Introduction

eorg Friedrich
Bernhard Riemann (Nineteenth
century) was an inspiring German

mathematician. He was very much recognised for his

contribution in calculus.

Calculus divides naturally into two parts, namely
(i) differential calculus and (ii) integral calculus. Differential

Bernhard Riemann calculus deals with the derivatives of a function whereas, integral
(17" September 1826
- 20" July 1866)

calculus deals with the anti derivative of the derived function that
is, finding a function when its rate of change / marginal function
is known. So integration is the technique to find the original
function from the derived function, the function obtained is called the indefinite integral. Definite
integral is the evaluation of the indefinite integral between the specified limits, and is equal to
the area bounded by the graph of the function (curve) between the specified limits and the axis.
The area under the curve is approximately equal to the area obtained by summing the area of
the number of inscribed rectangles and the approximation becomes exact in the limit that the
number of rectangles approaches infinity. Therefore both differential and integral calculus are
based on the theory of limits.

The word ‘integrate’ literally means that ‘to find the sum’ So, we believe that
the name “Integral Calculus” has its origin from this process of summation.
Calculus is the mathematical tool used to test theories about the origins of
the universe, the development of tornadoes and hurricanes. It is also used to
find the surplus of consumer and producer, identifying the probability density

function of a continuous random variable, obtain an original function from its
marginal function and etc., in business applications.

In this chapter, we will study about the concept of integral and some types of method of
indefinite and definite integrals.
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Learning Objectives

After studying this chapter, the students will
be able to understand

® the indefinite integral.

® how to find the indefinite integral of
a function involving sum, difference
and constant multiples.

® how to use and where to apply the
substitution technique in indefinite
integrals.

® the techniques involved in integration
by parts and some special type of
integrals.

® the fundamental theorems of integral
calculus.

® the properties of definite integral and
its applications.

® the application of a particular case of
gamma integral.

® the properties of gamma function.

® the evaluation of the definite integral
as the limit of a sum.

2.1 Indefinite Integrals
2.1.1  Concept of Indefinite Integral

In differential calculus, we have learned
how to calculate the differential coeflicient
f’(x) of a given function f (x) with respect to
x. In this chapter, we have to find out the
primitive function f (x) (i.e. original function)
whenever its derived function f’(x) (ie.
derivative of a function) is given, such process

is called integration or anti differentiation.

.. Integration is the reverse process of

differentiation

d .
We know that E(Sm X)=COSX. Here
cos x is known as Derived function, and sin x
is known as Primitive function [also called as

Anti derivative function (or) Integral function].
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Definition 2.1

A function F(x) is said to be a
primitive function of the derived

function f(x), if L [F(x)]= f(x)
dx

Now, consider the following examples
which are already known to us.

%(x3)=3x2, %(x3+5)=3x2,
%(x3—%)=3x2, %(x3+e)=3x2,
% (x3 —7T)=3x2,

From the above examples, we observe
that 3x” is the derived function of the primitive
functions x°, x° +5, x° -3, X’ +e, x’—m,

. and which indicates that the primitive
functions are need not be unique, even though
the derived function is unique. So we come to a
conclusion that x° + ¢ is the primitive function

of the derived function 3x2.

.". For every derived function, there are
infinitely many primitives by choosing ¢
arbitrarily from the set of real numbers R. So we
called these integrals as indefinite integrals.

In general,

J [F(x)]=f(x) = Jf(x)dx=F(x)+c,

dx

where c¢ is called the constant of

integration.

Remarks

® If two different primitive functions
F(x) and G(x) have the same
derived function f(x), then they
differ only by a constant term.

® J f(x)dx is called as indefinite
integral.
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® The symbol looks like an elongated S
[ J- ], which stands for “summation”
is the sign of integration.

® Jf(x) dx is read as integral of f (x)
with respect to x.

L f(x) in J.f(x) dx [i.e. the function
to be integrated] is called as integrand.

® x in j f(x) dx is the variable of
integration.

® The term integration means the
process of finding the integral.

® The term constant of integration
means any real number ¢, considered
as a constant function.

Definition 2.2

The process of determining an integral of a
given function is defined as integration of a
function.

2.1.2 Two important properties of
Integral Calculus
(i) if k is any constant, then
[k fx) dx =k [ f(x) dx
(ii) if f (x) and g(x) are any two functions,
then

J[7)+ g0 dx = [ £x) dr £ [g(x) dx

Methods of Integration
The following are the four principal
methods of integration.
(i) Integration by decomposition.
(ii) Integration by parts.
(iii) Integration by substitution.
(iv) Integration by successive reduction.

Integrate a function f(x) rgeans, finding a

function F(x) such that F _
—|F(x)+c|= f(x
» [F(x)+c]=f(x)

Here, we discuss only the first three methods of
integration, because the method of integration

by successive reduction is beyond the scope of
the syllabus.
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2.1.3  Integration by decomposition

Apply this method, whenever the integrand
is impossible to integrate directly, but it can be
integrated after decomposing into a sum or
difference of integrands whose individual integrals
are already known.

The integrals which are directly obtained from
their corresponding derivatives are known as
the standard results of integration.

Some standard results of integration

Type: 1

. . xn+1

(i) Jx dx=n+1+c, nz—1

. 5 _(ax+b)’“r1 _
(ii) '[(ax+b) dx_—a(n+1) +c,n#—-1

y =[fx) dx =F(x)+c
denotes family of curves having
parallel tangents at x =k

Example 2.1

ax® +bx+c
Evaluate J.

Jx
Solution:

Jax2+bx+c

dx
Jx

3 1 1

dx

jax2+bx2+cx * |dx

= ajx;dx + bj x%dx+ cjx_ %dx
5 3
1

2ax°  2bx’ 5
= + +2cx” +k

5 3

de=x+c
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Example 2.2

Evaluate j\/ 2x +1dx

Solution:

J\/2x+1dx :J.(2x+1) dx

(zx + 1)

N —

] w

' = +c
_ v?ﬁ! - ’ |
M KNOW?

Ja(ax+b)n dx= I(ax+b)" d(ax+b)

n+1
_(ax+b)
n+1
Example 2.3 dc
Evaluate J. >
(2x+3)
Solution:
dx -2
=|(2x+3) dx
J- (2x + 3)2 '[( 1 )
= +c
2(2x+3)
N0 AP
~
M4 KNOW?
(i) J.idxz— 1 +c,n#l
x" (n - 1) x" !
(ii) j - J'L-i_b)
ax + b ax + b)
1
=— +c

Example 2.4 5
1
Evaluate J x+—) dx
X

Solution:

J'(x+%)2 dx =J(x2 +2+%) dx

= J.xzdx+2J’dx +J.%dx
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x> 1
=  +2x——+c
3 X

Example 2.5
Evaluate j(x3 + 7)(x - 4) dx

Solution:

J(x2+7)(x —4)dx

j(x4 —4x° + 7x—28) dx

XS 4 7X2
= ——-x +——28x+¢C
5 2

Example 2.6

2x* —14x+24
Evaluatej X ;C dx
x_

Solution:

By factorisation,

2x* —14x+24=(x-3)(2x - 8)

2 — —
sz ~14x+24 I(x 3)(2x-8)
x=3 x=3

J(Zx —8)dx

dx

x> —8x+c

Example 2.7

x+2
Evaluate I

dx
N2x+3

Solution:

Split into simple integrands

x+2 _5(2x+4)

NV2x+3 2

(2x+3)

(2x+3)+1

D S i il
? (2x+3)E

{(Zx +3)

1

l\)lr—ﬂ

(2x+3);}
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2 3
Example 2.8
1
EvaluateJ. dx
Jx+2 —x-2
Solution:
By rationalisation,

1 _ 1 ><\/x+2+\/x—2
Ve+2-x-2 Jx+2-Vx-2 Jx+2+x-2
NXx+2+x-2

- 4
1
j dx
\/x+2—\/x—2

_ Jx+2++x-2
—J 1 dx

(x+2)2+(x—2) +c

* Exercise 2.1

Integrate the following with respect to x.

2
4
1. v/3x+5 2. (9362 ——)

3
2

O\ |—

2
X

3. (3+x)(2—5x) 4. \/; (x3 —2x+3)

5 8x+13 6. 1
Jix+7 Jr+1++/x-1

7.1f f/(x)=x+0b, f()=5 and f(2)=13,
then find f(x)

8. If f’(x)=8x"—2x and f(2)=8,then
find f(x)

Type: 11
(i) jldx = 10g|x|+c
X

(ii) Jaxl—i-bdx = ilog |ax+b|+c
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Example 2.9
3x% +2x+1
Evaluate j—dx
X
Solution: ,
3x"+2x+1 1
judx = j(3x +2+ —)dx
X X
3 2
= %+ 2x+ log‘x‘+c
Example 2.10
Evaluate
3x+5
Solution:
2 1
J dx =2 J. dx
3x+5 5 3x+5
=3 log ‘3x+ 5‘ +c
N0 AeA
g YOU M
R4 KNOW?
dlax+b
AR LICAL)
ax+b ax+b
=log |ax+b|+c
Example 2.11
X +2x+3
Evaluate j— dx
x+1
Solution:
Split into simple integrands
42443 (x2 +2x+1)+2
x+1 x+1
2
=(x+1)+—
x+1
2
+2x+3 2
Jli dx = j{(x+1) + —}dx
x+1 x+1

2
= x?+ x+210g‘x+1‘+c

Example 2.12

3 2
x +5x°-9
Evaluate j ——dx
x+2
Solution:
By simple division,
3 2
+5x° -9 3
XX T i 3x—6+—
x+2 x+2
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J~x3+5x2—9
xX+2
3 2
3
= x?+ %—636 +3 log |x+2|+c

Example 2.13

Evaluate j 7x——1 dx

x> —5x+6
Solution:

By partial fractions,
7x—1 A B
2 - +
x"=5x+6 x—-3 x-2
7x—1 20 13

x2—5x+6_x—3_x—2

[ 7=l J[zo_w“dx

x> —5x+6 x—=3 x-2]

20| xdi) =t d

dx = J|:x2+3x—6+ 3 :|dx
xX+2

x
x—2

= 2010g|x—3|—1310g|x—2|+c

®
Example 2.14
Evaluate j 3x2+ 2 dx
(x - 2) (x - 3)
Solution:
By partial fractions,
3x+2 A B ©
2 = + 2t
(x—2f(x-3) (x-2) (x-2) (x-3)
N 3x+2 __ 118 N 11
(x—2)2(x—3) (x—2) (x—2)2 (x—3)

J' 3x+2

(+—2) (+-3)

dx

/ ‘<x—z>‘<x_z>2*<x—s>}"x

dx
5 +11

] (xdfz)_sj(

‘ ‘ XII Std - Business Maths & Stat EM Chapter 2.indd 31

x—2)

J

dx
(x—3

)

= —1110g|x—2|+i+1llog|x—3|+c
x=2

= lllog ks + +c
x=2| x-2
Example 2.15
3x> +6x+1
Evaluate j dx
(x + ?))(x2 + 1)
Solution:
By partial fractions,
3 +6x+1 _ A | Bx+C
(x+ 3)(x2 + 1) (x+3) (x2 + 1)
3x> +6x+1 _ 1 N 2x
(x+ 3)(x2 + 1) (x+3) (x2 + 1)

dx

J 3x% +6x+1
(x+3)(x2 +1)

1 2x
e

X x ®
- j(d +j(2 d

x+3) x2+1)
= log|x+3|+log‘x2 +1‘+c

= log‘(x + 3»)(x2 + 1)‘ +c

= log‘x3+3x2+x+3‘+c

* Exercise 2.2

Integrate the following with respect to x.

2 4 2
1 X —x"+2
1. 2X — — _
(\/7 \/E) x—1
x° x> +3x2—7x+11
3. 4,
x+2 x+5
5 3x+2 4x° +2x+6
C(x=2)(x-3) T (x1)(x-3)
3x2 —2x+45

1
8. If f(x)=— and
X

” (x - 1)(x2 + 5)

)= %, then find f(x)

Integral Caleulus — 1 I 31 -

08-12-2021 11:39:45‘ ‘



Type: 111
(i) jexdx =e"+c
1
(11) J’eax+bdx :_eax+b+c
a
1
(iii) Ja" dx= a*+c,a>0
loga
and a#1
1
(iv) Jam“”dx :1— a™"+c,a>0
mloga
and a#1

Example 2.16
Evaluate j32x+3 dx

Solution:
-"32x+3 dx — -“3236 _33 dx
= 3% [3**dx
J. 2x
=27 +c
2log3
no
M4 KNOW?
Jmam”" dx = Jam”" d(mx I n)
® =—a™" +¢, a>0and a#l
loga
Example 2.17 oF 47
Evaluate . dx
Solution: ¢
e +7 “x
J’ dx f 1+7e )dx
e —
=x—7e¢  +c
no
— ‘““
A4 KNOW? 2
i _[ (Zax + b) e e gy
2
= je‘”‘ thxte d(ax2 +bx + c)
2
— eax +bx+c + k
Example 2.18 2x
5+5
Evaluate J.x;e_xdx
e’ +e
Solution:
J' 5 + Sezx J ( ) dx
e +e e“+e
= SJ. e“dx
= 5¢" +¢
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Example 2.19

Evaluate ( lx) dx
Solution:
j(e"+—) dx = ( +—|—2)dx

j(ezx +e +2)dx

2x —x
e

-8 oxte
2 2

* Exercise 2.3

Integrate the following with respect to x.

1. xloga +ealoga _enlogx
xlogb 5
) % 3. (ex +1) e’
prloga px
e3x _e—3x e3x +eSx
R e
e e +e
(x+l) 1
o [1i-a ] 1
* x(log x)
8. If f'(x)=e"and f(0)=2,then find f(x) @
Type: IV
(i)J.sinxdx = —cosx+c

(ii) jsin(ax +b) dx =— 1 cos (ax+ b)+ c
a

(iii) jcosxdx =sinx +¢

(iv) Jcos(ax +b)dx = lsin(ax +b)+c

a

(v) jseczxdxz tanx +c¢

(vi) Jsecz(ax +b)dx =ltan(ax +b) +c
a

(vi) J.cosecz xdx = —cotx +c¢

(viii) J‘cosec2 (ax + b) dx =— 1 cot (ax + b) +c
a

Example 2.20
Evaluate j(Z sinx — 5cos x) dx
Solution:

j(ZSiHX—5COSX) dx = stinxdx—SJcosxdx

—2cosx —5sinx +¢
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Example 2.21
Evaluate J.sinz xdx

Solution:

Change into simple integrands

.2
cos2x =1—2sin” x

1
~osin?x = 3 (1—cos2x)

J. sin® x dx

I%(l —cos 2x) dx
21[_" dx —Jcost dx]

1 sin2x
=—|x— +c
2 2

COS2x
Evaluate Jz— dx

sin® x cos® x

Example 2.22

Solution:

Change into simple integrands

2 . 2
COS2X _cos"x—sin" x

@ sin” x cos® x slin2 xcos” x

sinx cos’x

= COS€C2 X — sec2 X

cos2x 2 2
[ —dx = _[(cosec x — sec x)dx
Sin- XCOS X

= —cotx —tanx+c¢
Example 2.23

Evaluate J’ 1+sin2x dx

Solution:

Change into simple integrands
1+ sin2x = sin® x + cos® x+ 2sin x cos x

) 2
= (smx + COSX)

J‘,[(sinx+ cosx)2 dx

I(sinx+ cos x)dx

J.4 1+ sin2x dx

—COSX +sinx +¢
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Example 2.24
Evaluate J cos’ x dx

Solution:

Change into simple integrands

3
cos3x=4cos’ x—3cosx

1
cos® x = Z[COS 3x+3cos x]

1 3
=—cos3x+—cosx
4 4

Jcos3 xdx

1 3
—Jcos3xdx+—Jcosxdx
4 4

sin3x 3sinx
= + +c
12 4

* Exercise 2.4

Integrate the following with respect to x.

. 2 2

1. 2cosx—3sinx+4sec” x—5cosec”x @
. 3

2. sin” x

3 cos2x +2sin’ x

cos’ x
1 . :
4 ——— |:H1nt :sin® x+ cos” x= 1:|
sin” x cos” x

5. V1—sin2x

2.1.4  Integration by parts

Type: V
(1) We know that, if wand v are two
differentiable functions of x, then
d dv du
— () =u—+v—.
dx dx dx

Integrate on both sides with respect to x .

J.%(uv)dx =Iu§—;dx +J-v;l—:: dx
= Jd(uv) =Iudv +_[vdu

Integral Caleulus — 1 I 33 -
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uv =_[udv+_[vdu
Judv =uv —jvdu

This method is very useful when the
integrand is a product of two different types of
functions or a function which is not directly
integrable. The success of this method depends
on the proper choice of u . So we can choose the
function u by using the following guidelines.
(i) If the integrand contains only a function

which is directly not integrable, then take
this as u.

(ii) If the integrand contains both directly
integrable and non integrable functions,
then take non integrable function as u.

(iii) Iftheintegrand containsboth the functions
are integrable and one of them is of the
form x",n is a positive integer, then take
this x" as u.

(iv) for all other cases, the choice of u is ours
(Or) we can also choose u as the function
which comes first in the word “IL A T E”
Where,

I stands for the inverse trigonometric function

L stands for the logarithmic function

A stands for the algebraic function

T stands for the trigonometric function

E stands for the exponential function and take
the remaining part of the function and dx as
dv.

(2) If u and v are functions of x , then

Judv =uv—u'v +u"v,—u"v, +..

’

ron .
where u su ,u ... are the successive

derivatives of # and v,v, v,,... arethe

repeated integrals of v.

Note i

s The above mentioned formula is well
known as Bernoulli’s formula.

@ Bernoulli’s formula is applied when
u =x" where n is a positive integer.
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Example 2.25

Evaluate Jxex dx

Solution:
Take u=x and dv =e*dx
Differentiate Integrate
du =dx y=¢*

fxex dx = Judv

=uv —_[vdu

= xe” —Jexdx
=xe* —e" +c
=e" (x—1+c

Example 2.26
Evaluate Jx3exdx

Solution:

Successive derivatives | Repeated integrals

and dv =e”*dx

Take u = x> v=e"
u =3x° v, =e
u” =6x v, =e"
W =6 v, =€

Jx3exdx = J.udv

wv —u'v, +u’v, —u”v, + ..
2
= x’e* —3x%e" +6xe" —6e* +¢

ex

x3 -3x%+6x —6)+ c

Example 2.27

Evaluate J-x3 logx dx

Solution:
Take u =logx and dv = x’dx
Differentiate Integrate
1 x*
du =—dx v=—
x 4
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Jx3 logx dx = Judv

= uv—_[vdu
x! 1 ¢35

= Zlogx—zj.x dx
x* x*

= —logx —— —J+c
4 4\ 4

= x_4 lo x—l +c

Example 2.28
Evaluate J.(log x)2 dx

Solution:
Take u = (]og x)2 and dv =dx
Differentiate Integrate

du = (210gx) (ldx) Ve
x

J(tog )" dx = fuav
® =uv —.[vdu
:x(logx)2 -2 Ilogxdx (M)

For J.logxdx in (*)
Take u = (logx) |and dv =dx
Differentiate Integrate
du =—dx o
X
= x(logx)2 —qudv
= x(logx)2 —Z[uv —Jvdujl

Example 2.29
Evaluate J(xz —2x+ S)e_xdx
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Solution:

Successive derivatives | Repeated integrals

and dv =e “dx

Take u=x>—2x+5 py=—e*
u'=2x-2 2 =~
u”=2 . =—¢ *

J(xz —2x+ S)e_xdx
= Judv

=uv —u'v, +u’v, —u"v, +...

e_x)—(Zx—Z)e_x +2(—e"‘)+c

=¢ * (—x2 —5)+ c

* Exercise 2.5

Integrate the following with respect to x.
- 2. x°e 3. log x @
2

X

=(x* —20+5)(-

1. xe

4. xlogx 5. x"logx 6. x%e

2.1.5 Integration by substitution (or) change

of variable method

Integrals of certain functions cannot be
obtained directly, because they are not in any one of
the standard forms as discussed above, but may be
reduced to a standard form by suitable substitution.
The method of evaluating an integral by reducing it
to a standard form by suitable substitution is called
integration by substitution.

Type: VI
LA ()] Freode= [f( )] e
J;((x)) =log |f(x)|+c

j (x) dx =2\ f(x)+c

4. _[e f(x)+f’(x)]dx =e" f(x) +c
5. Je[afo)+ f/(x) Jdx =e™ f(x) +c

Integral Caleulus — 1 I 35 -
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Example 2.30

Evaluate J dx

x*+1

Solution:

Take f(x)= x?+1

L f(x) =
J’x +1dx __Ix +1
ff (s
f(x)
:510g[f(x)]+c
=%log‘x2+1‘+c
00 A
YOU My
A now?

(ax A b)

nax
'[ax"+b _J ax"+b

= log‘ax +b‘+c

Example 2.31
Evaluate J

al dx
\/x2 +1

Solution:

Take f(x)= x?+1

L) =

J.L dx =1J‘2—x dx
Vx®+1 27 Jx?+1

If(x)
ANTTEN

%[2 FG) e

=vVx’+1 +c

- 36 I 12" Std. Business Mathematics and Statistics
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00 A%
“ ~

nax"" (
J ax" + J‘\/ax +b
=2Vax" +0b

Example 2.32

Evaluate J‘x\ /xz +1 dx

Solution:

Take f(x)= x2+1

) =

1
Jx,/x2+1 dx =%J (x2+1)2 (2x dx
;

=[]

3
_1[f&] (x)]2
2 > 3
=l (x2 + 1)2 +c
Example 2.33
Evaluate _[ S dx
(x2 + 1)
Solution:

Take z=x>+1
~xP=z-1 and

dz = 2xdx

:>—z=xdx
2

3 2
el e

z—1
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1
<z =— I:ez (z—-1) ]+ ¢ [By applying
1 1 4 1 N 2 Integration
2|z 222 ¢ - by parts]
1 1 :—[ex (xz—l)]+c
= - > +c 2
4(x +1) 2(x+1)
Example 2.36
E le 2.34
e dx Evaluate jex (x2 + Zx)dx
Evaluate J. ( 3 ) Solution:
x|x +1 olution:
Solution:
Tuke z = x> By partial fractions, Take f’ (x) =
1 A N B f(x)=2x
wdz = 3xdx z(z+1)_; z+1
X 2 _ X ’
- dz > ! T je (x +2x)dx—je [f(x)+f (x)]dx
— = x"dx - -
J. J' = e x*+c
(x + 1) ( ) Example 2.37
1 1 x
~3 ( N 1) dz Evaluate J. xe ~dx
@ z\z (1 + x) ®
_1 [l _ 1 :|dz Solution:
37l 2+l By partial fractions, Take

x _aA B flx)=—o

= %[log|z| - log|z + 1|]+ c

1 z
=—log|—|+¢
3 z+1
= l10 X +c
3 5 x> +1
Example 2.35
3 x2
Evaluate J.x e’ dx
Solution:
Take z=x’
. dz =2xdx
dz
= —=xdx
2
2 2
Jx3ex dx = Ixzex (xdx)
1
= —|ze®dz
|

‘ ‘ XII Std - Business Maths & Stat EM Chapter 2.indd 37

(1+x)2

X
=

1+x (1+x)2
1 -1

(1 I x)2

=] =+ >
I+x  (1+x)

)=

(1 aF x)2

=

dx
l+x +@2]

je" [f(x) +f’(x)]dx

exf(x) +c
X
—+c
1+x

Example 2.38

Evaluate Jezx |:2 :|dx
4x*

Integral Caleulus — 1 I 37 -
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Solution: * Exercise 2.6
2x-1 1 -1 Takea =2, Integrate the following with respect to x.
i 2x1 7 f(x) =L | _2XHS 2 e

—ZF(;)+—Z] X 1 X +5x—7 S xt4l

X . ’ —
s (x) = —? . 2% \ (10gx)3
T 2x :
e =2 X

5 6x+7

2x—1 T

jezx[ 5 :|dx
4x

. 6. (4x+2)\/x2+x+1
\/3x2 +7x—1

5 xe—1+ex—1
1 1Y -1 7. x(1+ x° g - T%
= —jezx 2 +— |dx ( )
4 X X

x‘+e"
1 X
T O a2
1¢ . , xlogx x =3x" -
=—Je [af(x)+ f(x)]dx 1
4 11. " (1+x)10g(xex) 12. ——
Ir x(x +1)
= —[e f(x)] +c
4 J1 2 1 x-1
:Ler tc 13. e T3 14. e 3
Ax x° x (x+1)
3| 3x—1
Example 2.39 15. e 5
9x
Evaluate J. b1 dx
® log x (log x)z 2.1.6 Some special types of Integrals ®
Solution: Type: VII
Take 7= log To evaluate the 1ntecglgrals of the
4 —ld formj de , J—x and
s Z_x X ax’ +bx+c Vax® +bx +c
= dx= eZdzl [ x= ez] j ax® +bx+cdx, first we have to express
and f(2) :; . ax” +bx +c as the sum or difference of two
s f@)=-— square terms [completing the squares],
z
that is (x+ a)2 + 5% (or) (x+oz)2 — 3% (or)
J~ 11 i B —(x+oa)2 and apply the suitable formula
log x (log x)2 from the formulae given below.
(i 1] T LTS S WO 2 P
_j[;_?]e dz ' Iaz—xz 2a Bla—x
= [e® ’ d 1 -
je [f(z)+f(z)]dz 2."- 2x2:_10 x—al . .
=€Zf(Z)+C X" —a 2a x+a

1
=e° +c
z
X

3. J% =log|x +Vx* —a’

+c
dx [
= +c 4, | ———==log|x+Vx"+a’|+c
log x [+ 22

- 38 I 12" Std. Business Mathematics and Statistics
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____IEEEN ®

Solution:

x+x’ —a’|+c

x+Vxel+at|+c

By completing the squares

5. J\/xz - dxz%x/x2 - —%log

X a
6. J. +a’ de==\x"+a’ +—log
2 2

2+x—-x° =2—[x2—x]

Example 2.40 _, ( 1 )2 1
d = —_— _—— —_——
Evaluate J. X > 2 4
16 —x 3 5 )
Solution: — (5 - (x — 5)
dx dx

J’16—x2 :'..42_ 2 J‘d—x __[ dx

X 2 2 2
_ L e 2+x= (3) _(x_l
2(4) 8la—x 2 2
3 1
1 4+X 24| x—=
=—1lo +c 1 2 ( 2
3 g4—x —2(3} log 3_(x_1 +c
Example 2.41 2 2 2
d
Evaluate J'—x2 _ llog 2+2x
1-25x 3 4-2x
Solution: =§log 1+x te
- X
Id—x =i d—x Example 2.43
@ 1-25x" 257 (1Y ” ®
—-X Evaluate J >
> 4x% -1
Solution:
l+x dx dx
:i L 10g5 +cC J4x2_1 :J. 1
5 5
1 dx
YY)
1. |1+5x e (1
=—1log +c 5
10 1-5x .
1| 1 x“
no A =— log 2 +¢
o YOU, M AVER i P
(R4 KNOW? 2 2
Jo = dmx) gl
a~—(mx) a~—(mx) 4 °2x+1
_ 1. latmx no_ AP
_2a1 ‘a—mx‘-i_c - V““ -
A D
Know j—m | d(mx)
Example 2.42 (mx)’—a? (mx)*—a?
_ 1. |mx—a
Evaluate IZ dx > " 2a log‘mx+a‘+c
+x—x

Integral Caleulus — 1 I 39 -
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Example 2.44 ,
Evaluate dx
‘[ x? =25
Solution: (x2 _ 25) oy

X
J.x2—25dx :J. x> —25 dx

=I{1+ 225 }dx
x° =25

dx
=|dx+25
I J x* =25
x+25 log|=— | +c
[2( ) 5 x+5|:|
5 x—5
=x+—log +c
2 x+5
Example 2.45
dx
Evaluate J.z—
X" —3x+2
Solution:

By completing the squares

4

3y 1
=lx——1 — —
2] 4

2
x2—3x+2=(x—§) —2+2

‘ ‘ XII Std - Business Maths & Stat EM Chapter 2.indd 40
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Example 2.46
Evaluate J‘dﬁx
4x° -9

Solution:
J dx 3 J dx
\/4x2—9 4|:x2_9:|
4
1 dx

+c

1
=—log x+‘/x2—2
2 4

1
=Elog 2x +V4x? —9‘+c

= log|mx + (mx)2 —a’|+c

mlogn £t k=c

Example 2.47
dx

Evaluate | ———
Vauaejm

Solution:

By completing the squares

2
x* —3x+2= x—E —2+2
2 4

08-12-2021 11141:19‘ ‘



—log

( 3
x__ _3
2

=log (x——)+1lx —3x+2+
Example 2.48
Evaluate j dx
valu —_——
Vx® +25
Solution:

dx _ dx
J.\/x2+25 _J.\/x2+52

x+vx*+5° x+Vxt+25

= log +c =log +c

Example 2.49
dx

Evaluate | —————

Solution:

By completing the squares

X +ax+8=(x+2) —4+8

=(x+2)2+22
dx _J~ dx
\/x2+4x+8 \/(X+2)2+22

(x+2)+ (x+2)2+22 +c

=log

(x+2)+ Vx> +4x+8

=log +c

D0 AN
~~
- Y““

v ¢ K‘“‘W?

J‘\, +a Toraa " J‘\, mx +a

= log|mx + (mx)2+a2 +c

‘ ‘ XII Std - Business Maths & Stat EM Chapter 2.indd 41

Example 2.50

Evaluate I X dx
N, x®+1
Solution:
J x>dx 4x3dx

O

i

xt + (x4)2 +1°

x4+\/x8+1‘+c

1
=—lo
4 g

1
=—1
4 ©8

Example 2.51

Evaluate IV x? =16 dx

Solution:

J x* —16 dx =J x* —4% dx
2
=£\/x2—42—4—log
2 2
=§\/x2—16—810g

x+\/xz—42 +c

x+vVx* =16 |+¢

Example 2.52 ®
Evaluate J.\/xz +5 dx
Solution:
J.\/x2+5 dx=_'-,fx2+(\/§)2 dx
\/gz
:% x2+(\/§)2+glog x+ x2+(\/g)2 +c
=§ x2+5+§10g‘x+\/x2+5‘+c
N0
g YOU
(R4 KNOW?
Im,[(mx)2+a2 dx =J ,[(mx)2+a2 d(mx)
mx 2 2 az 2 2
=5 (mx) +a +?log mx +4/(mx) +a’|+c

Example 2.53
Evaluate f 4x* +9 dx

Solution:

J.\/ 4x* +9 dx
Integral Calenlus — 1 I 41 -
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- %j,/(zx)2 +3% d(2x)

2
:1[2% (Zx)2 +3 +3E log

) 2x + (2x)2 +3

]H
=§\/4x2+9 +% log [2x +V4x® +9‘+c

Example 2.54

Evaluate I x> —4x+3 dx

Solution:

By completing the squares

X —4x+3=(x-2) —4+3
=(x—2)2—12

soAxt —dx+ =\/(x—2)2 —1°

j\/xz —4x+3 dx
=J.\/(x—2)2—12 dx

=_(x;2) (3:—2)2—12 —%log (x—2)+ (x—2)2—12 +c
=_<x;2>m_§1og (x=2) 4o —dx+3 |4c
Example 2.55
1
Evaluate J.— dx
2
x—vx" -1

Solution:

By rationalisation,

1 _ 1 ><x+\/x2—1
x—\/x2—1 x—\/xz—l x+\/x2—1

=x+x* -1

=
=I[x+\/ﬁ:|dx

=dex+J x> —1dx

2
X X

2 1
=—+—Jx"—1-=1o
2 2 2 8

x+,/x2—1 ‘+c

- 42 I 12" Std. Business Mathematics and Statistics
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% Exercise 2.7

Integrate1 the following with respeclt to x

. —— 2. —
9—-16x> 9—8x—x°
; 1 A 1
' 2x2 -9 ' xP—x-2
1 1
5. — —
X +3x+2 2x°+6x—8
e” 1
7. = 8., —
e =9 \V9x* -7
1 1
9. 10, ———
Ji? +6x+13 Jxt = 3x+2
3
X
11. \/ﬁ 12. /1+x+x2
13. Vx? =2 14. V4x* -5
1
15. J2x° +4x+1 16, ————
x+vx2 -1

2.2 Definite integrals

So for we learnt about indefinite integrals on
elementary algebraic, exponential, trigonometric
and logarithmic functions. Now we are going to

study about the definite integrals. )

Geometrically, definite integral j f(x)dx

a
represents the limit of a sum. It is also represented
as the area bounded the curve y = f(x), the axis
of x, and the ordinates x = a and x = b.

2.2.1 The fundamental theorems of Integral

Calculus
Theorem 2.1 First fundamental theorem of

Integral Calculus:
If ])j(x)is a continuous function and
F(x)=[ f(O)dt, then F'(x)= f(x).

a
Theorem 2.2 Second fundamental theorem
of Integral Calculus:

Let f(x)be a continuous function on
[a,b], ibf F(x) is anti derivative of f(x), then

[ f(x)dx =F(b) - F(a).

a

08-12-2021 11:41:40‘ ‘



Here a and b are known as the lower
limit and upper limit of the definite integral.

Note i

J f(x)dx is a definite constant,

whereas J f(t)dt which is a function

a

of the variable x.

o kP
U
Y

IR vnow?

[ f(x)dx=F(x)+c

b
= [ f(x)dx = F(b) - F(a)

Example 2.56

Evaluate j(x3 +7x% — Sx)dx

0
Solution:

We have already learnt about the
evaluation of the integral J(x3 +7x% — Sx)dx
in the previous section.

4 3 2
.'.J.(xz' +7x° —5x)dx=x—+7i—5i+c
1 4 3 2
Now, J(x3 +7x° —Sx)dx

- 1
x* 7x30 5x°
=+
__4 3 2
(1.7 5] [o L0000
=l —-+——— _——
|4 3 2d 4 3 2
[ 51 1
=l -+ —-—|=—
| 4 2] 12

Example 2.57

2x
Find the integration for Y with

dx 5x°+1

limiting values as 0 and 1

‘ ‘ XII Std - Business Maths & Stat EM Chapter 2.indd 43

Solution:
d 2
Here, 4 = Zx
X 5x° +1
1
2x
.. = dx
J ‘[ 5x2 +1
_1 J' 10x
5x2 +1

:g[log(Sx +1):|0
= %[log6—logl]

1
=~ log6
5 o8

Example 2.58
1

Evaluate J.(ex —4a" +2+ %/; )dx

0

Solution: !
1 x 3
J.(e"—4a"+2+3/;)dx —ler a2 yox43X
. loga 4
0
S R L @&
loga 4 loga
4(1—
a7
loga 4
Example 2.59
s
3
Evaluate jsinxdx
K
6
Solution:
s
- i
3 s
) 3
J‘smxdx =[—cosx]
K
T 6
6

o)
=35

Example 2.60

Evaluate | cos® xdx

o —yo |3

Integral Calenlus — 1 I 43
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Solution:

Change into simple integrands

2
cos2x=2cos " x—1

1
scostx= —[1 + cos 2x]

2 5 21
jcos xdx =j—[1+c032x] dx
0 02

ealogx = x?

Example 2.61
1

Evaluate j [e“logx + exlOg“]dx
0

Solution:
1

j [ealogx+exloga:|dx —

0

1 a 1

Example 2.62
3

Evaluate J
2

xt+1

2
X

dx

- 44 I 12" Std. Business Mathematics and Statistics
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Example 2.63
1

Evaluate J (x3 +3x° )3 (x2 + 2x)dx
Solution: B

4 1
j (x3 +3x7 )3 (xz + Zx)dx: [ % w:|
-1

-1

1
= 5(64 —4)
=20

Example 2.64
b
\1og x
Evaluate I & dx a,b>0
X

Solution: 1
b b N
J-qlogx dx = J'(lng) ﬁ
x X
a a E b
_ |, (log x)z
3

N | W

logb =§logb but,

3

(logb)? # glog b Further,

3 3 2
(logb)? —(loga)? # (log 2)
a
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0

=-2[0-1] =

Te_;dx =—2[e ;]
0

Example 2.69

Evaluate Ilogx dx

Solution:

Example 2.67 Take u =logx | dv =dx
Evaluate sze_x3 dx Differentiate Integrate
0 1 v =x
Solution: du =;dx
Take x°=t € | p e p
ogx dx =|udv
3x%dx =dt -! 8 J )

dt
= x> dx =? and

X 0 oo

1
= [uv]l —.lfvdu

e .1
=[xlogx] —‘!.x; dx

Example 2.65 oo oo
! 2 =% d _ —t dt
Evaluate Jx\/x+1 dx Jx € —Je 3
0 (=]
Solution: ! _ 1[_64]
3 I 0
Take t=x+1 =i
dt = dx =5 10-1]
and 1
-1 =3
t 0 2
Example 2.68
1 2 2 ] )
=|(t- Eval e .
J.lx\/x+l dx —l‘(t 1)\/;dt Vauate_!'(x_l_l) (x+2) X
2( 3 1 Solution:
- J {tz -t Jdt By partial fractions,
0
5 3 1 _ A N B
22 2t2 (x+1)(x+2) x+1 x+2
5 3 N 1 _ 1 B 1
(x+1) x+2) x+1 x+2
8v2 42
=T T h 1 1 1
® > ey e :J[?‘ +2] = ®
X x X X
= ﬂ 1 1 2
15 =[log |x+1|—log |x+2|]1
Example 2.66 3 2
. =log ——log —
Evaluate je 2 dx 4 3
9
0 = —
Solution: = log 3

Integral Calenlus — 1 I 45 -
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= (eloge llogl) [x ]f Now, }xdx _
=(e=0)=(e-1) I
B
Example 2.70 !
2 b’—a® = 2

Evaluate Ix sinx dx

Solution:
Take u=x and dv =sinxdx bta=2..Q) [ b_aZI:I
Differentiate Integrate (1) + (2) = 2b =3
du = dx VY =—COSX b :é
2
g g Now, % —a =1 [ from(l)]
jx sinxdxzjudv 1
0 0 - 3 -4 = 5

= [uv]of — J.vdu

0_

= [—x cos.x:|E +J.cosx dx
0
=0+ [sinx]: =1

Example 2.71

If J3x2 dx = —1, then find the value of g, a € R .

Solutlon
Given that j3x dx =-1

1 a
] =
1

a’-1 =-1

a’ =0=a=0

Example 2.73

4
EvaluateJ. f(x) dx , where

7x+3,if 1<x<3

f(x):{z;x Jif 3<x<4

Solution

j flx

f )dx+jf(x) dx

»—-'—.w’—"—ow

(7x+3 dx+_[8x dx

3 4
[7x2 ] |:8x2]
=|—+3x| +|—
2 2
1 3

63 13

Example272 =?+9—?+64—36
Ifjdx—land dex 1, then find a and b —62
Solution: b Example 2.74
Given that jdx =1 x%, -2 < x <
‘ If f(x)=4 x, < <
b
[x] =1 x—4, 2 < <
b—a =1 (D) then find the following

- 46 I 12" Std. Business Mathematics and Statistics
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(i) _1[ f(x)dx

-2

(ii) _2[ f(x)dx

3 1.5
i) [fdx @) [ fx)dx
2 -2

3
jf(x)dx
1
Solution:
2 = 1 (-8
(1)Jf(x de= | <ds H ()
.. X2 : 4 1 3
(ll)lf(x)dx:-!.xdx :[7:|1 =25 =3
(iii) !f(x)dx = j (x—4)dx= ["7 - 4x:|2
_ (2_12)_ g_s)
2 2
_ b3
2 2

(iv) ff(x)dx [ fydx + | flxdx

15

3+ dex using (i)

! 1.5
-
3+[x—}
2 1
225 1 125
=22 L3P 365
2 2 2

3 2

(V) [ fodx [ feods + j Fx)dx

1 1
3

=—+(_23) 0 using (i) and (i)

2

* Exercise 2.8

I. Using second fundamental theorem, evaluate

the following:
n 2
1. jezxdx 2. Ide 3. ‘!.x)§+l
% . e
+ -([le+de)fc > '[xe o . & 'I[x 1+logx)
! '[lxzf3-;3+7 SEW "
9, jxx_z dx

‘ ‘ XII Std - Business Maths & Stat EM Chapter 2.indd 47

II. Evaluate the following:
4
1. If(x) dx where
Lo Jax+31sx<2
2( )= 3x+5,2<x<4
2. jf(x) dx where
’ 3-2x-x*, x<1
f(x)=

x> 4+2x-3,1<x<2
1

3. jf(x) dx where f(x) ={

cx, O<xx<l

x ,x=20

-x, x<0

0 otherwise

Find ¢ if If(x)dx =2

b
J.dx=b—a

2.2.2 Properties of definite integrals
b b

i) [fodx = [ fode

(ii) j.f(x)dx = —jf(x)dx

(iii) If f(x) and g(x) are continuous functions

in [a ,b] , then
[[f ()£ g ()] [ f(x)dxt [ ()

(iv) If f(x) is a continuous function in [a ,b]
and a <c<b,then

}f(x)dx = jf(x)dx+}f(x)dx

(v) j.f(x)dx = jf(a —x)dx

0
Proof:

Take a—x=t = dx=—dt

X 0 a

t a 0

Integral Calenlus — 1 I 47 -
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:]Z.f(a—x)dx
0

= [ f6)(=dn)

Il
M ot—— s O~ 8

f(t)dt

f(x)dx [using the Property (i)]

H.S.

(vi) (a) If f (x)is an even function, then
[ f(x)dx =2 [ fx)dx
—a 0
b If f (x) is an odd function, then

j. f(x)dx =0

Proof:

(@If f (x)is an even function, then

a 0 a
[ feodx =] feodx + [ fx)dx

= _j). f(—x)dx+j.f(x)dx

using (1)

Take —x =t =dx =—dt

X —-a

a

Apply the above mentioned substitution
only in first part of integral of the R.H.S.

j f(x)dx - j f(t)(_dt)+f £ (x)ix

jf dt+jf

- 48 I 12" Std. Business Mathematics and Statistics
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= [ f(x)dx + | f(x)dx
0 0
[using the Property (i)]

=2 j.f(x)dx

b)If flx) is an odd function, then

f(=x)=—f(x) ...Q2)
Jf(x)dx = jf(x)dx +jf(x)dx

jf dx+jf x)dx using (2)

Take —x =t =dx =—dt

X —-a

t a

Apply the above mentioned substitution
only in first part of integral of the R.H.S.

0

j fyde  =—[f(t)(-dt) + j Fx)dx

a

=—[f(t)at +jf(x)dx

0
a

=—[flx)dx + j f(x)dx [using the

0 Property (i)]

:Ob

b
i) [ f(x)dx = [ fla+b—x)dx

Proof:
Leta+b—x =t and t=a+b—x
—dx=dt ol a5
dx =—dt t 1l bl a
a b
[ fla+b-x)dx=—[f(t)dt= [ f(t)dt
b a

Y — = VN —

f (x)dx [using the Property (i)]
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b b

.'.J-f(x)dx = jf(a+b—x) dx

a

Evaluate the following using properties of
definite integrals:

Example 2.75

Evaluat j x° dx
valuate
b a’ —x?
Solution:
5
X
Let f(x)= 5 5 ]
a X (—X)
f(—x) =5 7
a’ —(-x)
- a’—x*
= —f(x)

Here f(-x) = —f(x)
~ f(x) isan odd function
: dx
® od
-1

e
2 —
Example 2.76

a X

™
2
Evaluate J. cos x dx

Solution:
Let f(x) =cosx
f(—x) = cos (—x)
= f(-x) =f

 f (x) is an even function

= CO0S X

™ s
2 2
jcosx dx :2jcosx dx
_T 0
2

[NUR}

=2 [sin x]

=2 l:sin T_ sinO]
2

[=}

Il
S}

‘ ‘ XII Std - Business Maths & Stat EM Chapter 2.indd 49

Example

2.77
1

Evaluate .[ (x2 + x) dx

Solution:

1

-1

-1

1

j(x2+x)dx =jx2 dx+1xdx

-1 -1

1
=2J.x2 dx+0 [ x* is
0

an even function and x is an odd function]

A5l

Example 2.78
2 :
sinx
Evaluate J..—dx
0 SIn X+ Ccosx
Solution:
2
sinx
Let I= J. —dx ... (1)
, Sinx+cosx ®

O ) 3

Il
O ey 0 [

cosx+sinx

. (71— )
sin E—x
dx
s T
sin]| ——x |+ cos| ——x
2 2

[ :ff(x)dx = j.f(ax)dx]

COS X

dx ...(2)

cos X
- dx
cosx +sin x

O —) V3

sin x
- +
sinx+ cos x

a [+, =T

Integral Calenlus — 1 I 49 -
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Example 2.79

&

X
Evaluate dx
o !x/; +V7—x
Solution:
5
Let 1 =j Jx dx .1
2\/x7+ 7—Xx
5 15—
I = 2+5-x i

'!\/2+5—x +\/7—(2+5—x)

|:'.'_Tf(x)dx = Jb.f(a+b—x)dx}

dx...(2)

IJ_W—
./7—x +Vx
Jx

o[ X N7 —x
21 Z‘I_\/; +\/7—x+\/7—x +\/;:|dx
:j—Jx_+\/7—x]dx
> Jx +7-x
Sh 5
= |dx= [x = 3
. o1
3
I =2
2

* Exercise 2.9

Evaluate the following using properties of
definite integrals:

™

4
1. j x> cos® xdx

(SR

2. j sin® 0.df

]

0 2—x
3. |1 4,
Joe(5 77 J
(1
5. Jlog(——l]dx 6.
X

0

N

7
sin’ x
dx

ce—mln

7 7
sIn” X +cos x

O —— —
x
| w
QU
=

—~
[S—
I
=
~—

2.2.3 Gamma Integral

Gamma integral is an important result
which is very useful in the evaluation of a
particular type of an improper definite integrals.
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First, let us know about the concepts of
indefinite integrals, proper definite integrals
and improper definite integrals.

Indefinite integral:

An integral function which is expressed
without limits, and so containing an arbitrary
constant is called an indefinite integral

Example: j e 'dt

Proper definite integral:
Proper definite integral is an integral
function, which has both the limits a and b are

finite and the integrand f(x) is continuous in [a, b].
1

Example: je_tdt
0
Improper definite integral:

An improper definite integral is an integral
function, in which the limits either a or b or both
are infinite, or the integrand f(x) becomes infinite
at some points of the interval [g, b].

oo

Example: je_tdt ®

‘ o

Definition 2.3

For n > 0, Ix”_le_xdx is known known as
0
Gamma function and is denoted by F(n)

[read as Gamma of n].

If n is a positive integer, then
2 !

J-x"e_“x dx =
0

case of Gamma Integral.

i is the particular

Properties:
1. F(n) = (n—l)F(n—l), n>1
2. F(n+1) = nF(n), n>0
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3. F(n + 1) = n!, nisa positive integer.

4. T(Y) =

00_2
.'.Iexdx = —
0

N0 AP

e Y““ -
M4 KNOW?
r(1)=1
Example 2.80
Evaluate (i) F(6) (ii) F(%)
(iii) je_zxxsdx (iv) J.e_xzdx
Solution: ' '
(i) re) =5

o )50
2 2 \2

531
_231,4(1
222 2
531
LRI N
222 8
(iii) we know that
= n!
fx"e_“x dx = i
0
n 5! 5!
. -2x,.5 _ _
..Je *xdx = e —2—6

0

(iv) T(n) = _[t”‘l edt
0

2

Put t=x" = dt=2xdx

D(n) = [e=(w) 2xds

0
—x2 2n-2
=le ™ x" 2xdx
0

oo _2 ~
:2J.e X2 dx
0
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(iv) je_“x‘ldx
0

where h=

(i) [+2+3+...n=

2
nin+1 r=n
(iii)13+23+33+ ,,,,,, n3:|:gj| _ 2?3

Put n =—,we have

] oo
I‘(—) = ZJe_xzdx
2 0 o

= \/; = 2.|. e_"2 dx
\/; 0

2

* Exercise 2.10

1. Evaluate the following:

(ii) F(g) (iii) Te_mxdex

0

=)

v) Je_ %xsdx

0

e, x>0
2.If f (x) = ~, then evaluate
_ 0, otherwise
[ f(x)dx
0
2.2.4 Definite integral as the limit of a sum ®

Let f(x) be a continuous real valued
function in [a, b], which is divided into n

equal parts of width h, then

j.f(x)dx =

lim | f(a)+ f(a+h)+

[ f(x)dx = lim S h f(a+rh),

N—>00 y—1
h—0

b—a
n

The following results are very useful in
evaluating definite integral as the limit of a sum

n(n+1) n

=>r
.-

5 n(n+1)(2n+1) r=n

(i) P +2° +3* +...n° = -3

6 r=1

2

r=1

Integral Caleulns — 1 I 51 -
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Example 2.81

Evaluate the integral as the limit
1

of a sum: Jx dx

Solutlon
If dx 11m2hf(a+rh)

o b— 1-0 1
Here a=0, b=1, h= a_—Y_2
andf(x)zx n h h

Now f(a+rh)=f(0+%):f(%):%

1
jx dx =lim 2—.1
0 n—e 11N N
1 n
=lim — X r
n—=ee 1~ r=1
1 nin+1
n—e 2
n2(1+1)
. 1 n
=l1m—2 ——
n—e 2
_1+0_l
1 12 2
J.x dx = —
2

Example 2.82

,  Evaluate the integral as the limit of a sum:

J(2x + 1) dx

1

Solution:b
[f(x)dx =tim S h f(a+rh)
: e
b-a -1

1
Here a=1, b=2, h= == -
n n

r

n

and f (x)=2x+1, f(a+rh) :f(1+ )

e

r
n

2r
n

f(a+rh) =3+

- 52 I 12" Std. Business Mathematics and Statistics

‘ ‘ XIlI Std - Business Maths & Stat EM Chapter 2.indd 52

1
=3+lim (1+—J
2 n—oo n
Jf(x)dx =3+1=4
1
Example 2.83

2 Evaluate the integral as the limit of a sum:

Jx dx

Solutlon
jf dx—hmzhf(a+rh)
o L )
Herea=1, b=2, h= _a=;1=land
n n n

flx)=x 2
Now f(a+rh)=f(1+%) - (1+1)

n
2r 2
=1+—+—
n n
2 2
n1 2r r
szdx = lim Y — 1+—+—2)
1 n—eo =11 n n
n(1 2r 7*
=11m 2(—4'—2 —3)
n—e 1\ N n n
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% Exercise 2.11

Evaluate the following integrals as the limit of

the sum:
1

1. I(x+ 4) dx

0

3. (2x + 3) dx

»—4'—.(»

3
2. Ix dx
1

4, sz dx
0

* Exercise 2.12

Choose the correct answer:

1
1. | —dxi
J‘x:s_ 1S
—+c
(a) 2
(c) _—12+c
3x
2. jz"dx is
(a) 2" log2+c¢
(c)

+c
log2

dx is

J- sin2x
2sinx
(a) sinx+c

(c) cosx+c
4 J-sinSx —sinx
' cos3x

(@) —cos2x+c

1
(c) —Zcos2x+c

5 J~logx

X
2

(a) %(logx) +c

2
(c) —+c¢
e
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(b) —+c¢

(b) 2" +¢

@ 10%2
2

+c

1
b) —sinx+¢
()2

1
d) —cosx+c¢
( )2

dx is

(b) —cos2x+c¢

(d) —4cos2x+c

dx , x>0 is

(b) —% (log x)2

2
(d) = +c
X

)

10.

11.

12.

. deis
J‘\/1+ex"
(@) ————+c  (b) 21+¢" +¢

V1+e®
() V1+e* +¢c  (d) e*Vl+e* +¢

J’\/‘e7 dx is
(a) Ve* +c (b)2e* +¢

(c)%Jej+c (d) ! +c

2

) Jezx[sz +2x]dx

(a) e¥x* +¢ (b) xe** +¢

2 x

(0)2x%> +¢ @ > ze +e

) .[ ¢ dx is
e* +1
X X 1
(a)log ¢ +c (b) loge h +c
e* +1 e’
(c) logle™| +c¢  (d) logle™ + 1‘ +c

Jl: 2 —ledx is
x—3 x+1

(a) log‘x—3‘ —log‘x+1‘ +c
(b) log|x—3|+log|x+1|+c
(c) 9log|x —3| —log|x +1|+¢
(d)910g|x—3|+log|x+1|+c

253
j x4dxis
44+ x

(a) log‘4+x4‘+c (b) %log‘4+x4‘+c

(c) ilog‘4+x4‘+c (d) log "

4+ x

dx )
j\/x2—36 )
(a) Vx* =36 +c¢
(b) log x+Vx* —36‘ +c

+c

Integral Caleulns — 1 I 53 -
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13.

14.

15.

16.

17.

18.

19.

I [ [

x—\/x2—36‘+c
x2+\/x2—36‘ +c

J' 2x+3

dx
Nx*+3x+2 . E

(a ),/x +3x+2 +c¢
(b) 2x? +3x+2 +c
OEhe

(c) log(x2 +3x+ 22+ c

(c) log

(d) log

2 2

(d) g(x2 +3x+2) np
1
j(2x + 1) dx is
0
(@) 1 (b) 2 (c)3 (d) 4
tdx )

— 18

> X

(a)log4 (b)0O
Je_zx dx is

0 1
(2) 0 (b)1 (c) 2 (d) 5

(c)log2 (d)log8

1

Jx3 e"4 dx is
-1 1 4 4
@1 (b) 2jx3 e dx (90 (d) e

If f (x) is a contlnuous functlon and

a<c<b,then jf dx+jf ) dx is

b c
(a) jf (x) dx —jf(x) dx
(b) Jf ) dx J flx
©) j f(x) dx (d)0

The value of J. cosx dx is

™

2

(@)0 (b) 2 (o)1 (d) 4
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21. 1

22.

23.

24.

25.

28.

H .  EEEw

. j.\/x‘*(l—x)z dx is

@5 ®L ©5 @5

If [£(x)de=1, [x f(x)dr=aand
szof dx = a? ihenja x) f(x)dx is
Ea) 4a> ()0 (c)2a (d) 1
Thevalueofjf(S—x) dx — jf(x) dx is

2 2
(a) 1 (b) 0 (c) -1 (d) 5

I(\/; + %) dxis

20 21 28 1
(a) ? (b) ? (c) ? (d) 5

w |3

Itanx dx is

(@)log2 (5)0 (c) logy2 (d)2log2

Using the factorial representation of the
gamma function, which of the following is
the solution for the gamma function

F(n) whenn=38

(a) 5040 (b) 5400 (c) 4500 (d) 5540
. F(n) is

() (n—1)! (b) n!

(c) nT'(n) (d) (n=1)T(n)
: F(l) is

(a)0 (b) 1 (c) n (d) n!
If n>0,then F(n) is

1 1
(a) je_xx”_ldx (b) Je_xx"dx
0 0

(c) Texx_"dx (d) ]oe_xx"_ldx
0 0
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B [ [ [ ® . EEES

-

I\/sz -3 dx

()

2
= % © 247 (d)g 5. [N9x? +12x+3 dx
30. jx4e_xdx is 6. j(x+1)2 log x dx
0
!
(a) 12 (b) 4 (c) 4! (d) 64 - Ilog(x—m)dx

Miscellaneous problems

1
Evaluate the following integrals: : .([ VX (x - 1) dx
1 J' 1

' \/ x+2— \/ x+3

o

dx 1

9. '[xze_zxdx
2‘[ dx -1
Jo3x—2x? 10J3. xdx
dx ' 0\/x+1+\/5x+1
N

e* +6+5e "

In this chapter, we have acquired the knowledge of

® The relation between the Primitive function and the derived function:
@ A function F(x) is said to be a primitive function of the derived function f(x),if @
4 [Fw)]= f(x)
dx

® Integration of a function:
The process of determining an integral of a given function is defined as integration of a function

® Properties of indefinite integrals:

Jafo de=affx) dx
,[[f(x) + g(x)] dxzjf(x) dx + .[g(x) dx

® Standard results of indefinite integrals:

n+l

n 1
1. Jx dx = :+1 +c 2. J‘;dx = log|x|+c
3. jexdx=ex+c 4, Ja" dx = 1 a*+c,a>0and a#1
loga
5. J.sinxdx =—cosx+c 6. Jcosxdx=sinx +c
7. J.seczxdx = tanx +c¢ 8. jcoseczxdx =—cotx +c¢
[f( )]n+1
9. ”:f ]f(x)d ———+4cn#-1
/(%) f'(x)
10. |——dx =log |f(x)|+¢ dx =2 f(x)+c
jf(X) 51/ I,/f( f

Integral Caleulns — 1 I 55 -
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___IEEEN ® N = HEEN

12. J.udv = uv —fvdu 13. fudv =wv—u'v,+u"v,—u"v, +..
dx 1 a-+x dx 1 x—a
14. J —— =— log +c 15. j ——=—log +c
a"—x" 2a a—x x"—a" 2a x+a

dx

16. J‘%:log x+\x’—a’ JWZIOg x+\x+a’

18. [e[ f)+ f/(0)]dx =e* fx) +c 19, [e*[af(x)+ f/(x) Jdx=e™ f(x) +c
20. j\/xz—az dngxlxz—az —%log x+Vx* —a’
21. J.,/x2+a2 dx=£\/x2+a2+%log x+\x>+a’

2

+c 17. +c

+c

+c

® Definite integral:

Izet f(x)be a continuous function on [a,b] and if F(x) is anti derivative of f(x), then
[ f(x)dx =F(b) - F(a).

® Properties of definite integrals:

(i) _Tf(x)dx = Tf(t)dt (ii) Tf(x)dx = —jf(x)dx
® (iii) j‘[f(x)ig(x)]dx = j}.f(x)dxij‘g(x)dx (iv) 'lif(x)dx =j.f(x)dx+j.f(x)dx ®

a a b b
(v) Jf(x)dx=Jf(a—x)dx (vi) jf(x)dx=jf(a+b—x)dx
0 0 a a

(vii) a)Iff (x) is an even function, then J f(x)dx =2 j f(x)dx
0

—a

b) If f(x) is an odd function, then J. f(x)dx =0

® Particular case of Gamma Integral: -

|
If n is a positive integer, then J' x"e™™ dx = a’:;l
0
® Properties of gamma function:
(1) F(n) = (n—l)I‘(n—l),n>1 (ii) I‘(n+1) = nF(n),n>O

(iii) F(n+ 1) = n!, nis a positive integer (iv) F(%) = \/;
® Definite integral as the limit of a sum:
Let f(x) be a continuous real valued function in [a , b], which is divided into n equal parts

each of width }, then
b n
ff(x)dx:%im > h f(a+rh) where h= b

—0 1 n
f—so0

- 56 I 12" Std. Business Mathematics and Statistics
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® Results:
i) 1+2+3+....

(i) 1*+2*+3%+

(i) 1P+2°+3°+

n(n+1) n
2 - rzzlr
. n(n+1) (2n+1) =
6 r=1

GLOSSARY (sewevéasnpae)

Abscissa

Abstract value
Algebraic function
Anti derivative
Approaches
Approximate
Arbitrary

Between the specified limits
Bounded region
Certain

Change of variable
Closed interval
Completing the square
Concept

Constant of integration
Constant term
Continuous function
Decomposition
Definite integral
Derived function
Differentiable function
Differential coefficient
Differentiation
Directly integrate
Exponential function
Family of curves
Indefinite integral
Infinity

Inscribe

Instantaneous
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I [ [

Integrable function
Integral

Integrand
Integrate
Integration

Integration by parts

Integration by substitution

Integrator

Inverse trigonometric function

Logarithmic function
Lower limit

Marginal function
Natural logarithm
Open interval
Ordinate

Parallel tangents
Partial fraction
Positive integer
Power rule

Primitive function
Quantity
Rationalisation method
Reduction

Repeated integral
Reverse process
Standard form
Substitution
Successive

Successive derivatives
Suitable

Summation
Technique
Trigonometric function
Unique function
Upper limit

Variable of integration
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