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5.5 DISPERSION AND ABSORPTION OF LIGHT

5.200 In a travelling plane electromagnetic wave the intensity is simply the time averaged magnitude
of the Poynting vector :-

= <|ExH|> = <\/§’0-E2> - <cgE’>

on using c = 1 , EYegy =HY pg.
V € Ho

(see chapter 4.4 of the book).

Now time averaged value of £ 2is E02/2 SO
1 2 1 / 21
I = '2—C€0E0 or E0= -C_E-; ’

(a) Represent the electric field at any point by £ = Egsinw ¢ . Then for the electron we
have the equation.
mx = eEysinwt
eEo

2sinclot
mw

SO X = -

The ampitude of the forced oscillation is

ek
02= ezv 21 =51x10"%cm

mo maow C¢gy

The velocity amplitude is clearly

E
€20 L 51x10"%x34x10% = 173 cm/sec
mao

(b) For the electric force
F, = amplitude of the electric force
= ek,
For the magnetic force (which we have neglected above), it is
(evB) = (eviuoH)

E
= eVE\/ EgUg = €V p

writing v = -vgcos w ¢
eEO
where Vo = ——
mo
we see that the magnetic force is apart from a sign
€ Vg EO
2¢

sin2wt



220

Fp
Hence i Ratio of amplitudes of the two forces
e

v
-2 a29x10" 1
2c¢c

This is negligible and justifies the neglect of magnetic field of the electromagnetic wave
in calculating v, .

5.201 (a) It turns out that one can neglect the spatial dependence of the electric field as well as
the magnetic ficld. Thus for a typical electron

— .
mr = eEgsinwt

—i
—» eEy | . : :
SOr = - 7 SImw e (neglecting any nonsinusoidal part).
muw

The ions. will be practically unaffected. Then

2
—» nhe —»
P=ner=-— 0 7 E
m
2
—» — —» nge —
and D =g E+P = g5| 1- 5 {E
Egan @
4 ?1082
Hence the permittivity e =1- 3
EgMmw
(b) The phase velocity is given by
c
v=w0/K="—"—
Ve
w noez
So ck=w 1--—;_;: ,w§=
W g m
w? = c2k2+wf,
2
w 2
Thus vV=_c 1+ 2P2 =c\/1+ M€ 22
k 2
¢ 4“2”!6 Eg

5.202 From the previous problem

2
n = 1——-—-5'!08
Egmw

1 ?1082
4;E Egmy

Thus ny = (4n2v2gneo/e2)(l—n2) = 236 x 10 cm 3
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5.203 For hard x— rays, the electrons in graphite will behave as if nearly free and the tormula of
previous problem can be applied. Thus

2
nye
no=1-_2 3
ggMm ®
2
e
and nel- L_z
2 Egmw
on taking square root and neglecting higher order terms.
So ) "y & ng %
H o= = — -m —
2egym W 8xgyme

We calculate ng as follows : There are 6 x 6:023 x 10 electrons in 12 gms of graphite of
density 1-6 gm/c.c. Thus

_ 6x6023x10%
(12/1-6)
Using the values of other constants and A = 50 x 10~ % metre we get
n-1=-54x10""7

€r C.C

5.204 (a) The equation of the electron can (under the stated conditions) be written as
mx +yx+kx = eEjcos mt

To solve this equation we shall find it convenient to use complex displacements. Consider

the equation
—-iw¢

mz +yz+kz = eEye
Its solution is

—iwt

ekbye

z= 2 .
-mo -iyo+k

(we ignore transients.)

iti - I - X
Writing g > g

we find z=—¢" /(wﬁ-m2—2i|3m)

Now x = Real part of z

=8E0- cos{wt+q) - acos(wi+0)

m
\/(mﬁ-—mz)2+4ﬂ2m2

2w
W - g

2w

where tan @ =

sing = -

\/(mz-m%)2+4ﬂ2m2
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(b) We calculate the power absorbed as

PaeL Fx2>» = LeEgcoswt(-wasin(wt+e))>D>

2
eEO]. 2BCIJ eEo . Bmmz
= EE.D ) ) =
m?-(mo 0’ )Y +4pw (wp-w’Y+4p*0
This is clearly maximum when wy = o because P can be written as
E
P= (e 0] pm
m 2
-2 _ 482
2
m e E
and Pma-;@—(-;n-g-] for ® = wy
P can also be calculated from P = < yx-1>
Bmmz(eI:'.'o/m)2

= (yw a2/2)

(07- 0 )Y +4p* 0’

5.205 Let us write the solutions of the wave equation in the form

A= Aoei(mr-kx)

where k& = —2-55 and A is the wavelength in the medium. If ' = n+ iy, then

(Ao is the wavelength in vacuum) and the equation becomes
A=Age*” exp(i(wt,-Kx))
where ' = )\0 x and k' = %n In real form,
A=Age** cos(wt-kKx)
This represents a plane wave whose amplitude diminishes as it propagates to the right
(provided ¥’ < 0).
when #' = iy, then similarly
A =Aje**coswt
(on putting n = 0 in the above equation).
This represents a standing wave whose amplitude diminishes as one goes to the right (if
x' < 0). The wavelength of the wave is infinite (k' = 0).

Waves of the former type are realized inside metals as well as inside dielectrics when there
is total reflection. (penetration of wave).
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5.206 In the plasma radio waves with wavelengths exceeding Aq are not propagated. We interpret

this to mean that the permittivity becomes negative for such waves. Thus
2

0=1-—2°  if oa2"€
EgM W
2.2
Hence __n%_e__A_ﬂ_E; 1
4n°egmc
4 eqm
or ny = :—0’: = 1-984 x 10° per c.c
€N
. 5.207 By definition
dw d dv
u=— = dk(vk) asw = vk -v+kdk
Now k=2 so dk=-22dn "’ﬁ
A A
Thus u =v—kd—‘i. |
' ar Ly [dvy |
' Its interpretation is the following : ! by --; A=A
! -1
(‘—;—‘ﬂ is the slope of the v - A curve at A=A, v { A I
Jhead) i
N
Thus as is obvious from  the  diagram
vi=v(A)-N av is the group velocity for A=2'.
dh) ..
5.208 (3) v = a/Vi , a = constant
Then u =v—)\.g—;{-
a 1 -3/2 3 a 3
=—-Al-Zakl = === ==V
ey ( 2 ) 2 Va2
(b) v =bk = wk, b = constant
SO ® = bk’ and u=%—%=2bk=2v.
c ®
(cy v = 85, ¢ = constant = %
SO w =ck or w=c Kk’
do _ 13l _1lo 1
Thus u=-—=c 3k _3k_3v
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5.209

5.210

We have
UV = .(.2..‘.1_"2 - cz
k dk
Integrating we find
®* = A+ck?, Ais a constant.
U 2—
SO k - -_in__.é_
¢
nd - €
a v T
"/ A
1-=
0)2

writing this as c/Ve(w) we get €(w) = 1_%
o

(A can be +ve or negative)

The phase velocity of light in the vicinity of A = 534 nm = ), is obtained as

c 3x10°
v(k) = a(i) - 1640

To get the group velocity we need to calculate

- 1-829 x 10° m/s

(%] . We shall use linear
A=y

interpolation in the two intervals. Thus

dn - -5
—_— = ——— = -28x 107" pernm
[dl)k-szls

(%_:.) ._%--18-2“0" per nm
= 561-5

There (dn/d L) values have been assigned to the mid-points of the two intervals.
Interpolating again we get

(d") = [-—28+2'§x12-5]x10'5 permm--24°9x10"5pernm.
A = 534 *

dn 40
Finally
C d {c ¢ Afdn
“"n""dx(n) n[“n(d )]
At A = 534
3x10° 534 -5 . g
U= 1640 1-1640x249x10 ]m/s = 1-59 x 10° m/s
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We write
V = % =a+bh
so ®w=k({a+br)=2nb+ak.
(since k = 2—}:—‘—) . Suppose a wavetrain at time + = 0 has the form
F(x,0) = f Flk)e*dk
Then at time ¢ it will have the form
F(x,:)-f Flk)eik=—iot g
'f f(k)eikx-i(l.’:rb+ak)t _f f(fc) eik{x—a!) e-l'beldk
1
At - =
t Pl
F(x,t)=F(x-av,0)
O at time ¢ =7 the wave train has regained its shape though it has advanced by a .
On passing through the first (polarizer) Nicol the intensity of light becomes %10 because one
of the components has been cut off. On passing through the solution the plane of polarization
of the light beam will rotate by
¢ =VIH
and its intensity will also decrease by a factor e~ "’ The plane of vibraton of the light wave
wli then make an angle 90° — @ with the principal direction of the analyzer Nicol. Thus by
Malus’ law the intensity of light coming out of the second Nicol will be
1 e 2. cos? (90°
210 e cos“ (90° -¢g) L T
1, _—yi._. '
- 5he sinle.
{a) The multiple reflections are shown below. Transmis- Io(?‘?) ?(1-9)1‘0
sion gives a factor {1 - p ) while reflections give fac-
tors of p. Thus the transmitted intensity assuming ?2(1..?) Io
incoberen light is
(1~ p)’ fo + (1= p) p* Io + (1- p)* p* Lot ...
= (1-pPL+p’+p*+p°+..) )
2
2 1- - 2 9 (1"9) I
- - I - . °
(1-p) X 2 IO—E“p (1-9) To

etc.
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(b) When there is absorption, we pick up a factor o = e~ *% in each traversal of the plate.
Thus we get

(1-pYolh+(1-pY o p’Ih+(1-p)Vp*L+...
= (1-pYal(1+c6°p*+a*p*+...)
.=10———-—-—°(1‘2"§2
1-0%p
5.214 We have
T =e 4 (1-p)
Tz"e_xdz (1—9)2

where p is the reflectivity; see previous problem, multiple reflection have been ignored.

Thus T onld-dy)
T2
L
In| 2
i 0.35 cm™
or = = U. cm .
X =4 -d,

5.215 On each surface we pick up a factor (1 — p) from reflection and a factor e *! due 1o absorption
in each plate.

Thus T = (1-p)PNe XN

1

Thus X = N7

2N
In (1 —“p) = 0.034 cm™.

5.216 Apart from the factor (1 - p) on cach end face of the plate, we shall get a factor due to
absorptions. This factor can be calculated by assuming the plate to consist of a large number
of very thin slab within cach of which the absorption coefficient can be assumed to be constant.

Thus we shall get a product like
—x{x)dx e—x(x+dx)dxe-x(x+2dx)dx

This product is nothing but

i
- x(x)dz
e ¢

Now x(0) = %, x{(!) = %, and variation
with x is linear so ¢ (x) = x1+%(x2—xl)
Thus the factor becomes

X
-f {h*?‘xz‘h’]"‘ —%(xnxz)r
e o = g
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5.217 The spectral density of the incident beam (i.e. intensity of the components whose wave length

lies in the interval A& A +d L) is

I
— dh, Mis As A,
The absorption factor t'or this component is

e,
X+ ,"I 1(:(; 11)}’
e

and the transmission factor due to reflection at the surface is (1 -p )2. Thus the intensity of
the transmitted beam is

A ¥ A~ x( )
IO f b T A~y Az — 7(1]
1-p)? di
(1-p) o e
ll
- 1 - e (%-x) e Mt _ g%t
=-(1- %l A) = (1=p)1,
(1-p)° M- ;\1 ( Oz = %1)'me ] xGa-hp) = (1-p)h (-1

5.218 At the wavelength A, the absorption coefficient vanishes and loss in transmission is entirely

5.219

due to reflection. This factor is the same at all wavelengths and therefore cancels out in
calculating the pass band and we need not worry about it. Now

T, = (transmissivity at A = Ag) = (1-p)°

T = transmissivity at A = (1-p)*e *{(*)

The edges of the passband are Ag x —AE—A-' and at the edge

I ol )
L el o

Ty
Al 1
Thus 27"0 (lnn)/ord
1 1
or Ah-Z?«ovad(lnn)

We have to derive the law of decrease of intensity in an absorbing medium taking in to
account the natural geometrical fall-off (inverse sequare law) as well as absorption.
Consider a thin spherical shell of thickness dr and internal radius x. Let

I(x) and I(x+dx) be the intersities at the inner and outer surfaces of this shell.
Then anx’I(x) e *** = dn(x+dx )1 (x+dx)

Except for the factor e~ *4* this is the usual equation. We rewrite this as
PI(x) = I(x+dx)(x+dx)(1+xdx)
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- (1+ﬂdx)(x2+2xdx)(1+xdx)

dx
2dl 2 _
or XX I+2x1I =0
Hence —d—(x21)+x(le) =0
dx
SO 21 =Ce™**

where C is a constant of integration.
In our case we apply this equation for as xs b

For x < a the usual inverse square law gives

o
I(a) =
(a) 4na’
Hence C = —?—e“
4n
P _y(b-a)
and I(b) = — e
4nb
This does not take into account reflections. When we do that we get
P

I(b) = (1-pYe -2

4nb’

5.220 The transmission factor is e ™ and so the intensity will decrease
nd
e

= XX 13x0L | gg.4 timestimes

(we have used p ={u/p ) x p and used the known value of density of lead).

5.221 We require pp, dpy, = Wy dy;

i Ba:
or 2 ppydpy, = | |y idas
Ppry Pai

720x 113 xdp, = 348 x27x 26

dpp = 0:3mm

5.222 ud

or d=122_ 12 _ 00 cm

" 5)e

5.223 We require N plates where




