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15.8

(Waves)
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(mechanical wave)

 (c) –

c = 299, 792, 458 ms–1 (15.1)

 (1629-

1695)   

15.1
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

p 

(restoring force) 

15.2 (Transverse

and Longitudinal Waves)

(transverse wave) 

 15.1 A
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 (longitudinal

wave) 

15.2

(pulse)

 

15.3 

(sinusoidal) 

 15.2
(x-

 (y- ) 

 15.3

 15.4

15.4
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 (progressive wave) 

  15.1 

(kink) 

( )  

( )

( )

( ) 

( ) 

( ) 

( ) 

15.3

(Displacement Relation in a
Progressive Wave)

x t 
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15.3 

x- 

y-

( , ) sin( )   y x t a kx t (15.2)

  

( , ) sin( ) cos( )y x t A kx t B kx t       (15.3)

 (15.2) (15.3) 

2 2= +a A B    
1tan

B

A
      

(15.2) 

t = t
0
,  (15.2) 

 kx + 

x

x = x
0
)

(15.2)

-t 

 y 

x 

 kx – t +   

(15.2) x-

( , ) sin( )    y x t a kx t (15.4)

x-

 (15.5) (15.2) 

 15.5 (15.2)

y(x,t)  x  t 

a 

 
k 

kx–t+f (a+x = 0, t = 0)

 15.6 x- 

15.6 

(15.2) 
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 (×) 

x-

 (•) 

(•) 

 15.6 

 (15.2) 

15.3.1 (Amplitude and Phase)

 (15.2) 

 +1 –1 y (x,t)

+a –a a 

a 

 y 

a  a 

(amplitude) (15.2)

 (kx – t + ) 

(phase) a 

 x = 0 

t = 0   

(x-

 

 (15.2)  = 0 

15.3.2

(Wavelength and Angular Wave
Number)

(wavelength)



(15.2)  = 0   t =

0 

( ,0) siny x a kx (15.5)

2 

2
sin sin( 2 ) sin

n
kx kx n k x

k


       

x  
2n

x
k




n = 1,2,3,...

n = 1

   

2
k
     

2
k




 (15.6)

k 

( 1rad m )
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15.3.3

(Period, Angular Frequency

and Frequency)

15.7 

(15.2)  =

0 x = 0 

(0, ) sin( )y t a t  sina t 

(time period), 

    sin sin ( )a t a t T

           sin( )a t T

 2

T 2    or   
2
T
  (15.7)



(angular frequency) 

(rad s –1)

 

1
T 2




  (15.8)

  (hertz)

(15.2) 

s(x, t) = a sin (kx – t + ) (15.9)

s(x, t) x

t

a
 

y (x, t ) 

s (x, t)

  15.2 

y(x, t) = 0.005 sin (80.0 x – 3.0 t),

x = 30.0 cm  t = 20 s 

y

  (15.2)

( ) 0.005 m = 5 mm.

( ) k 

 

 15.7
a

 T
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k = 80.0  m–1  = 3.0 s–1

2

k


  180.0 m

2


 =  7.85 cm

( ) T  

2
T




 13.0 s

2


            = 2.09 s

 v  = 
1

T
 = 0.48  x = 30.0

cm  t = 20 s 

y  = (0.005 m) sin (80.0 × 0.3 – 3.0 × 20)
= (0.005 m) sin (–36 + 12)
= (0.005 m) sin (1.699)

      = (0.005 m) sin (970)  5 mm

15.4 (Speed of a

Travelling Wave)

15.8 

t

x-

) x

 (.)  t

x

 
x

t




  (.) 

(v) 

kx – t = (15.10)

(t) 

(x) 

kx – t = k(x+x) –(t+t)

k x – t =0

x  t 


 

d

d

 x
v

t k
(15.11)

 T k 
2

T


 

2
k






(15.12)


v
T

(15.12)

 (15.12)

 15.8 t t + t 
t 

t

x 
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(15.12)

15.4.1

(Speed of a Transverse Wave on
Stretched String)

(disturbance) 

 

(tension)

(

(m) (L)

 [ML–1] T 

[MLT–2]  [LT–1]

 T/ 

2
2 2

1

MLT
L T

ML






        

T  

v  = C T


(15.13)

C 

C=1

v  = 

T

  
(15.14)

v T

 (

) 

 (15.12) 





 (15.15)
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1

13 m  93
mkg 109.6

N 60 
 


 s

T
  v 

15.4.2

(Speed of a Longitudinal Wave :
Speed of Sound)

  15.3 0.72 m 

5.0 ×10–3 kg 60 N

 

m 72.0
kg 100.5 3

   = 6.9 ×10–3 kg m–1

, T = 60 N

(rigid boundary) 

1  3 cm

1 3 cm 

 3 5m 

(1  5 kg ) 

(15.14)
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 C 

v  = 

Y (15.20)

Y

15.1

 15.1 

(  9 )

P
B  

V/V


 
 (15.16)

P 

 V V 

V
V


B 

B 

(Pascal)

 ML–3, B/ 

,

–1 –2
2 –2

–3

M L  T
L   T

M L


       
(15.17)

B  

 

v  = C B


(15.18)

C 

C=1

v  = B


(15.19)

(15.18)

ms–1

0oC 331

20oC 343

965

1284

0oC 1402

20oC 1482

1522

6420

3560

5941

6000

54
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(P)   (V) (T)

(  11 )

PV = Nk
B
T (15.21)

N V  k
B
 

T 

(15.21)

VP + PV  = 0

 P
V/V

P
 






(15.16)

B = P

(15.19) 

v  = 

P (15.22)

  15.4 

1  29.0 ×10–3 kg

1 

22.4 


o
 =

v
3

3 3

29.0 10 kg
22.4 10 m

 







 = 1.29 kg  m–3








 
 



3

25

1.29kgm
Nm101.01

υ = 280 m s–1 (15.23)

331ms-1  (15.23)

15% 

15.1

 (Laplace) 

PV   = 

(PV)  = 0

P  V  –1 V + V P = 0

(B')

B´ = 
V/V

P
 



  =  P

 

p

v

C

C

 
    

v = 

 P (15.24)
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 = 7/5

(15.24) (STP)

331.3 m s–1

15.5 (The Principle

of Superposition of Waves)

(wave pulse) 

 15.9
(c)

15.9 

(superposition) 

15.9 

(c)

 y
1

(x,t) y
2
 (x,t) 

y (x,t) 

y (x, t) =  y
1
(x, t) +  y

2
(x, t) (15.25)

y
1
 = f

1
(x–vt),

y
2
 = f

2
(x–vt),

....................

....................
y

n
 = f

n
 (x–vt)
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 y = f
1
(x – vt)+ f

2
(x – vt)+  ...+ f

n
(x – vt)

 
=1i

n
 f  x vti  (15.26)

(interference)

  k

  

 x-

(15.2)

y
1
(x, t) = a sin (kx – t) (15.27)

y
2
(x, t) =  a sin (kx – t +  ) (15.28)

y(x, t ) = a sin (kx – t) + a sin (kx – t + )
(15.29)

   
2sin cos

2 2

kx t kx t
a

        
   

   
(15.30)

sin sinA B

 , 2 cos sin
2 2

y x t a kx t
     

 
(15.31)

 (15.31) x-

2



 

A()  =  2a cos
2


(15.32)

 = 0 ,

   , 2 siny x t a kx t  (15.33)

2a A 

 

y   (x, t )  = 0 (15.34)

 (15.33) 

(constructive) 

 15.10

()  (a)

  (b)  .
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(15.34) 

(destructive) 

15.10 

15.6 (Reflection of Waves)

(echo)

(interface) 

15.11 

  180o 

  



 15.11 



517



   2 , sin  y x t a kx t

y
r
(x, t) = a sin (kx – t + ).

   = – a sin (kx – t) (15.35)

y
r
(x, t) = a sin (kx – t + 0).

   = a sin (kx – t) (15.36)

2 0  ry y y

15.6.1

(Standing Waves and Normal Modes)

(standing waves or

stationary waves)  

x-

x-

(15.2) (15.4)

 15.12
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= 0

y
1
(x, t) = a sin (kx – t)

y
2
(x, t) = a sin (kx + t)

y (x, t) =  y
1
(x, t) + y

2
(x, t)

= a [sin (kx –t) + sin (kx + t)]

sin (A + B) + sin (A – B)
= 2 sinA cosB



y (x, t) = 2a sin kx cos t (15.37)

(15.2)  (15.4)

(15.37)

(15.37) kx 

t 

(15.2)  (15.4) kx  t

(15.37) 2a sin kx

 (node)

 (antinode) 15.12

 (normal mode)

(15.37)

sin kx = 0 .
kx = n;   n = 0, 1, 2, 3, ...

 k = 
2
 ,

x = 


2
n

 ; n = 0, 1, 2, 3, ... (15.38)

(15.38)

2



sin kx 

 sin k x
 
= 1

kx = (n + 
1

2
)  ; n = 0, 1, 2, 3, ...

 k = 2/ 

x = (n +
1

2
)

2

 ; n = 0, 1, 2, 3, ... (15.39)

2


 L 
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(15.38) x = 0

 x = 0 x

= L x = 0 

x = L x = 0 

x = L 

L 

L = n 
2
 ;     n = 1, 2, 3, ...      (15.40)

  = 2L

n
;    n = 1, 2, 3, …

(15.41)

 = 
2L
nv ,  n = 1, 2, 3, ....

(15.42)

 (fundamental

mode of vibration) 

(first

harmonic) 

= 
2

v

L
,

(15.42)  n = 1

v v 
n = 2

 
n = 3 


n
 ( n = 1, 2, ...)

 15.13 

 15.13  

(a)

(b)

(c)

(d)

(e)

(f)
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(bow)

(node)

(antinode) 

x = 0

 (15.38) 

x = L 

(15.39)

L =  (n + 
1
2

) 
2
 , for n = 0, 1, 2, 3, …

  = 
 

2

1 2

L

n   /
,  (n = 0, 1, 2, 3,...) (15.43)

  =  (n + 
1
2

)
2
v
L

; (n = 0, 1, 2, 3, ...) (15.44)

n = 0, 

v

L4
 3 v

L4
,

5
v

L4
 

 3, 5, 7 

(odd harmonics)

 15.14 

15.15 )

14

)

(resonance) 

(membrane)
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  15.5 30.0 cm 

1.1 kHz 

 330 m s–1

  


1
 = 

L
vv

2
  

1


     ( )

 L n


n
 = 

L
nv
2

,  (n = 1, 2, 3, ...)

 15.15 

 L = 30.0 cm, v = 330 m s–1


n
 = 

1  330 (m s )
0.6 (m)

n -´
 = 550 n s–1

1.1 

v
2 

(

15.14), 15.50


1
 =  L

vv
4

  
1
  ( )


3
 = 

3
4

v
L

,  
5
 = 

5
4

v
L

, 

L = 30 cm  v = 330 m s–1

275 

15.7 (Beats)

 15.14
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
1
  

2
 

x = 0 

(15.2) 

= /2 

 s
1
 = a 

 
cos 

1
t    s

2
 = a 

 
cos 

2
t (15.45)

y  s 


1
 

2 

15.15

 (beats) 

 s =  s
1
 + s

2

= a (cos
 


1 
t + cos 

2 
t)
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1800

cos A + cos B, 

( ) ( )1 2 1 2 2 cos  cos
2 2

t t
a

    - +
= (15.46)

s = [ 2 a  cos 
b 

t ] cos 
a
t (15.47)

|
1 

–
2
| <<

1
,

2
  

a
 >> 

b

 
b
 =  1 2

2

    
a
 =  1 2

2

 

 15.16
11  [ (a) 9 
[ (b)] 2 

[ (c)]

|
1 
–

2
| <<

1
 

a
 >> 

b
 

(15.47)


a

cos 
b 
t  +1  –1

2
b
 

1
 – 

2

 = 2, 


beat

 = 
1
 – 

2
(15.48)

 15.16 11 9 

2 
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  15.6  A B 

5 

B 

3

A 427

B 

 

 B A 


B
 


B
 < 

A

 
A
 – 

B
 = 5 

 
A
 = 427 


B

= 427 – 5 = 422 

15.8  (Doppler Effect)

(Johann Christian Doppler) 

1842

(Buys Ballot) 1845 

(1)

(2)

(3)

 1  2

15.8.1 (Source

Moving : Observer Stationary)

S vs 

0 

 To, 

v0 

 (detector)
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15.17 t = 0 

L S1

t1 = L/v

t = To vsTo 

S2 S2

L + vsTo S2 

 s 0
2 0

 
   

L T
t T

v


 

n To (n+1)

 s 0
+1 0

 
    n

L n T
t n T

v


 

  
  

 

0
0

 sL nv T L
nT

v v

n 

 s 0
0

 
  /  

L nv T L
T nT n

v v

 
   

 

   =  s 0
0

v T
T

v


=  s
0 1

v
T

v
  
 

(15.49)

o 

vs 

 

(15.49)

  = 


   

1
s

0 1
v
v (15.50)

v vs
1

s
0 1

v
v


  
 

v

sv

v
 

(15.50) v 

v  = 0 1 – sv
v

 
 
 

v (15.51)

vs – vs 

v  = 0 1 sv
v

  
 

v (15.52)

15.8.2 (Observer

Moving : Source Stationary)

vo 

 15.17
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vo vo + v 

(n+1) 

0 0
+1 1 0

0

    n

nv T
t t n T

v v
- = -

+












vv

v
T

0

0
0 –1

–1
0

0 1  
v

T
v

    

v  = v
   0 1 ov

v (15.53)

0v
v

 

(15.53) 

(15.51) 

15.8.3 (Both

Source and Observer Moving)

(15.18) 

vs vo 

t = 0 O1 

S1 O1, S1

(Doppler shift) 

 (echocardiogram)
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v   T0

t = 0

O1  S1 

 L

v +v0

t1 = L/(v+v0). t = T0 

O2 

S2  O2 S2 L+(vs–v0) T0

S2 

t2 = To + [L + (vs – vo)To] /(v + vo)

nTo (n+1) 

tn+1 = nTo + [L + n (vs – vo)To] /(v + vo)

 tn+1 –t1 

nTo + [L + n (vs – vo)To)] /(v + vo) – L /(v + vo),

n 

 15.18

(T) T 

0 0
0 0

-
  1

  
s o sv v v v

T T T
v v v v

   
         

(15.54)

v = v
o
 0

 s

v v

v v

 
 
  

(15.55)

v0

v0 

(S) vs 

(O)

vs 
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v + v
0

  15.7   200 m s–1 

 1000 (Hz) 

(1)

(2) 

 (1) 

 200 m s–1

 (330 m s–1) 

(15.51) 

(15.50)

v
o
 = 0 v

s
 

1
1













v
sv

  0vv

 v = 1000 Hz × [1 – 200 m s–1/330 m s–1]–1

 2540 Hz

(2) 

v
s
 = 0  v

o
 

v  v
o
 

v = 0 
v v

v

 
  
 

v 

–1 –1

–1

200 m s + 330 m s
= 2540 Hz×

330 m s

 
  

 4080 Hz

1.

2.

3.

4.

5. x 

y (x, t) = a sin (kx – t + )

y a k 

(kx –t + )  
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6. () 

7.

(T)   T 
2



8.  
1

T
 


 

2

9.   
  

k T
v

10.

 v 
T



11.

B   

B
v




Y
v




B = P, v
 




12.

1

(   )
n

i
i

y f x vt


 

13.
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 ( )

y (x, t)  = 1 1
2 cos  sin t 

2 2
a kx           

  = 0 2

= 

14.

(phase reversal) 

y
i 
(x, t) = a sin (kx – t )

       y
r 
(x, t) = – a sin (kx + t )

y
r 
(x,t ) = a sin (kx + t)

15.

y (x, t) = (2a sin kx) cos t

(node) (antinode)

 /2.

L 

v 1
 ,

2 2
v
L

=      n = 1, 2, 3, ...

n = 2 

L 
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v  n ½  
2L
v

  ,

n = 0, 1, 2, 3, ...

v/4L 

16.  L 

17. 
1
  

2
 


beat

 = 
1
 ~ 

2

18. (S) (O) 


o
 

v = v
o
 0

 s

v v

v v

 
 
  

v v
o
 

(OS) 
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1.

2.

3.

4.

5.

6. (v) 

7. v
o
 

v v ± v
o
.

15.1 2.50 kg 200 N 20.0 m

15.2 300 m 

340 m s–1 

15.3 12.0 m 2.10 kg

 20 oC  (= 343 m s–1)
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15.4 v  
P





 

(a)

(b)

(c)

15.5 y = f (x, t) x

 t x – v t  x + v t,  y = f (x ± v t)

y 

(a) (x – vt )2

(b)
0

( )
log

x vt

x

 
 
 

(c)
1

( )x vt

15.6 1000 kHz 

( )  ( ) 

340 m s –1  1486 m s–1

15.7

1.7 km s–1 

4.2 kHz

15.8

       y(x,t) = 3.0sin 36 0.018
4

t x
    

 x  y t x 

(a)

(b)

(c)

(d)
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15.9 15.8 x = 0, 2  4 cm (y)  (t) 

15.10

y(x, t) = 2.0 cos 2 (10t – 0.0080 x + 0.35)

 x  y  t 

(a) 4 m,

(b) 0.5 m,

(c) /2,

(d) 3/4

15.11

y(x, t) = 0.06 sin 
2
3

x
 

    cos (120 t)

 x  y  t  1.5 m  3.0 ×10–2 kg.

(a)

(b)

(c)

15.12 (i) 15.11

 ( )  ( )  ( ) 

(ii) 0.375 m 

15.13 x  t 

(i) (ii) (iii) 

(a) y = 2 cos (3x) sin (10t)
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(b) y x  vt  2

(c) y = 3 sin (5x – 0.5t) + 4 cos (5x – 0.5t)

(d) y = cos x sin t + cos 2x sin 2t

15.14 45 Hz

3.5 × 10–2  kg 4.0 × 10–2 kg m–1

(a)

(b)

15.15 1m 25.5

cm  79.3 cm  (340Hz 

15.16 100 cm 

2.53 k Hz

15.17 20 cm  430 Hz 

340 m s–1)

15.18 A B 

6 Hz A 

3 Hz A  324 Hz B

15.19

(a)

(b)

(c)

(d)

(e)
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15.20 400 Hz 

(i) –

(a) 10 m s–1

(b) 10 m s–1

 (ii) 340 m s–1

15.21 400 Hz 

10 m s–1

10 m s–1

340 m s–1

15.22

y(x, t) = 7.5 sin (0.0050x +12t + /4)

(a) x = 1 cm  t = 1 s

(b) t = 2 s, 5 s  11 s x = 1 

15.23 (a) (i)  (ii) 

 (iii) 

(b) 20 1

1

20
  0.05 Hz 

15.24 8.0 × 10–3 kg m–1 

256 Hz

(pulley) 90 kg (pan)
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t = 0

(x = 0) (y = 0) y 

5.0 cm (y) x  t 

15.25 40.0 kHz 

360 km h–1

1450 m s–1 

15.26 (S) 

(P) S  4.0 km s–1 P 

8.0 km s–1 P  S P 

S 4 

15.27

40 kHz

 0.03 
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