Illustration 24 : Find the value of hg}

lim JX+3 -2
=1 Jx+8 -3

(multiplying numerator and denominator by /x+3 +2 and /x+8 +3)

Jx+3-2

Jx+8-3°

_ Im Jx+3 -2 " Jx+3 +2

w1 Jx+8 -3 Jx+3+2

" Jx+8 + 3

Jx+8 +3

(Jx+3) - (2 s

x+3 4 (M+)
) (3

x—>1 x+8 9 X

3
x+3+2

x—1 (x 1)

3
x—>1 (\/m)Z _ (3)2 \/x+ 3 +2

B \/§+3
T Ja+2
343
242
= g
4
= é
2
¥ -3
Tllustration 25 : Find the value of lim .
x—>2 x -2
5 A5
lim * =32  _ lim X -2
x—=2 x=2 X2 x=2
~ lim x" -a n—1
= 5(2)5] { x—a x_q - Na }
= 52
= 5(16)
= 80
(7150)
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Illustration 26 : Find the value of lm

5 X — 243
m ——— =

-3 x3-27

x> - 243
=3 3 -o27
. x5 - 35
lim
x—3 x3 — 33

(multiplying numerator and denominator by (x - 3))

Tllustration

. 5
Illustration 28 : Find the value of lim W

© -3

x—3

T3 x=3

v -3

x +128
X+ 2

lim
x—>-2

5
lim (x+h) -x

h—0 h

27 : Find the value of lim

. x3—33
x—3

x! +128
x—>-2 x+2
im * —(2)
x—>-2 X - (—2)
7(_2)771
7(-2)°
7(64)
448

h—>0

(Taking x+h =1t, when h—>0, t—>x)

) 5 5
lim I —X
t—=>x r—Xx

5-1

= 5(x)

= 55

.

5

( x+h :t)

lim x" - 4"
X>a y_a4
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llustration 29 : Find the value of lim ¥x*1-1

1 1

lim N¥x+1 -1 _ jim (x+D)" - 1"
X

x—0 x—>0 X

(Taking x+1=1¢, when x>0, t—>1)

_ lim " -1 (cx+l=¢t - x=t-1)

t—1 t—1
1 lim x" -4" n—1
- %(1)2_1 { x>a x_q M4 }
= % x 1
= L
n
- { Summary ) ~N

o

® Neighbourhood:Let a € R . Any open interval containing ‘a’ is called a neighbourhood of “ @ °.

® § neighbourhood of ¢ : If a € R and § is a non-negative real number then the open
interval (a -9, a+ 8) is called § neighbourhood of a.

® Meaning of x — a : If the value of a variable x is brought very close to a number ‘a’
by increasing or decreasing then it can be said that x tends to a. It is symbolically

denoted by x - a.

® Meaning of x — 0 : If by decreasing the positive values of a variable x or by increasing

negative values of a variable x is brought very close to ‘0’ then it can be said that x tends

to 0. It is symbolically denoted by x — 0.

® Limit of a function

The function f(x) has limit / as x tends to ‘a’ if for each given predetermined € > 0, however

small, we can find a positive number § such that |f(x) - l| < ¢ for all x such that |x - a| < 9.

Limit



List of Formulae :

lim [f(x) + g(x)] =1l+tm

xX—>a

lim [ f(x) x g(x)] = 1 x m

SECIEE S

xX—=>a

lim f(x) = kI, k is constant.

Xx—>a

n

If f(x): a0+a1x+a2x2+ ..... +a,x" then

n

lim _ 2 n
b (x)—a0+a1b+a2b + ..t a,b

n n
lim X —a = n-1
t>a x-a na ", neQ

EXERCISE 4

Choose the correct option for the following multiple choice questions :

1. What is the modulus form of 0.3 neighbourhood of 3 ?

(a) |x-03]<3 (b) |x-3<03 (¢) [x+3<03 (d) |x-3>03
2.  What is the interval form of 0.02 neighbourhood of -2 ?

(a) (1.98, 2.02) (b) (—1.98, 2.02) (c) (-2.02, —1.98) (d) (-2.02, 1.98)
3. What is the interval form of |x—-51 < 0.25?

(a) (4.75, 5.25) (b) (—4.75, +5.25) (c) (-5.25, —4.75) (d) (-5.25, 4.75)
4.  What is the interval form of |2x+1I < % ?

@ (55 wlewm @hme) @D
5. What is the modulus form of N (5, 0.02) ?

(a) [x+5]<002  (b) [x-0.02/ <5 (¢) [x=35]>0.02 (d) [x-35< 0.02
6. If modulus form of N(a, 0.07) is lx—101 < k then what will be the value of £?

(a) a (b) 0.7 (c) 0.07 (d) 9.93
7. What is the value of }g; 3x—-17

(a) 9 (b) 10 (e) % (d) 8
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10.

11.

12.

What is the value of }Cﬂ JAx+9 2
(a) 5 (b) 25 (c) £ (d) 7

What is the value of 1Im 1o ©
x—>-2

(a) 10 (b) =2 (c) 8 (d) Indeterminate
. P 3|
What is the value of lm = —>- 9
x—3 x-3
(a) 192 (b) 324 (c) 36 (d) 108
. : © +1
What is the value of lim ?
== x+1
(a) =5 (b) 5 (c) 4 (d) -4
If y=10-3x and x—> —3 then y tends to which value ?
(a) 1 (b) 9 (c) 19 (d) 7

Answer the following questions in one sentence :

1.
2.

3.

10.

11.

12.

Express 0.09 neighbourhood of 0 in interval form.

Express 0.001 neighbourhood of —5 in modulus form.

Express |x - 10| < % in neighbourhood form.

Express |2x| < % in interval form.

Express N (50, 0.8) in modulus form.
If N(a, 0.2) = |x—7| < b then find the value of a.

If |x+4|< 0.04 = (k, —3.96) then find the value of k.

Find the value of lm (3x+ 5).

x—5

Find the value of lim \3/2 - 2x

x—>=3
. i 3x2 — 4x + 10
Find the value of ™ | — 75735 |

5
. : -32
Find the value of lim X =22
x—2 x—-2

lim x" +d"

o —a i a where m is an odd number.

Find the value of

(163)
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13. If M 4x+k =6 then find the value of k.

14. If lim 22—

"3 3x+k then find the value of £.

1
7

Answer the following questions :
1. Define an open interval.

2. Define the § neighbourhood of a.

3. Define the punctured § neighbourhood of a.

4. Express the interval form (—0.5, 0.5) in modulus form.

5. Express the interval form (—8.75, —7.25) in neighbourhood form.
6. If N(kl, 0.5) = (19.5, kz) then find the value of &, and k,.
7.  Express |3x + 1| < 2 in neighbourhood and interval form.

8. If |x— A1| < 0.09 = (4,, 409) then find the value of A and A,.

9. Explain the meaning of x > a.

10. Explain the meaning of x —> 0.

11. Define limit of a function.

12. State multiplication working rule of limit.
13. State division working rule of limit.

14. State the standard form of limit of a polynomial.

Find the values of the following :

. 2 . -3
L lim 3P -dxed 2 lim i
: x>l x -1 : >3 2x°=3x-9
L 32 -—2x-5 . XX +2x-3
3 lim 2 Z<X7> 4, lim ——— =
: x—>-1 x+1 : x—1 xZ -1
lim 2x% +5x -3 . 2x2+9x+9
5 S T 6. lm ———
=3 4x -1 =>-3 2x“+7x+3
. 2 2 2
lim 2x" +3x+1 i 9x° + 5x — 26
7. . 2 8. 1m 2
= 2xf —-x -1 x>=2  5x° +17x+ 14
lim L|2X*14_» lim |2 -4
2. 0 % |:3x+7 10. 055 |x-27 2 o
(164)
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lim 2
1. lmegg 344
lim x® — 729
13. 0% T AC 81
lim x2017 +1
1s. 1 2018 _ 4
3 —
17. lim Ir -1
Coxol \/; -1

14.

16.

lim * —P

=P x4+ p3

. x10 —1024

lim )

x—>-2 x7 +32
7
x2 -1

llm 3

. 3
X—> x2 _1

I.  Answer the following :
1. If y=5x+7 then using tabular method, prove that when x > 2, y—>17.
2
2. If y= W then using tabular method, prove that when x —»> -4, y—> -8.
3. Using tabular method, prove that xli)nzl xil does not exist.
II. Find the values of the following using tabular method :
X2 =3x—10 . 22 +3x-5
1. lim X 722770 2. lim =z T2r79
x5 x-5 x—1 x—1
2
lim 4x" +5x+1 lim
S R T 4. M 3x-1
III. Find the values of the following :
7
1. lim (x+h) =47 5. lim Wr+x-1
h—>0 h x—>0 X
. 1
lim (1+x)" -1 lim f(x)- f(i) - 42
3. )61—)0 f 4. X—)% T Whel‘e f(x) =x +x-1
o fx+h)-f im S(x+h)-f(x
. fim S BIO) where () - 6 tim ST BT where () -
im () - /(2) 2+ h) - f(2
7. )lcl_)né ——=—5— where f(x) = \Jx+7 8 ,lll_ff(l) ( 2 ()where f(x) =2 +3
2+ %) - f(2- im J(x) - f(2)
9 )lcl_lg ( )2x (2-) where f(x) = x* 10. )1(1_)11; 5 — Wwhere f(x) = x4+ x
(165)
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Srinivasa Ramanujan
(1887 - 1920)

Srinivasa Ramanujan was one of the greatest
mathematical geniuses of India. He made substantial
contributions to the analytical theory of numbers and
worked on elliptic functions, continued fractions and
infinite series. Ramanujan independently discovered
results of Gauss, Kummer and others on hyper
geometric series. Ramanujan initially developed his
own mathematical research in isolation; it was quickly
recognized by Indian mathematicians. When his skills
became obvious and known to the wider mathematical
community, centered in Europe at the time, he began
a famous partnership with the English mathematician
G. H. Hardy, who realized that Ramanujan had
rediscovered previously known theorems in addition
to producing new ones. On 18th February 1918,
Ramanujan was elected as fellow of the Cambridge
Philosophical Society. On the 125th anniversary of
his birth, India declared the birthday of Ramanujan,
December 22nd as ‘National Mathematics Day and
also declared that the year 2012 would be celebrated
as the National Year of Mathematics.
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Differentiation

.

Contents :
5.1 Introduction
5.2 Definition : Differentiation and derivative
5.3 Some standard derivative
5.4 Working rules of differentiation
5.5 Second order differentiation
5.6 Increasing and decreasing function
5.7 Maximum and minimum value of a function
5.8 Marginal income and marginal cost
5.9 Price elasticity of demand

5.10 Minimization of cost function and maximization of revenue function and profit function

(167
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5.1 Introduction

We have studied about functions in Standard 11. Let f (x) be a function of x. Differentiation is a technique

which is used for analyzing the way in which function f (x) changes and how much does it change with a
change in the value of x. That is, we can know how rapidly a function is changing at any point using
differentiation. In real life, we have functions like production cost, revenue, profit, etc. and it is often important

to know how rapidly these functions change with respect to change in produced units or sold units x.

Consider y = f (x) = 2x% + 3, a function of x. If the value of independent variable (x) is changed
there will be a corresponding change in the dependent variable (). If the value of x is 2 then the value
of dependent variable y will be 11. Now we shall find the increase in y for a small increase in x. For
a small increase in value of x, i.e. if we take values of x as 2.1, 2.01, 2.001, 2.0001, ........ etc then
we get corresponding value of yas 11.82, 11.082, 11.008, 11.0008, ...., etc. We denote the increase in
x by &

X

o
and increase in y by d,. The ratio 5—y is termed as incrementary ratio. Let us observe this
X

incrementary ratio for the above values of x and corresponding values of y.

1)
x S, y = fv) 3, 6_1
2.1 0.1 11.82 0.82 8.2
2.01 0.01 11.0802 0.0802 8.02
2.001 0.001 11.0080 0.0080 8.002
2.0001 0.0001 11.0008 0.0008 8.0002

We make the following observations from the above table :
(i) O, varies when §, varies

(i) Sy—>0 when 6, —0

o
(i) The ratio 5—y tends to 8.
X
. . 5y .
Hence, this example illustrates that o y >0 when 8, —>0 but 5 tends to a finite value,
X
o
not necessarily zero. The limit of 5—y is represented by % and is called the derivative of y with
X

respect to x.

In the above example % = Slil_r)lo 5—y =8
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In many business problems, we are interested in the rate of change of a function and, in particular,

the range of values of independent variable for which the rate of change of a function may be positive
or negative.
Differentiation is used in production, replacement, pricing and other management decision problems.
In short, differentiation is used to determine the rate of change in the dependent variable (function

of independent variable) with respect to the independent variable.

5.2 Definition : Differentiation and Derivative

Let us consider a function y = f (x)

When we take x =a, the value of the function will be f (a). Now, when the value of x changes
from a to a+ h, the value of the function will change from f(a) to f(a + h). So, for a change

of (a + h) —a = h in the value of x, there is a change of f(a + h) - f(a) in the value of f(x).

If there is a change of 4 in value of a then the relative change in the function will be

f(a + h) - f(a)
—
If & is made very small then the limit of this relative change is called derivative of f (x) with respect
to x at x=a and it is denoted by f'(a).

Definition : Let f:A—>R and a€A, where 4 is an open interval of R. If

lim f(a+h) - f(a)

h—0 h

by f'(a).

The process of obtaining derivative of a function is called differentiation.

exists, then this limit of a function f is called derivative at x =a. It is denoted

Thus, f'(a) = lim Sla+h) - fla)

h—>0 h

For any value of x of the domain of f, we have f’(x) = }ll_% w f’(x) is called

a derivative of f (x) with respect to x.

If y is a function of x then its derivative is denoted by %

We shall now find derivatives of some functions using this definition of derivative.

Ilustration 1 : Obtain the derivative of f(x) = x with the help of definition.
Here, f (x) =X

f(x+h) =x+h

Now, f'(x) = lim flx+h) - f(x)

h—>0 h

(160)
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_ lim (x+h)-x
=0 R

— lim
h—0

>|=

= 1 (v h=0)
Hence, if f(x) = x then f'(x)=1.
Ilustration 2 : Obtain derivative of f(x) = x* with the help of definition.
Here, f(x) = x°
wof(x+h) = (x+h)

X+ 3x°h + 3xh* + 1

Now, f'(x) = lim flx+h) - f(»)

h—0 h

. (x3 +3x%h + 3xh° + h3) - i
— lim

~ hs0 h

lim  3x°h +3xh* + h°
h—0 h

h(3x2 +3xh + hz)

_ lim
T >0 h
= lmo32 3 n? (- h % 0)

= 32 +3x(0) + (0)°
= 3
Hence, if f(x) = x° then f'(x) =3x’
Illustration 3 : Obtain derivative of f(x)=x" with the help of definition.
Here, f(x)=x"
 flern) = (x4 n)

Now, f'(x) = lim Flr+h) - f(»

T >0 h

lim (x + h)n - x"
= h—0 h

(Taking x + h = ¢, when h—> 0 then t— x)

@
1 1 u
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}I_I,I; % (v x+h=1)

n n
lim X — 4
X—a X —a

_ nxnfl (,., _ nanfl)

Hence, if f(x)=x" then f'(x) = nx""'

Illustration 4 : Obtain derivative of f(x) = Jx with the help of definition.
Here, f (x) = Jx
L f(x+h) = \/m

Now, f(x) = fim Sl A

lim VYt - x

= N —

(Multiplying numerator and denominator by /x + & + Jx)

_ lim «/x+h—\/; \/x+h+\/}
- h=>0 h X Jr+h+x

e (T
h—>0 h(m + \/;)

. x+h—-x
lim

- h—>0 h(\/m + \/;)

. h
- ;111—13) h(«/x+h + \/;)

lim

N B
= >0 Jx+h o+ Jx (v h#0)

1

Jx+0 + Jx

1

- =

Hence, if f(x) = % then f(x) = S

710
@

Differentiation



Illustration 5 : Obtain derivative of f (x) = % with the help of definition.

Here, f (x) = %

- f(x+h) - x-ll-h

Now, f/(x) = fim Sbeh = A

_ lim **th x
h—0 h
_ hm X — (X + /’l)

h—0 hx (x + h)

_ I R
hl—r>r(1) hx(x+h)

_ I
- hl—r>r(l) x(x+h) ( h;tO)
-1
- x(x+0)
-1
= x_z

Hence, if f(x) :% then f’(x) = __21
X

Illustration 6 : Obtain derivative of f (x) =k (k is constant) with the help of definition.

Here, f (x) =k

L f(x+h) = k
, ; flx+h) - flx
Now, f'(x) = 1111_1;% St ) - /() })l ()
_ lim k -k
h—0 h
_ lim 0
h—>0 h
= 0
Hence, if f(x) = k then f’(x) =0
Statistics : Part 2 : Standard 12



EXERCISE 5.1

Obtain the derivatives of the following functions with the help of definition :

1 f(x) =2x+3 2 f(x) = x*
3 f(x):x7 4 f(x) = xila x # -1
5. () = 6. f(¥) = w7 3
7 f(x) = 10

*

5.3 Some Standard Derivatives

We shall use derivatives of following functions.

1. If y=1x" (where neR and xeR")

then b nx" !
dx

2. If y =k (where k is constant)

dy _
then e =0

5.4 Working Rules for Differentiation

We shall accept certain working rules for differentiation without proof.

If u and v are differentiable functions of x then,

Rule 1 : If y=u+v then
ﬂ_d_quQ
dx — dx — dx
Rule 2 : If y=u-v then
4 Ldv du
de — U dx V' dx
Rule 3 : If y=13, v#0 then
dy Vg ug
dx V2
Rule 4 : (Chain Rule)

If y is a differentiable function of u and u is a differentiable function of x then

dy Ay du

dx T du " dx
We shall see some illustrations explaining the use of working rules for differentiation mentioned
above.

(173)
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Illustration 7 : Find :llx_y for y = x* —3x* +2x-3.

y=x'-3x+2x-3

dy _ d 4 2
il a(x - 3x +2x—3)
_ d 4 d 2 d d
= E) - £07) 020 - L0
_ 4 d d d
= E) -3 L) 2L - £0)
= 4%’ = 3(2x) +2(1) - (0)
= 4 —6x+2
Mlustration 8 : Find 2 for y - ¥ 4 yxr_ 2 +35=+1
ustration H m E or y=x + —x+;\3/;+4.
1
y=x3+\/7—%+%+%
:x3+x%—4x71+x7%+%
dy _ d (.3 d (% d (-1 d [ - d (1
@ = wb) - d_(x) —4 ) d—(x) (%)
= 32+ 3 R 4(—1x1_1) + (_31) 010
_1 _4
=3x2+%x2+4x_2_%x3
= 3x2+L+i_ 1
1 x2 4
2x2 3x3

Ilustration 9 : If y = (21\72 +3) (3x —2) then find derivative of y with respect to x.
y = (207 +3)(3x-2)

Take, u = 2x*+3 and v = 3x—2.

du 4xand%=3
X

_ dv. du
de udx+vdx

= (20 +3)(3) + (3x - 2) (4¥)

6x> +9+12x* — 8x

= 18x* —8x+9

Note : Illustration 9 can also be solved using working rule 1 by simplifying y i.e. multiplying two terms
of y

(172)
@

Statistics : Part 2 : Standard 12



2x +3

Illustration 10 : Find %, Yy=3,-32-

_ 2x+3
Y= 332

Take u = 2x+3 and v =3x-2.

du — 9 and 42 = 3

dx dx
Now, y=%
du _  dv
ﬂ — vV dx U dx
dx 2

_ (3x-2)(2) - (2x+3)(3)
(3x - 2)2

(6x— 4) - (6x+9)
(3x - 2)?

6x—-4 - 6x-9
(3x - 2)

-13

B (3x - 2)2

lustration 11 : If y = 4x—3+5 then differentiate y with respect to x.

_ _3
Y= 4x+5

Take u =3 and v = 4x+5.

ﬂ: ﬂ:
o 0 and dx 4

u

Now, y =

pdi _ g dv

&
dx

(4x+5)(0) - 3(4)
(4x +5)°

0-12
(4x + 5)2

-12
(4x + 5)

)
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2x2 +3x +4
Illustration 12 : If y = % then find d_y
x“+5 dx

2x2+3x+4

Y= 2 +5

Take u =2x* +3x+4 and y = x? +5.

d—z=4x+3andﬂ=2x

d dx
Now, y—%.

& YE g

dx 2

v

(¥ +5) (4x + 3) = (262 + 33+ 4) (25)

(x2 n 5)2

(4x3 +20x +3x2 + 15) - (4x3 +6x% 4 Sx)

(x2 N 5)2

4x3 +20x +3x2 +15 — 4x° — 6x% — 8x
(x + 5)

332 +12x + 15
2
(x2 + 5)

Ilustration 13 : Differentiate y = (3x +7)8 with respect to x.

y=(B3x+7)

Taking u = 3x+7, y = u®

du _ dy _ o7
dx 3 and I Su

dy dy du

Now, I = i X de
= (847) (3)
= 24y’

Putting value of

d
L = 24(3x+7)

©
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Illustration 14 : Find %, y = Jxr +3.
y = \/x2 +3
Taking u = x* + 3, y:\/;

e 2x and I N

dy dy du

Now, G = W X &
_ 1
- (%) @9
.
Ju
Putting value of
b - __x
dx 43

Illustration 15 : Obtain derivative of y = 1 + 33 ) with respect to x.
X
2
y = 1 + 3 + A
X
~ 2x
- Lt 314
. (3x + 4) + 2x
B 3x+ 4
S5x+4
Y = 3x+4
Here, take u =5x+4 and v =3x + 4
d_u e ﬂ =
e 5 and ax 3
Now, y = %
Ay _ YR @
dx 2
(3x + 4) (5) - (Sx + 4) (3)
- (3x + 4)
(15x +20) - (15x +12)
- (3x +4)
(77)
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15x+20 - 15x - 12
(3x + 4)2

8
(3x + 4)2

Ilustration 16 : If 2xy +3x+y—4 = 0 then find Zx—y
2xy+3x+y—-4=0
2xy+y = 4-3x
y(2x+1) = 4-3x

_ 4-3x
Y = 2x+1

Here, take u = 4—-3x and v = 2x+1.

il—dx” = -3 and % =2
Now, yZ%
R
dx 2
(2x +1)(-3) - (4-3x)(2)
(2x +1)
_ -6x—-3 - 8+ 6x
(2x +1)
_o_ -
(2x +1)?

, d
Nlustration 17 : If y = 2+ 3x + 4x? + gy then find L.

5
6-7x

y = 243x+4x" +

|:2+3x+4x2+ S :|

d
dx dx 6-7x

= 0+3(1)+4(2x) + % (6—57x)

(6-7x) (0) - 5(-7)

= 3+8x+ (6- 7x)2 [+ Division rule]

35
= 3+8x+ (6—7x)2

(172)
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Ilustration 18 : If Y =

Here, take u =

du  _

dx

Illustration 19
Here,  f(x)

- (%)

- ()

) then find

3x+2
x+5 x2+5x+6
3x+2
x+5 ¥ 455 +6
x+5 +6 3x + 2
x+5 X +5x+6

X +5x+6 3x+2
x+5 x4 5x +
3x+2

x+5

3x+2 and v = x+5.

ﬂ =
3 and It 1

(x+5)(3) - 3x+2)(1)

(x + 5)2

(3x+15) - (3x +2)
(x+5)°

3x+15 - 3x-2
(x+5)2

13
(x+5)°

=3x* +2x+1
=6x+2
=6(1)+2

=8

]

dy

o

: If f(x) = 3x* +2x +1 then find f'(x) and hence obtain f’(l).

€
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Ilustration 20 : If f(x) = x> —x+3 then for which value of x, f'(x) =0 ?
Here, f(x) =" —x+3
f’(x) =2x-1+0

Now, f’(x) =0 is given

2x-1=0
2x =1
N

5.5 Second Order Differentiation

As seen in many of the previous illustrations, the derivative of a function of x is generally also

a function of x. The derivative of y = f (x) is denoted by % or f ’(x). This derivative is called the

first order derivative of the function. The second order derivative of the function means the derivative
d2y

of the first order derivative of the function. It is denoted by 2 or f ”(x). Second order derivative
X

along with the first order derivative can be useful in maximization or minimization of a function. This

can be applied to minimize cost function, maximize revenue function and maximize profit function.

We shall now see the method of obtaining second order derivative with few illustrations.

Illustration 21 : Obtain % for y = 3x* —2x* + x> —8x + 7. Also obtain its value at x =1.
y=3x"—2x" +x* —8x+7
Do~ 2 647 +2x -8
dx
ey afd
dx* dx | dx

_d 3 g2 _
= L1200 - 6x* + 2x- 8]
= 36x —12x+2
Putting x = 1,
d’y 2
— = 36(1) —12(1) + 2
e )
= 36-12+2
= 26

®
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Illustration 22 : If f(x) =4x% +2x> +7x +9 then for which value of x, f”(x) =52 ?

f(x) =4x +2x° +7x+9
f(x) =126 +4x+7
o f(x) = 24x + 4
Now, f"(x) =52
L 24x+4 =52

. 24x = 48
ox =2

5.6 Increasing Function and Decreasing Function

Increasing function

y
In the adjacent figure, the curve of 0
. . y = /(%)

the function y = f (x) is drawn. The /
value of the function at x =a is /
y = f(a). If h is a very small positive /
number and if f(a + h) > f(a) and also
f(a) > f(a - h) then f(x) is said to be
an increasing function at x = a.

If the function is increasing at
x = a then f’(a)>0 > X

0 (a—h) a (a+h)
Decreasing function y
A

In the adjacent figure, the curve of the function Vy\f(x)
y = f(x) is drawn. The value of the function at \
X=a is y-= f(a). If & is a very small \
positive number and if f(a + h) < f(a) and also \
f(a) < f(a - h) , then f(x) is said to be a de-
creasing functionof x = a .

If the function is decreasing at x = a
then f'(a) <0 > X

© (a=h) 9 (a+h)
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Ilustration 23 : If f (x) = x> — 4x then decide whether the function is increasing or decreasing

at x=-1, x =0 and x = 3.
f(x) = x* —4x
f'(x) =2x—4
At x = -1
f1(-1) = 2(-1)-4
= -6<0
Function is decreasing at x = —1I.
At x = 0
f1(0) = 2(0)-4
= -4<0

Function is decreasing at x = 0.

At x = 3

=2>0
Function is increasing at x = 3.
Illustration 24 : Decide whether the function y = x* —3x? +7 is increasing or decreasing at

x=1and x = 3.

y=x —3x*+7

% = 3x’ —6x
At x = 1
d
o = 30 -
= 3-6
= -3<0

Function is decreasing at x = 1.

At x = 3
d
2 = 303 -6
= 27 - 18
= 9>0

Function is increasing at x = 3.

(137)
@

Statistics : Part 2 : Standard 12



5.7 Maximum and Minimum Values of a Function

We discussed about increasing and decreasing function. Now, we shall study the method of obtaining maxi-

mum and minimum value of a function. Suppose the graph of a function y = f (X) isobtained as follows.

Y
A

O » X
It can be seen that the curve obtains maximum values at points 4, C and E while its values are
minimum at points B and D. Thus, the function may have more than one maximum or minimum values.

Maximum Value :
y

N

y = f(¥)

> X
© (@a=h) a (a+n)

In the figure, curve of the function y = f (x) is drawn. The value of the function at x = a is
y = f(a). If 4 is a small positive number and if f(a) > f(a + h) and also f(a) > f(a - h) then

f(x) is said to be maximum at x = a.

The necessary and sufficient conditions for a function to be maximum at x = a are as follows :

i) f(a)=0 (i) f"(a) <0

(133)
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Minimum Value :

> X

© (a=h) a (a+h)
In the figure, curve of the function y = f (x) is drawn. The value of the function at x = a is

y = f(a). If & is a small positive number and if f(a) < f(a + h) and f(a) < f(a - h) then f(x)
is said to be minimum at x = a.

The necessary and sufficient conditions for a function to be minimum at x = g are as follows :

(i) f'(a)=0 (i) f"(a) >0

The maximum and minimum values of a function are known as stationary maximum and stationary
minimum values of function.

Maximum or minimum values do not mean the largest or the smallest value of a function. The function
is maximum of x = a only means that the value of the function is maximum in a small interval around
x = a. Similarly, the function is minimum at x = » only means that the value of the function is minimum
in a small interval around x = b. The points where maximum or minimum values occur are known as

stationary points. The necessary condition to obtain a stationary value is % = 0.

Method of obtaining maximum and minimum values of a function :
® Find the first derivative % = f'(x) of the given function.

® Putting % = 0, solve the equation and obtain the values of x. These values of x give the

stationary points.
® Find the second order derivative and put these values of x alternatively in the second derivative.
® The value of x at the stationary points for which the second order derivative is negative gives the
maximum value of the function while the value of x at the stationary points for which the second order
derivative is positive gives the minimum value of the function.
® The maximum and minimum values of a function are obtained by putting these values of x
in the given function.
We shall now see the method of obtaining the maximum and minimum values of a function with a few
illustrations.

(132)
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Illustration 25 : Find the maximum and minimum values of f (x) =2x’ +3x* - 12x — 4.
Here, f(x)=2x"+3x> —12x-4
f(x) = 6x% +6x-12
For stationary values, f ’(x) =0
6x> +6x—12 =0
X +x-2=0

(x+2)(x-1) =0

x=-2 or x=1
Now, f”(x) =12x+6
At x = 2
f(=2) = 12(-2) + 6
= -18<0
We get the maximum value of the function at x = 2.
At x =1
@ = 12(1)+6
= 18>0

We get the minimum value of the function at x = 1.

Minimum value of f(x)
Putting x = 1 in the function f (x),
F) =201 +3(1)° —12(1) - 4

2+3-12-4

= 11
Maximum value of f{(x)

Putting x = —2 in the function f (x),

7(-2) = 2(-2) +3(-2)° —12(-2) - 4

~16+12+24 -4
= 16

Thus, the maximum value of f{x)is 16 and the minimum value is —11.

(185)
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Illustration 26 : Find the maximum and minimum values of y = x° —2x* —4x —1.

Here, y = x° —2x”> —4x—1

d
S o= M -4x-4
. dy _
For stationary values, e 0

3x* —4x-4=0

3x —6x+2x—4 =0
3x(x-2) +2(x-2) =0
(x=2) (3x+2) =0

=8>0

Function is minimum at x = 2.

At x = —%

dy _ (=2
w o el3) -

= —4 -4
= —-8<0

. . . 2
Function 1s maximum at x = — 3.

Minimum value of function y
Putting x = 2 in the function y,

y = (2 -2(2 -4(2) -1
= 8-8-8-1
=9

Maximum value of function y

Putting x = —7 in the function y,

Il
—~
|
Y[
~

W
|
&)
—
|
W[
N—
[\S}
|
~
|
W
~
|
—_

Y
- =8 _ 8 g _
=37 ~9 *t3 1
= ﬁ
27
Thus, the maximum value of y is % and the minimum value is —9.

(126)
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5.8 Marginal Income and Marginal Cost

The differentiation is used to obtain solutions of economic and business problems. We have seen that the
first and second order derivatives can be used to obtain the maximum and minimum values of a function.

First order derivative of a function can also be used to obtain marginal income and marginal cost.

In study of economics, the relation between price and demand of a commodity can be represented

as a function. If we denote the price of a commodity by p and its demand by x then, we get the relation

x=f ( p), which is called the demand function. If the income or revenue obtained by selling x units

of a commodity is denoted by R then,
R = xp
Thus, revenue R is a function of demand x.
The change in revenue due to small change in demand is called marginal revenue.

Marginal revenue can be obtained by taking the derivative of revenue function with respect to x.

Thus, when the demand is x then

4R

Marginal revenue = P

If we denote the cost of producing x units by C then C can also be represented as function
of x.

The change in cost due to small change in production is called marginal cost.

Marginal cost can be obtained by taking the derivative of cost function with respect to x. Thus,

when the production is x then

; = 4dC
Marginal cost = - =

Ilustration 27 : If the demand function of pizza is p = 150 — 4x then find the marginal revenue

when demand is of 3 pizzas and interpret it.

Here, demand functionp = 150 — 4x
Now, revenue function R = p-x
= (150 - 4x) x

R = 150x — 4x°

Marginal revenue Z—I; = 150 — 8x

When demand of pizza is x = 3 then

: dR _
Marginal revenue o = 150 - 8(3)

=126

Interpretation : Revenue for selling the 4th pizza is approximately I 126.

137
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Illustration 28 : If the demand function of a commodity is x = N—p then find the marginal revenue

2

when price is ¥ 30.

Demand function x = 502_ P
2x =50-p
p =50-2x

Now, revenue function R = p-x
= (50 - 2x)x
R =50x — 2x°

Marginal revenue fl—lj = 50 — 4x

When price p = 30 then

~50-30
X =77

x =10
When demand x = 10 then

: _ drR _
Marginal Revenue = el 50—4(10)

=10
Interpretation : Revenue for selling the 11th unit is approximately I 10.
Ilustration 29 : The cost function of a commodity is C = 5x% + 6x + 2000, where x is the number

of units produced. Find marginal cost when production is 50 units.

Cost function C = 5x* + 6x + 2000

Marginal Cost <= d =10x + 6

When x = 50 then

Marginal Cost iC 10(50) + 6

= 506
Interpretation : The cost of producing the 51st unit is approximately I 506.

5.9 Elasticity of Demand

Generally, a change in price of a commodity results in change in its demand in opposite direction.
When the price of a commodity increases, its demand decreases and when the price of a commodity
decreases, its demand increases. But these changes are not equal for all the commodities. For example,
a sudden increase in price of luxury commodities results in a major decrease in its demand. While increase
in the price of necessary commodities does not result in a major decrease in its demand. The change

in demand for a commodity due to change in 1t/_p\ce can be studied using elasticity of demand.
188
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Definition : The ratio of percentage change in the demand of a commodity due to percentage
change in its price is called elasticity of demand.

1e.

Percentage change in demand

Elasticity of demand = -

Percentage change in price

The ratio is negative as the changes in price and demand of a commodity is in opposite direction. For

convenience, the value of elasticity of demand is taken positive and hence the negative sign is taken in the

formula. If we denote the demand as x and price as p and the demand function x = f ( p) is given then

Elasticity of demand = -

==

Ldx
dp-

Illustration 30 : The demand function of a commodity is x = 50 —4p. Find elasticity of demand
when price is p = 5 and interpret it.

Demand function x = 50—-4p

dx  _
ap = 0-40)
= —4
Now, elasticity of demand = —% Z—;

(50_—p4 ) < (=4)

4p
50 — 4p

When price p =5 then

4(5)

50 - 4(5)

Elasticity of demand

20
50 - 20

= 2
30

= 0.67

Interpretation : When the price changes by 1 percent, demand changes by 0.67 percent

(in opposite direction) when the price is 5.

(120)
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Illustration 31 : The demand function of a commodity is P = 12 - Jx . Find the elasticity of
demand when the price is 9 units and interpret it

Demand function p =12 - Jx

a  _ g_ L
dx 2Jx
1
- 2k
J de _ 1
ax - _ d dp
dp 24x v dx
s L _ _P  dx
Now, elasticity of demand = ¥ dp
(12 )

()

(12 - \/E) (2&)
= —
When demand is 9 units then

iy (12-9) (29)
Elasticity of demand = 5

_ (12-3)(2x3)

= 6
Interpretation :

direction) when demand is 9 units.

When price changes by 1 percent, demand changes by 6 percent (in opposite

5.10 Minimization of cost function and maximization of Revenue function and Profit function

In practice, problems of minimizing the production cost of an item, maximizing the revenue by selling
produced items and maximizing profits are to be solved. We know that the production cost C or revenue

R by selling produced items and profit P can be represented as functions of x. Using the derivatives,
we can decide when it will be maximum or minimum.

2
(é—CZOand dC
X

> 0.
dx?

The conditions for minimizing the production cost function C are

Statistics : Part 2 : Standard 12

(190)
D




Similarly, the conditions for maximizing the revenue function R are

2

4R _ d"R
0 0 and 12 < 0.

And conditions for maximizing the profit function P are

2
P _ d’p
dr 0 and 12 < 0.

We shall now see the method of obtaining minimum cost, maximum revenue and maximum profit

with few illustrations.
Illustration 32 : The daily cost of production for x tons of a commodity is 10x> — 1000x + 50000. How

many units should be produced for the minimum cost ? Also find the minimum cost.

Production cost function C = 10x> — 1000x + 50000

ac

i 20x — 1000
Putting ‘é—g = 0,
20x —1000 = 0
20x = 1000
x =50
2
Now % = 20
dx
d*c

Here, putting x = 50 in ——-,
dx

d*c
dx2

=20>0

Production cost is minimum at x = 50.

To find minimum cost, put x = 50 in the production cost function,

Minimum Cost 10(50)* —1000(50) + 50000

10(2500) — 50000 + 50000

= 25000

Illustration 33 : A factory produces x units and its production capacity is 60,000 units per day. Its
daily total production cost is C = 250000 + 0.08 x + M)‘COOOO How many units should be

produced for minimum production cost ?

(To1)
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Production cost function C = 250000 + 0.08 x + w

ac  _ 0.08 — 200000000

dx x2

Putting ‘fl—g =0

0.08 — 200000000 _

x2

0.08 = 200000000
: 2
X

0.08 x*=200000000

x% = 2500000000
x = 50000 or x = —50000

Production cannot be negative, so we will take x = 50000 .

d2c 400000000
Now ——5 = 3
dx X

, B . d*C
Here, putting x = 50000 in il
X

J2c 400000000

a?  (50000)

Production cost is minimum at x = 50000 .
Thus, 50,000 units should be produced so that the production cost is minimum.

Illustration 34 : The demand function of a watch is p = 6000 — 2x . Find the demand which

maximizes the revenue and also find the corresponding price.

Demand function p = 6000 — 2x

Now, revenue function R = p-x

= (6000 — 2x)x
R = 6000x — 2x2

4R — 6000 — 4x

dx

Putting ‘é—i = 0,
6000 —4x = 0
6000 = 4x
x = 1500

®
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2
Here, putting x = 1500 in —0; 12?,
X

d’R
dx2

- _4<0

Revenue is maximum at x = 1500.
Now we shall find the corresponding price.
Putting x = 1500 in demand function p = 6000 — 2x,
Price p = 6000 — 2 (1500)
= 6000 — 3000
3000

p

Illustration 35 : If the production cost function for a producer is C = 100 + 0.015x> and revenue

function is R =3x then find the profit function. How many units should be produced

by the producer for maximum profit ?
Production cost function C = 100 + 0.015x> and revenue function R =3x

Now, profit function P=R-C

= 3x— (100 + 0.015x2)

P = 3x-100-0.015x>

P _
€= = 3-0015(2x)
= 3-0.03x
- P
Putting fl_x =0
3-003x =0
3 =0.03x
_ 3
X =003
x = 100
d*p

Nowdx—z = 0-0.03(1)
= —0.03

2
Here putting x = 100 in —0; f,
X

2
4L — 003 <0
dx
At x = 100, profit is maximum.

®
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- { Summary }
o oy Lim f(x+n) - f(x)
® Derivative f (x) = m -
_.n ﬂ _ n-1
e If y=x", I = X
dy
e If y =k (constant), e 0
® If u and v are differentiable functions of x then,
_ dy _du | dv
(1) If y=u £ v then o = ar T od
=u - Q@9 o dv du
2) If y=u-v then I = U T Vg
du dv
_u dy _ lax " Max
3) If y-= ” then = 2
- cdy Ay du
(4) Chain Rule : = di X dx
e If the function f(x) is increasing at x = a then f'(a) > 0.
® If the function f(x) is decreasing at x = a then f’(a) < 0.
® The necessary and sufficient conditions for a function to be maximum at x = a
F'(a)=0 and f"(a) < 0.
® The necessary and sufficient conditions for a function to be minimum at x = a
f’(a) =0 and f”(a) > 0.
; = d4dC
® Marginal Cost = o
® Marginal Revenue = fl—f
foi - _P  dx
e Elasticity of demand = - dp
® The necessary and sufficient conditions for minimizing the production cost function C :
2
ac _ a-c
e 0 and e > 0.
® The necessary and sufficient conditions for maximizing the revenue function R
4R _ g LR
dx an d_xz .
® The necessary and sufficient conditions for maximizing the profit function P
4P — ) and 4°p <0
dx dx? :
.
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EXERCISE 5

Choose the correct option for the following multiple choice questions :

1. What is the formula for derivative of function f (x) ?

. h _ . h
(a) }ll_I)I)lc f(x+ Zl f(x) (b) }ll_I;% f(x+ 21‘1' f(x)
; flx+h) - flx ; flx) — flx+nh
(0 tim L8 = i (@ tm L0 reen)
2.  What is % if y=ax", a is a constant ?
a) nx" " an x"~ c an xn+
(a) m"™ (b) 1 (c) 0 (d) !
3. If y=ax+b, a and b are constant then what will be % ?
a) a c)a +
(a) (b) b (c) b (d) 0
4. What is the derivative of f(x) = iz ?
X
8 8
(a) 2 O ) % (@) 0

5. If u and v are two functions of x then what is the formula of derivative of their product ?

du dv dv du du dv dv du
(a)uEJrvE (b)uE—VE (C)EXE (d)ua—i—\iﬁ

6. If u and v are functions of x then what is the formula for derivative of % ?

du dv du dv dv du dv du
Va - Ma Va + Ma Mj + Vdf I/ldf - Vdf
(a) - 2 (b) - 2 (c) % (d) === 3 -

7.  If the function f (x) is increasing at x = a then which is the correct option from the following ?

(a) f'(a) <0 (b) f'(a) > 0 () f'(a)=0  (d) f"(a)>0
8.  What are the necessary and sufficient conditions for a function to be minimum at x = g ?
(a) f'(a) =0, f"(a) <0 (b) f'(a) > 0. f"(a) >0
() f'(a) = 0. f"(a) >0 (d) f'(a) <0, f"(a) >0
9. What is the formula for elasticity of demand ?
(a) -2 -4 (b) £ -4 () L% (@-2.2
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10. What are the conditions of revenue function R to be maximum

2
(a) €& = o, L&

dx di?

2

R d’R
() 4& >0, <5 <0

Answer the following questions in one sentence:

1.
2.

10.
11.

12.

Define differentiation.

Find f'(x) for the function f(x) =50.

Find % if y = d", a is constant.

(b)

(d)

dr
dx

drR
dx

d*R
dx2

d’R
dx2

State the rule for derivative for product of two functions of x.

How will be the first order derivative of a function at x = a if function is decreasing at x = a ?

How will be the second order derivative of a function at x = a if function is maximum at

x=a?

What are the stationary points of a function
What is marginal revenue ?

Define marginal cost.

State the formula of elasticity of demand.
Find f’(x) if f(x) = 7x* —6x+5.

. ﬂ _ 3 lz
Fmddx if y=06x + x° o+

2

x — 8.

o

Answer the following questions :

1.

A AL

[S=
i

11.

Define derivative.

State the division rule of derivative.

State necessary and sufficient conditions for a function to be maximum at x

Explain marginal cost and give its formula.

Define elasticity of demand.

?

What are the conditions for profit function P to be maximum ?

State the conditions for production cost function C to be minimum.

Find f"(x) if f(x) = Yx.
Write the chain rule of differentiation.

Find f7(0) if f(x) = x" -4’ + 32" + x +1

Find marginal revenue if revenue function is 90x —
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12.
13.

14.

15.

16.

17.

18.

19.

20.

Answer

10.

11.

12.

What is maximum value of a function ?

When can it be said that a function is decreasing at a point ?

Determine whether the function y = 12 + 4x —7x® is increasing or decreasing at x=2.
Find the derivative of y = 4x* + 4x + 8. For which value of x will the derivative be zero ?
f(x) = x> +5x* +3x+7, prove that f'(2) = 35.

If f(x)=3x>+3 then for which value of x, f'(x) = f(x) ?

2
. d .
Find —g if y 2x° +5x° =3+ i—%.
dx x2 X

dzy
Find ? if y

Jx o+

i+

Obtain marginal cost if the production cost function is € =0.0012x* —0.18x + 25.

the following questions :

Find derivative of y = ax+b (a and b are constants) using definition.

Find derivative of f(x) = x'° using definition.

Find derivative of ﬁ using definition.

y = x —=3x* = 3x+80. For which value of x, o - 67
Cq (o) 4x° +3x° + 2x% + 24
Find f'(2) if f(x) = = )

Find the derivative of y = (3x2 + 4x — 2) (3x+ 2) with respect to x.

dy ax + b

Find —= if y = it a (¢ and b are constants).

Find the derivative of ¥y = 1 + 1: 7 with respect to x.

X

Find 2 if (2x+3) (y+2) = 15.
. . 6
F1nd%1fy=5+m.

Find f'(x) if f(x) = Jx*+5.

5
2

Find the derivative of (3x3 —2x% + l) with respect to x.

(197)
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13.

14.

15.

16.

17.

18.

19.

20.

21.

7

Find f’(x) if f(x) = (x2+3x+4)
If f(x) = 3x*+4x+5 then for which value of x, f'(x) = f"(x) ?

2500 — x2

Find marginal revenue if demand function is p = 100

Determine whether the function y = 3x° — 10x + 7 is increasing or decreasing atx = 1 and x =2.

Determine whether the function y = 2x’ —7x* —11x+5 is increasing or decreasing at

_ 1 _
x =5 and x = 3.
Determine whether the function y = 3 + 2x — 7x* is increasing or decreasing at x = —4 and
x =4.
2
Production cost of a factory producing sugar is C = 2- + 5x + 200. Find the marginal

10
cost if the production is 100 units and interpret it.

The cost function of producing x units of a commodity is C = 50 + 2x + +/x . Find the marginal

cost if the production is 100 units and interpret it.

State the method of obtaining maximum or minimum value of a function.

Answer the following questions :

1.  Give working rules for differentiation.

2.  How can it be decided using derivative that the function is increasing or decreasing at a point ?

3.  What is maximum value of a function ? State the conditions for maximum value.

4. What is minimum value of a function ? State the conditions for minimum value.

5. In a factory, production cost per hundred tons of steel is % x° —4x* +50x + 300 . Determine
the production for minimum cost.

6. The cost of producing x units of an item is C = 1000 + 8x + % What should be the
production for minimum cost ? Also find the minimum cost.

7. Production cost function of a commodity is C = 1500 + 0.05x — 2+/x . Prove that production
is minimum when 400 units are produced.

2

8.  Thedemand function ofanitemis p = 30 — T—O.Findthe demand and price for maximum revenue.

9. In a market, demand law of rice is x = 3(60 - p). Find the demand for maximum revenue.
Also find the price and revenue for that demand.

2

10. If the demand function is p = 75 — ﬁ then at which demand is revenue maximum ?

Also find the price for maximum revenue.
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11.

12.

Solve the

The profit function of a producer is 40x + 10000 — 0.1x*. At what production is the profit

maximum ? Also find this maximum profit.

The profit function of a merchant is 5x — 100 — 0.01x>. How many units should be produced

for maximum profit ?

following :

Find the values of x which maximize or minimize y = 2x® —15x% + 36x + 12. Also find the

maximum and minimum values of y.

Find the values of x which maximize or minimize f(x) = 2x° +3x* —36x+10. Also find

the maximum and minimum values of f (x)

Find the maximum and minimum values of f(x) = x’ - x> - x +2.

A producer produces x units at cost 200x + 15 x*. The demand function is p = 1200 —10x
Find the profit function and how many units should be produced for maximum profit ?

The selling price of a refrigerator as determined by the company is ¥ 10,000. The total cost
of the production for x refrigerator is C = 0.1x*> + 9000x + 100 rupees. How many
refrigerators should be manufactured for maximum profit ?

A toy is sold at ¥ 20. Total cost of producing x such toys is C = 1000 + 16.5x + 0.001 x*

rupees. How many toys should be produced for maximum profit ?

Gottfried Wilhelm Leibniz

Gottfried Leibniz was a German polymath and
philosopher who occupies a prominent place in the
history of mathematics and the history of philosophy,
having developed differential and integral calculus
independently of Isaac Newton. It was only in the
20th century that his Law of Continuity and
Transcendental Law of Homogeneity found
mathematical implementation (by means of non-
standard analysis). He became one of the most prolific
inventors in the field of mechanical calculators.

Leibniz made major contributions to physics and
technology, and anticipated notions that surfaced much
later in philosophy, probability theory, biology, medicine,

geology, psychology, linguistics, and computer science.
(1646 - 1716)

®
(199)
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Exercise 1.1

1. (1) U= {HHH HHT, HTH, HTT, THH, THT, TTH, TTT}
(2) U={(.H), 2, H),.G, H), 4 H), (5, H), (6, H),
(1,D, 2, D, 3. D, # D, G, D), (6, D}
B) U= {(a b). (a c) (a d). (a e) (b o),
(b, d). (b, e), (¢, d), (c. e) (d, e)}

2. (1) U={0,1,2,........... , 100}, No. of sample points = 101

3.  Denoting four persons by a, b, ¢, d
U= {(a, b), (a, ), (a, d), (b, ¢), (b, d), (¢, d), (b, a). (¢, a), (d, a), (¢, b), (d, b), (d, ¢)}

The first place in the bracket shows minister and the second place shows deputy minister.

(200)
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10.

U={H, TH, TTH, TTTH, ........ }, infinite sample space

U=1{(1,2,3),(1,2,4),(1,2,5),(1,3,4),(1,3,5),(1,4,5),(2,3,4),(2,3,5),(2,4,5),(3,4,5) }

(1)
2)
G)

A=1{1,3,5,7,9,11,13,15,17, 19}
B={3,6,9,12, 15,18}
C=1{2,3,4,6,8,9,10,12, 14, 15, 16, 18,20}

U= {BB, BG, GB, GG}

(1)
2)

A, = {BG, GB}
A, = {BG, GB, GG}

U={(,))1,j=1,2,3,4,5,6}

(1
2)
G)
4)
(1
2)
G)
(4)
)
(6)
(7
(8)
)

4,=1{(1,6),(2,5),(3,4),(4,3),(5,2), (6, 1)}

4,={(1,1),(1,2), (2, 1).}

A;=1{(1,2),(1,5),(2,1),(2,4),(3,3), (3, 6), (4, 2), (4, 5), (5, 1), (5, 4), (6, 3), (6, 6)}
A=1{}

U={(1,2),(1,3),(1,4),(1,5),(2,3),(2,4),(2,5),(3,4), (3,5, (4, 5)}
A=1{(1,5),(2,4),(2,5),(3,4),(3,5),(4,5)}
B={(1,3),(1,5),(2,4),3,5)}

AUB = {(1,3),(1,5), (2. 4),(2.5), (3.4), (3, 5). (4, 5)}

AnB ={(1,5),(2.4).(3.5)}

A" =1{(1,2),(1,3),(1,4),(2,3)}

A-B ={(2,5),(3.4). (4. 5)}

A'AB ={(1,3)}

Events A and B are not mutually exclusive as AN B # ¢

(10) No. of sample points = 10

Denoting three females by a, b, ¢ and two males by x, y.

(1)
2)
G)
(4)
)
(6)
(7
)

U={a b, c x y}

A={a b c}

B={xy}

AUB ={a, b, ¢, x, y}

ANB =1}

A'NB ={x, y}

Events A and B are mutually exclusiveas AN B = ¢

Events A and B are exhaustive as AUB=U

Ao
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1. (1) U=4S, S, S, s S, D, D, Dy, ..., D

2 73 K’ A 2 3 K>
Cp Cp Cy oo, Co,H, Hy Hy ........ , H}
Q) A={S, S, S, , S}
(B) B=1{S, 8, S, . ,S..Dy D, Dy , D,
Cyp Cy Cp o ,Cy o Hy Hy Hy .o, H)
@) AUB ={S, S, 8, e ,S,D, D, D, ... , D,
Cy Cy Cy ,Coy s Hy Hy Hy oo ,H)
(5) ANB =1{S, S, Sy e .S

6 B =1{5,.S,S.D,.D, D, C,C, Co.H, H,H.

12. AUA, = {xlo<x<5)
ANnA = (xlx=1,2)

13. A UA, = {xl2<x<8, xe N}
ANA = {xlx =4, 5)

14. A ={xlx=0,1,3,5,7,8,9,10}

15. A’:{x|0<x<%}

Exercise 1.2

L)y @ § 3§ @ 4 5) 4

©) % M % ®) 5 2.() 5 @ i
OF; @ 3 .0 @ 2 s L

5. % @ 3 O OF 5) 15
6. 5 7. 5 8. % 9. 1 10. 1
1. 4+ 2. 2 13. (1) 4 @) % 3) 3

4. (1) 3% @) = 3 L 15. () 2 @) AL
(3) % 16. }—4 17. (1) 0.4 (2) 0.35 (3) 0.45
(4) 0.05 (5) 0.85 18. P(A-B)=0.2, P(B—A)=0.5

G02)
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Exercise 1.3

4 25 3 4 9
L (2) 35y 2. 3 3. (3 @) 13
47 2
4. & 5. 3 6. 09 7. 097 8. 059
9. PU4) = 2% 10. P(AUB)= 32, P(BUC)= <2 11. P(AUBUC)=08
. 3 : T 47 T4 : -4
12. P(A)=04, P(B)=0.4
Exercise 1.4
1 1 5 5 4
L4 2. 1 3.3 ) 2 4. 3
5. P(A/B) = 2 6. P(ANM)===, pAnF)=1 7. LU 8. &
* 6 * 207 T4 * 24 * 15
9 4 11 1 23
9. 105 10. 1. (1) 44 @ 1 2. 33
13. 12 14. 0.26 15. 0.72
Exercise 1.5
29 125 275 1319 1319
L () 357 @) 357 ) 357 2. (D) 353 @) 3137
Exercise 1
1. (@ 2. (b) 3. (o) 4. (a) 5. (a)
6. (c) 7. () 8. (b) 9. (a) 10. (b)
11. () 12. (b) 13. (a) 14. (a) 15. (¢)
16. (c) 17. (b)
13. P(ANB)=0, P(AUB)=1 15. AnB = {xld<x<1} 16. 0.15
17. 0.55 18. 0.1 19. 2K 20. 0.45 21. 2
22. 098 23. 2° =132 24, 2x6x6=72 25. Not possible. As P(AU B) < P(A)
26. 2704 27. 2 28. L
: 3 * 7000
Ao
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12. % 13. 0.08 14. 0.0024 15. % 16. 0.58
17. AUB = {x|2<x<3}, AnB = {xl1<x<2) 18. 55 19. L
20. (1) + @ = 21. (1) 0.44 (2) 0.09 2. I
23. 0.976
1
1. 35 2. 5% 3.1 4. p3-3p+p?)
9 4
5.(1) % @ 4
@
Exercise 2.1
1.  Given distribution is a probability distribution of variable x.
2. k=30 3. k=H.Pl<x<4=2 4. k=%, Mean = 3
= =1 ; = 135
5. Mean = 3 Variance o
6.  Probability distribution of sum
X 2 3 4 5 6 7 8 9 10 11 12 | s
L 2 3 (4 S | & [ X 4 3 2 L
PX) 1 36 | 36 %6 |36 |36 |3 |36 | 36| 3 | 3% |3 |
Expected value of sum = 7
7.  Probability distribution of x
X 1 2 3 Total
4 12 4
p(x) 20 20 30 1
Expected number of red balls = 2
8.  Probability distribution of x
X 1 2 3 4 5 Total
L L 1 L L
P | 3 4 8 16 16 1
= 31 i = 367
Mean = 6" Variance 256
(204)
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[a—

Expected value of the prize = ¥ 2—30

Exercise 2.2

= 2 - =3, 15625
PX<l) = 556 2. n=6, P=%; yorse 3. 0.6912 4. 0.0729
0.1382
Exercise 2
(d) 2. (¢) 3. (¢) 4. (a) 5. (d)
(d) 7. (b) 8. (b) 9. (b) 10. (b)
14 7. % 8. ptg=1 9. Mean > Variance 10. 0.4

Section C

_ 10 1 8
C=0.1 2. i 3. 28 4. + 6. 3
4 8.n=8p=41 9.2 10. 0.96
3 n D) P 2 . . .
_1.2 _ L _ 1 _ 1305 54 _9
k= 55 %5 2. ¢ 0 3. &k 396 > HeY 6 6. 55 > Mean 3
. L6 8. p(1) = 83, p2) = H2 9. 0.0146, Variance = 0.54

Section E

Expected demand = 3.62, Variance = 2.2156

X 0 1 2 Total
25 10 1
p(x) 36 % | 3¢ | !
(1) 0.9510 (ii) 0.0490 4. 0.1631 5. 0.3446 6. 0.5443
(i) 0.3599 (ii) 0.1066
/A0)
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Section F

€]
X 0 1 2 3 Total
84 108 27 1
PX) g 220 (20 |20 | !
= 165 ; =
Expected value 220 Variance = 0.4330
2) 56
o
Exercise 3

1. (¢) 2. (d) 3. (b)
6. (b) 7. (@) 8. (o
11. (¢) 12. (d) 13. (a)
2. 0 4. 0 5. Yes
8. 9545 % 9. 20 10. 4
13. (-0.675,0.675) 14. 25 15. No
7. Q0 =6.63 8. 12 9. 0,=40
4. (1)0.3413 (2)0.6826 5.(1)84.13%

(2) I1approximately ~ 7.(1) Z, =2.445 (2) Z,=1.96
9.(1) Z,=-05 (2) Z,=1.08 10. p=2000
11. 0, =95.95, Q,=104.05 12. (5, 95)
14. (1) Q,=193.25, O, =206.75 (2) 6.67

Section E

1. (1) 03785 (2) 0.2426

4. (a)

9 (a)

14. (b)

6 z=0
11. 10

16. 1.5

10. (90, 110)

(2)97.72 %

5. (¢)
10. (b)
15. (¢)

7. Mean
12. 18
17. 50

11. +£2.575

6. (1)409 approximately

8.(1)Z,=-1.035 (2) Z,=-0.675

c =400
13. n=15.75

3) 8

2. No. of fat persons = 33, No. of healthy persons = 192, No. of physically weak persons = 11

206
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3. (1) 6.06 % (2) 65.54 % (3) 78.81 % 4. T 8320 and T 12,560

5. (49.44, 54.56) 6. x, =55, 8 weeks (approximately) 7. 6% =1362.25, 0.2148
8. n=21.15 mm, 80.27 % 9. D,=39235, R,=4384
10. (1) 150 (2) 140

1. (1) 250 students (2) 30.54 % (3) 96 marks (approximately)
2. (i) 30.13 years (ii) 33.79 years (iii) 47.68 years
3. (a) 456 students (b) 1846 (c) 16362 (d) 1336

4. N = 5051, T 8350 5. u=62.12, 6=17.28, Q,=73.79

6. 1=4300, &% =2500, (3320, 5280)

7. (1) x, =157 (2) x, =68 (3) 0.1401

8. (1) 50 (2) 0,=43.25, Q,=56.75 3) 3 4) 8

Exercise 4.1

1. (1) Modulus form : |x—4|<0.4
Interval form : (3.6, 4.4)
(2) Modulus form : |x—2|<0.02
Interval form : (1.98, 2.02)
(3) Modulus form : |x| <0.05
Interval form : (-0.05, 0.05)
(4) Modulus form : |x+1/<0.001

Interval form : (=1.001, —0.999)
2. (1) Interval form : (199, 2.01)

Neighbourhood form : N (2, 0.01)

07
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(2) Interval form

Neighbourhood form

(3) Interval form

Neighbourhood form

(4) Interval form
Neighbourhood form

3. (1) Modulus form
Neighbourhood form

(2) Modulus form
Neighbourhood form

(3) Modulus form
Neighbourhood form

(4) Modulus form

Neighbourhood form

4. Interval form

Modulus form :

5. b=0.05 k=305

(5.1, —4.9)

N (=5, 0.1)

(=3.15, —2.85)

N (-3, 0.15)
|x—4.3]<0.5
N (4.3, 0.5)
|x—2/<0.05
N (2, 0.05)
|x-0.5]<0.9
N (0.5, 0.9)
|x -2 <0.002

N (2, 0.002)

(15.5, 16.5)
|x—16|<0.5
6. K, =001, K,=9.99

Exercise 4.2

1. ()3 )4 3) 11 4) 3 ®)2
Exercise 4
1. (b 2. (¢) 3. (a) 4. (b) 5. (d)
6. (o) 7. (d) 8. (a) 9. (a) 10. (d)
11. (b) 12. (c)
— (208)
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1. (-0.09,0.09 2. |x+5/<0.001 3.N(10, 15) 4. (—%i)

5. |x—50/<0.8 6. a=7 7. k=-404 8. 20 9. 2
10. 2 11. 80 12. ma™! 13. k=10 14. k=5
4. |x]<05 5.N (-8,0.75) 6. K, =20, K, =20.5

7. Neighbourhood form : N (—%, %) Interval form : (—1, %) 8. A =4 A,=391

1.2 2§ 3. -8 4.2 5. 7
6. 3 7. -1 8. 3l 9. -1 10. 1
11. 1 12. -%p 13. & 14. —64 15. - 3T
16. L 17. %
Im ()7 Q) 7 3) -3 ) -1
IL (1) 7x° (2) % (3) n @ 1 (5) 3x*
(6) 7x° (7) % % 8 9 4 (10) 5
®
Exercise 5.1

1 1

1.2 2. 2x 3. 7,6 4 a2 5., 2
-6

- 7.0

500)
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Exercise 5

Section A
1. (¢ 2. (b) 3. (a) 4. (b) 5. )
6. (d) 7. (b) 8. (¢ 9. (a) 10. (a)

Section B
2. 0 3. 0 5. Negative 6. Negative 11. 14x-6

12, 18x% +7x+ %

3
_ ) 1
8. 7 10. 6 11. _ 14. D 15. —=
1624 90— x ecreasing 2
| 3
24 60 =L, .3
7 — "z 3 5
17. 1 18. 12x+10+ A0 19. 42 a0
20. 0.0024x — 0.18
-8
1 a 2. 10x° 3 (3+4x)2 4. 1 5. 45
) a*-b* 1 _-30
42 X 5 3 ) 3 2
10. (7x+8)2 11. x2+5 12. b (Bx’ = 2x +1)2 9x° —4x)
2 6 1 32
13. 7(x +3x+4) (2x+3) 14. ? 15. 25 — m
16. Function is decreasing at x=1
Function is decreasing at x =2
17. Function is decreasing at x = %
Function is decreasing at x =3
(210)
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18. Function is increasing at x = —4

19.

20.

12.

Function is decreasing at x =4

Marginal cost = < + 5

x=100, Marginal cost = 25

. 3 1
Marginal cost = 2 + x

x=100 Marginal cost = 2.05

% hundred tons 6. x =25, Minimum cost = 1400 8.

x=10, p=20

p =30, x=90, R=2700 10. x=250, p=50 11. x =200, Maximum profit = 14,000

x=250

y is maximum at x = 2, Maximum value of y is 40

y is minimum at x = 3, Minimum value of y is 39

f(x) is maximum at x = =3, Maximum value of f(x) is 91
f(x) is minimum at x = 2, Minimum value of f(x) is —34

f(x) is maximum at x = _Tl, Maximum value of f(x) is g—g

f(x) is minimum at x = 1, Minimum value of f(x) is 1
Profit function = 1000x — 25x”

Profit is maximum at x = 20

5000 refrigerators

1750 toys

©
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