| FUNCTIONS |[JEE ADVANCED PREVIOUS YEAR SOLVED PAPER] |

JEE Advanced

Single Correct Answer Type

6.

Let R be the set of real numbers. If f: R — R1s a function
defined by f(x) = x*, then fis

a. injective bul not surjective

b. surjective but not injective

¢. bijective

d. none of these (IIT-JEE 1979)
The entire graph of the equation y = x> + kx — x + 9 is
strictly above the x-axis if and only 1f

a. k<7 b. -5<k<7

c. k>-5 d. none of these

(IIT-JEE 1979)

. Let f(x)=Ix~- 1l. Then

a. f(x)=(fx))
c. fllxl)y=I1f(x)l

b. fix+y)=f(x)+ f(¥)
d. nonc of these

(IIT-JEE 1983)
If x satusfies lx = 11 + [x — 2| + lx = 31 2 6, then
a. 0<x<4 b. x<-2o0orx=4
¢. x<0orx=24 d. none of these

(ITT-JEE 1983)

If f(x)=cos(log x), then f (x)f(y)- % [f [f] +7J (J:P)]

has value

a. -1 h. 1/2 C. -2 d. none of these
(IIT-JEE 1983)
The domain of definition of the function

P = , ]+..}x+2i5

_ log,o(1- x

bh. [0, 1] excluding 0.5
d. none of these

(ITT-JEE 1983)

a. (-3, -2)excluding -2.5
¢. [-2, 1)excluding 0

. Which of the following functions is periodic?

a. f(x)=x-|x], where [x] dcnotes the largest intcger
less than or equal to the real number x

b. _f[x)zsinlﬁ}r.r;tﬂ,f(ﬂ)zﬂ
X

¢. f(x)=xcosx

d. None of these (IIT-JEE 1983)
If the function f: [I, «) — [1, <) is defined by
f(x)=2""" then f'(x)is

( ] ]I{I-' |}
a. -
2

c. % (l - J1+ 4log, x) d. not defined
(IIT-JEE 1992)

b. %(l + Jl+4 log, .r)

9. Let f(x) = sin x and g(x) = log,lxl. If the ranges of
the composition functions fog and gof are R, and R,,
respectively, then
a Ri={u-1<u<l).R,=[vi—-<e<v<0)

={u:-l<u<l},R,={v:—-<o<v<0}
={u:-1Su<l),R,=[vi-oeo<v<0)

(ITT-JEE 1994)
10. Let f(x)=(x+1)>= 1, x2-1. Then the set

[x: F=Ff"' (&) is
N {0, " -3+:\/§‘ —3—-:\5}

2 7,

b. {(0,1,-1}
c. {0,-1)

d. empty (IIT-JEE 1995)

11. Let f(x) be defined for all x > 0 and be continuous. Let

f (x) satisfies f(f} = f(x)- f(y) for all x, y and
' ¥
f(e)=1.Then

a. f(x)is bounded b. f[l]—}ﬂasx—r(}
X

C. x f(x)=>lasx—=0 d. f(x)=logx

(IIT-JEE 1995)

12. -The domain of definition of the function f(x) given by
the equation 2* + 2 =2 is

a. 0<x<1 b. 0<x<1
c. =<x<( d. e=<x<|
(OT-JEE 2000)
(1. x<0
13. Letg(x)=1+x—-[x]and f(x)={ 0, x =0 . Thenforall
Lx>0
x, f(g(x)) i1s equal to (where [:] represents the greatest
integer function)
a. x b. |
c. f(x) d. g(x) (IT-JEE 2001)

14. If f: [1, 00) = [2, o) is given by f(x) = x + -—1-, then
X

f (x) equals

N
- )

2

X

b. :
1+ x°

—

C.

(IIT-JEE 2001)



15.

16.

The domain of definition of f(x) = lozgz(x +3) is
X“+3x+2
a. R-(-1,-2) b. (<2, =)
c. R-{-1,-2,-3) d. (=3,00)— {1, -2)
(IT'T-JEE 2001)

LetE={1,2,3,4} and F = {1, 2}. Then the number of
onto functions from Eto F is

a. 14 b. 16 c. 12 d. 8
(IIT-JEE 2001)
17. Let f(x) = (:: I)'I # — 1. Then for what value of « is
fOf(x)=x?
a. 2 b. —V2
c. | d. -1 (IIT-JEE 2001)

18.

19.

20.

21.

Suppose f(x) = (x+ 1)* for x > -1. If g(x) is the function
whose graph is the reflection of the graph of f(x) with
respect to the line y = x, then g(x) equals

a. I_J;_I,IEO b. l Z‘I}_I
(x +1)
c. Jx+1,x2-1 d. JVx -1,x>0
(ITT-JEE 2002)

Let the function f: R — R be defined by f(x) =2x + sin x
forxe R.Then f is

a. one-to-one and onto

b. one-to-one but not onto

¢. onto but not one-to-one

d. neither one-to-one nor onto (IIT-JEE 2002)

X
1 +

b. one-one but not onto
d. neither one-one nor onto

(IIT-JEE 2003)
The domain of definition of the function

Sf(x)= \/sin'](lr) + —E

If f:[0, ) — [0, )and f(x)= = then fis

a. one-one and onto
¢. onto but not one-one

for real-valued x is

p— e -

ﬂ. "‘l-,l ht -l,i
4 2 L. 2 .2
( ) i i
C. —-l,l d. -l,l
. 2 9) 4 4
(IIT-JEE 2003)
2
+
. The range of the function f(x)= I;x 2,x € R,is
X+ x+1
a. (1, =) b. (1, 11/7)
c. (1,7/3] d. (1, 7/5) (IIT-JEE 2003)

25.

. If f(x)=sin x + cos x, g(x) = x* — 1, then g( f (x)) is

invertible in the domain

a. O,E] b. [—E,E]
> 4’ 4
c. --’%ﬂ d. [0, 7] (IT-JEE 2004)

If the functions f(x) and g(x) are defined on R — R such

ha 0, x € rational
t - ; ;
Jx) X, x € wrrational
0, x € irrational
and g(x) = :
X, X € rational

then (f-g) (x) is
a. one-one and onto
¢. one-one but not onto

b. neither one-one nor onto
d. omo but not one-one

(IIT-JEE 2005)

Xand Yaretwosetsand f: X2 Y. If { f(c)=y;cc X,
yc Y)and {f'(d)=x,dc Y, xc X}, then the true

_ statement 1S

26.

b. f'(f(a)=a

d. f"'(f(@)=a,acx

(IIT-JEE 2005)
Let f{ix) = x* and g(x) = sin x for all x € R. Then the
set of all x satisfying (fogogof) (x) = (gogof) (x), where
(fog)(x) = fig(x)), is

a. tvnm, ne {0, 1,2, ...)

b. +Jnz, ne (1,2, ...)

. -’25 +2nmne {...,-2,-1,0,1,2...)

a. f(f'(b)=b
c. f(f'b)=bbcy

d. 2nm,ne {...,-2,-1,0,1, 2, ...} (II'T-JEE 2011)

Multiple Correct Answers Type
1.

L (x+2)
If y=f(x)= (x_l),then
a. x= f(y)
b. f(l)=3

¢. y increases with x for x < 1

d. fis arational function of x (IIT-JEE 1984)

. Let g(x) be a function defined on [-1, 1]. If the area of the

equilateral triangle with two of its vertices at (0, 0) and

(x, g(x)) 1s \,@ /4, then the function g(x) is

a. g(.r) = i\/l - x? b. g(x):,,]— x*
c. g(x)=-y1- x° d. gx) = \/i+_x2

(IIT-JEE 1989)



. If f(x)=cos[7m"] x + cos[- 7] x. where [x] stands for the
greatest integer function, then

- 5

¢. f(-m)=0

b. f(m)=1

. )

(IIT-JEE 1991)
3x -5, then f~'(x)

1
(3x-5)

(x +5)

A f(x) =

a. 1s given by

b. 1is given by

¢. does not exist because f is not one-one
d. does not exist because f is not onto

(IIT-JEE 1998)
5. If g( f(x))=Isin x| and f(g(x)) = (sin J; )?, then

a. f(x)=sin’x, g(x) = Vx

b. f(x)=sinx, g(x)=1xl|

¢. f(x)=2 g(x)=sinVx

d. fand g cannot be determined (IIT-JEE 1998)

2
2 —sec’ O
for e 0(0 j)u[n H] Then the value(s) of f[ }

1S (are)

e f e e fl winf

(IIT-JEE 2012)

. Letf:(-1,1) = R be such ;hatﬁcns 40) =

n T
2" 2

. Letf: (- ) » Rbe givenby filx)=(log (sec x+tanx))’.

Then
a. fix) 1s an odd function b. fix) is a one-one function

¢. fix) is an onto function d. fix) is an even function
(JEE Advanced 2014)

. Let f(x)= sin(%sin(gsin r)] forall x € R and g(x) =

-;E sin x for all x € R. Let (fog) (x) denote fig(x)) and

(gof) (x) denote g(fix)). Then which of the following is
(are) true?

1 1
a. Rangeof fis | ——. —
ge of fi [ > 2]

1 1
b. Range of fog is | ——, —
g g [ 5 2]

d. There is an x € R such that (gof) (x) = |
(JEE Advanced 2015)

Matching Column Type
1. Let f(x) X —6x+5
. LC X)= ;
xX=5x+6

Match the expressions/statements given in Column |

with expressions/statements given in Column II.

Column I Column II
(a) If -1 <x < 1, then f(x)satisfies [ (p)0< f(x)<1
(b) If 1 <x<2,then f(x)satisfies | (q) f(x) <O
(¢) If 3<x <5, then f(x)satisfies | (r) f(x)>0
(d) If x > 5, then f(x) satisfies (s) f(x)< 1
(IIT-JEE 2007)

2. Match the statements/expressions given in Column |

with the values given in Column II.

Column I Column I1
(a) . The number of solutions of the (p) 1
equation xe*"* — cos x = 0 in the
interval (0,, f)
2
l
(b) Value(s) of k for which the planes (q) 2
kx+4y+2=0,4x+ky+2z=0
and 2x + 2y + z = 0 intersect in a
straight line
(c) Value(s) of k for which Ix - 1| + (r)3
e — 21+ Ix+ 1l + lx + 2| = 4k has
integer solution(s)
(d Ify=y+ 1 and y(0) = 1, then (s)4
value(s) of y (log, 2)
() 5
(IIT-JEE 2009)

3. Match the statements given in Column I with the

intervals/union of intervals given in Column II.

AR kP
fix) =sin™ (l"(:}i”_n}s

Column I Cnlumn I
(a) The set (p) (oo, =1) L
- (1, o)
{Rc[ 2"22 J: z 1s a complex
1—-2
number,lzl=1,z# % l} 1S
(b) The domain of the function (qQ) (=0, 0) L
(0, =)




] tang 1 | [(D [2.)
(c) If6) = |-tan B 1 tan 6|,
-1 —tan 0

"

then the set {f(e);[)gqu . 18

(d) If fix) = x" (3x = 10), x 2 0, then|(s) (= oo, — 1]
flx) 1s increasing in U [1. o0)

(1) (=o0, 0] L
[2, o)

(IIT-JEE 2011)

Fill in the Blanks Type

1.

H.Z

The values of f (x) = 3 sin[\/ﬁ - IZJlic in the

interval (IIT-JEE 1983)

. The domain of the function f(x) = gjp! {]ﬂ.g2 £} 1S
2

given by (ITT-JEE 1984)

. Let A be a set of n distinct elements. Then the total

and
are onto functions.(II'T-JEE 1985)

number of distinct functions from A to A is

out of these,

Fl e
If f(x)=sinlog, « 4-x >, then the domain of f(x)is

W l_x #

(IIT-JEE 1985)

There are exactly two distinct linear functions,
and , which map [-1, I]onto [0, 2].

(IIT-JEE 1985)

If f1s an even function defined on the interval (-5, 5).
then four real values of x satisfying the equation f (x)

x + 1
B f[.t+ 2} e

and its range is

.and

(II'T-JEE 1985)
b4

. If f(x)=sin® x + sin’ (x + E} + COS X cns(_r + g—) and

(ITT-JEE 1996)

g(%) = |, then (gof)(x) =

True/False Type

1.

. The function f(x)=

If f(x)=(a-x")", where a > 0 and n is a positive

integer, then f[f(x)] = x. (IIT-JEE 1983)

(x*+ 4x + 30) .
= 1S not onto.
(x*—8x + 18)

(IIT-JEE 1983)

If £,(x) and f,(x) are defined on the domain D, and D,,
respectively, then f,(x) + f, (x) is defined on D, U D,.

(ITT-JEE 1988)

Subjective Type

1.

. Afunctionf: R — Ris defined by f(x) =

2
Find the domain and range of the function f(x) = E

| + x°

Is the function one-to-one? (IIT-JEE 1978)

Draw the graphof y=1x 1" for-1 <x< 1.
(IIT-JEE 1978)

If f(x)=x"-6x"-2x"+ 12x°+x* - Tx* + 6% + x -3,
find £(6). (LIT-JEE 1979)

Let f be a one-one function with domain {x, y, z}
and range {1, 2, 3}. It is given that exactly one of the
following statements is true and the remaining two are
false: f(x)=1, f(y)#1,and f(z) #2. Determine f'(1).

(ITT-JEE 1982)

]
Find the natural number a for which Zf(a + k)
k=
= 16(2" — 1), where the function f satisfies the relation
fx+y)= f(x) f(v) for all natural numbers x, y and,

further, f(1)=2. (ITT-JEE 1992)
Let {x} ahd [x] denote the fractional and integral parts
of a real number x, respectively. Solve 4{x} = x + [x].

(II'T-JEE 1992)

ax®+ 6x — 8

=,
o+ 6x — 8~

Find the interval of values of « for which f is onto. Is
the function one-to-one for & = 3? Justify your answer.

(II'T-JEE 1996)



Answer Key

JEE Advanced Fill in the Blanks Type
Single Correct Answer Type
3 - ]
1. d. 2. b 3. d 4. c. 5.d 1. [O—E} 2. [-2,-1]U[L,2] 3. n" n!
6. c. 7. a 8. b. 9. d. 10. ¢
11. d. 12. d 13. b. 14. a. 15. d 4. (=2.1) [~ 1] 5. x+1and -x+ 1
16. . 17.d. 18.d. 19.a  20. b 3+d5 3445
21. a. 22. ¢ 23. b. 24.a.  25.d 6. 5 i 5 7. 1
26. a.
Multiple Correct Answers Type True/False Type
1. a.d. 2. b,c. 3 a,c 4. b. 1. True 2. True 3. False
5. a. 6. a.,b. T 8,08 8. a.b.,c. Subjective T
Matching Column Type
1. R, [0, 1); f 1s not one-to-one
1. (a)-(p), (r), (s); (b)—(q), (s): (c) - (q), (s);
(d]‘_(P)i (I‘), (S) 3' 3 4' y 5' ﬂ=3
2. (c)-(q), (), (s), (1) - 5 7 9 << l4 N
3. (b)-(l) = Wy 3 . ()4 s INO



Hints and Solutions
JEE Advanced

Single Correct Answer Type

1.d. f(x)=x is many-oneas f(1)=/(-1)=I.
Also, fis into, as the range of function is [0, =) which is subset
of R (co-domain).
Therefore, fis neither injective nor surjective.

2. b. _r=.r:_+(k- Nx+9= (.r+ E—;—l) +9 #(%T
For entire graph to be above x-axis, we should have
9 - (%T >0
or K-2k-35<0or(k-7)(k+5)<0
or-5<k<7

J.d f(x)=|x-1]
L) = -1|and (f(x)P = -1 =x"-2x + |
Therefore f(x*) # ( f(x))’
Hence, option (a) is not true.
fx+y=fxX)+f(yorlx+y—-1|=x—-1|+|yv- 1|, whichis
absurd. Put x = 2, y = 3 and verify.
Hence, option (b) 1s not true.

Consider /(| x |) = | f(x)|.

Putx=-5.Thenf(|-5))=f(5)=4and |f(-5)|=]-5-1|=6.
Therefore, (c) is not correct.

4. c. We have to solve
-1+ x-2|+|x-3]|26.
Letix—1|+x—-2]+|x-3]<6
Nowlx-D+(x-2)+(x-3)|<px-1]+x-2|+]x-3|<6
S 3x-6/<6
Lhe=2 <
S—-2<x-2<2
or0<x<4

Hence, for x— 1|+ |x—-2|+ |x- 3|26, x<0orx24.
Alternative Method:
We have ix) =[x - 1| + |x = 2| + [x - ]3|
To draw the graph of the function, we consider
fl0)=1+2+3=6
AD)=0+1+2=3
A2)=1+0+1=2
f3)=2+1+0=3
flA)=3+2+1=6
Now, join these points with line segments as shown in the
following figure.
Note: The methods to draw the graphs of such functions
is explained in the book “Graphs for JEE Main and JEE
Advanced”.



5. d.

. Wehave y=

Also, draw the line y =6

--I""

For {ix)=|x— 1| + x - 2| + |x — 3| 2 6, graph y = f{x) must lie
above the graph of y = 6.
As shown in the figure it occurs forx <0 orx 2 4,

f(x) = cos (log x)

X)) () - %l:f(i)*"f(l}'}}
y

= cos (log x) cos (log y) - % [cos (log x —log v)

+ cos (log x + log »)]

= cos (log x) cos (log y) - % [2 cos (log x) cos (log v)]
=10

: +
log,o(1 —x)

or y=f(x)+g(x)
Then, the domain of given functionis D, N D..

l
logo (1 - x)
we know it is defined only when 1 —x>0and | —x # |
or x < | and x # 0. Therefore, D, = (=, 1) - {0}.

For the domain of g (x) = {Jx + 2,

x+220o0rx2-2
DxZ[— 2, o)

Therefore, common domain is [-2, 1) — {0}.

x+2

Now, for the domain of f(x) =

.a. f(x)= {x} is periodic with period 1.

_f(.r):sinlfnrx#ﬂ;ﬂl}}zﬂ
x

. oy | . s
1s non-periodic as g (x) = — 1s non-periodic.
X

Also, f(x) = x cos x is non-periodic as g (x) = x is non-periodic.

i b .1.:2u: 1

-y = z.r: - X
Lx—x=log,y
L -x—log,y=0

9. d.

10. c.

11. d.

12. d.

13. b.

14. a.

sox= %(l + J1+4 log 1}')

Since x € [1, o), we choose x = % (I +JI + 4 log, _v)

or f7(x)= %(I + J] +4log, .r) .

We have fog(x) = f(g(x)) = sin (log, | x |).
log,| x | has range R, for which sin(log | x|) € [- 1, 1].
Therefore, R, = {u: -1 <u<1}.

Also, gof (x) = g (f(x)) = log, |sin x|.
0 <|sinx| <1

~eo<]og |sinx|<0
orR,= {vi—oeo<v<0)
Since f(x) = (x + 1)* = | is continuous function, solution of

f(x)= f'(x) lies on the line y = x. Therefore,

fx)=f"(x)=x
or(x+1)y-1=x
or+x=0

e, x=0or-1
Therefore, the required set1s {0, - 1}.

f(x) is continuous for all x > 0 and

f[ﬂ = f(x)- £ (»)

Also, f(e) = 1.

Therefore, clearly, f (x) = log, x which satisfies all these
properties.

Clearly, f(x) = log. x, 1s an unbounded function.
Itisgiventhat2*+2* =2V x,ye R
or2'=2-2°

or y = log,(2 - 2)

Therefore, function is defined only when 2 - 2*>0or2* <2 or
X<
-1, x<0

0, x =0

l,x>0

gx)=1+{x},f(x)=

where {x} represents the fractional part function. Therefore,

—1, 1+{x} <0
f(g(x)=140, 1+{x}=0
|1 1+{x}>0
=1, 1+{x}>0 (-0<s{x}<l)
=1 VxeR
S:[1,00) = [2, o)
l
f(x)=x+—-=y
X

or x'-yx+1=0



15. d.

16. a.

or X =

But given f: [1, e0) = [2, o)

__v+«./y2—4

X =

2
+Jxt -4
or f”'(.r)='1'Lr ;
I + 3
For domain of £ (x) = ‘82 *3)
x“+3x+2

X+3x+2#0andx+3>0

orx#-1,-2andx>-3

o Dp= (=3, 00) - {-1,—-2}.

From E to F we can define, in all, 2 x 2 x 2 X 2 = 16 functions
(2 options for each element of E) out of which 2 are into, when

all the elements of E map to either | or 2. Therefore,
Number of onto functions = 16 - 2 = 14

ax

17.d. f(x)=—, x#-1

18. d.

19. a.

x+1

S(f(x))=xor — =%
+1
x+1
or a’x =X
(@+1)x+1
or(a+ 1) x*+(l-a)x=0 (1)

or a+l1=0and}!-a’‘=0

[As itis true V x#— |, Eq. (1) is an identity]
or a=-1

Given that f(x) = (x+ 1), x 2 - 1.

Now, if g(x) is the reflection of f (x) in the line y = x, then
g(x) i1s an inverse function of y = f(x).

Giveny=(x+1y (x2-1landy20)

orx=%xy -1

org(x)=f '(x)= Jx-1,x20

Given that f(x) = 2x+sinx,x€ R

or f'(x)=2+cosx

But -1 <cosx <

orl<2+cosx<3

s ffx)>0Vxe R

Therefore, f(x) is strictly increasing and, hence, one-one.

Also, as x — oo, f(x) = oo, and x — — oo, f(x) — — 0. Further
f(x) is continuous. Therefore,

Range of f(x) = R = co-domain of f(x)

Hence, /(x) is onto.

Thus, f(x) is one-one and onto.

20. b. Given that £: [0, e) = [0, ®) , £ (x) = ——
X

21. a,

22,6

+ |
l+x-x 1
(1+ x)’ (1 +x)
Therefore, fis an increasing function or fis one-one.
Also, D, = [0, ).

or f'(x)= >0V x

And for range, let =yorx=—.

y
| + x -y

Since x > 0. ]_y_;g‘_'. ngo . 0<y< 1. Therefore, R ,=
[0, 1) # co-domain.
Thus, /f1s not onto.

For f(x) = "(s'm"l (2x) + % to be defined and real,

sin' 2x+ /620
T

nrsin"?.x?:-—g (N
But we know that — /2 <sin' 2x < /2 (2)
Combining (1) and (2),

~ /6 <sin' 2x < /2

. sin( —m/6 ) € 2x < sin ( /2)
s =1/2€2x< ]
s=1/4<x<1/2

1 1
'-D=“—,—
4 [42]

Il’+x+2'(x2+.r+l)+l

We have f(x)= = =
f() +x+1 x“+x+1
= |+ lz

(+3) +2
x+=| +=
2 4
We can see here that as x — oo, f(x) = 1.

2
Also, f(x) is maximum when [.r + —2-] + -;— is minimum which

is so whenx=-1/2.

L | ~J

Therefore, [ =1+ i -
3/4

RJ =(1, 7/3]
Alternative Method:

;
O+ x+2

x4+

We have y =

yryx+y=x'+x+2
-+ (@-1x+y-2=0
Clearly, y # 1.
Since x 1s real,
D20
y-1)-4p-1)(y-2)20
-Dy-1-4y+8]20
v-DBy-7<0
ve (1, 7/3]



23. b. f(x)=sinx+cos x, g(x) =x* - |

24, a.

25. d.

s g2(f(x))=(sinx + cos x)* — | =sin 2x
Clearly, g( f(x)) is invertible in

(- sin O 1s invertible when - n1/2<0<n7m/2)

We are given that

0, x € rational

X. X € irrational

f:R-—-}R.f(x)={

0, x € 1rrational

R R, g(x)= ;
& g (x) {x,xEratmnal

S (f—g) : R — R such that

—x, if x € rational
x, If x € irrational

(f-g) (1}={

Since (f — g): R — R for any x, there i1s only one value of
( f (x) — g(x)) whether x is rational or irrational. Moreover,
as x € R, f(x) — g (x) also belongs to R. Therefore, ( f—g) 1s
one-one and onto.

Given that Xand Yaretwo setsand /1 X' — V.
(Ac)=yiccX,ycYiand {f'd=x;dc Y, xc X}.

The pictorial representation of given information is as shown
in the figure.

{© O

Since /' d=x,

fix)=d

Now, ifac x = f(a) < f(x) =d, then
f'fal=a

Therefore, /' (f(a)) = a; a < x is the correct option.
(fogogof)(x) = sin® (sin x?)
(gogof)(x) = sin (sin x°)
; sin’(sin x?) = sin(sin x?)
sin(sin x*)[sin(sin x*) — 1] =0
sin(sin x’) =0 or |
sinx' =nmor2ma+ /2, where m,n € 1
sinx =0
“=nr=>x=%Jnr, ne {0,1,2,...}.

U u U U

Multiple Correct Answers Type

+2
1. a.,d.Giventhatf(x)=y= I_l
I.—.
ﬂ*Lelf(I)=x+?=_vurx+2=.t}‘—_r
_I'_-
e 24y
or x = == orx =/ (y)
Y=

Therefore, (a) is correct.

b. f(1) # 3. Therefore, (b) is not correct.

',x=.r-l—.r—2= -3
A (=1 (x-1)’

Therefore, f(x) is decreasing V x # 1.

<OforVxe R- (1}

Thus, (c) i1s not correct.

x4+ 2 _ +
: 1s a rational function of x.

d. Clearly f(x)=

Thus, (d) 1s the correct answer.

2. b, c. As (0, 0) and (x, g(x)) are two vertices of an equilateral
triangle, length of the side of A is

J(x—-{]]z +(g(x) -0)? = \/.u:2 + (g(,w:))I
J3

. Area of equilateral (A) = . (xz + (g(.r))z)

i
4

(given)
org(x)’=1-x

or g (x) =41 - x’

Therefore, (b) and (c) are the correct answers as (a) isnota
function (since image of x is not unique).

3. a.,c. f(x)=cos [r]x+cos[-m]x
We know 9 < 7 < 10 and -10 < -7* < -9
s [®*]=9and [-7°] =-10
S f(x) = cos 9x + cos (-10x)

= ¢os 9x + cos 10x

9
a. f(g-] = cns—;—r +cosSm = —1 (true)

b. f(x)=cos 9+ cos 10r=-1+ 1 =0 (false).

¢. f(—m) = cos(-9m) + cos(-10x) = cos 91 + cos 10x

= -1+ 1 =0 (true)
T Or St /4 I
d. f| — |=cos—+cos— =cos | 2n+— |+ 0= —= (false
f[aJ gt g [ 4} J5 )

Thus, (a) and (¢) are correct options.
4.b. f(x)=3x-5(given)
Lety=/f(x)=3x-5



| '+ 5
ory+ S=3xorx=2_-

x+5
3

S5.a. Iff(x)=sin’xand g (x) = Vx

or f'(x)=

fog=f(g ()= f(Jx)=sin*Vx
and gof (x) = g(f (x)) = g(sin’ x) = yfSin’x = sin x
Again, if f(x) =sinx, g (x) =| x|,
fog(x)=f(g(x))=f(x)=sin|x|# (sin Jx)
When f(x) = x*, g (x) = sin Vx,
fog(x) = f[g (x)] = f (sin Vx) = (sin Vx )’
and (gof)(x) = g[f (x)] = g(x’)

= sinVx® = sin|x [# [sin x|

2
2 —sec” @

For e (O‘EJ U(E.E]
4 4 2

Letcos 46 = %

6.a., b. f(cos40) =

=5 cos 20=+ \/I+::;549 =+ %

1 2 2 cos” 6 1
f =Y i 2 =l
2—sec’® 2cosiO-1 cos 26

o

fixy=(log (secx+tanx)) Vxe (—%%)

7.a.,b.,cC.

3

fi-x) = (log (sec x —tan x))

3
1
=| log
( sec.rHanx]

= (~log(sec x + tan x))’
= - (lﬂg(sec X+ tan J:.'})'1L
= —fx)
Hence, fix) is odd function.
mn

Letg(x)=secx+tanxV xe ('—E,E]

So, g'(x)=secx(secx+tanx)>0V xe (—%%)

= g(x) is one-one function
Hence, (log, (g(x)))’ is also one-one function.

n n
And 0, 0) V - =
nd g(x) € ( ) IE( > 2]

g(x) =sec x +tan x

| +sinx

COs X

(5+4)
| —cos| —+ x
= 2 =lﬂ.l'l(£+£)
5in(£+.r] 4 2
2
Now .re(i_£)=£+£E[U,£)=}[an(£+£JE(U.m]
2 2 4 2 2 4 2

=5 log(g(x)) € R
Hence, f{x) is an onto function.
8.a.,b.,c

fx) =sin (%sin(gsin x]]

We know that =1 <sinx <1

=5 —lﬂsin[isinx]Sl
.
T [rr _ ]
sin| —sinx
6 6
<sin (—ﬁm[— smxn l
2
E "
Now, fog(x) = r.m[‘sm[hql (Esm rJH

-1< sin(Esin .r)E 1
2

1A

— .

2
It /4
-1 <sin| — sin(—sin xn)ﬁl
= [2( 2
— iﬂisin(f[sin(isin x]) EE
6 6 2 2 6

-1 l

= ?EI{I)£E
1 |
Thus. range of fog is also [-5 5]
T
sm(gsm[-—smx ]
Now, lim
r—0 n .
—SInx
sin Esin(isin.t) Tl E
oy 6 5 6sm Esmx
= lim X -
=0T n . (X . SInx
- —SIin| —sinx ma————k
Goin( Jaine) %
. .
2 p= SIH(ESIHI] -g-sin_r
=lim-—x—x - X
=0% 6 Esinx .

n =
= —=—
2 6

2
3



n .(1\Ym . (1
gofix) € [—5 sin [E] > SIH(EJ]

=3 gofix) # 1

Matching Column Type
1. (a)=(p), (1), (8); (b) — (@), (5); (&) — (@), (5); (d) — (P, (F), (5)-

X —6x+5 (x-=5)(x-1)
X -5x+6 (x-2)(x-3)

We have f(x)=
(2) - (p), (r), (5).

_(—ve) (—ve) _
If-1<x<1,then f(x)= (Cve)(—ve) - +ve
s f(x)>0

-y =] (I+l)
—{= = _

Also, f(x) = ey (= 2)(x - 3)

_ —(+ve) _
For-1<x<l,f(x)-1 (—ve)(—ve)ﬁ ve
or f(x)—1<0orf(x)<]
L)<l

(b) - (q), (s).
If 1 <x<2, then f(x) = i, b PN

(~ve)(=ve) -

Therefore, f(x) <0 and, so, f(x) < 1.
(C) — (‘I): (5)

If 3 <x <35, then
_(ve)(eve)
S %)= o) ve)

Therefore, f(x) <0 and, so, f(x) < 1.

(2x—-6)(x*=5x+6)—(2x-5)(x*-6x+5)

fi(x)=

(x*=5x+6)
3 X 4+2%-11
T (x*=5x+6)
f(x)=0
x=-1% 2\5

Clearly, x = -1 + 2+/3 is point of minima and x = -1 — 2+/3
is point of maxima.

From the above information, we can draw the graph of y = f(x)
as shown in the following figure.

20 ¢
19 1
18 1

From the graph for—-1 <x<1,0<Ax) <1 (asf-1)=1)
Forl <x<2, Ax)<0
For3<x<5§5,Ax)<0
Forx>5,0<flx)<1

(d) = (p), (r), (s). 2. (©) = (@), (©), ), (B
Forx> 35, f(x)>0. Also, We have Ax) =l — 11+ bt =20 + e+ 11+ by + 21 = 4k.

~(x+1) Clearly, for any integral value of x, fix) takes even integral
f(x)-1= <Qforx>5 value.
2 Also, least value of fix)is6for-1S<x< 1.
or f(x)<l, Thus the possible values of k a:!'e‘Z. 345 | | |
0<f0)<1 Note: Solutions of the remaining parts are given in their

respective chapters.
Alternative Method: 3.(b) - (1)

ooy ; Y
x2-6x+5_{x-—5)(.t—ll We know that sin™' x is defined if x € [2 5 1
XX -5x+6 (x-2)(x-3) -1 8(3)°

2(x=1)
Lets draw the graph of y = f{x). 1=3
The domain of function is R — {2, 3}. g.3%~2

We have f(x)=

So, given function f{x) = sin is defined if

Since f{0) = 5/6, graph cuts the y-axis at (0, 5/6). -1s Y 1
wheny=0;x=1, 3. 5
Hence, graph intersects x-axis at (1, 0) and (5, 0). or e 3t -3 .
_ - — - ] 2= 311‘*2
i E=DG=D L x=S)x=D)
-2 (x=2)(x—3) =2 (x—=2)(x-3) 3* _ 32
Now, 55— 150
lim (x——S)(.r-—l)=m_ lim (x=-5)(x-1 _ | — 32
=¥ (x=2)(x=3)  xo¥ (x-2)(x-3) 3 12 +1)
. (x=5)(x-1) gate 20

Also, lim =] 3 -1

x2e(x—2)(x—3)



sign scheme:
+ - _+
0 l

x €(—e0, 0] (1,00) (1)

3.:' _31—2

Also, — +120

x-1 X
3 1)53 +I]20
(31‘31-- —I)

sign scheme:
¥ = _+
l 2
or x € (—ee,l) U [2, o) (11)
From (i) and (i1), x € (—oe, 0] U [2, *)
Note: Solutions of the remaining parts are given in their
respective chapters.

Fill in the Blanks Type

1. For the given function to be defined,

E—.rzzﬁ
16

or-ml4dsx<snd
~ D, =[ - /4, 4]

Now, for x € [~ n/4, n/4], J;rzflﬁ - x* € [0, n/4] and sine

function increases on [0, n/4]. Therefore,

2
sin 0 < sin Ji—f < sin £=—1—
16 4 2

2
.-.IDE‘_’»sin\l'”r—-:n:r1 < 3
16

V2
3
. f(I} E[ﬂ, —J—E]

. For f(x) to be defined, we must have -1 < log, [52—) <l

2
urZ'IE%EZI crl<x’<4

orxe [-2,-1]u[l, 2]

. Set A has n distinct elements

Then to define a function from A to 4, we need to associate
each element of set 4 to any one of the n elements of set 4.
So for each element we have ‘n’ options. Therefore number
of functions is equal to total number of ways in which all
elements are associated. The total number of such ways 1s
nxnxnxX...xn(ntimes)=n"

Hence, the total number of functions form 4 to 4 1s n".

Onto functions are those which have range equal to codomain,
here set A. For A — A, we need to associate each element
of A to one and only one element of 4. So total number of
onto functions from set A to A4 is equal to number of ways of
arranging n elements in range (set 4) keeping n elements fixed
in domain (set 4). n elements can be arranged in n ! ways.
Hence, the total number of onto functions from A to A 1s n!.

4. The given function is, f{x) = sin

‘ | x+1
. Given that f(x) = f[

=

|—x

Sine function is defined for all real numbers.
But logarithmic function is defined only for positive values.

Then “4-11 >0

l—x

= | -x>0also4—-x >0
— x<land-2<x<2
= x€(-2,1)

} -
Now lets first find the values of ln[ X ] forxe (-2, 1).

1—x
/4_ 2
Whenx— 1, s TLal-uE::;ﬁ]rn'nr-ﬁ — oo
l—x 0
o
When x — -2, = -0
- X
4— 2
Thus x € (0, o0)
l—x
£ g
= ln[ = )E(—m,m)
l—x
(4_ 2
= sin[ln[ I]]E[—I.l]
| —x

. Wehavef:[-1,1] = [0, 2], ix) =ax + b.

Also, f{x) is onto function.
So, range of function is [0, 2] for domain [-1, 1].
Therefore, fi-1) =0 and f{1) =2
or

fi-1)=2and f(1)=0
Thus, there are two linear functions one passing through the
points (-1, 0) and (1, 2) which is fix) = | + x and other passing
through the points (1, 0) and (-1, 2) which 1s flx) =1 —x.

] and f is an even function

x+2

‘ - N -x+1
s f{x)= f(=X) 10
=% X = X x> =3x+1=0

-x+ 2

3445
= X= ;

2
Also f(—.r)=f[x+l]
x+ 2
= ik ] =—x = x> +3x+1=0
x+2

3+5

= x= .

2

.. Four values of x are

1 +5 3=5 3¢5 <3=4f§
2 ’ » " &

2 2 2



7. f(x)=sin"x + Sinz(x + %) + COS X Cﬂﬁ[l + %]

* Lp 2
=sin‘ x + z(smx + \Ecns.r)

+%cnsx (cus X - J§ sin x)

= 2( in”x + cuszx) = 2

(gof) x = glf ()] = g(5/4) = |
True/False Type

1. f(x)=(a-x")",a>0, nis+ve integer

or f(f(x))=f[(a - x")”n]

EEEE

- I'm
=(ﬂ'—ﬂ+I ) =X

|

Therefore, statement 1s true.
2. Since codomain is not given, we can assume codomain as R.

£(x)= P+ ax+30  (x+2)°+26
x* —8x+18 (x—4]2+2

For y = 0, there is no pre-image x € R.
Therefore, f1s not onto.
Hence, statement 1s true.

3. We know that the sum of any two functions is defined only
on the points where both f, and f, are defined, that is,
f, +f,is defined on D, N D,.

Therefore, the given statement is false.

Subjective Type

1. Since f(x) is defined and real for all real values of
x, domain of f is R. Also,

2
X

; >0forallxe R
| +x

II

and 7 <l ('*'I:‘”"'Iz)furallxek
1+x

2

: 7<l or 0= f(x)<]
| + x

Therefore, the range of f/ = [0, 1).
Also, since f(1)= f(-1)=1/2, f is not one-to-one.

Alternative Method:

1

-

. 0<

B ;
| + x2
S y+}’x‘1=xz

= IZ__)’

=g
Now x¥*2 ()

We have y=

= ) >0
-y

— 2 .%0
y=1

= 0<sy<l

Thus range is [0, 1).

2. y=|x|'?,-1<sx51

{wf—_ x<0
\/}, xz20

ory’=—xif-1<x<0and y'=xif0<x <1
[Here, y should be always taken +ve, as by definition,
y is a +ve square root].

Clearly, y* = —x represents upper half of left-hand parabola
(upper half as y is +ve) and y* = x represents upper half of
right-hand parabola.

Therefore, the resulting graph is shown as follows:

y
y=y-x ) y =x

yf
3. fxX)=xX-6x-&"+ 12 +x*-T+6x" +x-3
Then f(6)=6"-6x6*-2x6"+12x6°+6'-7x6

+6X6°+6-3
= 6" - 6"-2x6'+2%x6"+6'-Tx6°+6°
+6-3
=-6"+6"+6-3 '
=3

4, Casel: f(x)#2istruc, f(y) =2,and f(z) # | are
false. Then f(x) =1or3, f(y) =1 or 3, and

f(z)=1.

Therefore, / is not one-one.

Case II: f(x)#2is false, f(y)=2istrue, f(z)#1] is false.
Then f(x)=2, f(¥)=2, f(2)=1.

Therefore, it is not possible.

Case I1I: f(x) =2 is false, f(y) =2 is false, f(z)# 1 1is true.
Thenfix)=2, f(»)=1or3, f(z)=2or3.

Thus, f(x)=2, f(z)=3, f(») = 1.
§. Giventhat f(x+y)= f(x) f(») Vx,ye Nand f(l)=2
fQ)=f+1)=fQ1) f(1)=2"°
or fB)=fQ2+1)=f(2)f(1)=2"x2=2]
Similarly, f(4)=2% ..., f(n)=2"

Y fla+k) =Y f(a)/(k)
k=l k=]

_ 7@ k)
k=1
= f@Lf )+ [ Q)+ + f(m)



=f@[2+ 24 - + 2]

— —

_ 2" -1
f(a) 2[ = ]

b -

From if(a+k)=16(2" —]),f(a)=3=2’ or a=13.
k=] :

. Given that 4 {x} = x + [x],

where [x] = greatest integer < x and {x} = fractional part of x.
We know that x = [x] + {x}, forany x € R.

Therefore, given equation becomes

4ix} = [x] + {x} + [x]
or 3{x} =2[x]

or [I]% {x} (1)

Now, 0 < {x} <1
3 3

0<— < —
or 5 {x} >

or0< [x]< % [Using (1)]

or[x]= 0,1
[f [x] =0, then

—{x}=0 [Using (1)]

If [x] =1, then

3
it [Using (1)]

or {x} =2/3
nx=1+23=5/3
Thus, x=0, 5/3.

Alternative Method:
We have 4{x} = x + [x]
or 4{x}=x+x-{x}
or S5{x} =2x

' 2x
or X}=—
{x} 5
The graphsof y= {x} and y= %.r are as shown in the following

figure.

. Letusput y=

From the graph, one of the solutions is x = 0.

: 2 5
Other solution occurs where gx =x-1 or x= 5 ;

ax® +6x-8

o+ 6x—8x?
or(a@+6x-8)y=ax’+6x-8
or(a+8y)xX*+6(1-y)x-B8+ay)=0

Since x 1s real,

36 (1-y)+4(a+8y)(8+ay)20
or9(l—yy+(a+8y)(8+ay)=0

ory’ (9+8a)+y (46 +a’)+(9+8a)=0 (1)

Since function is onto, its range is R. So, (1) is satisfied for all

real values of x.

For (1) to hold for each y € R,

~. 9+8a>0and (46 + a)* -4 (9 + 8a)* < 0

u}—gand[ﬂlﬁ+ﬂ:+2{9+8a}] [46 + o +2(9+8a)] <0
9 2 2
r:r.:--g and (a” - 16+ 28) (" + 16a+64)<0

S>> — -g and (a¢—-2) (a-14) (a+8)*<0
[ (a+8)'20]

a}—gandZEth 14

L2fa<ld

ax® + 6x-8

PR will be onto if 2 < a < 14.
a + 6x —8x

Thus, f(x)=

Ix*+ 6x—8 .
. In this case, x) =10
3+ 6x — 8x° /&)

When a = 3, f(x)=

implies 3x* + 6x-8=0

—6+36+96  —6+132 —6+2J33
6 6 6

= %(-3 +/33)

orx=

Thus, f[%(-& + J3_3)] = f[l (-3- Jﬁ)} - 0.

3

Therefore, / i1s not one-to-one.



