Exercise 11.8

Q1E
A senies 15 called a power series 1f it 15 a series of the form
ic, (x—a:ll =y +r:1(x—a)+c:, (J|:—a)2 ==
Where ;-iz a wariable, a and ¢, s are constants.
‘We can say that the series ic, [x—a)' 15 a power series centered ata.
20
Q2E

{A)  The radius of convergence, R 1s a positive number such that the senes
converges if |x—a| < R and diverges iflx—al >R.
‘We can find R generally by ratio test.

(B) The interval of convergence of a power series 1s the interval that consists of all
values of x for which the series converges.

Since |x—a|{R
—Rex—a<k
ga—R<x<cat R

At the end points of the interval { x = a1+ R ) the series may converge or diverge.
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Given series Z (—1)“ nx"
=l

Leta,= (—l)n nx"

| |07 (1)
la.| | (-)"asx
1" (—l)n(1+l\| £

(1) 52 ‘

i
- 1+l)|x|—>|x| 250 0
. M



Using the Ratio Test, we see that the series converges if

|l <1.

Thus the radius of converges 1s B=1.

The inequality |x| <1can be wrnitten as —1 <x <1 so we test the series at the end points -1

and 1.
When = -1, the series is Zrz

=l
Which diverges by the Test for diverges.

When ==1 the series Z(—l)ﬂ P!

=1
This diverges by the Test for Divergence.
Thus the series converges only when —1 <x <1
So the interval of converges in (-1, 1)

Eatio test
1) I lim ﬂ”l‘ L<1, then the senes Zan 15 absolutely convergent
E ] a_ﬂ.
Gi) If m|£‘=p1 or nm‘ﬁ|—m
&, =l dy
then the senes 3’ a, 15 divergent
=1

(i) If lim ‘ﬁ‘ =1, the Kaho test 1s inconclusive
F ] ﬂn_
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Using the Eatio Test, we see that the series converges if

|x| <1 and diverges if |x| =1
Thus the radius of converges 1s R=1.

The im:qua]itylxl <lcanbe wrnittenas —1<x <1
So we test the senies at the end points -1 and 1

= |
When == -1, the series 15 _—
Z Elr‘lPz

Which 1s diverges since it 15 a p- series with p=§-::1

L Sy
When == 1, the series 1s
Z%
fes L

I

Thus series satisfies

(D&, ,; <&, because I I

[ - —

3Jn+1 3;";

. ; 1
@ lim b, = lim 7= =0

=

So the series is convergent by the Alternating series test.
Hence the interval of converges 1s (-1, 1]



Alternating Series Test:
SIS ET I

satisfies
(i)&,,, <&, foralln
(1)lim&, =0
then the senes is convergent.
Q5E
Given sn‘:rif:sZ:i
— 21
x°
Let =
R T
i
Ot |_ |22 +1
a, x"
2n—1
xr-x
2n 1+LJ
_ 2n
xﬂ
(-3
- L

Using the Ratio Test, we see that the series converges if |x| <1 and it diverges 1f|x| =1
Thus the radms of converges 15 R=1.

The i.nt:qua]itjflxl <1canbe wrnittenas—1 <x <1

So we test the series at the end points -1 and 1

o= a 1
When x=-1, the -1
nx SETiES E( ) ——
1
Leth =—
b 2n—1
Thus series satisfies
1 1
i <h_becatise <
(i)Ba <&, S
. ) 1
ii) h =lim— =0
(ii) lim &, mzrz—l

So the series 15 convergent by the Alternating series test.



When == 1, the series

f:l
FlE.u—l
1
Leth, =—
Then
1
llma_“:hm—_l
b eo® l

#

1
=1i.lIl—1
msmo 1

#
=l}ﬂ
2

Since 3 a, 1s divergent, 3" &, 15 also divergent.
=l =1
Thus series 1s divergent by the limit comparison test.

So the interval of convergence 1s [-1, 1)

Alternating Series Test:
()T =+ g >0
=1
satisfies
()b, <b, foralln
(1)limd, =0

then the senes is convergent.

Limit Comparison Test:
Suppose that " a, and 3 &, are senes with positive terms. If

lim 22 =
o bl
where ¢ 15 a finite number and ¢ > 0, then either both series converge

or both diverge.

Q6E

Given series is Z m

=l "'2

‘We have to find the radius of convergence and the interval of convergence



Leta, = =
”n
2+l 341
-1 x
Then,a, ,, = ((:T
Now

a!+1
ia, \

e
i 'I'[ ( +1)‘]

- |x|[1 + %]

Il

We note as» —)mlxl —1

Then, the series converges when—1 <x < 1 and diverges forx<—lorx > 1.

Now, if x =—1, the given series becomes Z—leu[:hls ap-series withp = 2 and thus

z-17

convergent.

L _1 =
If x =1, the series becomes Z ( 2) . Then, by the alternating series test it 1s convergent.

z=1 #

Therefore, the radius of convergence & 15 1 and the interval of convergence 1s[-1, 1]

Q7E

We have the series Eil
zl

Ifﬂl=£,ﬂ1&ﬂ

nl

|“-+1|_| = "’!_ﬂ

|a! |_|(.='1+1)!J:il Cn+l
And 11m|——|x|hm—=n{1 for all x
e 7+1

Thus, by the Ratio test, the given series converges for all values of x. Therefore

the radius of convergence 1s and the interval of convergence 1s |(—mm) :




Q8E

We have the series in'x'
=l
If a, =n"x"
Then lim Hla,| =lim 2flx"x*|
= [xflim 2 =co
The given series 15 divergent. The series converges only when |x|= 0
Therefore the radius of convergence 1s d interval of convergence 1s {U}

QOE

Consider the series, i(—l)" ”2—':’

Let g, =(-1)" =

|yl

- x"
-1
|

aﬂ"]

a,

a(n+1) x™ 2 %

= ‘(_1}" g4 (—l}. e

(n+1)"x

: Sl Bl
2n

1Y
X
H|l+—| x

=‘t—1}

|(-1)




By the ratio test, the above series converges if H{ ] and diverges It H =1-
2 2

Thus it converges if |x|<2and diverges if |x|>2.
Thus the radius of convergesis =2

The series converges in the interval {—2,2}

Now test for convergence at the endpoint of this interval

If x=-2.the series becomes
pICIKES YE R
_Z[_l)-m 20"
=§[-l)hn:
5

=14449+--
Which is divergence by the divergence test.

If x =2, the series becomes
IEIKESS YEIREC S
_z( I]'H o

-3y

=—1+4-9+---
Which is divergence by the divergence test.

Therefore the above power series converges when -2 < y « 2. So the interval of converges is
(-22)
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Consider the series, lﬂ":
m=l ”
Let o < 10X
" n
-lnlr'lxntl
a.|_ {H+|)i
a 10" x*

3
n

107" I-nlx o |
(H-l-l)} lﬂ'x"l

10x n
n’(l+l]
n
10x

—10jx| asn—> =

By the ratio test. the above series converges if 10|x|< 1and diverges it 10Jx|>1.

Thus it converges if |x|{ %and diverges if |.r| - %

Thus the radius of convergesis R = 1
10

The series converges in the interval [-L lJ

10710

Now test for convergence at the endpoint of this interval

If x= _L_ the series becomes
10



It converges by the alternating series test. as L Is a decreasing sequence converges to ()

3

n

If x= L the series becomes
10

Which is converges by using integral test.

Therefore the above series observe thatitisa p—serieswith p=3>1

Therefore the above power series converges when _% <yr< = So the interval of converges

53

Q11E

Given series is E (;j); ;i

‘We have to find the radius of convergence and interval of convergence of the given series

o lxl -3 :l+lxl+1
Letal=—[ )3 anda.ﬂ:—( ) 3
Hi (H + ].)i
Then
3
Tpv1| |(—3:]HIJ[Hl n? |
- ER =
a, \ | 3 (37|
al+1
We note that asm —co, —}3|x|
a,

By the Eatio test, the series is convergent if 3|x| <1 and diverges if’ 3|x| =1

Thus, the series converges when |x| < %and diverges |x| = .



Now, if x = —%, then the given series becomes Z% which 15 a p-series with p = g::-l
=1 _ 3
.

and thus 15 convergent

%, then the series becomes i @

=1
Hﬂ

Ifx=

Then, by the alternating series test i 1s convergent.

Therefore, the radius of convergence R is % and the interval of convergence 1s [—l l]

33
Q12E
Given series is Zi
,,!:1?13?!

We have to find the radius of convergence and interval of convergence of the given series

Il I;l+1
Let a, = — and
al - an al-l-l 3!1.1':”_'_1)
Now
@y . I;Hl .PI3'|
a, B (H-I-I)B:Hl- x |
_ X
3(n+1)
'8
e
'8
| D
<l PP
\ M

Then, asz —>co,

Ty i1 N X
d, 3

By the Ratio test, the series 1s convergent 1f X

X

land diverges if |—|>1

Thus, the series converges when |x| < 3 and diverges for |x| >3



SN

Now, if x =—3, the given series becomes Z
-1 X

Then, by the alternating series test, # 15 convergent.

If x =3, then the series becomes Z l which 15 a harmonic series and 15 divergent.

z=1

Therefore, the radius of convergence R 15 3 and the interval of convergence 1s [3, 3).

Q13E

We have been given the series.

= x X
1
g( ) A Inn
: X
=[{-1
=+l I'ﬂ
Then g =01 g

S W =| (—I)HIIHI _ A lnxn |
e I:‘ |4 0 (a+1) (- 2"
—x lnn \
Tln[.u+l)

_ld 1a(#)

" 4ln(n+])




Then 11‘[I1 |I|L
H'-* 4 1n (.u +1)

II..?!
4 H-:ln(n+1)

|x| 1/

4 H-:u(n+1)

"
Since by L-Hospital rule llm ik =hm Uz
—=In (x+1) H-*].-'(x+1)
_ Hlim n+1

4 20 g

o

=H [Since ]:im(1+l)=1+ﬂ=1

4 B n
By ratio test, the series converges when ? <1 :>|x| <4

So, the radius of convergence 1s

Since the radius of convergence 1s K. =4, so the series converges in the interval
(—4.,4), we must test for convergence at the end points of this interval
If x=4, the series is

1) 4

2(4 In#n Z( 1)

This 15 an alternating series with & =1/ln#

1 1
Now, [ l=m:|£[b!=ﬂj| forall n

And limb, = fim =0

=olnxg
Thus, the series converges by alternating series test.




If z=-4, the seres 15
i(—l)' () _<

Sy 4.111?1 _;._a].ﬂﬂ

Since, Inn <n Forn=2
= L:'.:-1 For,n=>?2
Inn =
-1
= w1 ol
Slnn 3x

But the series Z— 15 a divergent harmonic series.
— ¥

1
So, by comparison test, the series E— 15 also divergent.
p— ﬂﬂ

Therefore, the interval of convergence for given series 1s |(—4 4] and the radius

of convergence 1s

Q14E

Consider the series.

i)rnl

(-
Z (2n+ 1)

To find the radius of convergence and interval of convergence for the given series, use the
ratio test.

Ratio test states that

(i) If lim D
=T a'

(]

= L. <1, then the series za_ is absolutely convergent.

(i) It lim | ==L

e

=L=lor Im:

A=rE

=oo, then the series Za is divergent

a

o

L]

&

(]

(i) If hm

LB

=], the Ratio Test is inconclusive; that is, no conclusion can be drawn about the

convergence or divergence of Zaﬂ.



_ (e

Let a = ,UEHDtE the nth term of the series.
(2n +1)!
And
~1 m+l anljvl
g, =)

i (2(n+1)+1)!
N Te)
(2n +3)!
)
(2n +3)

Now, the ratio bis
(1) e
a1 _ (2n + 3)!
o ()
(2n +1)!
—(=1)" x*"*? . (2n +1)!
(2n+3)! (c1y
_ —(=1)" x*-x° . (2n +1)!
(2n + 3)(2n+2)(2n+1)! (1) % -x

“(2n+ .;:.::{_Zn+2)




Then,
a. ., =| —x |
a, |{2n +3)(2n+ 2}|

“(2n+3)(2n+2)

=0 Z70)2+0)

=0 Since l—}ﬂasn—}m

n
anw'l
= <] forall x.
a
L}

Thus, by the Ratio Test, the given series converges for all values of x.

So.asm—» o0

Therefore, the radius of convergence Ris oo and the interval of convergence is (—m, m]

Q15E

Consider the series,

z‘:lx-ﬁ}‘

2
-=l]"+|

The objective is to find the radius of convergence and interval of convergence of the given
series.

To find the radius of convergence, use the Ratio Test to see which values of xmake the series

Yy (‘r: 2y converge.

— n +l1




] +1
tety < 5=2) Theng = X=D"
" o+l (n+1)° +1

Take the limit of the ratios of successive terms:

(I_z)-nd-l

im %2 < i | (21 21
el = (=2)
n+1

i G2 |
= (n+1) +1 (x-2)

e {x—l}'{x—l]x n +1 I
e {n+l)1+1 {:—2)']

{I—l} xn3+||
n+l+2n+1 1 |

N )

IR
nll+=+-—

= lim
B

n n

(x-2) (‘l]

(I+£,+E) . ‘
noon

=K.‘r—2H as n— o

=lim

By the ratio test. the above series converges if |(1 —2)| < 1and diverges i |(1 —2)| >1.

Thus the radius of converges is [R=1]-



Since,

[(x-2)[<1=
-l<x=2<l
—“14+2<x-2+2<142
l<x<3

So the series converges when < y<3

Consider y=1in the series Z( 2y
=i n +I

, it becomes

=

SO Sy

= o+l mn+1

Hence, it converges by using the alternating series test.

If we put y = 3in the series Z(I 2y
=i n +!

, it becomes

i“'ﬁ}‘_ |
~ nsl =+

which is convergent series by comparison test.

Therefore the above power series converges when <y <3

So the interval of convergence is [[1, 3]]

Q16E

G- § o, &Y

2+l 2541

Hl(x—B)“l 2n+1 |_[2n+1)| _3
2143 CD -3 | \2n+3)"

We have the series Z(—l)'

%:
a,

So  lim [l =m[2”+1)|x—3|=|x—3|
Bwlg | e\ 2nt3

Thus by the ratio test, the given senies converges when |x—3| <1,
Thus the radius of convergence i

Then -0

Since [x—3|<1, so 2<x<4

= (-1
When x=4, the series Zgis convergent by alternating series test
= 2n+1

i 1 1 1 :
Since here =— and =— | = =— |, lim& =0
b= [ ‘ 2n+3) [ 2?:+1] b
When == 2, the senies Z 15 divergent by integral test
=0

Therefore, the interval of convergence 15 (2, 4]



Q17E
. .= B ,
We have the series Z—(x+4)
i ]

Ka, = (x+4)

H e R N
1 3'(x+4)'|
_3|J+4I
- N+

lim D41 =limM
3o g = f+1/xn

1 1
=3x+H4|| — —00=——>0
I l[v"iﬂl) (ﬂ n )
=3|x+4|
Thus by the Ratio test, the given senes converges when 3|:.l:+4| <1,

That 1s, |x+4| -::%, thus the radius of convergence 1s

Since —%{x+4 -::% = —13/3<x<-11/3

I’E‘;lrz—E then ij_[ 1] =Zn:( ) 15 convergent alternating series
2l

41‘!!|._tu:11f1r——E then )’ — > 1 Z— 1s divergent p-series with p <1.
ST SV
13 11
Therefore the interval of convergence 1s 373

Q18E

Consider the power series

L

> ey

Its need to determine the radius of convergence and interval of convergence of the given
series

Observe that ,® term of the given series is

= (e 1)



Consider lim |—=:t

=T a'

(= 5 e 1m{
=1iﬂ|(l+i}%(x+1)|
=|!E[I+i)—%(x+l4
:k]+{}]-%{x+l)|

x+1
4

. x+1
Thus lim|—=L{=

A= a 4

A=

By the Ratio Test, the series » g x" converge if hmH <1

By the above fact, the given series converges if

x+1
<1
4

|x+1|<4
This means that given series converges if |x+1|<4 and diverges if |x+1|>4.

That is the radius of convergence is g =4

As |x+1[<4 & d<x+i<4

< d-l<x+1-1<4-1
& S<cx<]

So the series converges when -5« y«3and divergeswhen y<-500r x=3

The Ratio test gives no information when |x+1|=4
& x+l=4and xi]1=—4

So we must consider y=-5 and y = 3separately.



Ifwe keep y = —5in the series z:—_[x-t-l}" . it becomes
=1

S5+ =S (e

$r
=3 I (@)
=3 (1)’

which is divergent series.

aly
If we put y = 3in the series Z%(Jﬁl}" . it becomes

T34 = X4y
o=l 4. =l 4.
=3

a=l
which is divergent series.

Therefore, the given power series is converges when -5 < x < 3. so the interval of
convergence is (-5,3)



Q19E

Consider the following series:

=l

a

Then, calculate

a|_|(x-2" |
a | |(ne1)™ (x-2)

{I-Z)-

{Jrr+l}"+I

That is, the value of lim|22:tis0

A=k a

Recall the Ratio Test that states that if lim | ==z

Loa

=L <. then the series ) a, is absolutely
ﬂ‘" =l

convergent.

Hence, by the Ratio Test, the given series converges for all values of x.

Thus the radius of convergence is and interval of convergence is |(—se,0)).
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Iﬁtﬂ.:Maﬂd

5fn

_ (21 _ l)l-l-l

ARy

Fina. 2]
a,
| _((a=)")(_54m
a, 5"1.\!?: +1 )\ (2x - 1)l
f
B |21—1| 1
S
| »n

- %=1 |21 i 1I ) Shanr & :
Then, lim = This means that the senies 15 convergent if |2x — 1| <5 or
E s al

S5<2x—-1<5 Thatis—2<x <3

[ ] _1 o
Now, if x =—2_then the series becomes Z ( ) which 15 convergent by the alternating

=i

series test. If x =3, the series becomes E —— which is a p-series with p = — and 1s
=l W

divergent.

Therefore, the radius of convergence R is g and the interval of convergence 15 [-2, 3).

Q21E

Given 3 —(x-a). 530
=t

n =
Lt C,=2(x-
= A(ea)

a+l =+l
Tren o= (x-0)
Coa|_2+0)(x-0)" & |
Thus - = x4l N ]
o B

1 n+1
)
F. #

Taking limit as» — 0, we have
lc

].Ii.'III. x#l
| (T

=4




[=—4|

Using ratio test, series converges if <1

=% |I—a|-::b

Thus the radius of convergence

The mnequality |x—a| < & can be written as

a—b<z=<atb
We test the series at the endpoints (a - b) and (a +b)
When x=a—b, the series 1s

- M ] = ]
T =3 ()
=l 21

This 15 divergent, since lim 2 =00

‘When x=a+b, the series becomes as Z »n which 15 also divergent by the test for
=l

divergence.

So the interval of convergence 1s |(a b, a +.-5)

Q22E
v h* (x - a)'
We ha & =0
e have .Z_"z .
2 (x—a) 1 plx-—
Let a, = (I ﬂ!) and hF_ |I Tl
In » (]n H);

1
As wm — o, Ia,Fz blx—al.Thismf:ansthatthﬂgiven SET1ES {:?convergﬁntif
blx—al -::lcrlx—al -n::l_'I']:uzatisa—l < X < a+l_
& b b
Also, the given series is divergentifblx—al > 1.

MNow, if x = a+bl,t'|:uanthe given series becomes ZL_Weknuwthat Inn <»n for
=1 n

1 1 =1 = 1 . .
all#. Then — > — for all ». We get E - = E — . The series on the right hand
Inz = ao1ln 2z 2-1%

side 15 a part of the harmonic series and thus it 15 divergent.

Thus, if x = a+ ;—, then by part (1) of the comparison test, the given series also

civergent.



Now, if x = a—é then the given series becomes Z ( ) . Weknowthatz+1>an

- ilﬂ?’
1 1
Then, In{z + 1) > In ». This means that < forallzor b, , < b foralla
]n(n+1) .
Also, lu:nb, l.u:n:lL = 0.
o In »

Thus, by alternating series test the series 1s convergent. The radius of convergence R 1s
] 1 ) : 1 1
obtained as N and the interval of convergence 1s [a ~ 3 a + E]
Q23E
The objective is to determine the radius of convergence and interval of convergence of the
series.

Consider the series, in!(h -1)°

Take g =n'(2x-1)

L =(n+1)(2x-1)"

a,.|_ (n+1)Y(2x-1)""
a, n!(2x—1)

_|(me1)(2x-1)"
n!(2x-1)

=|(n+1)(2x-1)|

-2 (n+l}(.r—%]
lim ‘:I = lim 2|(n+l)(:t—%]

=7 r——‘!11l:Hn+ I)l

=a0

h‘:m}l r.nrn:.'ﬂ.rit:if:n:l.mf=.=l
a, 2

Thus, radius of convergence is, R=10-

lim

=




The power series will only converges if x =%
Every power series will converge for x=a

Take .|:‘,§=l
2

Power series of the form, ( I-l) . the coefficient of the x must be one.

2

Thus, the interval of convergence is, x= %

Therefore, the radius of convergence is and the interval of convergence is

Q24E
Consider the series iL
%2.46....(2n)

Rewrite the above equation as follows:

2245“. (2n) ZZ"{I 23.....n)

=Z‘;_ -~ e (1)

a=l

Check the convergence of series (1).

n x"
2" n!

Let a,=




Mow consider

a,., =|{n+l)2(1]"' 2" ,,gl
a | 2 (n+1)! n 1"|

-

N+ () x 27 m
22 (n+1)-m! # X
2-2(n+1) |

_(n+1)"

2(n+1)n’

=[H+I} x|
2

/1 1
= — _+_1
E[H n‘]xi
Take limit on both sides.
. |a 111
I1m|—|"' =lim—| —+—
el g *-’*E(r: nz)h-l

=%(n+u)|;1 if n—> o then ~ -0
n

=0 (<1)

Ratio test:

If lim

A=pE

ﬂ| =L <1, then the series ) a, is absolutely convergent
a"

Every absolutely convergent series is convergent.

aly
Therefore, Zr.-_ is convergent.

=l

Thus by the ratio test, the given series converges for all values of x.

Therefore, the radius of converges is |R =oo|.

The interval of convergence of a power series is the interval that consists of all values of x for
which the series is converges.

Therefore, the interval of converges is |{—m,m} .
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Consider the power series,
i (5x-4)"
=l ,r"

The objective is to determine the radius of convergence and radius of convergence of the
given series.

To determine the radius of convergence:

Apply the ratio test,

_ asl 3
limn|%:1{ = i[O 4}, S —
==la, | == (n+1)  (5x-4)

:!iﬂ’(ir-tl}(ﬁ];

2

R

fs-4(1)
=|5,r-4|

By the ratio test, the series converges for

|5x-4|<1

4] 1
x——|<—

3] 5

Thus, the radius of convergence is |R =—|.

From the radius of convergence, determine the interval of convergence as follows:

4 1
D ——<x——<—
5 5 5
4 1
D ———< X< —+—
5 5



First, check the endpoint x =% as below.
o AV
Substitute x =% in the power series ZM to get

(3 4)'

2{51-4]

M

—I}.

I
1[™e

By the alternating series test. this series converges.

So, the endpoint x = 3 can be included to the interval of CONVergence.

Now, check the endpoint y =] as below

Substitute x =1 in the power series iM to get:

m=1

By the p-series test, this series converges.

So, the endpoint y =] can be included to the interval of convergence.

Therefore, the interval of convergence for the power series ZM

T

in interval notation is
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Consider the series

x 2n

X

n=2 n(ln n)‘?

MNeed to find the radius of converges and interval of converges.

a
To use the ratio test first find —=2L-
i

in

Let a, =

m'(lm'a']2

Then

. 2m+)

" (n+1)(n(n+1))

={n+|](m(n+1)}3
So,
Gpsy = -IZHZ ‘"(h"}zl
a, I{n+l)(ln(n+l})l >
_|n " Inn )I Pal =

n+1|| In(n+1) | b |

e

[ a8 nsm

2
Sinceas n—>w= Inn —31and 1
In(n+1) I+

-1

By the ratio test, the original series converges if |f| <1 and diverges it 2 -]
Thus, it converges if y .« 4] and diverges if y=+1

This means that the radius of convergence is and the series is converges in the interval

(=L1)




Test for convergence at the end points of the interval (-1,1) .

If x =1 .the series becomes

- "H IEn

=2 n(lnn] n=2 1 (Inm'}l2

MH

The function I
2 I{ n I}
continuous. But is it not obvious whether or not fis decreasing, so compute its derivative:

2+Inx
F@=-F0s

5 is positive and continuous for y = 2 because logarithm function is

Thus, f'(x)<0

So, apply the integral test:

! = lim ;
‘!x(ln x)’ L’“!x{ln.r]“

r T
) 1
=lim| ——

=) Inx ;

(1 ] [ 1 ]
=lim| — || ——=
==\ Inx In2

o In2
oL
In2
_ 1
In2

Since this improper integral is convergent, Z also convergent.

n(lnn)’

If x=—1 . the series becomes

o

=2 ﬂ{l]'l‘. "}- =2 H‘(III. "]-

By the integral test, the above series is convergent

Therefore, the original power series converges when —] < y <] . so the interval of

convergence is ([-1,1]
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Ratio test: if lim |E‘=L, then the series Z": (1) converges absolutely if L. < 1,
e a, 2-1
(1) diverges if L > 1 and (i) inconclusive stf L =1.

]
X

(7iven series Z 135 @i D)

=1

A x1-3-5---ﬂ(2u—1)|

| [135@-D-@stD -

=0foreveryreal x .. ___ (1)

<1
x"

So, by ratio test, the series 1s convergent.
g 1-2. 3-...(2?1—1)

By (1), we confirm that the radius of convergence 1s {-co ,co).
Q28E

Ratio test: if lim }E‘Zﬂ,thﬂﬂthﬂ SEries Z‘Ix (1) converges absolutely if L <1,
f s ] a! 1

(1) diverges if 1. > 1 and (111) inconclusive if L=1.

= |
Givenseﬁesz alz-
£135 (22-1)
alx"
g =
® 135 (2n-1D
‘@‘_ (2411 135 (2n-1)
a,

1.3-5.--(22—1)- (22+1) sl |

_ {(n+1)
@241
4
141
.
241
L b




Using the Ratio Test, lim

1
1+; |I|
= lim
g

M

ol

_ 140
240

i
2

The series converges if g <1 and diverges when g =4

Ratio test fails when % =1

Wheng <1, we have -2 < x < 2, the series converges and so, the radius of convergence

is (—2,2).

© If — »
H—l the series becomes Z < ( 2)
£1.3.5. . (2n-1)

With the help of the following table, we confirm whether this series converges or not.

.‘JI.

The graph 1s shown from —u),—) vy, —u) 4oy, — o 2 oy —n,
From this graph, we see that Z(—l)lu_ tends to —c0as n proceeds along the odd natural
numbers and tends to c0as n proceeds along the even

III

Thus, the series diverges when
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=
Consider the series Z""- (4]' and it is convergent.
=l

(2)

The objective is to tell the series Zc_ {—2}' is convergent or not
=0

From the given information, if the series Zc_ [4}' is convergence then it tells that the radius of
=i

convergence, g . for the series ic_ (x)" mustsatisfy p>4
=i

The series )¢, (x)” converges absolutely when |x] < 4. it is also converges when x =4but it
=0

is possible that x = 4is an end point of the interval of convergence.

In this case, the series Zc_ (x)" might or might not converge at the other endpoint, which

=i

would be y=_—4.

Therefore, the series Zc_{-z}' is also convergence because, -2 lines beiween -4 and 4 ie.
=¥

—4<-2<4.

Hence. the series i:.:_{-z}" IS COnvergence.
=l

(b)

The objective is to tell the series Zc‘_ {—4}' is convergent or not
m=0

It is clear that the series Zc_ [4}' is convergence at 4 but does not tell anything that it is
a=0

convergence at -4 and it is possible that -4 is an endpoint of the interval of convergence.

Hence, the series an {—4}' may/many not convergence i.e. we cannot say whether the
=i

series is Convergence or not.

Q30E
Since the series Z.-:, x" is convergent at x=—4, so it will be continuous for all
20

the walues of = lying between -4 and 4.
Also the series 1s divergent at x=6 5o it will be divergentforall x> 6andx <—6._

{A) When x=1the given series is
2a(l) =Ze
20 20

Since 1 lies between -4 and 4 so the series ¢, 1s convergent
=0



(B) When x=E8the given series 15
DCaX =268
] -0
Since 8 is greater than 6 and the series 3 ¢, x" is divergent for all x> 6 so the
20

series ic, 8" 1s divergent.
(C) When x=—3the series ic, x 18 it’.‘. (—3)' also -3 lies between -4 and 4. and
P =0
SEries i‘:l x" is convergent in (—4,4) so the series icl (—3)' 15 convergent..
o =0

(D) When x=-9 theseries > ¢, x" 15 2.6, (-9) =2,(-1)' ¢, ¥
z-0 =il =
Also —9 15 less than -6 and the series i.-:l x" 1s divergent for all x <—6
-0

So the series i (—1)"¢, 9" 1s divergent.
-
Q31E

Given series is Z ELD)I

(n))" =

(den)!
((=+1))" =
@@+m_

#* Term of the given series is a, =

(.l:+1) Term of the given series 15 @, ; =



Mow

n+l

Ay

((r 4+ 2™ (hor)1 |
(s tk)l (nD)* 2"

[+ 1) (1] (o)1 = |
() (et k) (e = 1) (R + k= 2). . (Fer +1) (R )|
(e +1)" (2)" x
(2" (ot i) I = 1) (o + k= 2). . (Fn 1)

[H+1:|j'
" o+ k) (k= 1) (loe +k— 2] (fm+1) B
(r+1){n+1) (s +1) (n+1)

(o -+ (e +k—1) (e +k—-2) " (e +1) Bl
(2 () (o
RSN )

Therefore
[Hl] [1+l] [Hl] [1+l]
vz |21 — iy :I: kﬁ 7 kﬂ SRR —?i|x|
T B [k+—] [ﬁ:+—_ ][k+ — ] (ﬁc+—]
7 # # #
(1+1J [Hl] (1+1J
= lim ?;C ALim E:HI ................... Lim ?i |:J:|
s [k+—] 2 [E:+ - ] 1w [E:+—]
# E 7
111 1
L P
k k ok i
=z
1
= ;;|
MNow, by ratio test the given series will be convergent if Lim el <1
N—=rmw ﬂ:’é
= g-ﬂ
= |x| < ki
Hence,

the radius of conwergence 1z [ =k
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{a) (riwen that the power series has the interval of convergence (p, q) where p < o

=0, without loss of generality, we consider that in the ratio test, we get
pt+g
=|xr—-—
2

':I:Hl

Ay

lim
M=o

1 n
w (x—=(p+g))
For the series Z 2

-— , the interval of convergence 1=

1 n
n=l Rl
5 (g—p)
e 1 M
w (1 (x——(p+g))
{bFor the series Z ] 2 . the interval of convergence 15 (p, q]
m S@-pin

1 n
w (x——(p+g))
(c)For the series > 2

1
n=l _ _
> (g — p)a

. the interval of convergence 1s [p, q).

be 1 b
w (17 (x——(2 +g))
(d)F or the series Z 2 . the interval of convergence 12 [p, q].

1 2
n=l _ _
> (g—pln

Q33E

= g
i

]

[

(=)

5]

=h

=

T

=

[ai]

=)
=]

il

s

uh

b

= |

Is it is possibl ries whose interval of convergence is [I},rj’?

No. it's not possible.

Explanation:

For the contrary, consider the power series

2.a,(x—c)

The radius of convergence of the power series Zf,h (x—¢)" isthe number R such that the

-R<x-c<R

—-R+c<x<R+c

For the interval of convergence to be [D,u:}. we would need the following to be tru

i
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Consider the function

()=

X

On rewriting the function in series notation, we have that

)=

=(1-x)"

=l+x+X" 23 b x oo
: 4
=)
=l

Thus, series together with the sum function f(x)=1/l-xis » x"

=i

Several partial sums of the series zx" are given by

=il

5, =1
5;=1+x

2
s, =l+x+x

4
s,=l+x+x" +x

2 3 4
S, =l+x+x +X +X

And so on.



Graph of the partial sums s,. s,. s,. ;. s,and the function f(x)=1/1-xon the same screen

is shown.

From the graph, it can be observe that graph of the partial sums s,,. s,. s,. 5;. 5,

approaches(converges) to the graph of the function f(x)=1/1-xin the interval (-1,1).
Q35E

(a)
Let’s find the domain of the following funciion, called the Bessel funciion of order 1:
{ I]u 2asl
Ji(x)=
; ni(n+1)12>"

As usual, we can use the Ratio Test to see for which values of x the series converges. The
domain of the function will be all of the values of x where the series converges.

Take the limit of ratios of successive terms of the series:

(_nmlrnn-n-l

lim DA+ D)+ DI | =)™ a2

HE‘ (-1 x> ‘ """I{"‘”]!(H'FE]EE:"! T I
nl(n+1)123"

: 2
=lim =
==+ 1) n+2)2°

by cancelling terms and since |— I] =1

1
(n+1)(n+2)

.r:\ ;
= lim
4 |xr-+x

=0




r

The equivalence IimI = ,I= X ]imI 2 l is frue because we are taking
e |(n+1)n+2)2| |4 |==|(n+1)n+2)|

the imit as » approaches infinity, and considering the limit for a fixed x. Since the value of x

does not change as n» increases, we freat the term 2 as a constant and pull it out. So the

limit is O for every x.

= 13" 2wl
The Ratio Test says that 3 —— D X__
w0 N (n+1)12°

{_ IJHI IHH 1=l

terms satisfies lim (n+D)((n+1)+ 1127
-y (=1)"x*

n(n+1)12°""

converges when the limit of ratios of successive

< | and diverges when

(1) 2

. ‘,""‘I]!({H-I—I}_'.I]!z!(lﬂ;ﬂ
X=*E [_l}n I‘_’.ﬂ
n'(n+1)! 92n+1
L

lim (n+1)i(n+ 1].:. 112301
- (-1
nl(n+ |}_r2!-+|

> 1. We just showed that for every x,

= (). so the series converges for every x.

That is, the domain is all real numbers, (—oo,o0).



L |
Now let's graph the first few partial sums s, (x). where s (x)= (1) x :

012’

, and so on:

I e  EIN O | o e ) i
SO0 T 2 o e T
. }?
S '.';"f]{;‘:]I +
3[1} e
;-n.
3 i ﬁ ..Tz 1
S (X) £ |
2 ]
S,() il




(c)
Here we’ll graph the entire summed Bessel function along with the partial sums from

x m e+l
part (b). The Bessel function J (x)= z CU'x — will be in black. with the partial sums in
= n(n+1)12°"
red as before:
1y
S50 S, (%) '
i3 3 S
E §
1 o®
J) — T N / X
- & = 4 ) 2 - i 2 H
S (X S _(X
4@ S (%) A
Fes
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(a)
Let’s find the domain of the following function:
& L
ﬂﬂ=H13+ S +..

2-3 2-3-5-6 2-3-5-6-8-9
First, find a patiern for the terms of the series. Stariing with the Oth term, which is 1, we see
that the nth term has a factor of x to the 3, power. In the denominator, we see that the last
two terms of the product are (3n—1). 3p. For example, the last two terms of the first
denominator are (3-1-1)=2. 3.]=3. And the last iwo terms of the third denominator are
(3-3-1)=8. 3-3=9.
So the mth denominator has the form 2-3-5-6-...-(3n—1)-3n.

Now we can use the Ratio Test to see for which values of x the series converges. The domain
of the function will be all of the values of x where the series converges.



Take the limit of ratios of successive terms of the series:

I]l_l-tl}

- 2-3*...*{3n—]]*3n-2{n+]}—I)*3{n+l}

I=+K I

2-3-5-6-...-(3n—1)-3n

il e 2:3-5-6-..-G3n=1)-3n| _ | X |
wex|2:3--(3n=1)-3n-(3n+2)-(3n+3) " | ==|(3n+2)-(3n+3)|

L

1l
_l.‘Jlll—El[Jn+ 2)-(3n+3)|

=0

The equivalence IimI x |:|r’|lim| ! | Is frue because we are
==|(3n+2)-(3n+3)| 7 '==|(3n+2)-(3n+3)|

taking the limit as » approaches infinity, and considering the limit for a fixed x. Since the value
of x does not change as » increases, we ireat the term ,# as a consiant and pull it out. So
the limit is O for every x.
x i x’

- +
2-3 2-3-5-6 2-3-5-6-8-9

x!lr"l:l-

limit of ratios of successive terms satisfies Iim‘2‘?'L"'”':?.M_]:r:m.E.f.s‘(ﬁlJ_IJI_I:"-H"H_l]I

= I

2-3-5-6-...-(3n=1)-3n

4+ converges when the

The Ratio Test says that 4(x)=1+

<]

Il(lr!]
and diverges when Iim‘2'3“"‘{3”_1:'“3”;5?{"“)_1]‘3["+n > 1. We just showed that for
‘ 2-3-5-6-...-(3n—1)-3n ‘
‘ I}[.tl}
every x, him 2‘3""‘{3"_]}‘3"'3("4“1]_”‘3["1']} = (), so the series converges for every
X =k I

2-3:5-6-...-(3n—=1)-3n
x . That is, the domain is all real numbers, (—eo,20).



(D)

Now let’s graph the first few partial sums s _(x). where s,(x)=1. 5(x)=1+ i ,

2-3
&
5,{x}=1+'t3 Po... . and so on:
i 2-3 2-3-5-6
S_(x 3
=l 8 ==
= it | 23
4 x)
i__
24 Sﬂ{:c}=1
e R K . X
3 p p i p i ¥
a4
S (%)




Ll e = Aaramh fhae anfire epmmad Aire function alonn ih the pariial sums from pari b =
IS W ke LE=S = SIS U L=LF UL LR QAT ¥ = Wa al o = RV | Al L -
] e |
X X -
PR - TlaT i e s i v i be in black 2 Fha martia
- L LIRS -’!'l":l-'- — — - L oL f . ¥ = Aal Ui
- -
3-5-6 2-3-5-6-8-9
- - - - L8
TR WIRETRT L FNIIC TR e
S o | an as e =
Uil U aa LCIUNC.
S (x S (X
|t |
_I_ E
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-

Q37E
Let &, denotes the sum of first “n terms of the sertes then
S, o=14+2x+ 420+ + xR oy
=(l+x 2+ (220 120 +2x%7)
=(1+x* x4+ ) ox (14 xt 4t

= [1+x2 +xt +x2"‘2:|[1+2x)

2 4 w2 - . . o _
Here 1+x" 4+ 2"+, +x* ™15 a geometric progression containing n terms with
firstterm 1 and common ratio x° .

Soits sum 5= ;
1

Therefore
[1-x™) (1+2x)

S (=

.y L _ s [1-x™)(1+2x)
<l or |x|-::1 then0020 Lize x7 — 0and thus Lim 5, = Liem [1 g:l
H—rmo H=+n M=o -

5

_1+2x

-5




Q38E

Given f(z) =icx x"

u=l
(iven o, =c,forall » =0 Therefore, the given series can be written as,

Lo +clx+czxz +c3x3 +c|:,x"' +C1x5 +|:"2x'5 +-:?3x? +|:?|:,x3 +|:?1xgl +..L
Lzt g, denotes the sutn of first 4n terms of the series. Therefore,
Sgy =& 2 Jr+-:.‘;,;c:4 +-£'3X3 +c,:,x4 +r:1;cj +-:‘:{Jr'5 +o5 x' +-::[,;c3 +.o o3 X
= I:CD tegxt tegx® + o cux"H:I +[clx+clx5 e o +clx4”'3:|+
[r:2 2 tegnt +egx + ey 2t :|+[r:3x3 e U3l S +c3x4“_1:|
=gy 14at 42 2™ e[l R T

£ X [1+ PR S +:Jr"”"'4:|+.:?3x3 [1+x4+x3+ ......... +x4”4:|

= [1 +xt At +x”4:|[cu oy x et +c3x3:|

dn—4

Here 1+2 +2%+.... +x 18 a geometric progression containing n terms with

first term 1 and comimoen ratio x° . 5o its sum 15 =

Therefore

. = (l—x“) (Cn +o xte, x* +c3x3)

"’ (1-")

If x* -::lor|x| 1. Then Limx™ =0 and thus

N—rmn

__4n
Lim&, = Lim%[cn +ox+ csz + c3x3:]
H—Fm W= —x

_ +C‘1I+ngj +r:3x3
(1-x")
Alzo, sum of first [4m+l)terms of the series
Sypnt =S +{d22 +1)" Term

_ LY
=, togX

hnd Lin Sia = LS+ Limey 2
toxto,x Fopx
= (CD At TR TR )+-::|:I x(0)  Sincelimx™ =0
(1._ x4) RS
(cu +ox+e, P +c3x3)
e

Alzo sum of first [4?2 +2:l terms ofthe series,

h
ez = Sape T [:4?2 + 2) Term
42+l
= S TO0%
And
. . . dn+l
Litn S = Lt Sy + Limney x

2 3
oy topXto,x fox _ .
= I[ : ) +0  Since Limat™H =0
[1._ x ) B
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Q40E

: . ,
The given series is ) ¢, %

M

th :
Here 0 term of the series a, = ¢, x

Therefore
u — ]
il -
_ ®
= llea |
—_ ]
= |2l
And Lim? | = Lim |x|,.|'
M= hoard e}
=c |x| since Limk |cx| =

N=¥w

Thusz, by the root test, the given series will be convergent it Dime3ja, <1

o=
50 e |x| <1
1
Or |x| < —
c
Hence, the radius of conwvergence of the given series 13 £ =—.
¢

Given series is ¢, [x—cz)m

. . ]
Here n™ term of the series is @, =c,(x—a) where ¢, # 0

n+l
Then a,, =cp(x—2)
Now
4l
i1 C?Hll:x ﬂ)
R
i, fy [x—.:;t)
1
— |Tn+ |x—a|
C?é
|x—.:;t| _ 1
= Since |2l =
|C:'¢ .I'Ir':':'d+1| C:u c;q
l:-":'¢+1
a |x—a|
Therefore lim 2= = lim
B a_x B |C:'! FI}C?! +1|
. ey . ey
cince lim |——| exists let lum ——|=L= 0
H=*rn C?é+1 M=+ c?d+1
duu|_[—a
- 1
Thus lim |2 ="—
M= s L
o
| | lal
Ev ratic test, series converges when <1
L
= |x— cz| < L
c?!
= |x cz| <lim |——
Mool
. . -
Hence, the radius of convergence 15 £ =lim|——
M=o |

e+l
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Q42E

o
—2 =0 then
':';'e+1

If lim

M=

':I:Hl

lim =cd

i ] I:Ix

And so series diverges.

Cx

Therefore the radius of convergence 13 £ =0=lim
N

I:':'¢+1

Fu

Hence the radius of convergence 13 £ =lim tor all cases.

H—3m

l:'?¢+1

The series chx”' has radius of convergence 2. Therefore, the series will be
convergent for |x| <dtefor —2oxad
The series > d, x° has radius of convergence 3. Therefore this series will be

convergent for |x| <Gorfor—3<x <3

We know that if Z @, 12 convergent and an 1z divergent. Then the series

2 (@, +h, )is divergent.

Mow for the interval 2 <x <3 and —3 <x <—2,the series _d, x° is convergent
and series ¢, x° divergent.

Therefore the series Z I:r:x +ci,!:l x" 15 divergent.

Also for —2 < x <2, both the series 2z, 2" and D d, 2" are convergent,
therefore the series 2 (¢, +d, ) x" is convergent and the radius of convergence of

the series ) (o, +d, ) x" 15 2.

. o
For the power series Zcx x
#® Term a, =c, x"

t 2+l
(2+1)" Term a,, =c,,x

Howr

1

H+
| | _ Cpql &

y

]
Ty X

EI;'e+1

&y

And Lim

=

= Lim
N “




l:':'a!+1

For the convergence of the series Lime

M=k
C?!

|x|-:1

= |x| < Lim En

M=o C?!+1

Tu

Therefore, radius of convergence = Lim
H=rw |
R+l

(miven that the radius of convergence of the series 13 E.
e
So Lim|—|=R

N—n c:'!+1

th : 2 2
Now, n' term of the series > ¢, 27" is b, = ¢, 2™

th 2n+d
(2+1)" term b, =c, . x

n+2
E:l?!+ _ Tl "‘-2 _ ':';u+1|

—

=
7
b g, X &

» N

And

L
1]_3
2+ x

Lim = Lim
= | row | g

For the convergence of the series, by ratio test

. 2
Limn |2L 2% <1
W= ,:'_'H

2 . c
= %« Lim|——

R L2
= x <R
= |x| < \J'E
Therefore radius of convergence of series > ¢, 2*=R

Hence

Eadius of convergence= VR




