T 31 3TdhetsT

(Limits and Derivatives)

s With the Calculus as a key, Mathematics can be successfully applied to the
explanation of the course of Nature — WHITEHEAD +®

13.1 ‘ﬁ'&lﬂﬂ (Introduction)

I A o HI Tk TRl 71 Feld T H1 I8 w0E
& e gera: wia o fogefi o aRads @ %o o o9 o e
At UReR T TeAE foRan S @1 Uee €9 STl i
(Irafaes &9 9 qitsfyg foee fomn) Wﬁ“i\ﬁﬁﬁﬁ (Intuitive
idea) YA 1 AT TH HIAT 1 TE AR 3 AR Frr
o SISO oh1 S LT | THoh 915 TH STashars i
TR T ok FoAU SToE ST SR Teeherst o SISO <
FS I HUN| FH FS [aRY AME Forl o Tahas |
T |
132 rawheTSli o WA o
(Intuitive Idea of Derivatives)
iferer FET A erHifea T ® o fie ww wEi/es weer 9 iRt ¢ Tehel § 4.97
X 77 FO1 © Al fie g HeX § 99 1 T g () el H AU T IHI (1)
o Tk Be oh B9 W s=4.92F & T )

G AR 13.1 | Uk @Sl 9eq ¥ iR T uw fie o Sehel | fafa=
T (1) WHR T 9 H gl (5) § W 2

T Sfishgl O THI 1 =2 Uohg R YT 1 o A1 wEA1 €1 3299 €| 3@ qHE
TEoH o fU 1= 2 Uehe W TANG BH oo fafae Traiauel W med 97 A wE Th
T ® SR YN wd € TR W /=2 Wohg W AN o SR H D YR TS

Sir Issac Newton
(1642-1727 A.D.)
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t=1, 3 t=1,% o= AA A 1=1, s =1, GHe RO 13.1
& o9 T HT T T B (1,—1,) W T A W B ” 5
1 T o 2 Tehel H HeA oM 0 0
1 4.9
_ 1, =03 1, =2 S FAH TR 5 L
FEATITA (1, ~1,) 18 15.876
1.9 17.689
19.6—
= m:%ﬁr/@r 1.95 18.63225
(2-0) 2 19.6
T GRR, =13 =27 &= HqLF o1 2.05 20.59225
19.6 - 4.0\ 2.1 21.609
25 30.625
T4 R fafae o iU =1 3R =2 o= & 3 44.1
e o o1 GRehe Hid ol FEfaiEad 9ot 13.2, 4 78.4
t=1 TFS IR =2 Fhel & g WX I ohe
o meg At (v) =t 2
WROT 13.2
t 0 1 1.5 1.8 1.9 1.95 1.99

1

v 9.8 14.7 17.15 | 18.62 19.11 19.355 19.551

TH GO U BH el i § foh HWied an -+ 9g @1 g1 SH-sg r=2
WA I A6l THaeieh] TR ST ST € 86 SEd € o /= 2 W BH a7 1 TH
g 3= Al T 21 TR L © Toh 1.99 Wehg 3R 2 Uehs o o™ o AT
T A e @ &H T feprerd € TR 1= 2 Webs W wieA 9n 19.55 W@ 9 g sty
* 2l

79 frend &1 Frefafaa sifiererl & w9 fofad oo fiem 81 =2 9os
Y YRY 3 g fafaer THaiael W A1 o 1 giehe Siful 9d i 9ifd 1= 2 Sehe
SR 1 =1, Wohe o o= WA A (v)

_2%FS SR, T F da T F
B t, =2
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LHHSH T H T — 2¥EHSH | & U
t, =2
_ L, UelH T H gl - 196
- t,—2
frfafeaa ot 13.3, 1= 2 Fohel 3R 1, Hohe o i wiex ufd Tehe § A A
Vﬁ%:

H|RUT13.3
t 4 3 25 22 | 21 2.05 2.01

2

v 294 | 245 | 22.05| 20.58 | 20.09| 19.845 | 19.649

TEl F: B &AM 3d € o A% eH =2, § URY hid g T HHAel| i ofd
S B A BH r=2 W AT T 3Afueh Tesl |iY el 2l

SIfeherl o 9UH F=ad | 891 =2 R 99 8 9l 9¢d IHA=Ral § Hied
AT A foran 7 SR 99 omen 1 ® fR r= 29 fwfad gd w9 wenfea s |
STfehel oF Tt F=ad | +=2 W 31d 81 a1 =ed FHAlaae | 71ed a7 J1d fohan
2 3R a9 omen 1 ® fF r=2 & ffaa o w9 syenfeE e 7 w2 fags w9 9
et SR T WeA S o A S TR Teh FHM W W 9= =1fee g9 fHfvem
w9 ¥ frerd frhred € 76 1= 2 R fie &1 97 19.551 9@ 3R 19.649 H/A & =
21 TR ®9 ¥ BH e Thd B
fof =2 W dwfas am 19551 A s249¢°
oA IR 19.649 /A, & T 81 feememmme e /B
St R sTeft YRR S € R o g -
% IREdT w1 R T o FEA S
fromfea  foren, o8 F=ferf@a 2 % ------------ /0
“fafay aor o g | gREdd H X ﬁ-?é ;
1 A Sl 81 B hed @ 6

T e s =492 t=2 W  fe--- 0l 000 C

RSt 19.551 37 19.649 ok = . Co R

o gl 0 / 2 Z:i'tzzl-ktl ‘g‘qq_a:[,t
T O &1 gl & TE

foeen fafy et 13.1 9§ <wfé SFH 13.1
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B T8 oid WA (1) IR =M o R 9 fie &1 T (5) * oo 71 SE-sd
T o STFH by, b, ..., BT TH Y FT AR ST FA 2 O & AT A R
ST BF HT T G et € S

ClBl C2B2 C3B3

AC, " AC, AC,
% TG S STTHA FI B T, Sl CB,=s, -5, T T T S fie wHrwa
h,=AC,H T %I €, T TP 13.19 = frehd frsper gifeea 8 6 o I
1 A oIk o g A R THIR@ o @Tel 1 AR SR Bt 81 g vesl H, 1=2
T W fYg 1 dichifeln 97 9% s=4.92 % (=2 T W9 & @A o THH 2|

13.3 9T (Limits)
IRt foreer 30 qed 1 IR wyeeqan ffde @ @ for e e & ufean @ik
Afush T &9 ¥ GHZH 1 STEvThdl €1 §H Gl S Gheud § IRifed g9 & fog
_@'—s)’m (illustrations) hT SR W 2
F () = @R fTER FSW sE@ET FINT F S9-S" xH I h
e Fehe M =4 €, fx) 1 A9 St 0 1 S STUEL a1 Sl €1 (3@ SR 2.10
st 2) A wed ¢ lim f(x)=0
(FH f(x) ! o YA ®, S x YA H1 AR SE Sl B, TG W1 ) £ (x) Bl H,
S x I T ST SHIEE BT €, il UH U S¢S x = 0 R f(x) H1 AF g =0fgu
Uk &Y W Sd x —> a, £ (x) — [, T [l T f£(x) 1 GH Hel ST € 3R

T T8 YR foran s g lim f (x) =1,

Tl g(x) = lxl, x +0 R foar =ifsu) WWWg(O)W&W‘!ﬁ%IX@
0 o Tt fehe AMl o faT g(x) oF A o1 Uiehel & o foq gd 2Ed @
g(x) T AF 0 HT R SE I 21 3W M o) = 0.x 20 faw y=1d
ACE ¥ 98 TEodl ¥ T TN ¢ (S B 2.13 1A 2)

2_
frefafad wem W fER FT: A(x)=> 24,x¢2.
o

x % 2 o Aty ke Ml (AfRA 2 T&Y) o fau A(x) o AF 1 afeem
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HIFST| 3T =T ! WIhR HUzq foF T 71
4 % e &) 7T (i 13.2) ¥ KU wew

y=h(x) % 3@ R fo=aR 3 9 9! fFfea (0,4)
el firern 21

T 9eft SwIdl | T W A x = ¢ R Hed
o Sl HH YU H A AT o ard H 39 W 0,2)

SMeTia &Y § o x ol @ 1 3 ST B 2
& ST T x oF W& g 1 AR 3R B
#mmﬁaﬁﬁTmﬂ%ﬁT%,ameEX,(
e gfi A T A A FH S FHd & T ¥ -2,0) O (2,0)
ek 81 TR &1 399 @i ®9 9 < g \;',
- 9T¢ gey K1 G 3R S ey ki HE 9iE Bt
21 We £ o T el 1 W Ax) 1 98 HE © oA
S f(x) o AM W SRR Bl € S x, q o <2 SR SER Bl 81 SH Yeh a1d uey i
1| 3Heh wid o folu, e W faer sifag
1, x<0
f(x)z{z, x>0 y=fx)

0,2)

AP 13.3 W 30 o 1 e S T E T8
T B fH 0 W £ A x<0% fag f(x)oh o9 ¥ —2 (0,1
W A9 T ® SR 1 % wEE ® et 9 W ()

> =<

X' € >X
ard et 7 H im f(0=1%) g5t v6r 0 W £ 1 AW v
x> 0 % fau f(x) & 77 W 3R @ 7, 2 € @1 o Y
% T vy 1 H im f() =2 31 g9 ferfq F and ol 3MHfT 13.3

¢ & ki T fr=-fo= § SR o7d: 79 %% Wahd © R 99 1 Y T SR IR
B € T f£(x) BT G AR 21 (Wl € e 0 W aRwfid 21)

arIST
g9 ed ¢ 6 }Lnal f(x), x=a ™ f(x) T R (expected) M &, fSe x oh

¢ IR Fiehe oMl o faY £(x) &1 AF KT 1 38 7F 1 0 W f(x) H ¢ 98
H T FEd B
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%‘?Wﬁ%%}gﬁ}f@), x=a W f(x)hl aruferd o © fSEd o ah <R

3R o fere Ol o T fx) o A KT &1 38 99 &l W £(x) HI Q987 BT
i wed 2

g 3¢ SR ¢ uey i Had G 8 9 89 36 SHARTS WH &l x=a W f(x)
F1 WA Fed € o 38 M gy 9 frefia w3 2

ﬁﬁﬁ?ﬁq%ﬁwmqﬁﬁﬁﬁwW%T%Fx=aﬂf(x)
1 i iR 2

Fia 1 (Mustration 1) HEH fx) = x + 10 T TR FIT 87 x =5 W BT *l
A T AR | B, TH 5 oF 3T (he x o HHI oh faT £ oF A o1 IReha &
5 o 3fera Tiepe o1 3R & fag 4.9, 4.95, 4.994, 4.995... gefE €1 3 foigati W fx)
% A 9 Rofiag &1 36 URR, 5 % eTedd e 3t T SR ardfas geA 5.001,
5.01, 5.1 ot &1 g7 fagefl W off wer o 9= GRoM 13.4 ¥ Ky 2

H|RUT 13.4
x 49 | 495 | 499 | 4.995 5.001 5.01 5.1
fx)| 149| 1495| 1499 | 14995 15.001| 15.01 15.1

GrRoft 13.4 9 &9 e wed & o fx) &1 76 14.995 ¥ §€1 @I 15.001 9 B
2, 98 e w1 gC TF x = 4.995 AR 5.001 o ot o SqIT el sfed 7 gl
€ HeUl B qehETd © o 5 o o 3R T GEAEd o fy x = 5 W £(x) 1 AE

15 & a1eiq lim f (x)=15
Tl YHN, 59 x, 5 % S IR S AN €, £ H HA 15 B AET 23eqiq
lim f (x)=15

37q: € W9eA B TR £ oh ord et w1 WA SR ¢ get et EEn, <A 15 o s
g1 W TR

lim f(x)= 1in;f(x)=lin}f()€)=15

x—5"

T 15 F 9UeR BH oF aR H I8 (TRY Ho o STerd S 3Tehid 2.9(ii) STE 2
o fen ®, o1 SRt fohfad oct a1 €1 36 3epfd & &9 o4 3d ¢ foh Si9-91 x, S
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o A1 Al TR AR A AE 3R ST &I, He f(x) =x+ 10 H1 3@ &g (5, 15) i
N S BIaT Sl 81 89 SEd © TR x=5 W i Wed & WA 15 o e
Bl 2

TR 2 HE f(x) = x* T =R FISU ST H x = 1 N 36 G &1 GH I0 HH
1 JA | et 1efd i T 9d gU 9 xoh 1 o fehe HHI oh faT f(x) o AN
%! UG Hd B 39 Rl 13.5 | T e

RO 13.5

X 0.9 0.99 0.999 1.001 1.01 1.1

fx) | 0.729] 0.970299 | 0.997002999 ( 1.003003001 | 1.030301 | 1.331

39 ORO © eH A d ® TR x= 1 W £ 1 3E 0.997002999 § Sifies SR
1.003003001 ¥ %4 &, 98 Heqdl & gL & x = 0.999 3R 1.001. & &9 Fo
Y T Tfed 7 81| 98 | GendTa @ foh x=1 1 /M | o aTg 3R 1 Gemsii
W AR Far 7 ereriq

lim f (x) =1,
TH YFR, 5 x, 1 % IE AR W TN T, A £ HT HA | T AMEY 3
lim f (x)=1,

Iq:, I8 W9 € fop ad uer ot Wi SR Srd et Y WiH gl 1 o SeR B

Y Yeh X

lim £ (x) = lim £ (x) =lim f (x) =1
AT 1 o SR BF &1 98 ht ®e oF ofieh@ il 3Tehid 2.11, 3= 2 ° fan
2, i TEeT fohfad oot a1 €1 36 Sehfd o 89 M <d ¢ 1o SH-oi¥ x, | o =1 dl
TE AR AT AE AR SR &, el f(x) = 131 Ae@ fag (1, 1) HT AR SR gl
S 2
B0 A: SEclihd Hd € o x=1 T % &1 A1 W 1 o e B

TR 3 T f(x) = 3x W =R FINU TBY, x =2 R 36 Fod Hi A AG HH 61
Y Y| Frefafad grol 13.6 Td: T S 2
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H|RUT13.6
x 1.9 1.95 199 1999 2001 201 2.1
f(x) 5.7 5.85 597 5997 6.003| 6.03 6.3

Tefad gH STaclihd i € T x a1 d &g A S 2wy SR SR B ¥, f(x)
FT A 6 1 AR SR Bl g Tid &Il &1 eH 39, 39 YR AfeifEd F dehd

g fom Y
lim £ 2)= i ()=t (3)=6 0.0
ST 13.4 § YR SHHT Tci@ 39 T4 &l
ERRCIR
7 T: TH 2 W T fFx =2 W e HAA
x=2 W HT F GO B o/ @0

TEIA 4 3R Ber f(x) = 3 W fo=R HIET =T a1
x =2 W ST W Jd FE H TG F TE Hed
3 T B % IO 993 Uk & AF (39 fefg \%
H 3) U FT & i 2 ok 3Fedd Fewe feigeti & ShY 13.4
T 9T WE 3§ oT:
lim f (x) = lim_f (x)=lim f (x)=3
fx) =31 ToE BB § (0, 3) ¥ WM el x-378 oF HHia 3@l © 3R
3Mrepfar 2.9, 3teard 2 W <witan T €1 39 e ot T € fop ereiie Wiwn 3 © qema: W

AN ¥ TIeliRd e € fF et arafas W@ o % o lim f(x)=3

TR 5HE flr) = @ + x R R wfvw &9 lim f (x) q@ w1 == € =
x =17 e fx) o AF GRON 13.7 ® GROfteg i 2

H|ROT 13.7
x 0.9 0.99 0.999 1.01 1.1 1.2
f(x) 171 | 1.9701 | 1.997001 | 2.0301 231 2.64
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399 I qehdTd T g © R /Y\
lim / (x)= lim f (x) =lim f (x) =2 4
3Tepfd 13.5 ® T Alx) = x> +x o 3
aerg ¥ 9E T © R S-S x, | A
AN TR BT, M@ (1, 2) I AR :
ST BIA STl €1 1/
37d: B9 IA: Yerur i € R XX
i fm=ra M
ord, frefafaa @ qeai i e
’ ) TR 13.5
=T F WHR HAY
lin}xzzl, nn}leaﬁ{nn}xﬂzz
i lim x? + limx=l+l=2=hm[x2+x:|_
x—l x—l x—l
qm lim x. £iirll(x+l)=1.2=2=£ig}[x(x+l)]=£ig}[x2 +x].

T 6 HeM f(x) = sin x T fER HITw) Fart lim sin x § wfa ¢ ST w0 feom §
x—>§

ww%mﬁ,%ﬁ%%ﬁmﬂ@%ﬁ(ﬁw)aﬁmm%
WM 13.8

. T o1 | Zooor | Zvo01| Zrou
2 2 2 2

Sf(x) 0.9950 0.9999 0.9999 0.9950

lim f(x)= lim f(x)=lim f(x)=1

1
x~>5 x—= -

oY gH e Y gehd € TR
2
THer SAfAfeR, T€ f(x) = sin x & @ ¥ T el € S A 3.8 JeAH 3

TR m i fiemimm e fd lim sinx= 1.

x>
2
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TR 7 He f(x) = x + cos x W fo=R Hifsw) &w lim f (x) S T ed B

Tel B 0 & Fhe fix) & A (Frehean) wrviiag fvu 2 (@R 13.9).
| 13.9

x 0.1 | -001 [ —0.001 0.001 0.01 0.1

f(x) 0.9850 | 0.98995 | 0.9989995 | 1.0009995 | 1.00995 1.0950

ol 13.9, 9 &9 e & g © T
lim £ (x)= lim f (x)=lim  (x)=1
7o feorfq o off &0 deror e € TR lim £ (x) = £ (0) = 1.

376, 1 39 WF ! WHR & 96hd ¢ 16

1in(1)[x+cosx]:limx+limcosx—c|1-g|a 4 99 22
x—

x—0 x—0

TR 8 x>0 o U, Hed f(x)=%tl'{ faaR &ife) & lim £ (x) @ AT
e &

71, B SFaclieh i € foh e o1 Uid @i s artas @ €1 er:
6 B9 f(x) % WH GRONEG i ©, x Y o o8 3R SR Bl €, 1 ke o1l e
21 = 89 0 o b x & YATHE AT o T Wl & HHI 1 GRUEg U B (39
arolt § 5 foelt um quifen o fefd s 2

F= & ¢ |rof 13.10 9, 89 2Ed © T S x, 0 H1 SR SR B 2, fx) €
3R w1 Bl T @1 T8l sqent 21ef ® foh, flx) 1w fRel € wem 9 ot o= fmen
ST ekl 2l

RO 13.10
x 1 0.1 0.01 10
f(x) 1 100 10000 102

T ®9 G, 5 ke Tehd & lim f (x) =+
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&q feoofl oft #xd € & 50 wgasd W B9 3@ R &1 el a1 ==t T@l s
gwiaosn im f(x), g Fwn =wd €, st

x+2, x>0

Tl I HE B 0 o e x o fIT f{x) 1 WRON a6 €1 UeTOl hid € TR x
U HHI o Tt 89 x — 2 1 A TohTon &1 STevaehdl © 3R x o SFeHs JH
% AU x + 2 1 °4F Frrrem 1 TEvaehar 2idl 2

H|ROT 13.11
x -0.1 - 0.01 —0.001 0.001 0.01 0.1
f(x) -2.1 -2.01 ~2.001 2.001 2.01 2.1

ROt 13.11 1 92 o gfefted 9, g9 e o3 € fF B &1 /M 2 9%
E @I ® AR

1inol_f(x)=—2
gt k1 eifam 9 gfaftesl 9, 79 fea w@ © R
Y

e T U 2 T 96 @1 § 3TN 3T
lim f (x)=2 , 2)}/

/X
&1 Fed € & 0 W wer ®i diw el 2 0
TH el Wl oo ST 13.6 W fean @ @, 'm 0,-2)
fouqult &hd & fF x = 0 W Herd &1 9 goid: IRefog €
R, ard |, 0 % TR T, WG x = 0 W %o &1 dl Y’
uRefea off = 2 3NTeR e 13.6
Twid 10 T ifom geia o w9 d, g im f(x), 30w § @t
x+2 x#1
f(x)={ 0 x=1
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H|IOT 13.12
x 0.9 0.99 0.999 1.001 1.01 |1.1
f(x) 29 2.99 2.999 3.001 3.01 (3.1

gl Wi WE, 1 & e x o oI 89 f(x) o Wi ! GROMEg L &1 1 9§ w0
x o T ) ® AE W, T wdid g € foh x = 1 W e 1 6 3 e e st

linll_f(x):3
T YPR, 1 W 9L x o fAU flx) F A F AREE fx) F TE 3 A1 @M,
A Y

linll+f(x):3_ e
i o I iR e g e o ’
3d:

>

0,2)

lim f (x) = lim f (x)=lim f (x) =3
MM 13.7 § ®ed 1 ofier@ Hm o aR 7 X
AR A 1 9 a1 2 AT, 79 AW <9 ¥

I &9 Y, T 3 fig T Fe H1 0 SR 58 Y
e fg=-fg=1 81 Ishd © (9 &) <A aRenfea i) AMeRfa 13.7

13.3.1 @imreit &1 SrTiord (Algebra of limits) 393 Il W, 89 3Tacihd &
I & fF dm ufsan =, Sreer, O SR WW % U Sd @ S 9 6
foamefia o iR it guRkenfod &1 e T =21 {1 arad o, gq 57! form suufa
& T o w9 H e w9 9 2

TEE | A WA R SR g e T € T lim f(x) SR lim o) I kT sttt
HIE]

() & werl o AN B HH Her w1 Ssh w9 g 8, e

lim [f(x) + ¢ ()] = im fix) + lim - g(x).

N

2,0 O @0 ~
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(i) < Hor o AT h HH Wl i WS w1 HAR Bl 8, i
lim [fix) - gl = lim flo) — lim o).

(iii) = weE o UM K1 HH Her w1 HHSA w1 [UH g €, g
lim [fx) . (0] = lim fio). lim g(x)

(iv) & Wl o AR 1 EHH Herl B HES w1 A g €, (et 8 IR
BT 7)), 3

f(x) lim f (x)

_ Xx—>a

lim =
ag(x)  limg(x)

feouit fasia w9 9 fearfa (iii) 1 W fafyre feufa § s/ g(x) T TH1 3T=R ®er ©
for forelt arcafess @@ 4 & fow g0 = 4 9 9@ @

lim [ (A.f) (x) |=Atim £ (x) .
3T X TRl §, B9 T 3 foh 59 R Wi fafere YRR o6 werml i Hmed
o T W W hd WA TR S 2

13.3.2 5@0&?’ 3 TRET Fert @t '\‘-'1'7"1-77?Y ( Limits of polynomials and rational
functions) n A 1 Tk Hed f(x) TgILE el Haard 7, 9 fX)=a,+ax+ax
+.. . +ax, S asTH SEfGR GeAd € R R wehd Sem n o T g, # 0

T WA ® fF limx =g om:

xX—a

. ) . . . 2
limx* =lim(x.x)=limx.limx=a.a=a
X—a x—a X—a x—a

n TR SANTHA T T AYAE THER] Fardl ¢ T
limx" =a"
X—a

Hqa, HHA AT f(x)=a, +ax+a,x* +...+a,x" Th TEILEA el g1
Ay @y X, Ay X . anx”WﬁWWéWﬁW@,ﬁﬁ%’%

lim £ (x) = lim[a0 +a,x+a,x* +...+anx”]
xX—a x—a
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. . . 2 .
= lima, +limag,x+lima,x" +...+lima,x"
xX—a x—a X—a xX—a

= a,+aq hmx+a2hmx +...+a, limx"
xX—a x—a

— 2 n
= day +ala+a2a +...+ana

= f(a)
(grfeea o o 3T Suded & ke =0T o Siifae gHg forn 21)

g(x)
TH WoH f T R Her hedr § AR fx) = o n(x) , ST g(x) 3R A(x) 1@
qETE € 5 h(x) 2 0. @

o g(x) _lime(x) g(a)
lim f (x) = lim h(x) limh(x)  h(a)
Tafy, afk ha) =0, 3 feafm@i € - () & g(a) 0 IR (i) & g(a) =0. 9 I
feorfa o &9 wed © fF oW @1 e 72 21 9 =) fefg o &w
g0 = (x—a)g, (x), 5 k gx) ® (x—a) FT TETH W | TH THR

h(x) = (x—a) 'h, (x) F(F h(a) = 0. 19, AT k> 1 T T 2

lim g (x) lim(x—a)k g (x)

}Ci_fgf(x) = Eéh(x) - )ilvi__;ra;(x—a)l}h(x)
}ci_rg(x—a)(k_l) (%) 0 (a) -0
= }E};hl(x) h(a)
Ik < [, e afenfyd T8 R
SETETUT 1 HAT 1 i
() lim[x'—x+1] @ I xx+)]

i) lim [T+ o+ x” ]

x——1

2018-19



312 TIfor
zol orfee gl HiaTd s Tgu< el i WM 71 37 Hiemd gea faget W ke
o A §1 79 U §

@ Impe-v+1]=1P-1+1=1

Giy lim[x(x+1)]=3(3+1)=3(4)=12

x—3

Giiy lim [l+x+ x? +...+x10] =1+ (D) + (=124 o+ (=D)©

x——1

=1-1+1+...+1=1.

TETET0T 2 WA I RIS
_ lim_ x*+1 - hm_x3—4x2+4x
@ | x+100 @) 15 I -4
o[ N 2
5 _x3 —4x* +4x @) x—>2_x2 -5x+6
lim| 72 L }
v 25 L x*—x X =3x%+2x]

ol foamrfia wer aftdg e €)1 om:, B Yedt yed fagel W 3 werl o AM

nglﬁ%%,%ww%,ﬁm,ﬁﬁlﬂ% %wwﬁﬁaﬂw
2, &l T %d gU Worl i 6 ferad )

2 2
. x +1 1" +1 2
i) B9 U % lim = =—
® *5lx+100 14100 101

(i) 2 T e FH HH T FE W EH 39 %aﬂmﬁ’mﬁ%l aa:

3 2 _n)\? -2
poPealede o x(r-2) o x(x-2)

=2 x -4 xﬁZm T o2 (x+2) FAE x #2
~ 2(2—2)_9_0
T o242 4
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(i) 2 T T FH A U FE W, B I %éﬁ“@—qﬁ’mﬁ%,aﬁ:

¥4 lim(x+2)(x—2)
=2 0 —4xt44x - 7 x(x—2)2
(x+2) 242

lim = _4
T oe-o2x(x-2) 2(2-2) 0

ifer aftenfoa =& 21

(iv) 2 T HeH & °E U FE W, 79 39 %éﬁ“@—qﬁ‘mﬁ%l ad:

3 2 2(x=2
limi— limM

=232 —5x+6 2 (x—2)(x—3)

_ lim— = =" =4

(v) U8 BH e whi URET %o S g4 faed 2

x—2 1 x-2 1
{xz—x_x3—3x2+2x}= x(x—1) x(x2—3x+2)

i x=2 1 }
__x(x—l) x(x—l)(x—Z)

_x2—4x+4—1:|
- _x(x—l)(x—2)

x*—4x+3
- x(x—l)(x—Z)
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0 .
1 W HeH &1 79 91| ® W 89 Ewwmﬁ% a1:

lim x2—2_ 1 ; X2 —4x+3
=l ko x =32 42x | T ol X(x—l)(x—2)
—3)(x-1

i 373) (1)

&0 feuqult #ed @ fop et W Wi o H A U (x— 1) i T femen ity 1.

T Hequl ST 1 7 9 1, S foh 31 ufkoms | yge g, i e we
% B9 H T 2
o 2 fRet o o n ok faw,

lim
X—a x —_ a

femuit Iwde wHg o @ ?q ek O ® welh p wE URHT "HEem © 3R
a YT B
B’Q'Clﬁ'(x"—a")EF)l(x—a),@ﬂmﬁm,gqa@ﬁ%ﬁﬁ

X'—a'= (x—a) X'+ x2a+x3at+ ...+ xa?+ ah)

n n
X —d n—1
=na .

n n

.ox' = .
3H JehX lim =lim @'+ x2a+x3ad>+ ... +xa?+ a)
x—=a X—da x—a

= an—l +a an—Z +. . + an—Z (a) +an—l
- an—l + an—l +.. +an—l + an—l (n ‘q—c'\')

= l’l(lnil

IETEI0T 3 A JE hIST

15
! N
(i) lim=5— (iiy lim Y1
-l x o —1 x—=0 X
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g (1) TR U9 @
x" -1 K01
i — lim -
%clirll xlo 1_ x—>1_ x—1 x—1
15 10
_ lim| ~ }+lim{x }
x=1| x—1 -l x—1

15 ()" = 10(1)° (3w 799 9)

15 10_3
' 2

J+x— -1
fim XL gy N
x>0 X y=l oy -1

[

2 _12

A Yrr? !

y—>1 y_l

1
5~ 1
Loy v feomi B =

315

13.4. Treuifadt wert ot '{ﬁ'HTQV (Limits of Trigonometric Functions)

e &9 H, el o a9 | FEfafed qe1 (99 o 9 5 % ) Fo
Tl 1 HeT 1 Iiehed e H gad @l
SR

Ui 3 WA e wEE wid o @
T WeR £ SR ¢ U & fF aRem & wia o
Teft x % A £ () < g(x) TRElt @ o T Az

Y
A

[EEIRIEIR]

im ) gl im o0 @ w1 sfe § ! y=f(x)\X
: . 0 a 7
lim gy < im o) 58 opfa 1389 fot @

T2 foHan T 2 TR 13.8

2018-19



316 Tfurd

T 4 Hefasr uia (Sandwich Theorem) AF oY, f, g3ﬁ'{ h IRt JHE wed
o & fop aftarn o geifss widl o gt x
& fauf (x) < g( x) < h(x). Tordl arfaes

gE oo fag afe UM gy =

= lim 5 4 lim g(x) = 1 =4

xX—a

amepfa 13.9 9 fost o oy foran o B

et %ol ¥ Gefia fFefafad
e sl ® TE R S
Wﬁf’ﬁ%{‘ﬁﬂ?ﬁ%:

0<|x|<% % fou cosx< X 4 (*)
X

SUUf 89 Sd © T sin (- x) = — sin x 3 cos( — x) = cos x. 3 0<x<% & fog

srEfenT 1 fog w3 o fou 78 99w 2| B
Sepfd 13.10, § TH $HE g9 1 F% O Bl & AOC,

(
xirl“@mam%aﬁt0<x<g|%@1@’-s'BAaﬁICD,0Aa%maa AN

2| THer rfafied AC &1 fiemn T 21 q@
AOAC &1 &FFd < Ja@E OAC &TFA < AOAB &1 &%a

3mmepfa 13.10
s ~OACD<-1(OA) < -OAAB.
2 2n 2
A CD<x.0A<AB. AOCD¥H

CD .
sin x = a(ﬁ%ﬁOC:OA)aﬁt 31d: CD = OA sin x. 39 21fafiem

AB
tanx:aaﬁ'{ 3Ad: AB = OA tan x. 39 T

OA sin x < OA x < OA. tan x.
Fiifh T OA ¥ ¢, 89 U ©

sin x < x < tan x.
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aaﬁﬁs0<x<g,sinxa=|m%ﬁtwumr{sinx,@wﬂﬁ qAT 3 W, TH U B

X 1
—<
sinx cosx

gl &1 kT FH W, T U B

1<

cosx<w<lwﬁﬁ[ﬂf§§l
X
Ui 5 frefafed < Aeequl HE 2
. L
@ lim>t=] (i) lim——r=0
x=0 X x—0 X

sin x

Ut (i) (*) § et (Inequality) o STTHR Her , el cos x 3TN 3=’ el

e o 1 & S ®, % = o fed 2

zoer e w@ife M cosx= 1,30 @ € fF W & (i) #1 swfa Hefaw
g @ gof ]

X

(il) =1 Fag wW o fow, ga Sreproifafa geafaen 1—cosx=2sin2(§jwmaﬂﬁ

1= cos x 2sin’ (;j sin (;j
%’, qd lim——— = lim————~<4 =lim———<sin (ﬁj
x—0 X x—0 X x—0 2

X
2

(3]
sin 5
= lim—.limsin(gj =1.0=0

x—0 i x—0
2
Wﬁﬁqﬁﬁ@ﬁwmﬁwawaﬂwm%%x%oéﬁoéﬁ

@W%I‘s{ﬂﬂﬁy:%?@ﬂv_{wmww%l
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. sindx . tanx
SETETUT 4 WA 96 HIC (§) lim = (ii) lim
x—08Iin 2x =0 x
) T sin4x lim sindx 2x )
&l (1) meO sin 2x T x>0 4x ' sin2x '

. | sindx sin 2x
— 2.lim +
x=0|  4x 2x

_ 2 1im {s1n4x}+ lim {s1n2x}

4x—0 4x 2x—0 2x

=211=2Gdx = 0,4x —- 07 2x — 0)

X . sin x . sinx . 1
— lim — lim .lim

tan
X x—=0 x COS X =0 x x=0 COS x

TR U9 ® (ii) lim =1.1=1

T g o, fogent dimet 1 °F Hohred 999 e9H | e it e dehd
2, frefafea 2:

o R e lim fg;amarwq%ﬁwﬂwmamwaﬁﬁ%%ﬁ

X—a g

T f(a) 3R g(a) T A 1 S AR A = €, A &9 dEd € Al g 39 e
F Y X GHRd T S U GATE B HI RO ¢, e W AR wm
f@) = f, ) fx) Tora we T £, (@) = 0 3R f, (@) # 0 1 T8 TR g() = g, )
g,(0).frEd ¥ ST g,(a)=0 3R g,(a) % 0. flx) IR g(x) § ¥ 39T oHEe (IR
ToE ®) dl f e 29 € iR

28 =%,aﬁq(x)¢o faed €

G I
i wag(x)  q(a)
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gyaTaet 13.1
9T 1 9 22 9% frAfafea dweti o 9 o S

: 22 .
1. limx+3 2. lim(x——j 3. limnr?
x—3 X—T 7 r—l
_ 4x+3 1045 +1) -1
4. lim=~ 5. lim X2 ** *1 6. tim ) !
x—=4 x—=2 x— -1 x—1 x—0 X
2 4
. 3x"—=x-10 . x =81 . ax+b
7. 11m2— 8. 11m2— 9. lim
=2 xT -4 =23 2x" =5x-3 =0 cx+1
1
.73 -1 2 4 bx+
10. hIIlI 11. hmaxz—bxc,a+b+c¢0
= =lex”+bx+a
z0 -1
120 fi £ 2 13, lim 22 14, 1im 22 4 b2 0
‘>2 X472 x=0  bx x—=0 sin bx
. sin(m—x) 2x—1
15, Im —————— 16. lim SR0 % 17. lim 28—
x> (- x) x>0 T —x x>0 cosx—1
18, lim X xcosx 19. lim xsecx
x>0 bsinx =0
20. limw,a,b,a+b¢0,
x=0 ax+sinbx
; tan2x
21. lim (cosec x—cotx) 9295 .7 T
© x>0 : 2 X_E

2x+3, x<0

23. lim £ (x) s lim f (x) , smq ifore, i f(x):{3(x+l), x>0
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) . x>=1, x<1
24. limf(x) g wifsw, &t f(x)={

| x|
. . =, 0
25. hmf(X),quWﬁm,aﬁf(xk{x x7

x x#0
26. lim f(x) 5 wifre, st f(x)={1x1’

x—0
0, x=0
27. lim £ (x) | 5 #ifse, @t f(x)=1x1-5

a+bx, x<lI

28. ma“rﬁqf(x)_{df, x=1

b—ax, x>1
AR =fg lim f (x) = £ (1) a AR b o GG AE B2
29. 9 AT a, a, ..., a FA TEAfIF GEAT € HR TH wAT

f(x)=(x=a)) (x=a,)-.(x~a,) ¥ TR @1 lim 7 (x) 0 €2

fodl a#a,a, .. a,% faC }Cij}(}f(x)aﬂqﬁ%_cﬂaﬂ'ml

|{+1, x<0
30. =k f(x)=10, x=0
|x|—1, x>0

T o ft Al % foaw im g = st 22
f(x)=2

31, A wE flo), lim =5 =, WqE w1 g, @ mf(x) % 7w
-l x© — x>

ifsra)
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32. T quiet m iR p % fag lim f(x) sl lim £ (x) S o1 sifer @, af

mx* +n, x<0
f(x)= nx+m, 0<x<1

nx3+m, x>1

13.5 3TdehctST (Derivatives)

B e] 13.2, W <@ ek § foh fafay wwaiavel  fie @t feafd o1 st 36
! FG w1 G9a € o fis ot feaf ufefda e @ 21 v & fafay eof
f4feera gt (parameter) =T ST SR 39 X 1 1A T 61 WG w1 oo gow
IRed B T ], 3T oA & w1 fawa 2| ardfaes Ssite shi e feafaal it &
o Tt feran Fmaifaa w6 ®1 STavawdl eidl T SIEI0E: Tk ! % T@-3@E
T O AfH o T T9T & 3HE &0 9 I i TEUE S 98 ST AT
Bl ® ToF 1 ha Do o, fafary Toa @ ehe i SeE ST ek SI=ehl
w1 36 g T o URehel whi SfEvashdl el € fSHH SWE 1 Uehe § HeO
sTaeaeh o1l fa<ia Geor i fdt faeie W o odHe qod S 36k qedl |
TR 1 Afeearolt A STevas B T T 3R U st ot feufaat | e S
arefise 2l © for woh o o S fopelt et o wrder ufted foRe wehR g 272 aiar
o Wid o YS9 f6g T Wer i STEshes 59 (o9 1 e $e3 Bl

uftarr 1w <ifS f we arafass qHd word € SR s9eT IR & id § U fag
a®l a W f 1 S

lim

h—0

Y qReiy € sed foh 39 Em w1 At 81l a W f(x) B SAahas [ (a) 9 Tt
Bl 2
AR BT o f/(a), a T x o Hriel JRed 1 IREm sdqwr 2l

SETEIUT5 x =2 W Had  flx) = 3x 1 AAhalsl A hife(d)

fla+h)-f(a)
h

3(2+h)-3(2)

T EmAae  f'(2) = G0 ur AT .

h—0 h h—0
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im0 i i3s3
h—0 h h—0 h h—0

3d: x=2 W HAT 3x H] AIHAS 3 2

SETETUT 6 x= —1 W e flx) = 262 + 3x — 5 1 Aasharsl 94 Hitol I8 d fag
HifsT & £7(0) + 3f"(-1)=0.
T B9 T8 x =03 x =1 T fx) 1 TEhels I1d Hd &1 8 Id & 1

f=1+m)-f(=1)

f'(=1) = lim P
_ m[z(-n;;) +3(—1+h)—h5}—[2(—1) +3(—1)—5}
= lim 2hzh_h :}liix})(zh—l)=2(0)—1=—l
,  f(0+h)-f(0)
R £'(0) = lim 7
[ 2(0+h) +3(0+h) =5 |~ 2(0)" +3(0) -5
o i
lim 2 i (2h43) =2(0)+3=3

h—0 h h—0
wed: f(0)+3f'(-1)=0
femoit 2w fRafd # s S % & fog W staswas &1 98 W & o W\ A
FH o fafqy fadi &1 gt yam afwfad @1 fFefafed sge o #=a 2:
FEAEIOT7  x =0 sin x 1 Ehersl A HIST
T HE AT flx)  =sinx. d@

F(0)= %Lmof(OJrh]z_f(O) ~ lim sin(0+h)—sin(0) _ lim

h—0 h -0 h

in h
sinh _,
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SRS x =03 x=3 T He Ax) =3 1 heS 6 SIS

T iR TFhels Teld | Uiedd sl WOl 8, FeSEY ¥ I8 TR § T =R T
1 Y oI5 T STk I BF AR 39, SRdd |, Frefafad uieer @ o faem 2

7(0) = 1imf(0+h)_f(0)=lim 373 im0,
h—0 h -0 h h—0 h
, - f(B3+h)-f(3) . 3-3
W wER f(3) = lim e = = lim == =0,
39 g9 UH fog W wem & ){\
W a’ﬁ R"-ﬁ:‘?ﬂ—q WT W f(a +h) ------------- Q(a+ha f(a+h))

FW 2
HH AT y = f{x) TH Fe
2 R "Wm offST 38 wem &

P(a, fla
A® W P = (a, fla)) AT f(a)""'(']:('))l",'l":R
Q=(a+h fla+ h) I TR y=fx) : '
frre fog €1 emeRfa 13.11 o — : : >X
¥ AT BITH S € T 0 ¢ ath
3TTeRfe 13.11

, . fla+h)—f(a
f(a)z}g})( 2 (a)

ST PQR, ¥ 78 T ¢ fo =% orqur oot dim en of © €, @enedar 9
tan (QPR) o ek € S foh Sftam PQ o1 @rel @1 Ha1 o 1 Sipan o, 5@ 4, 0 1
3R SR B 2, foig Q, Pohl 3R 1R el @ 3IR §9 UW € i

im L= S(a) QR
70 h Q-P PR
TIg 39 927 o qod @ TR SieTPQ, 9% y = fix) o foig PR waefl *1 SR ewE
Bt ?1 31a: f'(a)=tany .
T U e £ o foIg 80 qeieh feig W 3ferhelsl 1 Y Tehd B | 9 ok fag
W SRS T SR B A UE Teh A9 Weld i URIHG Har © S B f @
TS HEl Sl & SI=ieh ®9 ¥ 8H Tk el oh Shers] sl (Hefeliad ThR
Rt e )
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uftarr 2 wE ofifSw o f weh arsafess A e ®,
f(x+h)=f(x)
h

lim
h—0
Y qRwfia wor, Sl wel HHr b1 eI §, i x W f 1 Sfeshers GRa feha
ST B 3 £(x) W FEia foman Sar 21 Sferhers! o1 39 G 1 Taehetst sl TIH

fagia «ff e s 2

= TR )= i (A= (1)

h—0 h

T f/(x) 1 IR 1 Gid 9@ € STel el Sudsd S w1 s g1 T

el o STeehelS oh (a4 Hehdd &1 - £1(x) i %(f(x)) g frefua fea

w%wﬁipf(x),aﬁg%@ﬁﬁﬁﬁww%ls@ymf(x)éawﬁaw
@ &9 H SeciiEd e Sar 8 36 D (F(x) ) @ oft Frefua fran sman 21

a|  (dr
aqTE‘aW(dx)_@‘lﬁ

Tk AIRE x = a W foh Aqhas hl %f(X)

frefua feran sman 21
JETET0T 9 f(x) = 10 x T 3TTharsl Ad hifag]

e o g UL ety

h—0

_1im 2 _ 1im (10)=10

h—0 h h—0

FETETOT 10 f(x) = x* 1 TaHeAsl A1 FHifog)

e T f(x)z}g})f(x+h]z—f(x)

2 2
i ) =) i (4 2x) = 2
h—0 h h=0
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SETET0T 11 Uoh 3TeR aidfash @& o U, 3TeR WM flx) = a 1 STahars
Ad hifeg|

T %‘F[Tﬂﬁ% f(X)=}11LI(l)f(x+h]Z_f(X)

- 1im =4 =lim9=0 FifE p 20

=0 h h—=0 h

1
mlzﬂx)=;waqawaamﬁm|

T %'IZI‘TI?[% f(X)= }}E}I(l)f(x—i_hlz_f(X)

1 1

_ im D X
h—0 h

T 1 - i - 1
_lim—| —— | _ lim _
T ho0 h x(x+h) ~ h—0 x(x+h) T2

13.5.1 BTl o 3TaehersT kT SISHTUTT (Algebra of derivative of functions) &
Sehers i Fene uRew ¥ d feew @ W w9 9 wfmfad €, 50 eudes &
ol o Tehedt @ i o 1ol o ST T TR Hd | BH Sh! eterEd goa
o U ®:
THT 5 A ST £ 3R ¢ X TH Wer © fF SR 3wafss wid H SR stasher
Reyfoa €, 7

() = weEl o AN w1 SRS 39 Fol o SEhers H1 AT B

LA+ ()] =L f 48
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(i) T WOl oh A 1 SFThS 3T Herl oh oSl o A B

d d d
L @=-g®)]=—f-——e

(i) < werl o UM 1 STFwerS AN o 9 (product rule) ¥ T
TI'QT%:

d d d
L) g()]=—- g+ f@) g

(iv) T el oh ANTHA hl STahers ErEad IRThRe 98 (quotient rule)
T fgan T € (SRl wE W IEW T)

d d
i(f(x)szxf(X).g(X)_ f(X) ag(X)
dx ()’

T U HiHet 1 qed €9 YU W SAEvIhF §Y W TR0 Hdl & eH 3%
el Targ 7t w1 dmret &1 fefa &1 @ 78 w0 dqeta @ o &9 YR & wer

o 3Tkl s TRehfed Ty ST &1 w9 o oifan < el 1 frfafad <0 @ 1
el W Gohdl ¢ TS0 Seh GIER0N A H ST ¥ werEar firerd 2

AH SIS u = f(x) Ry =g (x) T

g(x)

(uv)’=u'v+uv'
IE el oF UM o STeshe o o Leibnitz Fom =1 oM 4 IocifEa g
21 56 YR, wrThe frEm

’ ’ ’
u uv—uyv
— | = 5
1% v

3, U BH FS HHE Hel o kel hi ol Tg I WA ¢ R Her
f(x) = x 1 SAoehers) 3= Feld | €1 98 © i

f(x+h)=f(x) _ limx+h—x
h h—0 h

£ (0 = lim
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T U1 3R SYGH WHA BT FAN Ax) = 10x =x + x + ... + x (10 T%)
(SwH Y9 o (i) W) o STEhes o YR o i ©

o) d
- o (x+...+x) (10 9)

ix+ +ix 10 9
dc T dx ( )

1+..+1 (10 95) = 10.

T o9 <d ® R 39 9o 1 A OE g9 o wEm o off e e S gk 2
%qmﬁ%,f(x)=10x=uv,aﬁ'umﬁ%\_ﬂﬁuQ@EFWIIHIOWWW
%ﬁ?v(x)=x.2|€?€q3ﬂ=|ﬁ%ﬁMWWOQEW%WQT@V(X)=XEFI
Herhels | oF Se €1 39 YR UM T 9, 89 UM ©

f(x) = (IOx)’ = (uv)’ =uv+u'=0x+10.1=10

THT SMUN W Ax) = x> & STEhers] 1 0F U fha ST Hehel 21 89 T ©
f(x)=x2=x.x3ﬁ'{ 3d:

df d d d

<= —(xx)=—(x)x+x—

dx dx(xx) dx(x)x xdx(x)
= lx+x1=2x

fueh =T &9 | BY frefafEa w99 U 2:
T 6 TR oF quieh 1 o fAT fx) = x0 T SRS xR

SUUTH 3Tahers] Held i IRE 9, 89 U@ 7

oS¢ N f(x+h)—f(x)_ _ (x+h)n—x"
f'(x)=1lim =lim ; .

h—0 h h—0

feus v wed € fF (o4 hy = ("G )" +("C) )" h+ L+ ("C, )" 8R

(X + By = x" = h(nx" ' 4. + b~ 1) 9 THR

df(x) lim(x+h)"—x” h(nx”_1+....+h”_1)

= lim

dx h—0 h h—0 h
— lim (nx”_1 +...+ h”_l) — ol
h—0 > T nx
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ferercaa: &1 STh! n W A 3R oH g @ ot 7 R fag X g €
n=1 7 foIq 98 "o & v o veet fe@mn s g @

d , d .
L) o L)

(x).(x”_l)+x.i(x”_l) (T'H 93 ¥)

da
dx dx

=1x"" +x.((n—1)x"_2) (3T aRehe T &)

= x4 (n— I)x”_1 =nx""
femult ST 994 x, %1 qeft =l o forw ger @ erufq p i oft arafas e @
Tehdl 81 (Al 30 saah! T8l fag & w3)
13.5.2 agqa? 31T FreplvTfirdts et o aeherst (Derivative of polynomials and

trigonometric functions) ¥R ARG THT | IRY HT S FHRI IgILEA Hel oh
TR Faed 2

uHE 7 W WS fix) = a,x" +a, X"+ ..+ax+a, Th TEIEE HeH 7 et as
Tt arEafas W@t € 3R ¢ » 079 STehelsl hor 39 YRR & S @

df (x)
dx
9 YT 1 IYUfd T 5 SR YHT 6 o AN (i) Rl HE Y W@ 9 U 1 S
Hehdt 21
JATETUT 13 6x10 — x55 + x o 3TTheTsl bl URSe hifsTg)
g0l SUE WHA &1 WUl YA waarl @ f Suddd wed w1 erasho

600x”° —55x% +1 Bl

1

=na,x"" +(n=1)a, x> +.+ 2a,x+a,

FEERWUTI4 x=1 W fx)=1+x+x2+x+.. + x50 BT Adhels A it

T SUE WHA 6 1 Wl SIA Sdarl © fF STdE e i sTadha
1+2x+32+... 4500 81 x=1 W H BT &1 A1 1 +2(1) +3(1)2 + ... + 50(1)*

(50)(51)

=142+3+...+50="—"— = 1275 2l
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SETETT 15 f(x):xTH 1 SFIFAT T FIY

WWE»’W)C:O%ﬁﬁﬁﬁmﬁmqﬁmﬁﬁélﬂqﬁu=x+l3ﬁ?v=x
TR TR TE o1 TN R R S = 1 3R v = | TEfeT

df(x):i[x+1j_i[£j_u’v—uv,_l(x)—(x+1)1 1
dx dx v

X

2 2 2
1% X X

Cdx
IEEIUT 16 sin x o STTheiS] sl IR Sl
A HH ST f(x) = sin x, 99

df (x) _ limf(x+h)—f(x)=hm sin(x+hlz—sin(x)

dx h—0 h h—0

2cos( hJsin(hJ ) )
= lim 2 2) (sinA—sin B o §A hT YA FHch)

h—0 h

sin—
limcos| x+— |.lim 2 =cosx.l=cosx
= 10 2 hs0 h .

2

SEEI0T 17 tanx oF STFElS 1 YRehed shifaul
T WM ST fx) = tan x, T
df (x) limf(x+h)—f(x) . tan(x+h)—tan(x)
- h

=lim
dx h—0 h h—0

]|:Sin(x+h) B sinx:l

_ lim—
T =0 ) cos(x+h) COS X

_ lim
~ h=0

sin(x+ h)cosx—cos(x+h)sinx
hcos(x+h)cosx

sin(x+h—x)

m
= >0 heos(x+h)cosx

(sin (A + B) & T &1 TN Fh)

2018-19



330 T

Ctim 32 i !

= o0 ko hs0 cos(x+h)cosx

=1 =sec’ x

' 2
COS X

SEEIOT 18 f(x) = sin® x o kel hl TRehord o)

Tl B9 THHT UF UK 3 o AU Leibnitz T G &1 90 H 2
df(x) d

o - a(sin X sin x)

x

= (sin x)" sin x + sin x (sin x)’
= (cos x) sin x + sin x (cos Xx)
= 2sin x cos x = sin 2x.

| wo=aeht 13.2]

x=10T x> — 2 H ksl A HifaC]

x=1TR x HT Tk A HifoUl

x =100 T 99x HT 3TEhHeTs A il

o fogid 9 fafafad s o 3Esas A hifed:

i) ¥ -27 (i) (x—1)(x-2)

. ox+l
(iir) 2 (iv) 1

B W N =

100 99 2
X

=+ 4.+ —+x+1
100 99 2

& fou fag =ifse f& £7(1)=100£7(0).
6. TRel R adfass @&l a & U ¥ +ax" '+ a2 2+, 4+ d"  x+a" H

SAaherS] AT HIFTT
7. Wﬂﬂﬁa?ﬁ'{b,a’?m,

5. wed f(x)

@ (x—a)(x=b) (i) (ax®+b) i) ~—,
EACEEE IR LIS LY
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n

8. fadt 3R o fom xx_z" HT TR [ HIATY

9. fAfafad o stewas Fd Hifsa:

0 263 (i) (56 +3e-1) (x-1)
(i) x_3(5+3x) @iv) x5(3—6x_9)

_ ) 2 x?
v) x_4(3—4x5) (vi) P

10. 9| fagid 9 cos x 1 AThalS A HiTST
11. fr=afafed woq o sTeasds Jd wifsu)

() sinxcosx (i) secx (iii) Ssecx+4cosx
(iv) cosec x (v) 3cotx+5cosecx
(Vi) 5sinx—6cosx+7 (vil) 2tanx—7secx

ferferer 3qrgvor
SETET0T 19 Yo Toagid § £ ol STaehelst Fd iYWl f 39 YR WS e
. 2x+3 By 1
O fx= () f)=x+—
x—=2 X

T (i) A AT fF wer x = 2 W IR F& 21 fed, g9 ue @

2(x+h)+3 2x+3
() = tim LGRSO w2 xd

h—0 h h—0 h

. (2x+2h+3)(x—2)—(2x+3)(x+h—2)
_ lim
= >0 h(x—=2)(x+h-2)

o (2x43)(x—2)+2h(x-2)—(2x+3)(x—2)—h(2x+3)
— lim
) h(x—2)(x+h—2)

lim il = !
=0 (x=2) (x+h=2)  (x-2)
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T: oF T & x=2 W wer 7 o aftfia 2 R
(i) x=07R Wer gRefd F& 21 <ifd, & T @

(o)
x+h+ - x+—
x+h X

f(x+h)-f(x)

A h
= hml h+ L1
h—=0 h x+h x

Cdim e X o
T h0h x(x+h) h—0 h x(x+h)
) 1 b
= {%(Th)}l v
T: o AR o x =0 R e f7 aReifid T 2
IETET0T 20 Wor THgid ¥ R fx) F1 SEEHAS T BT S Ax)

(1) sinx+cosx (i1) xsinx

f(x+h)-£(x)
h

T ()®W W T, f(x) =

sin(x+h)+cos(x+h)—sinx—cosx

= lim
h—0 h

sin x cosh + cos x sin i+ cos xcosh —sin x sin 4 —sin x —cos x

= hm
h—0 h

sinh(cosx— sin x) +sin x(cosh — 1) + cosx(cosh — 1)

= lim
h—0 h
cosh—1 _
= lim Slnh(cosx—sinx)+lirnsinx—( ) +1imcosx—(COSh )
h—0 h h—0 h ho0

=CO0S X — sin x
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(x+h)sin(x+h)—xsinx

i f(x) = LA Gl A G B

h—0 h h—0 h

(x+h)(sinx cosh+sinh cosx)—xsinx

= lim
h—0 h

xsinx(cosh—l)+xcosxsinh+h(sin xcosh+sinh cosx)

= hrn
h—0 h
) xsinx(cosh—l) . sinh . . .
= lim +1lim,_,, xcos x +1lim (sin xcos + sin i cos x)
h—0 h h—0

=X COS X + sin x

FaTET0T 21 (1) fix) = sin 2x (i1) g(x) =cotx
o 3aehersl ol URehe HiTeTd|

et (i) FeRTofAfd I3 sin 2x = 2 sin x cos x 3T IO HINTI 36 TR
df(x) d

= (2sinxcosx)=2i(sinxcosx)
dx dx dx

£ 2[(sin x)

’

cos x + sin x(cos x),}

= 2[(cosx)cosx+sinx(—sinx)} = Z(Coszx—sin2 x)

(if) TR ¥, g(x) = cotx=:)§;c T WITHS T H1 AT 59 T W 3, @l Hel
e e 3 dg , d (cotx)= d (C?ijz (cosx)'(sinx?—(czc)sx)(sinx)'
dx dx dx\ sinx (sin x)

(= sin x) (sin x)—(cos x) (cos x)

(sinx)?

.2 2

sin” x+cos” x ’

= ———— 5 ——=—cosec’x
sin” x
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1
Torehoua: STt &M <o fob cotx = -
X

T T F © TF tan x T STTHAS sec? x B S BHY T 17 § 2@ 7 SR Y
& 3R Hed F STEdeS (0 Bl 2l

ﬁ =i(cotx)=i[ ! j

_uRerfera foran s gehar 21 I8l B9 29 a2

dx dx dx \ tanx

(1) (tan x)—(1) (tan x)’

(tan x)*

B (0)(tan x)—(sec x)2

(tanx)2
2
—sec” x 2
= S—=—cosec’x
tan” x
5
.. X —COoSXx _ x+cosx
SaEIUr 22 (1) ————
sSin x tan x

T TFFHAS AT HITSTC

5
T (i) WM i h(x):%ﬂﬁﬁ’ﬂﬂagqﬁmﬁa%,%ﬂwwm
TS 128 T T |

(x° —cosx) sin x — (x° —cos x) (sin x)’

h'(x) =

(sinx)?
3 (5x4 +sin x)sinx—(x5 —COS X)COS X
a sin? x
—x° cos x+5x*sinx+1
(sin x)*
N X+cosx . ¢
(if) & HeR — T AR 2| BT WA 3 SR el off 7@ a2
X
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(x+cosx) tan x — (x +cos x) (tan x)
(tan x)2

W (x) =

(1—sin x)tan x — (x+ cos x)sec” x
B (tan x)2

EFTT 13 UT fafaer goaraet
1. v fogid 9 fafafed s &1 oS Fd sifs:

() —x (i) (=x)' (i))sin(x+1)  (iv) cos (x - g)
AN el o Sfehels Hd ST (I8 9 S 6 a, b, ¢, d, p, g, r 3R

s TAfe=d TEW TR 7 R m qe o il F):
r 2
2. (x + a) 3.o(px+q)| TS 4. (ax+b)(cx+d)
1
ax+b I+ 1
5. 6. — X 7. ———
cx+d 1_1 ax”“ +bx+c
X
ax+b 2
g, — g, PX_tgxtr 10. 22 4 cosx
px +gx+r ax+b X x
11. 4x-2 12. (ax+b)" 13. (ax+b)" (cx+d)"
) cos x
14. sin (x + a) 15. cosec x cot x 16. X
1+sinx
17 sin x + cos x 18 secx—1 19. .
" sinx—cosx " secx+1 osmex
a+bsinx sin(x+a) ‘e
20, ———— 21, ——— 22. x"(5sinx—3cosx)
c+dcosx CcoS X
23. (x2+1)cosx 24. (ax2+sinx)(p+qcosx)
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) V1
4x+5sinx X COS (j
27. 4

25. (x+cosx) (x—tanx) 26. m

sin x

al 29 30, —
. 1+ tan . (x+secx)(x—tanx) .

sin” x

HRTIT

¢ Wor 1 oTuferd A S U fag o o R o fagei w fek o ®, fag
W el o oG U S WET (Left handed limit) =1 qfRefee shiar g1 et
TR ST¢ U&¥ skt AT (Right handed limit) |

¢ T fag W ke w1 HEn ST vet 3R < ge i e 9 g svEtis 9e
g A o Hurdt &)

¢ afx fordht fog W and ver 3R W ger ) A HOh F & @ T8 HEl S
2 fF 39 foig W wer #1 w1 afae 77 2

¢ TF afaE W@ R TF For £ % fag UM gy st (o) wE T o
& gahd (arkd H, U IRIfd & SR gEw )

¢ T 3R g ok foau frefafad o & €

lim[ f(x)£g(x)]=lim f (x)£lim g(x)

}gg[f(X).g(X)]ﬂi_{I;f(X).ii_%g(X)

{f(x)} )
g(x) ] lim g(x)

lim
X—a

¢ fefeiad s s S 2|

n n
X —da n—1
=na

lim
X—a x -_— a

. sinx
lim =il

x=0 x
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. l—cosx
Iim

x—0 X

a W AT f Sl Adehels

=0

7@=tin DTG 5 ot 7

Y% fog W Tahers, STahersl %ol

77 =L g LIBT3 i i 2
Tl u 3ﬁ'{ ver fau fr=fafad Fﬂ"l%ﬁ?ﬂ 2
wxv)Y=u'+v

wv) =uv+uy’

’

(EJ il aerd et aftenfig 2

1% V

frefefed o o sEwas 2

d n n—1
— (X )=nx
pn (x")

d .
—(sin x)=cos
pn (sin x) X

d .
—(cos x)=—sin x
x

e gRyfr
T & Sfder W e o SR o 9 w1 9rier 29 & AW Y@ ©

Issac Newton (1642 — 1727) 3R G.W. Leibnitz (1646 — 1717). Tedl ot o
T A WA Yol T bl ST R e % SANTHA o 1% THR STTH
foehma ¥q o™ TfUIaRT A AR TR IRYs Yeheus 1 g 99 He™ Tl
A.L.Cauchy, J.L.Lagrange 3 Karl Weier strass ! 9T €1 Cauchy = &e 1
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YR o fSraer! 319l 9 oAT9ehd: U1 &l § iR *Y g 21 Cauchy
D'Almbert &1 €T Fheddl o TAN o G STaharsl i qRAT | o ht

sin @
a

IRAT ¥ URY & gL =07 fau

F S SIe fRu s=i

Ay _ fla+d)=f(x)

n l » fan 3R j 0,9 fo@ d@im w0 () o faw oy,

“function derive’e " I8 <=M

1900 @ qd =& G a1 o foh hei ! UgHT 9gd hia ¢, THfeT e
Fa1et w1 TgH 9w off| Afera SR 1900 H $etE | John Perry TH 74 1 39
o) &1 TER 1 IR TR foh o 1 g fafmi it arond @ € @ik
el TR R« U S Gehdl €1 F.L. Griffin § el o 31&49 i g9 od o
IE W IR Heh g U5 fohanl 37 & 7@ wga Aol el e

ST 71 hele TTUTq STfUq ek 31 Tl S fifdeht, Tamm fam, srefemes,
Sfafas & e 1 Sifiar geeye 2l
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