Difterential Equations

INTRODUCTION

In engineering, physics, chemistry and sometimes in subjects like economics, biology etc., it
becomes necessary to build a mathematical model to represent certain problems. It is often
the case that these mathematical models involve the search of the unknown function (or
functions) that satisfies the equation which contains the derivatives of unknown function (or
functions). Such equations are called differential equations. In this chapter, our main aim
is to solve the differential equations i.e. to find the unknown function (or functions) that
satisfies the given differential equation.

15.1 DIFFERENTIAL EQUATION

An equation which involves unknown functions and their derivatives with respect to one or more
independent variables is called a differential equation.
An equation which contains unknown function or functions, containing only one independent
variable and derivatives w.r.t. that independent variable is called an ordinary differential equation.
In the present book, we shall be dealing only with the ordinary differential equations.

15.1.1 Order and Degree of a Differential Equation

The order of a differential equation is the order of the highest order derivative of the dependent
variable with respect to independent variable appearing in the equation. If each term involving
derivatives of a diferential equation is a polynomial (or can be expressed as polynomial), then the
exponent of the highest order derivative is called the degree of the differential equation.

If any term of a differential equation cannot be expressed as a polynomial in the
derivative (or derivatives), then the degree of the differential equation is not defined.

For example, consider the equations :

y B g 0 3B oo 2
() ™ =2x3 + 7+x (i) 3(dxj = sin 2x a
dx
d2%y dy\ . o dy | dy \?
(7id) 5dx_2+8($) = log x (iv) y—xd—x+avl+(d—x)
a2 32 2y
—| =L = kL 1 2 — =
(v) [1 (dx)] kdx2 (vi) Bx2+5y)dy —5xdx =0
(vii) (y')> + cos?y =0 (viii) (y”)> —siny =0

(ix) vy =3W")?+ ) +logy=>5x.
These are all ordinary differential equations.
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(i) The highest order derivative present in the given differential equation is Z—y, so its
X
order is 1. Here the term in the derivative is a polynomial, so its degree is the highest

exponent of %, which is 1. Thus, its degree is 1.

(if) The highest order derivative present in the given differential equation is Z—y, so its
X
3
order is 1. It can be written as 3 (Z—y) = sin 2x. Z—y — 2. Here each term in the derivatives
X X

is a polynomial, so its degree is the highest exponent of Z—Z, which is 3. Thus, its degree is 3.

2
(iti) The highest order derivative present in the given differential equation is Z—z, S0 its
X

order is 2. Here each term in the derivatives is a polynomial, so its degree is the highest
2

exponent of Z—}Z/, which is 1. Thus, its degree is 1.
X

(iv) The highest order derivative present in the given differential equation is %, so its
X

order is 1. It can be written as

2 2 2
(y—x;i—y) :a2(1+(%)]or(x2—a2) (Z—y) —2xyZ—Z+y2—u2=0.
X X X

Here each term in the derivatives is a polynomial, so its degree is the highest exponent

of Z—Z, which is 2. Thus, its degree is 2.

2
(v) The highest order derivative present in the given differential equation is Z—Z, so its
X

233 2.3\2
order is 2. It can be written as [1— (Z—y) ] = k2 (Z—Zj . Here each term in the derivative is
X X

a polynomial, so its degree is the highest exponent of —, which is 2. Thus, its degree is 2.

dzy
dx2’

(vi) The given differential equation can be written as (3x% + 5y) Z—Z =5 x, so this equation

is of order 1 and degree 1.

(vii) The highest order derivative present in the given differential equation is y’, so its
order is 1. Here the term containing the derivative is a polynomial, so its degree is the
highest exponent of i/, which is 2. Thus, its degree is 2. Note that the term cos? y is not a
polynomial in y.

(viii) The highest order derivative present in the given differential equation is y”, so its
order is 2. Here the term sin i’ is not a polynomial in y’, so the degree of the given
differential equation is not defined.

(ix) The highest order derivative present in the given differential equation is y”, so its
order is 3. Here each term containing derivatives y”’, y” and i’ are polynomials, so its degree
is the highest exponent of i, which is 1. Thus, its degree is 1. Note that the term log y is
not a polynomial in y.

In general, an ordinary differential equation of order one is of the form

Fix, vy, LA 0 where F is a function of the variables x, v, dy ; and an ordinary differential
dx dx

equation of order 2 is of the form F | x dy @y 0 et
Y ax dx2 e
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More generally, an equation of the form F(x, y, v, y,, ..., y,) = 0 is called an ordinary
differential equation of order n.

15.1.2 Linear Differential Equation

An ordinary differential equation F(x, y, y;, Y,, ..., y,) = 0 is called linear iff the function F is a
linear function of the variables y, y;, y,, ..., y,, i.e. iff the dependent variable and its derivatives occur
only in the first degree and are not multiplied together. Otherwise, it is called non-linear.
Thus, a general linear differential equation of order n may be written as
Aan Aan-2 X
Pde—Z P1dny Pzdny+~~+Pn3/=Q -..(0)

where P, P, P,, ..., P,, Q are all functions of x only and P, # 0.

The linear differential equation (i) is called homogeneous iff Q is a zero function and it is called
non-homogeneous iff Q is non-zero function.
Note that a linear differential equation is always of degree one but every differential
equation of degree one need not be linear. For example, the differential equation
d2y

3
S 551nx(§i) = 3y is of degree 1 but it is not linear.

EXERCISE 15.1

Determine the order and the degree (if any) of each of the following differential equations. Also
state if these are linear or non-linear.

4y _ ey N
1. dx+5y—0. 23 dx+2y—7x.
3. 0Py -3x)dy + @®-3y?) dx=0. 4. y1-y? dx + v1-x2 dy = 0.
1d%y dy q p
5. ;dx—2+5x§=stx. 6. Y +6y>+y=0.
7. )P +y*-1=0. 8. WP +y +y=0.
vz dzx dx
9.y +12 = 0. 10. (FJ —7t( ) - log 1.
5 (&) =2:-%
1. 3xgh + - =y 12. 1+(Z) =22
dx
13. ¥’ + cos i’ = 0. 14. y’ + 2y +siny = 0.
2
15.dy+7x2d—y=5x2—2y. 16. ¥ — sin x + cos x.
dx3 dx dx
32
d_y2 - ﬂ 77\ 2 7\ 3 7 4 5 _
17. (1+(dx)] —5dx2. 18. ()2 + ")+ W)*+y° =0.

19. y@ + y” +y”" +y +y = 0. 20. Y@ + 2 + e¥ = 0.

21. y = px + 4a*p? + b> where p = Z—Z

15.2 SOLUTION OF A DIFFERENTIAL EQUATION

A solution of a differential equation is a relation between the variables, by means of which and the
derivatives obtained therefrom, the equation is satisfied.

For example:

, x>0, then y = log x is a solution of this

(i) Consider the differential equation —Z =

equation, and a more general solution of this d1fferent1a1 equation is y = A + log x, where
A is arbitrary constant.
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ay
dx?2

(if) Consider the differential equation +y=0 ...(1)

Let y = A sin x + B cos x ...(2)
where A, B are arbitrary constants.

Differentiating (2) twice w.r.t. x, we get

2
Z—ZzAcosx—BsinxandZx—‘;/:—Asinx—Bcosx
d2 . d2
dx—g=—y[usmg(2)] :dx_Zer:O'

Therefore, y = A sin x + B cos x is a solution of the differential equation (1).

It can be easily seen that y = 2 sin x — 3 cos x, y = A sin x, y = B cos x are all solutions
of (1). The most general of these solutions is (2); all others are particular solutions of the
differential equation (1).

General Solution
Let the equation involving the variables x, y and n independent arbitrary constants be

f(x/ Y, €y Cyyovny Cn) =0 (l)

and the differential equation obtained from (i) be
dy dZy dny | _ y
F [x/ ]// E/ dx_z/ ey dx” - O ...(Zl)

then (i) is called the general solution (or complete primitive or complete solution) of (ii).

Note that the general solution of an ordinary differential equation of nth order contains
n independent arbitrary constants. Thus the general solution of an ordinary differential
equation of order one contains one arbitrary constant and of second order contains two
independent arbitrary constants and so on.

Particular Solution
Any solution obtained from the general solution of a differential equation by giving particular values
to some or all the arbitrary constants is called a particular solution (or particular primitive).

The problem of finding the particular solution of a differential equation that satisfies the
given condition (s) is called initial value problem.

ILLUSTRATIVE EXAMPLES

Example 1. Show that y =

" f " is a solution of the differential equation xy, + y = y*

Solution. y = >y +A)=A (D)

x+A
Differentiating w.r.t. x, we get

y.1+@x+Ay =0 :>x+A=—yl
1

= A=-x-YL.
Y

Substituting the values of x + A and A in (i), we get

Yoy L 2 -y o
y(l/l) Y1 4 nTy

Hence, y = " fA is a solution of the given differential equation.
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2
Example 2. Verify that y = A cos x — B sin x is a solution of the differential equation Z—g +y=0.
X

Solution. Given y = A cos x — B sin x ...(0)
Differentiating (/) twice w.r.t. x, we get
dy —A sin x — B cos x and
dx
2
d—g = —A cos x — B (-sin x)
dx
= —(A cos x —Bsinx) = -y (using (7))
dzy
— 4 = .
= 2 y 0

Therefore, y = A cos x — B sin x is a solution of the given differential equation.

Example 3. Show that y = Ax + g is a solution of the differential equation

d2 d
2 4y LAY
Xty 0.

Solution. y = Ax + g = xy = Ax? + B.

Differentiating w.r.t. x, we get x % +ty=2Ax = Z—z +% = 2A.

Differentiating w.r.t. x, we get

xdy y.1
d?y | “dx 7 2 %y, dy
wt T 0P gty Y=l

2
Hence, y = Ax + g is a solution of x2 ;lx—g+x2—z -y =0.

Example 4. Show that y = ae® + be™ is a solution of the differential equation

2
;—32/ - Z—Z _2y =0
Solution. Given y = ae? + be™ ()
Differentiating (i) w.r.t. x, we get % =qe?*.2 + be™ (-1) ...(10)
Adding (i) and (ii), we get Z—Z +y =3ae™ ... (i)
Differentiating (iii) w.r.t. x, we get @ L 3aq.e2%.2 ...(iv)
dx dx
Multiplying (iii) by 2 and subtracting from (iv), we get ;ii_}; - Z—Z -2y =0.

Hence, y = ae® + be™ is a solution of the given differential equation.
Example 5. Show that y = (a + bx) e?* is a solution of the differential equation
Yy, =4y, + 4y = 0.

Solution. Given y = (a + bx) e?* ...(0)
Differentiating (i) w.r.t. x, we get

y; = (@+bx) e .2 +e>.(0+b.1)
= Yy, =2y + be¥ ...(i))  (using (7))
Differentiating again w.r.t. x, we get

Yo = 2y, + be?.2
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= Yy = 2y, + 2(y; — 2y) (using (ii))

= Yy, — 4y, + 4y =0.
Hence, y = (a + bx) e* is a solution of the given differential equation.

Example 6. Show that y = " 5" ¥ is a solution of the differential equation

d? d
—x2) BV A ey =
(1 -x2) X My 0.

Solution. Given y = e s x N0
Differentiating w.r.t. x, we get

d]/ = ‘7’71(1057l X —_ 1 = m i ]
W, m( ) y (using (i)

N1-x2

V1-x2

2
= \/1—x22—z=—my = (1-x?) (Z—Z) = m? %

Differentiating again w.r.t. x, we get

dy d2 dy\? d
_ 2 ay 4ty (9 _ - m2 @y
(1-x%.2 = dx2+(dx) (=2x)=m .2y.(dxj.

Dividing both sides by 2 %, we get

Hence y = ¢ < ¥ is a solution of (1 — x?)

d2 d
(1-2x?2 dx—g—xd—];—nﬂy =0.

2
Ty _ 4y

2y —
dx2 dxmy

EXERCISE 15.2

In each of the following (1 to 4), show that the given function is a solution of the differential
equation :

1.

10.

11.

L] 0y = Ap—
dx+y_0,y—Ae.

2. 4, + 9y =0;y =4 sin 3x.
3.
4

Yy, +4y=0;y=A cos 2x — B sin 2x.

dy dy a
o = — + _ = + —.
y=* dx 4 dx’ y=cx c
2
Show that y = (A + B x) e is a solution of the differential equation Z—]Z/ -6 Z—Z +9y=0.
X

2
Show that y = e + ax + b is a solution of the differential equation e* Z—g =1.
X

2
Show that y =be* + ce? is a solution of the differential equation Zx—g -3 Z—z +2y =0.

Show that y = a cos (log x) + b sin (log x) is a solution of the differential equation
d? d
2y 4 @y + =
g ta——ty 0.
Show that y = e* cos x is a solution of the differential equation
d?y _ 5 dy
——-2—=+2y =0.
dx? i Y
Show that xy = ae* + be™ + x? is a solution of the differential equation
2
xd—g+2d—y—xy+x2—2:0.
dx dx
Show that y = sin (sin x) is a solution of the differential equation

d%y dy
Z 7 +tan x =L + 1 cos? x = 0.
dx? dx Y
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ANSWERS ]
1. 1, 1 ; linear. 2.
4. 1, 1; non-linear.
7. 1, 2; non-linear. 8.
10. 2, 2; non-linear. 11.
13. 1, not defined; non-linear.
15. 3, 1; linear. 16.
18. 3, 2; non-linear. 19.
20. 5, not defined ; non-linear.

10.

@) y=%log(1+x2)+C
3

i y= %—%cos3x+c

() y=tant (x+1) +C

() y=log|erx+e>|+C

() y=xlogx-x+C

(@) y:—% cosec® x + C

() y=-xe>*+C

(@) logly|=e*+x+C
(i) x+coty=C
() tanly =x + %x2+C

@B A+e¥)sinx=C

() y-1=Axy

EXERCISE 15.1

1, 1 ; linear.

5. 2, 1; linear.

1, 2; non-linear.

1, 2; non-linear.

2, 1; linear.

4, 1; linear.

EXERCISE 15.3

UNDERSTANDING ISC MATHEMATICS - XII

3. 1, 1 ; non-linear.

6. 1, 1; non-linear.

9. 2, 1; non-linear.

12.
14.
17.

21.

1, 1; linear.
2, 1; non-linear.

2, 2; non-linear.

1, 2; non-linear.

.. x6  x3
(i) y—?+?—210g|x|+c.

(i) y = %e3x—x2+C.

2
(i) y = % +2x-13log |x+2|+C.

(i) y = % sin! (x2) + C.

(i) y:—%cos3x+écos5x+(x—1) e* + C.

(i) y = itan—1

2

(tanx ;cotxj L C
V2

(i) y = % (x2 + 1) tan™x — %x+ C.

EXERCISE 15.4

(i) x + % log (1 + y?) = C.

(i) x+log|1-y|=C

(ii) — —— = ¢+ C.

3y3

(i) x+y+log|xy|=C.

2
(if) Iog|1+y|=x+%+C.

() tan! x + tan' y + % log(1+x?) (1 +y»)=C

(i) V1-x® +41-9> =C.
() tanxtany=A
(i) siny= A cos x

(1) eV+ev+ %xz—log|x|

() —1-y* + (x-1)e* =

=C

C

(if) siny = A e-sinx,
(i) (1 + sin x) (1 + cos y) = A.

(i) log |y|=e*+x+ C.

(@) yx+1)2=Ae2
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