Ex 21.1

Areas of Bounded Regions Ex 21.1 Q1

Given equations are

wez )
and v2 = gx ---{2)

Equation (1) represents a line parallel to y-axis and equation (2] represents a
parabola with vertex at origin and x-axis as its axis, A rough sketch is given as below: -
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We hawve to find the area of shaded region . We sliced it in vertical rectangle width
of rectangle = ax,

Length ={y-0)=y
Area of rectangle = yax

This rectangle can mowe horizontal from » =0 to x =2

Required area = Shaded region OCBO
2{shaded region 0A80)

2]§ydx
2]§«|‘8X e
= 2.2.07 [Ef ax

] m[;&]i
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Required area = 33—2 square units



Areas of Bounded Regions Ex 21.1 Q2

To find area of region bounded by x-axis the ordinates x = -2 and » = 3 and
yY-1l=ux ---{1
Equation {1} is a line that meets at axes at {0,1) and {-1,0].

& rough sketch of the curve is as under: -
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Shaded region is required area.

Reguired area = Region AECA +Region ADEA

A = 1% yax + [ yax|
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Areas of Bounded Regions Ex 21.1 Q3
We have to find the area of the region bounded by

X=2a ———(1]
and w2 = 4ax ---(2)

Equation (1) represents a line parallel to y-axis and eguation {2) represents a

parabola with vertex at origin and axis as x-axis. A rough sketch of the two

curves is as below: -
¥

We have to find the area of the shaded region. Mow, we slice it in rectangles.
Width =ax, Length=y - 0=y

4rea rectangle = yax
This appraoxim ating rectangle can move from » =0 to x = 2,

Required area = Region OCEO
2{Region 0AB0)

2[5 N4ax dx

2.2438 ey
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. = .
Reqguired area= Eaz square units



Areas of Bounded Regions Ex 21.1 Q4

We have to find area bounded by ~-axis and parabala

y=4x—x2
= *Podx+d=-y+4
= (e-2e-tr-9) ---f)

Equation (1] represents a downward parabola with vertes [2,4) and passing

through {0,0) and {0,4). & rough sketch is as below: -

(x=2) == (y=d)

T
the shaded region represents the required area. We slice the region in approzimation
rectangles with width =ax, length=yv -0=y

area of rectangle = yax.

This approxim ation rectangle slide from x =0 to x = &, so

Required area = Region 0ABQ
= Jg{ﬂrx —Xz)dx
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Required area= =5 sgquare units



Areas of Bounded Regions Ex 21.1 Q5
Tao find area bounded by

w? = gx ---{1
and x = 3 ---{2)

Equation (1) represents a parabola with wertex at origin and axis as x-axis and

equation (2] represents a line parallel to y-axis.

& rough sketch of the equations is as below: -
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Shaded region represents the required area we slice this area with approxim ation
rectangles with Width =ax, length=yv-0=y

&rea of rectangle = yax.
This approxim ation rectangle can slide from x = 0 to x = 3, =0

Reqguired area = Region 0CE80

= z(Region 0480)
2|3y
= 2]3«}4}(0‘}(

= 4] fedx
s

8
= —.343
533

Reqguired area= 2.2 square units

Areas of Bounded Regions Ex 21.1 Q6



We have to find the area enclosed by

yo=d-x2

= (-9 -~
¥ =10 ——-{2)
N=2 ———{3)

Equation {1} represent a downward parabola with vertex at [0,4] and passing through
{2,0),(-2 0). Eguation (2) represents y-axis and equation (3] represents a line parallel

to y-axis.

& rough sketch of curves is as below: -
BiO, 4)

P [, ¥}

Shaded region represents the required area. We slice this region into approzim ation
rectangles with Width =ax, length=y -0=y

Area of rectangle = vax.
This approgim ation rectangle mowve from » =0 to » = 2, S0

Required area = (Regian 0A80)
= ]3{4—)(2:]0‘)(

. 16 .
Required area= R square units



Areas of Bounded Regions Ex 21.1 Q7

We have to find area enclosed by x-axis and

y=-.|"x+1

2

= vi=x+1 ---{1)
and x =0 ---{2)
x =4 ———{3)

Equation {1} represent a parabola with vertex at {-1,0) and passing through
{0.1) and {0,-1). Equation {2] is y-azis and equation {3} is a line parallel to

y-axis passing through {4,0}. So rough sketch of the curve is as below: -
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We slice the required region in approximation rectangle with its Width =ax, and
length=y-0=y

Area of rectangle = yax.
Approximation rectangle moves from x =0 to x = 4, So

Fequired area = Shaded region
= [Region OECDO)

= [3ya

= ]Da'ﬂx + 1l
5 4
= E(XH}MJD

= Z[{+ + D) - (0w )BT

N

Required area = —[SJE— 1:| sguare units
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Thus, Required area = - 1] square units



Areas of Bounded Regions Ex 21.1 Q8

We have to find area enclosed by x-axis

=0 x=2 ———[1}

and vZi=fx+4 ---[(2)

Equation {1} represents y-axis and a line parallel to y-axis passing through (2,0)
respectively. Equation {2) represents a parabola with vertex at [—gJDJ and passes

through the points {0,2),(0,-2), so rough sketch of the curves is as helow: -
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Shaded reqgion represents the required area. It is sliced in approxim ation rectangle with
its Width =ax, and length={y -0} =y

Area of rectangle = yax.
This approxim ation rectangle slide from x =0 to x = 2, s0

Required area = Region 048 CO

= 2 Jox + 4y
} {E {6X+4)«f’6x+4}2
3

s}
o

- 2[(t12+ ) vz ) - ffo+ 40+ )]
3[16 16 - 444 ]
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Required area= % sguare units



Areas of Bounded Regions Ex 21.1 Q9

We have to find area endosed by

y2ex-1 -~ (1)

andx =2 ---{2)

Equation (1) is a parabola with vertex at (1,0) and axis as x-axis, Equation {2) represents
a line parallel to y-axis passing through (2,0}

& rough sketch of curves is as below: -

¥ (0, 4) -

---yz x—-1

Shaded region shows the required area. We slice it in approxim ation rectangle with
ite Width =ax and length =y -0=y
Area of the rectangle = vax,

This rectangle can slide from » =1 tox =2, =0

Required area = Region A&CA
= 2 [Region AGCA)
= 2[12de
= 22 —1dx

= 2(%(;«—1}@]
- 2[{e-1E=1)- {111}

2
1

-2(1-0)

Fequired area= % sgquare units



Areas of Bounded Regions Ex 21.1 Q10

-

It can be cbserved that

ellipse is symmetrical about x-axis,

2
Area bounded by ellipse = 2[\; dix
a

2 ><2
= 2]3 -2 dx
L 4

2
=3.|-‘\||4—X2 dx

1)
I N e Y.
—3[2 4-x +25|n 5

= 3[1(0)+ 2sin (1) - 0-

- 4]

= 3m Q. units

]

2sin (0] ]
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We have to find area enclosed between the curve and x-axis.

y = 241 - %2, ¥ e[0,1]

= viedn® =4, x5 2[0,1]
2

}‘.2
T+T-1Jxe[u,1] -=={1)

Equation (1) represents an ellipse with centre at arigin and passes through (£1,0)

and (0,2} and x <[0,1] as represented by region between y-axis and line x = 1,

4 rough skefch of curves is as below:-

v
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A
x
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Shaded region represents the required. We slice it into approxim ation rectangles of Width =ax
and length= v

area of the rectangle = pax,
The approximation rectangle slides from x =0t x =1, s0

Required area = Region 0AP80
= léya‘x

Ja21 - x 3y

i et
2 [[lJl—_u 2 sinr (1)] {0+ n]]

2
z
2

. kg .
Required area = 2 square units
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Areas of Bounded Regions Ex 21.1 Q13

To find area under the curves

po=at-x?

= ®2 ey =2t ---(1)

Betwsen x =0 ---{2)
N¥=a ---{3}

Equation (1) represents a drode with centre (0,0) and passes axes at (0,a)
[i—a,D} equation {2} represants y-axis and equation x = & represent a line

parallel to y-axis passing through (a,0).

& rough sketch of the curves is as below: -

{-a,0)

x=a

(0,-a)

Shaded region represents the required area, We slice it into approxim ation rectangles of Width =ax
and length=y -0 =y

Area of the rectangle = yax.
The approximation rectangle can slide from x =0 to x = 5, 50

Required area = Region OAPBO
= [ayax

= [hJa? - xtdx

z
X -,
X+ g [ X
2 z i

a

[gJaz-_a? ¥ é sin”! [1]]- {n}]

- 5 .
Required area= Zaz square units



Areas of Bounded Regions Ex 21.1 Q14

To find area bounded by #-axis and

2y =S +7 ---{1)
X=2 ———[2]
¥=8 ---(3)

Equation (1) represents line passing through [—%,DJ and [D,;] equation (2),{3)shows

line parallel to y-axis passing through (2,0}, (8, 0) respectively.

& rough sketch of curves is as below: -
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Shaded region represents the required area. We slice the region into approximation rectangles of Width =ax
and length=y

Area of the rectangle = yax.
This approsimation rectangle slides from x =2 to x =8, s0
Required area= [Region ASCDA)

_ J:[SX;- ?]dx

= %[(mu +56)- {10 +1+}:|

192

2

Required area= 96 square units



Areas of Bounded Regions Ex 21.1 Q15

We have to find the area of circle
xE 4yt =g ---{1)

Equation {1} represents a circle with centre {0,0) and radius &, so it meets the axes at

{+s,0),{0,+5). & rough sketch of the curve is given below: -

B| (0,a)

/‘;ﬂ/ ﬁpt )
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Shaded region is the required area. We slice the region A084 in rectangles of
width ax and length=y-0=y

Area of rectangle = yax.
This approxirm ation rectangle can slide from » =0 tox =&, =0

Required area = Region AS8C0A
= 4[Region ABCA)
= 4{]3 ydx}

= 4fJa® - xPax

Required area= 32 sgq.units



Areas of Bounded Regions Ex 21.1 Q16

To find area enclosed by
X=-2,x=3,y=0andy=1++1]

= y=1+x+1 ifx+120
yo=24x ---1),ifxz-1

Il

and  y=1-[x+1),ifx+1<0
= y=1-x-1,ifx < -1
= Vo= —x ---{2), ifx<-1

So, equation {1} is a straight line that passes through {0,2) and [-1,1). Equation
{2) is a line passing through {~1,1) and {-2 2] and it is enclosed by line » = 2 and
x = 3 which are lines parallel to y-axis and pass through (2,0} and {3,0] respectively

y =0 is x-axis. So, a rough sketch of the curves is given as:-

Shaded region represents the required area.

So, required area = Region [ABECDFA)
Required area = (region ABEFA +region ECDFE) ---{1)

region ECOFE is sliced into approxim ation rectangle with width ax and length vy,
#rea of those approximation rectangle is vyax and these slids from » = -2 to x = -1,

Region ABEFA is sliced into approximation rectangle with width ax and length ..
Area of those rectangle is y,ax which slides from » = -1 to » = 3. 50, using equation [1),

Required area = [_'zlyldx + jflyzdx
= [T (-x) a4+ 2 o+ 2)dx

5]
31{E)6 )

. 27 .
Required area= - sg.units



Areas of Bounded Regions Ex 21.1 Q17
Consider the sketch of the given graph:.y =|x =5|

v

{1,0) {5,0)

Therefore,

1

Required area =f yadx
0

= E5(‘.’ units
5 .

Therefore, the given integral represents the area bounded by the curves,
X=G:V=D! x=1and V= _[X_S:L



Areas of Bounded Regions Ex 21.1 Q18

The given equation 15 1= |.r+3|

The corresponding values of x and ¥ are given in the following table,

x|-6

-5|-4

-3]l-2|-1]0

r| 2

2

1

0 1 203

On plotting these points, we obtain the graph of ¥ :§x+ 3| as follows.

B

i

b -5 4 -3 -2 -t_!Oa 23 4

-2

-~

It is known that, (x+3)<0 for —6<x<-3and (x+3)z0for -3<x<0

J‘i|(x+3)kﬁ

-jj{ﬁs)m j_‘;{xu)dx

. -3 2 )
=2 +3x} +[x—+31}
L 2 - 2 -3

(‘73}}3{-3)}[@%(—5)”+[o_[{‘%)_+3(—3)]]



Areas of Bounded Regions Ex 21.1 Q19

We have,

_ 1= x+1, ifx+1z0
y =pral= ~fr+1),ifx+120

y - [x+1),ifxz-1
-x =1, ifx <-1

= yo=x+1 {1)
and p = -x -1 (2)

Equation {1} represents a line which meets azes at [0,1) and {-1,0). Equation [2)
represents a line passing through {0,-1) and {-1,0)

& rough sketch is given below: -
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Required area =9 sq. unit



Areas of Bounded Regions Ex 21.1 Q20
Ta find the area bounded by

Wawis, =3 ¥ =4and xy-3x -Zy -10=10
= viv-2)=3x+10

3 + 10
= Y= -2

A rough sketch of the curves is given below: -
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Shaded region is required region.
It is sliced in rectangle with width =ax and length=y

Aarea of rectangle = yax
This approxim ation rectangle slide from » =3 to x = 4. So,

Required area = Region A8CDA

= [§ydx
af 3x + 10

= [el's
fa[ P ]

=13 i}j
Ia[ +x—2 L
4 4
= (3x), + 16{log|x-2] 5
={12-9)+16(logz - log1)

Required area= {3+ 16l0g92) sq. units



Areas of Bounded Regions Ex 21.1 Q21
To find area bounded by y = g+25in2){,

“-anis, x=0and ¥ =»rx

& table for values of ¥ =g+25inzx is: -

X ] E T T T 27 3r
5] 4 3 2 3 4

T ) 1.57 2.07 2.57 3.07 3.57 3.07 257

E+25m X

& rough sketch of the curves is given below: -

Shaded region represents required area. We slice it into rectangles of width =ax
and length=y

Area of rectangle = yax
The approximation rectangle slides from »x =0 to » = 5. So,

Required area = [Region A8CDO)
= [g wdx
=3 { +25in x]dx
z

=[] [2 +1- CDSEX]G"X

bs sin2x
—N+x =
[,

g2

-
2

+ T

Required area = g[ﬂ +2) sq. units




Areas of Bounded Regions Ex 21.1 Q22

To find area between by wx-axis, x =0, ¥ = r and

y=%+25in2x ---{1)

The table for equatian (1) is:-

X 0 ke ke Ed T 27 ar Ex g
B 4 3 2 3 4 5]
¥ 0 0.66 1.25 1.88 2.5 1.88 1.25 N1 0
¥
{0,3) B
{0,2)
10,1
— ‘ x
/9’ {0,0) {nh‘!
Fd

Shaded region is the required area. We slice the area into rectangles with width =ax,
length=y

Area of rectangle = yax
The approximation rectangle slides from x = 0 to x = 5. So,

Required area = [Region AB0A)
= | yax

E

= ]5[£+ 25in2dex

x
=lq [—+ 1- CDSEX]G‘X
r

xZ Sin2x 3
= | —tx—
27 2

u]

=[g+g—u]—(u}

. 3 .
Required area = ?ﬂ £g. Units




Areas of Bounded Regions Ex 21.1 Q23

Y
= d
D x
o B . X
n 3= F
2 2
C
¥

From the figure, we notice that

The required area= area of the region OABC + area of the region BCDB
+ area of the region DEFD

%
Thus, the reqd. area = J'Dz cos ® dx +

g
cosx dx
b

+ Ig%CDS ¥y
=[sin xjgé+

=|sinZ - sino |+
2

=1+2+1 = 4 square units

+[sinx]

sin % R n
[ ]% :

g
. 3w .o
SN — = SN —
2

. . 3m
+|5IN2m - sin—
2 2

Areas of Bounded Regions Ex 21.1 Q24

To find area under the curve

y = sinx ---{1)
and y = sin2x ---{2)
between x = 0 and x = %
X 0 i ki - T
6 4 3 2
Y=sinx 0 0.5 0.7 0.8
¥=sin 2 x il 0.8 1 0.8
& rough sketch of the curve is given below: -
¥
i
(xavi) L y =sinx
{0,1) P O.m" L
3TN -
/ Jr( \'\.\
4
o ____‘_-\‘., Ax

(0,05 | / R s
N ¥ = sin2x

Area under curve v = sin2x

It is sliced in rectangles with width =ax and length =y,

area of rectangle = ¥y ax

This approxim ation rectangle slides from x = 0to x = % So,




Required area = Region OPACO
Ay = [F v
x

= 105 Sin2x oy

_[-cos2x E)
2 0

4

3 .
Ay = — sq.units

Area under curve ¥ = sinx

Itis sliced in rectangles with width ax and langth ¥,
Area of rectangle = voax

This appraxim ation rectangle slides from » =0 to x = =, 50,

w| =

Required area= Region 02400

J—

x

= DSYZG.X

z

= |Fsinxdx
x

[— ctns;{]g5

- CDSE— oos0
3

-

1 .
As = 5l sq.units

So,

As i Ay =

M| =
4|

.'42:.41=2:3



Areas of Bounded Regions Ex 21.1 Q25

To compare area under curves

2

v =coscx and y =sin®x between x = 0 and x = .

Table for v = cos®x and v = sin®

¢ o z il z o 2 3|
g 4 ] 2 3 4 A
Yposx 1 0,73 0.3 0.25 1] 0.25 0.5 0.75
Y=sintx il 0,25 0.5 0.7 1 0.75 0.5 0,25
) i’ x = cos® x
1A sim x ¥ = 005
.1 “\\ ( ¥ E‘{ S
¥, A % ¥l
1 \\?’f \\\ [},ITC
I XA X
f/ \ / \'\
\
1 /’ | .rf J\}‘
.r'.J ..." (3]
I & X
0 (m,0)
5
' f
#rea of region enclosed by v = cos“ » and axis
Ay = Region 0AEQ + Reqgion ECOD&
= 2 {Region 8CO8)
=27 cosx
z
(1= 2
_ 2[;[ Cos X]dx
z 2
z
sin2x |7
= -
L
z
=|{fr-0)-|Z-0
2
g
=5 - —
2
I
Ay = = sg.Units ---{1
1=5 =8 (1)
area of region enclosed by v = sin® x and axis
A, = Region QEDO
= [§sin® x dx
+[1-COs2x
=[3 [f] o
i[ sinzx ]’
= — X_
2 2 g
1
-z -0)- (0]
x .
Ao = — 50, Units ---l2
2= 54 (2)
From equation (1) and (2],
Ap =4z
So,
area endosed by v = cos® x = Area enclosed by v = sin®x




Areas of Bounded Regions Ex 21.1 Q26

The required area fig., of the region BOB'RFSE is enclosed by the ellipse and the
lines ®x = 0 and % = ae.
Mote that the area of the region BOR'RFSE

. b -
= 2];8 ydu = 25 _|§e-.||a2 - &%y

2 1=

2b | = 2 z a -1 =

= — |43 - % + —sn" —
a |2 2 a

jed]
Za

= ab |ey1 - 8% 4 sin L e]

=l

-
N




Areas of Bounded Regions Ex 21.1 Q27

dhy
a
= x4yt =gl
x
|y
a o a a ’
2
_a
]
a

Area of the minor segment of the drde

a
=2[\-'az— adx
3
r 2
= E_gdaz—x2+ %sin‘lg];

I 2 )
-2\ 2(0)+ Zsim?(2)- 2 fa- 2 - Lot 2
2 2 2) 4 4 2 4

(& (ay a[. & &_ .a
—2‘S|rl [2] 2 =l a =10
&

- E(d,g— 3f3)sq. units

i8]

It
)
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-

P

¥

Area of the bounded region

z dx
= 2|y =—at
Ira

= 2 (2at) (221)

t=1

t=2
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My

¥ = 3cost, ¢ = Zsint

x
M

4

Area of the bounded region

=

z
= 4jzsmtdt
[}

= —8[cost:é
= —8[0—1]
= 857 Units

4

[



Ex 21.2

Areas of Bounded Regions Ex-21-2 Q1

To find the area enclosed in first quadrant by

x
1

=0,v=1 v=4 and
po= ---{1

Equation [1] represents a parabola with vertex [0,0) and axzis as y-axis, x = 0 is y-axis

and y =1, y = 4 are lines parallel to x-axis passing through (0,1} and {0, 4)
respectively. & rough sketch of the curves is given as:-

— = e
- = Lo

>

Shaded reqgion is required area and it is sliced into rectangles with area xay
it slides from vy =1toy =4, so0

Required area = Region A8 CDA
= |ty

4 ¥
=75
Iy Py ¥

- 213y
4]
(545

_1f16 2
R

4
1

RN S

-

Required area =% 5g. units



Areas of Bounded Regions Ex-21-2 Q2

Ta find region in first quadrant bounded by v = 1, v = 4 and y-axis and
x% =18y - --{1)
Equation {1} represents a parabola with vertex {0,0) and axes as y-axis.

A& rough sketch of the curves is as under: -

al

§ymd

Shaded region is required area it is sliced in rectangles of area xay which slides
fromy =1toy =4, so

Required area = Region ASCDA

A= [y xdy
Iy 4y

geed

[z
3

1) .
A =— sq. units
3

4
1



Areas of Bounded Regions Ex-21-2 Q3

|
[0

|
[

|
]

|
i
i}
-
("

a4

23 2
Area of the region = 2x _[ [a— X—] dx
o 45

z
=2x|ax- X i
- 12a

0

_ -
=2 5[2‘3—0)—M
L 12a

[ fa’
=22 - 2
< 123}
I 3
_2 16a
| 12a
g .
= Z&f=q unit
2 £g Units

Areas of Bounded Regions Ex-21-2 Q4

w2

g
Area of the region = 2x I[— 15
]

- (—4)}dx

— 3 8
- 2x| -2 4 ax
| 48 A

r I
=2x 4x——:|




Areas of Bounded Regions Ex-21-2 Q5

o — ) =23

¥ =4

+

Area of the bounded region

= ?f[f'vzlé dy

a

12> 2
=a* [ y3 dy
El

i 5=
B ag[gys]
o

3 3
- 5[23 - 1]62 g units



Ex 21.3

Areas of Bounded Regions Ex-21-3 Q1

Area of the bounded region

- id&% e
X Y
_ PGt
fo4]
e 3
={ N % - % - D] Areas of Bounded Regions Ex-21-3 Q2
=12 =q. units el J
; /
r
4 L
i Y = 3_)(2 _J-f’"_#f_
3
\\.\\\ I__
|x.\\xr-—-_ Il 1 1 L |
2 1 1 2 3 H 3 6 i

2 16

4[3& 3x2}dx

Area of the region = [
0

% 3
4]
[ % (&
| 'E}
P
=_8_E}
=[8—4:|=45qur1it5




Areas of Bounded Regions Ex-21-3 Q3

we have to find area of region bounded by

y?=x ---(1)
and y = x ———{2}

Equation (1) represents parabola with vertex (0,0) and axis as x-axis and equation

{2) represents a line passing through origin and intersecting parabola at {EI,I:I} and

{1,1).
& rough sketch of curves is as below: -
¥
A
&
(1.3)
£ N
iy —
f ~Ax
. 7@ (% ¥2) -
¥ =x

Shaded region represents the required area. We shice it in rectangle with Width =ax,
length =y, -y

area of rectangle = (v, - v, )ax
The approximation tnangle can slide from » =0 to » = 1.

Required area = region 408 L4
i
= Jalyy - y2)ax

I [ - ) e

Xz '
- %”\E‘?L
- %.LJ‘I—%]—[EI]

. 1 .
Reguired area = 3 square units



Areas of Bounded Regions Ex-21-3 Q4

We have to find area bounded by the curves

y=4—x2

= A e(y-9) -y
and v =0 ---12)
y =3 ---{=)

Equation {1} represents a parabola with vertex {0,4) and passes through {0,2),{0,-2)

uation is x-axis and equation is aline parallel to x-axis passin rou ,3.
Equati 1 d equat 3 | parallel t p g through [0,3

& rough sketch of curves is below: -

i
| (0.4
r/'. l\\
o/ cloppn ve3
Y d— =
 S— O
 — !
E ;|l i I — A
- 1 s X -
(-2,0)/ o 12,0
|II 1-

y =4-x

Shaded region represents the required area. We slice it in approximation rectangle with
its Width =ax and length=y -0=¥

&rea of the rectangle = yax.

This approxim ation rectangle can slide from x = 0 to » = 2 for region O48C0,

Required area = Region AEBDEA
2{Region 0A8CO)

2]§ il

2i5f4- Xz}jx
o]
z {[8 E g] B [D)]

square units

L3
w3

Required area =



Areas of Bounded Regions Ex-21-3 Q5

K2R X ¥
Here to find area {(ij}'a_erb_legEJrE
S,
w2 g2
A -
XY .
a+b 1 [2)

Egquation [1] represents ellipse with centre at origin and passing through [#a,0},

(0,%b) equation (2} represents aline passing through {a,0) and {0,b).

& rough sketch of curves is below:-let 3 > b

2 2
Shaded region is the required region as by substituting {0,0) in X—2+;—2$ 1 gives a true statement
&

and by substituting {0,0) in1s %+% gives a false statement.

We slice the shaded region into approxim ation rectangles with Width =ax,
length = [y, - y2)

Area of the rectangle = [yl - !-"2}

The approxim ation rectangle can slide from » =0 to ¥ = 3, so
Reguired area = IS[%W— %[a—x']}a‘x

2 3[BT - (- )|

n
w| o
|
Y
|
%

V]
+
|,
w,
5
L
|
‘-\—'—J
L
+
|’<
[
s

Required area = aTb{ﬂ'—E} square units



Areas of Bounded Regions Ex-21-3 Q6
Here we have find area of the triangle whose vertices are A[2,1), 5(3,4) and C{5,2)

¥

B (3,4)

a(xys)
h_s Ax

N C 2
[’:Y:):

2 {—¢
H Exl\‘:]:

Equation of AE,

N ey

y=3x-5 ———{1)

Yo x 47 —
Equation of AC,

y—l=[%}{x—2}
y—1=%{x—2]

—1x 2+1
¥ 3 3

1 1
—Zx+l [z
% 3)(+3 {2)

Shaded area 2 48T is the required area.
ar {atBC) = ar (aA480) +ar [480C)

For ar{aABD}: we slice the region into approxim ation rectangle with width =ax

and length {y; - v3) area of rectangle = v, - ¥5)ax

This approsimation rectangle slides from »x =2 to v = 3

ar [aA8D) = Jg[yl - ya)ax

]
—

ar {sABD) =% sg. unit

Far ar{aBDC): we slice the region into rectangle with width =ax

and length {y. - ¥3). Areaof rectangle = [y, - yylax



The approximation rectangle slides from x = 3 to x = 5.

areafaB0OC) = [g(yz - yaldx

[}
wrin
|
w4
b
+

|m

(]

"
=1
b

n
|

P ———
D~||
|
|

) _{[4{5}2 L0 (5]] i [4{3}2 i Q{B}H
B & 3 B 3
SR

[ =0
= - ——+14]
E

ar [a80C) = % 5q. units

So, ar[aABC) = ar [«A8D) + ar (B0 C)

| 4=
+
w|m

[l TR ]
w|m

ar [«ABC] = 4 =q. units



Areas of Bounded Regions Ex-21-3 Q7

we have to find area of the tangle whose vertices are A{-1,1), B{0,5), C(3,2)

Pavi)s afx vz)

(2.3 ar D
(*1!’3!

(4 ¥s)

[+]

Equation of A8,

y—y1=[£§_x ][X 1)
y—1=[§_?](x+l]
y—1=%{x+1}

¥=4x+4+1
¥ o= 4w+ 5 ---[1

Egquation of &2,

W=F5—x ---{2)

y-5= %J(X—D)
- Z(x-0)
¥y -5=-x
y=5-x ---[@

Equation of AC,
2

y—1=[3;+ﬂ(x+l}

1
-1== 1
Y 4(){+)

—ix+l+1
i
1
y- 2 -~

Shaded area aABC is the required area.
ar {aBC) = ar (2480 + ar [a80C)
For ar (MBD}: we slice the region into approxim ation rectangle with width =ax

and length (v, - ¥3) area of rectanale = {y; - va)ax
This approxzimation rectangle slides from x =-1tox =0, so

ar (aA80) = [ [y, - ya)dx

= _01[{4){ +5)- %{x +5)}a‘x



ar [«ABD) = lEI_E sq. units

Far ar(aBD C} © we glice the region into rectangle with width =ax

and length v, - ;). Area of rectangle = (y; - ygjex

The approxim ation rectangle slides from » = 0 to x = 3.

ar [a80C) % 5q. units

So, ar[aA8C) = ar [2ABD )+ ar [8DC)

ar [=ABC) = 12—5 5g. units

Areas of Bounded Regions Ex-21-3 Q8

To find area of manadlar region bounded by
¥ =2x +1 [Say, line AB)

¥ =3x+1 [Say, line BC)
¥ =4 [3ay, line AC)

-y
---(9
-

equation [1) represents a line passing through points (,1) and (—%,O]Jequat’ an

[2) represents a line passing through paints {0,1) and [—é.o]. Equation (3) represents

a line parallel to y-axs passing through (4,0),
Solving equation (1) and (2} gives point B{0,1)

Solving equation (2) and (3) gives point C({4,13)
Solving equation (1} and [3) gives point Af4, 3
v
4
,cm.?'{“’
Iy -
_.-f\-: 4 -:.;"

AN
(%, }Z\i}r A (4,9)

ax

Shaded region A8CA gives required triangular region. We slice this region into approzimation
rectangle with width =ax, length = [, - v2).

area of rectangle = {yy - yo)ax
This gpproximation rectangle slides from »x =0 to x = 4, s0

Required area = {Rgginn ASCA}

= [;{VJ - .'l"':‘}d”r
= jg[[?.x +1)- (2% + 1]]dx

= [;xdx

Reguired area=18 5. units



Areas of Bounded Regions Ex-21-3 Q9

Tao find area {[x,y} tvE g, x4 g 9] given eguation is

¥ o=8x ---{1}
¥ +y?=o9 ---(2)

Egquation [1] represents a parabola with vertex [0,0) and azis as x-axis, equation [2)
represents a circle with centre [0,0) and radius JO =3, soitmeets area at {+3,0},

(D,iB}. point of intersection of parabola and circle is [1,2\,5) and {1,—2\5).

& rough sketch of the curves is as below: -

Shaded region is the required region.

Required area = Region OABCO
= 2(Region 0BCO)
Required area=2 (region 00CO +region DBCD)

=2[JDLJE|_xdx+jl3 g—xza‘x]

]

i 3
QJE.EX-J; + i-\JQ-X2+E sin'li
3 o \2 2 3),

]

:[g.l.ﬁ]+{[§.Jg.—g+gsm-tm]-[%mggn-l%m
o502 G

-2 %ﬂ_”- 7 - Zsin [1)]

4 3

. 9 8 . 1 .
Required area=2 £+ = Zgint [EJ] square units



Areas of Bounded Regions Ex-21-3 Q10

To find the area of common to

x2+v? =16 ---{1)
vE = Ay ---{2)

Equation {1} represents a parabola with vertex [0,0) and axis as =-axis, equation (2}
represents a circle with centre (0,0) and radius Y16 = 4, so it meets areas at [+4,0),

(0,14,0}. points of intersection of parabola and circle are [2,2@‘3—) and (2, —Qﬁ).

& rough sketch of the curves is as below: -

t ¥ =x
0,4 [2, 2\!’5) 3
1T =~ A

Shaded region represents the required area.

Required area = Region 08 CAD
Required area =2 {region ODAQ +region DCAD) ---{1)

Region O0AQ is divided into approxim ation rectangle with area y,ax and slides from
x=0tox =2, And region £CAD is divided into approximation rectangle with area yoax
and slides from x = 2 and x = 4. So using equation {1},

Required area=2 [jgyldx + [;yzdx}
- 2[]§ﬁdx+]§ 16—x2dx}

i{Jﬁ_éz.v’E}+ {[ng——le+ 12—65in'1 %J - [EJm——4+ 12—'55m-1 %]H

2

_ {g 1z +{(u+esm-1{1))- 12 e @DH
o) o))

Required area= %(4:7 + \5) sg.units



Areas of Bounded Regions Ex-21-3 Q11

Equation of the given circles are
H2+y2=4 1)
And  (x -2P +yZ=4 L(2)
Equation (1) is a circle with centre O at eh origin and radius 2, Equation (2} 1s a
circle with centre C (2,0) and radius 2, Solving equations (1) and (2}, we have
(= 2)2 + y2 = x2 4 y2
or M2 - Ay 4 4+ yZ = g2 4 y2
or % = 1 which gives y 3
Thus, the points of intersection of the given circles are 4 (1, 3] and &' (1, -8 as
shown in the fig.,
Required area of the enclosed region OACA'O between circle

= 2[area of the region 0DCAQ] (Why 2)
= 2 [area of the region ODAOD + areacf the region DCAD]

= 2 [y + [ vax]
2| fe - (x - 2Pk s [P e xzax] (why ?)
)RR TR PR L) [P PP RRs PPEL
- [[x -2) 4 - (2 - 27 + 4sin? [”;_2]1 + [x Ja -2 + acin ;E

. [-.ﬁ + 4sind [‘51]] - 4gnt [-1)} + [4 st 1 -5 - 4 sin? %]

- [—,.5—4:§]++xg]+[4xg—-’§—4ﬂg]

- -ﬁ-%+2;]+[2:-.;§_§]

-5 - 2,7 square units

x;

A':i,-ﬁ]




Areas of Bounded Regions Ex-21-3 Q12

To find region enclosad by

yiex ---()
H+p=2 ———[2]

Equation [1] represents a parabola with vertex at origin and its axis as x-axis,
equation [2] represents aline passing through {2,0} and {0,2}. points of intersection
of line and parabola are {1,1) and [4,-2).

A rough sketch of curves is as below:-
¥

\ -
o~
@.2) >{1} /_/
A

—\eo

}T‘b =hP (nx)
—

) S

B
(%-2)

Shaded region represents the required area. We slice it in rectangles of width ay and
length = fxry - x5).

area of rectangle = [xy - x3)ay.
This approximation rectangle slides from y = -2 to y = 1, s0

Required area= Region A0BA
1
= oz - x2)dy
= f2-y - y¥) ey

P %1‘
23 (=9
(GE

7 10
= —t—
6 3

. 9 .
Required area= 5 sq.units



Areas of Bounded Regions Ex-21-3 Q13

To find area {[x,y] cpfeax,axieaple 16]-

>  yi= ===1)
wi+avi=16

xz-l-yz-% ---l2}

Equation (1) represents a parabola with vertex [0,0) and axis as x-axis,

equation (2) represents a circle with centre (0,0) and radius :g. and meets axes at

[:%,D] and [D,ti]. & rough sketch of the curves is given below: -

N
"t ()
E a (%)
= B
(%) ) 060 (4] »
7, . 0)
[-3)
where a '—‘";ﬁ

Required area = Region OCBAQ
= 2 (Region 08A0Q)
= 2 (Region ODAQC +Region DBAD)

4 2
- 2|2 Bxax + [ ﬂf’;’] -x?dxl

[ 4
N 2 Rl
A=2 [\E-%Xﬂ';]u‘r[% %J -x? +%sin_1%-§-}

&

=2F 2 aﬁ]+ [EH%sm'l(l]]— %W+%Siﬁ'1¥
_[:5 2]

3
Thus, A=—9% a2 + 8% o E—aE—ESIn“[—"‘F—Ea
Vel 3 3 3 r

Where, a = _9+6 274




Areas of Bounded Regions Ex-21-3 Q14
To find area [[;(Jy] : y2 < Sx, Gx? +5y? 4 36]

=  y*=5x ---{1)
sx? 45y = 36
z,,2_728 o
O +y = ‘2]

Equation [1) represents a parabola with verter (0,0) and axis as x-axis,

. . ) B
Equation (2} represents a circle with centre (0,0} and radius E and meets awes at

[ti, D] and [D. t i] % ordinate of point of intersection of drcle and parabola is

A5 5
a where a = -25:70 1345 A rough sketch of curves is: -
¥
1 o x
(%)
5

Required area= Region OCEAO

A = 2 [Region 0BAO)
= 2(Region 0DAO +Region DBAD)

]

: .
2 B + [F 365_] - x2ax

r
ey
W
wlm
b
S
o —
Q -
+
| x
f_ﬂa\\
—
;(m
+
—w
olcn
v
S
LN
p—
m|"
L)
@l

3
Thus, a=-5 .7 +—12" -a ?'S—E—az —%sin"[ ays

Where, a =25 #1345

10



Areas of Bounded Regions Ex-21-3 Q15
To find area bounded by

vE=dx ---(1)
X ay )

Equation {1] represents a parabola with vertey {U,U] and axis as ®-axis,
Equation {2) represents a parabola with vertex [IJ,D} and axis as y-axis,

Points of intersection of parsbalas are (0,0} and [4,4).

A rough sketch is given asi-

X ody F

The shaded region is required area and it is sliced nto rectangles with width
ax and length [y, - o). Area of rectangle = [y, - yJax.

This approximation rectangle slide from x =0 to x = 4, s0

Required area= Region OQAPO

A= [y - ya)dx

2
=I.3‘[2J_ —"'T]ax
2 \F— }(3 )
=|:2.§X X—E]n

{2l

16 .
A =— sq.units
3



Areas of Bounded Regions Ex-21-3 Q16

To find area enclosed by

y* = dax ---{1)
x* = 4by ---(2)

Egquation {1} represents a parabola with verter [0,0) and axis as x-axis,
equation [2) represents a parabola with vertex [0,0) and axis as y-axis,

points of intersection of parabaolas are [D,D} and {43% b%, 432 b %J

& rough sketch is given as:-

X = dby u

¥ = dax

The shaded region is required area and it is sliced into rectangles of width =

ax and length fyy - ya).

area of rectangle = (g - ¥ajax,

: . . ’ 1l
This approxim ation rectangle slides from x =0 to x = 4&5 b 3 S0

Required area= Region OQAFO

LY
=g * Py -yo)ax

4 L2 2
-3 3[e£f-%]m

3 4"% 5%
= |:2.\|4';§X\|{;_X_

1zh
a
2
=Szaaibzaibl G4ab
3 3 3 6 3 12k
a2 16
=tab-ab
3

16
A= ?6’5 sg.units



Areas of Bounded Regions Ex-21-3 Q17

To find areain first quadrant enclosed by x-axis.

x=ﬁy ———{1)
xZepi=4 ---{2)

Equation (1] represents a line passing through {0,0), {—\.5,—1}, [Ji 1). Equation (2)
represents a circle with centre [0,0) and passing through (+2,0], {0,%2). Paints of

intersection of line and circle are [—-.45,—1) and [-ﬁ,l}.

& rough sketch of curves is given below: -

)

!

02

; B
X
/ (,lr ¥ }—ﬁﬁ{i‘n y}]

{ P

= | L

____,/
(0,-2)

Reqguired area = Region 0480

A = Region OCEQ + Region A& CA
= 15 e + 1yt
=ja'{§idx+[f§ 4 — w2

Nl
3 z

(8],

- [23 - DJ + [[D +2sin (1)) - [?“ 2 [gm

A B
2 2 2 3
g .

A= sg.units
3 =]



Areas of Bounded Regions Ex-21-3 Q18

E 2

¥

frea of the bounded region

= _E-J; dx+iﬂ'—-[x-3] dx

2
x%s X% X2 3;(9
1ELE
| Lo | -T2
4

7 ? Q%TT

=9 5q, units

e
W
T
w
[}
i)




Areas of Bounded Regions Ex-21-3 Q19

To find areain enclosed by

x%4y? 21637 “‘(1}
and y? = Gax ---{2)

Equation {1} represents a circle with centre (0,0) and meets axes [+4a,0), (0, +43).
Equation(2) represents a parabola with vertex (0,0} and axis as x-axis. Points of

intersection of circle and parabola are [23J 2..59], {25,—2.@5&).

A rough sketch of curves is given as:-
¥
0, 4t 122, 24301

o eyt w160t

(4a, 0}

Region 0OCO is sliced into rectanales of area = vy ax and it slides from »x =0 to x = 23,
Region BCOS is sliced into rectangles of area = y,ax it slides fram x = 23 0 » = 43 So,

Required area= 2 [Ragion 00 CO + Region BCDB]

= 2[I5" yycbe + 13 o0 |
-2 [jg’@dx o e -xzdx]

2 = 16a3° X *
q'ﬁa.[—xdx} +|Zf1eat-x? +—sin'1[—J
3 . 1z 2 42|,

n
]

S s |

=2 _E!J‘;_‘az + 43ty - 24357 - %az.'r]

3
2 2
_22\55 -C
3 3

A= %[% + 14"3_] sq.units



Areas of Bounded Regions Ex-21-3 Q20

To find area lying above x-axis and included in the circle

e +y2 = Bx

fx-4) +y? =16 —Y

and v? = 4x - --f2)

Equation {1) represents a cirde with centre {4,0) and meets axes at (0,0) and [8,0).
Equation{2) represent a parabola with vertex {0,0) and axis as x-axis. They intersect at

{4,-4) and [4,4).

& rough sketch of the curves is as under: -

_\--.l:-ty' =16

Shaded region is the required region

Required area = Region 3480
Required area= Region @280 + Region DA8D ---{1)

Region 0DEO is sliced inta rectangles of area v ax. This approximation rectangle
can slide from x = 0 to » = 4, So,

Reqgion 0DEO = jgyldx
[Rafeay

o5,

Region QD80 = % 5Q. units ---{2)

Region DAED is sliced into rectangles of area y,ax. Which maoves from x = 4 to x = 8. 5o,

Region DAED = ]fyga‘x

= lfmo‘x
= {{Xzim+2—ﬁ sin_l{%ﬂj

-[[o+o5)- -0l

Region DABD = 47 sq. units ___{3}

Using {1),{2) and (3], we get

Required area= [%+ 4;7]

A= 4[:7 +%] sg.units



Areas of Bounded Regions Ex-21-3 Q21

To find area enclosed by

v = Ex° ---{1)
y=2x%40 ---{2)

Equation [1) represents a parabola with vertex (0,0) and axis as y-axis. Equation (2)

represents a parabola with vertex {0,9] and axis as y-axis, Paints of intersection aof

parabolas are ‘-.E,LE:] and [—-ﬁ,lS}.

& rough sketch of curwes is given as:-

-

Region AOCA is sliced into rectangles with area [}q - }-’Q}M. It slides fraom ~ =0
tox = JgJ S0

Required area = Region AOBCA

2{region A0CA)

2y, - o) ax
2[5'5{2)(2 +9- 5){2)0")(

2 {a - ax?)ax

2[9x—x3}f

2[{av3 - 345 - (0]

Reguired area= 1243 sq.units



Areas of Bounded Regions Ex-21-3 Q22

To find area enclosed by

po=2x? ---{1)
v=xZ+4 ---12)

Equation {1} represents a parabola with vertex {0,0) and axis as y-axis. Equation {2)
represents a paraboala with vertex {Dﬂr) and axis as y-axis. Points of intersection of

parabolas are (2,8) and (-2 8).

& rough sketch of curves is given as: -

My =x%+a

L A(2,8)

.ﬁ]‘

Region A0CA is sliced into rectangles with area (yl - yg}ax. And it slides from x =0
tox=2

Reqguired area= Reqgion AO&8CA
A =2 [Region ACCA)

= 2[5(}’1 - yalax
= 2[§ (xz + 4 - 2x2)dx

= 2[§ (4 - xz} i

fos]
-5y

3z .
A= 5 50.units



Areas of Bounded Regions Ex-21-3 Q23

A T A

ALY

LAY B Y

Equation of side AB,
x+1 y-2
1+1 5-2
= X+ 1 y-2

2 3
= 3x+3=2y-4
=2y -3x=7

Equation of side BC,
x—1 v—5
3-1 4-5
¥—1 w-=-5
T T4
=-—x+1=2y—-10
=2y =11-x

Equation of side AC,

41 y—2

341 4-2
K+l _y-—-2
T4 T3
X+l y-2
T T
=x+l=2y-4
=2y =5+x
_5+x
=3

Area of required region
= Area of EABFE + Area of BFGCE - Area of AEGCA

= j‘ymd}{ + j‘ Ypedx — j'vncdx
-1 1 -1

=j‘3x+7dx+j~112—xdx_j~5;—xdx
-1 1 -1

2
z L 213 213
L3 g+l Sl
2| 2 L2 2] 2 2|,
13012 =12y 1 (3P —1°
=2 |2 TS T — (-1 il | STCTES P e
2[ 5 +7(1 = ))+2 3-1 5

1 (3P —1°
—5[5<3—<—1>>+T]

1 1 1
=Z[0+14]+2[22—4]-2[20+4
5 J+3l I-5l ]

:7+%x18—%x24

=7+9-12
=4 sgunits



Areas of Bounded Regions Ex-21-3 Q24
£ f

Yy =X =

(L1

Area of the bounded region

=i~l’§-xdx
o

{%-4]
{34

1 .
== sq. units
g q

&



Areas of Bounded Regions Ex-21-3 Q25
Consider the following graph.

(—"I'=-q’3_‘](

s

We have, y=+/3 x

Substituting this value in x? +y2 =18,

$2 +[ﬁx]z =16

=x>+3x*=16

- 4x*=16

=xi=4

=uw=12

Since the shaded region is in the first quadrant, let us take the positive
value of x.

Therefore, x=2and y= 2‘,"5 are the coordinates
of the intersection point A.
Thus, area of the shaded region OAB= Area OAC + Area ACB

2 4
= Areq OAB=L ﬁxdx+£ 16— x2ax

242 4
= Areq OAE‘=(%] + [x\;' 16-x2 + lEsin_l[i]]
2

0 4

1

2
= Area OAB=( “E; : ] + %{lﬁsin'l[%n - %[4M+ leIn_]{%ﬂ
- %{4ﬁ+ JGsIn_l(iﬂ

- 1 IS
- Aren OAB=243 + 5 [l&x 5 5

= Area 0AB=24/3 +4m-2y3 - %

= Area OAB=¢n—43—“

- Areq OAB= % 5q. units.
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To find area bounded by

yi=2x 41 ---{1
and x -y =1 ---{2)

Equation {1} is a parabola with vertex [—%,DJ and passes through (0,1}, {0,-1}.

Equation {2} is a line passing through {1,0) and {0,-1). Points of intersection of
parabola and line are (3,2} and [0,-1).

A& rough sketch of the curves is given as:i -

Shaded region represents the required area. It is sliced in rectangles of area [x; - x;Jay.

It slides from v =-110 y =3, =0

Required area = Region A8C0DA
3
= [Zifwy - xz)dy

2
= ]?1[14.5,'_ y—_l]dy
2
1 3 2
=§j_1‘2+2y—y +1)dy
1
=§j_31(3+2y—y2)dy

- 3 ik}
1 z_ ¥
==|3 L
¥+ 5 :|_1

=%_{9+9-9}-[-3+1+%H
:

9+E}
L 3

Required area= 13—6 s3. units
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To find region bounded by curves

y=x-1 ---{
andfy - 1)° = 4{x +1) -

Equation {1} represents a line passing through {1,0) and (0,-1) equation (2)
represents a parabola with vertex {-1,1) passes through {0,3),{0,-1) ,[— §JDJ.

Their points of intersection {0, - 1) and [8,7).

& rough sketch of curves is given as:-

Shaded region is required area. It is sliced in rectangles of area {x; - x;)ay.

It slides from vy =-1to v =7, =0

Required area = Region A8CDA
A = Ij1{X1 _XQ}dy

2
-1
=f31[5’+1_ by 4 }

1

+1]dy

[__"1{4y+4—y2—1+2y+4}dy

£l ]

12 ey +7-v2)ay

E

ER
147+45-203) f3_ 5,1
I 3 3

(245 11}

i 517
3y2+?y—y :|
-1

E

EEE

E

a-5%
3

sg. units
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'.(\_ +y

I L \ Sy I ! 1 1 1 ].:.
% S S / % : 3 3 —

Y

.29

Vo= -5t = X %
/
i -3 %
/ -.
{
/ af (29
f \
III' \\\.‘ X+y +2=0
-5 \ H—‘-\xl‘
\\l‘\
Fa s l‘ ~,
\
\ )
\
!
a4 .|II
!

Area of the bounded region




Areas of Bounded Regions Ex-21-3 Q29
To find area bounded by

yo=2 - 52 ---{1
andy +x =10 ---[2)

Egquation {1} represents a parabola with vertex [0,2) and downward, meets axes at :i-JEJD}.
Egquation [2) represents a line passing through [0,0) and (2, - 2}, The points of intersection

of line and parabola are {2,-2) and {-1,1).

& rough sketch of curves is as follows: -

A

1-42,0

Shaded region is sliced into rectangles with area = (yl - yz)u(. It slides from x» = -1

to & =2, 50

Reqguired area = Region A8PCOA
z
A =[5y - yalx

sg. units
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Ty

144

e

o
=
e s
=

&

1 t } }
2 0 012 4
a7 2x+y-12-ﬂx
_e_

Area of the bounded region
3 5
- !3)( i3 [x;ijdx . !12 - 2x - [x;i]dx
2 2

2 2 o 2 2z
o 25 -”—+1x} +[ 12x-2"—-”—+—1xI
472" 2 4

> >
|2 _9-9,31,|60-25-24+2_ 3649423
5 a*s 23 273

=11 sqg.units

-
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To find area bounded by »x =0, x =1

and
Vo= ---{1
v=xZyz ---{2)

Equation {1) is aline passing through (2,2) and {0,0). Equation [2) is a parabola upward

with vertex at {0,2]. & rough sketch of curves is asunder: -

¥

Shaded region is sliced into rectangles of area = (5’1 - yz}&x. It slides from x =0

tox =1, =0

Required area = Region 048CO
A= ]é{h - yajax
=]é{x2+2—x)dx

{2+12-3
N 6

11 )
A=_— =0, units
5 g
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Ta find area bounded by

x=y® --- (1)
and

x=3—2y2

292 = - i - 3) ---@)

Equation {1] represents an upward parabola with vertex [0,0) and axis -p. Equation (2]
represents a parabola with vertex (3,0) and axis as x-axis, They intersect at [1,-1) and

{1,1). & rough sketch of the curves is as under: -

Required area = Reqgion JABCO
A =2 Region 08 CO
= 2[Region 0D CO +Region 8D CE |

= 2[Joyix + [ 2 |

= 2| A + 3 F_Txdx:|

2 {%Jﬂ}[é[%} 3%‘.(_2]]?

_ g[g DH{D}— [2-1-1-(—2}]]

=2 E+i
ERE

A =4 =q. units
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To find area of 248 C with A (4,1}, &{6,6) and C{a, 4},

Equation of A8,

g
y=gx-9 ---{1

Equation of 8,

y—ﬁ=[%}{x—6}
=—1[x—6)
Y= —x+12 ---{2)

Equation of AC,

y—l=[%](x—4)

3
y—1=z(x—4}

x¥-2 ---{3

& rough sketch is as under:-



-

Clearly, Area of AABC = Area ADE + Area BOC

Area ADB: To find the area ADEB, we slice it into vertical strips.

We observe that each vertical strip has its lower end on side AC and the
upper end on AB. S0 the approximating rectangle has

Length=y, -y,

Width = Ax

Area =y, - y,)Ax

Since the approximating rectangle can move fromx=41to 6,

5
the area of the triangle ADB=I (v —yy)dx

~ area of the triangle ADB= f [(——9] (—x—2na‘x

Sx

= qarea of the triangle ADB= f 99— —x +2]dx

[T
6 7x
= qrea of the triangle ADB= [T ]

7}:
= qrea of the triangle ADE= -x
/ 4 [ 4% 2 ]..

= area of the triangle ADB=( L ’“836 -7 % 6)—[ 7"816 —7x4]



= area of the triangle ADB=[% -42 - 14+28]

-l

= area of the triangle ADBz(% —28j
g
Similarly, Area BDC=f (vq=y3)ax
6
8
~ Area BDC= [ (y4-ys)dx
6

g
= Area BDC=_’; {(—x+12]—[%x—2ﬂd}c

8
—7x
= Areq BDC—_[; { 2 +14}d>{
- 2 8
~ Area BDC = | —-2% +14x]
L 8 &
~ Area BDC=| - L 254 +14x3}—[— 7"836 +l4><6]
- : 53
= Area BDC = —56+112+? -84
= Ared BDC=[6,]—3 —28]
Thus, Area ABC = Area ADB+ Area BDC
I E 63
==>Arr_:aABC—( > —28)+( > —28)
= Area ABC=63-56
= Area ABC =7 sq. units
Areas of Bounded Regions Ex-21-3 Q34
To find area of region
{[xjy):lx—1|£y£«|'5—xz]
= e -1 =y
1-x,ifx<1 ———(1)
=  ¥= _
x-1ifxz1l ---[(2)
and  x*+y2 =5 ___(3}

Equation {1} and (2] represent straight lines and equation {3} is a circle with centre

{o,0), meets axes at (iﬁ,ﬂ) and {DJJ_WI'E_.}.

A rough sketch of the curves is as under:

Heyss

Shaded region represents the required area.



Required area = Region 8C0& +Region CADC

A= -ya)ax + By, - yo)ax

= 1_11[,?5_;(2 - 1+X:|G"X +jf(m—x+1)dx

= 1+Es ‘1i—£+1+—5|n‘1i—§ + 1+—sin‘1i—1——5|n
2 J5 2 5 2 5
: 1 5 ik 1
= Ssin =+ Zsin! - Zeint - =
N 5 2
A {E[sm'1T+sin'lr] 2-‘ 53. units.
Areas of Bounded Regions Ex-21-3 Q35
To find area bounded by v = 1 and
y ==
x-1,ifx =0 ———{1:]
Yo 1-u,ifx <0 ___{2)

& rough sketch of the curve is as under: -

y= I--\ 4 ;T'i"

= 1 §

Shaded region is the required area. 5o

Required area = Region ABCA

A = Region ABDA+ Region 8CD8
IDI(H —5’2)0")( +l12(}”1—5’3)'-’~"x

=B {1-1+x)ax + [F{L-x +1)dx
=jolxdx+[12{2—x}dx

(=]
(3o li-a--2]

A =1 sq. unit
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To find area of in first quadrant enclosed by x-axis, the line v = x and circle

xZ4yp? =3z ---{1

Equation {1} is a circle with centre [0,0) and meets axes at {iéhfz_,D)J :0,14\[5).

and y = x is a line passes through (0,0} and intersect circle at (4,4].

A& rough sketch of curve is as under:-

¥l

Required area is shaded region ©480

Region OABQ = Region OCEQ + Region CABC

= Iy + [y
= [ e +]2‘E 32 - w2

4 47
z
X ks > 32 . 4 N
=|—| +|=NI2-¥"+—5sin T —=
[EL [2 2 4@}

=(EI—D}+MD+16.%]—{B+16.%]

=8+85-8-4x

A =4x =59, units
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The given equations are
2+ =16 (1)
y=bx .. (2)

Ay

|

¥

Area bounded by the circle and parabola

=2[ Area(OADO)+ Arca(ADBA) |
! [ Vibxdx+ f\’lﬁ—x“d_r}

=2|J6{X- ! |+2 ‘;Jlf.—x‘+'26.~;in ";‘]:

]
b

(1]

x| +2 g.f-,fih—-l—ﬂsin '[l]
L] 2 2

)+2[4n—ﬁ—3:]

=2~J'bxg

ad
e TN ST PCY R0

46
=452

5

_10 ﬁ+8ﬂ -N'_—gn'

41:4ﬁ+(m 33 z]

[ 3+4r:]

[47: + J_J stuare units

.lin.*.u-h.-u

3
Area of circle =m (F)?
=11 (4)2 = 167 square units

Thus, Required area = 16m— %[4'“4— ﬁ]
=%[4x31‘r—41‘r—ﬁ]
= 2{en-v3)
=[ 32 m= i~“)'i]sq. units

3 3

Areas of Bounded Regions Ex-21-3 Q38



Area of the bounded region

2z
=Ix+2—x2 dx

-1

x2 x3

4 g2 1 1
=_—+4-—-_+2-_

2 3 2 3

9 )
= — sq.units

) q
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To find area of region

{(x,y}:D$y5X2+3,D$y$2X+3,DSXSB}

= w=x2+3 ---{1)
y =2x +3 ---{2)

and x=0x5=23

Equation {1) represents a parabola with vertex [3,0) and axis as y-axis. Equation (2]

. . 3 .
represents a line a passing through {DJB) and [—EJD], a rough sketch of curve is as under: -

(2,8) /: 2% +3
5 Bi(3,8)

Required area = Region ABCDOA

A = Region ABCEA + Region ECDOE

= ]gyldx +]§y2dx
= ]23{2)( +3) v + ]g {XZ + 3}0‘;{

3 3 Z
= {X z +3x} + [X—+x]
2 3

=[(9+9)—(4+6)]+H§+2]—(D}:|

14

=[18-10]+ [?]

A= 38 sg. units
3
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To find area bounded by positive x-axis and curve

v o= 41— %7
x2ayp? o1 ---{1)
Xo=y ---1(2)

Equation (1) represents a circle with centre {0,0) and meets axes at {#1,0),(0, £1].

. . - 1 1 1 1
Equation {2} represents a line passing through [—,—J and [——,——] and
@ FEEE

they are also points of intersection. A rough sketch of the curve is as under: -

Required area =Region 0480
A = Region OCEQ +Region CABC

1
= 1§ i + 1Y, yoe

¥
1
=]D:JEXG"X+]11 1% %
£
1
WA 1
={%i| +{%u‘1—x2+%smlx]_l
2
{L_DH[MMJ_[L inH
2 2 = (=] 2 2 4
1 = 1 =«
= _ 4+ -_-_
4 4 4 B

kg .
A=— s53. Units
g g
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Ta find area bounded by lines

¥ =4x+5 [Say A4B) ---{1)
v =5-x [say 8C) ---{2)
4y = x+5 [Say AC) ---1{3)

By solving equation {1) and {2), we get &(0,5)
By solving equation (2] and {3}, we get ©(3,2)
By solving equation (1) and [3), we get 4{-1,1)

A& rough sketch of the curve is as under: -

g

"

Shaded area oAEC is the required area.

Required area = ar(aABD]+ar(aBDC) - ——(1}

ar [aABD) = %[y - va) o



ar(&ABD]=% sg. units ---{3)

ar {8DC) = ]3[}62 - ya)dx

ar(ﬁDC]:% sq. units ---(3)

Using equation {1}, {2} and {3},

ar [«ABC) = 18—5+§
_ 6o
a

ar [sABC) = 12—5 sq. uUnits

Areas of Bounded Regions Ex-21-3 Q42

To find area enclosed by

x2+yZ=g ---{1)
[x—3}2+y2=9 ---[2)
Equation 1) represents a cirde with centre [0,0) and meets axes at (£3,0), (0, £3).

Equation {2} is a drcle with centre {3,0) and meets axes at 0,0}, (6,0},

they intersect each other at [%,%} and [gJ— %] & rough sketch of the curves

is as under:

1
Shaded region is the required area.



Required area = Region QASCO

A =2 [Region 08CO)
= 2{Region 0D CO + Region D& CD)

3
=z {[g,ﬂ'g - {x - 3]2dx +[39- dex}

2

2

2{[; g_;+ggm-1[_g]]_[D+ggm-1(_1)]}+{[mggn-lm}_[gﬁ +2si

=2|--——-—+ -+ - -
8 4 4 4 8 4
_o|127 188
4 !

A= [Eur—%] £q. units
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The equation of the given curves are
X2+ =400

Clearly x +y® =4 represents a circle and x +y =2 is the equation of a
straight line cutting x and y axes at (0,2) and (2,0) respectively.

The smaller region bounded by these two curves is shaded in the
following figure.

Length =v; -V,

Width = Ax and

Area =(yy - y1)8x

Since the approximating rectangle can move from x=0to x =2, the
required area is given by

2
A=j; [v2 = va)dx

Wenavev1=2—xandv2=ﬂ4—xz
Thus,

2
A=J;[\I'4—x2—2+x]o‘x
2 2 2
= A= Ja =2 |dx -
A j;[ 4 x]a‘x 2de+_,';xdx
—= 2 2
-..A=[Lx2+isin_l[%ﬂ —2[x]g+[x—2]
0 0

2 2 2

4 42
- A== —|-a+

2SII"| (2] 2
= A=2sin"Y1)-2

St

-*A-2><2 2
=+ A=T=2sq.units
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To find area of region

2 z
{{x.b‘}:%+y 515%+Z}

& 2
Here
2 2
%JT:I -=-=[1)
%+52L-1 ---{2)

Equation [1] represents an ellipse with centre at origin and meets axes at (+3,0],

(0,£2). Equation (2] is a line that meets axes at (3,0),(0,2).

A rough sketch is as under:
A, 0y "

!
™\

1

e

Shaded region represents required area. This is sliced infto rectangles with area
[y - ¥z }ax which slides from x = 0 tox =3, so

Required area = Region APBQA

A= gy - ya)ax

3|2 Z 2
=5l =49-x"ay - =[3-x)d
I”[S X 3( %) x}

2
|:£«,5—x2 +E sin [%]— 3x+%:[

L | R

2 2
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To find area enclosed by

y=e-1

—fx-1],ifx-1<0
L

- [x-1), ifx-120

1-u,ifx<l ---{1)
=  y= ,

x-1ifxz1 ---{2)

and  y=-fp-1]+1

+{X—1)+1,ifx—1<D

- ={—{X—1)+1,ifx—120
x, if x <1 ———{3)
y={—x+2,ifx21 ---{4)

A rough sketch of equation of lines (1), {2],(3), (4] is given as:

b3

! \
h' ®
5 (%1¥a) \‘J

Shaded region is the required area.

Required area = Region ABCDA
Required area = Region 80CE +Region ABDA ---{1)

Region E0OCE is sliced into rectangles of area = {5’1 - yz}&x and it slides from
N o= i tox =1
2

Region ABDA is sliced into rectangle of area = (5’3 - y4}&x and it slides from

¥=1tox= % So, using equation (13,

Required area = Region E0CE +Reqgion AEDA
3

= [1{y1 - va)ax +]Z{ys - yq)ox
Z

3
= [T - 14a)dn + [F[-x +2-x + L) ax
z
3

= [Maxw - ax +]2{3-2x)dr

1 .
A == sg.units
5 g
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To find area endosed by

IrZ 45y =32
z2_ _cf,_32 .
W = S[y 5] {1)

And

y=k-2

—fx-2),ifx-221
T T x-2)ifx-2z1

2-x,ifx=2
= -2
= Y {X—E,ifxzz (2)

. . 32 .
Equation (1) represents a downward parabala with vertex [D,?] and equation {2) represents
lines. A rough sketch of curves is given as: -

v
%)\

o3
c’ play

Required area = Region ABECDA
A =FRegion ABEA + Region AECDA
= 13{ye - valax +[5{yy - yo)ax

2 2
_ ][ﬁ ]d J[u ]d
£ £

_ax?_ -
=l§[32 Ix - 5X+m]dx+]_22[32 3x - 1D+5x]dx

= %[]23{42 P 5)(} i +j_22[22 -3 SX)dx:|

| 52’ 52
A==\ 4zn-x-22 | 4| 2Er-x 3 2
g 2 2 s

2

n| -
T 1 ¢

{[125 —2?—%]— fa4-8- 10)}+{(44—El+1[l)— (-44+8+10)
{%— 66}+{46+26}i|

ﬂ+?"2
2

n| -
r

n| -
T

33 .
A =— s504. Units
2
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To area enclosed by

y=4x—x2

= —y=x2—4x+4—4
= —y+4={x—2]2
= ey - (1)

andy=x2—x

e

Equation (1) represents a parabola downward with vertex at (2,4) and meets
axes at [4,0),(0,0). Equation (2} represents a parabola upword whose vertes
is [%, —%J and meets axes at (1,0),(0, D). Points of intersection of parabolas

are (0,0) and [E,E]
2 4

& rough sketch of the curves is as under: -

¥

Shaded region is required area it is sliced into rectangles with area = [yl —yz}ax. It slides from x =0

i)
tox =—, s0
2

Required area = Region OQAP

fep

125 .
A=—— =q. units
24
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Given curves are

y=4x—x2

= ly-)- -2y ---f)
and

y=x2—x

- by

Equation [1) represents a parabola dawnward with wertex at (2,4] and mests axes

at {4,0),(0,0). Equation {2) represents a parabola upward whose vertex is [%J - %]

5 15 .
and meets axes at (1,0}, (0,0} and [E’T] A rough sketch of the curves is as under: -

4,01
s e i = %%

Area of the region above x-axis



Ay = area of region CBACC

= Region O8CO + Region BACE
5

=[5y + [E(yy - vp)dx

5
=]é(4x—x2}dx +[1§{4x—x2—x2+x}dx
1 2
[ ) [sxE 2R ]
2 3 2 2

0 1

[e- 2|22 22)-(5-2)

_5, 125 11
3 24 5]
121 .

= _—_ sq. units
24

Area of the region below x-axis

Ao = Area of region OPEC
= Region OBCO + Region BACE

= iy astx]
= ‘fol [x2 - x}dx‘

1
X2
2
1]

o

N

|
!

[

1
3

[n Y S

1 .
Az = 3 0. units

121 1

A =——:=

1r 2T g 5
= .41:.42=£:i
24 24
= Ay A, =12104
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To find area bounded by the curve

y=b-1
1-u,ifw<l ---{1)
- A P )

and y=3—lx|
J+x, if x<0 ---(3)
= ¥= .
G-, ifxz20 ---{4)

Drawing the rough sketch of lines {1),(2),{3) and 4] as under:-

¥ = Jox ¥ S

Shaded region is the required area
Reqguired area = Region AEBCDA

A = Region ABFA +Region AFCEA + Region COEC
= [F{ys - va)av +iafyy - va) o + By, - va)ax

SPfEoxox+Ndx + (M- w - 1+x)ax + [ [F+x - 1+ x)ax
I I3 I

= [F{4-2x)dx + [32ax + O {2 + 2x) ax

2 o
= [4;(—}(2] + [2;(]; +[2X+X2]
1 -1

=[{8—4)—(4—1]]+[2—D]+[{D]—[—2+1}]
={4-3)+2+1

A=4=q. unit
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g, 2a)

y=mx -

(0,0

2
Area of the bounded region = 2

12
82 &
— = I-J4a - mx dx
12 i

a2 x4 x2
=g mz]

2 2 z
L
2° 73 2
m=2

Areas of Bounded Regions Ex-21-3 Q 51
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{16a, 164)

L3

1024

Area of the bounded region = 3

024 ¥ %2
— = !u‘ifiax - 1 dx

2
1024_|:4v5x"‘_x_3}
3 % d8a
1024 (16a)°x2 (16a)
3 7 3 4B
a=2

Mote: Answer given in the book is incorrect.
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(3, 3)

— x=Zy -3

Area of the bounded region

2
= [{4v -v* - 2y +3) dy
-1

k]
y2 o oy® }
= |2 —-"—=+ 3y
2559
3

=9-9+ 9—1—l+ 3- “65')
3 432

= Esq units
= 54
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[ ¥

_ .

(3, 3)

J
-l | .
. Ll
s

x
t t t t } } &

* = / j/ Ws 1 1
=1 D | -
- Lol

i3 -1

T
" y=-1

Area of the bounded region

3 3
= [(5-0) dy+ [8+2y-y*-5 dy
-1 -1

3 3
[5yf1 + [By +yi- %}
1

S 1545+9+9-27,3-1-1
3 3

a2 )
= —35q. Units
3 o
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E 3

Rl

Area of the bounded region

4 2
:I[V+4_v_] dy

AN 4
34

2
= j"_+2y_jf’_
4 12,

= 4+8—§—1+4—g
3 3

=9 :aq. units

Areas of Bounded Regions Ex-21-4 Q4

dn.}, /

a4

~

Area of the bounded region

4 2

_ y

= 4-Y1 4
flrea- 5] o

z z 74
2 a
[2”*’ 6L
=8+16—2—2+8—iL
3 3

=18 =g, units
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