Exercise 15.10
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Given equation is , = »" "gip

iHx, v}
air.

Therefore Jacobian is

6, y= e’ cosh
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Consider the transformation,

i v W
X=—,yp=—,2=—.
v L I

The object is to find the Jacobean of the transformations.

Recall that. the Jacobean of the transformation

= f{”&:w}‘y = g(mv,w},z = h[u,v,w} is defined as,
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Substitute all the values into J M =
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The determinant of the matrix is calculated as,
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Hence, the Jacobean of the transformation is

J=[o]-

. and then the Jacobean is
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o a g :
Gvnethat y= v+ w , y=w+u',z=u+v
ir i i
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§={{u,v)/0=u=3 0=v=2)
X=2u+3v, y=u-v

The first s1de &) 12 given by v=0, we have
x=2n, y=u,we get x = 2y which 15 equation of straight line with end points (0,
0 and (6, 3)

The second side & 13 given by =3, we get
x=6t+3v, y=3—v Thusxz =15 - 3r 15 equation of straight line with end

points [6,3:1 and [12,1)

The 5 1s givenby v=2, we getx=2u+6 andy=wu—2 sox=2y+10 13
equation of straight line with end points (6,— 2:1 and (12,1)

The &5, 12 givenby u=10, we get x = 3y, ¥ = v, Thug x = -3 y 1z the equation of
straight line with end points (0, 0 and (&, -2).

Therefore the image of & 15 the parallelogram with vertices (0, 0%, (6, 33, {12, 1),
(6, -2)
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Consider the following transformation §'is square bounded by the lines,

u=0u=Lv=0v=1Lx =v,y=u{l +v2}

The objective is to find image of the set §.

Write the transformation as set notation as follows:
Sz{(u,uﬂﬂﬂuﬂl,ﬂﬂvil}
x=v,y=1r(1+v"‘}

Let S, be the first transformation.
Substitute y=0 in x=v,y=u(l+v*).
x=l[},y=u(1+ﬂz)

x=0,y=u

Since y=0andu=1.50 y=0andy=1.

Thus, §, is mapped in to the line segment from [{LD] to ({},I}.

Let §, be the second transformation.

Substitute y=1 in x=v,y=u(1+v)

rzl,y:n[le}

x=Ly=2u

Since y=0andu=1.50 y=0andy=2.

Thus, §, is mapped in to the line segment from [LD] to {1,2).
Let §, be the third transformation.
Substitute y=0in x=v,y=u(1+v").

x=v._}'=u[l+12)

x=v,y=ﬂ(]+v?}

x=v,y=0

Since y=0andv=1.50 x=0andx=1.

Thus, §; is mapped in to the line segment from [{LD] to (1,{}].

Therefore, the image of § is the region x —axis, y —axis. line segment from [i,ﬂ) to (1,2)

and the parabola given by equation x* = y—1.



Let §, be the fourth transformation.
Substitute u=1in x=v,y=u(l+*).
x= 1-‘,_1’=u(| + I:]

x=1-‘.y=1(1+v:]

x=v,y=1l+ v

Substitute x=vin y=14+v*,

=l+x

n,
e r

xr=y-l1

Thus, the transformation §, is a parabola.
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Consider the triangular region S with vertices

[ﬂ.'l},_{l,]},[ﬂ,I};.r: zr:.,y: v
Find the image of the set § under the transformation:

Sketch the triangle (0,1),(1,1),(0,1) is as follows:

i 1

Y-



Let S, be the line segment u =v,0<u <1

So, y=v=uand y=gy? z})z.

Since <y <1, the image is the portion of the parabola x:f,{‘_lg}:g 1
Let .'SC2 be the line segmentv=1, i<y <l

Thus, y=v=1andx=u’

The image is line segment y=1, 0<y<l

Let §,bethe segment ¥=0,0<v <]

S50 y=uf=0and y=v

The image is the segment y=(0. 0L y<1.

Therefore, the image of §is the region g in the first quadrant bounded by the parabola
Jx=y.the y-axis, andtheline y=1.

Sketch the image of §is the region R, y= Je.y=1Lx=0

4y

(11

¥

o 1
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S 15 the disk given by z® +v° =1



o ¥
(0.1)

(-1,0)

([}1'1 }

We divide the boundary of 5 into two parts =) and 52 where 51 15 given
by—-1=u =1, Oveal-u® and S is givenby—-1=u =1, —l-u® 2y

Mow it 13 given that x = an and y = by

On 51, & = au, L}’:E;"\I'Il—ﬁg

Elimminating u from these equations, we have

X

g

a” b

. . . . i g
That 12 the image of 51 15 an elliptic arc — +E:'_ =}
@
similarly on S, x = an, y= —baf1—u®
y
On eliminating u we have — +“;:—2 =1
@
4 g : g & 2=
That 15 image of 5z 15 an elliptic arc — +E:'_ =7
&

2
i+i—1

Hence the image of 5 13 the region E bounded by an ellipse

b

]
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Consider the region R in the xy—plane is

y=2x-Ly=2x+Ly=l-x,y=3-x

Now need to find transformation T from wwv plane to xy plane such that the rectangular
region § maps to R

Where the sides of S are parallel to the y — gnd v—axis

Consider the rectangular region u=aqu=b,v=c,v=d

’;\1: JLJ.-'
T
V=C ] 1.’:d
U=a
i >X

The lines are y =ag,u=25 parallelin yv—plane and x+ y=1,x+ y=3 are parallel in
xy - plane

S0 one of the possibilities is y=amapstox+y=lLu=bmapstox+y=3

1£u<3

Let u=x+y

Thelinesare v=¢,v=d parallelin yv—plane and 2x-y=-1,2x-y=1 are parallel in
xy = plane
So one of the possibilities is v=¢ mapsto 2x— y=-1,v=d maps to 2x— y =1

-l=vel
Let v=2x-y
Add the equations for v and v and solve for x.

H+v=x+y+2x=-y

u+v=3x

u+v




¥t+v

Replace x with inv=2x-Yy.
i+ v
v = E( -y
3
2u + 2v
vV = -y
3
2n + 2v = 3v
VY= ——
’ 3
2u—-v
Tl .
3
i+ 21—
Thus, we get x = and y = lsus3,-1sv<l

Thatis §={(u,v)/1<u<3,~1<v<1}
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From the given vertices, we get the sides of the parallelogram as x + 2y =0, x + 2y = 10,
dy—3x =0, and 4y — =x = 10

Letu=x+2vandv=4y— 3x Then, we haveu =0, =10, v=0and v = 10.

Multiply both sides ofu =x + 2y by 3 and add to v =4y - 5x
Zutv=3x+by+4y - 3x

Zu 4+ v =10y
v
T
Eeplace y with il v =4dy—3x.
v:4(3u+v]—3x
1
vzﬁ%u+2—v—3x
3 5
fgg 2w Dv
= —+ ——- —
3 5 5
x—l(EH—v)
5

L where 0 = n =10 and 0 =y =10,

1
Thus, we get |x = EI:EH —vjand y =
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Let H:. :_r:' -|-_:|,.r2 and v = t.ﬂn_l [L]
X

Then, obtain that y=1. » =+2. v=0and v=7/2.

Take the square root on both sides of the equation.

Nut = 1,’.r2+ y?
o= q'xz + 3

Since
V= tan"(i]
X
lanv=—
X
y=xtanv

Replace y with xtanwv in 4 = "x3+y3-

u =,j.r2 +(x tan -.--}1

> 2
u' =x’ +[.1'T.an v}
=x* +x* tan®v
=x [I +tan’ v]

z 2 z
h =x sec v

2
i 5

¥

sec’ v
v =ucos’ v
X

= HCOSV

Substitute weosvTor xin 4, = [x* 4 3%

2
U= \/’{HCGS v) +)°
2 2 4 2
w=u’cos’ v+ y
HE —“2 EIJSE '.-"=.}-"2
ul(l ~ cos’ w] =)
r S 2
u sin“v=y
y= usiny

Thus, x = ucosv and y= usinv,where | < 4 < 2 and 0 < v < 7/2-

Hence the required equations are |x = wcosv and y= wusiny|.
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Letu=xvand v ")
x

Then, we haveu=1,u=4, v=1and v=4.

Multiply both the equations for w and v,

w= ()

ny = y°

y = Auy
Wegety:@.

Diwvide the equation e =xy by v = 2
x

i AV

v ¥
X

I

b

i
e
¥

Thus, we get [x = = BT = \ff;,where l1=u=4d and 12v =4,
v
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Determine the equations of the lines of the triangle.

The line R, passes through the points 4(0,0) and B{Z*I}.

So, the equation of the line R, is:

=0 Y-l
90 19
,_.1['
o

The line R, passes through the points B(2,1) and C(1,2).
So, the equation of the line R, is:

gl Y=

1-2 2-1
.1'.I=

-

Lad

The line R,passes through the points C{LE} and A‘{ELE]I}.
So, the equation of the line R,is:

x=1_y-1
0-1 0-2
p=2x



The transformation y =2y +v. y=wu+2v on R gives:

X+y=3
{2ﬂ+v}+(u+2v] =3

u+v=1---(2)

And the transformation y =2y +4+v. y=wu+2v On R, gives:

y=2x
u+2v=2(2;r+v}
u=0--.. (3)

From (1), (2) and (3) observe that the transformed region R is given by:
Sz{(u‘v:l, 0<u<l, ﬂﬂvﬂl—al

The jacobian of the transformation is:

ox ox
o(xy)| _|ou v
ﬁ'[u,v] Q @
ou ov

L I

Il
e TS

I

—



The integral is evaluated as follows:

H{x- 3y)dd= ﬂ[Z:H v—=3u- 6@%@@,,

= —H (2 + 5v) 3dudy
5
| 1=p

= —3_[ f (u +5v ) dvelu

[1]

1]

l 5 w=l=y
=—-3j[uv+—nz} du

0 2

=0l

Further evaluate:

};}'(x ~3y)dd = -3_:[” i %{1 7 ] i

=-3 luz —%:f —%[I -zf:}i}

L2 0
§
2 3 b

=-3

Therefore, the value of the integral is:

[[(x=3y)da=-3
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Consider the integral,

H{dx +8y)dA

R
Here, R is the paralielogram with vertices A(-1,3), B(1,-3),C(3,-1),D(1,5). and the
transformation x=ﬁ[u+v] and y =£{v—3u).

The objective is to evaluate the above integral.

Use the change of variables in a double integral to evaluate the integral as follows:



Change of variables in a double integral:

Suppose that 7 isa ! transformation whose Jacobian is nonzero and that maps a region §
in the wv— plane onto a region g inthe xy— plane. Suppose that f is continuouson g
and that Rand § are type | or type Il plane regions. Suppose also that 7 is one-to-one,
except perhaps on the boundary of §. Then

Hf 2 }’)dA Hf w,v), y(u, v]] [[u’":::

dudv ... {I]

Find the Jacobean of T as follows:
a(x.y)
é(u.v)
E ax
= on  ov
& o
ou ov

Find the partials of x,y with respectto y and v as follows:

T=



Substitute these values in the Jacobean T.

ax  &x
g du ov
jac(T) = & o
du oOv
] 1
&%
-3 01
4 4
o, O
16 16
.
16
N
T4

Thus, the required value is jac(T}= i

Consider the region g is the parallelogram with vertices
,—i{—1,3}*B(L-E},C{l——l)andﬂ{]ﬁ}

Sketch the rough graph of the parallelogram using above vertices as follows:




The equation of the straight line passing through P(x,,y,) and Q(x,,y,) is
X—% _ ¥-¥
=8 Va—Hh

The equation of the straight line L, passing through A(-1,3),B(1,-3)is,

i S
(41 —3-3
Ftl_y=3

2 -6
-3{x+1)=y-3
-3x-3=y-3

3Ix+y=0

The equation of the straight line L, passing through B(1,-3),C(3,-1)is

3-1 -1+3
x—1 _y+3
2 2
x=1l=y+3

=l ___y+d

x:}:l+.r.'|.
x-y=4
The equation of the straight line L, passing through C(3,-1)and D(1,5)is,
2-=1_.y=5
3-1 -1-5
W
2 —6
3(x-1)=y-5

~Ix+3=y-5

Ix+y=8

The equation of the straight line L, passing through A(-1,3)and D(1,5)is,

x+1_y-3
1+1 5-3
x+1_y-3
2 2

x+l=y-3

x=—y=—4



Mow calculating u,v from x, ) as follows:

x:%(uh:]
dx=u+v (1)
}-‘=%(V—3ﬂ']
dy=v-3« ... (2)

Subtracting equation (2) from equation (1),

dx=u+v
dy==3u+v
dx—4y=4u
X=¥=U . (3)

Now, [1)x3+[2}
12x= 3u+3v
4dy==-3u+v
12x+4y=4v
3x+y=v .. (4)

Substitute the values of u=x—y and v=3x+ y in the equations 3x+ y=0,x-y=4,

Ix+y=8 andx-y=-4.
That implies,
v=0u=4v=8 andu=-4
Thus, the region is,

R={(u,v)|-4<u<4,0<v<8|

Convert the function f(x,_y]:alx +8y interms of 4 and v as follows:

4.r+8_]r=4[&(u+v}}+3[é[v—3u)j

=u+v+2(v-3u)
=u+v+2v—>06u
=3v—=>5u



Substitute these values in the equation [I}

a
H dx+8y)dA = _[[ 3v—>5u) qE” P)] it dv
:iji—{h-mr]dudv
0 =4

=192

Thus, the required value is. ﬂ{“-"-’ +8y)dd = -
i
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B B gp= 1509
a—xz ,a—xz[:l @:[:l @:3
e h e o
2,
o (I,yjzz 0
afu,v:l 0o 3
=6=10
=5

Mow B 12 region bounded by the ellipse
9x% +4y* =36 thus 36u° +36v° = 36
=z +vf =1

And S:[[u,v)/—liv =1 —f1-v" =u 5»\.'1—1;2}



2

[| # aa= j [ au* 6.y

R W o

letu=rcosB andv=rsin 8, thendudv=rdrd&.
1 fia® Pyl

Sﬂ,” xdd= 24] j sdus v = 24] j P eost 8rdrdd

i T f=i) =l

Ix 1 2z 4 T
=24j [gﬁ msﬂa.:frdaﬂalj[’" } cost8d8
1]

=l 4 0

dx A=
= 6 cos® 948 =3[ (14c0528)d8
1]

1]

=3(2m-0)=6x

dird 25}“"

0

=3[5+
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The region R is bounded by ellipse 2 — ap+y* = 2

The given transformation 1s

r= \.@;—\/%v
y=m"§u+‘j%v

On using this transformation we find that the 1mage of the region E 15

N 7 B NP 728 NN 7 Y R 7

. 2 i 2 2 1

LE 2u2+—v2—ﬁuv—2uz+—vz+2u2+—u2+—uv=2
ie. Put 42yt =2

= w4t =1

Which iz a circle with center at (0, 0 and radius 1.

x

Mow E}[x,y) = ov
B[u,v) @

th



Then by theorem of change of variables in double integrals:
[[(2- o) at= [ 2o +7) 22
E 3

Elzu,v)
Where Sz{[u,v): 0 51}

ey

On using polar co — ordinates we hawe

2[[ (s ++*). Ll

=

1
J-.?‘j.r'cfr fofe
0

Hence ”[:xz— :gr+f)ciﬂ: A

= E
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Consider the double integral HIVJA where the region in the first quadrant bounded by the
"

lines y=x, y=23x, and the hyperbolas xy=1xy=13.
The objective is to find the double integral ﬂ-‘-’.*'”’f" in the given region by using transformations
"

i
y=—and y=v
'|_.'



The graph of four equations in the first quadrant is as shown below.

44

b Y

-

=3x

(@.0)

i



To transform these four equations in terms of u and v, replace each x and y with their

: . u
transformation equations x=— and y=v.
v

First, transform equation y=x,

y=x
i
v=—
v
1-’2=H'

v=i-J"E

Next transform equation y = 3x,

y=3x
v=32

v
v =3y

v=i@

Now transform the third equation xy=1

x=1

(&

=1

Now transform the third equation xy=3
xy=3

(-

n=3
The region S in the uv—plane is bound by the equations y=1. u=3, y=.fy and =3y

le. §={uv)|1<us3, Jﬁgugﬁ}



The region is as shown below.

4V

[

”2

The value of 44 using Jacobian is,

ox ox

dd = ou v e dv
[
du  ov
1 =
=lv  v'|dudv
0 |
=—dudv

Hence, the value of J4i5 dAd =ldnd1,:.

W



The value of the integral HI,W'A is,

([, xyda= H [] [Jd‘»dn

II —a’-.fdu

_L u In v}]::;u du
=j-lu[ln[@}_1n(~.f;]:|du

f il (ufdie= [ }in{u]a’u] [Slnce In(x ) Sn(x ]]

2

=3 =3
u’ T u’ w? 1
{Eln(h] —I?.?a’uld _|_?|" [”)_J?qu],,_, }
- 5 = 5 U=
" Hoou i
Elﬂ(:}ﬂ]—?—?]ﬂ{ﬂ]‘i‘?]"ﬂ

bd | — 3| —
L

] |

[) 1 ] 1 T 1

.H'E H? i
— i 3u)——1
5 n(3u) 7 n{u}l:—!

u* (In(3u) —1"(”))]:_:

|
1
=
tad
=
—
Lad
L
| S—
z =

=1In(3)
=%(31-|2]In{3]
:&[E}In(B}

=2In(3)

Hence. the value of the integralis ||| xvdd =2In(3)|

E
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Consider the following region:

[y

&

Here, R isthe region bounded by the curves.
w=law=20"=Lx'=2u=xy, and v=xy’
Evaluate the region bounded by the given curves using a graphing calculator.

Sketch the graph of the given curves as shown below:

Observe the above figure; the required region is blue in colour.



=]

= ] s M
Since H=Xp, = y=—=y =—,
x x°

3
-

Substitute y? = in y=xytoget y=2_
X ¥

.
Now substitute y=""in y=2 toget y=2,
X i

v

Therefore, =2 y=%

o v

0

Differentiate ywith respectto w and v , to get the following result:

2
bab
L
b
=

Observe the given curves x and y functionsin y and v-
Compute the Jacobian as follows:

& o
5{-T-,F]=Ei’u v

o) |ov o
ou  ov

2u u’
v
- v |
T
(2] (W’ v
CHEE

21
vy
1
v

The region g is the region with vertices [LI],{E,]],[{%} and (%2]



Therefore, the region of R is calculated as follows:

: —a{x"}?]}tfudv

clt
T E}"(H, v}

1[4 1
_5_5_5]
-

)
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(a)

Consider the solid E which is enclosed by ellipsoid

[

o
by

it

3 2
_2+,}’2 T =
] b P

The volume of this solid is given by the following triple integral

]’!’ av

Use the transformation

x=au,y=bv,z=cw

The ellipsoid E£__ in xyz space transformto £ in wvw space

B
Ea
(%]

'r, + ‘F, + z, =1
a - £
F4 4 F
! L
a b vl

. 3
Y +Hw =1



So E,, is asolid enclosed by sphere with radius is 1,
[ v =[] e
£ Eo,
8 Ly Fa
Mdﬂa‘uﬁu
c[u,v,w]
a o ax
o ov  ow
o(nr?) v &
ﬁ’(u,v,w} on  ov ow
Gz 0z &z
on v ew
a 0 0
=0 & 0
0 0 ¢
= ahc
Szl pe (1)
d(u,v.w)

Using this Jacobean value to find the integral

War=Il 5es)

= m abedudvdw

:"..ll'-

= abcﬂj dudvew
E e

E‘{xbz

dudvdw
u v w}

= (abc)x( volume of the sphere u® +v* +w’ =1}

={ﬂbc}‘x(%ﬂr[l}3]

= i mabe
3

(2)
The earth is approximately ellipsoid shape with

a=h=6378km and ¢ = 6356/km

The volume of earth is approximately from result of part (a) is

drabe
3
J 4}r{63?’8}{ 23?3}{6356}
47 [ 253554936?{}4}
3

= [1.0830 x 10"

i

Thus, we get the volume of the earth as 1.0830 = 10" km®.



(c)

It is known that the moment of inertia of a solid about the z axis is given by
Jio= J.H(.rl + _pj}p[.r, v, z)dv
£

But it is given that the solid has constant density k

I= {ﬁ{x + yz)p(.w:‘ y,z)dv

" ‘[‘U{r +* )k ddydsz

= .F:][-I:[((m.f ) + (.rwf]

=k Hj(ﬂ:ui + b4 ){ﬂbc} dudvdw (from equation (1) )
.I':'m‘

o(x.y.2)

dudvdw
A, v, w) oA

Since boundary of E__ is a sphere we use spherical coordinates
E,.={(p.0.4)|0<p<1,0<0<27,0<¢< 7}

u = psingcostl,v= psingsinf,w= pcos¢g

Now calculate above triple integral using spherical coordinates, that is coordinates (u,p,w)

A, v, w)

d(p.0.9)

convert into (p,&,qﬂ] so in this case use the Jacobean

k _I.‘I-‘I-[.:fu2 +h2ur]{abc] dudvew

=
=
'y

AN, v, w)

dadd
3p.6,9)| PI01P

(aj (psingcos@) + b (psin gsin n‘?}:)‘

(pz sin’ ¢)(a” cos® @+ b’ sin’ H)(pz sin ¢ ) dgpd 0 p
1| 2rw

k(abc}j I j(p* sin’ ¢][a3 cos” @+ b sin’ E?]d.;ﬁdﬁdp

0

k (ﬂ!bf)j p*dplf (az cos’ @+ b sin’ H}dﬂjsml dd
o 0 [}



These three limits are independent so calculate separate integrals and then product all the
values

5
T{a:’cos:.‘.’ﬂbz sinzﬁ')dfi’:zf[:f(l— +b
0 1]
2

2 2L 2 2 21 2

oy alas) 8, st

=:r[a: +.|E|2)

{a2c0513+b3 sin:ﬁ]dﬂ=x{az+hz] ,,,,,,,,,,, (3)

(]
Q"—-—.,_l

Mow consider the integral on that variable ¢

j‘sinigﬁdqi =j{33in¢5—sin3¢]d¢

- o 4
d « 1[—cos3g|
=EE_EDS¢]”_3[ 3 ]
— 3(0
:E[_CGSE+E05{}]—1|: ':053,=r+ms ( ]]
4 1 3 -

o | —

[

| e b |



From the equations (2).(3) and (4)
F

k{r.’rf?{']_[;fn'pj. {uz cos’ 8+ b* sin’ H);m} sin’ g
o il !
y

(ka0 5 (e +0)3)
= (ekabe)-{(a* +1?)

Therefore, the moment of inertia about the z axis is i,fr{g*’ + b )nh.;-ff.
15
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Jze a change of variables to find an easv integral for calculating the area
The change of variables can be used to calculate a double integral as follows:

L[f(x,y).iﬂ=L[f(x(u,v),y{u,v}} g‘;ﬁ );a(ucfv ...... (13

Where gix ‘J?II 1z the Jacobin of the transformation, calculable by
0,V

o
3x.y) _|ou
Alu.v)  |dy

B

_dxdy iy
v dou

PP

The equations the problem provides suggest an easy transformation to u and v, as
follows:
oy

14
V= Xy
This 15 a transformation from the xy-plane to the wv-plane, howewer. We want the inverse
transformation: the transformation from the xe-plane to the wov-plane, which we hope will
make the region easier to integrate. To find the inverse transformation, solve these

equations to get them in terms of x and y.

First solve for x 1n the first equation:

=2 (%)
¥
Plug this into the equation for w:
i L y1.4
¥
04

Y=y



The decimal 4 iz the same as the fraction 275, we rewrite the exponent this way so we
can solve for vy by taking both sides to the power of 2/2:

/5
V =y

We now hawve the desired transformation equations,

742
1

X, V) = —=

v

i2
Yl v) = =
i

We'll need the partial derivatives of x(u,v) and »{,v) to plugintoe (1), Hold v constant
and take the derivatives in terms of i

Ax Tu

a = N

By 5

a w”

Mowr hold & constant and talee the derivative 1n terms of v
a‘_{ 534!5?'"2

E - 2y 2

& o

>

TTze the partial derivatives to calculate the Jacobian:



Bry) &y ddy

v Audvy A

?Hi“ﬂ 51;3."2 i_—m?ﬂ 5v5ﬂ

3525
T4y
.5
T2y

since we are trying to find the area, the function fwe are double-integrating equals 1.
The limits of integration are given in the problem; since xy ranges from @ to &, now that
we have w = x| the limits of w are @ and b, Similarly, since x™* is given as ranging

from ¢ to &, the imits of v are ¢ and 4.

We now plug into the transformation integral given in (1)

[[ 7 Catee .. e, giz f;' )du.:fv =['[m [%Jﬂ'udv

. L"' r [%}Judv

Integrate 1n terms of

&
(LG -1
¢ dal Zdy 2
J'rf Db — D
= s
¢ 2
S5b—5a Ia[l]d
= — kv
2 ¢ AW
Integrate 1n terms of v

Sh—=5a pdf 1 Sh—5a d
R ln v
2 (=25 oy

i

= 53;-;5.:1 (lnd—lnc)
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Consider the integral,

x—2y
Lj}x_}rdd

As the integrand '; Yis not easily integrable, make a change of variables.
xX=y

Let us use the transformations.
u=x-2y. v=3x-y
These equations define a transformation -! from xy-—plane to the wv- plane.
Recall the theorem change of variables in a double integral,
If a transformation is defined from uv-plane onto xy- plane and the Jacobian is non-zero then

H.f(n}’}df! =Hf(:r(u.,v},‘y(u v ) e ij}

S0, the transformation from uv-plane to xy-plane is

dudv ...... (1)

~ 3u-v
_2v—u = -5
R _v=3u
- B
Differentiate partially x, y with respect to u, v.
ox _-1 éx_2 & _-3 & _1
u 5 v E E 5 v 5

Find the Jacobian.

-2
8(xy) |5 5
I

5

5{!;._,1—‘]-_3
5

_=1 b

25 25

.-

T 25



Change the limits of integration.
The region Ris given by x-2y=0,x-2y=43x-y=1and 3x-y=8
After applying the transformation, the region is

u=0u=4v=Lv=38

Sketch the region bounded by this lines.

TE

9-—

(4.1)

L e

[
s
e
Ty

of I
Use (1) to evaluate the integral.

x=2y Pru
j;f T dA =J,‘-!_Edudv

[}

|
=
>
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Consider the following integral:

”(l‘ +_1.-')U*: ¥ dA

R

Here, R is the region bounded by equations x—y=0, x—y=2, x+y=0 and x+y=3.
The region R is as shown below:

Figure 1

2.0 T T

1.5}

1.0

0.5F

=1.0}

=15}

_2'—011! -0.5 0.0 0.5 1.0 1.5 2.0 2.3 3.0

X

Let u=x-y and v=x+y

H+yv VY—U

x(wv)= and y(u,v)=

The limits of new region is,
T={(u,v)/0su<2,0<v<3)

To find the value of the integral, use the following formula:

'”'fl{x"v}d’q :J-jf{"r{”ﬂ‘]?_}’(n*l']) Ox,)

’ a(u,v)

ducdv ... .[ 1 }




Find the partial derivatives as follows:

& (H-i-vJ
l:.:'-Ir=_
eul 2

2
p =£[u+v}
Togvl 2
_d
g
_ O |v—u
y"_E[ 2 ]
__I
TR
2ol
‘P"_E
The Jacobian of T:
xy) |x =x
ﬁ{u,v]_y" Y.
SX¥, XY,
(1)(1) (1)1
Gz
.
4 4
e o
R

Evaluate the integral is as follows:

L!{x+,V}e’z'-"?dA = jrj[” ; Ly ";" }w (%]d_m

L[ e

)dv
LI}

b
3

| ¢
=5l [

Therefore. the value of the integral is _(&-*' —?] ,

use (1)
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Evaluate Hcﬂs[y—x]dﬂ
I y+x

Since it is not easy to integrate cns[

y-x
y+Xx

]__ we make a change of variables suggested by the

form of this function
H=x+y, v=y—x (1
These equations define a transformation 7! from the xy-plane to the wv-plane.

Change of variable in a double integral: Suppose that Tisa ¢! transformation whose
jacobian is nonzero and that maps a region § inthe wv-plane onto a region g inthe xy-
plane. Suppose that fis continuous on R and that g and § are type | and type Il regions.
Suppose also that T is one-to-one, except on the boundary of S

o(x.y)

Then Hf{xﬁ_p}dzd = _I._I.f(x{u,v]‘,l’{mv]) 2(u;»)

It is obtained by solving (1) for x and y

u+v=2y,u-v=12x
Then y:lz{u+p). x=%[n—v)

And then the Jacobian of T is:

o o
o(x.y) _|ou ov
5{:;,1-'] E}_J _5_11

ou v

ho N

I .l
=—4 —
4+ 4



1

2
The given region R is a trapezoidal with vertices (1, 0), (2, 0), (0, 2), (0, 1)
The region R is a trapezoidal with vertices (1, 0), (2, 0), (0, 2), (0, 1) shown in the below

afy

¥~

To find the region S (the image of R) in uv — plane corresponding is R, we see that the sides of
Rlieonthelines:x=0,y=0,y=1-x.y=2-X

Then on using (1) we find that the image lines in uv — plane are:
u=v, u=—=v, ny=1. n=2

Thus S:{{u,v}: 1€u<2, -Hﬂ'lfﬂh‘}



Then using the theorem of change of variables in double integral,

H“*‘S[i:]cm = _[;[w.,[ﬂ f{-fa_lr}

» o(u,v)

= :[ Iﬂcos(f]%dvdﬂ

= l [ 4 Siﬂ[i} i
2'] 30 8

2

= %:[u sin(1)—wusin (—I}]dv

du dv

=— Trrs'tn (1)+u sin{l]]dn

2
= sinEIudn
1

-

i)
=sin{|}[z—ﬂ

3.
=—sinl
2

Hence J‘Icus["” _"']dA 2 ind
2

R \y+x

Chapter 15 Multiple Integrals 15.10 26E
We need to integrate sin (QIE +4y2:l . then we make transformation of the

formx:% and y=—

| B

Then u=3x and v= 2y

Andthen B(x,y) =
B[u,v

° wi= Pl P
¥le PR

2| —

O | e



The given region R is the region in first quadrant bounded by ellipse 9x° + 4y =1
To find the region 5 (the image of B) 1n 2y — plane corresponding to X, we see
that S iz the region of circle 2® +v* = 1 in the first quadrant.

In polar co — ordinates the region = 15

S:{[r,&l): 0<r<l, ogag‘;—r}

Then using the theorem of change of wartables in double integral,

.I-_I-sinICQI2 +4_y2)ciﬁl= ”sin (uj +v2) E(x,y) v

Efu,v:l

1
= é dé‘._!r sinl[rj)cfr
1
= é[ﬂ)g’é[_—l I::osrgi|
1

Hence ” gt |:9;r:2 +4y2:| dA = %(1— Cos 1)

£

Chapter 15 Multiple Integrals 15.10
Weneed to integrate ™ over the region R given by |:J:|+ [y| |

A }.
(0,1)
R;y=x+1 R,;y=1-x
R
s X
(-1,0) ) 1.0)
R,:y=x-1
Ry=-x-1
(“?'l)



We make transformationx +y=nandx -y =v

Cir x:%[u+v:l, y:%(u—v) st

Thenregien B isbounded by lines & y=x-1, &, y=1-x, & y=z2+l
and X, © y=-x-1,thento find the image of K 1n uv —plane, on using (I) we
find that the image lines are given by

u=1,u=-1,v=1, v=-1 [Sinn:ex+y:uandx—y:v)
Then the image of E 15 given by

Sz[[u,v): —1=u =1, —151}51}

B ‘II
v=1 (0,1)

ll:—l S Uzl
1,0) : Loy
v=-1 (0,-1)
A x.y]
Also =
B[u,v)

-2

LN NS Ple P
STNG N 2l 2w

e S |

Then by the theorem of change of variables in double integrals we have

”e’”aﬁﬂ: -I'J'E.u BEIJ)

J
111 ;
=E-|--|-é‘ i v

-1-1

1 v

u,v:I

11 1 }
=E-|-c£v-|-é' il

-1 -1

Hence ”e“"dﬂ —g—g
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Consider

Triangular region with vertices (0,0),(1,0) and (0,1)

h

(0,0) F=0

Take transformation: x+y=u and x—=y=v

Adding these two equations
X+y=u
X—y=v

2x=u+v
I=%{H+V}

Now, subtracting the equations

x+y=u
X—y=v
2v=u-v

y=%{u—v)

(1,0)



MNow,

1
Xx=—(ut+v
(u+v)
Taking partial derivative with respectto u
_1
ou 2
Taking partial derivative with respectto v
o _1
ov 2

And y:é[u—v}

Taking partial derivative with respectto u

& _1
cu 2
Taking partial derivative with respectto v
A L
ov 2

The region R is bounded by lines y=0, y=0and y=1-x
Then on using _;;=%|:u+p] and y:%[ﬂ—p}: the image lines in wv — plane are:

u=0u=lLv=wand v=—u
Then the set S (the image of R in uv-plane) is:

S={(u,v}: ﬂiuil,—uiviu}



Graph is

> U

ok B

Also M: ou  ov

é(uv) |y a

ou oy
L 4
{2 2
1 1
2 2
11
4 4

Change of variables in a double integral:

Suppose that 7 isa ¢! transformation whose Jacobian is nonzero and that maps a region §
inthe wv— plane onto a region g inthe xy- plane. Suppose that f is continuous on g
and that Rand S are type | or type |l plane regions. Suppose also that 7 is one-to-one,
except perhaps on the boundary of §. Then

ﬂ-.f{L}'}dA = ﬂ‘j-(.‘f(u,v}*};(”‘p” 5[-\:._]’}

ey

-

¢ :r.u}




Then by the theorem of change of variables in double integrals we have

H-f{-’fﬁy]d}qzﬂf(} a(x.»)

o elv

(.)

jf u ) dv du [Smce ol

M|-—-

M|a—-

!
j:f u), (v} du
ij (e)(2u)d

ad
2

=![“).f(n)du

Hence

Lff(x +y)dA= ;{H S u)du





