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Euclid gave 23 definitions in Chaper 1 (called book) of Elements. A few of which
are listed below :

(1) A point is that which has no part.

(2) A line is breadthless length.

(3) The ends of a line are points.

(4) A straight line is a line which lies evenly with the points on itself.

(5) A surface is that which has length and breadth only.

(6) The edges of a surface are lines.

(7) A plane surface is a surface which lies evenly with the straight lines on itself.

Now what is a ‘part’ ? If ‘part’ is some thing occupying ‘area’, what is ‘area’ ?
So we get a chain of terms. So some of the terms are left as undefined terms. Even
though we represent a point as a dot, a dot has some dimension. So we have intuitive
feeling of the geometrical concept of a point. Similarly breadth and length are not defined.
So point, line, plane are taken as undefined terms and we represent them using
some imaginary physical models.

Starting with his definitions, Euclid assumed certain properties, which were
not to be proved. These assumptions are actually obvious universal truths. He
divided them into two types : axioms and postulates. The postulates are the
assumptions that were specific to the geometry. Common notions often called axioms
on the other were assumptions used throughout mathematics and not specifically
linked to geometry.

Some of Euclid's axioms not in this order, are given below :

(1) Things which are equal to the same thing are equal to one another.

(2) If equals are added to equals, the wholes are equal.

(3) If equals are subtracted from equals, the remainders are equal.

(4) Things which coincide with one another are equal to one another.

(5) The whole is greater than a part.

(6) Things which are double of the same things are equal to one another.

(7) Things which are halves of the same things are equal to one another.

These common notions refer to magnitudes of same kind. Magnitude of the same
kind can be compared and added, but magnitudes of different kinds can not be
compared. For example a line cannot be added to a rectangle, nor can an angle be
compared to a pentagon.

The fourth axiom stated above says identical things are equal. Everything is equal
to itself.

This is the principle of superpositions. The fifth axiom gives definition of ‘greater
than’ or ‘less than’. If Q is a part of P, then we can write P = Q + R for some quantity

R. Thus P > Q means P = Q + R for some R.
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Euclid's five postulate are as given below :

Postulate 1 : A straight line may be drawn from any one point to any other
point.

This shows that there is one straight line passing through two distinct points, but
there is no certainty that this line is unique. Although, Euclid has frequently used this
fact without clarification. Thus we get the following axiom.

Axiom : Given two distinct points, there is a unique line that passes through them.
How many lines passing through P also pass through Q ? Only one !

¥ Figure 6.1

Postulate 2 : A terminated line can be produced indefinitly.
We call a segment what is called a terminated line by Euclid.
Postulate 3 : A circle can be drawn with any centre and any radius.
Postulate 4 : All right angles are equal

to one another. 11
Postulate 5 : If a straight line falling

on two straight lines makes the interior ... _

angles on the same side of it takem < ) I
together less than two right angles, then 2
the two straight lines, if produced )

indefinitely meet on that side on which the Figure 6.2

sum of angles is less than two right angles.

Postulate 5 is very complex in nature. Infact postulate is a verb. When we
say ‘let us postulate’ it means ‘let us make some statement’ on an observed
phenomenon in the universe. Its truth is examined later on and if found true, then it
is termed a postulate.

A system of axioms is consistant, if it is not possible to deduce a statement
contradicting any axiom or statements proved based on them.

Using these postulates and axioms, Euclid moved to prove results. He proved
some more results using deductive logic. These proved statements are known as
propositions or theorems. Euclid deducted 465 propositions in logical chain using his
axioms, definitions and postulates.

Let us see the result in the following examples to understand how Euclid used
his axioms and postulates for proving some of the results.

Example 1 : D, E and F are three points on the same line and E lies between

D and F as shown in figure 6.3. Then prove that DE + EF = DF.
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Solution : In the figure DF coinsides with DE + EF. (\D\)
Therefore using Euclid fourth axiom that the things which E
coincide with one another are equal to one another, we E
conclude that DE + EF = DF.

In this solution it has been assumed that there is a unique line passing through

two distinct points.
Example 2 : Prove that an equilateral triangle can be constructed on any given line

Figure 6.3

segment.
Solution : Let a line segment of given length say DE be given. (figure 6.4(i)).

F F
D E D E D E
® (i) (iif)
Figure 6.4

We use a construction using Euclids third postulate that “a circle can be drawn
with any centre and any radius”. Draw a circle with centre D and radius DE (Fig. 6.4(ii)).
Similarly draw another circle with point E as a centre and DE as the radius. Let two
circles intersect at the point F.

Now draw line segment DF and EF to form ADEF (figure 6.4(iii)). We have to
prove that DE = EF = DF.

DE = EF (radius of the same circle) (i)
DE = DF (radius of the same circle) (ii)
From (i) and (ii) we observe that, DE = EF = DF. So ADEF is an equilateral
triangle.
6.3 Equivalent Versions of Euclid's Fifth Postulate

Fifth postulate of Euclid is very significant in mathematics. We see that it
implies no intersection of lines will take place when the sum of the measures of the
interior angles on the same side of the falling line is exactly 180. There are
several equivalent versions of this postulate. One of them is ‘Playfair's Axiom’ as
given below :



102 MATHEMATICS

For every line / and every point P not lying R

on [, there exists a unique line m passing through m< — - >

P and parallel to /. —_—
It means two distinct intersecting lines

h 4

can not be parallel to the same line (Fig. 6.5). I<
Here out of all line passing through the Figure 6.5
point P only line m is parallel to L

Euclid did not require his fifth postulate to prove his first 28 theorems. Many
mathematicians including him, were convinced that the fifth postulate is actually a
theorem that can be proved using just the first four postulates and other axioms.
However all attempts to prove the fifth postulate as a theorem have failed. But
these efforts have led to a great achievement, namely the creation of several other
geometries.

These geometries quite different from Euclidean geometry, are called
non-Euclidean geometries. Their creation is considered as a landmark in the history
of thought because till then every one had believed that Euclid's was the only
geometry and the world itself was Euclidean.

Now the geometry of the universe we live in has
been demonstrated to be a non-Euclidean geometry.
In fact it is called spherical geometry. In spherical
geometry lines are not straight. They are parts of great
circles.

In figure 6.6 lines PR and QR which are parts of
great circle of the sphere are perpendicular to the same
line PQ. But they are meeting each other though the Figure 6.6
sum of angles on the same side of line PQ is not less than two right angles. In
fact sum of measures of angles is 90 + 90 = 180. Also note that the sum of measures

of the angles of the triangle RPQ is greater than 180. Thus Euclidean geometry is
valid only for the figures in the plane. On the curved surfaces it is not satisfied.

EXERCISE 6.1

1. If a point Q lies between two points P and R such that PQ = QR, then prove
that PQ = %PR. Explain by drawing the figure.

2. In figure 6.7 if PR = QS, then prove that PQ = RS.

Figure 6.7
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3. Only one line can pass through a single point. Is this true or false ? Give reason
for your answer.

4. Select proper option (a), (b), (¢) or (d) from given options and write in the box
given on the right so that the statement becomes correct :

(1) The three steps from solid to point are : ]
(a) Solid - Surface - Line - Point (b) Line - Point - Surface - Solid
(c) Surface - Point - Line - Solid (d) Point - Surface - Line - Solid

(2) The number of dimensions a point has is ......

(@1 (b) 4 (c) 0 (d)2
(3) The number of dimensions a surface has is ......
(@3 (b) 1 © 0 2

0 O [

(4) Euclid divided his famous treatise ‘the elements’ into :
(a) 12 chapters (b) 13 chapters (c) 9 chapters (d) 11 chapters

(5) Pythagoras was a student of : 1
(a) Euclid (b) Thales (c) Ramanujan (d) Bhaskaracharya

(6) Which of the following needs a proof ? ]
(a) Axiom (b) Postulate (c) Definition (d) Theorem

(7) Euclid stated that all right angles are equal to each other in the form of : [_|
(a) a proof (b) a definition  (c) a postulate (d) an axiom

(8) ‘Lines are parallel to each other if they do not intersect’ is stated in the
form of : ]
(a) a definition (b) an axiom (c) a postulate (d) a proof

6.4 Requirement of Construction of Logical Geometry

Results based on measure of figures are sometimes misleading. Also they can
not be universally applied. Hence it is necessary to develop logical concepts to study
geometry.

Euclid's geometry was lacking in logic. Later Devid Hilbert modified the
approach of Euclidean geometry and made it more logical and abstract. The structure
of modern geometry is based on this formulation by Hilbert.

Among the Indian mathematicians Aryabhatta, Brahmagupta and Bhaskaracharya
are the chief architects of geometry.

6.5 Special Phrases
There are some special phrases which are used in study of geometry such as
(1) at least (2) at most (3) one and only one.
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(1) At least : There are at least two points on a line. It means there are two
or more than two points on a line but not less than two points on a line.

At least three means three or more than three. At least five means five or more
than five.

(2) At most : x is at most five. It means x can be 5 or x can be less than 5,
but x can never be more than 5.

Distinct lines can intersect in at most one point means the lines can intersect
in a point or may not intersect.

(3) One and only one : There is one and only one line passing through two
distinct points. It means there is one line passing through two distinct points and not
more than one or not less than one line is there i.e. unique line passes through two
distinct points.

The equation x + 7 = 10 has one and only one solution. It means it has a solution
and only one solution, i.e. there is not more than one and not less than one solution.

6.6 Some Special Statements
There are some typical statements also which are used in the study of geometry.
(1) Conditional Statement : The statement of the type ‘if p, then 4’ is called
a conditional statement. It is also known as an implication. Here p is called a
sufficient condition for ¢ and ¢ is called a necessary condition for p.

If m is even, then m + 1 is odd. Here m is even is sufficient for m + 1 to be odd.

Thus ‘m + 1 is odd’ is a necessary condition for m to be even. It can also be called
a necessary consequence.

If quadrilateral ABCD is a rhombus, all its sides are congruent. Here ABCD is a
rhumbus is a sufficient condition. The consequence all its sides are congruent can
occur if ABCD is a square also. Thus there may be several sufficient conditions
possible for a consequence.

(2) Biconditional Statement : The statement of the type ‘p if and only if ¢’
is called a biconditional statement. It is also known as a two way implication.

In fact each two way implication ‘p if and only if g’ is a conjuction of two
conditional statements ‘if p, then ¢’ and ‘if ¢, then p’.

x =3 if and only if x + 5 = 8. This is biconditional statement. It is a conjuction of
two conditional statements. ‘If x = 3, then x + 5 = 8’ and ‘if x + 5 = 8, then x = 3°.

(3) The Converse of a Statement : The statement obtained by
interchanging the sufficient and necessary condition in an implication is
called the converse of the given statement

‘If p, then ¢’ is conditional statement. Therefore converse of this
statement is ‘if ¢, then p’.
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‘If x = 3, then x2 = 9’ is a conditional statement. Therefore converse of this
statement is ‘if x2 = 9, then x = 3°.

In general a conditional statement and its converse both may be true or any one
of them may be true or both may be false.

6.7 Main Parts of Structure of Modern Geometry

Main parts of structure of modern geometry are :

(1) Defined terms (2) Undefined terms (3) Postulates (4) Theorems

The knowledge of any subject is transmitted or spread with the help of the
language. Each sentence of any language contains terms. Every term has exact clear
meaning. If this meaning is understood, clearly the subject can be studied.

There are two types of terms (1) Defined term (2) Undefined term.

Postulate and Axioms : A self evident statement which is accepted to be
true without requiring any proof is called a postulate and commonly called
an axiom.

Theorem : A theorem is a conditional statement. A theorem has mainly
three parts : (1) Hypothesis (2) Conclusion (3) Proof.

Proof in geometry is divided into two types : (1) Direct proof (2) Indirect proof.

Direct proof : In direct proof, we deduce a statement from the data by means
of logical arguments. From one statement we deduce another statement and through
such a chain of statements, we derive the statement to be proved by means of logical
arguments.

Indirect proof : Some times to prove the statement we have to choose one of the
many possible alternatives. In such a situation we investigate each case. If a case leads
to the falsehood of the data, then the case itself must be false. Thus eliminating the
possibility of all the alternatives other than the statement to prove, we conclude its truth.
This method is known as the method of exhausting alternatives.

Another method of indirect proof is "Reductio ad Absurdum". There are two cases
for the statement to be proved. Either it is true or false. In this method, first we suppose
to the contrary that the statement to be proved is false. Then by means of logical
arguments based upon the postulates, definition and previous theorems we deduce the
falsehood of the data. We argue that supposition is wrong. So we conclude that the
statement to prove is true.

In the proof, data is a sufficient condition and to prove is a necessary condition.

Let us see an example of a proof by direct method.

2 is even.

Example 3 : Prove if n is even, n
Solution : Proof : Suppose n = 2k, where £ € N.
(Note : All even numbers are obtained by taking £ = 1, 2, 3,... etc. Since an even

number is a multiple of 2, n = 2k).
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n? = 42
= 2(2k%)
n? is even.

If we want an example of indirect proof by exhausting alternatives, consider
following.
To prove any real number a > 0, we have to prove that a < 0, a = 0 is not
possible. Then it will be proved that a > 0.
Let us see a proof by the method of Reductio ad Absurdum.
Example 4 : Prove that two acute angles cannot be supplementary angles.
Solution : Data : ZA and £B are acute angles, so that
mZA < 90, m£B < 90
To prove : ZA, ZB are not supplementary angles.
Proof : Let ZA, £ZB be supplementary angles, if possible.
mZA + m4B = 180
But, mZA < 90, mZB < 90
mZA + mZB < 180
We get a contradiction.
ZA and £B cannot be supplementary angles.
Example 5 : Write data and statement to prove for following :
(1) If y = 3, then y? = 27
(2) If m = n, then 5m = 5n
Solution :
(1) Data : y =3
To prove : y> = 27
(2) Data: m=n
To prove : 5m = 5n
Example 6 : Write the converse of each of the following statement.
(1) If two angles are right angles, then they are congruent.
(2) If there is a good rain, there will be good crops.
Solution :
(1) Converse : If two angles are congruent, then they are right angles.
(2) Converse : If there are good crops, then there is a good rain.
Example 7 : Explain the meaning of the following statement :
(1) Every line segment has one and only one mid point.
(2) Jignesh is at most 27 years old.
(3) Every set, except an empty set, has at least two subsets.
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Solution : Meaning :

(1) Every line segment has one mid-point and not more or less than one mid-point.

(2) The age of Jignesh is 27 years or less but not more than 27 years.

(3) Every set, except the empty set, has two or more than two subsets but not
less than two substs.

EXERCISE 6

Explain : Direct proof.

Prove : If x is an even number, then x + 1 is odd.

Explain the following statements :

(1) Jayendra can eat at most five cups of icecream.

(2) Every youth should contribute at least 10 hours per month for social services.
(3) m + 7 =10 has one and only one solution.

(4) A line can intersect a circle in at most two points.

Write the Data and To Prove for the following statements :

(1) fXCYandY C X, then X =Y.

(2) The sum of measures of all the three angles of triangle is 180.

(3) If B is not an empty set, then it has at least two subsets.

(4) If today is Sunday, then there is a holiday in the school.

Answer the following questions in short :

(1) What is an implication ?

(2) ‘If x+5=7, then x = 2°. Identify necessary and sufficient condition.
(3) Write the parts of a theorem.

(4) Write the types of proofs in geometry.

(5) Write two types of indirect proof.

(6) Name the main parts of the structure of modern geometry.

*

Summary

In this chapter we have studied about development of geometry.

Study of works of Euclid.

Meaning of special phrases like (1) At least (2) At most (3) One and only one.
Meaning of typical statements like (1) Conditional statement (2) Biconditional
statement (3) Converse of a statement.

Main parts of structure of modern geometry like (1) Defined terms (2) Undefined
terms (3) Postulate (4) Theorem and types of proofs of a theorem.



CHAPTER 7

SOME PRIMARY CONCEPTS IN GEOMETRY : 1
B

7.1 Introduction
There are four basic concepts in geometry. They are ‘point’, ‘line’, ‘plane’ and
‘space’. All these terms are undefined terms. We shall understand these terms in the
context of sets. In the study of geometry, space is taken as universal set.
Point : It is an undefined term. A point is represented by a
dot. A fine dot made by a sharp pencil on a paper represents picture

of a point very closely. A point has no length, width or thickness. X
In general points are denoted by capital letters X, Y, Z, M etc. In
figure 7.1, X represents a point. Figure 7.1
@ (®) © @ Q)
Figure 7.2

Line : Look at the above figure 7.2. They are all sets of points. Do they all represent
a 'line' ? No. Figure 7.2 (a), (b), (c) do not represent a line, where as figure 7.2 (d), (e)
resemble very closely our imagination of a line.
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So a line is a set of points which can be compared to a stretched thread or edge
of a ruler extended indefinitely in both directions.

“In geometry, line is a set of points which extends endlessly in both the
directions.”

Line is denoted by small letters /, m, n, etc. A line has infinitely many points.

Space : Space is the ‘largest’ set of points. It is the universal set in geometry.
Line, plane and other point sets are subsets of space.

7.2 Line as a Set of Points

We know that a line has infinitely many points, but how many minimum number of
points are required to determine a line ? This we can understand from the following
postulates of line.

Postulate 1 : Every line has at least two distinct points.

We deduce from this postulate that a line has two or more points but not less than
two points.

So, (1) A line is not an empty set.

(2) A line is not a singleton.
. . 0
(3) A line has two or more points.
Postulate 2 : For any two distinct points X and Y, N
there is one and only one line that contains both the

Y
points i.e. passes through them. We deduce from this
postulate that there exists exactly one line passing
through both X and Y.

Thus two distinct points determine a line.

Figure 7.3

There is one and only one line passing through two distinct points. (figure 7.3)
7.3 Relation Between Point and Line

We have seen that line is a point set. So for relation between a line m and a point
A, there are two alternatives, (i) point A is on line m i.e. A € m or (ii) point A is not
on the line m that is A € m. Suppose A and B are two distinct points on a line m and

point C is not on the line m. This is represented by figure 7.4(a) as follows :
We know that line m is also same as line AB,

[ ]
symbolically it is represented as fA_ﬁ ¢
If points P, Q, R are on line n, then s \ _ B e
L 1%) _ Q<_1){ _ S (figure 7.4(b) Figure 7.4(a)
So, we can represent a line by selecting any ¢ f) (3 f{ >

two points on it. Figure 7.4(b)
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7.4 Collinear Points and Non-Collinear Points

In the figure 7.5, the points P;, P,, and P; are lying on
the same straight line /. Such points which lie on the
same line are said to be collinear points. There does not
exist a line passing through points P;, P, and Ps. So they
are called non-collinear points. So, three or more points

are said to be collinear, if there is a single straight line
passing through them.

According to postulates 1 and 2, ‘a unique line passes through two distinct points.’
Hence two distinct points are always collinear.

Collinear Points : If three or more distinct points lic on a straight line, they

Figure 7.5

are said to be collinear points or all points lying on a straight line are said to
be collinear points.

Non-collinear Points : Points which can not lie on the same straight line
are called non-collinear points.

or "If there does not exist a line containing givem points then we say
that these points are non-collinear."
Example 1 : Answer the following questions. Justify your answer by drawing

proper figures.

(1) How many lines can be determined by three distinct points ?

(2) How many lines can be determined by four distinct points ?

Solution : < ;A % —>
(1) For three distinct points there are two Figure 7.6
possibilities : (i) Given points A, B, C are collinear.
As shown in figure 7.6 they determine only one
line.
(ii) A, B, C are non-collinear points. They A
. . < © “
determine three lines AB, BC and AC as
shown in figure 7.7. < /B, _C\‘ >
Figure 7.7
(2) There are three possibilities for four distinct points.
(i) They are all collinear. Four points P, Q,
R and S in figure 7.8 are collinear. They determine P Q R S

only one line. Figure 7.8
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(i1)

are collinear. As shown in figure 79 P, Q, R
are collinear but P, Q, R and S are non-collinear.

These four points determine four lines PQ, RS,

N
)7
SN

Three of them are collinear but not all

b

< 4
PS and QS. Figure 7.9

(iii) No three out of four points P, Q, R, S S/’)

P
are collinear (see figure 7.10). In this case, these <>
four points will determine six lines. PQ, PR, PS,

o O ©
OR, QS and RS.

M
v

Figure 7.10

Example 2 : (1) How many distinct lines are there
in the figure 7.11 ? Mention their names without Iy
involving points on them. L

@
©)
)
)
(6)

(M
@®)

Solution :

)
@

©)
“4)
)
(6)
(M
®)

What are other names of lines l1 and 12 ? A

Give other names of EG.

Hn

< 4
IsCD = AB ?
g 4
Is ED = DE ?
List all collinear triplets of points.

Give four sets of non-collinear points.
List all the lines containing D.

Figure 7.11

There are in all four lines /,, [, L5, 1.
Other names of line /; are ]()_])E, ]()_()} and F% and those of line /, are A<_]>),
> e

AB and BD.

Other names of E% are ]()_1>E, D(_()} and /.

No

Yes

(A D,B (ii)D,E, G

WA, C,E ()CEF (Gi)AE,F (@(v)B,CF

Lines /;, /,, /5 contain point D.
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EXERCISE 7.1

Answer the following :

(1) Write the postulates of line.

(2) Define collinear and non-collinear points.

(3) State the number of lines containing two distinct points.

(4) If P, Q and R are distinct non-collinear points, then what is the relation
between P and Q<_1){ ?

(5) At most how many lines can four distinct points determine ? At least how
many lines can four distinct points determine ?

Represent the following situations using a figure :

(1) XY = AB and AB # AC

(2) A, B and C are collinear, /isaline, A€ , Be [, C¢g L

(3) P,Q,Rand P, S, T are collinear triplets but P, Q, S and P, R, T are not
collinear.

Intersection of Two Lines

Observe the following figures :

M

v

-~
—

® (i) (iif)
Figure 7.12

In figure 7.12(i) lines / and m are same, so / = m.

In figure 7.12(ii) lines /; and /, do not meet each other (clearly /; # )

In figure 7.12(iii) lines #; and ¢, meet each other in P.

Now, we restate each of the above statements in terms of sets.

I =m, so | and m have same elements. So their intersection is the line / (or m)

itself. INm=1=m.
/; and [, do not intersect, i.c. they do not have any common element. Hence

their intersection is the empty set. /; N [, = 0.



SoME PRIMARY CONCEPTS IN GEOMETRY : 1 113

Lines ¢; and ¢, have a common element (point P). Hence m !

their intersection is contains P. i.e. P € ¢; M #,.

If the lines / and m intersect, then at least one point

is common to / and m. Hence we assume that the point P P
is there in the intersection set of the lines / and m, that is
PelnNnm Figure 7.12(a)

Even if you imagine lines f;, #, extended indefinitely in both directions, they
will not meet again. So we may conclude that if two distinct lines intersect in one
point, then they do not intersect in any other point. We shall accept this fact as a
theorem without proof.

Theorem 7.1 : If two distinct lines intersect in one point, then they do not
intersect in any other point.

Example 3 : Draw the figure representing the following situations :
For distinct lines m,, my, my, my :  my Nmy =0, my N my = {X},
—>
m Nmy={Y}, mnNmy={Z}, XW=my, WE m.

Solution : m, M m; = @, so draw lines m, and
my in such a way that they do not intersect even if ! 4

they are extended indefinitely. \W X /

v

my M my = {X}. Select point X on m, and draw 7,
a line m, passing through X. This line must be different

from m,.

Z
my<
m; N my = {Y}. Select point Y on m, and / Y\

draw a line m, passing through Y which is different ;
Figure 7.13
from m;.

v

my M my = {Z}. So m; and m, intersect at Z and m, passes through Y also.

>
The other name of m, is XW as X, W € m,.

&~ &~
W e m; means m; = WY = YZ.

EXERCISE 7.2

1. Draw figures for the following situations for lines m and n. :
(1) mNn=m 2) mNn={A} BymnNnn=90
2. Draw figures representing following situations :
WD LhnL=X,LnNL=0,Y& L YEI]NIL
2) X,Y,Z and X, A, B are triplets of collinear points but X, Y, A and X, Z,
B are non-collinear points.
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3. Fill in the blanks with reference to the figure 7.14 :
D) Inm = ...
2) pnNg = ... 7
B gnNnr = ...
@ pNr = ..
&) Inr = ...
6 mNr = ... P
N Inp = ... 9 R\
8 mngqg = ... r
9 INng = ...
(10)mnp = ... p q

N
A 4
~

A

Figure 7.14

7.6 The Concept of Distance

In ancient times distance was measured using finger, palm and arms. Later, in order
to have uniformity, distance was measured with the help of the Kings (Ruler) foot. But
every time the ruler changed the measurement would change. Then later units like inch,
foot and yard came into existence. Presently, centimetre, metre and kilometre are
extensively used units of length. In practice, when we measure distance using a scale,
we take two points, plot them on the image of a ruler and then we get the distance
which is associated with a definite non-negative real number. This is the postulate
of distance.

Postulate 3 : Distance Postulate : With each pair of points, there
corresponds one and only one non-negative real number called the distance
between these points.

Distance between P and Q is denoted by PQ or d(P, Q).

Properties : For any two points P and Q, (1) PQ 2 0 i.e. the distance between
two points is a non-negative real number.

(2) PQ = QP for any two points P and Q.

(3) PQ =0 if and only if P = Q.

(4) For points P, Q, R, PQ + QR = PR.

How do we measure the length of a given line-segment ?

A B

IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII IIIIIIIII|IIIIIIIII|IIIIIIIII
5 6 7 8 9 10 11 12 13 14 15 16

Figure 7.15
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As shown in the figure 7.15, to measure the distance between A and B, we first
place the scale close to the points A and B and read the two numbers on the scale
corresponding to the points A and B. We then take the positive difference of the two
numbers on the scale. Now we shall state ruler postulate.

Postulate 4 : Ruler Postulate :

(1) Corresponding to each point on a line, there is one and only one real
number.

(2) Corresponding to each real number, there is one and only one point
on the line.

(3) There is a one-to-one correspondence between points on a line and
real numbers such that for every pair of distinct points on the line, the positive
difference of the corresponding real numbers is the distance between them.
We get a one to one correspondence between the set of points on line and
real numbers such that if real numbers a and b corresponds to points A and B
on line respectively, then the distance between A and B is the non-negative
difference of a and b.

We know that for non-negative difference of two numbers the term modulus
is used.

Thus|a|={ aif a20

—a if a<o0
Let a and b respectively correspond to A and B.

AB = | number corresponding to A — number corresponding to B |
=|la—5b|
We know that,

|la—b|=a—b if a>b
=b—a if a<b
=0 if a=b»
Example 4 : Find the modulus of the following :
Mmeée 2)0 B)Y-9 B4 (53
Solution :
M|6]|=6a6>0 @2)|0]=0 BG)|9|=—(9)=9a-9<0
@|4|=4a4>0 5)|3]|=3as3>0
Example 5 : On a line /, M corresponds to —5 and N corresponds to —4. Find MN.
m = the number corresponding to M = —5
and » = the number corresponding to N = —4
MN=|m—n|
MN=|m=n|=](5)—(4)|=|-5+4|=|-1|=1
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Given a point O on line / and a positive real number x, there are exactly
two points X, and X, on / on either side of O such that,

00X, = 0X, =x

M
®
[ ]
[ ]
v
~

Figure 7.16
Example 6 : Point P on line / corresponds to 6.3. Find the real numbers corresponding
to the point which are 3 units away from P on line /.
Solution 1 : Suppose Q is the required point. Then Q may be on the left or the
right of P as shown in figure 7.17.
x 63

pr &
< ®

[ %Y

v

Qe— 3 — P«— 3 —Q
Figure 7.17
According to postulate 4, PQ = | p — x |, where p = 6.3 and PQ = 3. Here p
and x are numbers corresponding to P and Q respectively.

PQ=1]63—x|
Since PQ =3, |63 —x|=3
But |[£3 |=3

63—x=3 or 63 —x=-3
63—-3=x or 63+3=x

x=33 or x=93
Solution 2 : PQ =]63 — x|
But PQ =3

|63 —x|=3
Now if x < 6.3, then 6.3 — x>0

63 —x=3

x=63—-3=33
If x > 6.3, then 6.3 —x <0
|63 —x|=—(63—x)=3
x=63+3=93
x=330r93
Thus the real number corresponding to Q is 3.3 or 9.3.

Note : In general, if | a | = 5, we take @ = 5 or @ = —5 and proceed.
Usually when we measure the distance between two distinct points A and B on a
line /, we set a scale in such a way that the point A corresponds to 0 and the
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point B corresponds to a positive real number. In the following postulate we assume
that such an arrangement of scale is possible which is similar to the representation
on a number line.
Postulate 4A : Based on ruler postulate, if O and B are two distinct points
on a line /, then the correspondence can be chosen in such a way that O
corresponds to 0 and B corresponds to a positive number.
P O A B C D E F

0 1 2 3 4 5
Figure 7.18

With reference to the above number line, let us assume that the point A
corresponds to 1 and point B corresponds to 2, etc.

We are familiar with the following facts :

(1) The point O corresponding to 0 is called the origin or the initial point.
Origin is usually denoted by letter O.

(2) The direction to the right of the origin i.e. from O towards B is called
the positive direction and the direction to the left of the origin i.e. from O
towards P is called the negative direction.

(3) Since O corresponds to 0, A corresponds to 1, we can conclude that
OA = AB = 1. OA or AB is called the unit distance.

7.7 Betweenness
What do we mean when we say that a point B is between A and C ? Which
of the figures 7.19(i) to (v) gives us the idea of betweenness ? : B

Ao ¢ A @ ¢ TR @ c

L L
< >

———eo—o—> e ——————7—
A B C A B CD E
(iv) ™
Figure 7.19

In the figure 7.19(i) and 7.19(ii) the points A, B and C are not collinear. So, the
question of ‘betweenness’ does not arise.

In the figure 7.19(iii), the point B is equidistant from A and C but we cannot say
that B is between A and C as they are not collinear points.

In figure 7.19(iv), points A, B and C are collinear and in figure 7.19(v), the points
A, B, D, E, C are all collinear. So the question of betweenness aries.

Now we can conclude that the term ‘betweenness’ can be used if we have
at least three distinct collinear points.



118 MATHEMATICS

For any three distinct collinear points A, B and C, if B lies between A and C, we
write it symbolically as A—B—C or C—B—A (read as C dash B dash A).

Now if A, B and C are distinct collinear points, then one and only one of the
following will be true. A—B—C or B—A—C or A—C—B.

How will we know which point is between the other two ? It is possible if
we know the numbers corresponding to the points. From these numbers we can
determine which number is between the other two and then the point corresponding
to it will be between the other two points.

i.e. if a, b, c are the numbers corresponding to points A, B and C respectively

then if a > b > ¢ or a < b < ¢, then we can conclude that A—B—C or C—B—A.

Conversely if A—B—C, then eithera < b <cora> b > c.

Conditions of Betweenness : If p, g, r are real numbers corresponding to
the points P, Q, R respectively, and p < g < ror p > g > r then Q is between
P and R. We can write it as P—Q—R or R—Q—P.

P, Q and R are distinct collinear points and p < g<rorp>g > r.

If P-Q—R then PQ + QR = PR

Can we say P—Q—R if PQ + QR = PR ? No; P, Q, R should be distinct.

Example 7 : Given P—Q—R. Suppose the numbers —3.7 and 7.8 correspond to
P and R respectively. If PQ = 5.6, then find QR.
Solution :

Pe— 56 —>Qe— ? —>R

—3.7 78
Figure 7.20

L
4

v
~

Here, PR = | Number corresponding to P — Number corresponding to R |
=|-37-78| =|—-11.5| =115
Because of P—Q—R, we have
PR = PQ + QR. Also, PQ = 5.6
11.5 =56 + QR
QR =115-56=59
QR =59
Example 8 : As shown in figure 7.21, a straight road goes from Kavita's home to a
garden via school. Kavita goes from her home to the garden and comes back to
school. For this, she has to walk 717 metres. If the distance between Kavita's home

and school is 237 metres, find the distance from Kavita's home to garden and
from the school to the garden.
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124 fffff
k_

» —

) H(home) S (school) G (garden) .
le 9 N
N : I
Figure 7.21

Solution :
If H, S, G represent home, school and garden respectively, then H—S—G
HS + SG = HG @)

To go to garden and then school, Kavita has to walk from H to G and then
G to S.

Thus she covers the distance
HG + GS =717
HS + SG + GS = 717
237 + 2GS = 717 (GS = SG)
2SG = 717 — 237 = 480
SG =40 =240 m
Also, from (i), HG = HS + SG = 237 + 240 = 477

Thus, the distance between the school and garden is 240 metres and that
between home and garden is 477 metres.

EXERCISE 7.3

1. Answer the following :
(1) State the distance postulate.
(2) Explain the symbol X—Y—Z.
(3) State the ruler postulate.
(4) Mention the conditions of ‘betweenness’.
2. X, Y and Z are the points on a line m and the numbers corresponding to them
are 6, —3 and —1 respectively. Find XY, YZ and ZX.

3. P, Q and R are distinct collinear points. P corresponds to 7, Q corresponds to —3
and R corresponds to 3. Which point lies between the other two ?

4. On a line /, point A corresponds to —3, B € [/ and AB = 5. Find the number
corresponding to B.

5. If A—B—C, BC = 3 and AC = 9, then find AB.
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6. Find the missing values in the following table (If there are two values of X and Y

take the larger value of them) :

No. Number Number Distance XY
Corresponding to X Corresponding to Y

1. =2 5

2. 0 4 7

3. —6.5 25

4. | —-6 8

5 32 | 5

6. 8 I s

7. Find the possible values of a :

M |=al=5
@]|9—al=11

7.8 Line-segment

@ la—4]=5
G)la—(-3) =45

*

B)|7—al|=10

We have learnt about line-segments in earlier standards. Now we shall learn it in

terms of sets.
Like a line, a line-segment is also a set of points.

e

LDe

)

ol ]

JoX |

Figure 7.22

v

The above figure shows the line-segment PQ as a part of a line. (shown in fig. 7.22)

Line-segment : It is the subset of I<>_>Q consisting of points lying between
P and Q and including P and Q.
Line-segment is a set of points.
We denote line-segment PQ as ﬁ

Line-segment is a subset of a line.
P and Q are the end-points of PQ.

E includes all the points between P and Q.

Length of a line-segment :

If the numbers a, b correspond to points

A and B respectively we define the length of AB as |a — b | and denote

it using symbol AB.
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b—a if a<b
where a and b are the numbers corresponding to A and B respectively.
The length of AB is represented by AB.

Congruent line segments : We have also learnt that a line-segment AB is
represented as AB.

i.e.AB=|a—b|={a—b if a>b

© Every line-segment has a length.

o If the length of MN is x we write MN = x

® If two line-segments XY and % have equal lengths, then they are
said to be congruent. We represent congruent segments XY and m
symbolically as XY = PQ.

° % is a set of points whereas PQ is the length of % PQ is a non-negative
number. Hence we cannot write R} = PQ.

© Line-segment as a union of sets.
PQ = (P, Q} U {X|P-X—Q}
i.e. PQ is the union of following two sets :

(1) Set consisting of the end-points P and Q.
(2) Set of all the points lying between the end-points P and Q.
Properties of congruent line-segments :

(1) XY = XY (Reflexivity)
(2) If XY = PQ, then PQ = XY (Symmetry)
(3) If XY = PQ and PQ = RS, then XY = RS (Transitivity)

Example 9 : Answer the following by drawing an appropriate figure :
(1) How many line-segments do four distinct points give rise to ?
(2) How many line-segments do five distinct points give rise to ?
Solution : (1) For example, points A, B, C, D will determine six line-segments

AB, BC, BD, CD, AC, AD. (Figure 7.23)

A B C D

A A D

B C D B C
Figure 7.23
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(2) Points A, B, C, D, E will determine ten line-segments AB, KJ, AD, AE,

BC, BD, BE, CD, CE, DE. (Figure 7.24)

A B C D E
A
A A B
B E
B C D E C p C D E
Figure 7.24
: ; D A
Intersection of two line-segments : The
intersection of two line-segments would be either (a) a
point or (b) a line-segment or (c) empty set. X
(a) If the intersection of two line-segments is
a point then we represent it in set notation as B* C
AB M CD = {X}. (Figure 7.25) Figure7.25
(b) If the intersection of two line-segments is I" IA{ ‘S (‘2
a line-segment we represent it in set notation as : .
(Figure 7.26) Figure 7.26
PS N RQ = RS PS N PQ = PS
PS N RS = RS PR N PQ = PR
PQ N RS =RS RQ N PQ =RQ
PQ N SQ = SQ RQ N RS = RS

(c) If the intersection of two line-segments is the empty set, then we can write
it in set notation as XY M PQ = ¢, (Figure 7.27)

X % X

/Q —
P Q

P Figures 7.27

< 9
o e
De
>
=

All the above figures represent the condition that XY M PQ = 0.
Midpoint of a line-segment : A point M is said to be a midpoint of
XY if (1) M lies between X and Y ie. X—M—Y.
(2) M is equidistant from X and Y. i.e. XM = MY.
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M M

(i)
Figures 7.28

In figure 7.28(i) neither X—M—Y nor XM = MY. So M is not a mid-point of XY .

In figure 7.28(ii), X—M=Y but XM # MY. So M is not a mid-point of XY.

In figure 7.28(iii), XM = MY but condition X—M-Y is not fulfilled, so M is not a
midpoint of XY.

In figure 7.28(iv), X—M—Y and XM = MY, so we can say that M is a mid-point
of XY.It is clear from the above figure 7.28(iv) that for each line-segment XY there
exists a unique point M such that X—M—Y and XM = MY. i.e. each line-segment has
one and only one mid-point. So we will now say M is the mid-point of XY and no other
point is a mid-point of XY. We accept it as a theorem.

Theorem 7.2 : Every line-segment has one and only one mid-point.

e  Every line-segment (say XY) has a mid-point (say M).

e If XY has mid-point M, then it cannot have any mid-point other than M.

Number corresponding to the Mid-point : If X, Y correspond to 3 and 9
respectively, then we can find the number corresponding to the mid-point M by two
methods. Let m be the number corresponding to the midpoint M.

1st method : We know from the definition of X M Y
mid-point that X—M—Y. 3 - 5
. 3<m<9 Figures 7.29
XM=|x—m|=|3—m|=m—3 B <m
MY=|m—9|=|9—m|=9—m (m<9)
XM = MY (definition of mid-point)

m—3=9—m
m+m=9+3
2m =12

m=6
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2nd method : If x and y are the numbers corresponding to the points X and Y
respectively, then

Number corresponding to M

_ Number corresponding to X + Number corresponding to Y
B 2

= x;y (Prove it !)
_ 349
2
— 12 _
=2=6
Example 9 : Let M be the mid-point of AB. If A and B correspond to —% and
8 respectively, then find AM and the number corresponding to M.
Solution :

We know that AB = | number corresponding to A — number corresponding to B |

o - - 2 s
Now, AM = $AB = 1(2l} = 2L = 51 = 525

Now, number corresponding to M

_ Number corresponding to A + Number corresponding to B
- 2

=275

_T3t8 5416 _ 1 _,

2 2X2 T4
Thus, AM = 5.25 and the number corresponding to M is 2.75.

N[

Example 10 : The mid-points of PQ and PM are M and N respectively. (i) If
PN = 6.4, then find NQ. (ii) If PQ = 18.6, find PN.

< & & &

P N M Q

Figures 7.30
Solution : (i) Here N is the mid-point of PM and PN = 6.4
So, PM=2PN =2 X 64 =12.8
Now, M is the mid-point of PQ.
PQ=2PM =2 X 12.8 = 25.6
Now, since P-N—Q,
PN + NQ = PQ



SoME PRIMARY CONCEPTS IN GEOMETRY : 1 125

(1)

6.4 + NQ = 25.6

NQ =256 —64=192

Thus, NQ = 19.2

Now, PQ = 18.6 and M is the mid-point of PQ.
| | —

PM = 5PQ = 5 X 18.6 = 9.3

Also, since N is the mid-point of PM,
-1 -1 —

PN = 3PM = 5 X 9.3 = 4.65

So, PN = 4.65

Example 11 : The mid-point of RS is T. If R corresponds to —7 and T corresponds

to %, then find the number corresponding to S.

Solution : Let a real number x correspond to S. Now the number corresponding

to the mid-point T of RS is given by

Number corresponding to R + Number corresponding to S

2
3 _ —T7+x
2 2
=—T+x
x=3+7=10

Thus, the number corresponding to S is 10.

EXERCISE 7.4

1. State the conditions for T to be the mid-point of SU.

2. Look at the figure 7.31 and answer the following questions : X

)

@)
3)
“4)
)

If XY = PQ, then what can you
say about XY and PQ ?

Find AB N SB

Find AB N CD

Find XY N PQ

Find CD N XY Q D
Figures 7.31

3. If A corresponds to 4 and B corresponds to —3, find the number corresponding to
the mid-point of AB.
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7.9

Find number corresponding to the mid-point of PQ in each of the following
cases, where the number corresponding to P and Q are given as :

(1) =5.5and 7.5 @) 21 and —4.5

(3) —8 and —1 @) J2 +1and V2 -1

Can we conclude that A—B—C, if AB U BC = AC? Explain by a figure.
*

Ray

In daily life we use the term ray for light rays, sun rays, X-rays etc. In all these

cases there is a single point or source from where the rays are emitted in different
directions. Mathematically we may say that a ray has one end-point (initial point).

Ray is a set of points.
Ray : The set of points A and all the points on the side of A towards B on

4 —>
the line AB is called ray AB. It is symbolically written as AB.

%
®  Point A is called the initial point of AB.
%
®  AB extends indefinitely towards B.
%
® B is not an end-point of AB.
— —> <>
e AB C AB C AB
Ray as a union of two sets :

] — —_ A
We can write ray XY as XY = XY U {P | X—Y-P, P € XY}

>
>

B P

> e

Figures 7.32

%
® XY is the union of two sets
Ist set : Set of points of XY.

A
2nd set : Set of points P on XY which satisfy X—Y—P.
Types of pairs of rays : Observe the pair of rays shown in each part of the

figure 7.33 : N
—— e M
. Q
@ (i)
Y E g 5
X £~ 9 2
L K
Z
(iii) (iv) )]

Figure 7.33
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The pair of rays in figure 7.33(ii) to (v) use different point sets. These rays are
called distinct rays. If distinct rays do not intersect each other, then they are
called disjoint rays. For example, the rays in figure 7.33(ii) and (v) do not intersect
each other, i.e. their intersection is null set. These rays are disjoint rays. The
rays in figure (iii) and (iv) are distinct but not disjoint, because they intersect
in a point.

Rays A?B and 65 in figure 7.33(i) are disjoint and distinct rays, but 1:])3
and A_()I or E) and c_ﬁ are distinct but not disjoint. Why ? (Think !) Similarly,
1?(>3 and C_ﬁ are distinct rays, (because all the points on both rays are not same)

but not disjoint.

— —
What can you say about AC and AD in figure 7.33(i) ? Those points of line / are
in AC are also in AD i.e. the point set of both rays are same. Hence AC = AD and

- > -
they are equal rays. Similarly observe that BA = BC = BD.

Now see Kl>3 and Rj in figure 7.33(i). ,33 and A_é are in same line. Initial point
of both rays is A and they are in opposite direction. These rays are called opposite
rays.

Opposite Rays : Two distinct rays in the same line and having the same

initial point are called rays opposite to each other or opposite rays.

_)
Point plotting on a ray : If AB and positive number x
oy
x are given, then there exists a point P on AB such that A P B
Figure 7.34

AP = x.
Bisector of a line-segment :

X X

X
A /M B A /M B A M B
Y Y
Y
Figure 7.35

Bisector of a line-segment : A line, line-segment or a ray passing through the
mid-point of a line-segment is called a bisector of the segment.
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It is clear from the definition that,

® We can find the bisector of only a
line-segment and not of a ray or a line. Aw o B

® A bisector can be a line, line-segment or
a ray.

® The bisector of AB intersects at its
mid-point. Figure 7.36

¢ A line-segment has unique mid-point, but bisector of a line-segment is not
unique. Every line-segment has infinitely many bisectors.

EXERCISE 7
Answer the following questions :
. —
(1) How many end-points does AB have ?
= - .
(2) Express XY and AB as a union of two sets.

(3) Name the opposite rays formed when X—Y—Z.
(4) Define the bisector of a line-segment.
Draw a figure for each of the following :

= - ,
(1) XY and XZ are opposite rays.
- = - o
2) PQ N PR ={P} and PR N PM = {P}
—> I
(3) A € BC and BC M DA is a singleton set.

Answer the following questions with reference to the figure 7.37 : P

(1) What is BE M EG ?
(2) What is SG N FR ?
3) Whatisl;F)" ('\3 ?
(4) Name the opposite ray of ];IE

(5) Name the points in the figure lying on line m.

Figure 7.37

Write the data and to prove for each of the following statements :
(1) If P-Q—R—S and PR = QS, then PQ = RS.
(2) If P—Q—-R and PQ = QR, then Q is the mid-point of PR.
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5. Answer the following :

(1) If X corresponds to —5 and Y corresponds to 7, find the number
corresponding to M, the mid-point of XY .

(2) If A, B and C are points on a line / corresponding to the numbers 7, —2 and
3 respectively, then find AB, BC and AC.

(3) M is the mid-point of AB. If AB = 10 and M corresponds 7, find the
numbers corresponding to A and B.

(4) If X and Y correspond to —4 and 6 respectively, then find the number
corresponding to the mid-point of XY.

(5) M is the mid-point of XY. If X corresponds —5 and XY = 8, find the
number corresponding to Y and M.

6. X,Y, Z are distinct collinear points corresponding to the numbers 2.5, —J2 and %
respectively. Determine which of these three lies between the other two. Represent
your answer symbolically.

7. Represent each of the following by a figure :

> <«
(1) P& AB but Q € PB.
4 4 > e >
(2) AB = PQ but AB # PR and S € QR and R—Q-S.
(3) A-B-C, B-D—E, A—P—E and P-D—Q.
8. Select proper option (a), (b), (c) or (d) from given options and write in the box
given on the right so that the statement becomes correct :

(1) If P-Q-R, ... is the ray opposite to a){ ]
@ PO ) QP @ RQ @ RP

(2 If PQ =9 and RS = 9, we can write ...... ]
(@ PQ=RS (b) PQ =RS (c)P_Q>=R_S (d) PQ = RS

3 ... represents ray XY. ]
@ XY b) X () XY @ XY

@ 1If K])B = A_é, then ...... is not possible. ]
(1) A-B—C  (b) A—C—B (©) B-A—C  (d) AB M AC = AB

(5) If P—Q—R, then point ...... on P_Q> cannot lie between any two other points
of I?Q ]

(a R b)) P © Q (d) all
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©6) If ;]>3 and A_é are opposite rays then ,G)B N A_é = . ]
(@) {A} (b) AC (c) AB (d) ¢

(7) If X—Y—Z then )?Z = . ]
(a) Y<_>Z (b) <Z_))( (c) )& (d) Y_))(

-
(8) If X—=Y—Z then YZ N ZY = ......

A4 —> — S
(@ YZ (d) YZ (©) YZ (d) XY
(9) Every line has at least ...... distinct points.
(@1 (b) 2 (c)3 (d) 4
*
Summary

In this chapter we have learnt :

1. Point, line, line-segment in the context of sets.

2. Relation between a point and a line.

3. Collinear points and non-collinear points.

4. Intersection of two lines.

5. Concept of distance

6. Concept of betweenness

7. Line segment, its length and congruent line segment.
8. Mid-point of a line-segment

9. Ray and types of pairs of rays.

10. Bisector of a line-segment
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8.1 Introduction

Like point and line, plane is also an undefined term. As we have learnt in the
previous chapter, line is a set of points. Exactly in a similar way plane and space are
also sets of points. In this chapter universal set will be space.

The top of a desk, the ceiling of a room, a page of a book are the examples of a
limited portion (bounded part) of a plane. Like a line, a plane can also be represented
by a figure. We usually represent a plane by a rectangle or a parallelogram and we
denote a plane by the symbols 0., [5, Y or T, or sometimes by the alphabets X, Y, Z, P,
Q etc. (See figure 8.1)

Just like a line, a plane is also a set of
points but it is quite different from a
line in many respects. One of the
characteristics of a line is its
‘straightness’, whereas that of plane is its
‘flatmess’. A plane extends (expands) in all
the directions. Thus a plane does not have
any boundary. In figure 8.1, a bounded part of a plane is drawn. Note that a line and
a plane are subsets of space.

8.2 Postulates of a Plane

Postulate 1 : Each plane contains at least three non-collinear points.

This postulate says that a plane must have at least three non-collinear points.
Further given any three non-collinear points, there is exactly one plane containing them.

Plane X Plane 7
Figure 8.1
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Postulate 2 : Three non-collinear points determine one and only one plane.
8.3 Coplanar and Non-coplanar Points and Lines

A plane consists of some points of space. All these points are called coplanar
points. If there does not exist a plane containing given points, then they are called
non-coplanar points.

Coplanar points : If there exists a plane containing all of the given points,
the points are said to be coplanar.

Non-coplanar points : If there does not exist a plane containing all of the

given points, we say they are non-coplanar. o
Look at the points A and B in plane O in figure 8.2.
& o . //f
Draw line AB. All the points of AB are points of plane Ol A
>
Why ? Thus, AB C plane Q. Based on this observation,

we have the following postulate. Figure 8.2

Postulate 3 : A line passing through two distinct points of a plane is a
subset of the plane.
Each plane contains at least three non-collinear points. If a plane O/ contains

. . > & o
non-collinear points A, B and C, then AB, BC and CA are subsets of the plane O

Such lines are called coplanar lines.

Coplanar lines : If there exists a plane containing all of the given lines, we
say the lines are coplanar.

Skew lines : The lines which are not coplanar are called skew lines.

or

Non-coplanar lines : If there does not exist a plane containing all of the
given lines, then such lines are called non-coplanar or skew lines.
8.4 Partition of a Plane and Half Plane

Look at the following figure. In each plane there is one line and the line
partitions the given plane into three subsets.

o m §
X
X4 X,
*=—>
l X,
@ (i) (i)
Figure 8.3

In each of the above figures, a line partitions the corresponding plane into three
mutually disjoint subsets of points of the plane.
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The subsets of the plane on each side of the line are called half planes.
If we take union of the line with any of these half planes, the resulting set is
called a closed half plane.

Here X; U [/ and X, U [ are closed half planes.

For example in the figure 8.3(i) these parts are as follows :

(1) The line itself (line /)

(2) Part X, of the plane on one side of the line.

(3) Part X, of the plane on the other side of the line.

All these three sets are disjoint sets from each other because if any point is in
one set then it cannot be in any of the remaining two sets.

INX; =90, X NX,=0andINX,=90.
Also, the union of these three sets is equal to the whole plane.
ie. X, UIUX, =0

Now observe the figure 8.4. Line / is in plane O.. Point P *
X is on line /. Points P and Q are on different sides of line
1. whereas the points Q and R are on the same side of the X
line .. Draw PQ and QR. Observe that PQ intersects the °Q
line / but QR does not intersect /. Also PR intersects the line R
1, because points P and R are on different sides of the line /. Figure 8.4

We note the following on the basis of the above discussion :

(1) A point on a line in a plane is never in any of the half planes made by
the line L

(2) If two points are in different half planes made by a line, then the
line-segment joining them always intersects the line.

(3) If two points are in the same half plane made by a line, then the
line-segment joining them never intersects the line.

(4) If points P, Q are in different half planes made by a line / and if
points Q and R are in the same half plane made by the line /, the points P and
R are in the different half planes made by line /.

8.5 Conditions to Determine a Plane Uniquely

We have already learnt that three non-collinear points

M
v

><l|
..<h

determine a plane uniquely. o
In figure 8.5 the plane Ot contains XY and point Z

outside it. We have learnt earlier that a line has at least
two distinct points X and Y. Also Z is a point such that

o i
Z ¢ XY. So we can conclude that X, Y, Z are three Figure 8.5

°Z
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non-collinear points. Hence they determine a unique plane. So we can conclude following
theorem. We will accept this theorem without proof.

Theorem 8.1 : A line and a point not on it determine o
a plane uniquely. 7

With reference to the figure 8.6 can we say that the X
plane O which contains line / and m such that / M m = {Y} is
the unique plane containing lines / and m ?

We know that a line contains at least two distinct ! m
points. So we can say that the line / contains at least the point
Y [point of intersection] and any other point say X. Similarly
line m contains point Y and any other point, say Z. Obviously since / and m are
intersecting lines, X, Y and Z are non-collinear points. So we can conclude that X, Y and
Z determine a plane uniquely or we can conclude the following theorem. We will accept
this theorem without proof.

Theorem 8.2 : Two distinct intersecting lines determine a plane uniquely.

So we can conclude that the following three conditions determine a plane
uniquely : (1) Three non-collinear points (2) A line and a point not lying on it
(3) Two distinet intersecting lines.

8.6 Intersection of Two Planes

Till now we have studied various aspects of one plane only. Now we shall
consider two or more planes.

Since a plane is a set of points, we can consider various set operations like union
and intersection of planes.

There could be two possibilities for relations between any two planes.

(1) Parallel or non-intersecting planes

(2) intersecting planes.

Figure 8.6

(1) Parallel planes : When two planes are such that there intersection
is the empty set, then they are said to be parallel planes.

Figure 8.7 Figure 8.8

In figure 8.7, X NY = .
In figure 88, X NY=YNZ=ZNX=XNYNZ=0.
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(2) Intersecting planes : The intersection
of two distinct intersecting planes is a line.
(figure 8.9). Thus two distinct planes may or may not
intersect. If they intersect, then the intersection is a o
line. We take this as a postulate. Figure 8.9

Postulate 4 : Two distinct intersecting planes intersect in a line.

In figure 8.9, planes 0. and [} intersect in a line /. Symbolically o@ N B = L.

8.7 Intersection of Three Distinct Planes ‘
The intersection of three distinct < > 1

planes could be (1) a line or (2) a point.
The figures will explain the situation.

The figure 8.10 explains the B
intersection of three planes as a o 'h
line. Symbolically we may write P
oA B Ny=L Figure 8.10 Figure 8.11

Figure 8.11 explains the intersection of three planes as a point. Symbolically we
may write 00 M ﬁ N Y= {P}.
Thus the intersection of three distinct planes is null set or a singleton set or a line.

EXERCISE 8.1

1. State the conditions that determine a plane uniquely.

2. Look at the figure 8.12 and answer the following -P

questions :

(1) Which points belong to plane 8 ? S

(2) Write symbolically the relation between the l

line 7 and plane J3.

(3) Mention the points lying in the each of the Figure 8.12
half planes, determined by line /.

3. Discuss intersection of two or three planes.

4. Define : (1) Coplanar and non-coplanar points. *X Y

(2) Coplanar and non-coplanar lines.

«U « T

5. Look at the figure 8.13 and answer the following : 'z W
(1) Name the three planes. /-D .C +B
(2) Write the points shown in plane Y. T
(3) Are A, B, C, D coplanar ? /-P *Q R =S

(4) Are P, Q, D, C coplanar ?
(5) What do you say about the points A, B, S, T, collectively ?

(6) Of which plane is XY a subset ?

Figure 8.13
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6. Draw the figures representing the following situations :
(1) Line ! M plane X = {A}
(2) Distinct planes X, Y and Z are such that X " Y N Z =0
*
8.8 Angle

We have already studied how to identity different angles in a given shape.
Observe the ‘angles’ in the figures 8.14 :

Angle Angle ! A

Angle

=] ssee® |

House Book Television
Figure 8.14
From the figures 8.14 we can conclude that where there is an ‘angle’, there are
two rays with a common initial point forming an angle. Both these rays are not in the
same line.
We shall now define an angle in the language of set theory.
Angle : The union of two distinct rays having the same initial point and
not lying in the same line is called an angle.
In the figure 8.15 distinct rays YX and YZ have the same initial point Y. They
are also not in the same line.
. —> - X
Thus, we can say that the union of YX and YZ

is an angle and it is denoted as ZXYZ or £LZYX.
Thus, YX U Y2 = ZXYZ or ZZYX.

Thus, an ZXYZ is the union of two rays Y_)>( Y z e
and Y_)Z Here point Y is called the vertex of the Figure 8.15
ZXYZ. The rays Y_Z> and Y_)>( are called the arms of the ZXYZ. If there is

no confusion i.e. if Y is also not a vertex of another angle we call it £Y.
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.
>

0

w i

Figure 8.16 Figure 8.17

In the figure 8.16, Q is the vertex of ZPQR, ZRQS and ZPQS whereas
in figure 8.17, N is the vertex of only one angle ZMNO. So in such cases where
a point is the vertex of only one angle, we can write the angle ZN only for
ZMNO. But we cannot write ZQ for ZPQR as ZQ may represent ZPQS or
ZRQS.

Example 1 : Mention the vertex and arms of ZABC. Also draw the figure and

express it as a union of two rays.

A
Solution : Point B is the vertex of ZABC.
— —
BA and BC are the arms of the angle.
- -
ZABC = BA U BC (fig. 8.18) . .
Figure8.18 ©

Example 2 : For which of the figures 8.19 can we write ZB for ZABC ? Give
reasons.

A D A A

v

¢ B
@ (i) (iif)
Figure 8.19
Solution : With reference to figure (i) and (iii) we cannot write ZB for ZABC
as point B is the vertex of more than one angle.
But in figure (ii) we can see that vertex B is the vertex of ZABC only. So in this

case we can write ZB for ZABC.

(@l |
A 4
‘i
ok
(w] }
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8.9 Imterior of an Amgle

Observe the figure 8.20.

Where do the points C, D, G and H lie ? Where
are the points X, B, A and Z ? Where do the points
E and F lie ?

The points C, D, G and H lie in the 'interior"
of ZXYZ. The points X, B, A and Z are on the
Z£XYZ and the points F and E are in the 'exterior’
of LXYZ.

So we can say that the interior points of ZXYZ lie in the half plane made by

Figure 8.20

Y(_Z) containing the point X and also in the half plane made by )((_X)( containing
point Z.

So, the interior of ZXYZ is the intersection of the half plane of Y(_Z)
containing X and the half plane of )<(_)Y containing Z.

The interior of ZXYZ = (The half plane of g containing X) M (the half
plane of )((_1)’ containing Z).
8.10 Partition of the Plane by an Angle

Like a line, an angle also divides the plane
into three mutually disjoint sets. The angle
ZBAC divides the plane into the following three
subsets of plane X.

(1) 4BAC

(2) Interior of ZBAC

(3) Exterior of ZBAC
8.11 An Important Result

Observe the figure 8.22. The end-points of XZ
are on ZXYZ. What can you say about the point P X
which is on XZ ?

Obviously, it is in the interior of Z/XYZ. p

So we can say that for any ZXYZ all the points
lying on XZ are in the interior of ZXYZ.

ie. for ZXYZ, if X—P—Z, then P is in the Y Z
interior of ZXYZ. Figme8.22

v
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Cross Bar Theorem : Look at the figure 8.23. P
Points X, Y and Z are in the interior of ZPQR.

— 2 = . Y
Now draw PR, QX, QY, QZ. We will observe

zZ

% % % - - - " 3
that QX, QY, QZ will intersect PR. This concept Q -
we shall state as a theorem called the cross bar Figure 8.23

theorm. We will not prove it. B

Theorem 8.3 (Cross Bar theorem) : If D
point D is in the interior of an angle ZBAC,

—% —_
then AD intersects BC.

_ C
Example 3 : Look at the figure 8.25 and answer Fignie 24

the following questions :

R (04
(1) Name an angle shown in plane OL. R \ 1‘ /Q A
(2) List the points which are in the interior, X Z

of ZXYZ and the points which are in the exterior P
of £LXYZ as shown. Ae *B
(3) Which rays intersect XZ ? Y
Solution : Figure 8.25
(1) One of the angles shown in the plane O is £XYZ.
(2) Points P, Q and R are in the interior of ZXYZ. Points A and B are in the
exterior of ZXYZ.

3) Y_>P, \7Q> and Y_1>{ intersect XZ according to cross bar theorem.

EXERCISE 8.2

1. Look at the figure 8.26 and answer the following questions :
(1) Name the arms of ZABC.
(2) Where are the points D, J and G ?
(3) Name the vertex of ZABC.
(4) State the partition of the plane Ot by ZABC.

(5) According to Cross Bar theorem name all

the possible rays which intersect AC. Figure 8.26
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2. Define : (1) Coplanar lines (2) Skew lines
(3) Coplanar points  (4) A closed half plane.

3. P¢ &R and P-M—R. In the interior of which angle does the point M lie ? If

P-N-Q, then in the interior of which angle does N lie ?
Write the cross bar theorem. Explain it with a figure.
ZABC is given and points X and Y are such that X—A—C—Y. With respect to
ZABC, where do points X and Y lie ?
*

8.12 Measure of an Angle

Just like a line-segment, an angle can also be measured. We know how to draw
and measure an angle using a protractor. In doing so we have been using some
postulates of angles unknowingly. Now we shall state these postulates.

Postulate 5 : (Postulate for the measure of an angle) Corresponding to
every angle, there is one and only one real number between 0 and 180, called
the measure of the angle.

It is clear from the postulate of the measure of an angle that -

(1) an angle has exactly one measure

(2) an angle does not have the measure 0 or 180 or less than 0 or greater than 180.

We use ‘m’ to denote the measure of an angle. e.g., the measure of ZBAC is
written as mZBAC. Clearly, ZBAC is a set where as mZBAC is a number. Thus
ZBAC = mZBAC is meaningless.

X, X
C
Postulate 6 : (Postulate of Unique Ray) : /
A B

_>
If 0 < x < 180 and AB is given, we can get

a unique ray AC originating from A in each
T 4 X
closed half plane made by AB of the plane .

X such that mZCAB = x Figure 8.27

Postulate 7 : (Postulate about sum of
the measures of angles.) If a point W is in
the interior of ZXYZ, then

mZXYW + mZWYZ = mZXYZ.

Figure 8.28



SoME PRIMARY CoNCEPTS IN GEOMETRY : 2 141

Example 4 : Point C is in the interior of ZBOA. The measures of ZBOC and
ZCOA are in the ratio 3:2. If mZBOA = 60, then find the measure of each

angle.
Solution : Let mZBOC = 3x and so mZCOA = 2x.

By postulate 7 mZBOC + mZCOA = m£BOA 3
3x + 2x = 60 (Postulate 6)
5x = 60 C
x=2=12 o o —
mZBOC = 3x =3 X 12 = 36, Figure 8.29 A

mZCOA =2x =2 X 12 =24
8.13 Types of angles based on the measure

(1) Right Angle : An angle having the measure 90 is called a right
angle.

(2) Acute Angle : An angle having the measure less than 90 is called an
acute angle.

(3) Obtuse Angle : An angle having the measure more than 90 is called
an obtuse angle.
8.14 Types of pairs of angles based on their measures

(1) Complementary angles : Two angles are said to be complementary to

each other if the sum of their measures is 90.

M
B¢ C
D X
/ /
y *—> —>

X o B A Y Z
A ol

Figure 8.30 Figure 8.31

In figure 8.30 x and y denote measures of angles ZBAD and ZDAC x + y = 90.
So ZBAD and ZCAD are complementary angles of each other. Similarly in figure
8.31, ZABC and £XYZ are complementary angles of each other if x + y = 90.
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(2) Supplementary angles : Two angles are said to be supplementary to
each other if the sum of their measures is 180.

D
A X

X y y

A B C
Figure 8.32 Figure 8.33
x and y denote measures of ZABD and ZDBC in figure 8.32 and x + y = 180.
So ZABD and ZCBD are supplementary angles of each other. Similarly in figure 8.33,
ZABC and ZXYZ are supplementary angles of each other if x + y = 180.
(3) Congruent angles : If two angles have same measure, they are said to

v

5 B é> Y

>

Ne

<
<

be congruent angles and = is the symbol used to show that two angles are

congruent.
P X

50 50
Q T Y

Figure 8.34

With reference to the figure 8.34, ZPQR and £XYZ are said to be congruent
angles as their measures are equal.

mZPQR = m/LXYZ = 50 B
/PQR = /XYZ

v

Ne

Cc
8.15 Types of Pairs of Angles Based on Their Arms
(1) Adjacent angles : Two angles are said to
be adjacent angles if 0 Z >
(i) They have the same vertex. Figure 8.35 (i)

(ii) They have a common arm.
(iii) Uncommon arms are on either side of the common arm i.e.

in different half planes of the line containing the common arm.
*. In figure 8.35(]) LAOC and ZBOC are adjacent angles and O is their common
= — = —
vertex and OC is their common arm. OA and OB are on the either side of OC.

(2) Linear pairs of angles : Two adjacent angles are said to form a linear
pair, if their uncommon arms are opposite rays.
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(5 2 n
In figure 8.35 (if) ZXOY and £YOZ; ZYOZ and X0
£70X and Z£ZOX and £XOY are adjacent 3/\(
angles.

Figure 8.35 (i)
In the figure 8.36, LXOZ and £YOZ are

%
adjacent angles and the uncommon arms OY and Z
%
OX are opposite rays. So £ZXOZ and YOZ form
supplementary angles.
Note : All linear pair of angles are adjacent — —>
i Y 0 X
angles but converse is not always true. Figure 8.36

(3) Vertically opposite angles : Two angles are said to form a pair of
vertically opposite angles, if their arms form two pairs of opposite rays.

In the figure 8.37, fA_)B and <C_])) intersect in O.
Thus ZAOC and ZBOD, ZCOB and ZAOD
are formed.

ZAOC and ZBOD form a pair of vertically
opposite angles. Similarly ZCOB and ZAOD also
from a pair of vertically opposite angles. Figure 8.37
8.16 Bisector of an Angle

In the figure 8.38, point D is inside ZBAC such
that congruent angles ZBAD and ZDAC are formed
ie. m{BAD = mZDAC. 15)) is the bisector of
ZBAC.

Bisector of an Angle : If D is in the interior
of ZBAC in such a way that mZBAD = mZDAC, A C

_) .
then AD is called a bisector of ZBAC. Figure 8.38

D

L
4

Example 5 : The measure of an angle is equal to five times the measure of its
complementary angle. Determine its measure.
Solution : Let the measure of the given angle be x. Then, its complementary angle

has measure (90 — x).
The measure of given angle = 5 X measure of complementary angle of the given

angle
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x =500 —x)
x =450 — 5x
6x = 450
x=175

Measure of the given angle is 75.

Example 6 : Q_,)A and 6)3 are the bisectors of ZPQR and ZPQA respectively. If
mZAQB = 17, then find mZPQR.

Solution : 61)3 is the bisector of ZPQA. P
m/PQB = m/AQB = 17 i
m/PQB = 17

Also, m/PQB + mZAQB = m/PQA Q R

(Postulate about sum of measures of angles) Figure 8.39

mZLPQA =17 + 17 = 34
Now @ bisects ZPQR.

mZAQR = mZPQA = 34
Also mZPQA + mZAQR = mZLPQR (Postulate about sum of measures of angles)
mZPQR = 34 + 34 = 68
8.17 Theorems About Angles

We have defined the bisector of an angle. But does every angle have a
bisector or more than one bisectors ? A line-segment has exactly one mid-point. If an
angle has a bisector, will it be unique ? Let us think.

Draw ZCAB having measure 60. Take point D in the
interior of ZBAC, such that mZDAB = 30. Now using D
the postulate of sum of measures of two angles, we see
that mZCAD = 30. Here ,G)) is a bisector of ZCAB.
Can we get yet another bisector of ZCAB ? No, according

C

é rg
Figure 8.40
to unique ray postulate we can't have another angle bisector. We have the following
theorem which we accept without proof.

Theorem 8.4 : Every angle has one and only one bisector.

Look at the figure 8.41. ZRPS and ZSPQ are congruent angles and also
supplementary to each other.
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mZRPS + mZQPS = 180
also ZRPS = ZQPS
mZRPS = mZQPS
2mZRPS = 180
mZRPS = 90 and mZQPS = 90

Thus if two congruent angles are supplementary,
then each angle is a right angle. We will accept this
theorem without proof.

Theorem 8.5 : If two congruent angles are D
supplementary, then each of them is a right
angle.

Now look at the figure 8.42. ZABD and ZCBD
form a linear pair. Find their measures and add. See
that the sum is 180. i.e. they are supplementary. We
accept this result as a postulate.

Postulate 8 : Angles forming a linear pair are supplementary.

If two lines intersect each other, then four angles are formed at the point of
intersection. These angles are vertically opposite angles. We will prove the theorem
given below about vertically opposite angles.

Theorem 8.6 : If two lines intersect at a point, vertically opposite angles

N
®
v

wtl

P Q
Figure 8.41

A
v

Qe

A B
Figure 8.42

are congruent.

b e
Data : Lines fk_ﬁ and CD intersect at O. So (i) ZAOD and ZCOB (ii) ZAOC

and ZDOB are vertically opposite angles. A D
To prove that : ZAOD = ZCOB o)
ZAOC = ZBOD C B
Proof : ZAOD and ZBOD are angles of a linear pair. Figure 8.43
mZAOD + mZBOD = 180 (Postulate 8) (i)
ZBOD and ZCOB are angles of a linear pair.
mZBOD + mZCOB = 180 (Postulate 8) (ii)

From results (i) and (ii)
mZAOD + mZBOD = mZBOD + mZCOB
mZAOD = mZCOB
ZAOD = ZCOB

Similarly we can prove, ZAOC = ZBOD.
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L4 <
Example 7 : In figure 8.44, AB and CD intersect

each other at point O. If m£AOD : m£BOD = 5.7, A C
find measures of all the angles. o
Solution : mZAOD + mZBOD = 180
(Postulate 8) D B

But mZAOD : mZBOD = 5:7 (given) Figure 8.44
Let mZAOD = 5x, mZBOD = 7x

5x + 7x = 180

12x = 180

=180 s

12
mZAOD = 5x =5 X 15 =175
mZBOD = 7x = 7 X 15 = 105
mZBOC = mZAOD = 75 and
mZAOC = mZBOD = 105
Example 8 : From the figure 8.45, prove that sum of all C B

- o -
the angles around the point O by OA, OB, OC,

A

e

a)) and (?ﬁ is equal to 360.

Solution : At common vertex O angles are
I e~
formed by rays OA, OB, OC, OD and OE as in

figure 8.45.
We need to prove that

mZAOB + mZBOC + mZCOD + mZDOE + mZEOA = 360
— -
Let OF be the ray opposite to OA.

Since (?])3 intersects F(T)A at O, mZAOB + mZBOF = 180 (Linear pair)

mZAOB + m/BOC + mZCOF = 180 (mZBOF = mZBOC + mZCOF) (i)
Again O_I)) intersects I<?_)A at O.

mZFOD + mZ/DOA = 180

mZFOD + mZDOE + mZEOA = 180 (i)

mZAOB + mZBOC + mZCOF + mZFOD + mZDOE + mZEOA

=180 + 180 = 360
mZAOB + mZBOC + mZCOD + mZDOE + mZEOA = 360
(Since F is inside ZCOD, mZCOF + mZFOD = mZCOD)

Figure 8.45
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EXERCISE 8.3

1. In the figure 8.46, EK and 6])3 are opposite rays. G
3x and 2y + 5 are measures of ZBOC and ZCOA
respectively. 2y+5_ A3
(1) If x = 25, what is the value of y ? = 0 B
(2) If y = 65, what is the value of x ? Figure 8.46
D C
2.  With reference to figure 8.47, write all pairs of
adjacent angles and all the linear pairs. - —>
A o B
Figure 8.47
M P

> <«
3. In the figure 8.48, XY and MN intersect in O.

a
i b
mZMOP = a, m/MOX = b, mNOX = ¢ If X N0 Y
mZPOY =90 and a: b =2:3, find c. N

v

Figure 8.48
4. Inthe figure 8.49, x is greater than y by one third
of a right angle. Find the value of x and y. .
x and y are measures of angles shown. < 4 >
Figure 8.49
<« 4 ¢
5. OC is perpendicular to AB in the figure 8.50. S
S is in the interior of ZAOC. Prove that
= l —_ et S—2
mZCOS 2(mABOS mZAOS). % o .

Figure 8.50
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6. Answer the following :
(1) If two supplementary angles have equal measures, what is the measure of
each angle ?
(2) The measure of two supplementary angles differ by 34. Find the measure of
the angles.
(3) Find the measure of the complementary angle of the supplementary angle of
the angle having measure 120.
(4) Find the measure of the complementary angle of the angle with following
measure :
(i) 42 (i) 37 (i) 10 + x (iv) 81
(5) Find the measure of the supplementary angle of each of the angle with
following measure :
(i) 100 (i) 89  (iii) (p —30)  (iv) 49
*
8.18 Intersection of Two Lines
Let us review, we studied about intersection of two lines in previous chapter.
Now, there are three possibilities for the intersection of two coplanar lines
!/ and m. /

N
v
-~

(0]

A
v
3

® (ii) (iif)
Figure 8.51

In figure 8.51(i) lines / and m are same lines, that is / = m. Then all the points of
both the lines are the same. So, the intersection of / and m is the line itself. Thus in this
case, I\ m=1=m.

In figure 8.51(ii) coplanar lines / and m do not intersect each other. i.e. the
lines do not have any point in common. Here the intersection of / and m is the empty
set. Thus in this case / M m = . Such lines are called parallel lines. We
denote / is parallel to m by I || m. If two distinct coplanar lines do not
intersect, they are called parallel lines.

In figure 8.51(iii) / and m intersect each other in a point, that is / and m have one
point in common. Thus, in this case / N m = {O}. If two distinct lines intersect,
then they intersect in exactly one point.

8.19 Postulate and Theorems for Parallel Lines

Now we will learn more about a theorem and a postulate useful for study of

parallel lines. We will accept the theorem.



SoME PRIMARY CONCEPTS IN GEOMETRY : 2 149

Theorem 8.7 : Given a line and a point outside it, there exists at least one
line passing through the point and parallel to the given line.

Postulate of Parallel Line (Postulate 9) : Given a line and a point outside
it, there exists at most one line passing through the point and parallel to the
given line.

Combining these two statements into one, we derive following rule :

“Given a line and a point outside it, there exists one and only one line
passing through the point and parallel to the given line.”

Now we will study proof of two important results. They are useful for
study of parallel lines.

Result 1 : Two distinct coplanar lines which are both parallel to another
line in the same plane are parallel to each other.

Data : /;, I, and /5 are three distinct coplanar lines such that /; || /, and 15 || 1.

To prove : [} || 4

<€ > ]
Proof : For two coplanar lines /; and /; there !

can be two possibilities. <€ > 1,
M 4Lk (2) /; is not parallel to /5. i > 1,
(1) If [, is parallel to /;, there is nothing to Figure 8.52

prove.
(2) If I, is not parallel to /;, then /| and /; are intersecting lines. Let them

intersect in P. (Lines are distinct)

Now P € /; and P € ;.
AlsoP & I, as I, N1, = 9.
Since P & /,, there exists exactly one line through P, parallel to /,.
But /; and /5 are two lines passing through P and parallel to J,.
I} = I3 is a contradiction since I} # L.
Alternative (2) is not possible. Hence /; || ;.

Result 2 : If [}, [, and [; are three distinct coplanar lines such that /,
intersects /, and /; || /,, then /; intersects /; also.

Data : Coplanar distinct lines /|, /, and /; are such L
that /; intersects /, and /5 || J,. /
To prove : Lines /; and Iy are intersecting lines. < > I
Proof : Let us suppose that lines /; and /5 are /
non-intersecting coplanar lines. & > I,

I, and /5 are parallel lines. i.e. /| || I3 Figure 8.53
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But I || [,
I || I; and Iy || £,.
But this contradicts the data that /; and /, are intersecting lines.
Our supposition that /; and [ are non-intersecting lines [parallel lines] is false.

I, and [; are intersecting lines.

8.20 Intersection of Three Lines

Consider three coplanar lines /, m and n. They are shown in the figure 8.54.

~
N
v
N
y
-~

N
v
3
A
v
A
s~
v \
3

/ Q
n
@ (i) (iii)
Figure 8.54
There are several possibilities for their intersection.
(1) Line /, m and n are same lines, so all the points of /, m and n are common,
thatis /=m=n.Inthiscase I "mNn=1=m=n.
(2) The three lines are parallel, so that / || mand m || n. So I N\m N n =10
(3) Exactly two of the lines /, m and n are parallel. In this case, the third line that
is not parallel to the other two, intersects these two lines in two distinct points. In the
figure 8.54 (iii) / | m and n intersects / and m both in two distinct points. Here » is
called a transversal of / and m. PQ is called intercept made by / and m on .
If all these three lines are distinct and no two of them are parallel, then we have

two possibilities for their intersection.

I ) m

~Jo
=

\§l
>

@ (i)
Figure 8.55
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(1) Out of all the three lines, three pairs intersect in distinct points.
(2) All the three lines intersect in exactly one point. So, I N m M n = {O}.

8.21 Parallel lines and Transversal

Let / and m be two parallel lines and let line ¢
be their transversal.

As in the figure 8.56, a total of eight angles are
formed by the coplanar lines /, m and their transversal

t. These include Figure 8.56

® Four pairs of corresponding angles :
(1) ZABQ and ZBCS (2) ZQBC and ZSCD
(3) ZABP and ZBCR (4) ZPBC and ZRCD

® Two pairs of alternate angles :
(1) ZQBC and ZBCR (2) Z4PBC and ZBCS

® Two pairs of interior angles on the same side of transversal :
(1) ZQBC and £BCS (2) 4£PBC and ZBCR

If a transversal intersects any two lines, there may be no relation between the
above pair of angles. However if the two lines are parallel, then the following
relations are true.

(1) Corresponding angles are congruent

(2) Alternate angles are congruent

(3) Interior angles on the same side of the transversal are supplementary.

Here we shall accept without proof, the first result that corresponding angles are
congruent.

Theorem 8.8 : Angles in each pair of corresponding angles formed by a
transversal to two parallel lines are congruent.

As shown in figure 8.57, /|| m and ¢ is transversal
to them. Angles in each pair of corresponding angles
formed by ¢ are congruent. Thus,

ZAPC = /PQE
ZAPB = /PQD
ZBPQ = /DQF and
ZCPQ = Z/EQF
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The question that arises now is : If angles in a pair of corresponding angles
formed by two coplanar lines and their transversal are congruent, then will the two
lines be parallel ?

To answer the question take lines / and ¢
intersecting in P as in the figure 8.58.

Take a point Q other than P on ¢ and construct
ZPQC at Q such that ZPQC = ZAPB.

— —
If QD is the ray opposite to QC, then the line

Figure 8.58

< e
CD obtained by QC U QD is parallel to /.

Thus, the converse of the theorem 8.8 is also true. We will accept it without
proof.

Theorem 8.9 : If the corresponding angles formed by a transversal to two
coplanar lines are congruent then the given lines are parallel.

We learn now an example for application of theorem.

Example 9 : If the bisectors of a pair of corresponding angles formed by a
transversal with two coplanar lines are parallel, prove that the given coplanar
lines are also parallel.

© A o & >
Data : EF is transversal for coplanar lines AB and CD. GM and HN are the
bisectors of the pair of corresponding angles ZEGB and ZGHD respectively and
— &
GM | HN.
< O
To prove : AB || CD

Proof : (G_I\)/I I I(-H)\I and G(_I-)I is a transversal which intersects them at G and H
respectively.
mZEGM = mZGHN (corresponding angles)
2m/EGM = 2m/GHN
mZEGB = mZGHD
ZEGB = ZGHD
But they are a pair of corresponding angles
made by transversal g to coplanar lines fﬁ_ﬁ

>
and CD.

L T w4
AB || CD
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EXERCISE 84

1. Prove that if a line is perpendicular to one of two given parallel lines, then it is
also perpendicular to the other line.

2. In the figure 8.60, if m || n and mZEFB = 65. Find
mZCGF and mZDGF.

3. tis atransversal for lines / and m. mZAPB is %
times the measure of a right angle and
mZCQD = 120. Prove that / || m.

< O
4. In the figure 8.62, AB || CD, ¢ is their transverasl.

If mZFGD = 5x and mZEFB = 120 — x,
find mZEFB and m/FGD.

5. tis a transversal to lines m and /.
If mZAPB = mZCQD = 85, prove that ! || m.

% Figure 8.63
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8.22 Theorems on Parallel Lines

Theorem 8.10 : Angles in each pair of
alternate angles formed by a transversal to two
parallel lines are congruent.

Data : Line ¢ is a transversal to the parallel
lines m and n. ZQBC and Z/BCR, ZPBC and Z/BCS
are two pairs of alternate angles formed by the
transversal.

To prove : (1) £ZPBC = Z/BCS

(2) £ZQBC = 4BCR

Proof : m || n and ¢ is a transversal to m and n. (Given)
. ZABQ= £BCS (corresponding angles) (i)
and ZABQ = ZPBC (vertically opposite angles) (ii)
From the result (i) and (ii)

ZPBC = £BCS

Similarly we can prove that ZQBC = ZBCR

The converse of this theorem is true. We shall accept it without proof.

Theorem 8.11 : If angles in a pair of
alternate angles formed by a transversal
of two coplanar lines are congruent, then
the lines are parallel.

Line ¢ is transversal of lines m and n.
The alternate angles /BPQ and ZPQE are
congruent i.e. ZBPQ = ZPQE.

Then m || n.

Example 10 : If the bisectors of alternate angles formed by two coplanar lines and
their transversal are congruent, then prove that the lines are parallel.

Solution : Line ¢ is a transversal to two
coplanar lines / and m. ZAGH and ZGHD are
alternate angles formed by 7. G_l\)/I and I-I_ItI are
bisectors of ZAGH and ZGHD. (Given)

s mZAGH =2m/MGH and

mZGHD = 2mZGHN
— &
Also GM || HN and line ¢ is their transversal. Figure 8.66

Figure 8.65
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s mZMGH =mZGHN (alternate angles)
s 2mAMGH =2mZGHN

s mZAGH=m/ZGHD

.. ZAGH= ZGHD

Thus, the alternate angles ZGHD and ZAGH formed by the transversal ¢ to
lines / and m are congruent.

Sl m
8.23 More Theorems on Parallel Lines

Let us study a theorem.

Theorem 8.12 : Interior angles on one side of a transversal to two parallel
lines are supplementary.

Data : ¢ is a transversal to the parallel lines / and m. ZPBC and ZBCR is a pair
of interior angles and ZQBC and ZBCS is also pair of interior angle on the same
side of the transversal.

To prove : mZPBC + mZBCR = 180

mZQBC + mZBCS = 180
Proof : 1 || m and ¢ is a transversal.
Z/PBC = /BCS (alternate angles)
s mZPBC =m/BCS
mZBCR + mZBCS = 180  (linear pair)
mZBCR + mZPBC = 180

Similarly we can prove that mZQBC + mZBCS = 180

The converse of this theorem also holds. We shall
accept it without proof.

Theorem 8.13 : If the interior angles on the same side of a transversal to
two distinet coplanar lines are supplementary, then the lines are parallel.

EXERCISE 8.5

1. Line ¢ is a transversal for lines / and m.
Identify the alternate and corresponding
angles in figure 8.68.
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Lo o O > 4 >
2. AB || CD, CD || EF and BC || DE. If
mZABC = 60, find mZDEF.

N N .\
Figure 8.69
3 P Q R

» < & & O

S In figure 8.70, PT || QS and QS || RU.

> L
Also RP L PT.If mZTRU =55, find the
value of mZRTA, mZRSB, mZPRS.
T
Ao B¢ U
v v v
Figure 8.70
P X Q
50
o &
4. 1In figure 8.71, if PQ || RS, mZPXY = 50
and mZXZS = 127, find mZYXZ and
m/XYZ. o ~
"R Y Z S
Figure 8.71

As shown in figure 8.72, ¢, and ¢, are
transversals to the lines /, m and n. If

mZABE = mZBCD and
mZFEl = mZGFH, prove that [ || n.
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< O < O

6. In the figure 8.73, MS || YZ and NR || ZL.

If mZYZX = 48 and mZRNS = 72,

then determine mZXZL, mZMNZ and
mZZNR.

N\ S~
Figure 8.73

7
i & g A4
In the figure 8.74, XY || PQ and
R R is a point as shown in the figure 8.74.
Prove that
ol Q d mZXYR + mZYRQ + mZPQR = 360.
Figure 8.74
EXERCISE 8
A4 w4 — . 3
1. If PQ N RS = {O}. OT is a bisector of o
mZPOS and mZPOT = 75, then find the . 75 s
measure of all the angles from the figure 8.75. T
Figure 8.75
A
B
E
2. In the figure 8.76, the bisectors of ZCBE
_ — G
and ZBCF intersect at G. Also BE || CF.
Prove that mZBGC = 90. C F
Figure 8.76

3. If two parallel lines are intersected by a transversal, prove that the bisectors of
the two pairs of interior angles form a rectangle.
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A B
X
> o &
4. Tn the figure 8.77, if AB L AD, AB || DC, =
mZDBC = 28 and mZBCE = 65, then find
the value of x and y, where x = mZABD and & 65
y = mZADB. D C E
Figure 8.77
5. ZAOC and ZBOD are vertically opposite angles such that mZAOC = a + 20,
mZBOD = 2a — 50 and A—O—B. Find mZAOD.
6. For a linear pair of angles ZXOY and £YOZ, m£XOY : m£YOZ = 2:3. Find the
measure of each of them.
7. Select proper option (a), (b), (c) or (d) from given options and write in the box

given on the right so that the statement becomes correct :

(1) An angle is a union of ...... ) ]
(a) lines (b) line-segments
(c) rays (d) a line-segment and a ray

(2) The measure of an angle always lies between ...... . ]
(a) 0 and 90 (b) 90 and 180 (c) 0 and 100 (d) 0 and 180

B) If mZLA =81 and mZB = ....... , then they are complementary angles. [ |
(a) 99 (b) 19 (c) 81 9

(C)) ﬂ and B_C) are distinct rays. If ..... then they determine a plane uniquely. [ |
(a) they are opposite rays (b) they lie in the same line
(c) they are not opposite rays (d) they are identical rays

(5) If distinct points A and B lie in a plane X, then X N 1<\_)B = e ]
(a) {A, B} (b) AB (c) plane X (d) AB

(6) If two lines can not lie in the same plane, they are called ...... lines. [ |
(a) disjoint (b) skew (c) parallel (d) coplanar

(7) The supplementary angle of the complementary angle of angle having
measure 23 has measure ...... ]
(a) 67 (b) 90 (c) 113 (d) 23

(8) The complementary angle of an angle having measure x + 30 has measure
...... ]

(@) —(x — 60) (b) 60 + x (c) x — 60 (d) —60 — x
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e
0 9 &N N A N =O

(9) If one angle of a linear pair is acute, then the other angle is ...... ]

(a) congruent (b) acute (c) obtuse

(d) right angle

(10) If ¢ is a transversal for two parallel lines / and m, interior angles on the

same side of the transversal are ...... )

[

(a) supplementary (b) linear pair (c) complementary (d) congruent

(11) If two angles forming a linear pair have measure (6y + 30) and 4y, then

(a) 30 (b) 15 (c) 60

]
(d) 90

(12) An angle has measure equal to %rd measure of its supplementary angle, then

the angle has measure ...... .
(@ 15 (b) 30 (c) 45
*

Summary

Postulates of plane

Coplaner and Non-coplaner points and lines
Partition of a plane and half plane

Conditions to determine plane uniquely
Intersection of two / three planes, parallel planes
Angle

Interior of an angle

Cross bar theorem

Measure of an angle and its postulates

. Types of angles according to their measures

. Types of pairs of angles based on their measures
. Types of pairs of angles based on their arms

. Bisector of angles

. Theorems about angles

. Intersection of two lines

. Postulates and theorem for parallel lines

. Intersection of three lines

. Parallel lines and angles formed by transversal

]
(d) 60



| CHAPTER 9 I

TRIANGLE
B
9.1 Imtroduction
In this chapter, we will learn about a triangle using the terminology of the set theory.

We know that a triangle is a closed figure. In a plane the closed figure obtained as a
union of three line-segments joining three distinct non-collinear points is a triangle.
9.2 Triangle

Triangle : The union of three line-segments determined by three
non-coellinear points is called a triangle. P

Three non-collinear points P, Q, R determine

three line-segments PQ, QR and RP. The union
PQ U QR U RP is a triangle. We shall denote this
triangle by APQR.
- —  — Q " R
APQR = PQ U QR U RP Eigpmei.]
We know that set operations are commutative and associative.
PQUQR URP =QR URP UPQ =RP U PQ U QR
APQR = AQRP = ARPQ
Also APQR = APRQ = ARQP = AQPR
Thus we can name a triangle using the three given points in any order.
We know from the postulates of a plane that three non-collinear points determine
exactly one plane. The line segments determined by three points are also in the same
plane.

Thus, all the points of a triangle are in one plane.
Let us discuss about some subsets of a triangle and some definitions.

Vertices : In the context of APQR (figure 9.1), the points P, Q, R are
called vertices of APQR (each point is a vertex of the triangle.)
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Sides : In the context of APQR (figure 9.1), PQ, QR and RP are called
the sides of APQR.
For the sets A, B and C we know that,
AcCc(AUBUCL,BcCc(AUBUC)andCc (AUBU Q).
Thus from this, it is clear that PQ € APQR = PQ U QR U RP. Similarly
QR C APQR and RP < APQR.
The sides of a triangle are subsets of the triangle.
Now, three non-collinear points P, Q, R determine one and only one plane O.
Thus, PE O, Q€ O, R€ O So, PQ C O, QR C O, RP C @
(PQ U QR U RP) C O
APQR C o

Thus, a triangle is a plane figure and it is a subset of the plane. Sides of a
triangle are subsets of the plane containing the triangle.

Angles : In the context of APQR (figure 9.1), the angles ZPQR, ZQRP and
ZRPQ are called the angles of APQR. These angles are also denoted by ZQ, ZR
and ZP respectively.

Also,Pe 0, Qe 0xand R € Q.

— -
PQ c o, PR C o. So ZQPR C o

Similarly, ZPQR C Ot and ZPRQ C 0L

The three angles of a triangle are subsets of the plane containing the
triangle.

We have seen that the sides of a triangle are P
subsets of that triangle, but what can we say about the
angles of a triangle ?

- =
From the figure 9.2, we say that ZP = PQ U PR.

Here Y € P_Q) but Y € PQ thus Y € ZQPR but Q
Y ¢ APQR
ZP ¢ APQR
Similarly ZPQR & APQR, ZPRQ @ APQR. gl
Angles of a triangle are not subsets of the triangle.
Each triangle has three sides and three angles. These sides and angles
are known as the parts of the triangle. Hence, each triangle has six parts.
We have seen that the sides of a triangle are line-segments. So, if we consider
two distinct sides of APQR, say QP and QR, then they have a common end-point Q.

So PQ M QR = {Q}. Similarly, and PQ N PR = {P} and PR N QR = {R}.
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Thus, each pair of distinct sides of a triangle intersect in a vertex of the
triangle.

For APQR,
— 9 —
QP C QP, QR C QR

P

= =
(QP U QR) C (QP U QR) 2

I —_ R
(QP U QR) C ZPQR Figure 9.3

Z£Q is called the included angle of sides QP and QR.

Included Angle : While referring to two sides of a triangle, the angle
represented in a single letter notation by the point of intersection of the two
sides of the triangle is called the included angle of the sides. The included angle
of two sides is the angle whose arms contain both the sides as subsets.

Here ZQ is the included angle of sides QP and QR in APQR. (fig. 9.3)

Sides @ and @ are subsets of 61)’ and (i% respectively and ZPQR of APQR
is formed by rays af’ and Cﬁ)i, ZPQR is called the included angle of sides QP and QR.
In short, since QP M QR = {Q}, ZQ in single letter notation i.e. ZPQR is included
angle of sides QP and QR. Similarly ZP is included angles of sides PQ and PR and
ZR is included angle of side RP and RQ.

Side Opposite to an Angle of a Triangle : The side opposite to an angle of
a given triangle is the side other than the sides for which given angle is the
included angle. It is the side that is not a subset of the included angle. It is the
side joining two vertices other than the vertex of the angle.

In the above APQR (figure 9.3), which is the side opposite to ZQ ? Here ZQ is
the included angle of the sides PQ and QR. The side other than PQ and QR is PR.
This side is the side opposite to Z£Q. Similarly QR is the side opposite to ZP and PQ
is the side opposite to ZR. When an angle is written using only one vertex, the side
determined by the other two vertices is the side opposite to the angle.

The Angle Opposite to a Side of a Triangle : The angle opposite to a given
side is the included angle of the other two sides of the triangle.

In the APQR, (figure 9.3), ZQ is the angle opposite to the side PR ; because ZQ
is the included angle of the other two sides QP and QR. Similarly, ZR is the angle
opposite to the side PQ. Can you state the angle opposite to the side QR ?

Included side : The included side of two angles of a triangle is the side
opposite to the remaining angle.
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From the figure 9.3, we say that, QR is the side opposite to ZP. So, QR is the
included side of the angles ZQ and ZR. Similarly, the side opposite to ZQ is PR.
Thus PR is the included side of the angles ZP and ZR. PQ is the included side of
the angles ZP and ZQ. If two angles of a triangle are named by their vertices only,
then the segment joining the vertices is the included side of given two angles.

Partition of a Plane by a Triangle :

P

Triangle is a plane closed figure. We have
seen that a triangle is a subset of a plane. The
plane containing a triangle is partitioned into
three parts by the triangle.

In the figure 9.4, point S is in the interior of
APQR. T is in the exterior of APQR. The point
M is on APQR. P

In figure 9.5, the interior of ZP is coloured
and it contains more points than our intuitive

Figure 9.4

understanding of the interior of the triangle. °s
Q R
The intersection of interiors of ZP, ZQ and / N\
ZR seems to comply with our understanding of Figure 9.5
interior of APQR. The region obtained is the
interior of the triangle. P
Interior of a Triangle : I Iy
If S is in the interior of ZP, then S and R I
are on the same side of l(’_()Q and S and Q are on Q I R
the same side of ﬁ (fig. 9.5). Figure 9.6 (i)

Similarly, if S is in the interior of ZQ, then S and P on the same side of QR and
&
S and R are on the same side of PQ. So let S be in the interior of ZR, then

< 4
which are the points on the same side of PR and QR ? Also what can you say about

a point S in the interior of the angles ZP, ZQ and ZR ?
The intersection of the interiors of all the angles of a triangle is called
interior of the given triangle.

Thus, from the figure 9.6(i) if the interiors of ZP, ZQ and /R are I, I,
and I; respectively and the interior of APQR is I, then I = LNLNI
So, interior of a triangle is also a subset of the plane containing the triangle.
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Exterior Region of a Triangle : The set of all points of the plane containing
the given triangle which are neither in the interior nor on the triangle is called
the exterior of the triangle.

If the set of all exterior points of a triangle is P o

represented by E and Ot is the plane containing the E
triangle, then complement of I U APQR with respect I
to O is E.

Now, INE=E N APQR =1 " APQR =0
and 0 =1 U E U APQR Figure 9.6 (ii)

Thus, a triangle partitions the plane containing it into three mutually disjoint sets,
namely (1) the triangle (2) the interior of the triangle and (3) the exterior of the
triangle.

In fig. 9.6(ii), I is the interior of APQR and E is the exterior of APQR. Thus the
union of APQR, interior of APQR and exterior of APQR form the plane Q.

A point in the exterior of a triangle is called an exterior point of the triangle. In
figure 9.4 T is an exterior point of APQR. A point in the interior of a triangle is called
an interior point of the triangle.

An Important Result : =1, N L =L, N"NL=LNL=1,NL NI

In figure 9.6(i) we denote the interior of ZP, ZQ and ZR by I, I, and I,
respectively. Let S € Iy M I,. Then S € I; and S € I,. So S is in the interior of

ZP and also in the interior of ZQ.
So, we have

4
S and R are on the same side of PQ. (i)

A4
S and Q are on the same side of PR.

e
S and R are on the same side of PQ. (ii)

e
S and P are on the same side of QR.
Hence, from (i) and (ii), we get,

S and Q are on the same side of PR.

S and P are on the same side of Q(_l)i
S is in the interior of ZR.
s SeE L.
Thusif S€ I,S € I,,thenS € I;.ie. SE [ NI, N1,
Sel =L, NNL NI
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GNL)Cc@ NN

(iii)

Also, from properties of set operations, we know that,
ANBNC)c(ANB),(ANBNC)cBNCand(ANBNC)C(CNA)

Thus, [, NI, N L) I, NL)
So from (iii) and (iv), it is clear that
LNL=NI,NI

(iv)

Similarly, if we consider S € I, N I3, then, "N I; =1, NI, N1,
andif S€ NI, then ;NI =N, NI,
LNL=LNnLh=LnL=I,"N,NIL;=1I

Thus, if a point is in the interior of any two angles of a triangle, it is an

interior point of the triangle.
Exterior Angle of a Triangle :

Suppose APQR is given. A point S is on the
opposite ray of 1% such that Q—R—S. ZPRS and

ZPRQ form a linear pair. ZPRS is called an exterior
angle of APQR.

Exterior Angle of a Triangle : An angle
forming a linear pair with any angle of a triangle
is called an exterior angle of the triangle.

— - _
In figure 9.7, RQ and RS are opposite rays.

ZPRS and ZPRQ form a linear pair. So, ZPRS is
an exterior angle of APQR. Similarly in figure 9.8
I?P and 1?1)' are opposite rays. ZQRT and ZPRQ
form a linear pair. So, ZQRT is an exterior angle of
APQR. These two exterior angles are vertically
opposite angles. Hence they are congruent. Similarly
from figure 9.9, we get two congruent exterior angles
ZOPR and ZWPQ of APQR at the vertex
P, two congruent exterior angles ZUQR and
ZPQY at the vertex Q of APQR.

Thus, at each vertex of a triangle, there are
two exterior angles of the triangle. So, a triangle
has six exterior angles.

o
=
V5]

Figure 9.7

le
'—][2
[ 172
v

Figure 9.8

o)
W (P
T R i
UQ , T
Figure 9.9
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Interior Opposite Angles :

In figure 9.7, ZPRS is an exterior angle of APQR. ZPRS and ZPRQ form a
linear pair. The two angles ZP and ZQ of APQR are called the interior opposite
angles of ZPRS.

Interior Opposite Angles : The angles other than the angle, with which an
exterior angle forms a linear pair, are called interior opposite angles
corresponding to that exterior angle.

In the context of the exterior angle ZPRS at the vertex R, ZP and ZQ are the
interior oppsite angles. Similarly, ZP and ZR are interior opposite angles related to
exterior angle at the vertex Q and ZQ and ZR are interior opposite angles related to
the exterior angle at the vertex P.

9.3 Some Properties of a Triangle

If we measure the exterior angle ZPRS of APQR and its interior opposite
angles ZP and ZQ, then we see that the measure of the exterior angle is larger than
the measure of each of its interior opposite angles.

We accept this theorem without proof.

Theorem 9.1 : Measure of any exterior angle of a triangle is larger than
the measure of each of its interior opposite angles.

In fact, measure of an exterior angle of a triangle equals the sum of the measures
of its interior opposite angles.

We accept this theorem without proof.

Theorem 9.2 : Measure of any exterior angle of a triangle is equal to the
sum of the measures of its two interior opposite angles.

Let us understand the above theorem by following example :

&

Example 1 : ZPRS is an exterior angle of APQR. PQ || RY. mZPRY = 50. Y is in
the interior of ZPRS. mZYRS = 70. Find mZPRS and also find the measure of
each of its interior opposite angles.

Solution : ZPRS is an exterior angle of APQR. Thus, ZP and ZQ are interior
opposite angles of ZPRS.

&2 o L
Here PQ || RY and PR is the transversal. ZP and ZPRY are alternate angles.

mZP = mZPRY
But mZPRY = 50. Thus, mZP = 50 . 2
SR <2 . Sy
Now, PQ || RY and QR is their transversal.
ZQ and £YRS are corresponding angles. 50 70
mZQ = mZYRS. But mZYRS = 70. Q R S -

mZQ =70 Figure 9.10
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Now, Y is in the interior of ZPRS.
mZPRS = mZPRY + mZLYRS
=50+ 70
=120
mZPRS = 120, mZLP = 50, mZQ = 70

Now, if we construct a triangle and measure its angles, we find that sum of
measures all the three angles is 180. We shall prove it as follows :

Theorem 9.3 : The sum of the measures of all the three angles of a
triangle is 180.

Data : AABC is given.
To prove : mZA + m4B + mZC = 180
Proof : Let D be a point on the ray opposite to C_]>3 Exterior ZACD is formed
making a linear pair with ZACB. A
mZACB + mZACD = 180 @)

ZA and ZB are the interior opposite angles of
the exterior angle ZACD of AABC. H

mZACD = mZA +mZB (ii) Figure 9.11
By (i) and (ii), m£ACB + mZA + m4B = 180
mZLC + mZLA + mLB = 180 or mLA + m£LB + mZC = 180

Alternate proof can also be given for this theorem as below :

&
A ¢ BC.

v

@]
oe

A

[ Yo

A 4
~

A
[ ]

e
There is a line / parallel to BC passing

through the point A. Select two points P and Q on
line / other than A such that P—A—Q.

&

Now AB is a transversal of the parallel B - C
PN Figure 9.12

lines / and BC.
Hence ZPAB and ZABC are the alternate angles.
mZPAB = mZABC @)
& &~
Similarly AC is also a transversal of the parallel lines / and BC.

Thus, ZQAC and ZACB are the alternate angles.
mZQAC = mZACB (ii)



168 MATHEMATICS

Now, mZPAB + m/BAC + mZQAC = 180
mZABC + mZBAC + mZACB = 180 (by (i) and (ii)
mZB+ mZA + mZC =180 or mZA + mZB + mZC = 180

An Important Result :
If one angle of a triangle is a right angle, then the other two angles are
acute angles. (Thus no triangle can have two right angles.)

Date : ZACB of AABC is a right angle.
To prove : ZA and £B are acute angles.

A

%
Proof : Let D be on the opposite ray of CB.

Now ZACD be an exterior angle of the triangle
which forms a linear pair with the right angle ZACB. o I_C—l
ZACD is a right angle. Figure 9.13
mZACD = 90 (@)
Now ZA and £B are the interior opposite angles of ZACD.
mZA < mZACD and mZB < mZACD
mZA < 90 and m£B < 90 (from (i))
ZA and £B are acute angles.
Example 2 : For AABC, if mZA = 40, m4£B = 60, then find mZC.
Solution : For AABC, mZA + mZB + mZC = 180.
40 + 60 + mZC = 180
100 + mZC = 180
mZC =180 — 100 = 80
Example 3 : For AABC, if mZA = 2mZB and m4£B = 3mZC, then find the measures
of all the angles of AABC.
Solution : For AABC, mZA + m4B + mZC = 180.

v

Ce

Here, m£B = 3mZC ®
2mZLB=6mZC
mZLA=6mLC (ii)

We know that since, mZA + mZB + mZC = 180
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6mZC + 3mZC + mZC = 180
10m£C =180
mZC =18
Now mZA = 6mZC gives mZA = 6(18) = 108 and mZB = 3(18) = 54

Example 4 : If the measures of the angles of a triangle are in proportion 4 : 5 : 6, then
find the measure of all the angles of the triangle.

Solution : Let A, B, C be the angles of AABC.
Now mZA : mZB: mZC=4:5:6

/A . .
h = % giving us mZA = % mZB )
and Z—jg = % giving us m4B = %méc (ii)

- _4 w5 _4
by (i), m£A = = X 2mZC =2 mLC

For AABC, mZA + m4£B + mZC = 180.
2 mlC+ 2 mlC+mLC =180

L msc =180

mZC = 18‘1’5X6 =12%X6="72

mZB=2X72=5X12=60

mZA =2 X60=4x12=48
We can solve this example by another method also.
Solution : Suppose the angles of AABC have measures 4x, 5x, 6x.
Thus, 4x + 5x + 6x = 180

15x = 180
180 _ 15

X = —=— =

15
4x =4 X 12=48, 5x =5X 12 =60, 6x =6 X 12 =72
Hence the measures of all the angles of the triangle are 48, 60, 72.

Example 5 : In AABC, sum of measures two angles is 60 and difference between
them is 20, then find the measures of all the angles of AABC.
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Solution : For AABC,
suppose mZA + mZLB = 60 @
and mZA — mZB = 20 (i)
Now we know that mZA + mZB + mZC = 180
60 + mZC =180 (using (i)
mZC =120
by adding both sides of (i) and (ii) 2mZA = 80
s o mZA =40
and by (i) 40 + mZB = 60
m4LB = 60 — 40 = 20
mZB =20
Example 6 : In AABC, if mZA = 30, mZC= 50 and bisector of ZB meets AC at D,
then find mZADB and mZCDB. A
Solution : For AABC,
mZA +mAB+ mZC =180
30 + mZB + 50 = 180
mZ/B = 100 @
];) is the bisector of ZB.

Figure 9.14

Hence mZABD = mZCBD = %mLB = 5(100) = 50 (by (i)
Now, for the AADB,
mZBAD + mZABD + mZADB = 180
30 + 50 + mZADB = 180
mZADB = 180 — 80 = 100
Now, ZADB makes a linear pair with ZCDB.
Thus, mZADB + mZCDB = 180
mZCDB + 100 = 180
mZCDB = 180 — 100 = 80
mZADB = 100 and mZCDB = 80

Example 7 : Prove that the sum of the measure of all the exterior angles of a triangle
is 720.
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Solution : Here, we have six exterior angles

namely ZABE, ZACD, £ZBAF, ZBCG, ZCAH,

ZCBI. ASH
According to theorem,
mZACD = mZA + m£B

E D
mZABE = m/A + mZC * :./B S
mZBAF = mZB + mZC I Figure 9.15 ¢

mZBCG =mZA + mZB
mZCAH = mZB + mZC
mZCBl =m/A + mZC

Now, taking the sum of all the exterior angles of AABC, we get
mZACD + mZABE + m/BAF + m/£BCG + mZCAH + mZCBI
=  4mLA + m4LB + mZLC)
4(180)
= 720
Example 8 : The measure of an exterior angle ZACD of AABC is 105 and
mZB = 35. Then find the measures of the remaining angles of AABC.
Solution : Here ZACD is an exterior angle of AABC and mZACD = 105.
It forms a linear pair with ZACB

Thus, mZACB + mZACD = 180 A
mZACB + 105 = 180
mZACB = 180 — 105 = 75
Now, mZA + mZB + mZACB = 180 105
mZA + 35 + 75 = 180 B C D
mZA + 110 = 180 Figure 9.16

mZA =70 and mZC = 75
We can solve this example by an alternate method which is as follow :
mZACD = mZA + m£B
105 = mZA + 35
mZA =170
mZC =180 — mZA — mZB =180 — 70 — 35 =175
mZA =70 and mZC =75
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EXERCISE 9.1
1. If the exterior ZACD of AABC has the measure
120 and one of two internal opposite angles has the A
measure 40, then find the measures of the remaining
angles of AABC. E
2. In AABC, BE L AC (figure 9.17) D € BC such that
B—D—C. If m£EBC = 40, m£DAC = 30, then find
m/BCE and mZADC. &l D c
Figure 9.17
3. If the measures of the angles of a triangle are in proportion 2 : 3 : 5, then find the
measures of all the angles of AABC.
4. Compute the value of x in each of the following figures :
x is the measure of the angle shown.
E A
110'\A A
x
e 105 105 100
B C D B CD
Figure 9.18
5. In AABC, if mZA — mZB = 70 and mZB — mZC = 40, then find the measures
of all the angles of AABC.
6. In AABC, if mZA = mTAB = mTZC, then find the measures of all the angles of
AABC.
7. If ZACD is an exterior angle of AABC and the angle bisector of ZA intersects
BC at M, then prove that mZABC + mZACD = 2mZAMC.
8. For AABC, if ZABE and ZCAD are exterior angles and their measures are
100 and 125 respectively, then find mZACB.
*
Correspondence :

We know about one-one correspondence between two sets. If two finite sets

have the same number of elements, then it is said that there exists a one-one
correspondence between them.
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Consider the sets {A, B, C} and {P, Q, R} of vertices of AABC and APQR
respectively. All the six possible one-one correspondences between them are

AP AP AQ AQ AR AR

B&Q B&R B&P B&R BeP B&Q

Ce R C&&Q C&R CeoP CeoQ CeP

Each of the above correspondence gives rise to a correspondence between the
parts of AABC and APQR. e.g. for correspondence ABC <> PQR, LA > /P,
4B & AQ, ZC > ZR shows the correspondence between the angles and the
AB © PQ, BC & QR, CA © PR is the correspondence between the sides.

Above correspondence between the vertices of the triangles can be called
a correspondence between triangles. Any pair of angles formed by a
correspondence of triangles is called the pair of corresponding angles and
any pair of sides formed by a correspondence of triangles is called the pair of
corresponding sides.

Given correspondence ABC <> PQR for AABC and APQR, ZB and ZQ are
corresponding angles and BC and QR are corresponding sides. We can also say that
ZB corresponds to ZQ and BC corresponds to QR.

Corresponding Angles and Corresponding Sides :

Let a correspondence between two triangles (or between a triangle and
itself) be given. Then this correspondence gives rise to a correspondence
between the sides and the angles of these two triangles. The sides or angles
of the triangles so associated are called corresponding sides or corresponding
angles.

It is clear that for a given correspondence between two triangles, to each angle of
one triangle there corresponds one angle of the other triangle and to each side of one
triangle, there corresponds one side of the other triangle.

It is not necessary for a correspondence that the two triangles be distinct.
We can also have a correspondence between a triangle and itself. For example,
ABC ¢> CBA is a correspondence between the vertices of AABC. In this case,
ZA and ZC are corresponding angles and BC and BA are corresponding sides.

Note : Now onwards we will call the correspondence between vertices of two
triangles as the correspondence between two triangles.

9.4 Congruence of Triangles

In day-to-day life, we often observe that two copies of our photographs, post-cards,
ATM cards issued by the same bank are identical. Similarly, two coins of one rupee, two
bangles of the same size etc. are same in size and shape. The figures whose shapes and
sizes both are same are considered as congruent figures. These figures cover (super-
impose) each other completely. We can understand this concept by figures.



Figure 9.19

In figure 9.19(a) two ATM cards are shown which superimpose each other
completely. In figure 9.19(b) two coins of one rupee are shown and they also superimpose
each other completely. These figures are congruent. (congruent means equal in all
respects) The relation of being congruent is called a congruence.

Congruence : If there is a one-one correspondence between the vertices
of two triangles (or a triangle with itself) such that the three sides and three
angles of a triangle are congruent to the corresponding sides and corresponding
angles of the other triangle, then such a correspondence is called a congruence
between the two triangles and such triangles are called congruent triangles.

Activity : A

Take a piece of a paper and a card-board. Draw a
AABC the lengths of the sides of which are as shown 3am 6 cm
in the figure 9.20 on the card-board.

Now draw triangles APQR, ADEF, AXYZ on a
paper. The lengths of the sides of all these triangles
are shown in the figure 9.21.

Now cut off each triangle from the paper and try to superimpose it on the
triangle which is drawn on the card-board.

We observe that if we rotate the triangles ADEF and APQR and try to
superimpose on AABC, then it is clear that these two triangles exactly cover AABC.

B Scm C
Figure 9.20
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4.5cm

D 9 Scm P v X
Scm
/\c’” \/cm \/5 cm
E
6 cm F R 7

Figure 9.21

So ADEF and APQR are congruent to AABC. But AXYZ can not be exactly

superimposed on AABC. Hence it is not congruent to AABC.
Let us think further about the congruence of two triangles. We have to talk about
the congruence of their parts, angles and sides.

A P
B C Q R

Figure 9.22

For AABC and APQR, if ABC <> PQR is a correspondence and if
(i) BC = QR, CA = RP, AB = PQ (ii) ZA= £P, /B = £Q, ZC = /R, then
we say correspondence ABC <> PQR is a congruence between the vertices of
AABC and APQR. AABC and APQR, are called congruent triangles and we
write this symbolically as AABC = APQR.

If two triangles are congruent under another correspondence, then for another
correspondence giving a congruence of these triangles, the conditions would be
different. For the congruence ABC <> QPR, the resulting conditions for congruence
are (i) AB = QP, BC = PR, AC = QR, (ii) ZA = £Q, /B = /P, ZC = /R.

If two triangles are congruent, then out of six possible correspondences between
them at least one should be a congruence.

For AABC and APQR, if ZA = /R, /B = ZQ, ZC = /P, AB = RQ,
BC = ﬁ, AC = RP, then the correspondence ABC <> RQP is a congruence.

EXERCISE 9.2

1. If the correspondence DEF <> PQR is a congruence, then mention the congruent
sides and angles of ADEF and APQR.
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2. In the figure 9.23, the measures of the sides and angles of each triangle
are mentioned. State which correspondence between two triangles is a

congruence.
A X
25 25
4 5 4 5
B . 65 C v . 65 7
Figure 9.23

3. In the figure 9.24, two congruent triangles are given (corresponding congruent parts
are marked using the same signs). State which correspondence between them is
a congruence.

AN

F

B C

Figure 9.24

4. In ADEF and AXYZ if DE = XY, £E = ZY, EF = YZ, then which
correspondence between them could be a congruence ?
*

9.5 Criteria for Congruence of Triangles

A D

X y x 1
B C E F
Figure 9.25

In figure 9.25, ZB is the included angle of the sides AB and BC in AABC and

ZE is the included angle of the sides DE and EF in ADEF.
If we construct these triangles such that ZB = ZE, AB = DE, BC = EF, then
we see that the correspondence ABC <> DEF is a congruence. So if two sides and
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included angle of one triangle are congruent to corresponding sides and corresponding
included angle of the other triangle, the correspondence is a congruence. This criterion
is known as SAS postulate.

1. SAS Postulate : (Side-Angle-Side) :

SAS Postulate : If a correspondence between two triangles (or a triangle
with itself) is such that two sides and included angle of ome triangle are
congruent to corresponding two sides and the corresponding included angle of
the other triangle, then this correspondence is a congruence and the triangles
are congruent. This criterion is known as SAS criterion for congruence of two
triangles.

Remember that if two sides and one angle (not included between two sides) of a
triangle are congruent to two sides and one angle of the other triangle, then the triangles
need not to be congruent by SAS criterion.

Types of the Triangle : (According to the length of sides) :

We have learnt about types of triangles. Let us recall them and study further.

Equilateral Triangle : If all the three sides of a triangle are congruent,
then the triangle is called an equilateral triangle.

Isosceles Triangle : A triangle having two sides congruent is called an
isosceles triangle.

Scalene Triangle : If no two sides of a triangle are congruent, then the
triangle is called a scalene triangle.

Types of triangle (According to the measures of the angle)

Acute angle triangle : If all angles of a triangle are acute, we say it is an
acute angle triangle.

Right angle triangle : A triangle is called a right angled triangle or a right
triangle, if one of its angle is a right angle.

Obtuse angle triangle : A triangle with one obtuse angle is called an obtuse
angle triangle.

Note that every equilateral triangle is an isosceles triangle, because according to
the definition of an isosceles triangle, two of its sides should be congruent. Any two
sides of an equilateral triangle are always congruent.

In AABC, AB and AC have same length. Now if we measure the angles
opposite to AB and AC (i.e. ZC and ZB), then we find that mZB = mZC
(ie. ZB = ZC). Thus in a triangle if the measures of two sides are equal, then

the measures of their opposite angles are also equal. We shall give a proof
of this theorem.
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Theorem 9.4 : If two sides of a triangle are congruent, then angles opposite
to them are also congruent.

A A
N3 %
B c o B
Figure 9.26
(Note : AABC and AACB are the same triangles but the replica is shown for

clarity.)

Data : In AABC, AB = AC

To prove : ZB = ZC

Proof : For the correspondence ABC <> ACB of AABC and AACB (the same
triangle)

AB = AC (data)
LA =LA (Reflexivity)
AC = AB (data)
The correspondence ABC <> ACB is a congruence. (SAS postulate)
4B = LC

Let us apply the above theorem to the following examples.
Example 9 : In APQR, if PQ = PR, mZQ = 50 and Q—D—R, find mZPRD.
Solution : In APQR, PQ = PR
£Q= 4R
mZQ=mAR
Now, mZQ = 50
mZR =50
mZPRQ = 50

Since Q—D—R, R_]>) = R_(>2 Q ) R
So, mZPRQ = mZPRD (£PRQ = ZPRD) Figure 9.27
mZPRD = 50
Example 10 : In AABC, ]i:“a> is the bisector of ZABC, AB = AC and mZABE = 40,

find mZC.
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Solution : Here mZABC =2mZABE A
= 2(40)
=80
Now, AB = AC E
mZC = mZABC o L5 c
mZC =80 Figure 9.28

Note : If a ray originating from the vertex of a triangle bisects the angle at the
vertex, then the ray is called the bisector of the angle of the triangle.

Corollary 1 : An equilateral triangle is also an equiangular triangle and
measure of their congruent angles is 60. (Equiangular means all angles
congruent.) P

Data : APQR is an equilateral triangle.
To prove : APQR is an equiangular triangle.
Proof : Here, in APQR, PQ = PR (data)

ZR=/Q ®
Now, PQ = QR (data) Q : R
/R = /P (ii) R e

ZR = ZQ and LR = £P

APQR is an equiangular triangle.
Hence, mZP = mZQ = mZR (iii) (by (i) and (ii)
Now, we know that,

mZP+mZQ+ mZR =180

mZP + mZP + mZP =180 (by (iii))
3m/P =180
mZP = 60

Thus, mZQ = m/R = 60 (by (iii))

APQR is an equiangular triangle and measure of each of their congruent
angles is 60.

EXERCISE 9.3

1. In APQR, if M and N are the mid-points of two congruent sides PQ and PR
respectively, then prove that QN = RM.
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In an isosceles AXYZ, XY = XZ. If M and N are the points on YZ such that
YN = MZ, then prove that XM = XN.

3. Prove that the triangle obtained by joining the mid-points of the sides of an
isosceles triangles is also an isosceles triangle.
4. From the figures 9.30, find which correspondence between the triangles
is a congruence : o
M A D (ir)
P
: 5
3 5
B H C E H T
E 3 F Q 4 R
iii) D
( p ®
80
. 80 . 40 40
LLI F Q R
©
Figure 9.30
— J— —_ J—
5. In AABC, if AD is the bisector of ZA intersecting BC at D and AB = AC,
prove that D is the mid-point of BC.
6. For AABC, if mZA = x, m£B = 3x, mZC = y and 3y — 5x = 30, then
identify the type of the triangle.
7. If a line m is the perpendicular bisector of AB and P € m, then prove that P is
equidistant from A and B.
8. In AABC, if AB = AC and mZBAC = 50, then find the measures of the
remaining angles of AABC.
9. In AABG, if AB = AC, BD is the angle bisector of ZB such that mZABD = 40,
then find the measures of all the angles of AABC.
10. In an isosceles triangle, if the third angle has measure greater by 60 than the

measure of its congruent angles, then find the measures of all the angles of

the triangle.
*
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2. ASA Theorem :

For SAS postulate, two sides and the included angle between the sides of a
triangle are congruent to the corresponding sides and included angle of the other
triangle. Now we shall learn about the side included between two angles. If two
angles and included side of one triangle are congruent to corresponding parts of the
other triangle in a correspondence, then these triangles are congruent. This criterion is
known as ASA (Angle-Side-Angle) theorem.

To prove this theorem, we will use following property of real numbers. Any two
real numbers a and b obey following rule called law of trichotomy. For any two real
numbers @ and b, a > b or a = b or a < b. In other words if a # b, then a > b or a < b.

Theorem 9.5 : (ASA theorem) : A correspondence between two triangles
(or a triangle with itself) is given. If two angles and the included side of one
triangle are congruent to the corresponding parts of the other triangle under the
given correspondence, then this correspondence is a congruence.

A P
D

Figure 9.31 Figure 9.32

Data : In correspondence ABC <> PQR of the vertices of two triangles
AABC and APQR, ZB = £Q, ZC = /R and BC = QR.

To prove : The correspondence ABC <> PQR is a congruence.

Proof : In AABC and APQR, if AB = PQ then by applying SAS postulate, we
can assert that given correspondence is a congruence.

If AB # PQ, then according to the law of trichotomy AB > PQ or AB < PQ.

Suppose AB > PQ
_>
According to the point plotting theorem, we get a point D on BA such that

BD = PQ.
Now for the correspondence PQR ¢> DBC,
F} = DB (by point-plotting theorem)
@ = BC (given)

ZQ= /B (given)
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correspondence PQR <> DBC is a congruence. (SAS postulate)
ZPRQ = £DBC
but ZPRQ = ZACB (data)
ZACB = ZDCB
H
Also, D € BA

L
D and A are on the same side of BC. R R
According to the postulate of unique ray, CD and CA are same.

<~
D and A both are on CA.

— e L4
Also D and A both are on BA and CA # BA
D=A
AB = PQ
. correspondence ABC <> PQR is a congruence (SAS postulate)
The case AB < PQ can be dealt with similarly.
We know that if two sides of a triangle are congruent, then their opposite angles
are also congruent. Now we accept the following theorem.
Theorem 9.6 : If two angles of a triangle are congruent, then the sides
opposite to them are congruent.
Equiangular triangle : If all the three angles of a triangle are congruent,

then the triangle is called an equiangular triangle. A

X

Corollary 2 : An equiangular triangle is
an equilateral triangle.

Data : AABC is an equiangular triangle.
To prove : AABC is an equilaterial triangle.
Proof : For AABC, ZA= /Band /B= /C pBZL£ N e
Now, since ZA = ZB (given) Figure 9.33
BC = AC (@
Now, ZB = ZC (given)
AC = AB (i)
BC = AC and AC = AB (by (i) and (ii))
BC = AC and AC = AB
AABC is an equilateral triangle.
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3. AAS condition :

In any correspondence between two triangles (or a triangle with itself) if two
angles and non-included side of any triangle are congruent to the corresponding angles
and corresponding non-included side of the other triangle then both triangles are congruent.
This is known as AAS (Angle-Angle-Side) condition. We do not prove it. (Try it !)

A D
B i C E i F

Figure 9.34
Here, ZA = /D, /B = ZE and BC = FF.
Here BC is non-included side for ZA and ZB and similarly corresponding EF
is the non-included side for £ZD and ZE. Thus ABC <> DEF is a congruence.
AABC = ADEF

Let us understand the above condition by following example.

Example 11 : The measures of some parts of two triangles are given in the
figure 9.35. Then prove that AABC = ADEF.

A D
/A /A
4 4
B C gD F

Figure 9.35

Solution : Here ZA = /D, /B = /E and AC = DF.
Now, we know that mZA + mZB + mZC = 180

30+ 70 + mZC = 180

mZC =180 — 100

mZC = 80
Similarly we can prove that mZF = 80

mZC=mZF  Thus, ZC = /F
Hence, ZA = /D, AC = DF and ZC = /F
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So by ASA theorem, we say that, ABC <> DEF is a congruence.
AABC = ADEF

The above condition can be proved as shown below :

If any two angles and a non-included side of one triangle are congruent to
the corresponding angles and corresponding non-included, side of the other
triangle, then both the triangles are congruent.

A D
% X
B ’ c E ’ F
Figure 9.36
Hint : ZA = /D and /B = ZE and BC = EF are given
Thus mZA = m£D and m£B = mZE )
Now, mZA + m4B + mZC = m4D + mZE + mZF = 180 (i)

by (i), m£ZA + m£LB = m4D + mZE
by (ii), 180 — mZC = 180 — mLF
mZC = mLF
£C = LF
Now proceed to apply ASA condition.
SSA condition does not imply congruence.

EXERCISE 9.4

1. In AABC, if AB = AC and the angle bisector of ZA intersects BC at D, then
prove that AD the perpendicular bisector of BC.

2. In AABC, if AB = AC, ZACD and ZCAP are exterior angles of AABC
such that B—A—P and B—C—D and mZACD = 110, then find measures of all the
angles of AABC and also find mZCAP.

3. For AABG, if D € BC such that AD = BD = CD, then prove that mZA = 90.

4. In APQR, bisector of ZP is perpendicular to QR. Then prove that APQR is an
isosceles triangle.

5. In AABC, if AB = AC and D is the mid-point of BC, then prove that
mZADB = mZADC = 90.

6. If P is in the interior of AABC and PA = PB = PC, then prove that
mZA = mZABP + mZACP.
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A
7. In the figure 937, if AF = AE and F E
AB = AC, then prove that BE = CF.
P
B :
* Figure 9.37

4. SSS Theorem :

Now we will learn one more criterion for the congruence.

Theorem 9.7 : If there is a correspondence between the vertices of
two triangles such that three sides of ome triangle are congruent to the
corresponding three sides of the other triangle, then the correspondence is a

congruence. A /D\\
LLJ C E LL} F

Figure 9.38

In AABC and ADEF, if AB = DE, BC = EF and AC = DF, then ABC <> DEF

is a congruence. So we say that both triangles are congruent. We will accept the
SSS theorem without proof.

B

Let us try to understand the above theorem by the following example.
Example 12 : In AABC, AB = AC. A point D is in the interior of AABC such

%
that ZDBC = ZDCB. Then prove that AD bisects ZBAC.
Solution :

Data : AB = AC and a point D is in the interior of AABC such that
ZDBC = ZDCB. A

. .
To prove : AD is the bisector of ZA.
Proof : ZDBC = ZDCB (data)

BD = CD N
For the correspondence, ADB <> ADC, B o
AD = AD, BD = DC and AB = AC

v

Thus, by SSS theorem, ADB <> ADC is a congruence. Figure 9.39
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ZBAD = ZCAD
Now D is in the interior of ZA.

=2 .
AD bisects ZBAC.
5. R.H.S. Theorem (Right Angle - Hypotenuse - Side theorem)
A D

B C E F
Figure 9.40

In AABC and ADEF, mZB = mZE = 90 and AC and DF are the hypotenuses.
If they are congruent and any one side of AABC is congruent with the corresponding
side of ADEF, then the correspondence is a congruence. It is known as
RHS theorem stated as follows :

Theorem 9.8 (R.H.S. theorem) : In a correspondence between two right
angle triangles, if one side and the hypotenuse of one triangle are congruent
to the corresponding side and hypotenuse of the other triangle, then the
correspondence is a congruence and the triangles are congruent.

We will accept the theorem without proof.
Let us try to understand this theorem by the following example.

Example 13 : In AABC, if AD, BE and CF are congruent altitudes, then prove that
AABC is an equilateral triangle.
Solution : Here AD, BE and CF are the
altitudes on the sides BC, CA and AB respectively.
Thus, m£D = mZE = mZF = 90 F E
Thus BC is the common hypotenuse for right
angle triangles ABEC and ACFB.

A

Consider correspondence BEC <> CFB, B ';) C
ZE = /F and BC = CB and BE = CF. Figure 9.41

Thus, by RHS theorem, BEC <> CFB is a congruence.
ABEC = ACFB

Now, the corresponding parts of congruent triangles are congruent.
Thus £ZB = ZC
Now, the sides opposite to the congruent angles are congruent.
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Hence AC = AB. ()
Similarly, for right angle triangles AABD and AABE, AB is the common
hypotenuse. Consider correspondence ABD <> BAE.
AB = BA and /D = ZE and AD = BE
Thus by RHS theorem, we get AABD = ABAE
4B = LA
Sides opposite to ZB and ZA namely AC and BC are congruent. (ii)
Thus, by results (i) and (ii) we get,
AB = AC and AC = BC (iii)
AB = BC = AC (from (iii))
AABC is an equilateral triangle.

EXERCISE 9.5
1. In AABC, if BE and CF are two congruent altitudes of AABC. Using RHS

theorem, prove that AABC is an isosceles triangle.
2. In AABC, P € AB and Q € AC such that mZBQC = mZCPB = 90 and

BP = CQ. Then prove that BQ = CP.
3. In AABC, if AB = BC and mZA = 50, then find the measure of exterior

ZACD and also find the measures of the remaining angles of AABC.
A

B / \\ C
4. In the figure 9.42, mZBAC = mZBDC = 90
and BD = AC. Prove that AABD = AACD.

5. In the figure 9.43, ifﬁES_Randﬁ’iﬁ

then prove that ZPQS = ZSRP and
ZQPS = /RSP. Q

I

Figure 9.43

6. For APQR, if M—Q—R and Q—R—N and the exterior angles ZPQM and ZPRN
of APQR are congruent, then prove that PQ = PR.
*
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9.6 Inequalities in a Triangle

We know that the measures of angles and sides of triangle are real numbers. The
properties of real numbers can also be applied to the measures of these quantities.
We recall certain properties of real numbers.

R* is the set of all positive real numbers. The properties of real numbers are
listed below :
(1) For each x € R, one and only one of the following three possibilities
holds :
x>0orx=0o0rx<0.
Thus, if x # 0, then x € Rt or —x € Rt
If x—y >0, we write x > y
2) Ifx>0,y>0thenx+y>0and xy >0
@) Ifx>0,y >z then xy >xz and if x <0, y > z, then xy < xz.
For two real numbers a, b € R, one and only one of the three possibilities
holds : @ > b or a = b or a < b. This is called the Law of trichotomy.
If a> b and b > ¢, then a > c.
Further if a > b or a = b then it can be written as a = b.
Thus, if a 2 b and b 2 ¢ then a 2 ¢ (Transitive property)
Alsoif a 2 b and b > c, then a > ¢ and
ifa>band b 2 c, thena > c

We shall apply these properties of inequalities to the measures of angles and
measures of sides of triangles.
Inequalities Concerning Measures of Sides and Angles of Triangle :

In a right angle triangle AABC, m£B = 90. Let A
AB = 15 units, BC = 8 units. So by the Pythagoras
theorem, we get the measure of hypotenuse is 17
units. We know that two angles other than the right
angle of a triangle are acute. 15 17

ie. mZA < m£B and mZC < m4B
The measure of the largest side of AABC is

17 units and the angle opposite to it is ZB. g 1 C
The measure of AB is 15 units which is less 8
than 17, the measure of AC. Figure 9.44

Angle opposite to AB is ZC and angle opposite to AC is ZB. Also mZC < m£B.
Measure of BC is 8 units and less than the measure of AC. Angle opposite to BC
is ZA and angle opposite to AC is ZB. Also mZA < mZB.
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The same results can be concluded for any type of triangle by taking the
measures of sides and angles of different triangles.

Theorem 9.9 : If the measures of two sides of a triangle are unequal, then
the measure of the angle opposite to the side with larger measure is greater
than the measure of the angle opposite to the side with smaller measure.

We shall call the side with greater measure a larger side and the side with
smaller measure a shorter side. Thus the above theorem can be stated as follows :

In a triangle, the measure of the angle opposite to a larger side is greater
than the measure of the angle opposite to a shorter side.

In figure 9.44, AC > AB. So m£B > mZC

In a triangle, the relation between the side opposite to an angle with larger
measure and the side opposite to an angle with smaller measure is the converse of the
above theorem which we accept without proof.

Theorem 9.10 : If the measures of two angles of a triangle are unequal, then
the measure of the side opposite to the angle with greater measure is larger
than the measure of the side opposite the the angle with smaller measure.

Let us understand the following example based on this theorem.

Example 14 : In AABC, mZA = 35, mZB = 50, determine the smallest and the
largest side of the triangle.

Solution : Here mZA = 35 and m£B = 50

Now, mZA + m4B + mZC = 180

35450 + mZC = 180
mZC = 180 — 85
mZC =95
mZA is the smallest and mZC is the largest. Hence, the sides opposite to
them have smallest and largest measures respectively. Thus BC has the smallest
length and AB has the largest length.
BC is the smallest side and AB is the largest side.
Example 15 : In APQR, if PQ = PR and Q—R-T, prove that PT > PR.
Solution : ZPRQ is an exterior angle for APTR.
mZPRQ > mZPTR p
mZPRQ = m/PQR as PQ = PR
mZPQR > mZPTR
Now, because of Q—R—T,

> e
we have QR = QT and TR = TQ.
m/PQT > m/PTQ
PT > PQ, but PQ = PR Q R T
PT > PR Figure 9.45
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Sum of the Measures of the Sides of a Triangle : A
In AABC, if AB = 3.5, BC = 6 and AC = 4.5,
then AB + BC = 9.5
Now, 9.5 > 4.5, so, BC + AB > AC
Similarly, BC + AC = 6 + 4.5 =10.5 > 3.5
So, BC + AC > AB.

Also, AB+ AC=35+45=38 6

and 8 > 6. So, AB + AC > BC. Figure 9.46
Thus, we accept the following theorem.

Theorem 9.11 : Sum of measures of any two sides of a triangle is greater
than the measure of the third side.

We take a point D on ];)A such that AD = AC
(see figure 9.47)

Now show that mZBCD > mZBDC and
prove that BA + AC > BC

You will reach the proof of this theorem.

Let us understand the above theorem by
applying in the following examples. Figure 9.47

Example 16 : If D is a point on side QR of
APQR such that PD = PR, then prove that
PQ > PD.
Solution : In ADPR, PD = PR (given)
mZPRD = mZPDR
(angles opposite to congruent sides)
ZPRD = /PDR i Q = R
Now, ZPDR is an exterior angle of APQD Figure 9.48
mZPDR > m/PQD (i)
mZPRD > mZPQD (@) and (i)
e - =
mZPRQ > mZPQR (since RD = RQ and QD = QR)
Now PQ is the side opposite to ZPRQ and PR is the sides opposite to ZPQR.
PQ > PR
PQ > PD (PR = PD)
Example 17 : For AABC, if D € BC, then prove that AB + BC + AC > 2AD.
Solution : Here the point D € BC such that B-D—C.

35 45

D

P
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BD + DC = BC @) A

Now for the AABD, we get AB + BD > AD  (ii)

and for AACD, we get AC + CD > AD (iii)

by (ii) and (iii) we get AB + BD + AC + CD > 2AD B D C
AB + AC + (BD + DC) > 2AD Figure 9.49
AB + AC + BC > 2AD by ()

An important result : The length of each side of a triangle is greater than
the positive difference of the lengths of the other two sides.

In AABC, we know that,
AB + BC > AC, BC + AC > AB and AC + AB > BC A
Since AB + BC > AC

BC > AC — AB ()
and BC + AC > AB implies BC > AB — AC B
BC > (AC — AB) and BC > AB — AC Figure 9.50

Thus we get BC > (AC — AB) and —(AC — AB)
but | AC — AB | = AC — AB or (AC — AB) (i)
BC > | AC — AB | (by (i) and (ii))
Similarly AC > | AB — BC | and AB > | AC — BC |
We say that | AC — BC | < AB < AC + BC
Perpendicular distance of a line from a point :
Given line I% and A & I(?), we can draw a line passing through A and

e &
perpendicular to PQ in any plane containing PQ. Such a line is unique. Thus from a point
outside a line, we can draw a unique perpendichlar to the line.

In figure 9.51, A is a point outside line PQ, A
if we draw a perpendicular AM to I<’_>Q such that
Me 1%, then AM is the perpendicular distance
of A from 1% and M is the foot of perpendicular
from A to I% Hence AAMN is a right angle
triangle and the hypotenuse AN is the largest p M N Q
side. So AM < AN. Fmm .31
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If we consider a point A outside a line / and
we join this point with the different points on line
I, we get many different line-segments. (see figure
9.52) but the perpendicular line-segment is at the
shortest distance from the point A.

We accept the following result without “ZF— "7\ F F G I
proof. Figure 9.52

Among all the line-segments obtained by joining a point outside a line to
any point of the line the perpendicular line-segment from the point to the line
is the shortest.

Let /|| m.

Let P and Q be any two points on / and let PM
and QN be perpendicular to m, where M, N € m.

From the figure 9.53 it is apparent that
PM = QN. This distance is called the distance
between parallel lines. Thus, we define distance
between two parallel lines as the perpendicular
distance between them.

Perpendicular lines :

In the figure 9.54, lines / and m intersect at
M. So we get two pairs of vertically opposite angles.
ie. ZPME = ZDMQ and ZPMD = ZEMQ.

If one the above four angles formed is a right
angle at M, then all the four angles formed at M

are right angle and the intersecting lines are called
perpendicular lines.

Figure 9.54

Perpendicular lines : If any one (hence all) of the four angles formed by
two intersecting lines at the point of their intersection is a right angle, then
the lines are called lines mutually perpendicular to each other.

If two lines are mutually perpendicular, then a subset of one line is said to be
perpendicular to any subset of the other line. Even when these subsets do not intersect
each other, if the lines containing them are perpendicular, the subsets are said to be
perpendicular to each other.

Note that a ray, a line-segment are subsets of a line.
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In a plane, any line-segment is given and a perpendicular to this line-segment

lying in the plane which passes through the mid-point of this line-segment is called
perpendicular bisector of the given line-segment.

P ¢ AB and the lineic)agment PQ passes thg]gh the
mHid-point of AB and PQ is perpendicular to AB. Then

In figure 9.55, AB is a given line-segment. Now p

-

PQ is the perpendicular bisector of AB. A M B
Note that each point on the perpendicular bisector

of AB is a equidistant from A and B. Conversely, the b Q

set of all points equidistant from A and B forms the Figure 9.55

perpendicular bisector of AB.

EXERCISE 9

. For AABC, if mZA + mZB = 100 and mZB + mZC = 130, then find the

measures of all the angles of AABC.

. ZACD is an exterior angle of AABC and E lies in the interior of ZACD.

AC L CE. If 6mZA = Tm/B, 5m/B = 6m/ZC, then find the mZECD.

3. In AABC, if AB = 10, BC = 18, then prove 8 < AC < 28.
4. For triangles AABC and ADEF, AB = DE and BC = EF. P is the mid-point

10.
11.

of BC and Q is the mid-point of EF. If AP = E, then prove that
AABC = ADEF.

. For AABC, AB = BC and if mZA — m£B = 54, find m£B.
—_— —_— —>
. For AABC, AC = BC and B—C—D and CP is the angle bisector of ZACD. If

mZACP = 35, then find the mZA.

. For AABC, BC = 5, AC = 12. Prove 7 < AB < 17.
. Prove that for any right angle triangle, hypotenuse is the largest side.
. For AABC if D, E, F are the mid-point of the sides ﬁ, BC and A_C, respectively,

then prove that AE + BF + CD is less than the perimeter of AABC.
In AABC, if AB = 8, BC = 5, then prove that 3 < AC < 13.

Select proper option (a), (b), (¢) or (d) from given options and write in the box
given on the right so that the statement becomes correct :

(1) For AABC, the side opposite to ZA is ...... ]
I J— — —>
(a) AB (b) BC (c) CA () AC
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(2) For AABC ... is included by the sides BC and AC. ]
(a) ZA (b) ZB
(c) LC (d) exterior angle of £ZD
(3) If ZACD is an exterior angle of AABC and mZACD = 105, then
mZACB = ... . ]
(a) 105 (b) 75 (c) 100 (d) less than 75
(4) For the correspondence BAC <> YXZ between AABC and AXYZ, the
angle £ ...... corresponds to ZZ. ]
(a) B (b) A ©C @Y
(5) For AABC, if D € B_(>3 such that B—C—D, then ...... is the exterior angle
of AABC. ]
(a) ZABC (b) ZACB (c) ZACD (d) ZBAD
(6) The measure of congruent angles in AABC (where AB= A_C) is ...... where
mZA = 60. ]
(a) 35 (b) 45 (©) 60 (d) 90
(7) For AABC, ZA = ZC. If BC = 3, AC = 4, then the perimeter of
AABC is ...... : ]
(a) 10 (b) 12 ©) 14 @) 7
(8) AABC is ... . ]
(a) AB U BC (b) ZA U /B
(c) AB U BC U AC (d) ZA U £ZB U £C
(9) From the following which condition is not possible for the congruence of
two triangles ? ]
(a) ASA (b) AAS (©) AAA (d) SSS
(10) For AABC ...... is true (if it is not a right angle). ]
(a) AB? + BC? = AC? (b) AB + BC = AC
(¢) AC > AB + BC (d) AC < AB + BC
(11) For AABC, if mZA = 40, mZC = 50, then the smallest side of AABC is ......
1]
(a) AB (b) BC (c) AC (d) BC
(12) For AABC, if ZB = ZC, then ...... sides are congruence. ]

(2) AB and BC (b) AB and AC (c) BC and AC (d) any two
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(13) For AABC, the bisectors of ZB and ZC intersect at the point P. If

mZA =70, then mZBPC = ]
(a) 50 (b) 75 (c) 100 (d) 125

(14) For AABC, if m£ZB = 2x, mZA = x, mZC = y and 2x — y = 40, the
AABC is ...... . ]
(a) scalene (b) right angled (c) isosceles (d) equilateral

(15) If the measures of the angles of AABC are in proportion 1 :2 : 3, then the
measure of the smallest angle is ...... . ]
(a) 30 (b) 60 (c) 90 (d) 120

(16) For AABC, BC ...... AABC. ]
(a) € (b) & () N () e

(17) In AABC, if mZA + mZB = 120, then mZC = ......

]
(a) 20 (b) 40 (c) 60 (d) 80

Summary

In this chapter, we have studied the basic concepts of a triangle.

1.

mEEmhne

We defined terms related to a triangle like included angle between sides, angle
opposite to a side of triangle, side opposite to angle of a triangle, included side
between angles, partition of a plane by a triangle, interior region of a triangle.
An angle forming a linear pair with any angle of a triangle is known as an exterior
angle of a triangle.

The measure of an exterior angle of a triangle is larger than the measure of
each of its interior opposite angles and is equal to the sum of these two interior
opposite angles.

Sum of the measures of three angles of any triangle is 180.

Correspondence between vertices and congruence

SAS criterion for congruence of the triangle

Types of the triangle according to the lengths of sides and measures of angles.
ASA theorem for congruence, AAS condition

SSS theorem for congruence

. RHS theorem for congruence
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(Answers of problems requiring some calculations only are given.)

Exercise 1.1
(a) (1) Singleton (2) Singleton (3) Null set (b) (1) Equivalent set (2) Equal set
8, Subsets : 0, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {L, 2, 3} 3.A¢B
A'={3,5 79,10} 6. (l)is true; (2), 3) and (4) are false

Exercise 1.2
(3,4,6) 4.{2) 6.No;ANB={4)

Exercise 1.3
(AUBY=1{7,9},(ANB)y={(1,23,5,6,7,8, 9}
ANB=A'

Exercise 1
ACD;BCD 2.AUB={-5,—4,-3,-2,-1,0,1,2,3},ANB = {1, 2}
No 4. A'={4,5,7 8,10, 11, 12, 13, 14, 15, 16, 17, 19, 20}

B'={1,2,4,5717,8, 10, 11, 13, 14, 16, 17, 19, 20}

A={3,4 7.A={.-3—-1,1,3,.), B ={.—4 20,2 4,.}
A= {=1, 0, 1, 2} Subsets : §, {1}, {0}, {1}, {2}, {~1, O}, {—L, 1}, {—1, 2},
{0, 1}, {0, 2}, {1, 2}, {~1, 0, 1}, {~1, 0, 2}, {~1, 1,2}, {0, 1, 2}, {—1, 0, 1, 2}
Mec @a B)a @b G)b K)a (Dd @)d ©d (10)c
(I)d ((2)c (13)c (14 a (15 Db

Exercise 2.1
3, =5, —3.5 are rationals, % form, %, _Ts, _—27 2 _Tl, :82’ %, %, %, %
5,20 402 4 5 2 505 13
> 2% 2 63° 126 70> 140° 140° 280

Exercise 2.2
(1) True; (2), (3), (4) False

Exercise 2.3
(1), (3) and (6) are rational numbers; (2), (4), (5) are irrational numbers
(1) 0.043 (2) 6.6 (3) 0.83 (4) 1.285714 (5) 0.523 (6) 1.27
(1), (2) terminating; (3), (4), (5), (6) non-terminating recurring

2 _035 8 -050 3 _ 0B5T, S = 0714585
32 =032, 82 =030 4. 3 = 0.928571, 3 = 0.714285
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-

15.
18.

M3 @55 O3
Exercise 2.4

1), (4) and (6) are irrational numbers; (2), (3) and (5) are rational numbers

(1)

(1) 15=5J7 +343 =21 (2) 9+ 642 (3) 6 — 3430 — V10 + 543
(4) =7 (5) 14 - 6J‘ 6) 55 —242 4. (1) V2 @) V5 (3) 8-V7)
4) (=3 +42) (5) (4 + V1)

)4 (2) ¢ 4+f ) 3) 2443 () BT +1) (5) 112 +7)

)53

Exercise 2.5

(15 ()3 (3)25 @2 2.(1)243 (2)3125 (3) 3 (4) 5

=11

3% @ 4% 36 @) ©°
Exercise 2

I—;’ = —0.230769 , non-terminating recurring; 14—5 = 3.75 terminating

MF Q% OF @D 9 0)3B-3/7+J15-V3
(2)20-10/3  (3) W2 — 2414 +2J7 =4 10. (1) 11(f+J_)
(2) 23-V2) (3)3(V5+2) (4) Z(-8+J6) 11.4%° 13. (ab)? 14.2

M2 @27 1 (1) 247 +2145)  (2) 500V6 — 12 = 3415 + 2410)
Ma @b B)c BHdd G)b BG)d (MDa @b (O a (0)d
(1) c (12b (13)c (14)a (15b (16)d (I7)c (18)a (19 ¢ (20)c
Cl)c (22)b (3)c (24)b (25b 26)b 27)b (28)a (29)b (30)d
G)b (3¢ (33)a (34)d (35) ¢ (36)b
Exercise 3.1
M7 )20 ()4 (42 2.(04 @0 @) =3
(1) quadratic (2) linear (3) cubic (4) quadratic 4. (1) Yes (2) No (3) No
Exercise 3.2
0 2.(1)35 (2)—=9,—23 (3)14 3.(1)PO) =0, P(1) =1, PQ2) = 128
() P(0) = =3, P(1)= 0, P@) =5 (3) P(0) = 0, P(1) = —1, PQ2) = 0
M)F @2 (3) Impossible
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Exercise 3.3
1. (1) Quotient : x* + x3 + x2 + x + 1; Remainder : 0
(2) Quotient : x3 + 5x2 + 2x + 1; Remainder : 2
2. (1) Quotient : 23 — 572 — 18¢ + 45; Remainder : 0
(2) Quotient : 213 — 2 — 16¢ + 15; Remainder : 0
(3) Quotient : £ — 2 — 97+ 9; Remainder : 0
(4) Quotient : 23 — 132+ 261 — 15; Remainder : 0

N W N =

(5) Quotient : 3 — 52+ ¢ + 30; Remainder : —135

Remainder 41 4.4 5.166 6.x2—x—6 7.(1)0 (2)23 (3)6 8.3
Exercise 3.4

(1) and (3) x — 1 is a factor; (2) and (4) x — 1 is not a factor

(1) 7x+4 () 2+9x+14 (3) x*—3x +2

1 4.(1) G+1DBx+4) 2) Br+2)6x+2) () =(x — 1)(21x + 5)

(1) (x— 1) is a factor (2) (x + 1) is a factor (3) (x — 1) is a factor

(4) (x + 1) is a factor 6. 2

Exercise 3.5
(1) x2—19x + 84 (2) 16x> — 48x +35  (3) (12x2 + 28x + 15)
(4) $(36x2 + 48x +15) 2. (1) 9991  (2) 3591  (3) 884

2
(1) (4x — 59>  (2) (§+2?yj (3) (3a — 5b — 7¢)? or (—3a + 5b + 7c)?
(4) (2a — 56)(2a + 5b)(4a* + 25b2)
2x 3V az)|4xt L9 162 _ X _ 32 _ 8
(5) (Tx"‘T"'Js“j{ st Tt TS 5~ e

(6) (5a + 8b)3 (7) (4a — 3b)3 4. (1) 10710 (2) 8464 (3) 448
—16380
Exercise 3

_Tzo 2. (1) Quotient : x3 + 7x — 13; Remainder : 21

(2) Quotient : 2x2 — 9x + 29; Remainder : —39

(3) Quotient : 5x2 — x + 10; Remainder : 0

Number of Chocolates : 74; Number of Chocolates to each friend : 8,
Number of friends : 6

Number of students : x2 — x — 1 5. x2+3 6. x2—2x—4
11449 8. 1260 9. (2x + 3y — 5z)% or (—2x—3y + 5z)?
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10.

11.
12.

(1) Quotient : 2x2 + 5x + 19; Remainder : 55
(2) Quotient : x* — x3 + x2 — x + 1; Remainder : 0
(3) Quotient : 3x3 + 10x2 + 4x + 9; Remainder : 0
(4) Quotient : 7x — 18; Remainder : 5
—12; 432
MHha @b BGB)d BHd Gb G (HDd B c Od @(0)c
(A1)b (12)c (A3)ec (A4)b (15 c (16)c

Exercise 4.1
(1) X-axis; Y-axis  (2) quadrant I, I, I, IV (3) Yes, Origin (0, 0)
(1) P4, 1); Q2,49 @Q (-3 @#H—2
(5) A(=3, —4), B2, —1), C(2, 3), D(—4, 3), E(-3, 1), F(-=2, —1), G2, =3),

H(@3, —4), I(3, 2), J(5, 4), R(—4, —2), S,(—1, =3), T4, =2)

Exercise 4.2
PX Q= {(0, -3), (0, 2), (1, =3), (1, 2), (=1, -3), (=1, 2)}
QX P={(-3,0), 2 0, (-3, ), 2 1), (=3, ~1), 2, —1}}
(1) AXB={(=2,-1), (=2, 1), (2,4, (3, —-D, 3, D, G, 4}
(2) B X A = {(—1, =2), (-1, 3), (1, =2), (1, 3), (4, =2), (4, 3)}
(3) AXA = {(-2, -2), (-2, 3), (3, =2), (3, 3)}
(4) BXB={(-1,-1), (=1, D, (-1, 4), (1, 1), (1, 1), (1, 4), (4, —1), (4, 1), (4, 4)}
a,2);({,2) 6.(,2)

Exercise 4
(1) First (2) Fourth (3) Third (4) Second (5) Fourth (6) First
(x+y, z+w) > IV quadrant, (y — z, w + x) = IV quadrant,
(x —w, y + z) = I quadrant
Me @b BG)ec BHb BGd BBId (HDd B c Ob @10)b
(11)a (@12)d (@{3)a (14)b (15d (16)d (17 c (18 b (19 ¢ (20)c
2hd (22)b (23)d (24)a (25 ¢

Exercise 5.1
x = 2y; T x is the cost of a notebook and ¥ y is the cost of a pen.
(1) Yes; 5x —6y+0=0;a=5b=—6,c=0 (2) No
(B)Yes; Ix+0y+0=0,a=7,b=0,c=0
(4 Yes; —4x+6y—3=0,a=—-4,b=6,c=-3
(5) Yes; 3x + 4.5y —82=0;a=3,b=45,¢c=-82
(6) Yes; S +y—3=0a=3L, b=1,¢c=-3
(D Yes; 9x+0y—3=0,a=9,b=0,c=-3
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(8) Yes; 3x —2y+4=0,a=3,b=-2,c=4

) Yes; 2x—y+5=0,a=2,b=—-1,c=5

(10) Yes; 3x+Zy—1=0,a=2,6=1,c=—1 (11)No  (12) No
Exercise 5.2

(3); Linear equation in two variables has infinite solutions
(1) is a solution, (2) is a solution, (3) is not a solution, (4) is not a solution,
(5) is a solution, (6) is not a solution, (7) is not a solution, (8) is not a solution
(9) is a solution, (10) is not a solution
Mk==-1 k=2 @BR)k=4 @@DEk=1
Exercise 5.3
a=-2 4. (2)8°F (3)35°C (4)32°F; —% C (5 Yes; —40° C
Exercise 5.4
(1) Point —4; Horizontal line y = —4 (2) Point —3; Vertical line x = —2
(1) Point —3; Vertical line x = =3  (2) Point 4; Horizontal line y =4 4. (1, 2)
Exercise 5
(I)Yes (2)No (@(B)Yes (4) No (5) Yes (6) Yes
Mk=2 @k=2 k=2 Dk=% k=1
1) (0,0 (2)(0,0) (3)(0,2),(2,0) (4B, 0),(0,-3) (5 (4 0),(0,-3)
(6) (2,0), (0,=3) (7)(2,0),(0,3) (8)(—4,0),(0,3) (9 (=5.0) (10)(0,2)
4, 4), (—4, 4), (—4, —4), (4, —4), (0, 0) 7.3, 1)
MHec @2)d B)e @Dc BG)d B)c (Db Bc Yc (0)c
(e (12)b (13)b (14 a (15 a
Exercise 6.1
False 4. (1Na 2)c B)d @®b B)Yb (6)d (Hc @B)c
Exercise 6
() Data : X CYand YC X, Toprove : X=Y
(2) Data : Triangle, To prove : Sum of measures of three angles of a triangle is 180
(3) Data : B is not null set, To prove : B has at least two subsets.
(4) Data : Today is Sunday. To prove : Today is holiday in school.
(2) x = 2 is necessary condition for x + 5 =7,
x + 5 =7 is sufficient condition for x = 2.
(3) Parts of theorem : Hypothesis, Conclusion and Proof
(4) Direct proof and indirect proof
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(5) Exhausting alternatives and Reductio ad Absurdum
(6) Defined terms, Undefined terms, Postulates and Theorems

Exercise 7.1
L4
(B)YOne @WPe& QR (5 Six lines, one line
Exercise 7.2
Mo @0 Y BD{Zy GO{Y} R DX @ {Q
) {Y} (10) {P}
Exercise 7.3
(2) Points X, Y and Z are linear; Point Y is in between X and Z
XY=9,YZ=2,ZX=17 3. Q—R-P
2 or—8 correspondsto B 5. AB=6 6.(1)3 211 3)9 (4)2 (5 8% (6) 13
(HhS5o0or—=5 (2)9o0r—-1 @B) 3o0r17 (4) 2 or 20 (5 3 or —6
Exercise 7.4
S-T-U; ST=TU 2. ()XY =PQ (@SB (3)0 @9 (5 (R}
0.5 4. (HO1 -1 B)—45 @ 2
Exercise 7
- —_— 4 —
(1) One (2) XY = XY U {P | X—=Y-P}, AB = AB U {P | A—B—P}
— —
(3) YX and YZ
- —
(M{E} @9 @G E @AHDC (G)CD,EF
(1) Data : P, Q, R, S are linear points and PR = PS; To prove : PQ = RS
(2) Data : P, Q, R are linear points and PQ = QR; To prove : Q is a midpoint of PR.
1 2) AB =9, BC = 5, AC = 4 (3) 2 and 12 1
B)Y:3,-13; M:—-1,-9 6. Z, Y-7—X
Mb @a B)ec @c BG)b BGa MDc Bc b
Exercise 8.1
MPQRSTU @/cP GRQRUTS
Mo, B,y @PQR,S,T @B)Yes @) No (5) skew (6) Ol
Exercise 8.2
- o e
(1) BA, BC  (2) Interior points of ZABC (3) B (5) BJ, BD, BG
ZPQR, ZPRQ 5. Exterior points of ZABC
Exercise 8.3
(1)50 (2)15 2. Adjacentangles : ZAOD, ZBOD: ZAOD, £ZDOC; £DOC, ZCOB
Linear pair of angles : ZAOD, ZDOB; ZAOC, ZCOB



202

MATHEMATICS

11.

126 4.105,75 6.(1)90 (2) 73,107 (3) 30

(4) (i) 48 (i) 53 (i) 80 —x (v)9  (5) (i) 80 (ii) 91 (iii) 210 — y (iv) 131
Exercise 8.4

mZCGF = 115, mZDGF = 65 4. mZEFB = 100, mZFGD = 100
Exercise 8.5

Alternate angles : ZNQR, ZARQ; Z£ZMQR, ZQRB

Corresponding angles : ZPQN, ZQRB; ZNQR, ZBRS

ZPQM, ZQRA; ZMQR, ZARS

60 3. mZRTA = 125, mZRSB = 125, mZPRS = 35

mLYXZ =77, mLXYZ = 50 6. mLXZL = 60, mLMNZ = 48, mZZNR = 60
Exercise 8

mZROQ = 150, mZQO0S = 30, mZROP = 30, mZLTOS =75

x=37,y=153 5.90 6. 72, 108

(Me @d B)d @ec G)b 6)b (Nec 8)a 9c (10)a (11)b (12) ¢
Exercise 9.1

80, mZC =60 2. mZBCE = 50, mZADC = 100 3. 36, 54, 90

(i) 35 (ii) 25 5. mZA =120, mZB = 50, mZC = 10

mZA =30, m£B = 60, mZC = 90 8. mZACB = 45
Exercise 9.2

/D= /P /E= /Q, /F= /R, DE = PQ, EF = QR DF = P
ABC <> XYZ 3. ABC & FDE 4. DEF & XYZ
Exercise 9.3
(i) ABC ¢ DEF (ii) DEF <> RQP (iii) DEF <> RPQ 6. Right angle
mZABC = 65, mZACB = 65 9. mZA = 20, mZC = 80, mZABC = 80,

. 40, 40, 100

Exercise 9.4
mZA =40, m£ZB = mZC = 70, mZCAP = 140

Exercise 9.5
mZB = 80, mZC = 50, mZACD = 130

Exercise 9
mZC = 80, m£B =50, mZA =50 2. mZECD=40 5. mZB =24
mZLA =35
Mb @2)c B)b @FHc BG)c B)c (MDa @c Bc (0d
(anbv (12)b (13)d (14 a (15 a (16)c (17 c

®





