 22+ 32+ ... + 209
=4 x2870=11480
Ex. 46. The mean of cubes of the first n natural

numbers is

[nnz 2 MM
B
3
@B r2+n+l (4) ﬂ}l

(5) None of these
(RRB Bhubaneshwar (Technical) Exam,
03.06.2001)
Sol. (4) Sum of cubes of the first n natural numbers

. In(u + 1)|2

4

[n(n+l}]2 _n2 (rl+l)2 n (ilt-i-I]2
Ex. 47. Which of th o -

. &l ich of the following num!
thie sanien 7 g bers belong to

Required average =

4, 11, 18, 25, 32, 39, ...
(1) 2009 (2) 2096
(3) 2008 (4) 2097
(RRB Mahendrughat, Patna ASM Exam,
Sol. (4)11-4=7 SRR
18-11=7
25-18=7

SEQUENCE AND SERIES

| - e e e
CEME A8 )

——

B ———— o
s is an A.P. whos€
E?:t%:ﬁs 5:1:54 and common difference, d =7
nth term, X, =a* (n- 1)
Xu—4

=8 =21

or, B=="r
d a whole number. ’I'hi? congdiitlon is sat.
e f the four given answer
lv by X = 2097 out 0
i:si?:igcznfgr D}I’;hn‘;‘rs it comes out Lo be a fraction
2097 -4 2093

7
Ex. 48.

'n’ must be

+1=299+1=300

+l=

A man starts going for m;nl-nglg :T:lail; \ivmﬁ
e walked by him on the lir as

‘}i{ﬁs .'Ig'.l\?e?;it;; lcle walks haﬁrf of the distance walked on
the previous day. What can be the maximum total dis.
tance walked by him in his life time ?

(1) 4 kms. (2) 120 kms.

(3) 18 kms. (4) Data inadequate

(5) None of these

(SBI Bank P.O. Exam, 1 1.02.2001)

Sol. (1) The distance walked on the first day =2 kms,

The distance walked on subsequent days is half the
distance walked on the previous day.

n=

11
+l+—+ =+
2 4
This is a geometric series whose first term, a=1

1
and common ratio, r= 7

+ Total distance walked = 2

Maximum total distance walked by the person in
his life-time means the number of terms in the series
would be infinite.

Hence, the series would be an infinite geometric
series.

Sum of an infinite geometric series is given by

a S=

S=—0o !

[y o g= 2
sud.

= or, S=4 kms.
Ex. 49. The number of terms in the sequence
. LY X8 Lo 186 is
(1) 17 (2) 25
(3) 26 (4) 27

(Railway ASM Exam, January 2000
Sol.(4)11-4=7,18-11=7
The given sequence is an A.P. whose
first term. a = 4 common difference, d= 7
n' term, x,, = a + (n - 1)d

or, n= R | 186-4 +1
¢ 7
n=27
Ex. B0. The sum (5% + 6% + ... + 109 {s equat ¥
(2465 (2) 2425
s (4) 2025

(SSC Graduate Level Prelim. m‘ﬁ

27.03 3




Sol. (4) ? = 125 + 216 + 343 + 512 + 729 + 1000 =

Alternatively,

Let S=53+63+ ... + 103

=(13+23+43%34+43 453 4 g3, ., 103)-(13 4+ 23 4
. 33 4 49

We know that the sum of the cubes of first n natu-

ral numbers = I:"_({'iﬂ]“
2

2 2

10x117 [4x5T
g T] = (55)2 - (10)2

= (55 + 10) (55 - 10) = 65 x 45 = 2925 Ans,
Ex. 51. The sum 9 + 16 + 25 +36 + .... + 100 is
equal to
(1) 350
(3) 400 .

. Required answer= [.__] 0(10+1) ]2 _[4(4 +1) ]z

(2) 380

(4) 420
(SSC Graduate Level Prelim. Exam.,

27.02.2000)

Sol.(2) 9+ 16+25+36+49+64+81 +100 =380
Alternatively,
9+16+25+36+..... + 100
=32+424+524+62+... +102
=(124224+324+ ...+ 102 - (12 + 22
We know that the sum of the squares of first n nat-

n(n+D2n+1)

ural numbers = -

Here,
Required answer
1010+ 1)(2x10+1) 2(2+D2x2+1)
3 6 B 6
10x11x21 _2x3x5

= = T =38 .
3 6 385-5 0 Ans

Ex. 52. If the 4th term of an arithmetic progres-
sion is 14 and the 12th term is 70, then the first term

is

(1)- 10 (2) -7
3)+7 (4) + 10
{SSC Graduate Level Prelim. Exam.,
27.02.2000)
Sol. (1) a;=a+(4- 1) xd
14 =a+3d=a=14-3d S 1]
Also, 70 =a+ 11d ]

After putting the value of a from equation () in
equation (i)

14-3d+11d =70

8d=70- 14

S d=8

. a=14-24=-10

Ex. 53. The middle term of an antithmetic series 3,

7,11 ... 147, 18

— SEQUENCE AND SERIES

S0l.(2)3,7,11 ...., 147
It is an arithmetic series whose
first term, a =3
last term, x, = 147
comimon diﬂerence. d =4
X,=a+(n-1)d
147 =3 +(n-1)x4
_ 147-3
T4

n-1 =36, n=37

The given series consists of 37 terms. Therefore, its
middle term will be

37+1
5 19th term

X9 =3+(19-1)4
=3+18x 4=75
< The middle term of the given arithmetic series is
75.
Ex. 54. The nth term of an arithmetic series is p
and the sum of first n terms 1s S. The first term is

28 2S
() —==p (2) —+p
n n
28 28
@ " (4 —
n

(RRB Kolkata Supervisor (P. Way) Exam.,
20.02.2000)
Sol. (1) Sum (S) of first n terms of an arithmetic

series is given by S =;—[(ﬂ+ p)

25
where a : the first term and p : the nth term. iy

=a+p

25
a=—=p
n

n(n+1)
2

Ex. 55. I §, ={ } when S is the sum of

first n terms of the series, then its rth term is
(1) r (2) r2
rl{r+ 1}2

(3) 3 (4)

4
(RRB Kolkata Supervisor (P. Way) Exam.,
20.02.2000)
Sol. (3) The sum of the first n terms of series is
given to be

nn+1) .
snz( 2 )

It represents summation of serfes of cubes of first n
natural numbers (Refer Ex. 53)

ira _ {n(n + l_}}2
12

(1) 71 (2) 75
P (RRB . 83 (P. Way) Exam > ht f the series is
Kolkata S ruvisor (P. 0 .~ rth term of the A
= 20.02.2000) A
i T TET TR s o
st ({ EME-149 X s
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IMPORTANT POINTS :AT 2=

A

GLANCE ]\ l

Constant : A symbol having a fixed numerical value
is called a constant.

5
‘R _7 = . are all constants.
Examples : 8, - 7, g.ﬂefc

- Variables : Asymbolwtuchmaybcasslgned dif-
_ferent numerical vlaues is known as a variable.
L Example : We know that area of circle is given by
the formula A = nr* where r is the radius of the circle.
Here, n is constant while A and r are variables.
Algebraic ons : A combination of con-
stants and variables, connected by some or all of the
operations +, -, X and +, is known as an algebraic ex-
pression.
Terms of An Algebraic Expression
The several parts of an algebraic expression sepa-
rated by + or - operations are called the terms of the
expression.

3
Examples : () 5 +9x- 7y + 7 Xy

M) 2 + 32y +3xaf + P +7
Polynomials : An algebraic expression in which
the variables involved have only non-negative integral
powers is called a polynomial.
1> General Form:pd=a + aix+a:x"+...+anx‘15a
i)pblynomial in variable x, where a,, a,, @, @, ... @, ar¢
real numbers and n is non-negative integer.
Examples : (i) 6x° - 4x° + 7x- 3 is a polynomial in
one variable x.
_{,f.,_ (1) 9y + 6y* + 7y° + 1047 -8y + % is a polynomial
“ih one variable y.
(111) 3 + 25° - 624y + 5xf is a polynomial in two
E{rfariablaa xand y.
" () 5 + 8267 + 72 is an expression but not a poly-
nomial since it contains a term containing x5/2 where

5
2 is not a non-negative integer.

Coefficients : In the polynomial 6x® - 52 + 5x- 7
we say that coefficients of »°, > and xare 6, -5 and 5
respectively and we also say that -7 is the constant
term in it.

Degree of A Polynomial in One Variable : In case
of a polynomial in one variable, the highest power of
the variable is called the degree of the polynomial.

Examples :

(f) 3x + 5 is a polynomial in x of degree 1.

7
(1) 41 - §u+5 is a polynomial in y of degree 2.
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in Two or More Vay |
polynom:lnl |
pegree of A |
ables : in more than one variable,
olyr:;ﬁ:;l:he variables in each termig

the highest sum S0 obtained is called the

(1) 7fp]:~e;;y" +3xy+Ty+91isa polynomial in x

egree 4.
(1) ::Sy"yf ;iy“gi 2x¢ - 7 s a polynomial in xandy
s B'f Various Degrees
omials ©
:’Slyl,:ngu Polynomial : A polynomial of degree |
s called a linear polynomial.
Examples @
(i) 2x+7isa linear polynorrﬂa! 1T1 x.
(1) 2x+y+7isa linear polynonual in xand y.
(2) Quadratic Polynomial : A polynomial of de-
gree 2 is called a quadratic polynomial.
Examples :
(i) 2@+ 2x+ 3is a quadratic polynomial in x.
(ii) xx + yz + zx is a quadratic polynomial in x, y
and z.
(8) Cubic Polynomial : A polynomial of degree 3is
called a cubic polynomial.
Examples :
(i) 5%~ 3% + 7x+ 7 is a cubic polynomial in xand
(if) 4x@y + 7xa? + 7 is a cubic polynomial in xand ¥
(4) Biquadratic Polynomial : A polynomial of de
gree 4 is called a biquadratic polynomial.
Examples :
(i) » -7+ 15x + 7x- 9 is a biquadratic polyn®
mial in x.
(if) #y? + 2P + y* - 8xy + 217 + 9 is a biquadrati
polynomial in x and y.
Number of Terms in A Polynomial

({) Monomial : A polynomial containing one no?
zero term is called a monomial.

7
Example : 5, 3x, _:y_ are all monomials.

(if) Binomial : A polynomial containing two no™
zero terms is called a binomial.

Examples : (7 + 5. (x - 7y), (5:%y + 3y2) art o
binomials.

(i11) Trinomial : A polynomial containing thre¢
nonzero terms is called a trinomial.

Examples :
(8 + 5x + %), 3x - 5xy + 7y? are all trinomials-




—
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Constant Polynomia}

A polynomial containing one term
ing of a constant is called only, consist-

a constant polynom; 3

Examples : P
7

7. -5, g ¢tc. are all constant Polynomials,

Clearly, the degree of a non-zero constant =
mial is zero. e

Zero Polynomial

A polynomial consisting of one term, namely zero

only, is called a zero polynomial. The degree of a zero
polynomial is not defined.

Zeros of A Polynomial

Let p( be a polynomial. If pla) = 0, then we say
that a is a zero of the polynomial p(x). Finding the
zeros of a polynomial p(x) means solving the equation

Example : If fl) = 3¢ - 10t + 6, find f{0).

Solution : i) = 3# - 10t+ 6

=2fl0)=3x0°-10x0+6=6

Example : If p(x) = 2x% - 5x + 4, find p(2)

Solution : p(Y) =22 -5x+ 4

=p2)=(2x22-5x2+4)=8-10+4=2

Example : Find a zero of polynomial

pld=x-7

Solution : p(x) = x-7

Now, p(0=0=x-7=0=x=7

~ 7 is a zero of polynomial p(x)

Addition and Difference of Two Polynomials

Addition of two polynomials is determined by ar-
ranging terms of same degrees with signs and adding
the co-efficients. The operation of subtraction is simi-
lar to the operation of addition. Only difference is that
the signs of the polynomial to be subtracted are changed
and then operation of addition is performed.

Example : If p (¥

=x*-5x"+3x+9and g =2x-3x°+5x-4

Then, p (¥ + g (¥
=(X"-5:2+3x+9) + (2 -3x*+5x-4)
= (0 + 2x% + (-52° - 3x%) + (3x + 5x) + (9 - 4)

=3x'-8x"+8x+5

IMPORTANT POINTS : AT A GLANCE

For the sake of convenience, l
= pl=x_-534+3x+9
qld = 2x* - 32 + 5x - 4 _J
- - L IO +

S PM-qd=-x-2x3-2x+13 "

Multiplication of Two Polynomials

To determine the product of two polynomials, the
distributive law of multiplication s used first and then
grouping is made of terms of same degrees for addition
and subtraction.

X-6x+x+1 ‘;“

xX*-3x+2
X6 + 2 1+
-3¢ +18¢ -3¢ -3x -
+2x - 122 +2x+ 2 i

X—9x 4+ 2101432 - x+ 2
Remember : (-x) x (- = + 3

A x (- =-x

(9 x (9 =xete. -

BxE=+

=) x(+) =~

#) xE)=-

#Hx#=+ .
Division of Polynomial by Another Polynomial
Let p(x and g(x be two polynomials and gl = Q:1f
we find two polynomials g{x) and r{» such that i

PH=gdg+rx

l.e. Dividend = Divisor x Quotient + Remaindef®

Where degree of () < degree of g, then we say
that on dividing p(x by g(x, the quotient is glx and
remainder is r{x). If remainder () = zero, we say that
q(x is a factor of p(x. =

Let’s take a few examples to illustrate the method
of division of a polynomial by a polynomial of leséer
degree. o

Example : Divide p ( = »® + 33 - 12x + 4 by
g =x-2. -

For the sake of convenience, the above operation i R B

can be written in the following form : Solution : x_ o[ %"+ 3x*- 13x 73
Pd=x-52+3x+9 X3=9x? :

=2x'-3x2+5x-4 - + b

e _ Sx’-12x+ 4 ,
P +q)=3x-8x"+8x+5 MO Ba- 10 a
and, p (4 - q (4 S
=(*-5x3+3x+9) - (2x - 3x° + 5x- 4) ek
= -53+3x+9) + (-2 +3x°-5x+4) e
=[x~ 2x%) + (522 + 3 + (3x~-5x) + (9 + 4) 0
=-xt-2x3-2x+ 13

—— L eaae ses \
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Note : It is to be noted that the degree of gx) 18
less than that of p(x) and polynomtial of higher degree
is always divided by a polynomial of lower degree. The
opmtionofdiﬂ:imendawhcnthermmlndm'tsﬂ}
ther zero or the degree of remainder is less than that o
divisor.

In the above example, the quotient is »* + 5x - 2
and remainder is zero. As the remainder 18 zero, (x-2)
is a factor of 2® + 3x* - 12x + 4.

Example : Divide p (4 = »* - 14x* + 37x - 60 by

alxd =x-2.
x2—
T8 9760

-
+ ———— -
-12x%+ 37x - 60
-12x%+24x
+ —

13x- 60
13x-28
- 4+

- 34

Solution : x-2

Here, quotient = x* - 12x+ 13 and remainder =- 34

Since remainder # 0, then (x- 2) is not a factor of
x* - 1422 + 37x-60.

Remainder Theorem

Let flx) be a polynomial of degrée n> 1, and let abe
any real number. When f(x is divided by (x - a), then
the remainder is f (a).

Proof : Suppose that when f{x) is divided by (x~ a),
the quotient 1s g{x) and the remainder is r (x.

+  Then,degree r{x) < degree (x~ q)

= degreer{d <1

=>degree r{y =0 [+ degree of (x- a) = 1)

= 1 is constant, equal to r (say).

Thus, when fly 1s divided (x~ a), then the -
tient is g{x and the remamderbi); r. e

“fd=(x-a).g(x)+r e (1)

Putting x= a in (1), we get r = fla).

Thus, when 1s divided -
B e s S is by (x- a), then the re-

Remarks

(1) If a polynomial p(x is divided (x +
remainder is the value of p{y at x = —a?;. p (..c,‘:;J - the

[- X+a=0=3x=-¢g
(1) If a polynomial plX is divided by (ax - b), thllﬁ

rcmm:lderisthevalueofp[x}a.txn-éie '!3'
alep|3)

[ Gx—b:Oﬂan]
a

IMPORTANT POINTS :ATA GLAN

(1) Ifa polynomial pl is divided by (ax + b), they

remainder is the value of p(¥ at x= -% l.e. p [__E]

[ ax+ b=0=¢g=__z_l

(v) If a polynomial p(x) is divided by b - ax, t
remainder is the value of p(x) at x= g—’}"_e_ P(%J

[+ b-ax=0= x= ET

Example : Let pd=x'-3x2+2x+ 5. Findre
mainder when p (4 is divided by (x- 1).

XA+ x2-2x
X4 0x3-3x2+ 2x+ 5
- i3
-
X-3x2+2x+ 5
-2
oti b
—2x2+2x+5
-2x24 2x

<+ -

Solution : x-1

5

Here, remainder =5

Find the value of p(1) from the above example.

pPl)=1-3x14+2x1+5=5

Thus, remainder obtained on
(x~- 1) 1s same as p (1).

Factor Theorem

Let p(x) be a polynomial of degree greater than or
equal to 1 and a be a real number such that pla) =0
then (x - @) 1s a factor of pix).

Conversely, if (x - a) is
it ) 1s a factor of plx. then

f: First, let p(x be a
grea : polynomial of degret
suc;ct;;l:? ;31' :)ql:l‘:l to one and a be a real numb
a) = L en v
a factor of p(x. We have to show that (x- a

o lt;Je.t 9iX be the quotient, when p(x is divided b*

By remainder theorem,

. pf;[f When divided by (x- q) gives remainder e

“ PlX = (x~ q) g{x + pla)
ﬂp{.ﬂ=[x—.a)q(_ﬂ

= (x-aq)isa factor of p(x
Conversely. Let (x-

dividing plx by

=(_EME-152 -




= pl. when divided by (x- g
; gives remainder zero,

Lpla=0
Remarks : .

i) (x+ @) is & fact
Dptano o rmetor ofa polynomial i uf and only

(i) (ax - b} is a factor of a Polynomial iff p (E—) 0

a =
(1) (ax + b) is a factor of a polynomial plxa iff

) -

{tv) (x~- @) (x- b) are f;
pwwmdm’_om actors of a polynomial p{x) 1ff

FACTORISATION

To express a sgiven polynomial as the
polynomials, each of dﬂsi'zco?;s than that om;iﬁ
polynomial such that no such a factor has a factor of
lower degree, is called factorisation.

m: [i]x“- 16u(x-—4} [x+4]
@W2-3x+2=(x-2) (x-1)

Formulae for Factorisation

(1) b+ Y2 =22+ 1P + 2xy

(M) - 42 = 22 + 12 - 2xy

{ﬂi)(x+y+z]2=f+y"+z’+2xy+2yz+2zx

V) e+ P =2+ * + Bxy (x-y)

W -y =2~ P -3xy (x- Yy

V) 2 + 082 + Ut = 0@ + xy + 1A (- Xy + 1A)

Thus, for factorisation, we have

MxP-y=x-y (x+y

i) 2 + i = (x+ y) (- xy+ 1)

(i) x° = 1* = e — y) (& + xy + 1)

METHODS OF FACTORISATION

Method 1 : When each term of an expression has a
common factor, we divide each term by
this factor and take it out as a multiple
as shown below :

Example : 36a’b - 60a*bc = 12a*b (3a - 5¢)
Example : x (x- y)® + 3%y (x-y)
=x (x- y) [bx- y)* + 3xl
=Xxlx-y) [+ - 2xy + Sxyl
=x(x-y (@ + 1P+ x)
Method 2 : Sometimes in a given expression it is not
: possible to take out a commeon factor di-
rectly. However the terms of the expres-
sion are grouped in such a manner that

IMPORTANT POINTS : AT A GLANCE

Example : Factorise : 6ab- b + 12ac - 2be
8ol. : 8ab- b* + 12ac-2bc=(8ab + 12ad - (b* +2bg
=6a(b+2d-b(b+29

=(b+ 2¢) (Ba-b) .
Example : Factorise : 2 + 18x + 81
Sol. X+ 18x+8l =x2+ 18x+9?
=X +2x9xx+9?

=[x +9)?

Example : Factorise : 64, ~ 18x+ 1
Sol. : 64x*- 16x+ 1 = (Bx? - 16x + 12
=(8x2~2.(84.1 +12=(8x-1)2
Example : Factorise : 81 - 642
Sol. 81 -64x"=9%- (847
=(9+8x(9-84

Mothod 3 : Factorisation of Quadratic Trinomials
Case I : Polynomial of the form »® + bx + ¢. We
ﬁndmtegcmpandqsuchmatp+q-bandpq=
c¢. Then,

X+he+c=x+(p+ gx+pg

= X'+ px+ gx+ pg

=x(x+p +q(x+p)

=(x+q) (x+p)

Case II : Polynomial of the form ax® + bx + c.
In this case, we find integers p and g such that
P+ g=band pq = ac.

b3

'Ihen.af+bx+c=ax"+(p+qjx+%

=a’ + apx + agx+ pq

=ax(ax+ p) + q (ax + p)

= (ax + p) (ax + g

Example : Factorise : 2 + 9x + 18

Sol. : We try to split 9 into two parts whose sum
is 9 and product is 18.
Clearly, 6 +3=9and 6 x3 =18

S X+9x+18=22+6x+3x+ 18
=x(x+6)+3(x+86)

= (x+ 8) (x+86)

Example : Factorise : 22 + 5x- 24

Sol. : We try to split 5 into two parts whose sum
is 5 and product is -24,

Clearly, 8 + (-3) = 5 and 8 x (-3) = -24

S X +5x-24=-3x+8x-24

(®- 82 + (8x-24)

=x(x~3)+8(x-3)

={x—3}[x+8]

Example : Factorise ; X -4x-21

8ol : We try to split -4 into two parts whose sum
is -4 and product is -21.

Clearly, (~7) + 3 =4 and (-7) x 3 = -21

L X=-4x-2]1=X0-Tx+3x-21

we may have a common factor. This can =x(x=7)+3 (x-7)
now be factorised as discussed above. =(x=-7) (x+3)
—_— L oRar e\
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Method 4 : Factorisation of forms x° - y* and »° + 1 :
Remember these formulae :
P-P=x-y E+xy+y) -
LrP=kx+y &-xy+1f)
Example : Factorise : x* - 27y
Sol. : x* - 27y’ = (¥° - (Sy)*
= (x- 3y) {(4? + x x 3y + ByYP}
= (x-3y) (& + 3xy + 9y
' Example : 8x° +27
Sol. : 8x* + 27 = (229° + (3)®
= (2x+ 3) {(2292 - 2x x'3 + (3)%
. = (2x+3) (4@ - 6x+9)
Method 5 : Factorisation of x° + 1 + 2° - 3xyz
" Theorem : prove that
X+ P+ 2 -3xyz
=[x+y+z}_{x’+y"+z“-xy-yz—z.xj
Proof : X° + * + 2° - 3xyz = (& + i) + 2-3xy2z
=[(x+ y)* - 3xy (x + Yl + 22 - 3xyz '
g =t -3xyu+ 2 -3xyz, W (x+ Yy =u
W+ 2z)=-3xy(u+2
u+2 (WB-uz+2)-3xy(u+2
(u+ 2 (P +22-uz-3xy) .
= (x+y+2) llx+ y?* + 2 - (x+y) z- 3x)]
=(x+y+2 P+ +2-xy-yz-2zx
Note: ¥+ P+ Z2-xy-yz-2zx

al
o9n

N

T

= -%[2.6+2y’+2z“—2xy-2yz—2zad

1 2 2 2
= E[lx—y} +{y-2)° +(z-x) ]

Theorem : If x +y + z = O then prove that
X+y+22=3xyz
Sol : First Method :
- x+y+z=0
LX+Yy=-2
Cubing both sides
e+ ypP = (-2
=2+ f+3xyx+y)=-2°
= P+ P+ 3xy (-2 =-2

[Putting the value of (x + y))
= @+ - 3xyz=-2
AR+ P +P=8xyz .
Example : Factorise : a®~.8b° + 64¢® + 24abc
Sol. : a® - 8b° + 64c+ 24abe |
=a® + (-2b)® + (40° - 3a x (-2b) (49
=x’+y’+z’—3xyz
Where, a=x, -2b=yand 4c=2z
=x+y+2 0+ P+ A -xy-yz-29

=la+ (~2b) + 4] [a® + (-2b)* + (4¢)? - a (-2b) - (-
% (40 - alae] )? + (4c)* - a (-2b) - (-2b)

= (a-2b + 4¢) (a® + 4b* + 18 + 2ab + 8bc - 4ac)

i
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G.CD&LCMOF POLYNOMIALS ] ,
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mmon pivisor/Highest Commgoy
The GCD of two polynomials py
on divisor which has the highey
degree among all common divisors and the coefficient
of the highest degree term be positive. \ "
Example : What is the HCF of (x + 4)* (x~ 3F and
-3)27

(- 1) (x+4) (x=3)

sol. p(¥ = (x+ 4’ (- 3)°

qld = (x- 1) (x+ 4) (x- 3)°

We see that (x + 4) (x-3)P1is such a polynomial

that is a common divisor and whose degree is high-

est among all common divisors.

-, HCF = (x + 4) (x- 3)

Lowest Common Multiple (LCM) : The LCM of

two polynomials p( and g(x] is a polynomial of

Jowest degree of which p(x} and q{x) both are mul-

tiples.

Example : Find the LCM of (x

(e- 12 (x + 2).

Sol. p(¥ = (x= 1) (x+ 2)?

qld = (x- 1) (x+2)

We make a polynomial by taking each factor of

pld and g(x). If a factor is common in both, then

we take that factor which has highest degree in

p(¥ and g(xd.

S LCM = (x- 1) (x+ 2)*

Relation Between Two Polynomials and Their

HCF And LCM

pld =8 (x¥* - 3x+ 2) and

gl =14 (@ +x-2)

Now, p(x = 8 [(x® - 3x + 2)

=2x2x2x(x-2)(x-1)

q(x = 14 (0@ + x-2)

=2x7x(x+2)(x-1)

HCF =2 (x an 1]

ICM=2x2x2x7x(x-1)(x-2) (x+2)

=56 (x-1) (x-2) (x+2)

* HCF x LCM = 112 (x- 1)? (x- 2) (x + 2)

Also, p(x x glx

=112 (x- 1)? (x- 2) (x + 2)

. HCF x LCM = p{xj % q{x_]

. HCF of polynomials x LCM of same polynom
als = Product of same polynomials. ‘
nonu:*:?‘l’h : Find the HCF of following pair of polY’
P =(4-9) (x-3)

qd=x+6x+9

- 1) (x+ 2) and

Sol. p(¥ =(*-9) (x-3)
=(x+3) (x-3) (x-3)
=[x+ 3) (x- 3)*
g =x2+6x+9
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=x*+3x+3x+9

=x(x+3)+3[x+3}-={x+3] (x+3)
= (x+ 3)2

HCF of p{xq) and g{x) = x + 3
Example : Find the LCM of _
and (¥ = (x- 2) (x- @), P = (x+3) (x-2p
Sol. p{x} ={x+3] (x_2]2

LCM of p () and q (x =f’-£‘%%_:{fl

S (x+3)(x-2)" x (x-2) (x-6)
(x-2)

= (x+3) (x- 20 (x- §)
ALGEBRAIC IDENTITIES

An algebraic identity is an algebraic equation
which is true for all values of the variable (s).

Important Formulae
1. (a+bP=a?+2ab+ b
2. (a-bP=a’-2ab+ B .
3 (a+ b =(a- b)?+ 4ab
4. (a-b?=(a+b?-4ab
5. (@+b’=a*+b*+3ab(a+b)
6
7.
8
9

(a- b*=a*~b*-3ab(a- b
(@ + b%) = (a+ b) (a®>- ab + b?)
(@®-b%) =(a-b) (a®+ ab + b
. la+b+d?=a®+b+c+2(ab+ bc + ca)
10. @+b*+c-3abc=(a+b+c)(a®+ b +32-ab-be
- cq)
Ifa+ b+c=0, then a®+ b + ¢ = 3abe

GRAPHIC REPRESENTATION OF STRAIGHT
LINES

Ordered Pair : A pair of numbers a and b listed in
a specific order with a at the first place and b at the
second place is called an ordered pair (a, b).

Note that (a, b) # (b, a).

Thus, (2, 3) 1s one ordered pair and (3, 2) is an-
other ordered pair.

COORDINATE SYSTEM

Coordinate Axes : The position of a point in a
Plane is determined with reference to two fixed mutu-
ally perpendicular lines, called the coordinate axes.

Let us draw two lines X’OX and YOY', which are
perpendicular to each other and intersect at the point O.
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¢ These lines are called the coordinate axes or the
axes of reference. 0

e The horizontal line X'OX is called the x-axds.

e The vertical line YOY' is called the y-axis.

¢ The point O is called the origin.

e The distance of a point from y-axis is called its
X-coordinate or abscissa and the distance of the
point from x-axis is called its y-co ordinate or
ordinate. N

¢ If x and y, denote respectively the abscissa and
ordinate of a point P, then (x, y) are called the
coordinates of the point P.

® The y-coordinate of every point on x-axis is zero.
Le. when a straight line intersects at x-axis, its,
Y-coordinate is zero. So, the co-ordinates of any"
point on the x-axis are of the form (x, 0).

® The x-coordinate of every point on y-axis is zero.
So, the coordinates of any point on y-axis are of
the form (0, y).

* The coordinates of the origin are (0, 0).

® y= awhere ais constant denotes a straight line
parallel to x-axis.

® x=awhere a is constant, denotes a straight line
parallel to y-axis.
e x =0 denotes y-axis.

e Yy =0 denotes x-axis.

&
A
do o
A
B
L=
M_
sl
14} 5

-5
vY

We can fix a convenient unit of length and taking
the origin as zero, mark equal distances on the x-axis
as well as on the y-axis. )

Convention of Signs : The distances measured
along OX and OY are taken as positive and those along
OX' and OY' are taken as negative, as shown in the
figure given above.

COORDINATES OF A POINT IN A PLANE

Let P be a point in a plane.

Let the distance of P from the y-axis = a units.

And, the distance of P from the x-axis = b units.

Then, we say that the coordinates of P are (a. b).
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a is called the x-coordinate, or abscissa of P.
b is called the y coordinate. or ordinate of P.

A
Y4
T[P(a. b)
b
& l M 1L -
X O|¢——a— X
Y4
v

Quadrants : Let X' OX and YOY' be the coordi-
nate axes.

These axes divide the plane of the paper into four
regions, called quadrants. The regions XOY, YOX'.X'OY'
and Y'OX are respectively known as the first, second,
third and fourth quadrants.

Using the convention of signs, we have the signs
of the coordinates in various quadrants as given be-

low.
Region |Quadrant | Nalure of Signs of
xand y co-ordinates
X0y | x>0,y>0 (+, +)
Xox' Il x<0,y>0 (-, +)
X'oy' I x<0,y<0 (= =)
Y'OX A% x>0,y<0 (+, =)
v )
N
11 1
(= +) (+. +)
X —> X
I v
== (+.-)
!
Y!
Note : Any point lying on - i
lie in any quadrant. XIS Or y-axis does e

e Ezample ; | which quadrans do the given points
1) (4, -2
_ (1) (-3,
(ig) (-1, -g) (iv) :333?

L i

%

Sol. :
(1) Points of the type

T e, the point (4. ~2) lies in quadrant 1y
ence.

(i1) Points of the type (-, +) lie in the 2nd quag,

;’;;t(-:e the point (-3, 7) lies in quadrant ||,

(+. =) lie in the 4th Quag.

(1t1) Points of the type (-, -) lie in the 3rd quag

t.
!I:!#c]:we the point (-1, -2) lies in quadrant i

(iv) Points of the type (+. +) lie in the Ist quag.

rant.
Hence, the point (3, 6) lies in quadrant I.

Coordinates of a Point on the x-axis : Every poiy
on the x-axis is at a distance of O unit from the x-axjs,
So, its ordinate is O.

Thus, the coordinates of every point on the x-axjs
are of the form (x, 0).

Coordinates of a Point on the y-axis : Every poin
on the y-axis is at a distance of O unit from the
y-axis. So, its abscissa is O.

Thus, the coordinates of every point on the y-axis
are of the form (0, y).

Remark : The coordinates of the origin are (0, 0).
Example : On which axes do the given points lie?
) (7, 0) (i) (0, -3) (iif) (0, 6) (iv) (-5, 0)
Sol. (i) In (7, 0), we have the ordinate = Q,
= (7, 0) lies on the X-axis.
(ii) In (0, -3), we have the abscissa = 0,
= (0, -3) lies on the y-axis.
(iii)In (0, 6), we have the abscissa = 0.
= (0, 6) lies on the Yy-axis.
(tv) In (-5, 0), we have the ordinate = Q.
~ (-5, 0) lies on the x-axis.
MIRROR IMAGES

We may take X-axis or y-axi

Y-axis as the mirror. Then.

the images of different points are given below.
Polnt Mirror-image Mirror-image B
In x-axis in y-axis

0 oy (x. -y (=x, y)
W) (-x, y) (=x, -y) (x. y) e
(1) (-x, -y) (=x, ) (x. -yl l

(V) (x, ~y) (6 (=% -1

Graphofy:- mx + ¢
Example : Drayw the
Sol. The given CQuationis y =3y 4 0
Putting x = 0, we L y=3x0)+2=92
Putting x = 1. we get: U=QBxN+2=5,
Thus, we haye the following table.

< O]
v [2]5]

graph of the equation y=3x+2

4
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On a graph paper, draw the lines X'OX and vy
as the x-axis and y-axis respectively.,

Now, plot the point
graph paper.

Join AB and extend it

Thus, line AB is the re
tion, Yy = 3x+ 2,

in both the directions.
quired graph of the equa-

Y v

Pair of Linear Equations in Two Variables
Let's consider the following situation :

Ram’s age is 3 years more than double the age of
his son Abhimanyu.

ie.y=2x+3 PRI £ )

Where x = the age of Abhimanyu and y = the age of
Ram.

Here, equation (i) represents a linear equation in
two variables x and y.

Linear Equation in Two Variables : An equation
of the form ax + by + ¢= 0 or ax + by = ¢, where a, b, ¢
are real numbers and a # 0, b # 0, is called a linear
€quation in two variables x and y.

Examples : Each of the following equations is a
linear equation :

() 2x+ 3y =6. (i) x- 3y = 5, (i) V5x -2y =0

The condition a # 0, b # 0, is often denoted by
@+ 0

Solution of a Linear Equation : Any pair of val-
ues of x and y is said to be the solution of a linear
€quation ax + by + ¢ = 0, where a, b, care real numbers
and a# 0, b # 0 if it satisfies the equation.

L.e... x= a (alpha) and y = f (beta) is an solution of
x+by+c=0ifac+ b +c=0

Example : Show that x= 1 and Yy =2 is a solution
of 3x + y=5

Sol. : Substituting x = 1 and y = 2 in the given
tqualion, we get,

LHS =3x1+2=5=RIIS

e — IMPORTANT POINTS:ATA GLANCE
oy

S A (0, 2) and B (. 5) on the

“ X=1and y =2 is a solution of 3x + y = 5.

——
——

Example : Show that X=-3and y=51s not a
solution of 5x - 2y=8

Sol. : Substituting x = -3 and Y = 5 in the equa-
tion, we get,

LHS=5x(-3)-2x5=- 15-10 = - 25 % RHS

~ X=3 and y =5 is not a solution of 5x-2y=8

Simultaneous Linear Equations in Two Variables

A pair of linear equations in two variables is said
to form a system of simultaneous linear equation.

Thus, a pair of linear equations in x and y. ax+
by+c =0and ax+by+c = Owherea, b, c,a, b,
¢, are all real numbers and as+ b?=0, a’+b?#0

Solution of System of Simultaneous Linear Equa-
tions in Two Variables

A pair of values of the variables x and Yy satisfying
each of the equations in a given system of two linear
€quations in xand y is called a solution of the system.

Example : Show that x=2, Yy =1 is a solution of the
system of linear equations 3x + 2y=8and5x-y=9
Sol. :

3x+2y=8 wlf),
Sx-y=9 wo{id)
Substituting x= 2, y = 1 in equation (i), we get,
LHS=3x2+2x1 =6+2=8=RHS
Substituting x= 2 and Y= 1 in equation (i), we get, -
LHS=5%x2-1=9=RHS
Hence, x=2 and y = 1 is a solution of the given |
system of linear equations. ;
Consistency and Inconsistency !
® Asystem of a pair of linear equations in two vari-
ables is said to be consistent if it has at least
one solution. ;
e Asystem of a pair of linear equations in two vari-_
ables is said to be inconsistent if it has no solu-
tion.

e The system of a pair of linear equations a x + by
+¢ =0and a,x + bzy+c==0has:

(i) a unique solution (i.e. consistent) if 2L ;P.l_,

€3
The graph of the linear equations intersect at only
one point,
: . -
(11) no solution (i.e. inconsistent) if Ez} % bﬁz. " 'E,L

The graph of the two linear equations are paral-
lel to each other i.e.e the lines do not intersect.

b _q

a _
(ii1) an infinite number of solution if 6 B o

The graph of the linear equations are coincident.

e Homogencous equation of the form ax + by=0is ;
a line passing through the origin. Therefore, this
system is always consistent.
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