r - -

Continuity and
Differentiability

( Fastracl« Revision )

» Afunction f(x)ls continuous at a polnt x =alin its domain if

J{ig}:f(XJ=f(a)
or lim f(x)= lim* f(x)= f(a)

X =g
» If any function f(x) is not continuous at x =a, then that
function is called discontinuous at x =a.
» If f and g are two real functions which are continuous at
x =a, then the following are also continuous at x =a:

() f+q (nf-g
(iil) ¢f (cis any constant) (iv) fg

(v) -},where fla)=0 (V|)£-,whereg(a)=¢0

» A Function f(x)Is called continuous in open interval (a, b) if
and only if f(x) Is continuous at every point of the interval
(a,b).

» A function f(x)Iis called continuous In closed Interval [a, b)
if and only if f(x):

(1) Is continuous in the interval (a, b).
(i) Is continuous from the right of point x=a le,

im f(x)=fa).
(i) Is continuous from the left of point x=b le,
xli'f} f(x)=F(b).

» The composition of function of two continuous Function Is
continuous.
» IF the Function f Is continuous in domain D, then the

function|f]is also continuous In D.

» Constant Ffunctlon, unit function, polynomial Function,
modulus Ffunctlon, exponential Ffunctlon, logarithmic
function, trigonometric function are continuous functions
in their domain.

» The Function f(x)is called differentiable at point x = cIn Its

domain If and only if lim Mexists.
X-c

X =rC

The above limit is called the derivative or differentlal
coefficlent of the Function f(x) at point x = c.

» At x =a, left-hand derivative of
f(x)=Lf'(a)=lim
h—-0

» At x = g, right-hand derlvative of
, . fla+h)-fla)
f(x)=Rf (a)=,l}i_r)rg,—l,J :
» Afunction f(x)is said to be differentiable at x = g, if its left
hand and right hand derivatives at a exist and are equal.

» If a function is differentlable at any point, then that

f(a-h) - f(a)
-h '

function Is also continuous at that point.

» If a Function Is continuous at any point, then that Function s
not necessarily differentiable at that point.

nowledge BGOSTER

If left and right hand derivatives of a function exist and

has a definite value (not necessary equal) at any point,
then the function is continuous at that point.

» Derivatives of Standard Functlons
(1) i(r:onstant) =0
dx
d
“ — (xM = n=1
(if) dx(x )=nx
d
(ill) —(sinx)=cos x
dx
d
(iv) —(cos x) ==sln x
dx
(v) i{tanx)-sec2 X
dx K
d . 2
(vi) -d—x(cotx)..-cosec X
d
(vil) a(sec Xx)=sec xtanx
(Vi) i(cosea X)=-cosec x cot x
dx
00 S (en)=e”
(x) di(a’)= a*loga,wherea>0anda =1
Ix
(xi) i(lo x)—l where x >0
dx 09X =50

(i) :—x(logax) =;1logae, where x >0,0>0,a %1

d -1 1 d -1 =1
(xlii)a{sin x)=manda(cos X)= —

where x e(-1,1)

d - 1 d i =1
xlv) —(tan™ x) = and —(cot™ x)=
( )dx( ) 1+ x2 dx( ) 1+ x2

where x e R
1

(xv) o (sec*' x)=
e e g

d 2 w
and —(cosec™ x)= — Whare x aR-[-1 1]
dx x;zx“ -1

dy _dy dt
(xvi) IF y = f(t) and t = g(x), then e X

L
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(vil)

(xviii)

IFy:f(t),t:g(u),u=h(x),then
dy dy dt du
— e 3 e ] e
d« dt du dx
IFu =f(x)and v =g(x) are two Functions In variable
X I:I"nf_'nﬂ—d—hr _Q_d_uxd_x
) dv dx “dx dx dv
4y i(d_y] dy_d(dy
d dx\dx) d  dx|\ dx®

> Algebra of Derlvative

(0

d du dv
—(u+Vv)=—4+

dx dx  dx

d dv du
(il) Product Rule: = (uv)=u i +v o
? du i dv
i d( V&
ii tient Rule: —| —|=—4dX____dX
(iii) Quo ule dx[v] —

» Second Order Derlvative: Second order derivative of a
Function is the derivative of the First order derivative of the
Function.

Let y = f(x), then %:f'(x) is called the First derivative of
2
y or f(x) and %:f"(x} Is called the second order

derivative of y or f(x).

Practice Exercise

' Multiple choice Questions

Q1. The function f(x)=[x], where [x] denotes the

greatest integer less than or equal to x, is
continuous at: (CBSE 2023)

a.x=1 b.x=1h C.x=-2 dx=4

Q2. The value of k (k <0) for which the function

f defined as:
1-coskx
——,x»0
xsinx
(=1
-, x=0
2
is continuous at x =0, is: (CBSE SQP 2021 Term-1)
a. +1 b. =1 .k l d. l
2 2
e e w0
Q3. The function f(x)= X ’ is
k, if x=0

Q4.

Q6.

continuous at x = 0for the value k, as:
(CBSE 2021 Term-1)

3,3 b.5 c.2 dB
If a function f defined by
kcosx . n
—2x if xw i
fix)={ ™ 2
3 if x=—
2
is continuous at x = g ,then the value of k is:
(CBSE2021 Term-1)
a.2 b.3 c.6 d.-6
ax’+b, 0<sx<1
If f(x)= 4, x =1, then the value of

x+3 1<x<2

(a, b)for which f(x)cannot be continuous at x =1,
is:

222  b@) @0 d(52)

1-cozs4x’ 20
X
Q6. If f(x)=¢ a, x=0
L, x>0
_.J16+J?-4

is continuous at x =0,thena =

a.4 b.6 cB d.5
tanx - cot x T
'———T[ ] X # z
Q7. Let f(x)= =3 .Then, the
1?.
a] X ==
4
value of a so that f(x)is continuous at x =£—7: ,is:
(NCERT EXEMPLAR)
a2 b.4 c3 d.1
2
x"=(@+2)x+a
Q8. If f(x) = oy , forx=2 is
2, forx =2
continuous at x =2, then a is equal to:
a.0 b.1
c.-1 d. None of these
mx +1, if x g
Qa. If f(x)= - is continuous at
sinx+n, ifx >E
T
X= 7 then: (NCERT EXEMPLAR)

am=1ln=0 h.n1=g—m+1

mn It
CNg— d.m:ﬂ:—
2 2

Q10. The function f(x)=|x|+|x =1]is:
(NCERT EXEMPLAR)
a.continuous at x =0as wellas at x =1
b. continuous at x =1but not at x =0
c. discontinuous at x =0 as well as at x =1
d. continuous at x =0 but not at x =1

L
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QM.

Q12

Q13.

Q 14.

Q 16.

Q 16.

Q17.

If the function f(x)=a[x + 1]+ b[x - 1], where
[x] is the greatest integer function, then the
condition for which f(x)is continuous at x =1, is:

a.a+b=0 b.a-b=0
c.a=2b d. None of these

X +a+2sinx, Osx<%
Let f(x)= 2x cotx + b, ‘—’:sxsg be

a T
a cos2x —bsinx, E(XST{

continuous in [0, ], thena + b =

g, by
12 6
B d.Z
4 3
; 1 .

sin (a + )x+smx' X <0

X

Let f(x) =+ c, x=0
VX +bx? =Jx

-~ ., x>0

| bx!/!

If f(x)is continuous at x = 0,then:

a.0+c=0b=1 b.a+c=1.beR

ca+c=-1,beR do-c=-1b=-1
2

x_' 0<sx<1
a
if the function f(x)= a, 1<sx<2is
2
u' .jiS)((go
XI

continuous for 0 < x <w, then the most suitable
values of a and b are:

a.a=1b=-1 b.a=-1b=1++2

ca=-1,b=1 d. None of these
=2sinx, ifx<=n/2

Let f(x)={Asinx+B, if-n/2<x<n/2
cos x, ifx2n/2

Then, the values of A and B so that f(x) is
continuous everywhere, are:

a.A=008=1 b.A=168=1
cA=-18=] dA=-18=0

Let f be defined on [-5, 5] as
X, if x isrational
f(x)=

a. continuous at every x except x =0

b. discantinuous at every x except x = 0
c. continuous everywhere

d. discantinuous everywhere

, then f(x)is:
=x, if x is irrational f(x)

f + g may be a continuous function, if:
a.f Is continuous and g Is discontinuous
b. f Is discontinuous and g Is continuous
c. f and g both are discontinuous

d. Nane of the above

Q18.

Q19.

Q 20.

Q21

Q 22.

0 23.

Q24

Q 26.

The point(s) of discontinuity of the function:
%(2;:1 +3), x=1

f(x)= 6-5x, 1<x <3 is/are:
x=3 x23

a.x=1 b.x =3

cx=13 d. None of these

The function f(x)=| x| is: (C8SE2023)
a. continuous and differentiable everywhere
b. continuous and differentiable nowhere

c. continuous  everywhere, but differentiable
everywhere except at x =0
d. continuous everywhere, but differentiable

nowhere
If f(x)=2|x|+3|sinx|+6 then the right hand
derivative of f(x) at x =0is: (CBSE2023)
a. 6 b. 5 c3 d. 2

Iff(x):{ 3, -1sx<1

, then f(x)is:
4-x, 1<x<4 )

a. continuous as well as differentiable at x =1
b. continuous but not differentiable at x =1

c. differentlable but not continuous at x =1

d. None of the above

For what choice of a and b, is the function

f(x)={ £ Be

& differentiable at x =c?
ax +b, x>c

b.a=cb=-c
da=2cb=-c?

a.a=ch=c

ca=-c’b=2c

Let f(x)=|cos x|. Then,

a.f Is everywhere differentiable

b.f Is everywhere cantinuous but not differentiable
atn=nnne”Z

c. f Is everywhere continuous but not differentiable

atx:(ZnH)%.naZ

d. None of the above

The set of all points where the function
f(x) = x +| x| is differentiable, is:
(CBSE SQP 2023-24)

a.(0.=) b. (=0, 0)
C. (-o0,0) u(0, ) d. (-0, )
o X121
If f(x)= *')J"' then f(x)is:
v Ixl<1
1-|x|

a. discontinuous and non-differentlable at x = =1, 1
and D

b. discontinuous and non-differentlable at x = -1,
whereas continuous and differentiable at x =0
and x =1

c¢. discontinuous and non-differentiable at x = -1
and x =1whereas continuous and differentlable
at x =0

d. None of the above

L
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Q 26.

Q 27.

Q 28.

0 29.

0 30.

Q a.

Q 32

Q aa.

Q 34.

Q 35.

0 36.

Qa7

If a function f(x) is defined as

-X, x<0
f(x)= ¥, 0<x <1, then:
x? -x+1, x>1

a.f(x)Is differentiable at x =0 and x =1

b. f(x) is differentiable at x =0 but notat x =1
c. f(x)is differentiable at x =1but not at x =0
d. f(x)is not differentiable at x =0 and x =1

Differential of log [log (log x*)] w.r.t. x is:
(CBSE 2021 Term-1)

a 2 b 2
" xlog (x®)log (log x®)  xlog (log x®)
. 5x" d 5x°
“log (x°)log (log x®) “log x° log (log x°)
If y = log(sine*), then & is:
dx (CBSE 2023)
a.cote” b. cosece”
c.e*cote” d.e* cosece”
If y =sin? (x®), then & equal to:
dx (CBSE 2023)

3 3

b.3x?sin x? cos x
d. 2x?sin?(x?)

a.2slnx?cos x
c.6x%sinx3cos x3

Ify =(1+x)(1+x?)(1+ x‘},then?atx:lis:
X
a. 20 b.28 c.l d0o

If f(x)=tan™! -]ﬂ , 0<sx<Z, then
1-sinx 2

) _

f(e]“

a.- l b. -l c. l d l

4 2 4 2
The derivative of x ¥ w.r.t. x is: (CBSE 2023)
a, x 2l b.2x** log x

c.2x**(1+log x) d.2x*(1-log x)

If xe® =y -+sin® x, then at x =0, j—y is equal to:
X

a. -1 b.1
c.0 d. Nane of these
If y cosx + x cosy =, then the value of j—y at
%
x =0is:
a.0 b.1 c.-1 d2
dy .
If y = x tany, then o is equal to:
%
tan x % tany tan x
; b. c d.
x—xz—yz ;f—xz—y2 y-X x—y2
Ife* +e¥ =e**/, then j—i is: (CBSESQP 2021 Yarm-1)
a.ev” b.e**¥ c. -V~ d.2e*
Ify =Jm.then j—y is equal to:
X
= Cos X Cos X g sin x sin x
"2y -1 1-2y 1-2y 2y -1

Q 38.

Q 39.

Q 40.

Q41

Qa2

Q 43.

Q 44.

Q 46.

Q 46.

Q4.

Q 48.

If siny = x cos (@ + y), then ] is:
(CBSE 2021 Term-1)

cosa —Ccosa

a— - b.——
cos”(a+v) cos*(a+y)

" cosza d. —cozsa
sin“y sin“y

If x¥.y* =1, then the value ofjx—yis:

5 _ly+xlogy) v
" (x+ylog x) x
¥

(x+ylogy)
(y+xlog x) x

p y+xlogy) y

(x+ylog x) x

d. None of these

If y = x V¥, then the value of% at x =e, is:
a.l b.0

c -1 d. None of these

If x =sin @t -4t3)andy =cos* (y1-t?) then
dy

— is equal to:
dx
a. l b. %
2 5
3 1
If x =2cos0-cos20and y =25in0-sin26.thenj—i
is:
3 cos0+cos20 cos0-cos20
" sin0-sin20 " sin20-sin®
¢ C0s0-cos26 cos20-cosB
" sinB-sin26 " sin20+sind
2
If x= At andy = , then dy is equal to:
1+t? 15¢° dx
3k b.L g R
x X y y
If x =acos” 0,y=a sin® 0, then ﬂ ato =E is:
dx 4
a. -1 b.1 c.-a* d.a?
i d?x .
If x =Acos4t + Bsin4t, then —— is equal to:
dt (CBSE2023)
a. x b. -x c.16x d. -16x
d’y .
If x =asecO, y=>btan0, then ——at 0 =—is:
dx
(CBSE SQP 2021 Term-1)
Sz 293 3, b
a2 " a " a '3430°
2 2
Ify =log, x_z , then d—gequals: (CBSE 2020)
e dx
1 1 2 2
3. —-— b.-— G d-—
X x? x2 x4
Ify =(sin”* x)? + k sin™* x, then
2
(1-x2)d—y-xd—yis equal to:
dx?  dx
a.0 b.1 c2 dy
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-' Assertion & Reason Type Questions

Directions (Q. Nos. 49-57): In the following questions, each
question contains Assertion (A) and Reason (R). Each question
has 4 choices (a), (b), (c) and (d) out of which only ane is

correct. The choices are:

a. Bath Assertion (A) and Reasan (R) are true and
Reason (R) Is the correct explanation of
Assertion (A)

b. Both Assertion (A) and Reason (R) are true but
Reason (R) is not the correct explanation of
Assertion (A)

c. Assertion (A) Is true but Reason (R) Is false

d. Assertion (A) Is false but Reason (R) Is true

Q 49. Consider the function f(x)=[sin x], x €[0, n].

Assertion (A): f(x)is not continuous at x = ;

Reason (R): lim“ f(x) does not exist.
) e
Q G60. Assertion (A): f(x)=x T (x»0),f(0)=0
-e

is cantinuous at x = 0.
Reason (R): A function is said to be continuous at a
if both limits are exists and equal to f(a).

Q B1. Assertion (A): f(x)=|log x| is differentiable at

_’ Case Study Based questions
Case Study 1

Ms. Anika Jain, teacher at a well known reputed
coaching institute is teaching. Derivatives of function
in parametric forms to her students with simple
method through video lecture.

Sometimes the relation between two variables is
neither explicit nor implicit, but some link of a third
variable with each of the two variables, separately,

_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7

Assertion (A): f is not derivable at x =1as

lim f(x)= lm f(x).
x=1" x-1*

Reason (R): If a function f is derivable at a point
‘@', then it is continuous at ‘a’.

0 53. Assertion (A): If e + log (xy)+ cos(xy)+5=0,

then—:-z.
dx

X
Reason(R):j—x(xy)=0 = ¢ =

o M
de x

Q 64. Assertion (A): %{tan"1 (sec x + tan x)}

d =1 I
e {cot ~ (cosec x + cot x)}, x e(o, 4)

Reason (R): sec? x —tan? x = cosec®x - cot? x

Q66. Assertion (A): For x <O,i(ln| x|)=—l
dx x

Reason (R): For x <0,| x|==-x

Q 66. Assertion (A): Iif y=log,,x +log, x, then

&y  Jogye 1
dx X x

d log x
Reason (R): — (log,, x) =
(R): o 10900 =075
d log x
and — = 5
dx (tog. x) loge

x=1 Q 67. Assertion (A): If].f:%u‘1 and u=§x3+5, then
R_eason .(R): Both logx and -logx are d—y=2-x2(2x3+15)3.
differentiable at x = 1. dx 27
) ) x*, x2i Reasaon (R): Ify is a function of v and v is a function
Q 52. Consider the function f(x)= . dy dy dv
x+1, x<1 of x,then —=—Zx—.
dx dv dx
Answers
1. (b) 2. (b) 3. (d) 4. (¢ 5. (d) 8. (c) 7. (b) 8. (a) 9. (© 10. (a)
11. (a) 12. () 13. (¢ 14. () 15. () 16. (b) 17. (c) 18. (b) 19. () 20. (b)
21. (b) 22. (d) 23. (c) 24. (o) 25. (c) 26. (d) 27. (a) 28. (c) 29. (o) 30. (b)
31. (d) 32. (c) 33. (b) 34. (b) 35. (b) 36. () 37. (a) 38. (a) 39. (a) 40. (b)
41. (d) 42. (b) 43. (c) 44. (a) 45. (d) 48. (a) 47. (d) 48. (c) 49. (o) 50. (a)
51. (d) 52. (b) 53. (a) 54. (b) 55. (d) 86. (c) 57. (a)

establishes a relation between the first two variables.
In such a situation, we say that the relation between
them is expressed via a third variable. The third
variable 1s called the parameter, more precisely, a
relation expressed between two variables x and y in
the form x = f (), y =g(t) is said to be parametric
form with 7 1s a parameter.

In order to find derivative of function in such form,
we use chain rule.

bk dy DL oiged D0
dt  dx dt dx  dx/dt dt

L
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dy _g'(1) dy _ dx _ ,
Th L .7 = 7 [
e (1) {as dt s dr f(r)}

provided f'(r) #0.

Based on the given information, solve the following
questions:

Q1 Ifx =t2.y=t‘,thend—yis:
dx
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3y 2y 3x 2x
= 2x L 3Ix & 2y g 3y
1 1 dy .
2. If x=t+—,y =t =—,then —is:
¢ =R dx
a i b 2 g =t d -2
X y X y
Q3. If x =asec? Dand y =a tan? 0, then -jlis:
X
a.sine b.cos@ c.1 d.-cote
2
Q4. Ifsinx =2—t2. cosy = 1-t - .thend—yis:
1+t 1+t
a.% b. -t c -1 1
Q 5. If x =2sint +sin2t and y =2cost +cos2t, then
dy T, .
L att =—is:
dx 6
a.=1 b. V341 c1 d V31
3-1 3+1
Solutions °

1. Glven, x =t andy = t?

Now differentlate both sides w.r.t. ‘t', we get

dx gz 2
= =2t and = =3t

Now, y=tistl tax.t Lox =t
tad
X
dy dy/dt 32 3 3 y
We have, e T 2t-2t-2xx
= &y

dx 2x

So, option (a) Is carrect.

4. Glven,sinx = 2_t2and cosy=——=
1+t

2. Given.x:t-»%and y=r—%

Now, differentiate both sides w.rt 't', we get

dt 2 2 Tt ot

El]"ld ‘—_1 = — = - -
METARP . t
dx _y dy _x
= T ond ceme
oy dpiot EoL X
dx dx/dt t y vy’

So. option (b) Is correct.
3. Glven, x =asec?0andy =atan?

Now, differentiate both sides w.r.t.'¢, we get

dx d
— =2Zasecl. —secO
de de

=2asech-(sech-tan o)

=2asec? 6-tan@

and %:20 tanB-EdatanB

=2atan0.sec’o

dy _dy/de_2atane-sec’ _

= = =1
dx dx/d® 2asec?o-tane

So. option (c) Is correct.
2

14 t2
= xwsin 2L.), and v = cos™ 1-t?
) Y 1487
= x=2tan™'t and y=2tan™'t

Now, differentiate both sides w.r.t. 't’, we get

d_x__z_z andﬂ ﬁ-z
dt 1+t dt 1+t

dy dy/dt 2 1+t

u » e
dx dx/dt 1+E2 2

So, optlon (d) Is correct.
5. Glven, x = 2sint+sin2tandy = 2cost + cos 2t

Now, differentiate both sides w.r.t. 't’, we get

dx d
= =2cost +cnsZt-E(2t)

=2cost+2c0s2t=2(cost+cos2t)

dy d
and =" -2sin t—sinZtE(Zt)

=-2sIint-sin2t.2

=-2 (sint +sin2t)

L
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dy dy/dt -2 (sint+sin2t)

dx ~ dx/dt ~ 2 (cost+cos2t)

_ (sint +sin2t)
(cost +cos2t)

So. option (a) Is correct.

Case Study 2

A function is continuous at x = ¢ if the function is
defined at x = ¢ and if the value of the function at

x = ¢ equals the limit of the function at x =¢.

ie., lim f(x)=/(c)

X =

If / is not continuous at ¢, we say f is discontinuous

at c and c 1s called a point of discontinuity of /.

Based on the above information, solve the following

questions:

Q1. Suppose fand g be two real functions continuous
at a real number ‘¢, then show that f+g is

continuous at x =c¢.

Q 2. Find the value of k so that the given function f(x)

is continuous at x =5.
foc +1; x <5

f(x)={3x—5;x>5

Case Study 3

Let f(x)be a real valued function. Then:
Left Hand Derivative (LHD):

Lf"(a)= lim J L= fia)

—h
Right Hand Derivative (RHD):
.-'1 =0 h

Also, a function f(x) is said to be differentiable at
x =a if its LHD and RHD at x =a exist and both are
equal.

lx-3|, Xzl
For the function f(x)={x%Z 3x 13
L R Y
4 2 4
Based on the above information, solve the following
questions: (CBSE2023)

0 1. What is RHD of f(x)at x =1?
Q2. Whatis LHD of f(x)at x=17?
Q 3. Check whether the function f(x) is differentiable
at x =1.
Or
Find f' 2)and f' (-1).

® Solutions

1. Um (f(x)+g(x))= lirn f(x)+ Um_ g(x)

=f(c) + g(c)
Um[7(x) + g(x)
= Um f(x) + lim g(x) = f(c) + g(c)

Xact

LHL =RHL
(f + g)is continuous at x = c.

2. Since, f(x)Is continuous at x = 5.

f(8)= )Ei[nE f(x)

= 5k+1m)§i2153x—5
= 5k+1=3(5)-5=10
= Bk=9

= k=9/8

Hence proved.

Solutions

x =3, 9 2]
1. Glven, f(x)={x? 3x 13

., o x <
4 2 4

-(x=3), 1<x <3
= X-—a XEB

x* 3x 13
———t—=, x<I

4 2 4
AtX:].
!‘?HD:-lirﬂf—(AMﬁQ2
h -0 h
= lim ={+h=3)+(1-3)
h -0 h

. =h+2-=2
= im ————— = -1
h -0 h
2. Atx=l,
LHD = lim FQ-h)-f (1)
h -0 |
(1—h) (1 h)
ol 4 2
PEITD -h
(1P+h*=2h) 6(1-h}+13
i 4 4
- iy _h

- h?+4h+B8-B i 0+ 4)
"h=0  —4h  h-0 -4h

—i{1=3)

g

L

L L o s s o
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3. - Atx=1,RHD=-1and LHD = -1
-~ LHD=RHD = -1
Hence, f(x) s differentiable at x =1
Or
Since, 2 lies in the interval (1, 3). so we consider the
function

f(X):—(X—a)
Then, f(x)=-x+3
= f'(x)=-1
= f'(2)=—]
Since, -1les in thze interval (=, 1), so we consider the
function, f(x):i_a_)(.+E
4 2 4
= f'(x):z—x—i+0
()
2(-1) 3
fri=1)=———=-
. 4 2
=_l_2:_i:_2
2 2 2

Case Study 4

If y=/f(u) is a differentiable function of # and
u=g(x) is a differentiable function of x, then
y=/f[g(x)] is a differentiable function of x and

d_y=ﬂxd—u. This rule is also known as CHAIN
dy  du dx
RULE.

Based on the above information, solve the following
questions.

Q 1. Find the derivative of cos+/x with respect to x.
1

Q 2. Find the derivative of 7m; with respect to x.
1-cosx

Q 3. Find the derivative of with respectto x.
1+cosx
Q 4. Find the derivative of 5 tan'l(i) " tan“[i)
b b) a a
with respect to x.
Or
Find the derivative of sec™® x +cosec™
with respect to x. x“=1
Solutions -

1. Let y:coaﬂ

d
ﬂ=a(cosm

dx
=—5in&-£(&)

1 —sinx
= =Sina/x =
J_XEJX 2Jx

1-1+2sin? X

= 2 _ tan[i]
2[052—2——1-«-1 7

3 Let _ 1—c05x_
' y_dhcosx_

d—y-—1 ! x—‘l-+1x—ﬁ2—x—-l—
dx b 14X b a x* a
+F H?

Oor

X
Let y =sec™'x + cosec™
Jx2 -1

Put X =secd = O=sec” x

y =sec”(sec6) + cosec“( SREY ]
Jeec2o-1

=0+ cosec"'(-ﬁe—ce-)
tan@

=6+ cosec™(cosec 8) =0+ 0
" Zegzsec" X
_5 0
e 2 = (sec™ x)
1 2

=2X =
| x|¥x%=1 |x|¥x%=1

@Q Very Short Answer Type Questions

Q 1. If the function f defined as
x%-9 3
f=i5m X
k, x=3
is continuous at x =3, find the value of k.
(CBSE 2020)
Q 2. For what value of ‘&' is the function
sin5x

f(’f)='| Ix

+cosx, ifxe0
k, if x=0

continuous at x =0? (CBSE2017)

Q 3. Determine the value of constant ‘k' so that the

hx

function f(x)= m' is continuous at
3, ifx=20

x=0 (CBSE2017; CBSE SQP 2023-24)

Q 4. Determine the value of 'k' for which the following

function is continuous at x =3: (CBSE2017)
(x+3)2 =36
=™y %92
k, x=3
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Q6.

Q7.

Q8.

Qo.

Q10.

QM.
Q12

Q13.

Q14.

D 15.

016.
Q17.

Q18.

Q19.

Q 20.

Check the continuity of the function f(x)=2x+3

at x=1. (NCERT EXERCISE)
2

Check that the function f(x) = XT is continuous at

x=0.
Check the continuity of the function f(x)=2x? -1
at x=3. (NCERT EXERCISE)
. sin (10x) i
i the function f(x)=———, x=0 is
x
continuous at x =0, find f(0)
. 2x+3, if x<2
Show that the function f(x) = . is
2x=3, if x>2
not continuous at x =2. (NCERT EXERCISE)
Let f(x)=x|x|, for all xeR Check its
differentiability. (CBSE2020,23)

Find the differential coefficient of e ).

Find the differential coefficient of the function
3Jx +5 log, x=11log, x with respect to x.

Find the differential coefficient of the function
cot? 2x.

iy = 4™ sin-~+5%, then find 9.
y S|ﬂ2+ enrtin dx

Find the differential coefficient of y = cos™ (sin x)
w.r.t. x.

Differentiate x  log x sin x with respect to x.
Find the differential coefficient of (¢* log, x)with
respect to x.

If 2x + 3y =sin x, then find the value of d_y

dx
(NCERT EXERCISE)
ify = sin'l[ 2% ] then ﬁndﬂ. (NCERT EXERCISE)
1+ x2 dx

If x =at”and y =2at, then find j— (NCERT EXERCISE)
X

Short Answer Type-l Questions
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Q1

Q2

Q3.

Q4.

Find the value(s) of ‘%, if the function
sin? Ax

f(x) - 7, if x20,

1, if x=0

is continuous at x = 0.
(CBSE 2023)

Find the value of k for which the function f given
1~E08X it a

as f(x)= 2)‘1
k, ifx=0

(CBSE SQP 2022-23; CBSE 2023)

is continuous at

x=0
If f(x) = tan? %then find f'(2)

If y = log (sin x) -+ tan x, then find the value of :_y
Ix

at x =E.
6

Q5.

06.

Q7.

ge.

Qa.

Q10.

Q1.

Q12.

Q13.

Q14.

Q16.

Q6.
Q17.

Q18.

Q19.

if sin’ y+cosxy =K.

Findﬂat x=1y =E,
dx 4 (CBSE2017)

Ife” =log (sin x), then find Zx_y

Prove that i cos™! [Zx\l ] = -l
dx e

2 5

If f(x)= X 21, then show that f is not

x, ifx<1

differentiable at x = 1.

If le-xz+xJ1-y2=L then prove that

(CBSE2023)

dy __|1-y?

dx 1-x2 (CBSE SQP 2022-23)

dy _yx-1)
dx ~ x(y+1)
(NCERT EXERCISE; CBSE 2017, 23)

If xy =e*”, then show that —

If (x* +y )%= xy, then find % (CBSE2023)

If y =sin”(6xV1-9x2), -

find ﬂ
dx

then

N_if

(CBSE2017)

Find the differential coefficient of the function
cot (cos™* x) with respect to x.

Find the differential coefficient of the function
sin~* 2xv/1 - x? with respect to x.

Find the differential coefficient of sin™ x with
respect to cos™

Find the differential of sin? x w.r.t.e
Ify = x*“* then ﬁnd;—i.

cosx
(CBSE2020)

Find p'_y at t=ZE when x =10(t -sint) and
dx 3

y=12(1-cos t). (CBSE2017)

2
If x =acost and y = b sint, then find d—{:

dx

(CBSE2023)
Or
. dly
If x =a cos0, y = b sin0,thenfind d—z (CBSE2020)
X

-y Short Answer Type-Il Questions

Q1.

Q2.

sin x if 0
Prove that the function f(x)={ , ' "*<
x+1, ifxz0

is a continuous function.

Examine the continuity of the function

1
f(x)=!?-???' e
OI

at point x =0.
ifx=0
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Q3.

Q4.

Q6.

Q6.

Q7.

Q..

Q9.

q 10.

01

Q12

Q1.

Q14.

Show that the function f defined by

X

FOO) =4 vx ¢’ Fared is discontinuous at
0, if x=0
point x =0.
Show that the function f(x) which is defined as
il 0
fX)=17, V%" X# Uy x eR is discontinuous
0, x=0

at x =0.

If y=(x-1)log(x-1)-(x+1)log(x+1), then
)

rove that — =lo g

P P g

x+1
sin™ x 2, dy
If y=ﬁ ,then prove that (1-x*) e =xy+1.
1-x

If fix)=x+x%+x*+x®+...+ %, then show

that f (1) =241. (NCERTEXEMPLAR)

3

If x +y =t +-:: and x® +y3 =t +'}i’* then prove
t

dy 1
that — =-—.
dx  x?
2 1
fy=x"+ T ,then prove that
X2+ 1
X2+
X +...0
dy _ 2’
dx 1-}.}(2.

If cosy = x cos (a +y) and cosa = % 1, then prove
dy _cos’(a+y)

that— - (NCERTEXEMPLAR)
dx sina
d
Find 2L if
dx
Sin X +cosx
- - :
+ Jsmx+cusx+.\]smx+cosx+

If y =Jcosx+Jcosx+,Jcosx+....w , then find

dy
dx

If y=-Jsinx+Jsinx+Jsinx+ ..., then prove

that 2y - 1)3—1 = COS X.

Find the differential coefficient of tan™ 2% :
1-x
. < 1—)(2
with respect to cos =
1+x

Q15.

0 16.

Q17.

Q18.

Q19.

Q 20.

Q21

Q 22,

Q 23.

Q24

Q 2E.

Q 26.

Q27.

Q 28.

Q29.

Q 30.

Qal.

=tan-1 <X -1 dy
If y =tan ( 2)+'tan x, then find - by

1-x

. . ol - T
using the result sin™ x +cos™ x = >

Ify=sin"1 x+sin”t '\.‘l-xz, 0<x <1, then find
dy
T
If y =sin" {xJT=x =/xv1-x2} and O<x <1

then find d_y
dx

(NCERT EXERCISE)

(NCERT EXEMPLAR)

Find the differential coefficient of the function

tan‘l( X ]with respect to sin‘l( L ]
1-x? 1+x2

s },then find c_l'z
dx

Ify = tan_x[——

; G

N1+ x? +1
X

If y =cot™ , then find the value of
&
dx

Find the differential coefficient of sin"[i_—x]
+ X

with respect to X (NCERTEXERCISE)

Fy we™™ % thenfind L.
dx

Find the differential coefficient of the function
(4.9 RS g %) with respect to (5 sin"! x + TT:)

Find the differential coefficient of x'™"* with
respect to x.

Ify =x* """ m,thenﬂndﬂ.
dx

Iy = (sinx) 80" ton find 2.

dx
Differentiate y * = x ¥ with respect to x.
(NCERT EXERCISE)
dy

If x =a (t +sint), y =a (1+cos t), thenfind o
X

If x=a (cost+tsint) and y =a (sint -t cos t),
2

then find d_y ;
dx? (NCERT EXERCISE)

If y =sec x + tan x, then prove that
dzy _ cosx
dx?  (1-sinx)’

If (@ + bx)e*’* = x,then prove that

2 2
x‘.’.i:( a ) ,
dx? \a+bx

(NCERTEXENMPLAR; CBSE2023)

(CBSE SQP 2023-24)

L
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-, Lung Answer Type Questions

01

Q2

Q3.

Q4.

Q6.

Q6.

Q7.

QB

Q9.

For what values ofa and b, the function defined by

5, |If x<2
f(x)={ax+b, if 2<x <10 is continuous?
21, if x210

(NCERT EXERCISE)
Determine whether the function f defined by
ek =z
x"sin—, if x=0
flx)= X
0, if x=0

JZcosx -1
cotx-1

is continuous.
(NCERT EXERCISE)

if f(x)=

X % %, then find the value
of ){‘—T;] for which f(x) becomes continuous at

X=—.

3 (NCERT EXEMPLAR)

f  log(x’+y?) =2tan"1(%), show that

L i

(CBSE2019)
dx x=y
f for =1<x<1, x1+y+yJ1+x =0, then
provethat£=— 1 g (NCERT EXERCISE)
dc  (1+x)*
1+x% -1

Differentiate tan™! with respect to
X

tan™* x.

Differentiate cos™ Qxx}l—xz) with respect to

} 2
tan‘l[ 1-x ],where x e(_l-, 1).

(NCERT EXEMPLAR)

x 2
(NCERT EXEMPLAR)
If x¥ =e*”7, then prove that W . &.
dx (1+logx)?
(NCERY EXEMPLAR)

If y = (tan x)"*"*~*, then prove that
dy _ 2y Zcosec 2x
dx 1-ylogtan X

Very Short Answer Type Queslions

1. Itis given that the function f Is continuous at x =3

TR!CK
If fis continuous at a, rhenxff{na f(x)=f(a). J
lim:I f(x) = f(3)
- x*-9 0
- IR (G
- lirm X+3)(x-3 -

Q10. Differentiate y =~/3x+2 + + (cos x) ™~
2x2+4
with respect to x.
Q 11. Differentiate y = x* + (cos x) """ with respect to x.
Q12. Find the differential coefficient of the function
(sin x) %% + (cos x)*™* with respect to x.
Q13. Ifx¥ =y~ =ab,ﬁnd%. (CBSE2017,19)
Q14. Ify = (log x)* + x'°9%, then find % (CBSE2020)
Q16. Ify = (cos x)* +tan™* ﬁ,ﬁnd%. (CBSE2020)
¢ d
Q16. If x=a (20-sin20) and y =a (1-cos20), find Ey
when 0 = % (CBSE2018)
Q17. If x =a(cos t +logtan %), y =asint, then show
that ﬂ{—= tant. (NCERTEXERCISE)
dx
dly (dyY’
Q18. Ife” (x + 1) = 1, then show that < =(—¥-) :
dx? \dx
(NCERT EXERCISE; CBSE2017)
2
Q19. If x"y" =(x+y)™",prove ﬂlat‘;—g =0
X
(CBSE2017)
Q 20. If y =sin (sin x), prove that
d 2
—£+tanx-dl+y cos’ x =0 (CBSE2018)
dx? dx
Q21 Ify =(sin? x)?, prove that
2
(1-x2)d—‘;’—xd—y-2=0. (CBSE2019)
dx dx
Q22. If x=cost+ logtan(%). y =sint, then find the
2 2
values of d’y andd—yatt =l (COSE2019)
dt dx? 4
= Um(x+3) =k
x=3
= 3+3 =k
= k=6
Hence, k=6
2.
TR!CK
If f is continuaus at a, then XJLr'm‘7 f(x)=f(a). J
)

We have, lm f(x)= lim {
x-0 x -0 3){

sin6x

-HIISX}



COMMON ERR@R o 5 Here atx=1

Some students do not know how to evaluate limits
of the form U,

f()=2(1)+3=2+3=5
Le. function Is defined at x =1.

0 Now, we find the limit of the function at x =1.
= lim E[sinEx}_ lim cos x E'T, f(")=‘,fT. (2x+3)
x—»03 Bx x -0 ( ) B
=2(1)+3=
=-5-x1+c05E} [ u 5'.l.9=1:‘
g . 60 8 Therefare, UmI f(x)=5=F()
= §+1= £ . Function f is continuous at x =1.
It s given that, f(x)is continuous at x =0. 02

6. AtX:G,f(D):——-—:U
im_f(x)=f(0) 2
X0 . 5 Le. function is defined at x =0.
= —=k or k=— ; x? 2

3 3 Now lJmE| f(x)= Unwﬂ;:(D) =0
3. Wehave, f(0)=3

LHL = lim f(x):hljmof([]—h)

x- 07

lim, f(x)=0=f(0)

So, f(x) Is continuous at x =0.

=hljmuk|—{(]0—-;ll 7. Atx=3
) LHL = lim f(x):ilJn'nﬂf(H—h):hHmn 2 (3-h%)-1
- x—0 1 — -
=l et = im {2 (9 +h?-6h)-1)
—
L= By, Bl vy D) =E{EHE-)-]
x—0* h -0 =1B-1=17
= lim 3=3 RHL = ljr'ra' f(x):hLiﬂ"ln f(3+h)-_~hu_r;n0 R B+h) -1
TR!CK = im {2(9+h?+ 6h)-1)
: P ; . ER
Afuncrton f(x) is said to be continuous at o point x = g, =D (@ i D)< TiB ST 1
Iff.HLz RHL =f(G).
and f3)=2(3)*-1=2x9-1
- The given functlon Is continuous at x = 0. =18-1=17
LHL = RHL = f(0) LHL =RHL = f(3)
= -k=3 le. Um f(x)=F(3)
or k=-3 oo
% Wi Hence, function Is continuous at x =3.
. (x+3)2-36 0 B. Glven that the function f Is continuous at x = 0.
lim f(x) = Um X+2 =20 [(—] fnrm} : lim_ f(x) = £(0)
x =13 x -3 X=3 0 a x—0 &
e (36 = um S000%) _ iy
T xo3 Xx=3 Bl | (TD )
sin(10x
_ = Il 10:—2——% = (0)
_ PT3(X+3+§)(;+3 6) g} (10x)
(- % =b? = (a+b) (a-b) = 10 Lo Slﬂgff L-10)
9) (x -3) in®
- lim (9 (x=3) : ' L
¥ 53 (X—3) = 10 x1 f(ﬂ) I:.yg’-‘lj 0 ]:l
m£i313(x+9)=3+9=12 5 £(0) =10
But glven that, f(x) is continuous at x = 3. Hence, if f Is continuous at x = 0, then the value of (D)
will be 10.

9. LHLwlm f(2-h)=Um2(2-h)+3
h-0 h-0

TR!CK
J

If fis continuous at a, then Hmaf(x) = f (a).
X =y

EﬂHn?](a—Zh +3)= 7-0=7
yTaf(x)=f(3)

= 2=k or k=12

RHL = lim f (2 + h)=lim 2 (2 +h)-3
h-0 h-0

w lIm (4+2h—3)=1+0=1
h-0
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and f(2)=2x2+3=7

RHL = LHL =f(2) Le., hrn F(x)=f(2)
Hence. function Is not conUnuous atx =2
Hence proved.
10. Given, f(x)=x1x|

T Understand the modulus function and its properties.

f(x):{ x(x), x=z0

—x(x). x<0

Afunction f(x) is said to be differentiable at a point x=a,if
LHD isequal to RHD i.e,Lf"(a)= Rf’(a).

{xz, x 20

-x“, x<0

TR!CK J

Now, RHD = tim ({8+M)-f (0
h-0 h

(0 +h)*-(0)*

=lm B
h
il =f(D-h)-f(U)=umf(U-h)-f(D)
h—~0 - h-0 -h
. =(0-h)*-(0 _-h?_ a
=~ “h = =g =g
LHD =RHD

So, f(x) Is differentlable at x =0

Since, f(x) Is a polynomial function, so it also
differentiable other than 0. Hence f(x) Is
differentiable for every real value (le. R).

ERROR

Mostly students find difficulty in differentiating
modulus functions.

cas (x?)

1. Lety=e
Differentiate both sides w.r.t. x, we get
%: geonx? -%cus x2 = gtoex? [-sIn xz]% x?

CIIJIJ.)‘2 CCIIIX}

@@ (-sinx?)2(x)=-2xsinx?.e

12. Lety=3x +5log, x -11 log, x

Differentiate both sides w.r.t. x, we get
dy d d d
- =BE~E+ SElog‘J x—ﬂaloga X

=3-ﬁ;+5-—]-—11-mgae-%logux

3 +§—H-log e
24dx x x  °°

13. Lety=cot®2x
Differentiate both sides w.r.t. x, we get

dy =3cut22x--r'lcot2x
dx dx

=3cot? 2x(- cosec? 2)()-% (2x)

=3cot? 2x (- cosec?2x)-2

21

=-6-cot?2x-cosec?2x
14. G]ven,y:lle‘sin%+5'
= y = 4e*(l)+ 5% = 4e* + 5~
Differentiate bath sides w r.t x. we get

dy oty e o
= 4d( e (5)49+5L0g5

15. Glven,y =cos™\(sinx)= cos"[cos (g —xn

=§—x (- cos™ (cos0) = )
E}i=i(£_ )= e
=% e dx 5 X 0-1 1
16. Lety=x? Logxsinx
dy
ot M _si i —lo
= === logX— (sinx)+ x* sinx - (log x)

+ Logxslnxi(xz)
dx
=x*log xc05x+x251nx-l+lug xsin x.2x
X

= x [xlog x cos x +sin x + 2log x sin x)

ERRQR

Some students commit errors in u X v X w rule for
differentiating the function.

17. Lety=e”log, x

g_;’ze x%(lﬂgu x) + (log, X)X%(ex)

=e” x;loga e +(log, x)xe*
= ﬂ(x log, x +log, e)
*

18. Glven,2x + 3y =sin x
Differentiate both sides w.r.t. x, we get

2x1+33—y=cnsx

X
=5 ﬂacnsx—Z

dx

dy cosx—2
=

dx 3

19. Put x = tan A.
Y @ sln'l[ ﬁ:—] @ sln“l[ﬂ;‘—}
1+ x 1+tan“ A
wsin™'(sin2A)=2A =2 tan™ x
(X =tan A= a = tan™ x)
Differentiate both sides w.r.t. x, we get

Y it
dx dx(ztan Kj=2% I

L
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20. Given, x =qat?and y =2at

ﬁ:a x2t =2at
dt

and ﬂ:za x1=2a
dt

NG\'\:‘. d_y=ﬂ+d_x=2_ﬂ=l
dx dt dt 2at t

ERROR »

Some students commit errors using uxv rule
derivative function.

Short Answer Type-l Questions

_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7

sin? Ax

if x 20 |5 continuous at x = 0.
1 ifx=0

Um £(x) =£(0)

1. Since,f(x) ={

y i Slnz}.x_]
x—»0 X e
2
= Um [Slnkx) xA2 =1 ['-Um s-——me_il
x>0 Ax 020 @
=% 1x2=1= A?=1
= A=+%1
1-cos x o
2. Since,f(x) = 2x2 ' X #U |s continuous at x = 0.
k. ifx=0
le f(x) =f(0)
- lim 1cosx Kk
x—aﬂ :)_)(2
Zslnzx
im ——%=k
B x-—r:-lﬂ 2%
)2
sin— 1
= Um x—=k
x>0 .)i 4
2
4 00 @
1
=5 oy
3. f'(x):i[tanzn—x] [ E]
dx 6
=2tan-—-x—[tan_’£}
6
RX 2nx d[nx
=2 tan—:
an6 sec = dx[ ]
=2 x% tan %sec2 %
=Stansect IS
3 6
4 2R 2211
f! (2)=§tan TS =
T 19 0 2o 41
= —fan—5ec* == — x+/3 x2
S g ses W B |

4. Given,y =log (sin x)+ tan x

Differentiate both sides w rt x. we get
dy 1
dx sinx dx

1
o e 6 WL BBCE
Inx

(sin x)+sec? x

=cot x +sec? x

&gy~

=cot30°+sec?30°

= 3+(725)2=J§+%

5. Given,sin? y+cosxy =K
Differentiate both sides w.r.t. x, we get

— {E. }=
2siny cosydx+( sin xy) dX(xy) 0
= ZSIny-cosygz—slnxy{x‘—szry}:D
dx dx

=% {2siny-cosy - xsin xy}%i-:yslnxy
dy v sinxy

= —_—

dx 2sIny-cosy - xsinxy

LS

Putx=1andy=4

dx i s T
Zslnz-cosz—l—sinﬁ-z}
~sin= 2 x=y
5 N

R

=¢=ﬁxn= "
SRS BT

_ 4 X-J2_+1_rt(\f2_+1)_n(~fi+1)
Ta(WZ-) Nz 42-) 4

6. Glven, e =log (sin x)

Differentiate both sides w.r-t. x, we get
d d
= (€") ==~{log (sin x)}
y dy 1 d ( ) COS X

= "dx sinx dx " sinx
dy cotx  cotx
=5
dx e log (sinx)
7. Put x=sln®

- cos™'[2xV1-x?)= cos™'[2 sinB1-sIn? 6)

= cos™'(2 sin Bcos 6)
= cos™'(sin26)

[—TR!CK J

sin2Q+cos20=1v0eR

L
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.

= cns“[cus{g =2 Gﬂ = % -20

——2sln™ [-x =sin®= 0 =sin" x]

o [cos" X\h—x_}] {——Zsln }

N &

= _22 Hence proved.

1-x

=
. Given, f(x)={x' if x 21

¥, el

Now, check the differentiability at x =1.
f(1-h)-f(1)

s U

and RHD = Um w
h-0 h

2 2
=Um£ﬂi
h-0 h
1+h?+2h =1
=Um—
h—0 h
h(h+2)
T im (h+2)
=0+2=2
LHD = RHD

= lim
h-0

Hence, f(x)Is not differentiable at x = 1. Hence proved.
. We have, yy1-x? + xyfl-y? =1

Differentiating bath sldes w.r.t. x, we get
=2X =2y dy

+1x—+ W

{J]_x VI-y? }d" {«hiyxz_ ]_yz}
(ixZfi=y? - xy)

]_ 2
==t ZZ (,!T-yz-jl-xz-xy)

2
gy.=_ :_'ﬂz. CoAT=x2 1=y & xy)
x -X
Hence proved.
Alternate Method:
let  sin'x=A and sin"y=8B
= xwsinA and y=sinB

yV1=x2 + xfl-y? =1
sinBy1-5In A +sin AY1-sin’B =1

— sinB.-cosA+sinA.cosB=1
(sin? 0+ cos?0=1)

= sin(A+B8)=1
= A+B=sin(l)= sin“(sln %J
= sin”! x +sin™! Y =%

10.

1.

12,

;

Differentiating both sides w.r. t. x. we get
L e L P

1-x2  (1-y? dx
2
= L Hence proved.
dx 1-x?

Glven, xy =e*™
Differentiate both sides w.r.t. x, we get

dy sy, 0
e AT, e el SO
Xe—tbxyse !(xy)

= XEZJ,;,:Q:*V(]_EZ)
dx

= —(x+e‘“5’) ¥~y

L dy_e¥-y _xy-y_wx-1)

dx x+e*™ x+xy x(l+vy)

Glven, (x% +y?%)% = xy
Differentiate both sides w.r.t. x, we get

2+ ) 2 +y?) = x Lry 2 (x)
= 2(x*+y )(2x+2y%y;)=xg%+y
=3 4(x2+y2)(x+yjy—x]=xj—§-+y

= gt ry)-nmy-axey)
X

ﬂ_ y-éx3-4xy2
dx 4x§+4y;-x

Glven, y=sin"(6xy1-9x?)
=sin™'(2.3x41-(3%)?)

Putting 3x =sin @ = B =sin""(3x)

y =sin~(2sin 6y/1-sin? 6)

1 1 1 1

- i - <3x <
[ Y5 - S ) 2
= - J <sin6 < L
Z 2

= sln"(—%] <sin™ (sin o) <sin™ 715

T IS i s
——C P ==y == e 20 <=
=5 4< < — 2< <2]

4

=sin™(2sinéVcos? 0)
TR!CK

int(sinx)=x,V xe [_E, T
2 2

=sin"!(25In0-cos 6)
wsin™'(sin2 )
=20=2sIn"'(3x)

Hence proved.

(- sin0+cos?0=1)

TiP

Differentiation rule for different functions and terms need
attention. Athorough revisfon Is a must.
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Now. dif'ferentiate both sides w.r.t. x, we get 17. Given,y = x*“=~*
dy 5In"(3x) Taking log on both sides,
d logy =log x*“°** = x cos x log x
d iz a } Differentiate bath sides w.r.t. x, we get
-—sin™(ax) = ~WE B
N a2x2
e 1-a°x 19 =xcmsx-ilmgxnogxi(xcosx)
1 d y dx dx dx
Py ———— '3
1-(3x)? dx £ Lﬂ:xcnsx-l
;. 5 y dx X
N1-9x% = V1-9x2 +log x{x;—x(cosxhcosx%(x)}
13. Lety =cot (cos™ x) .
= — =L acosx+ log x [—xsin x + cos x)
y dx

G- TiP:

T A thorough revision of the formula must be done.

= %:y{cosx—xslnxmg x +cos x -log x}
l:x“‘"“{cnsx—xsinxlngx+tosx-legx}
X

Differentiate both sides wur.t. x, we get

;ﬂ = —cosec? (cos™ x)%(ccas‘1 x) 18. Given, x=10(t -sint)and y =12 (1-cost)
% Differentiate bath sides w.r.t. t, we get
= - cosec*(cos™ x) x d
e =10(1-cost)
2 -1 dt
_ cosec” (cos™ x) Y
- and B}r{a]?_ (Q+sint)=12sInt
common ERR(DR » Now, P
dx dt " dx 10 (1-cost)
Sometimes students forget the chain rule, so please & Eht
be careful. = T-cost

| 2n
SN~ 6 sin120°

14 let  yasin”2x1-x7 dy 6
- [&:Lm 2”=§ 2n =§"|-CDS'|2C|°
TR!CK V]
{;fn‘l(sinﬂ)=8 R AL ] _6,c0os30° 6 2
2 2 5 1+sin30° 5 ,, T
= -1 2
=sin™'(2sin 8-cos6) =sin™'(sin2 @) 6§ 2 J3 248
=20=2sin" x (- 8=sIn™ x) "5¥3 2 " 5
Differentiate both sides w.r.t. x, we get
dy | 2 B COMMON
2— In® . : 5
dx dx (sin” )= 1= x2 Some students commit errors in u X v rule derivative
y i function.
15. letu=sin™ xandv =cos™ x
Differentiate both sides wur.t. x, we get 19. Glven, equation of curves are
du 1 dv -1 Xx=acostandy=bsint
— and — = dx
dx  f1—x2 dx  \1-x2 = E:—oslnt
du du dx 1 oy
Pl e — x(=A1-x%) = -1 and ﬂ:bcnst
d dy dt -b
16. Let uw=sin? x and v = @%®** Y S _beostx =—cott
du d dx dt dx asint a
Now, —=2sinx-—(sinx)=2slnx-cosx dy b ,odt b 1 -1
dx dx S0, —y=-—Xx-cosec’t—=——u—- {—}
dv d dx a dx a sin“t |asint
and — = @ X. — (coS X) = —-sinx @ b1 b 5
dx dx = =~—7cnsect
So, differentlal of sin® x w.r.t. e Is = g
LI I . - EOWMDN ERR@R 2

dv d d Inx‘ecuux

d(sin®x) -2cosx
d(ecunx) = ECOHJI.‘

Some students commit errors in u X v rule derivative
=-2"""* .cos x function.

| |
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| Put  x=sinfso thaty=5ln"(2‘5lnm 1-cos 2 |
| |
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| |
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Short Answer Type-Il Queslions

1. LHL = lim f(x)= lim f(G—.h): lim Sln(O—h)
x-0~ h-0 h0 0O-h
TR!CK
lim SN0 — 1
6--0 0O
< i —5Inh=um sinh_1

RHL = Um f(x)=limf(Q+h)=lim (0+h)+1
»zz0™ h-0 h-0

=E_r>rh(h+1)=ﬂ+1=1
and f(0)=0+1=1
LHL =RHL =f(0)
le. lim f(0) =f(0)
Hence. f(x)is a continuous function.
2. LHL= lm f(x)= lJm f(G h)= E_%f(_h)

xS0~

= lim ]

“ha0]_p-UP
=Vo _
['EToe =[]

RHL = lim f(x)= hllrnof(D+1h)=hljn"13f(h)

x 0"

AT

We see that LHL « RHL
Hence. f(x)is discontinuous at x =0

3. Atx =0

-l
W

im_F(x) = lm f(-h)= Um B

x—=07 -
e" +1

ol B (-lim e-V0=Q)
0+1 00

W
SimiLarl Urn f(x) = le f(h)= Lirn
Vi (x) (h)= ﬂm

=lm —pgp=——=1
h-0l+e” 1+0
Um f(x) » lim f(x)
x—07 x—0°
Therefore, llnL f(x) does not exlst.
X =+

Hence, f Is discontinuous at x = 0.

X

4. Given functlonis f(x) =477 g7%" * »0

+e
0. x =0
Here, f(0)=0
LHL = xl-l’l'la_ f(X): PTof(G —h) =}Ei-|;T'E] f(—.h)

=h

= Lim—m)—
hos0l4+e”

Hence proved.

Hence proved.

TR!CK
Pz, e?=0 )
> e-0 1
“1+e™® 140

and RHL = lim f(X): lim f(D-I-h}: LUm f(h)
x-s0* h-0 h -0

o i g f L
The0Tre? 1ie® o

LHL = RHL = f(Q)
Hence, given function f(x)Is discontinuous at x =0
Hence proved.

5. Given,y =(x-1)log (x=1) = (x +1)log (x +1)
Now, differentiate both sides w.r.t. x, we get
%:(x—])-d%lng (x=1)+log (x—])-g;(x—n

—{(x+1)ilog (x+1)+ log (x +1)%(x+1}}

:%:( D _]) «(1-0) + log (x =1) x(1=0)
—{(x+1)x( )x(1+[])+lng (x+7)x (1+0)}
= %mhlog(x-n-ﬂuag(xﬂ)]
=1+log (x -1)-1-log (x +1)
=log (x-1)-log (x+1)
=log [j—j] Hence proved.
6. Glven, y= sln"'); {1}
1-x

Differentiate both sides w.r.t. x, we get

Z 0 i) a,d 2

dy _ 1-x 0‘X(SIn x)=-sin X = 1= x
dx ( e
Vl=-x |

(=2x)

1 <
—gl :
«_h—xz 5: i 231-x2
(‘\I]-le

xsin™ x

1+
- 31—)(2 _ I+xy

(1=%%) (1- x%)
2 _
= (1-x9) x-1+ Xy

V1= x2 x

(from eq. (1))

Hence proved.

7. Given, f(x)=x+x%+ x4+ x84+ .. 4+ x30
Differentiate both sides w.r.t. x, we get
Fr(x)=1+2x+4x3 +6x5 +... +30x2°
Put xal fF/()=1+2+44+6+...4+30
=14+ (2+44+6+...+30)

TR!CK
(Sum of 15 terms of AP =2 {a + I =%(2+ 30). J

m1+?[2+30]

=1+]§-x 32=1+240=241 Hence proved.

L

L L o s s o



Differentiation rule for different functions and forms
need continuous revision practice.

B. G[ven_x+y=r+%

(x+y)3= (r+33

= x3+y3+3xy(x+y)=r3+tl3+3t-%[t+ ]-)

= x3+y3+3xy(x+y)=x3+y3+3 (t+%]

|: t3+£§-=x3+y3:l
=  3xy(x+y)=3(x+y) M;[‘+%=>¢+y}
= xy =1 [‘.-x+y:D,5t;dividEb\,rx+y]
= y=;=x"

Differentiate buth sides wr.t x, we get

y 1
1 H d.
=(-1) x~2 B ence prove

. Glven function can be written as:

y:){2+l

Differentiate both sides wr.t. x, we get

._z ZX__..gz

y dx
dy

ar dx(H-TJ 2X
dy (y*+1)
ot AR =2
dx yz .

dy ny

dx 1+y

ar

Hence proved.

10. Glven,cosy = xcos(a+y)

TiP:

TR!CK

sin(A=B)=sinA-cos B-cosA-sin B J

= S CCISZ

cos(a+y)

Differentiate both sldes w.r.t.y, we get

d
Cos g+ Vy)=—|(COS cos cosi\a+
[co5 (04 cosy) -cosy S cos o)

dy cos(a+y)

_ [=sinycos(a+y)+cosysin(a+y))
cos®(a+vy)

[sin(a +y) cosy -cos (a+y)siny)
cos*(a +y)

_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7

sinfla+y-vy)
cosz(a +y)
dx slna

= dy a cos2(a+y)

EZ= cus2!o + g}

Hence proved.
dx sina

ERRODR

Some students commit errors in — - Y rute for

differentiating the function.

1. We have,y =.[Sinx +cosx +y

= y2 =sinx+Cosx +y
Differentiate both sides w.r.t. x, we get
2yﬂ=c05x—5lnx+ﬂ
dx dx
or ZyEz—g}i_cosx—stnx
dx dx

or (2y—1)%=cusx—5lnx0!’dx= T

12. Given,y:Jc05x+-Jc05x+.Jc05x+ s
= Y =,Cosx+V

or yZ=cosx+y

Differentiate both sldes w.r.t. x, we get

--(y2)=%(cosx+ y)=8d;(cosx)+%

or ygy -—5Inx+-g-;(y—
v - _q dy _zsinx
or  (2y )dx Sl = b Sy -1

13. Glven,y =Js|nx +fsin X+ \fSINX+ e

= yZ=sinx+y
Differentiate both sides w.r.t. x, we get

o dy
2y I c05x+dx

= (2y—1)%=c05x

4. Letu=tan™ ]f—ii- and v = cos™ ::—i;—
Then, u=2tan"! x
and v=2tan" x
= i = 2 and d_v= 2
dx 1+ x2 dx 1+ x2

15. Glven,y = tan“(f—xg) +tan™ x
-X

Differentiate both sides w.r.t. x, we get

-&% d {t n"(_lzxz]+ tan™ x}
-X

i tan"[—zzx ] +itan“’x
d 1 d.

x -X X
d ) "
- (2tan™ x} + - tan™ x

1 1 3
=2 +
T4 % “

1+ x

92 COoS X —5in x

= fsinx+y

Hence proved.

L L o s s o
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16. Given, y=sin™ x +sin™ V- x?
TiP

Differential coefficient of constant term is zero.

18.

Put x =sln®
y =sin'(sin 0) + sin™ ¥1-sin?
[ sin0+cos’0=1)
= y = 0+ sin™(cos 6)

=0+ sln"[sln(z = BH
2

(- sin"Y(sin6) = 0

17. Given,y =sin™{x¥1-x —Vx¥1-x?}, where 0 < x <1

Put x =sinAand /x =sinB
y =sin"{sin Ay1-sin? B —sinBy1-sin? A)

=sin"'{sin A-cosB-sinB-cos A}
=sin”'sin(A-B)=A-B [-sin"Ysin6) =)
=sin™ x =sin™ Jx
Differentiate both sides w.r.t. x, we get
= . SN -
dx :h_XZ Ji-x dx
1 | 1
"X ioxE 23x
Letus= tan"(%-) and v zsln"(%]
1- 1+ x
=N =2%an" %
and v=2tan™ x

Differentiate both sides wur.t. x, we get
du 2 i av 2

dx 1+ x2 dx 1+ x2
du _duxdx
dv  dx dv
2 T x®
= X =]
1+ x 2

19. Let x=sin® = B=sin™ x

ymtan{ ]
1+ l—

[ 5in0®
= fan™
+ cos?

tan"( sin@ J
1+ cos@

] 0
2sln=-cos—
2

- sln 0
l sin?@

] [+ sin®0+cos*0=1)

w fan”
0

2cos’ =

2

00 0
+slN@=2sin=-cos=and cos = 2cos? =1
[ sin Sn2 CDSZE]I'I cos cos 5 ]

T

20.

21

@ TiP:

Convert inverse trigonometric functions to simplest form
before finding the derivatives.

sin E 0
=han 20 = tan“(tan EJ
cos—
2
[ tan™'(tan 6) = 6)
1 1 5o =1
=—0=—sin" x @ =sin"(x
st ( (x))

Differentiate both sides w.r.t. x, we get

dx 2 d 2
Hence, EZ = L
dx  241-x?
Let x=tan8= B=tan
[ P
ThEﬂ, y =C0t'l(..._.|+_ta_n_£1}
tan6
= Y= mt_l(sec = ]) [-1+tan?0=sec? )
tano
i i E)+1
=cat™ &
= y =cot o
coso
_;(H cos 9)
= y =cot
sin®
I 2E052§
N yoe Zslng .:059.
2 2
[ cos 0 = 2 cos? 59--1 and sinB=2sln=-cos ]
0
cos— 0
= y =cot™ —g- =c0t"(cot-]
sin— 2
(- cot™Y(cot ) = 6
L (- 0= tan™' x)
2.2
Differentiate both sldes w.r.t. x, we get
E!=lxi(tan"' x)=l- !
dx d. T+ x?
dy 1
dx 2 (1+ x?)

Ll&'tl.;.::ls.ln"[1 x]andvm/;
1+ X

L

Now, put x = tan’ @

2
U =sin” 1—ta_nza = sin*(cos20)
1+ tan® 0

o =]

b 1Y -}
a=——20=—=-2tan™ ¥x
2 2 Jx

[-sIn™'(sin 0) = 0)

L
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L . S P S
dx 1+ (Jx)? dx Tlex 2
dv d 1
and:  se—iaa—(a] )=_
e S T
du du dv -2 =2
Therefo X2 X = —
SRR dx dx T+ x 2:} S 1+ x

ERRQR

Some students directly apply the formula for derivative of
sin~Yx and apply chain rule.

%=%(Eﬂr'12)= anix2 _d (sin™ x2)
o1 x 2 1 i( 2)
) 1-(x?)?  dx
'.d.l'!‘] 2
ﬁEEh_‘xz X L XX = L
-J1—x‘l JI

23. Letu=4e*"'* 4 Zandv=5sin" x + =
2 4
Differentiate both sides w.r.t. x, we get

=4 es 10and 225 Lsinx -0

dX dx dx
du anlx d av 1
= E;=l+-e -d—xsin xandd—x—S e

du  4.en ' x dv 5
= — = ———and—-=

dx  \1-x? dx  \1-x?

du du dx 4-e"'* fl-x?

dv=d AT ixz 5

24. Lety = x""" thenlogy = tan xlog x

L . tan x - l+lr:ngx sec? x
y dx X
% = y(tan : +log x -sec? x]
or dy - x‘““"[tanx +log x- sec? x)
dx X

25. Glven,y = x**
y=x¥ = logy=ylogx
(taking logarithm on baoth sides)

Differentlate both sides w.r.t. x, we get

%xj-i:yx%(logx)ﬂngxx%
L L A
=5 yxdx_lngxxdxzyxx

= ﬂ[l_tggx} z —Z[ = lU in:Z-
dx|y y X
2

B ;
= dx  x(1-ylogx)

26. Given,y =(sin x)(“‘“’"[nn = =(sinx)’
Taking logarithm on both sides, we get
logy =log (sinx) = ylogsinx
d d

= a(mg v) =a(ylog sin x)

B 8 sl (54
= 3 (log y)xdx o s (log sin x) + (log sin x) -
= -]. XEV- = y

v dx sinx

:[;—lugslnx:lxﬂ=y x

s, 1- yluygsinx dy

x-;—x(sinx)Jf(Logslnx) xgg-

x COS X
sin x

=ycotx

.y “cot x

W, yotx
= dx 1-ylogsinx

27. Given,y™ = x”
Taking logarithm on both sides, we get
log y* =log x¥ = xlogy =ylog x
Differentiate both sldes w.rt. x, we get

d d d
X --(log y) +log y—--(x) ya;(lOg x) + log x B%

1 dy 1 ay
= Xx?-aw;ﬂogyx]-yxx)rlogxa;

y dy

= i-d—y+logy~~-»+tr;lgx—»
y dx x dx

= i.gz_[ggxgz=z_logy
y dx dx x
dy( x

= d—){(;—lﬂgx}:%-logy

Multiply by xy, g}i(x2 - xylog x)=y?-xylogy
X

dy _ y_z-xz logy

dx  x?-xylog x
28. Glven, x=a(t+sint)andy =a (1+cost)
Differentiate both sides w.r.t. x, we get

dx
— =0 {l+cost
o { )

and ﬂ:a(—slnt):—asint
dt
dy dy dt 1
e A 4 asint) x—m——
dx dtdx Spachi a (1+cost)
___sint
1+cost

2sint/2.cost/2
:—!——
1+2cos t/2 -1

[ 5iNB = ZSIHE-CGSE and cosB:ZcoszE—l]
2 2 2

_ sint/2
cost/2

gz:—tani
dx 2

Some students commit error in u x v rule derivative
function.

ERRQR - ]
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29. Given, x =a (cost + tsint) 3L Given (a+bx)e¥=x

and y=0(sint-tcost) Taking logarithm on both sides,
Differentiate both sides wur.t. t, we get ¥
& d (-sint+t-cost+sint)=atcost g le-hhx) £ lupe* =gy
dt =  logla+bx)+L=logx
and ﬂ:a[cnst—{t(—sinthcns t} -
dt —1 Z.=tog
=a(cost+tsint-cost]=a tsint X (a+bx)
Ez =g—y-———fdr= atsint =tant
dx dx/dt atcost = = xlng(a + bx ~(1)

Again differentiate both sides WIt x. we get
s ala) @3S
d?  dxldx) dt dx

Differentiate both sides w.r.t x, we get

) X X (a+bx)-xb
dx_] log(a+bx)+xf(a+bx)[ (a + bx)?

=-—(tant)x~— y ( X ) a
= —=Io
g ?X dx dx - B\g+bx +(G+bx)
2
=5eC [ x [‘.‘—:(:Jrcost:l dy y, _ 4@
= 2 w2
atcost dt =5 (a+bx) (2
_Secat

(- from eq.(1))
Agaln differentiate both sides w.r.t. x, we get

ERR(ODR -

Xo==y
Some students make mistake while finding second dj%: dX2 = GE -
derivative of parametric functions. X (a+bx)

A2 %

30. Given that, y =sec x + tan x a+Dbx
Differentiate both sides w.r.t. x, we get =l[ £ ]_ ab
dy d d x| (a+bx)] (a+bx)?
o d—(sec X)+ d—(tan X) - fromeg, (2)
2 d’ o*+abx -abx a*
=secx-tan x +sec” x =sec x-(tan x +sec x) = — = — = -
dx x(a + bx) x(a + bx)
Agaln differentiate both sides wur.t. x, we get ey 3
0
i[ﬂ] =5eCX xi(tan X +5€c X) = e (m] Henzepraved,
dx | dx dx

+ (tan x + sec x) xd%(sec x) Long Answer Type Questions

1
=sec x x(sec” x +sec x - tan x) TiP

+ (tan x +secx)x(secx-tanx) ¥ Find | HL (atx=2 andx= 10),RHL (at x= 2 and x=10), f(2)

= SeC X -sec x - (sec x + tan x) and f(10) and using these relation to obtain the values of
+(secx + tan x) x (sec x - tan x) aandb.

Y
2

=sec? x-(sec x + tan x) 5 if x<2

+(secx+tanx) secx- tanx Here, f(x) ={ax+b, if 2<x <10
=secx (tan x + sec x) (sec x + tan x) 51 i x>10

=sec x-(sec x + tan x)?

2
1 1 sin x
= b +
COSX | COSX COSX

] K[Hsinx]z cosx (1+5in x)?

At x =2 f(x)=5

LHL = Um f(X): lim 5=5
X2 x-32"

RHL = Um f(x)= Um (ax+b)=2a+b
x—2° x—2*

= = 9 X 5
COS X COs X COS5™ X Cos™ X

_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7

_cusx-(1+sinx)2 cos x - (1+ sln x)? and f(2)=5

(cos® x)* - (1-sin x)*

[ sin0+cos’0=1)
cos x - (1+sin x)? C0S X
(1-sin x)?(1+sinx)?  (1-sinx)?

Hence proved.

f Is continuous at x =2, If
LHL = RHL = f(2)
20+b=5 (1)
At x =10, f(x)=ax +b

LHL = lim f(x)= Um (ax+b)=10a+b
x->10" x-510"

L
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RHL = lm f(x)= lm (21)=21

x-10* x-s10*

and f(10) =

f is continuous at x =10. if
LHL =RHL = f(10)

=5 100+ b =21
Subtracting eq. (1) from eq. (2). we get
Ba =21-5=16
06
8
From eq. (1)
2x2+b=5
b=5-4=1

Hence, f Is a continuous function if a

=2.b=1

COMMON ERR@R 0
Many students commit errors in finding the LHL and RHL. ]

S
2. Given. f(x)={* 5‘“;. if x«0
0. if x=0

Then, LHL = Um f(x)= Um (xzsin

x-0" x->0"

- - — 2
hu%( h)? sin— = Lim h

RHL= Um f(x)= Um

x-20* x—0

RHL = lim (D+h)25in[ L
h-0 0+

= lim (hzslnlJ =0
h-0 h

and f(0)=0

LHL =RHL = f(Q)
. At x =0, f Is continuous.
Atx=caD,
lm ><2sinl
X

=cZsint = f(c)
X—ac E
= At x =c = 0, f Is continuous.
Hence, f Is continuous at x eR.

3. Glven, f(x)= @. Y
cotx-1 4

«/_cnsx—l

Therefore, lim f(x)= Linﬂ ———

xeg i
lim (V2 cos x -1)sin x

8 (cosx-sinx)
%

(+2 cos x =1) (JZ_cost) (cos

.

(sn1) -0

7

X +5inx)

x_,__(cnsx sinx) (J_cosx+1) (cos

_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7

X +5inx)

[-.—h—>[].-1<sln?1-<1: ashaU.hzsln%AU}

(xzslnl)
g X

[ h— U.—1<sin% <l,ash- O.hzsin%—> U:‘

-slnx

2cos® x-1  cosx+sinx

—U
coszx sin?x (V2 cosx+1)
(- (a-b)(a+b)=a®-b?
CO0S2X C€OS X +5sinx

m . -sin x
x_%CGSZX (2 cos x +1)

-sinx

[ cos20=2cos? 6-1=1-25sIn?  =cos? 0-sin? )
Cos x +sin x

= lim —— .
xT_ﬂ(Jfr:szH) °
4

Inx

7T d
cos—+sin—

-ﬁcos%ﬂ 4 J2 x
2 T w2 T 1]

B TSR e

So. lim f(x)=;—, if we define f[—ﬂ:

N —

X —p—_

” T
becomes continuous at T

Hence. f (;] = — for the continuity of f at x m;;—.
4. We have, log (x* +y2)=2tan"({—]

TiPS

d 1 d P |
° E{t’ogx}z; ° —d—x-[tan X}=1+x2

Differentiate both sides w.r.t. x, we get
1 d 2 2 1 d [l]
— = =2 o
x‘+y dx(x +¥) 1+(y]5 dx \ x
X

2o
2 X« _y.
=3 L {2x+2y_z} sz J_dx
x2# ¢ dx] x%4y* %%
- 2x M 2y d_y 2x__dy ?.y
x“+y® xPayt dx xfayt dx xP4yt
& 2y  2x |dy 2x 2y
><2+yz Xz+y2 dx xzq.yz xz+y2
- iyl Aty
X +y2 dx Ky
dy x*+y? 2(x+y)
S s s P
dx 2 (x- y) X 4y
dy x+vy

Hence proved.

dx x-y

5. Glven, x Ty +yfTx =0 = xJl+y=-yfT+x

Squaring both sides, we get

X% (1+y)=y? (1+ x)
= X2+ xy =yt +yix
= x?-y? -y + x%y =0
= (x=y)(x+y)+xy(x-y)=0
= (x-y)(x+y+xy)=0
If x—-y=0=y=x

[but v = x does not satisfy the equation)

L
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G- TiP:

T Learn all the substitutions made in inverse trigoanometric
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Differentiate both sides w.r.t. x, we get
dy _ (1+x)()-x-(1+0)
dx (+ x)?

= =— Hence proved.

ERRQR -

Most students differentiate directly and fail to reach the
final answer.

bl
-1
6. Letu=tan™ L and v =tan™ x

X

Now, put x = tan A

functions by heart.

U = tan™!
tan A

[ tanzA-J]
[ Vsec? A -1

= tan™! W] [-1+ tan’ 0 = sec? 0)

~ tan_fsecA-]]_ tan"[]_COSA]
B | tanA | sin A

[ r.os(3=1—25.lnZE and siné =251nﬂ-cosg}
2 2 2

25sin? A sin 2
= tan"| ———=—| = tan"" 2
2sln—.cos— cos —
2 2 2
<l A -1
= tan [tan 3] [-tan™(tan6) = 6)
A 1 =1 =1
=% u=3=3tan X [sx=tanA= A =tan"' x]

Differentiate both sldes w.r.t. x, we get
L1 i[l tan™ x:‘ = % x_(tan" X)

dx  dx

and d_v L
dx T+ x
du du dv
dv  dx dx
i B
_2(1+x)T'I+x =2

o2
7. Letu:tan"{ ]Xx }andv:chS"(Zxd]—Xz)
1 ‘J]-—Xz
X

Now, put X wsInBin U = tan” [

R R
9@(2 i]

], where

— 1-sin’ @ o coso
B sing |~ sin®

[-sin?0+cos?0=1]

=1 = T i
=t tO =t t e =_._G
an~'(cot 8) = tan {an(z )} s

[-- tan™'(tan 0) = 0)

=Z _sin

T2
da_* o
dx  J1-x2

Now, put x =sin@in v =cos™(2xv1-x?)
v =cos™ (2x¥1-x?)
=cos™ (2sin@y1-sin? @)

=cos™'{2sin6-cos 6}

=cos™'(sin26) [ sin26=sin20cos26)

= cos“{cus(g = 9)} [ cos™(cos 6) = 6)

whereZ20 e [; rc]

. Glven, x¥ =e*¥

Taking logarithm on bath sides,

log (x*) =log (e*)
=5 ylog x =(x-y)loge=x-y ()
Differentiate both sides w.r.t. x, we get

2 (ylog x)= - (x-y)

dx
. &y __ %
= yd logx+lugxdx =1- =
1 dy . dy
R Y T
= % x+ 0g X I

= (1+L0gx)gz=1-y-=_zx“
dx x X
= (1+Lt:pgx)%=mﬂ

X
dy log x

) (1+log x)[ﬁ]

[~ x-y=ylog x:>x=y(1+[0gx):>£=(]+l0g x))
y

(fromeq. (1))

dy log x
= e (“'TEX)T Hence proved.

. Glven, y = (tan x)"™* - “ = y = (tan x )V

Taking logarithm on bath sldes,

log v =log (tan x)" = ylog (tan x)

Differentiate both sides w.r.t. x, we get
1.dy 1
y ax =Y Gnx

d dy
-a(tanx)nog (tanx)-a

L
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10.

11.

N

ifferentiation rules for different functions and forms
need continuous revision and practice.

= (l—log tanx] W__Y a2y
% dx tanx

2 Z
1-vloe tan ﬂ=y_sec_x
= (~ylog ) dx tan x

1 COS X

dy 3
= (l-ylogtanx) L=y ——
(1-ylog )dx y cos? x sinx

2y? _2y?
2sinx-cosx  sin2x
[- sin20=2sinBcos Q)

== g}_/_= 2!2 cosec 2x
dx (1-ylogtanx)

Letu:«}3x+2,v=——]——-

= (I-vlog tanx)ﬂ:
dx

Hence proved.

25t 44
and w = (cos x )t *
Then. Vy=U+V+w
Differentiate both sides wr.t. x, we get
gy _ou,dv, dw ()
dx dx dx dx
du-—J§x+2
u V2 3
=—(3x4+2)" =
~ dx x( ) 243x +2
1
V=
JZx +4
dv Y2 _ -2x
—_—2 4
= dx 2i%+3) (2)\(:+£;)3;1
and w = (cos x)*™

Taking logarithm on both sides,
log w = log (cos x)'*™* = tan x - log cos x

tanx

Differentlate both sides w.r.t. x, we get

l-d—w—tanx 9 \og cos % + log cos - tan
w odx dx B 8 dx
=tanx- . .(~sin x) + log cos x-sec? x
Cos x
= -tan® x + sec? x-Log cos x
dw
= E_w( tan? x +sec” x -log cos x)
= (cos x)"**(- tan® x +sec” x-log cos x)
du dv
Put the values of —, — and-—- Ine we get
dx " dx dx 5 weg
dy 3 2x

dx  2Bx+2 (2x2+4)2
+(cos x)""*(~ tan? x +sec’? x-log cos x)

)mnx

Glven that,y = x* + (cos x @U+V

where, U= x* andv =(cos x)"*"*

TiP:

dy du dv
ThEnA K dX a (])

Now, Us x*
(taking logarithm on bath sldes)
= log U= log x* =» log U= x log x

Differentiate bath sides w.r.t. x. we get

1 du d d
——=x—1log x +log x — x
u dx dx dx
du [ 1 ]
=5 —=u| x-—+log x xI
dx X

=x* (1+log x)
Again, v =(cos x)tnx
(taking logarithm on both sides)
= log v =log (cos x)tan~
=tanx log cos x

Differentiate both sides w.r.t. x, we get

1 dv d
o tanxa([agcosx)ﬂugcosx—(tan x)

1
=tanx- —sinx)+logc sec?
X cosx( x) +log cos x (sec” x)

=tan x (- tan x) +sec? x-log cos x
dv

= E=v(—tan2x+sec2x-logcosx)
=(cos x)™"*{-tan? x + sec” x -log cos x}
Put the values of %:— and % in eq. (1), we get
dy

2L = x* (1+log x) + (cos x)'*™*
Y _ ¥ (1+1og x) + (cos)

{-tan® x +sec? x -log cos x)

12. Lety=(sinx)** +(cosx)"* =u+v

G-TiP

T Differentiation rules for different functions and forms
need continuous revision and practice.

where, U =(slnx)“** and v = (cas x)¥"*
dy du dv

Then, ==—+—
dx dx

Now. U= (sin s

(taking logarithm on both sides)

)CUE X

[-y=u+v)..(0)

= logu =log (sin x
= logu =cos xlogsinx

Differentiate both Sides w.rt x, we get

1 du
c— =COS X-

e (logslnx)+log5lnx£(cosx)

=c05x--—]—-cnsx +logsinx - (-sin x)
sin x

d_u u Coszx-sinxto sinx
dx In x &

2
cos® x
=(sln x)*“"** | ——-sinx logsinx
sin x

Agaln, v =(cos x)!n*

(taking logarithm on both sldes]
= log v =log (cos x)""~
= logVv wsinxlogcos x

Differentiate both SidES w.rt x, we get

1 dv d
e G —l L —(sl
g snxd (log cos x) + Dgcosxd (snx)

«(-sln x) + log cos x -cos x

1
mSinx-
Cos X

L
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2 x
- Gv_,|_sin"x +cosx-logcosx 14. Giventhat.  y=(log x)* + x'*®8
dx €os x Differentiate both sides w.rt x, we get
[ 2 dy d
_ znx | _SINT X ] 2 —{(log x)*) + - [)J‘“ﬂ"} w1}
=(cosx) ——+cosX log cos x} ds (d .
du dv Let U = (log x
Putting the values of = and = nea (1). we get @ TiPS :
ﬂ:(sinx)“’” Fmszx—sinx-lngsinx Fe Df tiati [ di ¢ ti d
T =T ifferen fation rules fpr ifferen ﬁ..mr: ions and forms
2 s need continuous revision and practice.
+ (cos x)™ [cos x log cos x _sin x} o There is no formula to find log (a + b).
oS X
13. We have, x¥ —y* =a® Taking logarithm on bath sides, we get
Differentiate both sides w.r.t. x, we get log u = x log (log x)
i(xv “*) = i(ﬂb) Differentiate both sides w.r.t x, we get
d s s [ . Ll o B —lng (log x) + log (log x)- g —(x)
= .d?(xy)__x(y )=0 (1) u dx dx

. ‘ = d—“:u{ -—1—-—~(l0gx)+lng (log x)- 1}
G- TiPS: & [ logx

{ o Derivative Offonstanflszefo. = _E_ {(lﬂg x)-“}: (LOB X)X {l_n)g( = ..)](..4. [Dg (lgg X)}

o log (ax b)=log a+ log b.So, separate the function and dx
find the derivatives.

~{log ¥ {—g—uog(mg x)} -2)

Let Us=x¥
Taking logarithm on both sides, we get and let v = x\98%
log u=log x =ylog x Taking logarithm on both sides, we get
Differentiate both sldes w.rt. x, we get log v =log x-log x
1.du_ . —log x +log x- dy Differentiate both sides w.r.t. x, we get
u dx dx dx 1 dv
dii dy —.—=log x- —(log x)+log x - —(togx)
= —=u{ya—+logx-—} v dx
dx X dx dv {l 1 ! 1
= —=vilog x-—+ ogx-—}
i(x)” = xY {£+ log x ﬂ} k) dx 5% X
dx X dx d > log
¥ R xlogx -_:xlc‘ﬂ"{ E } 3
and let v=y = T ( ) - (3)

Taklng logarithm on both sides, we get

logv=logy* =xlogy

d x 1 « [2log x
Differentiate both sides w.r.t. x, we get d—z= (log x) {tUB (log x) + @}*’ %o {Tg}

From eqgs. (1), (2) and (3), we get

10¢ =X i(lt:n y)+lo o (x)
v dx 8 & 15. Glven that, y = (cos x)* + tan™' Vx
- _cdi_v= v{x-l-gz+ logy ﬂ} Differentiate both sides wrt X, we get
x x
gy _ g —((cosx)*}+ — (tan" Jx) (1)
X dy L dx  dx dx
L (y*)=y +logy -(3)
dx y dx Let u =(cos x)*
From egs. (1). (2) and (3 . we get Taking lagarithmic both sides, we get
XV{ZHDgx-gl}—y" £.9¥-+logy =0 log u = x log (cos x)
X dx y dx B &
Differentiate both sides w.r.t. x, we get
=y x4 xY log x-ﬁ—xy x1 gy -y*logy=0 1.4 d g
dxd dx —.— = x.-—log (cos x) + log (cos x)- —(x)
= (xlogx-xy*")- 2=y logy -yx~ g j % 2
u 1
dy _ y*log y —yx¥~! = a:==L|l-{x-msx-E(cmsx)ﬂog (cosx}-1}
dx xlog x —xy™" i
=% ——:u-{ x(—slnx)+logcosx}
ERRQR « G = \cos x

Some students take logarithm directly without i(cog x)*=(cosx)(-xtanx +logcos x)  ..(2)
separating the equation, which leads to the wrong o
solution. and v tan™ Jx

L L o s s o
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TR!CK

deh (tan—1x)= %

+xt

Differentiate both sides w.r.t. x, we get

oA S S
dx_]+(J_) dx  1+x 24x
t Pl (3
(e~ 5= 2J_(1+x) @)
From eqgs. (1), (2) and (3), we get
v 1
—~ =(cos x)*(-x tan x + log cos —_—
- (cos x)*(-x tan x + log x)+2&(”x)
16. Given that, x=a (26-sin26)
Differentiate both sides wr.t. @ we get
dx
%—a(z —-2c0520) (1)

=2a{1-(1-2sin? 8)} = 4asin®
[-cos20=1-2sin’ 0)
and y=a(l-cos26)
Differentiate both sides w.r.t. & we get

dy _
dg_a(0+2sln20)

=20 (2sinB-cos0)=4asind.-cos O

1
— =——x—=40a.sInB.cos 8
dx de dx “%a-sin? e

So, [EZ] _cot£=c0t60°= 1
at D--— 3 73’

Some students commit error in u x v rule derivative
function.

ERRG)R : ]

17. Given, x =@ (cns t +log tan -Zt-) andy =asint

Differentlate x =a (cust +log tan%) w.r.t. [ we get

d—x=a —sint + ] -i(tani)

dt t dt 2
tan—
L 2
5 b
sec’ —
=0|=sint+ EE-(L]
. de\2
L 2
=0|-sint+ ; sec2£ l
tan— 22
L 2
=0 -=sint+ ED.SHZ . !
2sint/2 cos?t/2
i 1
=a|-slnt+ ——M ——
| 2sint/2cost/2

[-sin@=2sIn6/2cos0/2)

[ 1 ] 1-sin?t cos?t
=a| -sint+ =a - =0
sint sint sint

[ sin? 0+ cos?0=1]
and differentiate y =asint wrt. t. we get

48
e acost

dy dy/dt acost

dx " dx/dt  cosit

sint
_ sintcost
coszt
sint

cost

=tant Hence proved.

1B. Given,&¥(x+1)=1= x+1=e7
Differentiate both sides w.r.t. x, we get
d d dy
—(x+1)=—e¥= (14+0)= -2~ -
dx( ) dx e dx

:b—r-—

dzv d dy v
(fromeq. (1))

j;y ( dx] Hence proved.
19. Given, x™y" = (x + y)y™n
Taking logarithm on both sides, we get
log (x™-y") =log (x +y)™"
= log x"+logy” =(m+n)-log (x +v)
= mlog x+nlogy=(m+n)-log (x +v)
Differentiate both sldes w.r.t. x, we get

m-l+n-l-g}i=(m+ ) {1 _}i}
% y +y | dx

m._n dy m+n+m+n dy

X ydx x+y x4y dx

5 {E“rm-n}gz {m+n m}
y x+yldx |x+y x
- {nx+ny my — ny}_z {mx+nx—mx—my}

v (x+Vy) dx x(x+y)
nx-my dy nx-my

=

y(x+y) dx  x(x+y)

" dy _nx-my y(x+y) _§
dx x(x+y) nx-my x
ay _

= Kl wy

Agaln differentiate both sides w.r.t. x, we get

x.d_ZZ,LEZJ:.EE

dx? dx  dx
P8 xd_22=gz—gz=ﬂ
dx? dx dx
gyf =0 [ x » 0)Hence proved.

L
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20. Given that,y=sin(sin x) (1)
Differentiate both sides wr.t. x, we get
dy d
e A in x)- —si
-+ cos (sin x) 2 Sinx
= oy =Cos x -cos (sin x) -(2)
dx

Again differentlate both sides wur.t. x. we get
d—zz =C0S X -{—sin (sin x)- i'sln x}
dx? dx
+cos (sln x)-(-sin x)

dy

= —F=C0SX- {-sin(sin x)-cos x} -sin x -cos (sin x)

2

= _-_gxg = -cos” x{sIn (sin x)} -sin x {cos (sin x)}
d

= %:—cnszx-y—glnx-cosx-%

[from eqs. (1) and (2))
_22‘1 2 an ay _
= S+ycos” x+tanx ===0

Hence proved.

or (—;%4- tan x %+yc052x=ﬂ

21. We have, y=(sin”" x)? )]
Differentiate both sides wur.t. x, we get
Y 26in x- L (sin”! .
g =2sin x dx(sin x) rsin” x = —

.q}i_z in”! ]

= —==2sin"" x.

dx 31-){2

aJ]-xz-%=25In"x
X

Squaring on both sides, we get

(1-x )(33 =4 (sin™" x)?

= (1-x )(?’] =4y

Agaln differentlate bath sides w.r.t. x, we get

[from eq. (1))

dx dx
= (1—x2)§yz—x3—z—2 0 [ 2%¢u}

Hence proved.

22. Glven equations Is x = cost + log tan (%]

Differentiate both sides w.r.t. t. we get

Gf—x——sinr+ ! B (tan t]
dt tan(_j d
2
.4d e
[.dx(tanx)_sec x]
t

t
sec” — coE=
=-sint+ tz-di(i]=—slnt+ ?x ) tx]—
tanL dt\2 sint cos2l 2
2 2
=_5|n”'—]—t [ 5In8=25ln2-cosﬁ]
2sin—-cos— < 7
2 2
1 —sin®t+]
==SINT + m— —
slnt sint
2
o [-sin®8+cos?0=1)
sint
and y=sint (given]
Differentiate bath sides w.r.t. t. we get
-Z cost
= Zy =-sInt
ET
gy__gg_ b _ st SNE _sint oy
=dr “dx “Cosit cost
= dy L 2rx—§—S]m Tsint
d_xf dx cos' t

COMMON ®

Some students first substitute the value and then take
the derivative which is wrong.

& Chapter Test

Multiple Choice Questions

Q 1. The value of k which makes the function defined by
fy={3"%" e , continuous at x =0, is:
k, ifx=0

a.8 b.1
c.—1 d. Nane of these

Q2. The derivative of y=(1-x)(2-x)...(n-x) at
x =1is equal to:
a.0
b.(=1) (n-1)!
c.nl-=1

A== 0T

L

L L o s s o



_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7

Assertion and Reason Type Questions

Directions (Q. Nos. 3-4): In the fallowing questians, each
question contains Assertion (A) and Reason (R). Each question
has 4 choices (a), (b), (c) and (d), out of which only one is
correct. The choices are:
a. Both Assertion (A) and Reason (R) are true and
Reason (R) Is the correct explanation of
Assertion (A)
b. Both Assertion (A) and Reason (R) are true but
Reason (R) is not the correct explanation of
Assertion (A)
c. Assertion (A) Is true but Reason (R) is false
d. Assertion (A) is false but Reasaon (R) is true

Q 3. Assertion (A): Every differentiable function is
continuous but converse is not true.
Reason (R): Function f(x) =| x | is differentiable.

b
z d ,.{' e

4. Assertion (A): — (WeY* Vo ——

Q (A) [ ( ) =

Xe

Reason (R): % [log (log (x))] = yx>1

x log x
Case Study Based Questions

Q 6. Case Study 1
A function is continuous at x =, if the function

isdefined atx = c and if the value of the function
at x = ¢ equals the limit of the function at x = c.

Le., lim f(x)=f(c)

Based on the above information, solve the
Jollowing questions:

(i) Find the relationship betweena and b so that

ax +1; x <3
the function f(x)= is continuous

bx + 3 x>3
at x=3.

2

(ii) If f(x):{kx ;x<2

;o x>2

is continuous at x =2,

then find the value of k.

(iii) Is it true that, if f(x)and g(x)is continuous at
x =c, then f £ g is continuous at x =c? If no

then why?
Or

Discuss the continuity of the function

I x|, 0
fO)=9"3 "' X=Uatx=0.
0; x=0
Q 6. Case Study 2
The derivative of / at x = c is defined by:
S(c+h)=7(c)
h

1=,

A function is said to be differentiable at a point
¢, if left hand derivative at x =c is equal to the
right hand derivative atx =c.

Similarly, a function is said to be differentiable
in an interval (a, b),if it is differentiable at every
point of (a, b).

Based on the above information, solve the
Jfollowing questions:

(i) ¥y =1/t and x = logt %, then find %.

(ii) Show that f(x) =| x| is differentiable at all
points of x e R - {0).

(iii) If y + siny = cos x, then find ‘—g-.

Or

- ., dy
If y =./sinx +y,then find —.
y ¥ pr

Very Short Answer Type Questions

3 if
Q 7. Show that the function f(x) = X" +3, ' X 0.
1, ifx=0
is not continuous at x = 0.
0 8. Find the differential coefficient of the function
log x +log x*
X

Short Answer Tgpe-l Qﬁsliﬁ

0 9. Find the differential coefficient of tan™" x with

respect to sin~* x at x M

COS X

+Sin X

Q10. Differentiate tan'l[:l ]with respect to x.

Short Answer Type-ll Questions

Q. Ify = }1—_}('”1&“ provethat(l-—xz)d—y+y = 0.
1+x dx

Q12. If siny = x sin (a + y), then prove that:

dy . sinz(a +y)
dx sina

Long Answer Type Questions
Q 13. Show that the function

5 x=2, x22 i . "
f(xX)=|x=2|= Yuit, %<2 s continuous but
not differentiable at x =2

Q 14. Differentiate x*™ + (sin x)* with respect to x.

L
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